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Abstract

In this note, we study the semilinear wave equation with power nonlinearity |u|” on compact Lie
groups. First, we prove a local in time existence result in the energy space via Fourier analysis on
compact Lie groups. Then, we prove a blow-up result for the semilinear Cauchy problem for any p > 1,
under suitable sign assumptions for the initial data. Furthermore, sharp lifespan estimates for local (in
time) solutions are derived.
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1 Introduction

Let G be a compact Lie group and let &£ be the Laplace — Beltrami operator on G (which coincides with the
Casimir element of the enveloping algebra). In the present work, we prove a blow-up result for the Cauchy
problem for the semilinear wave equation with power nonlinearity, namely,

Pu—Lu=uP, xeG,t>0,
u(0,7) = cuolx),  © €G, W
Owu(0,2) = eus(z), = €G,

where p > 1 and ¢ is a positive constant describing the smallness of Cauchy data.

Throughout the paper L4(G) denotes the space of ¢ — summable functions on G with respect to the
normalized Haar measure for 1 < ¢ < oo (respectively, essentially bounded for ¢ = co0) and for s > 0 and
q € (1,00) the Sobolev space H3(G) is defined as the space

H3'(G) = {f € LI(G) : (-2)*/f € L1(G)}

endowed with the norm || f{| g=.(c) = || fllLa(e) + ||(73)s/2f||Lq(G). As customary, the Hilbert space HS*(G)
will be simply denoted by HS(G).

For the classical semilinear wave equation in R" it has been proved that the critical exponent is the
positive root pgir(n) of the quadratic equation

(n—1)p*—(n+1)p-2=0,

which is the so — called Strauss exponent, named after the author of [16]. For a detailed overview and a
complete list of references on the proof of the Strauss’ conjecture we refer to the introduction of [18].

In the not — flat case, the semilinear wave equation has been studied in many Lorentzian metrics such
as Schwarzschild spacetime [1, 8], de Sitter spacetime [20, 22, 21, 5, 3] and Einstein — de Sitter spacetime
[6, 19, 11, 12]. In the present work, we will consider the case of semilinear wave equations in compact Lie
groups, which seems to be an almost unexplored topic in the literature, up to the knowledge of the author.

By employing Fourier analysis for compact Lie groups, the local well — posedness of the semilinear Cauchy
problem (1) in the energy evolution space, that is €([0,7], HL(G)) N6 ([0,T], L*(G)), will be proved. In
particular, a Gagliardo — Nirenberg type inequality recently proved in [15] will be used in order to estimate
the power nonlinearity in L?(G). As byproduct of this local existence result we will obtain lower bound
estimates for the lifespan of a local in time solution (that is, the maximal existence time of a solution).

Finally, we will prove the nonexistence of globally in time defined solutions to (1) for any p > 1 and
regardless of the size of initial data, provided that the data fulfill suitable sign assumptions.



1.1 Main results
Let us get started with the statement of the local existence result for the semilinear Cauchy problem (1).

Theorem 1.1. Let G be a compact, connected Lie group. Let us assume that the topological dimension n
of G satisfies n > 3. Let (ug,u1) € HL(G) x L*(G) and let p > 1 such that p < -5. Then, there exists

n—2

T =T(e) > 0 such that the Cauchy problem (1) admits a uniquely determined mild solution
ue 6 ([0,T], Hy(G)) N6 ([0,T],L*(G)).

Furthermore, the lifespan T satisfies the following lower bound estimates

T(e) > {CET if up # 0, )

ce” T gfu =0,
where the positive constant c is independent of €.

Remark 1. The upper bound assumption for the exponent p in Theorem 1.1 is made in order to apply a
Gagliardo — Nirenberg type inequality proved in [15, Remark 1.7]. The restriction n > 3 is made to fulfill
the assumptions for the employment of such inequality as well and it can be avoided by looking for solutions
in weaker spaces than the one in the statement of Theorem 1.1, i.e., in 6 ([0, T], H5(G))N®" ([0,T7], L*(G))
for some s € (0,1).

We introduce now a suitable notion of energy solutions for the semilinear Cauchy problem (1).
Definition 1.2. Let (ug,u1) € HL(G) x L*(G). We say that
ue6(0,T),Hy(G)) 6" ([0,7),L*G)) NLE

loc

([0,7) xG)
is an energy solution on [0,T") to (1) if u fulfills the integral relation

/Gatu(t,x)d)(t,x)dx/(}u(t,z)ws(t,z)d:cE/ul(x)i/)((),z)dx

G

+5/Gu0(:c)1ps(0,x)dx—|—/Ot/Gu(s,:E)(wss(s,x) — L(s,x))dzds
/Ot/6|u(s,:r)|p1/)(s,x)dzds 3)

for any ¢ € 65°([0,T) x G) and any ¢ € (0,7T).
Theorem 1.3. Let G be a compact Lie group. Let (ug,u1) € HL(G) x L*(G) be nonnegative and not both
trivial functions. Let p > 1 and let

ueB([0,T),Hy(G))Nne' ([0,T),L*G))NLY

loc

([0,T) x G)

be an energy solution to (1) according to Definition 1.2 with lifespan T = T(¢). Then, there exists a positive
constant €9 = €o(ug, u1,p) > 0 such that for any € € (0,e0] the energy solution u blows up in finite time.
Moreover, the upper bound estimates for the lifespan

p—1

Ce 57 ifuy #0,

ORS S A ()
Ce 2 ifuy =0,

hold, where the constant C > 0 is independent of €.

Remark 2. Combining (2) and (4), we obtain the sharp lifespan estimates

ce T < T(e) < Ce v ifuy # 0,

<T(e) < Ce=" ifuy = 0,

for local in time solutions to (1). Therefore, the nontriviality of u; plays a crucial role on the lifespan
estimates, analogously to what happens for the Euclidean case (cf. [17]).

Notations
Hereafter we use the following notations: & denotes the Laplace — Beltrami operator on G; Tr(A) = Z;l:l ajj
and A* = (@;;)1<i j<a denote the trace and the adjoint matrix of A = (aj)1<i j<a € C¥*?, respectively;

I; € €% denotes the identity matrix; dz stands for the normalized Haar measure on the compact group
G; finally, when there exists a positive constant C' such that f < Cg we write f < g.



2 Local existence in energy space

In this section, we will prove Theorem 1.1. First, we recall the notion of mild solutions to (1). By Duhamel’s
principle, the solution to the linear problem

O?u—Pu=F(t,x), x€G, t>0,
(0, ) = ug(x), z €G, (5)
(0, ) = uq(x), zeG

can be represented as

t
w(t, @) = wo @) *(oy Eolt, @) + wr(2) #(a) Bu(t,2) + / Fs,) %) B (t — 5,2) ds,
0

where Ey(t,z) and Fi(t,x) denote, respectively, the fundamental solutions to (5) in the homogeneous case
F = 0 with initial data (ug,u1) = (d0,0) and (ug,u1) = (0,dp). Let us point out that, in order to get the
previous representation formula, we applied the invariance by time translations for the wave operator 97 — <
and the property L(v *(z) E1(t, )) =V *(y) L(E1(t,)) for any left — invariant differential operator L on G.

Also, u is said a mild solution to (1) on [0,T] if u is a fixed point for the nonlinear integral operator N
defined by

t
N:ue X(T) = Nu(t,z) = cuo(z) *z) Eo(t, x) + e ui(x) *() £1(t, ) +/O [u(s, z)|P *(z) E1(t — s,2)ds
on the evolution space X (T') = €6 ([0,7T], H,(G)) N6* ([0,T], L*(G)), endowed with the norm
l[ull x(r) = sup (Oé(t)flﬂu(ta Mrze) + 1(=2)2ult, ) p2s) + |1sult, ')||L2(G)) ,
te[0,T)

where

alt) {(1+t) if w0,
1 if up = 0.
As we will see in Proposition 2.1, the function « represents the long time behavior of the L?(G) norm of
the solution to the corresponding linear homogeneous Cauchy problem. The introduction of this time —
dependent weight in the norm on X (7') will allow us to determine sharp lower bound estimates for the
lifespan of local in time solutions to (1).

By employing Banach’s fixed point theorem, we will show that N admits a uniquely determined fixed
point and we will provide a lower bound estimate for the lifespan T'= T'(¢) > 0. However, before considering
the semilinear Cauchy problem, we determine L?(G) — L?(G) estimates for the solution to the corresponding
linear homogeneous problem via the group Fourier transform with respect to the spatial variable. After that
these estimates will have been obtained, we could show the local well — posedness for (1) by applying a
Gagliardo — Nirenberg type inequality derived recently in [15] (cf. Lemma 2.2). The remaining part of this
section is organized in the following way: in Section 2.1 we recall the main tools from Fourier Analysis on
compact Lie groups which are necessary for our approach; hence, in Section 2.2 L?(G) — L?(G) estimates
for the solution of the corresponding homogeneous linear problem and its first order derivatives are derived;
finally, in Section 2.3 it will be shown that the operator N is a contraction on X (7).

2.1 Group Fourier transform

Let us recall some results on Fourier Analysis on compact Lie groups as in [9, Section 2.1]. For further
details on this topic we refer to the monographs [13, 4].

A continuous unitary representation & : G — C% >4 of dimension dg is a continuous group homomorphism
from G to the group of unitary matrix U(dg, C), that is, £(zy) = £(2)€(y) and €(z)* = &(x) ! forall z,y € G
and the elements &;; : G — C of the matrix representation ¢ are continuous functions for all ¢, j € {1,...,d¢}.
Two representations &, 7 of G are said equivalent if there exists an invertible intertwining operator A such
that A¢(x) = n(z)A for any x € G. A subspace W C C% is ¢ — invariant if £(z) - W C W for any x € G. A
representation ¢ is irreducible if the only ¢ — invariant subspaces are the trivial ones {0}, C%.

The unitary dual G of the compact Lie group G consists of the equivalence class [£] of continuous
irreducible unitary representation ¢ : G — C% *de



Given f € L'(G), its Fourier coefficients at [¢] € G is defined by

/ f(x)é(z)*da € Clexde,

where the integral is taken with respect to the Haar measure on G.
If f € L?(G), then, the Fourier series representation for f is given by

= > deTr (4(a)f)
[€]€C

where hereafter just one irreducible unitary matrix representation is picked in the sum for each equivalence
class [¢] in G. Furthermore, for f € L?(G) Plancherel formula takes the following form

1 12ae = 3 del| F©)] 2, (6)

[leC

where the Hilbert — Schmidt norm of the matrix f(€) is defined as follows:

7@l = T (F&)F(&)" Z\f )il

7,j=1

For our analysis it is very important to understand the behavior of the group Fourier transform with
respect to the Laplace — Beltrami operator £. Given [{] € G, then, all §;; are eigenfunctions for & with the
same not positive eigenvalue /\2, namely,

—2L&i(x) = /\E &j(x) forany z € G and for all 4,5 € {1,...,d¢}.
This means that the symbol of & is
0z (5) - 7/\§Idga (7)

that is, 2 f(€) = 02 (€) f(€) = —A2f(€) for any [¢] € G.

Finally, through Plancherel formula for s > 0 we have

171 ) = 1LY Flaey = 3 deX?’ |7

[1€C

2.2 [*(G) — L*(G) estimates for the solution to the linear homogeneous problem

In this section, we derive L?(G) — L?(G) estimates for the solution to the homogeneous problem associated
o (1), that is,

Pu—Lu=0, reG, t>0,
U(O,SC) = ’LLO(ZL'), HAS] Ga (8)
Ou(0,z) = ui(x), z€G.

We follow the main ideas from [7, 9], so, the group Fourier transform with respect to the spatial variable x is
applied together with Plancherel identity to determine an explicit expression for the L?(G) norms of u(t,-),
(=)Y2u(t,-) and dyu(t, ), respectively.

Let u be a solution to (8). Let u(t,&) = (@(t, &)re)1<k,e<de € CH*%, (€] € G denote the group Fourier
transform of w with respect to the x — variable. Also, u(t, ) is a solution of the Cauchy problem for the
system of ODEs (with size depending on the representation &)

Ofu(t,€) — oz (§)u(t,§) =0, t>0,
u(0,€) = up(§),
0:u(0,&) = uy(§).

By (7), it follows that the previous system is decoupled in d? independent scalar ODEs, namely,

6u(t f)u—l—)\ (ﬁ f)u—o t>0,
(Oag)ké - Uo(f)kéa (9)
ata(oag)kl = al(&)klv



for any k,£ € {1,...,d¢}. Straightforward computations provide the following representation formula for
the solution to the parameter dependent ordinary linear homogeneous Cauchy problem (9)

u(t, &) e = Gol(t, )uo(§)ke + G1(t, E)ur (&) ke, (10)
where
. Sin()\gﬁ) e 2
e {iosw) S TS IER S Ft S )
A =1 t if A2 = 0.

Notice that Go(t,&) = 0:G1(t,€) for any [£] € G. We underline explicitly that O is an eigenvalue for the
continuous irreducible unitary representation 1 : z € G — 1 € C.

Estimate for |u(t)]12()

By (10) it follows

[u(t, &)rel < U (E)rel + U1 () e for any ¢ > 0. (12)

Consequently, by using Plancherel formula twice, we get

dg
[ult, |72e) = Z de Z At Okel> S de Y ([To(©)rel® + (1 (Enel®) = lluoll7z ey + lluallFz (o)

[(ec  kt=1 leC  ke=1
(13)
Estimate for ||(—2)"?u(t)| 12
By Plancherel formula, we find
de
1(=2)"?u(t M) = Z dello_gyr/2(€)ut, €)|fs = Z de Z AZ[a(t, €)rel®.
GES GG

Since

Aelu(t, )rel < Aelto(§)rel + [U1(€)nel, (14)

then, from the previous identity we have

(=)' 2ut, ) 72e) < Z de Z (Nl (©)nel” + (@1 (rel*) = lluolliy ) + luallZaco),
GRS

where in the last step we applied again Plancherel formula.
Estimate for ||0yu(t)||.2()
Elementary computations show that for any [¢] € G and any k, £ € {1,...,d¢} it holds
Ou(t, e = —AZ G1(t, U0 (&)ke + Golt, €)1 (E)ke,
where Go(t,€), G1(t, &) are defined in (11). Therefore,
|0u(t, E) kel < Aeltio(§)re| + [ (E)kel-
Since the right — hand side of the previous inequality is the same one as in (14), we get immediately
10eu(t, Mz ) S ol ey + lurlliage

Summarizing, in this section we proved the following proposition.



Proposition 2.1. Let us assume (ug,u1) € HL(G) x L*(G) and let
u € B([0,00), Hy(G)) N6" ([0,00), L*(G))

be the solution to the homogeneous Cauchy problem (8).
Then, the following L*(G) — L*(G) estimates are satisfied

Jutt, Mzee) < C(luollzae) + ¢l ), (15)
I(=)2u(t, lza) < € (ol ) + lutllzae) ) (16)
Jorutt, Mz < C (luollmye + lurllzae) ) (17)

for any t > 0, where C' is a positive multiplicative constant.

2.3 Proof of Theorem 1.1

A fundamental tool to prove the local existence result is the following Gagliardo — Nirenberg type inequality,
whose proof can be found in [15] (see also [9, Corollary 2.3]).

Lemma 2.2. Let G be a connected unimodular Lie group with topological dimension n > 3. For any q > 2
such that q¢ < % the following Gagliardo — Nirenberg type inequality holds

6(n, 1-0(n,
1711z S 115 NS 2™ (18)

for any f € HL(G), where (n,q) =n (% _ l)_

q

We can now proceed with the proof of Theorem 1.1.
Let us estimate || Nul|x(r) for u € X(T). We rewrite Nu = u™ + Ju, where

u™(t,x) = euo(x) *(x) Eolt, ) + e ur(x) *(») E1(t, 2),

t
Ju(t,x) = / [u(s, z)[P *(z) E1(t — s, 2) ds.
0

By Proposition 2.1 we get immediately [|u" x () < €| (uo, u1)|| 1 (6)xr2(g)- On the other hand, due to the
invariance by time translations of (8), it results

. ) t
||<9i(g)Z/QJU(t,JILZ(G)S/O(tS) U (s, )2y ds

t
—(j+i 0(n,2 1—60(n,2p)
< / (t = )09 s, 2 (s, ) [y ™ s

t
S [ =9 a(rul, ds
< a1 luly, (19)

for 4,5 € {0,1} such that 0 < i+ j < 1. We stress that employing (18) in the above estimate, we have to
require the condition p < —5 on p in Theorem 1.1. Similarly, combining Hélder’s inequality and (18), for
i,7 € {0,1} such that 0 < i+ j <1 we find

167 (=)' 2 (Ju(t, ) = Jo(t, )12e)

t
< / (t— )G lu(s, )P — [u(s, )P | 2 o) ds
t
< / (t = )0 (s, ) — ols, Y zanco) (s Moy + lols, VB ) ds

S U@ lu = vllxe (lullig + Ivl%) ) - (20)
Summarizing, we just proved
INullxty < Ce [ (uo, un)ll a2 gy x 226y + C(1+ )P Jullf ).

INw = Nollxa < (1 + 07D lu = ollx (Il + 1015



where

L Jp+1 ifu; #0,
ﬂ(p){2 if ug = 0.

Consequently, denoting Ro = [|(uo0, u1)| a2 (6)x L2(c), We find that for any R > 2CR, and any t < Ce™ 7,
where C' = (4C~'R)_ﬁ)>, the mapping N satisfies

[Nul x) < Re, [Nu— Nvllx) < 3llu—vllx@,

for all u,v € B(Re) = {u € X(t) : [Jul|x@) < Re}, that is, N is a contraction mapping on the ball B(Re)
in the Banach space X (t). Thus, Banach’s fixed point implies the existence of a uniquely determined fixed
point u for N, which is the mild solution to (1) on [0,¢] C [0, T(¢)] we were looking for. Besides, we got the

lower bound estimates T'(g) > Ce™ 5. This completes the proof of Theorem 1.1.

3 Proof of Theorem 1.3

In this section we are going to prove Theorem 1.3 by using a comparison argument for ordinary differential
inequality of the second order (Kato’s lemma).

Let u be a local in time energy solution to (1) according to Definition 1.2 with lifespan T and let us fix
t € (0,T). If we choose a cut — off function ¢ € €5°([0,7) x G) such that ©» =1 on [0,¢] x G in (3), then,

/(}atu(t,x)dx—g/(;ul(x)dx:/Ot/6|u(s,x)|pdxds.

Introducing the time — dependent functional

Uo(t)i/(;u(t,:c)dz,

we can rewrite the above equality in the following way

Ui (t) — U)(0) :/0 /G|u(s,z)|pd:cds.

Then, U] is differentiable with respect to ¢ and
Ul () = /@ fu(t, 2)Pdz > U (1) P,
where in the last step we applied Jensen’s inequality. We remark that
UO(O)ZE/GUO(:E)dx>O and U(')(O):s/Gul(x)dzEO

thanks to the assumptions on the initial data in the statement of Theorem 1.3. Then, employing Lemmas
2.1 and 2.2 in [17] (improved Kato’s lemma with upper bound estimate for the lifespan) to the functional
Uy we conclude the proof of Theorem 1.3.

4 Final remarks

Lately, the Cauchy problem for the semilinear damped wave equation with power nonlinearity has been
studied in the framework of compact Lie groups in [9] (in this case the differential operator is the damped
wave operator 97 — £ + 9;). In particular, in the compact case it has been proved for any exponent p > 1
the nonexistence of global in time solution, under certain sign assumptions for the initial data. This result
is consistent with the one [14] for the semilinar heat equation on unimodular Lie group with polynomial
volume growth. Indeed, we can read this result by saying that in the compact case the critical exponent for
the semilinear damped wave equation is the Fujita exponent in the 0 — dimensional case. Therefore, rather
than the topological dimension of the group G, it is the global dimension of G (which is 0 for a compact
Lie group) that provides the critical exponent. We refer to [2, Section II.4] for an overview on the growth
properties of a Lie group.

A similar analysis can be done for the semilinear wave equation in (1). In the flat case, the subcritical
condition 1 < p < psir(n) is equivalent to require that the quantity v(n,p) = —(n — 1)p? + (n + 1)p + 2 is



strictly positive. In the 0 — dimensional case, we have 7(0,p) > 0 for any p > 1. Therefore, also for the
semilinear Cauchy problem associated to wave operator 97 — %, it is possible to say that the global dimension
of G determines the range for p in the blow — up result (in the sense that we have just explained).

Finally, we point out that not necessarily for all semilinear hyperbolic model on a compact Lie group
a blow — up result can be proved for any p > 1. In the forthcoming paper [10], it will be shown that the
combined presence of a damping term and of a mass term (Oth order term with a positive multiplicative
constant) modifies completely the situation since the global in time existence of small data solution can be
proved in the evolution energy space without requiring any additional lower bound for p > 1.
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