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Abstract
We prove that every homogeneous Kenmotsu manifold is a contractible space.
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1 Introduction

Kenmotsu manifolds constitute a relevant class of almost contact metric manifolds,
introduced in 1972 in [5]; the original motivation was Tanno’s classification of almost
contact metric manifolds having largest automorphism group [12]. In Tanno’s list
some warped products of the complex Euclidean space and the real line appear, being
particular cases of Kenmotsu manifolds. Recall that an almost contact metric structure
(¢, &, n, g) on an odd dimensional manifold M consists in a (1, 1)-tensor field ¢, a
vector field £, a one form n and a Riemannian metric g satisfying:

o’ = —1+n®& nE) =1, glpX,Y)=gX,Y)—nX)ny),

where X, Y are arbitrary vector fields. For more information and background on this
notion we refer the reader to Blair’s monograph [2].

In terms of these structure tensors, the analytic condition by which the class in
object is defined is the following:

(Vxp)Y = g(pX,Y)§ —n(Y)pX, (1.1

where V is the Levi-Civita connection.
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Kenmotsu elucidated the structure of these manifolds, proving that locally they are
a warped product of a Kdhler manifold with the real line, with warping function of the
form f(t) = ce', and obtained some fundamental curvature properties. Accordingly,
there is a wide literature focusing on results of local nature, concerning for instance
generalizations of the Einstein condition (e.g. n-Einstein manifolds, almost n-Ricci
solitons) and the differential geometry of relevant kind of submanifolds (e.g. like
warped product submanifolds); see for instance [4, 8, 10, 13]. The interested reader
can find a discussion of recent results about Kenmotsu manifolds in [1, Section 2],
including a rich bibliography on the subject.

On the other hand, to the author’s knowledge, up to now no results of global nature
have been discussed and no relevant information emerges from the literature about the
topological structure of Kenmotsu manifolds (apart from the fact that such a manifold
cannot be compact, already treated in [5]).

In particular, a global classification of the homogeneous models is missing, with
the exception of the 3-dimensional case, which has been examined recently by Wang
[14]. It turns out that the unique simply connected, three-dimensional homogeneous
Kenmotsu manifold is the 3-dimensional hyperbolic space form H?. Of course, homo-
geneity means that the automorphism group Aut(M) of M acts transitively; this is the
closed Lie subgroup of the isometry group of (M, g), consisting of those isometries
which preserve the structure tensors ¢ and 7.

It is an open question if this rigidity result can be extended in higher dimension. In
this note we make a first step in approaching this problem, proving the following fact
concerning the topological structure of homogeneous Kenmotsu manifolds:

Theorem 1.1 Let (M, ¢, &, 1, g) be a homogeneous Kenmotsu manifold. Then M is a
contractible space.

Clearly, this implies that Wang’s classification can be refined as follows:

Corollary 1.2 Up to equivalence, the 3-dimensional hyperbolic space form H? is the
unique homogeneous 3-dimensional Kenmotsu manifold.

We also remark that our result might be useful if combined with the recent charac-
terization of contractible homogeneous Kihler manifolds obtained by Loi and Mossa
in [7, Theorem 1.2], in order to investigate further the classification of homogeneous
Kenmotsu manifolds.

2 Proof of the result

We start by recalling the following relevant fact, which we state as a lemma:

Lemma 2.1 For each point p of a non-contractible homogeneous Riemannian mani-
fold M there exists a periodic geodesic starting from p.

Even though this fact is well-known, we sketch here the proof for convenience. By
a general result of Serre, given a point p of a complete, non-contractible Riemannian
manifold M, there always exists a geodesic loop y: [0, 1] — M such that y(0) =
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y(1) = p (see [11] or [3]); extend y to a geodesic y: R — M. Then, if M is
homogeneous, y must be periodic, being non-injective (cf. e.g. [9, p.321]).

Now we proceed with the proof of our result. Let (M, ¢, &, n, g) be ahomogeneous
Kenmotsu manifold. Recall that, as a consequence of (1.1), one has

Vx§ =X —n(X)§ 2.1

for every vector field X. We first show that each integral curve y: R — M of &
is not periodic. Let p = y(0) and fix a tangent vector v € T, M orthogonal to &,
v # 0. Then, by homogeneity, v can be extended to a Killing vector field V such that
[V, &] = 0. Indeed, denoting by g the Lie algebra of the automorphism group Aut (M)
of M, since the action of Aut(M) is transitive the mapping

Zegr— Z,eTyM

is surjective. Here Z* denotes the fundamental vector field generated by Z by means
of the action, cf. e.g. [6, Chapter I]. So it suffices to take V = Z* where Z € g is
chosen so that Z;‘, = v. Since by construction the flow of V preserves &, we have
[V.§]=0.

We remark that, since y is a geodesic, V remains orthogonal to & along y, i.e.
n(Vy () = 0 for all ¢. Consider the function

F:R—>R, F:=g({V,V)oy.
Then, taking (2.1) into account, we have
F'(t) =2g(VeV, V)(y (1) = 2g(VvE, V)(y (1) = 2g(V, V)(y (1)),

i.e.
F'=2F.

If y were periodic, F' would also be periodic, and this would force F = 0, leading to
a contradiction since F(0) = g(v, v) # 0.

Now, assume that M is non-contractible and consider a periodic geodesic y : R —
M, parametrized by arc length (this is possible in accordance with the above lemma).
Set p := y(0). Let G: R — R be defined by

G(1) =n(y@)).

Clearly, G is periodic. Again by (2.1), we have

G' =gy (@) —n(y@)E y(®),

whence

G'=1-G>.
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Since |G| < 1, it follows that G’ > 0, therefore G must be constant. In particular,
0=G'(0)=1-g(y(0).5)%
yielding
y(0) = =£5,.

But this is impossible, since the integral curves of £ and of —& starting from p are non-
periodic geodesics, according to the above discussion. This contradiction concludes
our proof.
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