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Abstract

In this note two blow-up results are proved for a weakly coupled system of semilinear wave equations
with distinct scale-invariant lower order terms both in the subcritical case and in the critical case, when the
damping and the mass terms make both equations in some sense “wave-like”. In the proof of the subcritical
case an iteration argument is used. This approach is based on a coupled system of nonlinear ordinary
integral inequalities and lower bound estimates for the spatial integral of the nonlinearities. In the critical
case we employ a test function type method, that has been developed recently by Ikeda-Sobajima-Wakasa
and relies strongly on a family of certain self-similar solutions of the adjoint linear equation. Therefore, as
critical curve in the p - ¢ plane of the exponents of the power nonlinearities for this weakly coupled system
we conjecture a shift of the critical curve for the corresponding weakly coupled system of semilinear wave
equations.
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1. Introduction

In this paper we consider the weakly coupled system of wave equations with scale-invariant damping and
mass terms with different multiplicative constants in the lower order terms and with power nonlinearities,
namely,

2
utt—Au+1“—Jr1tut+(Ll;—1t)2u:|v|p, zeR™ t>0,
vtther—l’%thr(l:—Zt)zv: |u|, xreR” t>0, (1)

(u, ug,v,v)(0,2) = (eup, eu, evg, ev1)(x) = € R,

where pi1, pio, V2, /3 are nonnegative constants, ¢ is a positive parameter describing the size of initial data
and p,q > 1.
Recently, the Cauchy problem for a semilinear wave equation with scale-invariant damping and mass

1+t

(u, u)(0,2) = (uo, 1) (), z € R, (2)

{utt — Au+ - + ﬁu: lulP, = e€R™ t>0,

where ju,v? are nonnegative constants and p > 1, has attracted a lot of attention. The value of § =
(u — 1)? — 412 has a strong influence on some properties of solutions to (2) and to the corresponding
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homogeneous linear equation. According to [3, 40, 5, 4, 39, 22, 30, 27, 21, 13, 31, 37, 38, 28, 29, 6, 35, 16, 20|
for § > 0 the model in (2) is somehow an intermediate model between the semilinear free wave equation and
the semilinear classical damped equation, whose critical exponent is ppyj(n + “771 - 4) for § > (n+1)2
and seems reasonably to be po(n + p) for small and nonnegative values of delta, where pryj(n) and po(n)
denote the Fujita exponent and the Strauss exponent, respectively.

As for the single semilinear wave equation with scale-invariant damping and mass term, the quantities

6 = (u— 1) —4vf,  j=1,2, (3)

play a fundamental role in the description of some of the properties of the solutions to (1) as, for example,
the critical curve. In particular, in [2] the critical curve for (1) is proved to be

max{ﬂ l(ull m) q+1 1<u21 m)}g

pg—1 2\ 2 2 Jpg—1 2\ 2 2 2

(4)

in the case 81,02 > (n + 1)2. Let us remark that (4) is a shift of the critical curve in the p - ¢ plane for
the weakly coupled system of semilinear classical damped equation with power nonlinearities, which is (cf.
[36, 23, 24, 25, 26])
max{p,q} +1 n
pg—1 27
This paper is devoted to the proof of a blow-up results for (1) in the case 41, d2 > 0 both in the subcritical
case and on the critical curve. Analogously to what happens in the case of single equations, when 41, 5 are
small the model is somehow “wave-like”. Therefore, the blow-up result that we will prove may be optimal
only for small values of 1,02 according to the above mentioned papers, where (2) is considered. This is
reasonable since we obtain as “critical curve”
{p+2+q‘1 pog+2+p! ua} n—1
max{ ——

pg—1 27 pg—1 2

which is a generally asymmetric shift of the critical curve for the weakly coupled system of semilinear wave
equation with power nonlinearities (see also [7, 9, 8, 1, 18, 17, 11, 19]), namely,

{p+2+q1 q+2+p1} n—1
max

, = . 5
pg—1 pg—1 2 (5)

Before stating the main results of this paper, let us introduce a suitable notion of energy solutions
according to [21].

Definition 1.1. Let ug,vo € H'(R™) and uy, vy € L*(R"™). We say that (u,v) is an energy solution of (1)
on [0,7T) if

u € 6(0,7), H'(R")) €' ([0,T), L*(R")) N Lj

loc

(R > [0, 7)),
v € €([0,7), H'(R")) N6 ([0,T), L*(R")) N L}, (R" x [0,T))

satisfy u(0,x) = cug(x) and v(0,x) = evo(x) in H*(R™) and the equalities
/ ug(t, x)o(t, z) de f/ ue (0, 2)p(0, dz—/ / ue(s, ) (s, x) de ds

/ Vu(s, z) Vqﬁsxdxds—i—//( (s,x) + v u(sx))qb(sac)dmds
o A\Trs™ (I+s)2 ’

_ /O / l0(s, 2)|6 (s, x) da ds (6)



and

/Rn ve(t, 2)(t, ) do — / 020, 2)06(0, ) da: — /t/ oy (5. 2)0y (5. 2) i dis

+/t - Vo(s,x) - Vi(s, J;)dmds—i—/ /n (1+ v (s, :c)—l—mv(&x)) U(s,z)dxds

//n (s, 2)|% (s, x) dx ds (7)

for any ¢, € €5°([0,T) x R™) and any t € [0,T).

After a further integration by parts in (6) and (7), letting t — T', we find that (u, v) fulfills the definition
of weak solution to (1).
We can now state the main theorem in the subcritical case.

Theorem 1.2. Let 1, 1o, V2,2 be nonnegative constants such that 61,05 > 0. Let us consider p,q > 1
satisfying

p+2+q¢ ' m og+24+pt e n—1
max{ ————— , > - -
pg—1 2 pg—1 2

—. )

Assume that ug,vo € HY(R™) and u1,v; € L*(R™) are compactly supported in Br = {x € R" : |z| < R}
and satisfy

ug(xz) 20 and ul(x)—l—Mu () =0, 9)
vo(z) =0 and wvi(z)+ mv () = 0. (10)

Let (u,v) be an energy solution of (1) with lifespan T = T'(g) according to Definition 1.1. Then, there
exists a positive constant eg = eo(ug,u1, Vo, V1, N, P, q, {11, 2, V3, V5, R) such that for any e € (0,&0] the
solution (u,v) blows up in finite time. Moreover, the upper bound estimate for the lifespan

1

T(e) < Ce™ max{F (n+pu1,p,q),F(n+tp2,q,p)} "~ (11)

holds, where C is an independent of €, positive constant and

L p+2+q¢ !t n-—1
F — . 12
(n,p,q) = o1 5 (12)

Remark 1.3. For puy = ps = 0 the previous upper bound for the lifespan coincides with the sharp estimate
for the lifespan of local solutions to the weakly coupled system of semilinear wave equations with power
nonlinearities in the subcritical case. However, as we do not deal with global in time existence results for (1)
in the present work, we do not derive a lower bound estimate for T'(¢). Let us underline that the shift in the
first argument of F = F(n,p,q) corresponds to the shift in the critical curve.

Let us state the main result in the critical case.

Theorem 1.4. Let 1, o, V2,3 be nonnegative constants such that 61,05 > 0. Let us consider p,q > 1
satisfying

24q71 24+ pt -1
max{PF=T4 T at2dp ] pal n—d (13)
pg—1 2 pg—1 2 2
and
o — 6
ooyl Lonyh (14)



Assume that ug,vo € H(R™) and uy,v1 € L2(R™) are nonnegative, pairwise nontrivial and compactly
supported in By, with ro € (0,1) .

Let (u,v) be an energy solution of (1) with lifespan T = T'(g). Then, there exists a positive constant
g0 = €0(Uo, U1, 0,01, M, Dy, 11, 2, Vi, V3, 70) such that for any ¢ € (0,e0] the solution (u,v) blows up in
finite time. Moreover, the upper bound estimates for the lifespan

exp (Ce=1®a=V) if 0= F(n+ p1,p,q) > F(n+ p2,q,p),
exp (Ce=?@1=D) if 0= F(n+ pa,q,p) > F(n+ p,p,q)
exp (Ce=®a=1) if 0=F(n+ p1,p.q) = F(n+ p2,q,p),

exp (Ce™PP=D) if p=gq=po(n+m) and p = pg, v} =13

T(e) < (15)

hold, where C is an independent of €, positive constant and F = F(n,p,q) is defined by (12).

Remark 1.5. In (15) the last case corresponds to the case in which 0 = F(n + u1,p,q) = F(n + ua,q,p)
and the scale-invariant terms in (1) have the same coefficients (same partial differential operator on the left
hand sides).

Remark 1.6. As we will see in the proof of Theorem 1.4, the conditions (14) are technical requirements,
which guarantee the nonemptiness of the ranges for certain parameters. Nonetheless, in dimension n > 3
and for 0 < 61,02 < (n — 2)? the assumption on the exponents p,q given by (14) is trivially satisfied for any

p,q> 1.

The remaining part of this paper is organized as follows: in Section 2 we present a solution to the
corresponding adjoint linear homogeneous system, whose components have separated variables, and we
derive some lower bounds for certain functionals related to a local solution; then, in Section 3 we prove
Theorem 1.2 using the preliminary results proved in Section 2. In Section 4 we introduce the notion of
super-solutions of the wave equation with scale-invariant damping and mass and we derive some estimates
for them. A family of self-similar solutions of the adjoint equation of the linear wave equation with scale-
invariant damping and mass and their properties are shown in Section 5. Finally, Theorem 1.4 is proved
in Section 6. Let us underline explicitly that besides the notations that have been introduced in this
introduction, the notations in Sections 2-3 (subcritical case) and the notations in Sections 4-5-6 (critical
case) are mutually independent and they should be not compared or overlapped by the reader.

Notations

Throughout this paper we will use the following notations: Bg denotes the ball around the origin with
radius R; f < g means that there exists a positive constant C' such that f < Cg and, similarly, for f 2 g;
moreover, f &~ g means f < g and f 2 g; finally, as in the introduction, pg(n) denotes the Strauss exponent.

2. Solution of the adjoint linear problem and preliminaries

The arguments used in this section are the generalization for a weakly coupled system of those used in
[35, Section 2] for a single equation.

Before starting with the construction of a solution to the adjoint system to homogeneous system of
scale-invariant wave equations, that is, a solution of the system

q)tt*Aq) (9t(1+t )+(1:_—i)2q):0, SCERn,t>O,

§ (16)
U, — A — at(m\p) + el =0, zeR", >0,
we recall the definition of the modified Bessel function of the second kind of order ¢

K(t) :/ exp(—tcosh z) cosh(¢z)dz, ¢ €R
0

4



which is a solution of the equation

2 d2 d 2 2
t @‘Ft%*(t +§) Kg(t):(), t > 0.

We collect some important properties concerning K(t) in the case in which ¢ is a real parameter. Interested
reader may refer to [10]. On the one hand, the following asymptotic behavior of K(¢) holds:

K (t) = \/ge_t[l +0(t™ ] as t— 0. (17)

On the other hand, the following derivative identity holds:

d

dt

As we will construct a solution (®,¥) with separated variables, firstly, we set the auxiliary functions
with respect to the time variable, namely,

K(t) = =Ko (t) + K (). (18)

uj+1

N =1 +8)"T K,(1+t) for =0 and j=1,2,

5; . . . . .
where ¢; = Vo for 7 = 1,2. It is clear by direct computations that A\, Ao satisfy

2
ey d
A2 1+tdt  (1+1)2

1)Aj(t)=0 for t>0 and j=1,2. (19)

Following [44], let us introduce the function
. o1 €5 %dw if n>2,
p(r) = fi - .
e’ +e if n=1.
The function ¢ satisfies
Ap(z) = p(z) for =z €R"”
and the asymptotic estimate
o(z) ~ Cplz|~ "7 el as |z] = . (20)
We may introduce now the functions ¢, ¥
(I)(ta x) =M\ (t) @(‘T)a
‘I](ta x) = )‘Q(t) @(‘T)a
which constitute a solution to the adjoint system (16).
The remaining part of the section is devoted to determine lower bounds for [, [v(x,t)[Pdx and [, |u(z,t)|9dx.

Lemma 2.1. Let us assume that ug, u1,vo,v1 are compactly supported in Br for some R > 0 and that (9),
(10) are fulfilled. Then, a local energy solution (u,v) satisfies

suppu, suppv C {(t,z) € [0,T) x R" : |z| <t + R}

and there exists a large Ty, which is independent of ug, u1,vo,v1 and €, such that for any t > Ty and p,q > 1,
the following estimates hold:

ntpy—1

/|u(t,x)|de>cng(1+t)”*1* +=a, (21)

n+tpo—1
2

/ ot @)|Pde > KyeP(1+ 81—, (22)

where Cy = C1(ug,u1,p,q, R) > 0 and K1 = Ky (vg,v1,¢,p, R) > 0 are independent of € and t.
5



Proof. We begin with (21). Let us define the functional

F(t) = /n u(t, x)®(t, x)dx

with ® defined as above. Then, by Holder inequality, we have

/ ult, 2)"de > |P()] < /mgm o7 (t, z)dz) 7((171), (23)

where ¢’ denotes the conjugate exponent of q.
The next step is to determine a lower bound for F(¢) and an upper bound for flx|<t+R D9 (t, x)dz,
respectively. Due to the support property for u, we can apply the definition of weak solution with test

function ®. So, for any ¢t € (0,7") we have

/]Rn (’LLt(S, x)P(s,x) —u(s, z)P(s, z) + 1{:_1 SU(SJ)@(S, z))daz j::
+ /Ot /n’ u(s, z)(<1)ss(s, x) — AdD(s,x) — 35(1ﬁ_1 S@(s,x)) + a 1%5)2(1)(57:0)) dxds

_ /Ot/ (s, @)P®(s, ) dads.

As the product |v|P ® is nonnegative and ® solves the first equation in (16), from the previous equality
we obtain

F'(t) + (1'lj:t - Qiigg)F(t) > E/n ()\1(0) ur(z) + (1A (0) — N (0)) uo(x))go(x) dx.

Using (18), we have

p1—1 5%

TR, (L4 + (146 KL (1+1)

Xi(f) = B2 (1 +1)

H1—1 p1+1
=B (1 +1) 7 Kq(L+1) +(1+1) = (—Kg1+1(1 +1) + i Ko (1 + t))
= BV () K (14 8) — (14 8) ™ Koy pa (14 6).

Also,
Ny (0) = HET R (1) — K1 (1),
iAL(0) = N (0) = VTR (1) 4 Kopa (1),
Consequently,

A1(0) ur(z) + (1 21(0) — X1 (0)) uo(z) = K, (1) (Ul(z) + wuo(@) + Koy +1(1) uo(w).

If we denote

Cluoyun) = [ (MO ua(o) + (11X(0) = X(0)) (o)) (o)

then, since we assume that ug and u; are compactly supported and satisfy (9), C'(ug, u1) is finite and positive.
Therefore, we conclude that F' satisfies the differential inequality

F'(t) + (1/ilt - Qiigg)F(t) > e C(ug,uy).

6



(1+t)lbl
AT(t)

both sides of the previous inequality and then integrating over [0, ¢], we derive

Multiplying by

p1+1

Inserting A1 (t) = (1+1¢) 2z K (1+1t), we obtain as lower bound for F’

(1+ K2 (1+1)
(1+s)K2(1+s)

F(t) > EC(uo,ul)/O s > 0. (24)

The integral involving ®¢ in the right-hand side of (23) can be estimated as in [44, estimate (2.5)],
namely,

/ 9 (t,x) do < A7 (t) / o7 (z) d
|z|<t+R |z|<t+R

n1t1 n—l) q

< Cpp(1+ 1)~ (B2 o7 (hR) T (1 4y, (25)

where C, g is a suitable positive constant.
Combing the estimate (24), (25) and (23), we find

|u(z, t)|?dx

R'ﬂ.
ds

)

t q
>O(uo,ul)qci_éeq“‘qu(l+t)@‘"‘“”%“”‘”e‘q“*”f(?l(1+t)(/ 1+ )IC(LZ 1+ )) '
’ 0 S &1 S

n—1

t
>C(UO,U1)qC;Jg€q(1+t)Q(n1)(!]1)(ITHT)qe—Q(H-R)KgI(lﬁLt)(/ +s)
0

Due to (17), for a sufficiently large T (which is independent of ug, u1,e) and ¢t > Ty, we have

N
K9(1414) ~ —a(t+1)
G140 (2(1+t)) ‘

and

t ¢
1 2 1 1
ds > = 2048) gg — = (2014) _ o241} 5 2(1+1)
/0 (1+s)K2(1+s) ﬁ/t/Q 7r( ) 2m

Consequently,
/ lu(t, z)|9dz > C1e9(1 4 )2 —n=r)+(=1 for ¢ > Ty,

where C] = 2_37(10(1;0,ul)qC;Tlgeq(l_R)ﬂ_%. The proof of (22) is analogous, as one has to consider the
functional

G(t) = /n v(t,x)U(t, x)dx

instead of F' and to use the assumption (10) in place of (9). This concludes the proof. O

3. Subcritical case: Proof of Theorem 1.2

Let us consider a local solution (u,v) of (1) on [0,7) and define the couple of time-dependent functionals

U(t)i/nu(t,x)dx, V(t)i/nv(t,x)dac.

The proof of Theorem 1.2 is dived in two step. The first step consists in the determination a coupled
system of nonlinear ordinary integral inequalities for U and V' (iteration frame), while in the second one an
iteration argument is used to show the blow-up of (U, V) in finite time.

7



Determination of the iteration frame

Let us begin with the first step.

Choosing ¢ = ¢(s,z) and ¢ = 9(s,x) in (6) and in (7), respectively, that satisfy ¢ = 1 = ¢ on
{(z,s) € 0,t] x R" : |z| < s + R}, we obtain

/ u(t, x)dxf/ ue (0, dz+/ / Hate(s, 2) Vlu(s 2) dx ds 7/ / (s,x)|Pdz ds,

R™ R™ n 1+s ( n

/ 4 (t, z)dz—/ Oxdx+// pav(s, 2) 1/21)(550 dz dS*// u(s,z)|?dx ds
n R™ n 1+s ( n

which means that

U’(t)U’(O)+/Otlu—_'_18U’(s)ds+/0t(V7%2U(s)ds/t/n lo(s, 2)|Pdz ds,

¢ t
/ R v M2 / _ q
V'(t) V(O)—i—/o 1+5V(S)d8+/0 (1+s s)ds = //n (s,2)|9dx ds.

Differentiating with repect to ¢ the previous equalities, we get

U" (1) + T U + T ilt)QU(t) - / ot @) da, (26)
VIO + V0 + V) = [ utt.araa, (27)

Let us consider the quadratic equations
2= (= D+ 02 =0, g2 (ua — D)p+ 8 =0.
Since 61,02 > 0 there exit two pair of real roots,

L —1F Vo L pe—1F Vo
- 9 ) p172* :

1,2
2

Clearly, if 11 > 1 and po > 1, then, 71 2 and p; 2 are positive. Else, if 0 < g1 <1 or 0 < po < 1, then, 712
or py 2 are negative. When p; = 1, then, v; = 0 as §; > 0 and, hence, 7y = ro = 0. Similarly, if po = 1.
Moreover, in all cases

T1,2+1>0 and p172+1>0.

We may rewrite (26) as

() + 12tU(t))l+ ”12: (' + 75u ) = / ot )P de.

Multiplying by (1 4 ¢)"2! and integrating over [0, ], we obtain

(1+t)rz+1(u/(t)+ 12tU(t)) - (U’(0)+T1U(O)) :/0 (1+5)T2+1/n lo(s, 2)[Pdz ds.
Using (9), we have
U + 1 U ) > (1+t)’”21/0 (1+5)T2+1/n lo(s, )P da ds. (28)

Multiplying the above inequality by (1 4 ¢)"™* and integrating over [0, t], we arrive at

(1+t)“U(t)—U(O)>/O (1+¢)T1T21/OT(1+3)T2+1/ lo(s, )|Pdz ds dr.

n

8



Since ug is nonnegative, we have

t 1 Ty T/ ro+1
U(t) > / 7 / s / lo(s, )\Pdz ds dr. (29)
o \1+t o \1+7 n

Furthermore, using Holder inequality and the compactness of the support of solution with respect to x,

we get from (29)
t 147 T T 1+s ro+1
Ut) = C 1+ ) "=V (s)|Pds d 30
wza [ (355) [ (1) araronweras, (30)

Co = (meas(By)) PR~ > 0.

where

In a similar way, from (27) we may derive

< T > i Gif_)p“/ lu(s, x)|"da ds dr (31)

/ ) i (1 - S)W(l +5)"a DU (5)|0ds dr, (32)

1+7

where
Ko = (meas(By)) IR~ > 0.

Iteration argument

Now we can proceed with the second step. We shall apply an iteration method based on lower bound
estimates (21), (22) and on the iteration frame (29)-(32). In comparison to the iteration method for a single
semilinear wave equation with scale-invariant damping and mass (cf. [35, Section 3]), as the system is weakly
coupled, we will combine the lower bounds for U and V.

By using an induction argument, we will prove that

U(t) = Dj(1+1)"% (t — Tp)¥ for
>

t =T, (33)
V(t) = Aj(1+8)"%(t—Ty)% for t =Ty

: (34)
where {a;}j>1, {b;};>1, {D;}i>1, {@;j}iz1, {Bj}j>1 and {A,;},;>1 are suitable sequences of positive real
numbers that we shall determine throughout the iteration procedure.

Let us begin with the base case j = 1 in (33) and (34). Plugging (22) in (29) and shrinking the domain
of integration, we find for ¢ > T}

t T
U(t>>Klsp(1+t)—ﬁ/ (1+7)"—T2-1/ (14 s)r2tn=(tm=0% g gr

To To

t T
2K1€p(1+t)_”/ (1+T)T1—Tz—1—(n+u2—1)§/ (1+S)T2+"dsd7‘

To

> KyeP(1 4 1) 721 (D) %/ / _ ) dsdr
To To
—T )r2+n+2

— K+eP(1 $)"T2— 1—(n+pz— 1)p
1P (1 +4)" (T2+TL+1)(T2+TL+2)

which is the desired estimate, if we put

D = Hie? +1+(n+ 1)z,
= , ag =r n —
! (ro+n+1)(rs+n+2) te H2

by =ro+n-+2.

wlﬁ



Analogously, we can prove (34) for j = 1 combining (31) and (21), provided that

Cl€q
A = , ap=pa+1+n+pu—1
Tt nt Dzt 2) 1=ttt =)

. Pr=p2+n+2.

N[

Let us proceed with the inductive step: (33) and (34) are assumed to be true for j > 1, we prove them
for j + 1. Let us plug (34) in (30). Then, shrinking the domain of integration and using the positiveness of
a; and f; and the condition ro +1 > 0, for ¢t > T} we get

t T
U(t) > Co A? (1+¢)™" / (1+ 7‘)”7”71/ (1+ S)Tz+1+n(1*p)*ajp(s _ To)ﬁjp ds dr
To TO

t T

(1 + T)r17T271*n(p*1)*0‘jp/ (5 — TO)T2+1+ﬁjpdS dr
To

= CoAF(1+t)™ /

To
t T
> CO Ag (1 + t)—rz—l—n(lu—l)—ajp/ / (S _ To)r2+1+,8jp ds dr
To J Ty
Co A

— 14+t —r2=1l-n(p—1)—ajpy _ T 7“2Jr3+ﬁjp7
(r2 + 24 Bjp)(r2 +3+ﬁjp)( ) (t = To)

that is, (33) for j + 1 provided that

Co A
(ro + 2+ Bip)(r2 + 3+ Bp)’

DjJrl = 541 = 7’2+1+7’L(p7 1)+Oéjp, bj+1 iTQ +3+ﬂ]p

Similarly, we can prove (34) for j + 1 combining (32) and (33), in the case in which

Ko D!
(p2 +2+b;q)(p2 + 3 + bjq)

Ajyr = aji1 = p2+1+n(g—1)+ajq, Bjt1 = p2+3+bjq.

Let us determine explicitly the expression for a;, b, o, 3; at least for odd j. Let us start with a;. Using
the previous relations, we have

aj:rg—|—1+n(p—1)+aj_1p:r2+1+n(p—1)+(p2+1+n(q—1)+aj_2q)p
=ry+1—n+(p2+1)p+npg+pga;_s.

ZA
Applying iteratively the previous relation, for odd j we get

aj=A+pgaj_2 = A+ Apgaj_s+ (pg)’a;-s =
(j=3)/2

j—1

izt pq) = —1 izt
— Ay 00+ o) T = AL L g,
s pqg —
A iz1 A
= + a1 )(pg) = — . 35
(pql 1)( ) pg—1 (35)
In a similar way, for odd j we get
AV J—1 12[
o = +a1 |(pg) 7 — ——, 36
! (pql 1)( ) pg—1 (36)

where A = p2+1—n+ (ro+ 1)g + npg. For the sake of simplicity we do not derive the representations of
a; and a; for even j, as it is unnecessary to prove the theorem.
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Analogously, for odd j we have, combining the definitions of b; and f;,

bj=ro+3+B8i-1p=ra+3+ (/)2 +3+bj_2 q)p =719+ 3+ (p2 +3)p+pgb;_a2, (37)
=B
Bi=p2+3+bj_1qg=p2+3+ (Tz + 3+ﬂj—2p)q =p2+ 3+ (ra+3)q+pqBj_a. (38)
=B
Also,
bj = (qu Tt bl)(pq)% - qu,i 7 and fj = (% +ﬁ1)(pq)% - pqli T (39)

The next step is to derive lower bounds for D; and A;. From the definition of D; and A; it follows
immediately

C'0

J/b2

-, Ko
ﬁ2
Therefore, the next step is to determine upper bounds for b; and for §;, respectively. If j is odd, plugging
the first equation from (39) for j — 2 in (37) and using the definition of B, it follows

+b1>(pq)% b ]

1 pg—1

B B i—1
=T2+3+(P2+3— 1 )P+(—+b1)(pq)]T
pqg—1 pq—1

ro +3) + +3 B : :
__(re+3)+(p2 )p+( +b)(pq)2 < Bo(pg)'=,
pg—1 pg—1

D; Ap ; and A, D (40)

B
bjr2+3+(pz+3)p+pq[<pq_

where 5 , )
By = +b1:n71+(r2+ )p9+(02+ )p
pg—1 pg—1

Similarly, for odd j, employing (38) and the second equation in (39), one finds

B; < By (pg) T,

where ~

~ B 3 3

By = +ﬂ1:n*1+(p2+ Jpa + (r2 + )q>0.

pqg—1 pg — 1
It is possible to derive similar estimates also for b;_1 and 3;_1. Indeed, from (37) and (39) we get
B 1/ B 1 o
by =ra b3+ 8yap=ra+ 3 D2 LB ) ) < B )
pg—1 g\pg—1

Bqg 1/ B 1 L
Bic1i=pa+3+bj_oq=ps+3— +—< +b>pq = < Bo(pa)'T .
j—1 2 7—2 2 pq—l p pq—l ( ) (

Hence, due to the above derived upper bounds for b;,b;_1, 3, 8j—1, from (40) it follows

LG A Gokg DY, CDY (41)
7T BT B (pay A, T ((pgyt)

D g  APY KA
o> Ko Do Kby Byma 2 (42)

B2y T B (pa) T ((pg)rtt)”
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where C' = CoKE /By and K = KoCg /B3 "
From (41), if j is odd, then, it follows

log D; > pqlog Dj_s — (j — 1)(p + 1) log(pq) + log C
(pg)*log Dj—q — ((j — 1) + (j — 3)pq) (p + 1) log(pq) + (1 + pqg) log C

AVARY

WV

- (=1)/2 (j=3)/2 -
(pq)JTlogD1< > (G+1-2k) (pq)’“‘1>(p+1>10g(pq)+< > (pq)’“) log C.

k=1 k=0
Using an inductive argument, the following formulas can be shown:

(7—3)/2 —1
’ (pg)'= -1
Z (PQ) 771
k=0 Pq
and
(G-1)/2 i1
. . 1 pg) =z —1 .
> G+1-2k)(pg)" " = 1(2(17(1)()71]+1)-
— pq — pq —
Consequently,
i1 2(pg)(p+ 1) logC' | 2(pg)(p+1)
log D; > (pq) = [bgD — ————5— log(pg) + log(pgq
32 (pa) L (g - 1)2 (Pa) pg—1 (pg—1) (pa)
. (p+1) log C
+ (G — 1)—Z log(pq) — ——.
( )pq — log(pa) P
Thus, for an odd j such that j > +i‘)’%o(;(pq) pfzp qi + 1, it holds

log D; > (pq)T (1og D, — S’p,q(oo)),

where S, ;(00) = 72((1;‘2)_(7;;1) log(pq) — —;)Zg_ci.

In a similar way, one can show for an odd j the validity of

logA; > (pg)™ [1og Ay — 2D+ oo 4 log K| | 2(pg)g +1)

og(pq log(pq
(pq —1)? pg—1 (pg —1)? (ba)
1ogl~(
pg—1

+ 0= D tog(p)

log K 2(pqg)
(q¢+1)log(pq)  pg—1

log A; > (pg) T (log A1 — 5,4(0)),
where S, 4(c0) = 2((?';31)7_(‘11)21) log(pq) — fqg_li_
For the sake of brevity, we denote jo = (m max {p+1’ q+1} pq;qgl +1].
Let us combine now (33) and (43). For an odd j > jp and ¢t > Tp, using (35) and (39), we get

U(t) > exp ((pa)'= (log Dy — S,4(00)) ) (1+ )7 (¢ — Ty)®

and, then, for j >

+ 1 this yields

i1 i1
= exp ((pq) = (log D1 — S 4(c0 )))(1+t)‘(T‘11+a1)<PQ> T gt (1 — ) () 00 T

= exp ((pq) 7 (log Dy — (=25 +a1) log(1 +¢) + (pq -+ by) log(t — Tp) — Sy (oo)))
(1 +t)P‘? 1(f—To) Pq pg—T

pql

12



Also, for t > 2Ty + 1 from the previous estimate it follows

U(t) > exp ((pg) = I (1)) (1 + )77 (t = To) "7 7, (45)
where

J(t) =log Dy + (&=

pg—1

log(Dl(t—TO) o= 1+b1 al)_( A

pg—1

4 1 p — al) log(t — Tp) — (17;;_1 + al) log2 — S 4(c0)

+ a1)log2 — S, 4(c0).

Let us calculate more precisely the power of (t — Tp) in the last line:

B—A 2p+2+n—n
+b—ay =L pq+n+1_(n+u2_1)1_7
pq—1 pq—1 2
pg+1+2p P g+p 2 n+ps—1
= —(n+u2—1)z=p - :
pg—1 2 pqg—1 2

So, & P 1+b1—a1>01fandonly1fF(n+u2,q p) > 0.

In an analogous way, from (34), (44), (36) and (39) we obtain for ¢t > 2T, + 1 and for an odd j > jo

i—1 ~ _A __B_
V(1) > exp (pa) T T() (1 + )7 (¢ = Ty) 7T, (46)

where

J(t) =log Ay + ( + B1 — aq) log(t — Tp) — (ﬁ + ai)log2 — §p7q(oo)

pg—1

= log (Al(t—To)Pq 1+ﬁ1 0‘1) _( + ay)log2 — Sp.q(c0).

pg—1

In this case, fq—_fll + 06— = q(pfqtqfl — ”J”;l*l) > 0 if and only if F(n + p1,p,q) > 0.

If F(n+ pe,q,p) > 0, since Dy = KoeP, where Ky = Kq(ro +n+1)"(re +n +2)71, then, J(¢) > 0 is
equivalent to require

1
_ F(n+pg,q,p)
t>Ty+ EBe Frtrean)™ - where E = ( (gt 1*“1)1°32+S"*"(°°)K2‘1>p oy

If we choose g¢p > 0 sufficiently small so that
2Fey Mt an) ™ S oy 41,

then, for any e € (0,0] and t > 2Ee=F("+#2:4) " we have t > 2Ty + 1 and J(¢) > 0. Thus, letting j — oo
n (45), the lower bound for U blows up and, hence, U can be finite only for ¢ < 9Fe—F(ntuz,ap) ™"

Analogously, in the case F(n + pu1,p,q) > 0, as A = Coe?, where Cy = C1(p2 +n+1)"(p2 +n+2)7L,
we get that J(t) > 0 is equivalent to

-~ 1
~ ~ A ntu1.p,
t> Ty + B Fotumpa™ where E = ( (pq p+a1) log 245, q(OO)C > artntiy Q)_

Also, in this case we may choose g9 > 0 sufficiently small so that
~ —1
2Eey Frtipa S oy 41,

Consequently, for any € € (0,g¢] and ¢ > 2Ee~F(ntup. @)™ we have t > 2T, + 1 and j(t) > 0 and, then,
taking the limit as j — oo in (46) the lower bound for V() diverges. Hence, V may be finite just for
t < 2Be~Ftmp.™" | Summarizing, we proved that if (8) holds, then, (u,v) blows up in finite time and
(11) is satisfied. This completes the proof.
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4. Super-solutions of the scale-invariant wave equations and their properties

Henceforth we deal with the critical case and the proof of Theorem 1.4. In this section we introduce the
notion of super-solutions of the Cauchy problem

up — Au+ o+ fhmu=H, R, te(0,T),
u(0,2) = eup(x), r € R", (47)
u(0,2) = eus (), r eR”,

and, then, we derive some estimates related to super-solutions.

Definition 4.1. Let (ug,u1) € H'(R™) x L*(R™) be compactly supported and H € L{ ([0,T) x R™). We
say that u € B([0,T), HY(R™)) N 61([0,T), L2(R™)) is a super-solution of (47) on [0,T) if u(0, ) = cug(x)
in HY(R™) and

5/ ()T (ode/ RnH(t:c) (t,z) dz dt < //;utm) o(t,z) dz dt

2
/ / vu ta) VUt z) + Lt )t ) + mu(ﬁ, x)\If(t,x)) dz dt (48)
for any nonnegative test function ¥ € 65°([0,7) x R™).

Lemma 4.2. Let u be a super-solution of (47) with (uo,u1) in the classical energy space H'(R™) x L?(R™)
and compactly supported in B,,, H locally summable and suppu C {(t,z) € [0,T)xR"™: |x| < ro+t}. Then,
it holds

5/ (u1(2) (0, z) + ug(z) (L¥(0,z) — Uy (0, 2) d$+/ . H(t,z)¥(t,x)dxdt

p+ v
(1+1)2

/ /n (t,x) \I/tt (t,x) — AU(t,z) — —\If () + \If(t,ac)) dx dt (49)

for any nonnegative test function ¥ € B5°([0,T) x R™).

Proof. Using the support condition for u, integration by parts provides

/OT /n (_ up(t, )W (t, ) + Vu(t,z) - VU(t, x) + lit

/()Ti[/( u(t, )W (t,2) + TEu(t )t ))dz]dt

/ /n t:c \I/ttt:r) AV (t,x) — 8,5(
= E/n uo(z) (V4(0, ) — p¥ (0, x)) do + /0 /n u(t, ac)(\I/tt(t,x) — AU(t,z) — 8,5(1 /jL t\IJ(t,J;))) dx dt.

Substituting this relation in (48), we get (49). This concludes the proof. O

u(t, )V (t, J;)) dx dt

Ut ,x))) dx dt

In the next result, we will employ the following solution of the adjoint equation to the homogeneous
linear equation related to (47), which is a particular solution among the self-similar solutions that we will
introduce in Section 5:

V(t,2) = (1455 (14 4)2 = [22) =2
N A
=14tz (1 — i+ t)2) for (t,x) € Q, (50)
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where Q = {(t,2) € [0,T) x R™ : || < 1+1}.
Moreover, we introduce a parameter dependent bump function. Let ¢ € 65°([0,00)) be a nonincreasing
function such that v = 1 on [0, 1] and supp+ C [0,1). Besides, we denote

e JoO if telo,1),
i) = {w(t) if te[s,00).

Clearly, ¥* is not smooth. We will use this bounded function only to keep trace of the support property
of derivatives of ). More precisely, if Yr(t) = (%), ;) = ¢¥*(%) for any ¢ > 0 with R > 0, then, the
following estimates hold (see, for example Lemma 3.1 in [15])

0or(t)| S R YR ™F  forany k
2R (t)] S R[5 ()]

Now we can prove a lower bound estimate, which is somehow related to (21) and (22).

1, (51)
2, (52)

(M)

>
for any k >

Lemma 4.3. Let ug € H'(R") and u; € L*(R™) be nonnegative functions such that supp ug,suppui C By,
with ro € (0,1). Let u be a super-solution of

utthUwL—&utJrﬁu:O, zeR™ te(0,T),

T+t
u(0,z) = eup(x), x € R", (53)
ut(Ov'r) :Eul(x)v € GR”)

such that suppu C Qr, = {(t,z) € [0,T) x R" : |z| < ro +t}. Then, for any p > 1 and any R € (1,T) it
holds

n+t

T
(1,02 [ug, urle)"R™ 5=r < /0 / ) [u(t, )Py (t) de dt, (54)

where the multiplicative constant in (54) is independent of € and R and

Lu2lug,u) = / (ul(z)V(O, %) + uo(x) (uV (0, ) — Vi (0, x))) da.

Remark 4.4. In the previous statement the nonnegativity of ug,u1 can be relaxed by requiring simply that
ug, u1 satisfy I, ,2[ug, u1] > 0.

Proof. Let us consider W(t,x) = ¢r(t)V (¢, x)x(x), where x € 65°(R") satisfies x =1 on B,,+r. Applying
(49) to this ¥, we get
5 /R (ur(2)¥Rr(0)V (0, 2) + ug(z) (upr(0)V (0, ) — ¢ (0)V(0,2) — ¢¥r(0)V4(0, ) dx
< /O /n u(t, ) (6§(¢R(t)V(t,x)) — ARV (t,2)) — 550 (Yr(V (t,2)) + %wR(t)V(t, x)) da dt
and, then,
s/n (u1(2)V(0,2) 4+ uo(z)(1V (0, 2) — Vi(0,2)) dx = € I, ,2[uo, u1]
< /0 /n u(t, z) (aﬁR(f)V(ﬂ@ + 200 ()Vi(t,x) — 500V (L, x)) de dt
T
+/0 / u(t, x)Pr(t) (Vtt(t, ) = AV(t,x) — f5 Vit 2) + 5V (¢, z)) da dt
- /0 /n u(t, o) (aﬁR(f)V(ﬂ@ + 20 (D)Vi(t, 2) — £500r(H)V(t, x)) dz dt,
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where in last step we used the fact that V' solves the adjoint equation of the homogeneous wave equation
with scale-invariant damping and mass.
Let us remark that

—1- 3 =2 — -1 - 22
Vilt,z) = —(1+ )™= 5(1—%) ? <n+ Vi k) | pt1+ V3 x| )’

2 (+1)2

so that

wV(0,z) — Vi(0,2) = (1 — |z|2)*n+2ﬁ71<n + ”_1;\/5 + 1_“;”/S|:c|2) >0 for any z € B,,.

In particular, for nonnegative and nontrivial ug, u; the last estimate yields I, 2 [ug, u1] > 0.
If we employ now (51) and (52) for k = p’ and k = 2p/, respectively, then, we arrive at

T
lpoaluosin) § [ [ Jutt o)l (Ll + Wl s MYy
O n
T
5/ / |u(t,x)|(|vgf)| + ‘Vt(}%IH)[w}%(t)]; dx dt
O n

T % R Pl P
S([ [ wearvpoasa)” (5[ (Ml 84 grar)”.
0 " £ JBry+e

For t € [£,R] and |z| < ro + t it holds

|-

11— V3 —nd /8 —1— /5 _ndVE
Vel SEHEEE (1o )T e s Rt (- g) T
Therefore,
T + R n+ V3 / X
—n— pti— V35 * v xT 7(T+1)p v’
el yolug, uy] S R"2H45 (/ |u(t,gg)|pz/1R(t)dxdt) (/R / (1—1‘—+‘t) dxdt)
0 Jrr & JBryte
T 1
< R ta)P () dedt ) 55
~ P 0 R |’LL( ,ZE)l wR( ) €z ) ( )

where in the second inequality we used

R — (21 R nt V3 , rot+t nt V3 ,
Jo f, () e dadrs [+t ot [T S gy
§ JBro+e 0

R
2

R
< / (1425 g gyt g < R (R

2

From (55) it follows easily (54). The proof is complete. O

5. Self-similar solutions related to Gauss hypergeometric functions

In the critical case of blow-up phenomena for semilinear wave equations with scale-invariant damping
and mass, it is important to have a precise description of the behavior of solutions to the adjoint equation to
the corresponding linear homogeneous equation. According to this purpose, in this section we will introduce
a family of self-similar solutions to this equation, that can be represented by using Gauss hypergeometric
functions (see also [45, 46, 12, 13, 15, 35]). In particular, we refer to [35, Section 4] for the proofs of results
which are not proved here.
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Hence, our goal is to provide a family of solutions on @ to the adjoint equation

1/2

25 _ AD — g d=0.
o at(1+t >+(1+t)2 0 (56)

Let (8 be a real parameter. If we make the following ansatz:

(I)B(ta z)=(1+ t)7ﬁ+1¢ﬂ ((1|i| t)2)a

where 95 € 6%([0,1)), then, ®5 solves (56) if and only if ¢4 solves

2(1—2)¢(2) + (2 — (B+ 1) 2)¢ls(2) — 2 (BB + 1 — 1) + %) da(z) = 0. (57)
Choosing
ag=ag(uv?) =5+ I+ and by =ba(u?) = § 4+ -
we have

ag+bg+1=p+42  and  apbsy = 1(B(B+p—1)+12).
Therefore, (57) coincides with the hypergeometric equation with parameters (ag, bg; 5 ), namely,
2(1— z)d)g(z) + (% — (ag +bs + 1)Z)¢%3(Z) —agbg pp(z) = 0.

Also, we may choose ¢g as the Gauss hypergeometric function

oo a Zk
#p(2) = Flag, bg; 55 2) = Z (ag)k (bg)k

o A<
= (n/2) k!
where (m); denotes Pochhammer’s symbol, which is defined by
(m)y = 1 if k=0,
m =
T m - 1) i k>0
Definition 5.1. Let 8 a real parameter such that 3 > \/3;21—& Then, we define
g (t,2) = (141 oy ((1|i|t)2)
= (140 (ap(, ) bs( )5 B3 f2hs)  for (o) € Q. (58)

According to the construction we explained until now in this section, it is clear that {®4 , 2}z is a family
of solutions to (56). In the next lemma, we discuss some properties of this family of self-similar solutions.

Lemma 5.2. The function ®g,, > satisfies the following properties:
(i) ®g 02 is a solution of (16) on Q.
(i) 10:Pp, 2| S Ppt1,u02 0N Q.
(ili) If B € (MLtlop nrlon) ypep
Dy e (t,x) & (14+1) 7P
for any (t,z) € Q.
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(iv) If 8 > %’i, then,
n—p+1 7ﬁ

_ z|? 2
D) & (L) 709 (1 )

for any (t,z) € Q.
||

Proof. Let us prove (ii). If we denote z = Trne, then,

0 ®p 02 (t,x) = (14 t)_B [(1 — B)F(ag, bg; 5;2) — 22 F'(ag, bg; 5 z)]
= (1+ )7 [(1 - B)F(ap, bg; 3:2) — 4°222F(ag + 1,bg + 15 + 1;2)]. (59)

n

Moreover,
Dpiqpp2(t,z) =1+ t)fﬁF(angl, bgy1:552) = (1+ t)fﬁF(ag + %, bs + %; 55 2).
Since for real parameters (a, b; ¢) the hypergeometric function has the following behavior for z € [0, 1)
1 if ¢>a+Db,
Fla,bie;2) = ¢ —log(1—2) if c=a+b, (60)
(1 —z)e~ @b if ¢ <a+b,
and § +1— (ag +bsg +2) = § — (ag41 + bgy1), as the second term in (59) is the dominant one, we get
immediately the desired property. By using (60), we find (iii) and (iv) as well. O

Remark 5.3. If we consider 3 such that bg = 5, i.e. f=n+ L;_H, then, ag = bg + @ and

ERIYES S n n.n z|?
Dyt 7) = (14 6) 2R (258 gim, el — vt )

(03

with V' defined by (50). In the previous equality, we used the relation F(o,v;v;2) = (1 — 2z)~2.

Lemma 5.4. Let us assume ug € H'(R™) and u; € L?*(R™) satisfying supp ug,suppu; C By, for some
ro € (0,1) and

JB#A,VQ [Uo, ul] = /

where 3 > \/5;21—/1 is a parameter. Let u be a super-solution of (47) such that suppu C Q.
Then, for any p > 1 and any R € (1,T) it holds

(ul(x)tbﬁ%,,z (0,2) + uo(2) (uPp,p,02(0,2) — 0 Pg,,,.2(0, x))) dx >0,

n

T
Jg, w2 [0, ur] € + / H(t,x)Yr(t) ®a .2 (t, x) dedt
0o Jre

T
SR @) 4110 (O] dar (61)

where the multiplicative constant in (61) is independent of € and R.

Proof. Let us consider W(t,z) = ¢r(t)®g .2 (t,)x(x), where x € G5°(R") satisfies x = 1 on By q7.
Applying (49) to the test function ¥, we get

T
eJg 2 U, ur] + / H(t,x)Yr(t) g .2 (t, x) dedt
0 Rn
T
< / / ult, ) (awa(t)%Wz(t,x) + 20 ()02 (1 7) — %H(')twR(t)tbg%uz(t,x)) dz dt
0 n
T
+/O / u(t, 2)dr(t) (af A0+ %)@Mﬂ (t,2) dz dt

T
S /0 /]R ) |u(t,$)|(R—2|@B,u,u2(t71’)|+R—1|8t@57u7uz(t,$)|)[w}}(t)]5 da dt, (62)
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where in last inequality we used the fact that ®4 , ,2 solves (56) and (51), (52). We note that for ¢t € [£, R]
and |z| < 7o + ¢, it holds

D upr(t,@) = (1+4) PHF(§ 4 b=/ 8wl oo, el )

4 )2 4 120 (14t)2
—BE(B8 L p=1+V3 B | p=1-VG. n. |z
SR(l‘i‘t) BF(E"‘# 4 a§+u 1 ’5’(1+t)2)
— — [ —1—-Vd. n z|?
S R(1+1) BF(% + Hl+fv % + 4= f; 27 (1|+|t)2) = R®ps11 4,2(t, 1)

and, then, combining the previous estimate with Lemma 5.2 (ii), we get
R72|@g7#71,2 (t,z)| + R71|(9t(1)51#1,,2 (t,z)| < Rilq)tprl”uylﬂ (t,z).
Thus, if we use the last estimate in the right hand side of (62) we get (61). This completes the proof. [

Remark 5.5. Let us rewrite the function that multiplies ug in Jg 2 [uo, u1] in a more explicit way:

dagb
n

1P 02 (0,2) — 0, ®p 4,2(0,2) = (B + p— DF (ag, bs; 23 |2[2) + —2LF (ags, bprr; 2555 ).

Then, if B > 1 — p, in order to get a strictly positive Jg,, 2 [ug, u1], it is sufficient to consider nonnegative
and nontrivial ug,uy. Since in our treatment either 3 € (L;_H, "—_2&) or 5> "—_gll, we may assume
without loss of reqularity that 8 > 1 — p thanks to 1 — p < "—_gll

Lemma 5.6. Let 5 > % be a real number such that B # ”%“H Then, the following estimate holds
for R > Ry > 0:

Rrt1+1-8)p if 5<n*Tu+1+1_%’

(5002 (t,2))P dodt < { R-*F—P+nlogR if B=1-4F L1
B, g 2 I
Pro RE if B> 41—

Proof. Let us begin with the case 8 < “=4F1. Using Lemma 5.2 (iii), we get

R R

/ / (Pp 2 (t, )" da it ~ / / (1+8) PP da dt
R B R B
) ro+t 3 ro+t

R
%/ (1+t)(_5+1)p/(7“0+t)" dtSR"+1+(_B+1)p/.
R

2

When 8 > 2=£+L from Lemma (5.2) (iv) it follows

R , R , [rott noptly gy
Bs o, 2t 2))P dedt < 1+ ¢)=A+p 1— o L drdt
By, ~ (I+t)
% BTo+fr % 0

R , ro+t —_
5/ (1+1t)” p(roth)”*l/ (I+t—mr) P =B gr dt
g 0
fg(l +1t)~ "51/(T0+t)n Ldt jfﬁ>"*T#+1+1_%,
SO S+ E T (g + 1) Mog(1+ ) dt if f="4E 41— L)
2
Ja @+ ‘””p“(r + )t dt if f<t=H 411
n— u 1, 7 n . n— +1 1
R™ P+ if > 41-— 1
- n : _ n—p4l 1
SR ¢+ og R if f="" 411
n+1 — 1)p’ . n—u+1 1
RnH1+(=8+1)p lfﬁ<++1_5
Combining the two cases, we find the desired estimate. 0
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6. Critical case: Proof of Theorem 1.4

This section is organized as follows: firstly, we recall some technical lemmas from [14, 15]; then, in the
last two subsections we prove the blow-up results and the corresponding upper bounds for the lifespan in
the critical case p = po(n + p) for (2) and on the critical curve max{F(n + u1,p,q); F(n+ u2,q,p)} = 0 for
(1), respectively.

6.1. Lemmas on the blow-up dynamic in critical cases

The results stated in this section are already know in the literature (see [14, 15]). Nonetheless, for the
ease of the reader they will be recalled. The upcoming lemmas will play a fundamental role in determining
the upper bound lifespan estimate of exponential type, whenever we are in a critical case.

Definition 6.1. Let w € Li ([0,T), L*(R™)) be a nonnegative function. We set

loc

Y [w](R) = /OR (/OT/nw(t,:r)w;(t) dzdt) o~ tdo,  forany Re(0,T).

The functional Y[w] satisfies the properties stated in the next lemma.
Lemma 6.2. Let w € L _([0,T), L'(R™)) be a nonnegative function. Then, Y[w] € 8'((0,T)) and for any
R e (0,T)

%y[w](}z) :Rfl/o /n w(t, ) Y5 (t) dx dt,

Y[w](R) < /0 /n w(t,x) Yr(t) dedt.

For the proof of the above lemma, one can see [14, Proposition 2.1].

Lemma 6.3. Let y € 8 ([Ry,T)) be a nonnegative function, where 2 < Ry < T. Moreover, there exist
0, K1, K> >0 and p1,p2 > 1 such that

Ry'(R) > K10 for Re (Ry,T),
R(log R)P>~1y'(R) > Ka(y(R))**  for R € (Ro,T).

If po < p1 + 1, then, there exist 0y, K > 0 such that

T < exp (K@fplp*l;ﬂl) for any 0 € (0,00).

See [15, Lemma 3.10] for the proof of Lemma 6.3.

6.2. Critical case for the single semilinear equation

In this section we derive upper bound estimates for the lifespan of super-solutions of the semilinear wave
equation with scale-invariant damping and mass in the critical case. Even though the result has been already
proved for solutions in [35, Theorem 1.3], we need to use this generalization to super-solutions in Section
6.3.

Let us introduce the notion of super solutions for the semilinear model.

Definition 6.4. Let c,e be positive real constants. Let (ug,u1) € H*(R™) x L2(R™) be compactly supported
and p > 1. We say that u € 6([0,T), HY(R")) N6 ([0,T), L2R™)) N LY ([0,T) x R™) is a super-solution

loc

on [0,T) of
uy — Au + ﬁtut—l—(lj’r—i)zu:dmi’, reR™ t€(0,T),
U(O,.’L‘) = EUO(:E)a HAS Rn’ (63)
u(0,2) = eus (), r eR”,
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if u(0,z) = eug(z) in HY(R™) and

5/ 1(z) Ozder/ / clu(t, )PP (t,x) de dt < / / —uy(t, )Wy (t, z) da dt
]RTI n n
/ / Vutx )-VU(t,x) +

for any nonnegative test function ¥ € 65°([0,T) x R™).

ut(t 2)U(t, ) + u(t, ) U(t, )) dz dt (64)

(1 +1)?

Proposition 6.5. Let ug € H'(R") and u; € L?>(R™) be nonnegative and compactly supported functions
such that supp ug, supp uy C By, with rg € (0,1). Let p = po(n+ ) and let u be a super-solution of (63) on
[0,T(e)) such that suppu C Q.. Then, there exist two positive and independent of & constants o, C' such
that

T(e) < exp(Ce PP~Y) for any € € (0,¢ep).

Proof. In order to prove the proposition, we consider Y = Y[|u|p<1)5p7#71,2] with 8, = "—_gil — %.
Since p = po(n + p), then,
fﬂp+1+n, ﬁ2L1p: %(1+ n+2g+1p H—po) —0. (65)

Therefore, using (54), we find

T T
:/O / Iu(t,z>|Pq>ﬁp,#,ﬂ(t,z)w;}(t)dxdt3R—ﬂp+1/0 / la(t, )P W (1) da dt

ntp—1
2

> R Pptitn— PP — P,

Furthermore, from Lemmas 6.2, 5.4 and 5.6 we obtain

(Y(R) < </OT / u(t, )P B, 2 (t,) r(2) d:vdt)p

s ([ ] W@t o) arar)

R ) p—1 T
ng< L] @ty dasdt) | [ utap i de
% Brg+tt 0 :

T
“71p+"(p_1)(10g R)p_l/ / [u(t, z)|P Y5 (t) de dt
O n

SR

T
< R™% P*”(logR)HRﬁfl/ / u(t, 2)[P g, 2 (T, ) PR (1) du dt
O n

T
= (log R)P—l/o /n lu(t,2)[P @5, 02 (t, @) 5 (t) dedt = (log R)P'Y'(R)R

where in the last inequality we employed (65). Setting 6§ = P, p; = ps = p, by Lemma 6.3 it follows the
upper bound for the lifespan T'(¢) < exp (C’s’p(p’l)) for a suitable constant C'. O

6.3. Critical case for the weakly coupled system

This section is devoted to the proof of Theorem 1.4, but, before proving it, we will derive some estimates
for the weakly coupled system (1) in the general case.

Let (u,v) be a solution to (1) in the sense of Definition 1.1. As the nonlinear terms in (1) are nonneg-
ative, in particular, u,v are super-solutions of (53) for (u,v?) = (u;, J) j = 1,2, respectively. Moreover,
supp u, suppv C @, due to the property of finite speed of propagation for hyperbolic equations.
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Therefore, Lemma 4.3 implies
T q ntpg—1
/ / [u(t, z)|99%(t) de dt 2, (Im’,jlz [uo,ul]e) Rz ¢ (66)
0 n

T —
/0 / oty ) PUR(E) dadt 2 (1, 300, vi)e) RP 257, (67)

Let us consider 3 € (‘/5217“2, notetl 1y Note that the nonemptiness of the interval for B is
guaranteed by the first condition in (14). Using Lemma 5.2 (iii), Lemma 5.4 and Lemma 5.6, we get

T
//IU(t,x)lqu(t)d:cdt
0 R™
N T
< Rﬁ*l t, 4P 5 , t, £ da dt
S /O /n u(t, 2)|" @, 2 (t,2) Yr(t) do

T
~ 1
< Ri-2 / / [0(t,2)[ @y 1y 2t 2) [WR(D]? dardt
) T R , p
< Rﬁ2</ lo(t, z)|? 1/)}'%(15) dxdt) </ / ((1)34-1 2 (t,:c))p dx dt)
o R R BT0+t sH2,V5

1 T
<o ([ el vige ar)
0 n

Raising to the p power both sides of the last inequality, we obtain

</OT/ Iu(t,w)lqu(t)dxdt>p§R2+(n1)(p1> /OT/ lo(t, 2)[P ¥k (t) de dt. (68)

\/514’17#1 n—pp+1 1 . eee . -
( 5 , = — 5) and using Lemma 5.2 (iii) to estimate P,y 02> ODE

=
=

=

In a similar way, choosing g €
can prove

(/OT/n [v(t, )" Yr(t) d:vdt)q < Rm2H(n=1)(a-1) /OT /n u(t, )| 5 (t) d dt. (69)

Remark 6.6. Using (66), (67), (68) and (69), it is possible to prove the blow-up result and the corresponding
upper bound for the lifespan in the subcritical case in a simpler way than using the iteration argument.
Nonetheless, additional technical restrictions on (p,q), namely (14), have to be considered, making the result

obtained with the iteration argument sharper.
Indeed, combining (68) and (69) and the trivial inequality ¢}, < Vg, we find

T pq T q
( / / lu(t, z)|? YR(t) d:cdt> 53[2+<n1><f’1>1q< / / [o(t, 2)|P ¥ (t) dzdt)
0 n O n

T
5R[*2+(n*1)(p*1)]q*2+(n*1)(q*1)/ / lu(t, )| % (t) dz dt.
O n

Rearranging the previous estimate, we arrive at
T pq—1
(/ / lu(t, 2)|7 g (t) de dt) < Rf2(q+1)+(n*1)(qul),
O n

that implies in turn

pg+2q+1

T
/ / lu(t, z)|TYr(t)dedt S R™ Pt n—1 _ R"™ a1
0 n
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Combining the previous inequality with (66), in the case F(n + u1,p,q) > 0 it follows

pq+2q+l

1R 1‘?</ / u(t, )| 9% (t) do dt < RP 51

Comparing the lower bound and the upper bound for the integral in the last estimate, we obtain

pa+2q+1 ntpg—1
Rpam1 772 1<
~

)

which implies R < e~ Fntupa)™" Analogously,

T prq T P
( ] |v<t,x>|w3<t>dxdt) SR[”("”(“)“”( I |u<t,x>|w;»,<t>dxdt)
O n n

< RIZHm=D(a=Dlp=2+(n—1) (= 1)/ / ot, 2) [P wi(t) da dt.

and (67) imply

+u2 1 pq+2p+1

ePR"™ P< / / v(t,z)|P Yr(t)dedt < R
Proceeding as in the previous case, we have R < e~ F(n+u2,ap) ™" jn the case F(n+ pe,q,p) > 0. Therefore,
letting R — T, we obtained (11) provided that p,q > 1 satisfy max{F(n + u1,p,q), F(n+ p2,q,p)} > 0.

By using the estimates that we proved in this section, we can now prove Theorem 1.4. We will consider
four subcases as in (15).

6.3.1. Case F(n+ p1,p,q) =0> F(n+ ua,q,p)
Differently from the treatment of the subcritical case (cf. Remark 6.6), in this case we study the blow-up
dynamic of the function ¥ = Y[|U| D, a2 } where 8, = nop+l 1

2 q
By (68) and (66), we get

// lu(t, 2)|P () do dt > R*™ ”1P1></ / tz|q1/)R()dzdt)

ntp 1 M= 1
Pq cPd — R 2 q qu

>R2 (n—1)(p—1)+np—

where in the last step we employed F(n+ 1,p,q) = 0. Due to the definition of 3, the last estimates implies

R)R = // o(t, @) [P @5, 02 (@) VR(E) dedt 2 R™ Bq“// v(t, ) [P YR (t) dedt > Pl (70)

By Lemma 5.4 and Lemma 5.6 in the logarithmic case, we find
T
| et @, t.) (0 do
0 n
1 T 1
D a1t ) DO

gRl(/ / u(t, )| Pt dxdt) (// <I>5+1#1,,(t$)) d:vdt)%
<SR (log R </ / t:c|q1/;R()dxdt>



Raising to the pg power both sides of the previous inequality and using (68) and again the condition
F(n+ u1,p,q) = 0, we obtain

T pq
< I/ |v<t,z>|p<1>ﬂq,m,yg<t,x>m<t>dzdt)
O n
ntpy—1 T P
<R = pqnp(logR)ml)( / / |u(t,:p)|q1/)}'}(t)dasdt>
0 n

—1 T
< R%qunpfﬂ(n*l)(p*l)(1OgR)p(q71)/ / [u(t, ) [P o (t) de di
0 n

T
= R ogmy o [ [ otenl vio de
0 n

T
< (log R)Pa—1) / / o(t, )P ®p, 02 (8 2) PR (1) da d. (71)
O n
Thanks to Lemma 6.2, from the last inequality we may derive the inequality
(log R)" " VY'(R)R 2 (Y (R))".

Setting 0 = £P9, p; = pq and ps = 1+ p(qg — 1), from Lemma 6.3 we have T'(¢) < exp (Cs_q(pq_l)) for a
suitable positive constant C'.

Remark 6.7. Let us remark explicitly that from the condition 0 = F(n+ p1,p,q) > F(n+ pa,q,p) does not
follow in general, as for the weakly coupled system of free wave equations, that p > q, due to the presence of
different shifts in the first argument of F.

6.3.2. Case F(n+ p1,p,q) < 0= F(n+ p2,q,p)
. . . . . . n— 1
Proceeding as in the previous section but choosing now ¥ =Y [|u|q<1)5p7#21,,§ ], where 3, = "—’g—*‘ — % ,
it is possible to prove in the case F(n + pa,q,p) = 0 the upper bound estimate 7' < exp (Csfp(qul)) for a
suitable positive constant C'.

6.3.3. Case F(n+ p1,p,q) = F(n+ u2,q,p) =0

In this case, combining the results of Sections 6.3.1 and 6.3.2, it follows immediately the upper bound
T < exp (CE_ mi“{p(pq_l)"J(pq_l)}) for the lifespan. However, we can further improve this estimate.

First, we prove that F(n + u1,p,q) = F(n 4+ ua,q,p) = 0 implies

n+pus—1
Bo—l=n——"—p,
72
JETE R U S i
1=
2

Let us introduce the quantities
A=n+1-p, - 2=l B=n+41-p,— 2=l
Straightforward computations show that
Ap+ B = (pq = 1)F(n+p1,p,q) =0, A+ Bq=(pqg—1)F(n+ p2,q,p) =0.

Hence, since pg > 1, we have immediately A = B = 0, that implies in turn the validity of (72).
Let us consider Y = Y[|U|p¢’ﬁq#hyf} as in Section 6.3.1. Due to the assumption F'(n + p1,p,q) =0, it

holds (71) as in Section 6.3.1. The next step is to improve (70). Using (72), we may rewrite (66) and (67)
as follows

T T
| [ wtoiwn@arazems [ peopenodea z ope,
0 n 0 n
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Consequently,

T T
/0 /n |u(t, x)|? Qﬂp,uz,yg (t,x) YR(t) dedt 2 9, /0 /n lo(t, z)|? @Bq,uhuf (t,x) YR(t)dedt 2 £P.
Also, we proved

Y'(R)R > &P,
(log R)~DY'(R)R 2 (Y (R))™.

Applying Lemma 6.3 with 0 = e and p1 = pq, p2 = 1+ p(g—1), we get the estimate T'(¢) < exp (Csf(qul)).

6.3.4. Case F(n+ p1,p,q) = F(n+ ua,q,p) = 0 with the same scale-invariant coefficients in the linear part

In this last case we assume that pu; = ps = p and v¥ = v3 = 2. As we have the same shift, then,
the condition F(n + p,p,q) = F(n + p,q,p) = 0 implies p = ¢ = po(n + p). Therefore, w = u + v is a
super-solution of (63) with ¢ = 277. Hence, Proposition 6.5 implies T'(¢) < exp (Cs_p(p_l)). This completes

the proof of Theorem 1.4.

Remark 6.8. Let us underline that the sign assumptions on ug,u1,vo,v1 in Theorem 1.4 can be weakened.
Indeed, instead of assuming the nonnegativity of these functions, it is sufficient to require that

Ly 2 [uo,ul],lub,jg [vo,v1] >0 and Iy 02 [wo, u1], I8y 2,2 [vo,v1] > 0,

as we have seen throughout the proof.

7. Final remarks

According to the blow-up results that are proved in this paper, it is natural to conjecture that for
nonnegative and small d;, dy (for example, at least for n > 3 and 0 < 61,2 < (n — 2)2 when (14) is always
fulfilled) the critical curve for (1) is given by (13). Even though the existence of global in time small data
solutions in the supercritical case is an open problem, some partial results for the single semilinear equation
(2) in the case 6 =1 (cf. [28, 29]) suggest the likelihood and plausibility of this conjecture.

In the case in which instead of scale-invariant damping terms (in the massless case though) we consider
time-dependent coefficients for the damping terms in the scattering case (see [41, 42, 43] for the classification
of a damping term for a wave model with time-dependent coefficient), the presence of these damping terms
has no influence on the critical curve. Indeed, in a series of forthcoming papers [32, 33, 34] several blow-up
results for weakly coupled systems of damped wave equations in the scattering case with different type of
nonlinearities are proved. In particular, in the case of power nonlinearities the corresponding critical curve
will be exactly the same one as for the weakly coupled system of semilinear not-damped wave equations with
the same nonlinearities, that is, (5). This fact proves, once again, how the time-dependent and scale-invariant
coefficients for lower order terms in a wave model make it a threshold model between “parabolic-like” and
“hyperbolic-like” models. A further peculiar characteristic of scale-invariant models is that the multiplicative
constants in the time-dependent coefficients (that is, u1, pe,v?,v3 for the weakly coupled system in (1))
determine the analytic expression of the critical condition for the exponents of the nonlinear terms with the
presence of shifts in comparison to the corresponding critical condition for the related semilinear wave or
damped wave model.
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