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Efficient error estimates for the Trotter product formula are central in quantum computing, mathematical
physics, and numerical simulations. However, the Trotter error’s dependency on the input state and its application
to unbounded operators remains unclear. Here, we present a general theory for error estimation, including higher-
order product formulas, with explicit input state dependency. Our approach overcomes two limitations of the
existing operator-norm estimates in the literature. First, previous bounds are too pessimistic as they quantify the
worst-case scenario. Second, previous bounds become trivial for unbounded operators and cannot be applied to
a wide class of Trotter scenarios, including atomic and molecular Hamiltonians. Our method enables analytical
treatment of Trotter errors in chemistry simulations, illustrated through a case study on the hydrogen atom. Our
findings reveal the following: (i) for states with fat-tailed energy distribution, such as low-angular-momentum
states of the hydrogen atom, the Trotter error scales worse than expected (sublinearly) in the number of Trotter
steps; (ii) certain states do not admit an advantage in the scaling from higher-order Trotterization and, thus, the
higher-order Trotter hierarchy breaks down for these states, including the hydrogen atom’s ground state; (iii) the
scaling of higher-order Trotter bounds might depend on the order of the Hamiltonians in the Trotter product for
states with fat-tailed energy distribution. Physically, the enlarged Trotter error is caused by the atom’s ionization
due to the Trotter dynamics. Mathematically, we find that certain domain conditions are not satisfied by some
states so higher moments of the potential and kinetic energies diverge. Our analytical error analysis agrees with
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numerical simulations, indicating that we can estimate the state-dependent Trotter error scaling genuinely.

DOLI: 10.1103/PhysRevResearch.6.043155

I. INTRODUCTION

Solving the Schrodinger equation is the most fundamental
endeavor in quantum physics. However, depending on the
model, this task is extremely difficult or even impossible to
perform analytically. Therefore, methods to find approximate
solutions are of paramount importance. Aside from perturba-
tion theory, the Trotter product formula serves as a powerful
tool to approximate the time evolution of a quantum system.
By subdividing the total time into small steps and by switching
between simpler components, it allows the implementation
of the dynamics under the full Hamiltonian. The advantage
of this approach is that the approximation becomes more
accurate as the smaller time steps are chosen. Thus, one can
tune the accuracy of the Trotter approximation according to
the problem at hand. Due to this, the Trotter product formula
has become the basic building block in many areas of physics.
Note three of them:

(i) Quantum computing. One of the most promising and
powerful potential applications of quantum computers is sim-
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ulating the dynamics of quantum systems. Already in 1982,
Feynman conjectured an exponential quantum advantage from
this approach [1]. Lloyd then delivered an explicit algorithm
in 1996 to implement Feynman’s idea [2] on the basis of the
Trotter product formula. Ever since, it has been an active area
of research and the list of papers referring to the exponen-
tial quantum advantage is rapidly growing [3]. A particularly
important subclass of quantum simulation is that of quantum
chemistry, the simulation of chemical materials [4-10]. It
has been proposed as a potential pathway to developing new
pharmaceuticals [11], catalysts [12], or fertilizers [13,14]. All
these simulations can be understood in terms of the Trotter
product formula.

(i) Mathematical physics. Here, the study of the con-
vergence of the Trotter product formula has a long history.
See, for instance, Refs. [15,16] for some early works. Apart
from elementary interest in the Trotter product formula due to
its fundamental importance for quantum physics, it also has
practical implications for mathematical physics. For instance,
it forms the basis for the path-integral formulation of quantum
mechanics [17-19]. As such, the Trotter product formula can
be the foundation for quantum field theory [20-23].

(iii) Numerical simulations. The standard algorithms to
solve the Schrodinger equation numerically are based on
the Trotter product formula. Most prominently, the split-step
method [24] (also known as strang-splitting) is used whenever
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the potential energy is reasonably well understood. This is the
case for instance in the simulation of atoms and molecules
[25-29], quantum optics [30], or nonlinear physics such as
Bose-Einstein condensation [31-38]. Furthermore, numeri-
cal algorithms for studying quantum many-body systems are
based on Trotterization [39-42].

In all practical simulations of quantum systems, it is im-
portant to understand the Trotter error. That is, how close
is the Trotter evolution to the actual target evolution? On
one hand, in quantum simulation, one uses the quantum
phase estimation algorithm to extract the spectral information
of a Hamiltonian of interest. The controlled unitary gates
in the quantum circuit are implemented by Trotterizing be-
tween noncommuting elementary gates corresponding to a
representation of the target Hamiltonian. The Trotter error
then determines the necessary resources (gate count) of the
algorithm. Due to the lack of large fault-tolerant quantum
computers existing to date, providing such resource esti-
mates is a difficult problem. For this reason, the current
approach is to use heuristics, so that resource estimates can
be made based on a set of assumptions on the Trotter error
[13,14,43]. On the other hand, for numerical simulations, one
directly Trotterizes between noncommuting parts of the target
Hamiltonian or a truncated (discretized) version of it. Here,
the Trotter error determines the convergence of the algorithm
to a reasonable solution. Therefore, efficient implementations
of the Trotter product formula and a realistic estimate for the
Trotter error are central in the development of both quantum
technology and numerical physics. The current state-of-the-
art approaches are bounds, which quantify the Trotter error
in terms of the operator norm of the involved commutators
[44—-46]. However, for particular input states, these results are
far from tight. This is because the operator norm quantifies
the worst-case scenario corresponding to the input state with
the largest error. For this reason, a state-dependent analysis
leads to a more realistic and tighter estimate of the actual
Trotter error. This has also been noticed, e.g., in Ref. [44],
where the authors conclude the following: “The spectral-norm
error bound (...) would be overly pessimistic if we simulate
with a low-energy initial state. It would then be beneficial to
change to the error metric of the Euclidean distance to avoid
the worst-case propagation.” A simple example where this can
be observed is given in Sec. II: For two Hamiltonians A and
B, we can have [A, B] large, but Ap ~ 0 and By =~ 0 for the
input state ¢ of interest. Even more convincing is the example
of atomic and molecular Hamiltonians. Here, the commutator
norm bounds diverge and a state-dependent analysis is ac-
tually mandatory. See, for instance, Refs. [21,47—49] or the
discussion in Sec. I A.

These considerations lead to the immediate desire to be
able to quantify state-dependent Trotter convergence speeds
in a general scenario. In this paper, we solve this issue.
We derive state-dependent Trotter bounds that apply to arbi-
trary Hamiltonians with eigenstates. These bounds might have
wide-ranging applications in quantum technology, mathemat-
ical physics, and numerical simulations. They refine existing
bounds in the literature, where it is usually assumed that the
Trotter error scales as N1, i.e., with the inverse number of
Trotter steps N. This is justified by comparing the Taylor
expansions of Trotterized and target dynamics, which coin-

cide up to the first order. Due to the importance of efficient
Trotterization, a lot of effort has been put into improving this
method and achieving agreement of Trotterized and target
dynamics in higher Taylor orders as well. This led to what
is called higher-order Trotter-Suzuki decompositions [44].
In practice, the second-order Trotterization (also known as
strang-splitting or split-step method) is the most commonly
used higher-order Trotter scheme. This is because it improves
the asymptotic scaling to N~2, while still being similarly cost
efficient as the first-order Trotterization. As for the standard
first-order Trotter product formula, state-dependent bounds
for higher-order schemes are not available in the literature
yet. We also derive general state-dependent Trotter bounds
for higher-order Trotter schemes, which are valid for arbitrary
Hamiltonians with eigenstates. This combines both advan-
tages of faster error scaling due to higher-order Trotterization
and smaller error prefactor due to an explicit dependency on
the input state.

Of course, upper bounds are not a mathematical proof
of the asymptotic convergence speed. Therefore, we bolster
our general theory with a detailed case study of chemistry
simulation. This numerical analysis convincingly indicates
the tightness of the asymptotic scaling of our bounds. As
an application of our results, we study the hydrogen atom,
which is the paradigmatic example to look at. Historically, it
has been the first quantum system, for which the Schrédinger
equation was solved analytically [50,51]. This makes the
hydrogen atom interesting from a fundamental perspective.
But also for practical purposes, the hydrogen atom is of out-
standing importance. It is simple enough to gain analytical
insights while still reflecting many features of more compli-
cated systems. Therefore, its wave functions form the basis for
our understanding of multielectron atoms [52]. For example,
many molecular Hamiltonians are modeled using linear com-
binations of atomic orbitals (LCAO), which are derived from
the hydrogen eigenfunctions [53]. By studying certain eigen-
states of the Hamiltonian of the hydrogen atom, we find that
the asymptotic Trotter error scaling with N differs from the
predictions in the literature. More precisely, the scaling with N
is determined by the quantum number £ of the orbital angular
momentum. In particular, we find that all eigenstates with
£ > 2 (d orbitals and higher) admit the desired N -1 scaling.
However, for s orbitals (£ = 0), the Trotter error only scales
as N~!/4, This is remarkable as it implies that the Trotter error
for the ground state is larger than expected. Notice that the
ground state plays a particularly important role in chemistry
simulations as it encodes many interesting properties of an
atom or a molecule.

We then ask the question whether higher-order Trotter
methods provide relief and admit faster scalings. This leads
to two more revelations. First, we find an asymmetry in the
scaling of the Trotter bound. This shows that the ordering of
the Trotter product could be crucial. Second, for s orbitals
including the ground state, we do not find any improvement
from higher-order schemes. In fact, the Trotter error scaling
remains N~!/4. This shows that our observation on the slower
ground-state convergence carries over to pth-order product
formulas and puts higher-order schemes into question for
certain ground-state chemistry simulations.
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A. Relation to previous results

Historically, the study of product formulas started in the
field of pure mathematics. However, applications of product
formulas are now ubiquitous in many fields, such as applied
mathematics (see strang-splitting or symmetric integrators),
physics (see Trotterization), and computer science (see split-
step method). In recent years, all these applied fields have
contributed to advancing our understanding of product for-
mulas. Nevertheless, there has been a lack of transfer of the
results among these research areas. A prominent example
where this can be observed is that of chemistry simulations,
which have only been studied from the perspective of physics
and computer science. In this paper, we employ methods from
different fields, shed light on their connections, and discuss
the implications for chemistry simulations from different an-
gles. We hope that this will help to start a discourse among the
different areas employing product formulas.

The main contribution of physics and computer science
to product formulas has been the development of more and
more efficient Trotter error bounds to improve digital simula-
tions. This led to the seminal and influential work of Childs
et al. [44]. These results have been further improved very
recently by Schubert and Mendl [45] and Zhuk et al. [46].
Furthermore, the physical origin of Trotter errors in hopping
models is discussed in Refs. [54,55]. The error bounds pro-
vided in these references quantify the Trotter error in some
matrix norm, usually the operator norm, and give rise to a
commutator scaling. Such bounds are particularly well suited
for simulations of many-body systems, local observables, or
quantum Monte Carlo [44]. If we wanted to apply these norm
bounds in the context of chemistry simulations, we would
first truncate (discretize) the atomic or molecular Hamiltonian
of interest at some finite level. Afterwards, we would either
simulate the truncated Hamiltonian directly by Trotterization
or go to a second-quantized picture. In any case, the com-
mutator of the noncommuting components of the resulting
operator would determine the Trotter error. The hope is that
for a large enough truncation dimension, the actual target
dynamics gets approximated well. With the same logic, the
so-computed Trotter error would be close to the true Trotter
error of the full system. However, this logic can sometimes be
wrong and additional care has to be taken. In fact, the norm
Trotter errors simply diverge for unbounded operators such
as the ones considered in chemistry simulations. See Eq. (11)
for an example. Intuitively, this happens because norm error
bounds increase with extending truncation dimension, which
ultimately leads to a diverging error. This shows that there
is a very intricate interplay between the error of truncation
and the error of Trotterization [49]. The circumstance that
norm error bounds are not the right quantities to look at for
product formulas is well known in pure [15,16,21] and applied
mathematics [56-60] as well as mathematical physics [21,48].
For this reason, it is necessary to study state-dependent (also
known as strong in the mathematical literature) error bounds
for chemistry simulations. So far, Trotter methods consid-
ering low-energy subspaces have been developed [61-63]
and some effort on infinite-dimensional and state-dependent
Trotter bounds has been made [49,56-60,64-79]. However,
these results are not general enough to apply to atomic and
molecular Hamiltonians in quantum chemistry. In particular,

the bounds in Refs. [49,61-64,78,79] still diverge as they are
considering finite-dimensional systems. The bounds derived
in Refs. [65,66,69-76] do not consider the unitary Trotter
product formula, but the semigroup case instead. This is an
unphysical scenario, in which the norm of the input state is
not conserved, but decreases with time. Due to this decay
behavior, it is much easier to derive semigroup Trotter bounds
than in the unitary setting. In fact, the aforementioned refer-
ences could use the decay behavior in semigroups to derive
norm error bounds in situations where only state-dependent
bounds become nontrivial for unitary Trotterization. On the
contrary, Refs. [56-60,67] are concerned with state-dependent
Trotter bounds for the semigroup setting. Due to the semi-
group nature of these results, they still do not apply to a
physical unitary time evolution. In addition, the assumptions
made in these papers are not satisfied by chemistry Hamilto-
nians. In particular, Refs. [57] and [56, Theorems 2.1 and 2.2]
still require at least one of the two operators to be bounded.
Reference [67] does not consider the setting of a quantum
mechanical Hilbert space. Furthermore, the assumptions on
the (multi)commutators in Refs. [58-60] and Ref. [56, The-
orem 2.3] are not satisfied for chemistry simulations. We
should mention that Ref. [59] shows how to extend their
semigroup results to the unitary case by Friedrich’s extension.
Additionally, Refs. [68,77,80] and [33, Sec. 4.5] consider
state-dependent Trotter bounds for the unitary setting. Nev-
ertheless, all these references make additional assumptions
about the commutator (or potential in Ref. [33]), which are
not satisfied by chemistry Hamiltonians. This shows that there
is a pressing gap in the literature, which concerns one of the
most important classes of models for quantum computing. On
the contrary, our bounds are directly applicable to chemistry
simulations. They apply to general pth-order product formulas
as well and provide conditions under which the Trotter error
scales as N~P. For the case where these conditions are vio-
lated, we derive error bounds with slower fractional scalings.
Notice the effect of potentially fractional Trotter error scaling
is known in the mathematical physics literature discussed
above [56,65,68,70,72,74-76].

Due to the generality, our results can explain some open
questions in the literature. For example, the authors of
Ref. [29] numerically found larger absolute ground-state Trot-
ter errors that imply increased resource estimates for quantum
chemistry. So far, an explanation of this circumstance is
lacking. Furthermore, the problem of slower Trotter conver-
gence for the ground state of the hydrogen atom has already
been observed numerically in 2006 [81]. Nevertheless, the
explanation for this effect remained open. Both effects are
aligned with our investigation and can be explained by our
results. Notice that similar issues are known for the Numerov
method in numerical simulation [82], which might be due to
related reasons. In addition, a recent analysis by Lee et al.
[83] suggests that a proof for an exponential quantum ad-
vantage is yet to be found. In their conclusion, the authors
state the following [83]: “Numerical calculations are neither
mathematical proof of asymptotics with respect to size and
error, nor can we exclude exponential quantum advantage in
specific problems. However, our results suggest that without
new and fundamental insights, there may be a lack of generic
exponential quantum advantage in this task.” Our paper aims
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to kick off such a discussion and provides ideas on how to
tackle problems in quantum chemistry analytically. Notice
that our results only imply a polynomially increased runtime
and do not affect a potential exponential quantum advantage
of quantum simulations.

B. Structure of the paper

The remainder of the paper is structured as follows. In
Sec. II, we present state-dependent error bounds for the
standard (first-order) Trotter product formula (Theorem 1).
These bounds are valid even for unbounded operators such as
atomic and molecular Hamiltonians under certain constraints
on the input state. Furthermore, we show how to obtain state-
dependent error bounds when the input state does not satisfy
the conditions (Theorem 3). In this case, the scaling of the
Trotter error gets slowed down. We apply these results to
the hydrogen atom in Sec. III and find slower Trotter scal-
ings for the ground state and other states with low angular
momenta. Afterwards, these findings are verified numerically.
Section IV is dedicated to the second-order Trotterization. We
develop state-dependent bounds here, which are also appli-
cable to unbounded Hamiltonians (Theorem 4). Again, these
bounds rely on assumptions on the input state of interest, and
error bounds with slower scalings are obtained when the as-
sumptions are not satisfied (Theorem 5). These general results
are complemented by the application to the hydrogen atom in
Sec. V. We find that there is no improvement from the second-
order strategy for the ground state. However, excited states can
admit a provably advantageous scaling given the ordering of
the operators in the Trotter product is correct. In Sec. VI, we
present a method to obtain state-dependent bounds for higher-
order Trotter-Suzuki product formulas. We explicitly compute
the bounds for a fourth-order Trotterization (Theorem 7).
Furthermore, we provide a loose estimate for arbitrary-order
Trotterization, that shows the desired asymptotic scaling if
the input state satisfies certain conditions (Theorem 6). These
conditions are not satisfied for the ground state of the hy-
drogen atom, indicating the breakdown of the higher-order
Trotter hierarchy. Section VII then gives more details on the
methods and proof ideas used to obtain the results. Possi-
ble generalizations and an outlook on how our methodology
might apply to other areas of research are given in Sec. VIIIL.
Finally, we conclude in Sec. IX. The technical details of
the derivations are collected in the Appendices. Appendix A
provides the proof of the first-order Trotter bounds presented
in Sec. II (Theorems 1 and 3). How these results explicitly
carry over to the hydrogen atom is discussed in Appendix B.
The method to obtain the higher-order Trotter bounds is then
outlined in detail in Appendix C. This enables us to prove the
second-order Trotter bounds presented in Sec. IV (Theorems
4 and 5), and the loose bound on the general pth-order Trotter
error (Theorem 6). Afterward, we provide a Mathematica
script to explicitly calculate higher-order bounds with small
prefactors in Appendix D. This script is used to compute the
fourth-order Trotter bounds (Theorem 7) as well as the bounds
for a particular sixth-order product formula.

II. FIRST-ORDER TROTTER BOUNDS

For two Hamiltonians H; and H,, the commonly used
bound in the literature to estimate the Trotter error

is [44,84]

o ‘ t?
[(ewe i)Y — TR < H HolL (1)

where [A[| = sup; -, A || is the operator norm of an oper-

ator A with ||y || = /(¥ |¥) the (Euclidean) norm of a vector
Y. If A is a matrix, ||A]| computes its largest singular value.
Thus, the standard error measure in Eq. (1) considers a worst-
case scenario of the input state with the largest Trotter error.
Clearly, by incorporating the explicit dependency on the input
state, a tighter and more accurate error analysis is possible.
In particular, consider the case mentioned in the Introduction,
where [H;, H,] is large but Hy¢ ~ 0 and H>¢ =~ 0 for an input
state ¢ of interest. A simple example of this scenario is given
by the two block matrices

() me ) e

with [I[A, B]| > 1 and |l€|| < 1. Here, [|[H), H2]l| > 1 due
to the noncommuting blocks A and B. Thus, the norm error
(1) is large in this case. However, consider a state

¢=(?>, 3

which is only supported in the zero blocks of H; and H,.
For such a state, one has ||Hi¢| = |Ha¢| = llepoll K 1,
which would lead to a small state-dependent Trotter error.
This example shows that norm bounds can indeed be very
loose in situations, where state-dependent bounds are actu-
ally small. Intuitively, one would expect this to happen for
low-energy input states [61,62]. Therefore, it is natural to
consider the Trotter error evaluated on eigenstates of the target
Hamiltonian.

Furthermore, we will see in Sec. III that state-dependent
bounds are necessary to describe problems in quantum chem-
istry. This is because in general we have |[H|, H;]| =
oo since the involved operators are unbounded. Our state-
dependent bounds for the Trotter product formula are valid
for both bounded and unbounded Hamiltonians. For the case
of unbounded Hamiltonians, we need to impose a condition
on the input state. This is because an unbounded operator A
is only defined on a certain (dense) subspace D(A) C H of
the Hilbert space H. The space D(A) is called the domain of
A and incorporates many important physical properties of the
operator, such as boundary conditions.

As a simple example, consider the standard one-
dimensional position operator X : ¥ (x) — x¥(x) on wave
functions ¥ € H = L*(R). The operator X has to map a wave
function into a wave function. That is, we have to require
that X1/ is again square integrable, i.e., xy/(x) € L?(R). This
imposes a condition on the possible input states of X, which
restricts its domain D(X) = {¢ € L2 (R) : x¥(x) € L2(R)}.
Obviously, D(X) is a strict subset of the entire L*(R). For
example, the square-integrable function ¥ (x) = 1/(1 + |x])
does not belong to D(X ) because xi (x) is not a wave function
(XY = o0).

Notice that all Hamiltonians on finite-dimensional Hilbert
spaces are automatically bounded. Bounded operators are de-
fined on the entire Hilbert space so that we do not have to
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worry about their domains. Therefore, the domain conditions
in our results are trivially satisfied and can be dropped for
all bounded Trotter pairs, in particular for finite-dimensional
systems. Conversely, for unbounded self-adjoint operators,
the domain is always a strict subspace of the Hilbert space
and the domain conditions are mandatory.

We now present our state-dependent bound for the first-
order Trotter product formula. For simplicity, we initially
consider eigenstates and lift these bounds to general states
later. To this end, we define the eigenstate-dependent error

En(rip) = |[(eF e F)Y — e g, @)
where £ is an eigenstate of H, + H,, i.e., (H, + Hy)p = he.
Theorem 1 gives a bound on &y(¢; ¢) and is a generalization
of Ref. [49, main result 1] to unbounded Hamiltonians.

Theorem 1. Let H; be self-adjoint on D(H;) and H, be
self-adjoint on D(H,). Let ¢ be an eigenstate of H; + H, with
eigenvalue h, i.e., (H; + Hy)gp = hy. If ¢ € D(H?) N D(H3),
then

2
Ent; o) < Z’—N (ICHy — &l + II(Hy — h + g)*¢l)),

for all ¢, g € R, and the Trotter product formula converges
on @.

Proof. This is proved in Appendix A. The idea is to shift the
energy of Hy + H, in ¢ to zero. By this approach, the target
evolution applied to ¢ becomes the identity. The Trotter error
is bounded by N times the error in a single step, which can be
bounded under the above domain conditions on ¢ by using a
second-order Taylor expansion for the short-time evolution

LitH t o,
e N ’¢=¢—1ﬁij+0<mllH,~<pll> )
forj=1,2. |

One might wonder why Theorem 1 does not give rise to
a commutator scaling. However, one can show that general
state-dependent Trotter bounds with a commutator scaling
cannot exist.

Theorem 2. There exist self-adjoint operators H; and H»,
and vectors ¢ € D(HH,) N'D(H,H}), such that a Trotter er-
ror bound of the form

En(t @) < oll[Hi, Kool (6)

with w > 0, does not hold.

Proof. Essentially, the reason why a general bound (6)
cannot exist is because [H;, H,]¢ does not carry enough infor-
mation. Therefore, we can easily construct counterexamples,
where such a bound fails to apply. To this end, we have to
find an example with [H, H>]g = 0 but [e 1 e~11H2]¢ =£ 0.
Then, the right-hand side in Eq. (6) is zero, even though the
Trotter formula is not exact. We now give two examples of this
situation. Example 1: Consider the two 3 x 3 Hamiltonians

0 1 0 0 -1 0
H=\|1 0 1|, H=|-1 0 1],
0 1 1 0 -1 0

and the input state
1
p=\0
0

Notice that ¢ is an eigenstate of H; + H, with eigenvalue
zero. Furthermore, we have ||[[H], H>]¢|| = 0, but &y (¢; @) >
0 if N < oo and t # 0. Example 2: While example 1 only
goes wrong for certain input states, it is even possible to
construct examples where ||[H;, Hy]¢| = 0 but &y(t; ) > 0
on a dense set of states. For this, consider the model from
Ref. [85]: H; = —P? and H, = P? + P, where P is the one-
dimensional momentum operator defined on the real half-line
L*(R ). The operators H, and H, are self-adjoint on a com-
mon dense domain D [85, Eq. (16)], and [H;, H>]¢ = 0 for
all ¢ € D(0, +00) C D(HH,) N D(H,H,), which is dense in
L?(R, ). Thus, the right-hand side of Eq. (6) is zero. However,
as shown in Ref. [85], the sum H; + H, = P is not essentially
self-adjoint on D and Trotter does not converge strongly on D.
Therefore, the actual Trotter error is larger than zero even in
the limit N — oo. n

Notice that there might not always be eigenstates, i.e., if
H, + H, only admits a purely continuous spectrum. However,
this does not happen in chemistry problems, where the states
of bounded electrons (“orbitals”) constitute a set of eigen-
states for the atomic or molecular target Hamiltonian. Note
also that Theorem 1 naturally extends to Trotter products with
more than two operators. See the discussion around Eq. (38).

To treat generic input states, we can apply Theorem 1 to
superpositions of eigenstates.

Corollary 1. For states that are superpositions of eigen-
states of Hy + H,,

L
Y= Z Ce@es
=1

with L finite or L = oo and (H; 4+ H»)g, = hype, we obtain
forallg, e R

L L 1/2
EvtY) <) ledlén(ton) < (Z sw;w)z)
=1

=1

12
2 [&

< N [;(Ilfh (8)¢e |+ Ha(he — gz)zwll)z] ,

(7

where H;(g) = H; — g (j =1, 2), and the right-hand side is
defined as +oo0 if it diverges [86].

Proof. This follows by the triangle and Cauchy-Schwarz
inequalities. |

Theorem 1 requires the input state to be in the domain
intersection ¢ € D(H?) N'D(Hy), so that [|[H}¢|| < oo (j =
1, 2) and the bound does not diverge. However, this might not
always be the case. In particular, we will see in Sec. III that
this domain condition is violated by the ground state of the
hydrogen atom. For such a case, we establish the following
theorem, which works under relaxed domain conditions. It
comes at the price of a slower Trotter convergence speed. The
scaling is ruled by the high-energy distribution of the input
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state ¢,
Prob, (|H;| > A) = 10(IH;| — Me|I> = ;{11 = A}),

where 6 is the Heaviside step function, and 1 ,(£2) with  C
R are the spectral measures of the Hamiltonians H; (j = 1, 2)
at the input state ¢.

Theorem 3. Let H; be self-adjoint on D(H;) and H, be
self-adjoint on D(H,). Let ¢ be an eigenstate of H; + H, with
eigenvalue h, i.e., (H; + H,)¢ = he. Furthermore, let the tails
of the spectral measures u; , of H; at ¢ decay as

1 .
rjo{IAl = A}) = 0(@)’ j=12 ®)
for A > 0 and some § > 1. Then,
O(3=), 1<§<2
Evt:9) = { O(LVIogN/D)), §=2
o(%), 5> 2.

Proof. The proof for § € (1, 2] is provided in Appendix A.
We use the same strategy of Theorem 1. However, the bound
on the single-step error will now require a finer analysis than
the second-order Taylor expansion (5) since ||sz<p|| is no
longer sure to be bounded. By using the spectral theorem, one
can show that the high-energy decay of the spectral measures
implies instead the following error on the short-time evolu-
tion:

ity — o —ilH. +0 ﬁ
v=¢—i-He+0(55),

for § < 2, and an analogous error with an additional logarith-
mic factor for § = 2, whence the theorem follows. Finally, the
case § > 2 is covered by Theorem 1 since in this case the
decay (8) implies that ¢ € D(le) N D(sz). |

Note that the conditions on the tails of the spectral dis-
tributions in Eq. (8) imply that ¢ € D(|H|"") N D(|H2|")
for all y; € [0,8). If 6§ <2, it is not guaranteed that ¢ €
D(le) N D(sz), and one obtains a convergence slower (by
a logarithmic factor) than the convergence O(1/N) given by
Theorem 1.

Notice that the assumption that ¢ is an eigenstate of H; +
H, and thus ¢ € D(H;) N D(H,) implies the decay (8) of the
spectral distributions with § = 1. Therefore, the condition (8)
contains no additional information and is immaterial for § <
1. As a matter of fact, one can prove the convergence of the
Trotter product formula without assuming (8) (or equivalently
for § < 1). However, in such a case the rate of convergence
Ev(t;9) — 0as N — oo can be arbitrarily slow.

If Eq. (7) converges and  is fully supported in the part of
the Hilbert space corresponding to the point spectrum of H; +
H,, then the Trotter error scaling is determined by the domain
conditions in Theorems 1 and 3. Notice that this is always
the case for any bounded H; + H,, for which the condition
(8) holds for any arbitrary large §. Moreover, this is true for
chemistry simulations, where the input state of quantum phase
estimation or the Hartree state aims to approximate the target
eigenstate well. In particular, one is usually interested in the
space of bounded electron states of a chemical Hamiltonian,
which corresponds to its point spectrum.

Together, Theorems 1 and 3 allow us to study the Trotter
error for arbitrary eigenstates of the target Hamiltonian. The
bounds can be lifted to generic states employing Corollary
1. Our bound from Theorem 1 is tight in the sense that it is
saturated by the example provided in Eq. (2): If € = 0, then
the state ¢ in Eq. (3) has eigenvalue h = 0, i.e., (H; + Hy)p =
0. Furthermore, H?¢ = Hj¢ = 0. Therefore, choosing g = 0
leads to the bound &y(t;¢) = 0, which is exact. Thus, our
bounds allow for more efficient quantum simulation due to
an explicit and tight state dependency. In the following, we
apply them to the chemistry simulation of the hydrogen atom.
We emphasize that, even though the main example considered
here is the hydrogen atom, our bounds are applicable much
more broadly. For example, they could be used to study the
error in symplectic integration for eigenstates of smoothly
perturbed Hamiltonians H = Hy + € Hymoom (€ <K 1). See, for
instance, Ref. [24].

II1I. APPLICATION OF THE FIRST-ORDER
BOUNDS TO THE HYDROGEN ATOM
The Hamiltonian of the hydrogen atom is given by
thdrogen =H| +H,,

with (temporarily reestablishing the Planck constant 7)

h2
Hy = — A (&)
2me
and
72
Hy =— , (10)
Mmedolr

where m, is the electron mass (or equivalently the reduced
electron mass), e is the elementary (electron) charge, and

V% sohz
apg =

Mmee?

is the Bohr radius, with gy being the vacuum permittivity.
Furthermore, A = V2 is the Laplace operator, and r = |r|
denotes the distance from the nucleus, which is placed at
r = (0,0, 0). The eigenfunctions W, (r) of the hydrogen
atom have eigenenergies

h2

E, =———-,
2meain®

and are labeled by the principal quantum number n =
1,2,...,aswellas £=0,1,....,.n—1 and m = —£, —€ +
1,...,€ — 1, £, which determine the orbital angular momen-
tum.

To implement the dynamics under the Hamiltonian
Hhydrogen = Hi + H, of the hydrogen atom, one Trotterizes
between the kinetic energy H; and the potential energy H,.
This approach is called split-step method and is commonly
used in the numerical analysis of quantum chemistry (see,
e.g., Refs. [25,27,29]). For the advantages of this approach
over other methods, see Refs. [25-28]. If we want to know the
speed of Trotter convergence, we can compute the distance be-
tween the Trotterized dynamics and the actual dynamics. For
finite-dimensional systems, this can be bounded by Eq. (1).
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However, it is easy to see that for the hydrogen atom, we have

Al 1d
”[Hl,Hz]” X 5,— = || ——
r

Physically, this comes from the fact that the commutator
is a differential operator (involving radial momentum) and
has a singularity at r = 0: There are wave functions in the
Hilbert space with arbitrary large radial momentum and/or
large support (high electron density) close to this singularity
at the nucleus. From a mathematical perspective, this is not
a surprise since both H; and H, are unbounded and we need
state-dependent bounds. See, for instance, Refs. [21,48,49].
Since the task of quantum chemistry simulation is to find the
spectrum of a Hamiltonian, it is perfectly reasonable to look at
the convergence speed on its eigenstates. That is, the figure of
merit for the hydrogen atom is

SN(I, \Ijnfm) = || [(e—ilﬁHze_i/NHl)

It is well known that the eigenfunctions of the hydrogen atom
are given by the product of the radial wave function R,
and the spherical harmonics Y;,,. The spherical part Y, only
accounts for the degeneracies in the spectrum of the hydrogen
atom, so different m values for fixed n and £ lead to the same
Trotter dynamics. Therefore, we can restrict our attention to
the radial part R,, when computing &y. Now, we apply our
bound from Theorem 1 to this Trotter scenario. For example,
we could consider the excited state Wiy of the hydrogen atom,
for which we can bound

—oco. (11)

N - e_itE”]\I’an ” .

12 mead

£ Ws00) < ———, fo=
En(t; W3n0) 02 N 0

h

As opposed to the standard bound from Eq. (1), which
just gives the trivial bound for the hydrogen atom due to
II[H:, H2]|| = oo, this bound is nontrivial and has the expected
scaling of O(t?/N).

The ground state is of particular importance for quantum
chemistry applications. However, our bound from Theorem 1
diverges in this case as the domain conditions are not satisfied
by the ground state W, of the hydrogen atom. Therefore, we
need to perform a more refined analysis through Theorem 3.
This indicates that the Trotter product formula converges
slower than O(N~') for the ground state Wjq of the hydro-
gen atom. In fact, we find a slower scaling of the Trotter
error for input states with low angular momenta. That is,
all s orbitals only admit the N~'/4 scaling and all p orbitals
lead to the N—3/4 scaling. Importantly, we emphasize that the
quantum number ¢ of the orbital angular momentum alone
determines the state-dependent Trotter scaling. We summarize
our findings in Table I. We also provide explicit error bounds
in Sec. VIIB of the Methods section. See Egs. (24)—(26).
These bounds allow us to compute the necessary resources to
achieve a chemical accuracy for an algorithm for a chemistry
simulation. For instance, assume one would like to implement
the dynamics under the hydrogen atom Hamiltonian for the
ground state Wy for a total evolution time ¢ of the order of
microseconds. To reach a chemical accuracy [87], one would
need Trotter steps N of the order 103-10*.

Since the results in Table I are just upper bounds, it makes
sense to convince ourselves numerically that we indeed ob-

TABLE 1. Scalings of the analytical first-order Trotter error
bounds for the eigenfunctions W,,, of the hydrogen atom. See
Sec. VII B and specifically Egs. (24)—(26). We find different scalings
depending on the input states, which are solely determined by the
orbital angular momentum £. In particular, the scalings for the s and
p orbitals are slower than the expected N~! scaling.

Orbital angular momentum
quantum number ¢

Scaling of bound on Trotter
error EN (t; \I]mfm)

£ = 0 (s orbitals) O(N~'/%)
£ =1 (p orbitals) O(N73/%)
£ > 2 (d orbitals and higher) ON7Y

tain a slower scaling for the ground state than for higher
excited states. To compute the Trotter error, we numerically
integrate the Schrodinger equation using XMDS2 [88], an
open-source package for solving multidimensional partial dif-
ferential equations. For these simulations, we use a grid-based
method and work in the Hartree atomic units, so that iz =
me = ap = 1 and the Hamiltonians become H; = —A /2 and
H, = —1/r. We diagonalize the kinetic energy H, = —A/2
by representing it in its spectral basis of spherical Bessel
functions. The number of Bessel functions used corresponds
to the number of grid points in position space as well as
the number of modes in the spectral space, resulting in a
discretized system suitable for numerical integration. More
details on the numerical simulation methods can be found in
Sec. VII A of the Methods section.

We simulated the system multiple times, each using a
different number of modes while keeping the radial cutoff
constant. The results are shown in Fig. 1. The ground-state
Trotter error initially scales as N~!/4, but asymptotes to N~
This transition occurs later and later (at a larger number of
the Trotter steps V) as the number of Bessel modes (numer-
ical cutoff dimension) increases. Notice that the eigenstate
Trotter error always asymptotically scales as N~! for finite-
dimensional systems [49]. Therefore, for a finite number of
Bessel modes, we eventually see the N~! scaling for large
enough N. For this reason, a later transition point to the
N~ scaling with increased system dimension is the only way
to numerically observe slower convergence rates for the full
unbounded Hamiltonians.

We also investigate the Trotter error scaling for the excited
state Wy of the hydrogen atom withn =2, = l,andm =0
in Fig. 2, as well as for the excited state W3¢ with n = 3,
£ =2,and m = 0 in Fig. 3. In both cases, we find a N~ scal-
ing independent of the number of Bessel modes. This behavior
shows that the Trotter errors for the ground and excited states
scale differently in the full system limit of infinitely many
Bessel modes. More specifically, excited states admit N~!
scaling, whereas the ground state only scales as N~'/4. These
results are rather remarkable as the ground state is usually
the target of quantum chemistry simulations. Its Trotter error
scales slower than expected, indicating that more resources
(quantum gates) are needed for accurate quantum chemistry
simulation. Ultimately, this leads to a polynomially increased
runtime of ground-state quantum chemistry algorithms.
Furthermore, the increased gate count can intensify the errors
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First-order Trotter error &y (¢; ¥100)

5 increasing
107° ¢ S =
ber of mod ~
number of modes ~~~’$"
~§
)
104 | *
B | | R
10! 102 103
Trotter steps N
e 100 modes e 200 modes e 300 modes
e 400 modes e 800 modes === y1

analytic bound oo mode scaling

FIG. 1. The Trotter error at time ¢ = 1 in the Hartree atomic
units 7 = m, = ap = 1, as a function of the Trotter steps for the
ground state W of the hydrogen atom. The radial cutoff in the
simulations is R = 30. We show five different levels of discretization
characterized by the number of Bessel modes. For reference, we
show the slopes of N~! (gray dashed line) and our bound (brown
solid line), which scales as N~'/4. See Eqs. (B13) and (B14). We
see that the asymptotics for any finite discretization initially start
in a consistent way with our bound, and eventually go as N~!, but
N at which this transition happens becomes larger with increasing
number of modes. This provides an evidence that the scaling in the
infinite-mode limit is indeed slower than N~!. To indicate a potential
curve for the infinite-mode limit, we show a slope (gray solid line)
with the same scaling as our analytic bound.

of the quantum computation due to environmental decoher-
ence or gate imperfections.

Physically, the slower scaling of the Trotter error in the
ground state, and in all s orbitals, can be explained by the
fact that the electron is close to the 1/r singularity. Due to
this, it has very high fluctuations in both potential and kinetic
energies. In particular, we will see in Appendix B that the
fourth moments, i.e., ||Hj2<p||, are diverging. When perform-
ing the Trotterization, in each period the state evolves under
the bare potential and kinetic Hamiltonians. Due to its huge
energy fluctuations, there is a significant probability for the
electron to be kicked out of the space of the bound states by
this evolution. In turn, the hydrogen atom gets ionized. As we
increase the number of Trotter steps N, each Trotter cycle be-
comes shorter and we approximate the target dynamics under
the Hamiltonian of the hydrogen atom better. Therefore, the
ionization effect decreases in N. If we truncate the system to
make it amenable to numerical simulations, we will always cut
off certain modes corresponding to free-electron states. As a
result, these modes are not attained from the Trotter evolution
and a smaller ionization effect is observed numerically. Going
to higher and higher truncation dimensions allows for more
room in the space of free-electron states. In turn, we can

First-order Trotter error &y (¢; ¥210)

101 102 103
Trotter steps N

50 modes
0800 modes ==== N1

e 10 modes © 20 modes °
e 200 modes

analytic bound

FIG. 2. The Trotter error at time ¢t = 1 in the Hartree atomic units
h = me = ap = 1, as a function of the Trotter steps for the state W,
of the hydrogen atom. The radial cutoff in the simulations is R =
30. We show five different levels of discretization characterized by
the number of Bessel modes; however, beyond 200 modes (red) the
results are indistinguishable. The gray dashed line shows the slope
of the N! scaling, and we see that the Trotter error scales as N -1
in all cases, even though the state W,y does not satisfy the domain
conditions for Theorem 1. Our analytic bound, which scales as N =3/,
is depicted in brown.

numerically see a stronger ionization effect, which leads to a
worse approximation of the target dynamics. This explains the
scaling behavior we see numerically in Fig. 1. Ultimately, in
the limit of infinitely many modes, there is always a significant
probability of leaking out of the bound space no matter how
large the Trotter number N is. Therefore, the full Trotter
problem converges slower than N~!'. We numerically observe
this ionization behavior and show the results in Fig. 4. It is
noticeable that the s orbitals admit particularly strong ioniza-
tion behaviors. This is consistent with our analytical bounds
as well as the numerical results in Figs. 1-3.

Mathematically, the slower convergence of the ground state
can be explained by the fact that both H, and H, are un-
bounded operators. It is well known in mathematical physics
that, for unbounded operators, the Trotter product formula can
potentially converge slower (see, e.g., Refs. [48,56]) or even
not at all (see, e.g., Refs. [89,90]). In our context, slower
convergence arises from the circumstance that the ground
state of the hydrogen atom is not in the domain of H? and
H22 (see Appendix B). On the contrary, the state Ws3py with
n=3, ¢ =2, and m = 0 considered in Fig. 3 satisfies this
domain condition. This allowed us to derive analytical bounds
that scale as N~!', which is consistent with the numerical
simulation.

For the simulation of noneigenstates, we can use
Corollary 1 to bound the Trotter error. Here, the bound
follows from the triangle and Cauchy-Schwarz inequalities
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First-order Trotter error £n (t; U320)
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analytic bound

20 modes e
0800 modes ==== N1
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FIG. 3. The Trotter error at time ¢ = 1 in the Hartree atomic units
h = m, = ap = 1, as a function of the Trotter steps for the state W3y
of the hydrogen atom. The radial cutoff in the simulations is R =
40. We use four different levels of discretization characterized by
the number of Bessel modes; however, beyond 50 modes (green) the
results are indistinguishable. The gray dashed line shows the slope
of the N~ scaling, and we see that the Trotter error scales as N~
in all cases as expected. For reference, we plot our analytic bound in
brown. It also shows an N~! behavior.

after representing the state in the basis of eigenstates of
H) + H,. In this case, the contributing eigenstate with the
slowest scaling in the superposition determines the over-
all error scaling for the state. Therefore, we expect the
slower scaling to be a generic behavior even if the exact
decomposition into eigenstates is unknown. This suspicion is
bolstered numerically in Fig. 5, where we study the Trotter er-
ror for the state \IJISOTOO'3G(V) =044 0117 4 (0530417 4

0.15¢7227 WSTO3G approximates the ground state Wgo of
the hydrogen atom, where three primitive Gaussians are fitted
via the least-squares method. This is a standard basis-set trun-
cation in computational chemistry known as STO-3G (see,
e.g., Ref. [91]). Notice that \IIIS(%OSG ¢D(H12) ﬂD(HZZ) SO
that Theorem 1 does not apply and we expect a slower error
scaling (according to Theorem 3 and Corollary 1). Indeed, we
find exactly the same Trotter error behavior for WT0-3C as for
the ground state W of the hydrogen atom. That is, the error
initially starts with a slower scaling and eventually goes as
N~!. This transition shifts to larger Trotter numbers N when
the numerical truncation dimension is increased. Thus, in the
full infinite-dimensional system limit, the transition will not
occur, indicating an overall slower scaling for W39 (see
Fig. 5).

IV. SECOND-ORDER TROTTER BOUNDS

A more refined method to simulate quantum systems that is
commonly used in both classical and quantum simulations is
the second-order Trotterization. It is obtained by symmetriz-

© ®
°
—2 L4 |
10727 . . o
o ° o
! N S R
L 2 ° o ° L 2
=} ® . °
e} —
-% 10~4 .
3 P
B .
106 o i
e o
e ®
° .
° °
° 3
108 !
5 10 15 20 25 30

Trotter steps NV

FIG. 4. Numerical simulations of the ionization probability as
a function of the number of Trotter steps. The initial state ¢ is
prepared in various energy eigenstates W, of the hydrogen atom,
and then we let it evolve to ¢(t) = Uy(t)¢ by the Trotter evolution
Uy (t), with the Hamiltonians H; and H, given by Egs. (9) and (10),
for a total time t = 1 in the Hartree atomic units i1 = m, = ay = 1.
The ionization probability is given by 1 — || Pae(?)||?>, where Pog =
D nem | Waem) (Waen| is the projection on the space of bound states
of the hydrogen atom. For the evolution under the non-Trotterized
Hamiltonian H = H, + H,, the ionization fraction was zero up to
numerical errors (<107'%) as expected. For the Trotterized evolution,
@(t) acquires a nonzero component out of the space spanned by the
bound states, resulting in a nonzero ionization probability, as shown
in the figure. The ¢ = 0 eigenstates ionize much more heavily than
the £ = 2 eigenstates, but in both cases, the ionization rate decreases
with the number of Trotter steps as the Trotter approximation ap-
proaches the true evolution.

ing the Trotter product as

SP () = (e it vt i) (12)
or, alternatively,

SP(1) = (e it intheiav)Y (13)

Through this approach, one obtains a tighter error scaling of
O(#3 /N?) in the case of bounded operators. In particular [44,
Proposition 10],

. t3
[SV'@) — e < U, [Ha, Bl
3
—— ||[H}, [H:, H: 14
+ v I [ B, (14)

and analogously for Sli,z)(t). In the following, we will focus
on the H;H,H, scheme given by the product formula S 1&,2)(t).
Nevertheless, we can always derive equivalent results for the
H,H\H, scheme 51(\,2 )(t) by exchanging H; <> H,. In fact, both
product formulas only differ by boundary terms. As in the
case of the first-order Trotterization, the bound in Eq. (14)
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FIG. 5. The Trotter error at time ¢ = 1 in the Hartree atomic units
h = me = ap = 1, as a function of the Trotter steps for an approxima-
tion WT03G(r) = 04470117 4 0.53e704"" 4 0.15e 22" of the
ground state of the hydrogen atom in the STO-3G representation.
The radial cutoff in the simulations is R = 40. We show five differ-
ent levels of discretization characterized by the number of Bessel
modes. For reference, we show the slopes of N~! (gray dashed line)
and N~'/* (gray line). We see that the asymptotics for any finite
discretization initially start in a consistent way with the gray N~1/4
line, and eventually go as N~', but N at which this transition happens
becomes larger with increasing number of modes. This provides an
evidence that the scaling in the infinite-mode limit is indeed slower
than N~1.

diverges for unbounded operators such as the kinetic and
potential energies of the hydrogen atom. See also Ref. [48].
Therefore, we develop explicitly state-dependent bounds for
the second-order Trotterization, which enable us to study such
problems. For this, we define

Vo) =[S —e e (15)

where again (H; 4+ H>)p = hg. We then find the following
state-dependent bound on the second-order Trotter product.

Theorem 4. Let H, and H, be self-adjoint on their respec-
tive domains D(H;) and D(H;), and let (H; + H»)p = ho.
For g € R, define Hi(g) = H, —gand H,(g) = H, —h+ g
Then, the state-dependent Trotter error of S](\,z )(t) can be
bounded for all g € R and ¢ > 0 by

Q%wsi-ﬁﬂ@WHh%@mww
N N2\ 24 8

1
—_|Hy(2)} ,
+ 12|| 2(8) wll)

provided that ¢ € D(H}) N D(HH}E) N D(H3).

Proof. This is proved in Appendix C. For the proof, we
again shift the energy of H; 4+ H, with respect to ¢ to zero to
turn the target evolution on g to the identity /. Then, we use in-
tegration by parts to rewrite the error operator S 12,2)(1) — 1. By

noticing that the boundary terms disappear, we are only left
with a remainder, that admits the desired scaling of O(¢* /N?).
Explicitly bounding this remainder gives the theorem. |

As in the case of the first-order Trotterization, it is possible
to state a no-go theorem for the existence of the second-order
Trotter bounds with commutator scaling by making the same
argument as in Theorem 2. In fact, this reasoning can be
extended to arbitrary higher-order product formulas. Further-
more, the bound from Theorem 4 can be extended to generic
input states by considering superpositions of eigenstates. See
Corollary 1.

Notice that the domain conditions on the input state ¢ in
Theorem 4 are even stronger than the ones for the first-order
Trotterization in Theorem 1. For this reason, the ground state
Wig0 of the hydrogen atom does not satisfy them and we
expect a slower scaling behavior also for the second-order
Trotterization. As in the case of the first-order Trotterization
(Theorem 3), we derive domain conditions and bounds for a
slower fractional scaling.

Theorem 5. Let H; be self-adjoint on D(H;) and H, be
self-adjoint on D(H,). Let ¢ be an eigenstate of H, + H,
with eigenvalue A, i.e., (H; + Hy)p = he. Let the spectral
measures [, of H; at ¢ decay as

1 ,
wjgUIAl = A}) = O(F)’ j=12 (16)
for A > 0 and some 8 € (1, 2]. Then,
O(=), 5e(l,2)
o(& VTogN/D), §=2.

Furthermore, if the decay (16) holds for § > 2, ¢ € D(H,z),
and the spectral measure f 2, of H at the vector Hig
decays as

En(t;p) = {

12

1
l’vz,Hlﬁ(p(HM = A} = O(W)’

for A > 0, then,

O(35), 5el2,3)
Entip) = { O(L, JTog(N/D), 8=3
0(%4), 5> 3.

Proof. The proof is similar to the proof of Theorem 3. The
case § > 3 is covered by Theorem 4 since in this case we are
sure that ¢ € D(Hl3) N 'D(Hng) N D(H23) and the domain
condition for Theorem 4 is fulfilled. The remaining nontrivial
parts of the theorem are proved by the method described in
Appendix C. |

‘We now apply our second-order Trotter bounds to the prob-
lem of simulating the hydrogen atom.

V. APPLICATION OF THE SECOND-ORDER
BOUNDS TO THE HYDROGEN ATOM

Applied to the eigenfunctions W,, of the hydrogen atom,
Theorem 5 results in scalings slower than O(N ~2) for all
£ < 3. As in the case of the first-order Trotterization, the
scaling is again entirely determined by the quantum number ¢
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TABLE II. Scalings of the analytical second-order Trotter error bounds for the eigenfunctions W,,, of the hydrogen atom. The fractional
scalings are derived from Theorem 5. We find different scalings depending on the input states, which are solely determined by the quantum
number £ of the orbital angular momentum. In particular, the scalings for all s to f orbitals with £ < 3 are slower than the expected N2
scaling. Interestingly, the scalings for the f orbitals slightly differ depending on whether we use the H; H,H, product formula S,E,z)(t) [see the

li,z)(z; W, ) column] or the H, H; H, product formula vaz )(t) [see the 5152)0; W,.0n) column].

Orbital angular momentum quantum number ¢

Scaling of £ (t; W)

Scaling of & (t; W)

£ = 0 (s orbitals)
£ =1 (p orbitals)
£ = 2 (d orbitals)
£ = 3 (f orbitals)
£ > 4 (g orbitals and higher)

O(Nfl/ét) 0(N71/4)
O(N—3/%) O(N—3%)
O(N—5/%) O(N—5/%)
O(N73/2) 0(N77/4)

O(N"?) O(N7?)

of the orbital angular momentum. We summarize our findings
in Table II.

We numerically investigate the ground-state Trotter error
in Fig. 6. Interestingly, we observe the same N~!/4 scaling
behavior as in the case of the first-order Trotterization. This
shows that the second-order Trotterization is not advantageous
in this case. See also Fig. 9 below.

Second-order Trotter error 51(3)(75; Ti00)

10? 102 103
Trotter steps N

©200 modes e 300 modes
@800 modes ==== N—2

e 100 modes
e 400 modes
analytic bound

FIG. 6. The error of the second-order Trotter product formula
at time t = 1 in the Hartree atomic units i=m. = a9 =1, as a
function of the Trotter steps for the ground state Wy of the hydrogen
atom. See Eq. (15). The radial cutoff in the simulations is R = 30.
We show five different levels of discretization characterized by the
number of Bessel modes. For reference, we show the slopes of N2
(gray dashed line) and our analytic bound (brown solid line), which
scales as N~!/4, Notice that the second-order bound just computes to
half the first-order bound. We see that the asymptotics for any finite
discretization initially start in alignment with our bound, and eventu-
ally go as N~2, but N at which this transition happens becomes larger
with increasing number of modes. This provides an evidence that
the scaling in the infinite-mode limit is indeed slower than N=2. In
particular, we expect no improvement in the asymptotic scaling from
the second-order Trotterization over the first-order Trotterization (see
Fig. 1).

An interesting observation about the bounds in Theorem
4 is that they are asymmetric under the exchange of H; and
H,. This means that also the domain conditions on the state
¢ change if we implement this change in the second-order
Trotter product formula (12). Indeed, we find an asymmetry in
the scaling for the eigenstate Wy3o of the hydrogen atom (see
Table II). However, we do not see this effect numerically and
both product formulas seem to admit the same scaling. We
simulated the Trotter error for W30 for the HiH,H; scheme
S](V2 )(t) and performed the same simulation for the H,H|H,
scheme S](Vz)(t). The results are shown in Fig. 7. Both curves
are indistinguishable; nevertheless, W43 exhibits a scaling
which is slower than N~2. However, we conjecture that there
exist quantum systems, which indeed admit an asymmetric
scaling for certain input states.

From the previous discussion, it seems like higher-order
Trotter schemes are more restricted in terms of their do-
main conditions than the lower-order schemes. To investigate
this further, we develop a method to obtain state-dependent
higher-order Trotter bounds for arbitrary order p. This is done
by generalizing the approach for the second-order results. In
the next section, we explain how to derive such bounds and
explicitly study the example of a fourth-order Trotter product
formula.

VI. HIGHER-ORDER TROTTERIZATION

A common practice in quantum simulation is to employ
higher-order Trotter schemes [44]. These are obtained by sym-
metrizing the Trotter product, which results in the cancellation
of low-order terms in the Taylor expansion of the exponentials
[92]. For two bounded Hamiltonians H; and H,, the error
of the pth-order Trotter product formula S®(¢) scales as
O(tP*'/NP) [44]. Schemes with a higher order p might have
many different solutions for the short switching times between
H, and H, [92]. An example of fourth-order scheme (p = 4)
is [93]

81(\/4)0) — (e—i’ﬁ%Hle—il’v—tHze—i’ﬁ"T’Hle—i/ﬁ(l—Zr)Hz
—jt =t —iL —jLtz N
X e iy =5 Hle IN'L’Hze INZHI) , (17)

where T = 1/(2 — 2!/3). If the two Hamiltonians H; and H,
are bounded, the Trotter error scales as

-ofi)

||Sj(\;*)(t) — e it(Hi+H:)
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FIG. 7. The error of the second-order Trotter product formula at
time ¢+ = 1 in the Hartree atomic units i = m. = ay = 1, as a func-
tion of the Trotter steps for the eigenstate W, of the hydrogen atom.
The radial cutoff in the simulations is R = 20. We show four different
levels of discretization characterized by the number of Bessel modes.
For reference, we show the slope of N2 (gray dashed line). The re-
sults of the H{H,H, scheme S ,(\,2)(1) of the second-order Trotterization
in Eq. (12) are shown by dots e. The results of the H,H,H, scheme
S,(\,z)(t) of the second-order Trotterization in Eq. (13) are shown by
crosses X. Both schemes show indistinguishable results. However,
we see again that the asymptotics for any finite discretization initially
start slower, and eventually go as N~2, but N at which this transition
happens becomes larger with increasing number of modes. This
provides an evidence that the scaling in the infinite-mode limit is
indeed slower than N 2. For reference, we show the predicted scaling
of N=3/2 for SI(VZ) (t) (gray line with dots) and the predicted scaling of
N~ for S (t) (gray line with crosses).

Notice that the better scalings of the higher-order schemes in
the number of Trotter steps N simultaneously go along with
having to implement more unitaries per Trotter cycle. A recent
study [92] suggests that an eighth-order expansion could lead
to optimal results requiring minimal resources.

Nevertheless, the results mentioned above are usually not
applicable to unbounded operators (see, e.g., Refs. [48,49]).
As before, we need to perform a state-dependent analysis
in this case. In Sec. VIIC of the Methods section, and in
Appendix C in more detail, we present a method to obtain
such state-dependent bounds systematically for general pth-
order product formulas through repeated integration by parts.
This method is inspired by Refs. [49,94]. By generalizing
these ideas, we are able to carry them over to unbounded
operators provided the input state satisfies certain domain
conditions.

In general, a pth-order Trotter product is given in the form

S](Vp)(t) — (e*iﬁfMHa(M) o efiﬁfzﬂg(z)efiﬁtll‘]a(]))N’ (18)
where
. 1, ifjisodd
o(j)= e (19)
2, if jiseven
and Z M2 Z}Ml/ 2 1, = 1, where [x] is the ceiling

and |x] i 1s the ﬂoor function. This product is to be compared
with e 7"(F1+#2) We then define the pth-order state-dependent
Trotter error by

P (1;9) =

where again (H; + Hy)¢ = ho.

Note that some 7; in the product formula (18) can be neg-
ative. Indeed, in the fourth-order Trotter product in Eq. (17),
73 =175 =1 — v and 74 = 1 — 27 are negative. In fact, it has
been shown by Suzuki that product formulas with p > 2
necessarily have to involve some negative t; [93, Theorem
3]. Many examples of pth-order product formulas can be
found in the literature (see, e.g., Refs. [92,93,95-97]). For
instance, in the case of Suzuki’s first fractal method for gen-
erating higher-order product formulas [92,93,95], the number
of exponentials involved in the product formula of an even
order p is given by M =2 x 37271 41 [92]. In any case,
our method for bounding &y » )(t;go) works for any pth-order
product formula. Although our method allows us to set up and
solve the equations for the switching times between H; and
H, in a pth-order Trotter product, we assume that these are
known here.

A Mathematica script that explicitly computes the Trotter
bounds according to our procedure for given switching times
is outlined in Appendix D. This method produces bounds with
small prefactors that can be used for practical state-dependent
Hamiltonian-simulation purposes. Nevertheless, we here pro-
vide a loose state-dependent bound, which only aims to show
the scaling.

Theorem 6. Let H; be self-adjoint on D(H,) and H, be
self-adjoint on D(H,). Let ¢ be an eigenstate of H; +
H, with eigenvalue h, i.e., (H; +H2)<p = hy. For g e R,
define Hi(g) =H; — g and H,(g) = Hy — h+ g. Then, the
state-dependent error of a pth-order Trotter product S](\,p )(t),
consisting of M exponentials of H; and H, per Trotter cycle,
can be bounded for all g € R and ¢ > 0 by

|| [S](\]P)(t) _ efith](p , (20)

1 (ra)Pt!

() g,
Ev (19) < GrDl N

Kp-l—l ((p)y

where 1, = Zﬁi] |7;| and

Kp((p) = max ”Ha(]p)(g) (7(]1)(p)(/7||

I<H << jpsM
provided that ¢ is in the domains of all the involved operator
products.
Proof. This is proved in Appendix C. |
The bound in Theorem 6 admits the desired scaling of

p+l
£t ) = 0<IN—,,>
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and is directly applicable to any pth-order Trotter scheme.
However, as pointed out before, it can be very loose. To obtain
tighter bounds, we follow the method outlined in Sec. VIIC,
which is a generalization of the strategy we developed to
obtain the second-order bounds in Sec. IV. For the first-
order Trotterization, this method leads to the same result as
Theorem 1. Applied to the fourth-order Trotter product pre-
sented in Eq. (17), it results in the following theorem.

Theorem 7. Let Hy and H, be self-adjoint on their respec-
tive domains D(H;) and D(H;), and let ¢ be an eigenstate of
H, + H, with eigenvalue h, i.e., (H; + H)p = hg.For g € R,
define H,(g) = H, — g and H»>(g) = H, — h + g. Then, the
fourth-order state-dependent Trotter product formula Sl(f (1)
in Eq. (17) is bounded by

5
“) r

#:0) < — [ —2 | (9)°¢|
N N4 \ 17280

+ 1%”}1] (9)H(9)H, (9

a
1728

aj 3
—||H(2)H>(g)H
+ 1728” 1(©)H2(8)H (g) ¢

+ 2 | H, (9)H(8)*H: (20
376 18)2(8 1(8) ¢

+ <2 | H,(9)Ha(9) 0|
364 18)H2(8) @

IHE (9 HA(8) ¢l

+ -2 Hy(9)H, () 0
6912 2)H1(8) ¢
a
+ —57“6 | Ha(g)H: (g)Ha (9)H: () ¢l
+ 2 Hy(9)H, (9)Hs (g 0
364 208 (Z)2(8) ¢
as 2 3
— ||H- H
+ 48I| 2 (8) Hi(g) ¢ll
de 3 2
H H
+ 1728” 2 (8)" Hi(g) ¢l
+ L Hy(9) g 1)
4320 1128 €l )

where

ap=23+19 x 213 417 x 223,
ay =443 x213 42 x2%3,

a, =14+ 11 x 213 49 x 223,
az = 68 + 55 x 213 4+ 44 x 223,
as = 18+ 14 x 213 4+ 11 x 2%/3,

1+21/3
(2_21/3)5’
ag = 226 4+ 180 x 2'/3 4+ 143 x 223,
a; = 330+ 263 x 213 4+ 209 x 2%/3,

as

for all 7, g € R, if ¢ is in the domains of all the involved
operator products in Eq. (21).
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FIG. 8. The error of the fourth-order Trotter product formula
at time t = 1 in the Hartree atomic units 7 =m., = a9 =1, as a
function of the Trotter steps for the ground state Wy, of the hydrogen
atom. See Eq. (20). The radial cutoff in the simulations is R = 30.
We show five different levels of discretization characterized by the
number of Bessel modes. For reference, we show the slopes for N=*
(gray dashed line) and N~1/4 (gray solid line). We see that the Trotter
error for any finite discretization initially starts as N~'/4, and even-
tually goes as N~*, but N at which this transition happens becomes
larger with increasing number of modes. This provides an evidence
that the scaling in the infinite-mode limit is indeed slower than N ~%.
In particular, we expect no improvement in the asymptotic scaling
from the fourth-order Trotterization over the first- or second-order
Trotterization (see Figs. 1 and 6).

Proof. This is computed by using the Mathematica script
provided in Appendix D. It follows exactly the method out-
lined in Sec. VII C of the Methods section. For the numerical
values of the coefficients, see Appendix D. ]

We also computed error bounds for a sixth-order prod-
uct formula numerically with our Mathematica script. See
Appendix D.

As expected, the domain conditions in Theorem 7 on the
input state ¢ for the fourth-order Trotter product are even
stronger than the conditions in Theorem 4 for the second-order
Trotterization. Again, the ground state of the hydrogen atom
does not satisfy these conditions and a slower Trotter scaling
is expected. We numerically investigate the fourth-order Trot-
terization in Fig. 8. As before, we observe an error scaling of
O(N~'#) in the full system limit, which coincides with the
first- and second-order Trotterizations. In summary, we find

Pt Wi00) = ONVh,  p=1,2,4.

This is a strong indication that the entire higher-order Trotter
hierarchy breaks down for the ground state Wy, of the hy-
drogen atom. Indeed, we show in Appendix C how to obtain
error bounds that admit fractional scalings for any pth-order
product formulas. This is a generalization of Theorems 3 and
5. We summarize the implications of our results as follows.
Assume that we are given a pth-order product formula S](vp (1)
and an input state ¢, which is an eigenstate of H; + H,. On
one hand, if ¢ satisfies the domain conditions of the product

043155-13



DANIEL BURGARTH et al.

PHYSICAL REVIEW RESEARCH 6, 043155 (2024)

formula Sz(\;]) (t) with g < p, then the Trotter error scales at
least as é,ﬁ,” )(t; @) = O(N~7). On the other hand, if ¢ does not

satisfy the domain conditions of the product formula S,(V’ (1)

with r < p, the Trotter error Slf,p )(t;<p) scales slower than

O(N7"). In total,

Vo) =0T, g<s<r
Appendix C provides the proof for this statement including
explicit error bounds for g = 1, 2, but the described proce-
dure can be easily iterated to obtain error bounds for g > 3.
Furthermore, the reasoning from Corollary 1 to treat super-
positions of eigenstates can be applied to pth-order product
formulas as well.

Since the ground state W of the hydrogen atom does not
even satisfy the domain conditions for the first-order Trotter-
ization (g = 0), any higher-order method only admits error
bounds with N~!/4 scaling. From our numerical investiga-
tions, it seems like these error bounds reflect the true scaling
(see Fig. 8). That is, the Trotter error for the ground state Wy
of the hydrogen atom always scales the same and slower than
O(N~!) irrespectively of the Trotter order p. This makes the
first-order Trotterization the most favorable one for quantum
chemistry simulations, as it involves the smallest number of
unitaries per Trotter cycle. A comparison of the first-, second-,
and fourth-order Trotter errors as functions of the total num-
ber of unitaries to implement can be found in Fig. 9. Since
the evolutions of the first- and second-order Trotterizations
only differ by two boundary unitaries, they admit similar
performances. The fourth-order product formula has a worse
error-to-resource ratio though. See the white region of Fig. 9.

VII. METHODS

In this section, we describe the methods we used to obtain
our results. This includes both details on the numerical simu-
lations and the derivations of the analytical error bounds. The
technical details and lengthy calculations can be found in the
Appendices.

A. Numerical methods for the grid-based hydrogen simulations

To perform the grid-based simulation described in Sec. III,
we numerically solve the Schrodinger equation
i

=H@)y(r, 1),

dy(r,
& Y(r,0) = Uon(r)  (22)

d

over some time ¢, with H(¢) being alternately taken as H; and
H, for the Trotter step evolution, or H; + H, for the actual
evolution. The numerical integration of Eq. (22) was carried
out using XMDS2 [88], an open-source package for solving
multidimensional partial differential equations.

The time-dependent wave functions are given by
Vtrot(r, 1) = Un(O)y(r,0)  and ¢ (r,1) =V () (r,0),
with the initial state chosen to be an eigenfunction
Y(r,0) = V,p(r) of the hydrogen atom. Here, Uy(t) is
the dynamics given by the Trotter product and V(¢) is the
target dynamics under H; 4+ H,. In terms of these wave

1
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FIG. 9. Comparison of the Trotter errors for different orders p
of Trotterization for the ground state Wy, of the hydrogen atom.
For the simulation, we fixed the total evolution time to t = 1 and
worked in the Hartree atomic units 7 = m, = ap = 1. Furthermore,
we truncated the potential and kinetic energies at 800 Bessel modes
and chose a radial cutoff of R = 30. We then compare the Trotter
errors (20) for the first-order (p = 1, blue dots), second-order (p = 2,
orange dots), and fourth-order (p = 4, green dots) Trotterizations as
functions of the total number of unitaries in the Trotter product. If
boundary unitaries of two adjacent Trotter cycles are generated by
the same Hamiltonian, they are combined and only counted as one
unitary. In the regime where all Trotter errors scale as N~'/* (white
region), the first- and second-order Trotterizations perform almost
the same and are both better than the fourth-order product formula.
Once the total number of unitaries exceeds a threshold (dashed line),
the Trotter errors start to scale faster. In this region (light gray),
product formulas with higher p will eventually outperform product
formulas with lower p. However, this behavior does not reflect the
true error scaling, due to finite-size effects.

functions, the Trotter error (4) at time ¢ becomes

1/2
éNa;wnm):(fR 3|m<r,r>—w<r,r>|2d3r> . (23)

As is well known, Eq. (22) is separable for the hydro-
gen atom, and since all the terms in the Hamiltonian are
spherically symmetric, the evolution conserves the angular
momentum, meaning only the differential equation for the
radial coordinate is relevant. In spherical coordinates, the
Laplacian (corresponding to H|) acting on an eigenstate W,
is given by

d? 2d Ll +1
A:——'— w.

dr?  rdr r2

This form of the Laplacian allows the use of the spectral
methods to numerically solve Eq. (22), with the spherical
Bessel functions as the spectral basis. The number of Bessel
functions used corresponds to the number of grid points in
position space as well as the number of modes in the spectral
space, resulting in a discretized system suitable for numerical
integration. The utility of the spherical Bessel modes is that,
in the spectral basis, the action of the Laplacian is purely
multiplicative.
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The simulations were carried out on a radial domain [0, R],
where the radial cutoff R was chosen to ensure that the wave
function remained within the interval in both position and
spectral space. The integration of Eq. (23) itself is performed
exactly through quadrature integration and uses an adaptive
fourth- to fifth-order Runge-Kutta integrator. By taking the
zeros of the spherical Bessel functions as mesh points, this
exact integration method avoids the occurrence of a spatial
error. The numerical stability was tested by ensuring that the
norm was stable, the wave function remained far from the
boundary in both position and spectral bases, and the results
were robust to changing the relative error tolerance of the
stepper.

B. Bounds on the first-order Trotter convergence
for the hydrogen atom

To obtain the scalings presented in Table I in Sec. III,
we apply Theorem 1, which poses conditions on the input
eigenstate. Since not all the eigenstates of the hydrogen atom
satisfy these conditions, some particular states need a special
treatment. An example of such a state is the ground state of
the hydrogen atom.

Before applying Theorem 1 to the hydrogen atom, we first
notice that Hyygrogen i self-adjoint on D(H) and D(H;) C
D(H,) [98, Chap. 18.2]. By Trotter’s theorem [21, Theorem
1.2], we thus know that the Trotter product formula converges,
ie., forall € H,

. —iLHy i LHN\N _—it(H+Hy) .
Jim [(etetheriv)T — e ity = o,

Theorem 1 does not necessarily demand Trotter convergence
on all input states. It only requires an eigenstate of interest
¢ to be in the domains of le and H22. In the case of the
eigenfunctions W,, of the hydrogen atom, we find this con-
dition to be satisfied by all states with £ > 2. However, for the
kinetic energy H,, we have that all the states with the quantum
number £ =0, 1 of the orbital angular momentum do not
satisfy this condition, i.e., W00, Vy1m & D(H,z). Furthermore,
it is broken by the states with £ = 0 in the case of the potential
energy W00 & D(sz). We show in Appendix B how to apply
Theorem 1 to the Hamiltonian of the hydrogen atom and also
derive bounds for W,oy and W,,, separately. This is done by
applying Theorem 3, which only requires the state to be in the
domains of H; and H, rather than those of le and H22, and is
therefore suitable for treating W,,op and W,,,,,.

Succinctly, we obtain for the £ = 0 eigenstates (including
the ground state n = 1)

P4 732 [4x

N1/4 /—Sﬁn3 +N‘/2 33

2 2 1
/22, 24
+2N( n7+4n4> (24

En(t; Wan0) <

for the £ = 1 states

7% 64(n? — 1)
t;\Ijn m <
St Wnim) < N34\ 189 /7 n
+f2 ,/6_4/n2+,/ 221 s
2N 1513 3n’  4nt )’

and finally for the £ > 2 states

SN(t; \Ijnim) < AT

72 (1\/(n+€)!ﬁ(£ —3/2,0+11)2)

N \ 8\ nl(n— € — DI +3/2)2
N 3— 000+ 1)/n
2m30(€ + 1)(€ + 1/2)(€ +3/2)( — 1/2)

1 1
TR ———— (26)
V(e +1/2)  4n
where

mea%

fo=— 27)

t .
= —, with
fp

1

is a reduced (dimensionless) time, B(x,y) = I'(x)['(y)/T'(x +
y) is the Euler beta function, and I"(x) is the gamma function.

C. Method for the higher-order Trotter bounds

Here, we present our method to obtain a bound on the state-
dependent Trotter error E;,p )(t; @) defined in Eq. (20) for an
arbitrary order p. The technical details and the proofs which
form the basis of this section can be found in Appendix C. The
idea of the method is to iterate the integration-by-part strategy
developed in Ref. [94] to bound evolutions.

We first focus on a single Trotter cycle

SP(t/N) = e x| emivnbieeiynfon o (28)

and regard the sequence of the M exponentials e vt ( j=
1,..., M) as the evolution under a piecewise-constant time-
dependent Hamiltonian H ") (s), defined by

HP)(s) = tjH,(, for sel[T;1,T), (29)

where T; = jt/N for j=1,..., M. Without loss of gener-
ality, we shift the Hamiltonians H; and H, such that (H; +
Hy)p =0, and the target evolution is the identity / on the
eigenstate ¢. Then, in Appendix C, we show that the differ-
ence Sfp (t /N) — I can be written, via iterating the integration
by parts g times, as

q
SP/NY =1 =" (—)Si(Ty)
k=1

Ty
[T asU i 9H 55,60,
' (30)
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where

s Sk—1
Sk(s)zf dsl--~/ dsi HP (s1) ... HP(s),
0 0

UP(,s)=T exp(—i/ duH(”)(u)>, 31)

and T denotes time ordering. Note that Sf” )(t /N) =
UW)(Ty, 0), and Eq. (30) is essentially the Dyson expansion
of UP(Ty, 0).

A proper pth-order Trotter product formula should satisfy

k

1
Si(Ty) = (H, + Hy),

k! Nk
In other words, we can find a pth-order Trotter product for-
mula, i.e., a set of times {7;}, by imposing the conditions in
Eq. (32). We hence have

Sk(Tw)p =0,

and the Trotter error £ (t/N;¢) = |[[SP(t/N) — gl on
the input state ¢ can be estimated by the last remainder
term of the Dyson expansion (30), with some g < p. If ¢ €
DHP(5)S »(s)) forall s € [0, Tr) and the remainder operator
with ¢ = p can be applied to the input state ¢, the error of the
single Trotter cycle is bounded by

k=1,...,p. (32)

k=1,...,p

Tu
EP(N; @) < / & IHPS, el (33)
0

and the overall error & jf,p )(t; @) of the pth-order Trotter product

S](Vp )(t) is bounded by

Pt 9) < NEP(t N3 @), (34)

which follows from a standard telescoping sum identity (see,
e.g., Ref. [99, Lemma 22]).

In order to bound Eq. (33), we need to evaluate S,(s). This
can be done by explicitly calculating the integrals in Eq. (31).
Recall that the single Trotter cycle S{p )(t /N) consists of M
time slots [see Eq. (28)]. In the jth time slot, the Hamiltonian
is constant, H”)(s) = t;H,;), for time /N, as defined in
Eq. (29). For s € [T;_;, T;) in the jth time slot, we get

Py i—1 Pi
Se(s) =Y <1Lv) F[(s_ (]N—)t)fjHam}

BeNJ

|Bl=k

X (Tjo1Ho-n) . (THo )™ (35)
where B = (Bi, ..., B;) is a multi-index of non-negative inte-

gers, Bl = B +---+ Bj,and B! = B;!...B;!. At the end of
the Trotter cycle s = Ty = Mt /N, it reads as

k

1

Sk(TM)Z(ILV> XN: E(rMJLI(,(M))ﬂM...(nHl)ﬁ'. (36)
BeNM

|BI=k
Now, as we have an explicit expression of S,(s), we can

estimate a bound on Eq. (34). By dividing the total time
interval [0, Mt /N) into M time slots and by using the triangle

inequality, we get

M Jjt/N
o <Ny [ asinHeS, el 6D
j=17¢

Jj=be/N

Equation (37) gives a bound on a higher-order Trotterization.
Such a bound can be further simplified by using identities due
to (Hy + Hy)p =0, i.e.,

Hip = —Hg.

We provide a Mathematica script that performs this com-
putation for given switching times {r;} in Appendix D.
Furthermore, we give an example for p = 2 in Appendix C,
where we perform the calculation analytically. The last step
is to shift back the energy of the target Hamiltonian so that
indeed (H; + H»)¢ = he. This is trivial if the input state ¢
satisfies the corresponding domain conditions. It is done by
distributing the energy & to the individual Hamiltonians H;
and H,. Since it is arbitrary in which way # is distributed, we
can replace Hy — H(g) = H; — g and H, — H,(g) = H, —
h + g with any g € R. If ¢ does not satisfy the domain condi-
tions and admits a fractional scaling O(N~?), the energy shift
will add additional terms that scale faster than N~%. They are
computed explicitly in Eq. (B12) of Appendix B. For example,
for states ¢ that yield scalings slower than O(N~') in the case
of the second-order Trotterization, combining Eq. (C17) with
(B12) for H; gives

Dt 0) < Lby(t; 9),

where by (t; @) is our bound for such states on the first-order
Trotterization. That is, &y (¢; @) < by (t; ) [see Eq. (A10)].

VIII. GENERALIZATIONS AND OUTLOOK

While the methods derived in Sec. VIIC are used to com-
pute bounds for higher-order Trotterization, they are more
general than that. For this reason, they might have further
applications in various other fields. In particular, Eq. (35)
provides a closed form for the Dyson expansion of any uni-
tary U generated by a piecewise-constant time-dependent
Hamiltonian. Since the Dyson expansion arises by repeatedly
reinserting a differential equation (the Schrédinger equation)
into itself, our method might be useful for solving general
(piecewise-constant) linear differential equations. Of course,
in the case of non-self-adjoint generators, U will not be uni-
tary and some adjustments have to be made. However, for
applications in quantum mechanics with a piecewise-constant
Hamiltonian, Eq. (35) can be used directly. For this, one only
has to omit the map o, which accounts for the periodicity
of the Trotter Hamiltonian H®(s). A potential application
could be quantum control theory when considering time-
independent drifts and piecewise-constant controls.

In the same manner, our methods from Sec. VIIC can be
used to compute state-dependent bounds on Trotter errors for
more than two operators. For example, for a first-order Trotter
product (z; = 1forall j =0, ..., L — 1) with a target Hamil-
tonian H = ZJL;A H;, we can compute the integral action at
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the jth time step as

. j—1

Jt t

Si(s) = <S__)Hj mod L T — E H; moa 1, (38)
N N pary

for s € [Tj_1, T}). Similar considerations can be carried out
for higher-order schemes with L summands in the target
Hamiltonian as well.

For quantum simulations, there is a crucial consequence
from the slower Trotter error scaling we observe for the
ground state of the hydrogen atom. One advantage of a quan-
tum approach is the ability to use the large Hilbert space to
store a big, hence very accurate, approximation of the Hamil-
tonian. However, for states with low angular momenta, the
higher the truncation dimension is, the more Trotter steps are
necessary to arrive at the desired N~! scaling regime. This
shows that there is an intricate interplay between the error
due to truncation and the Trotter error. See also Ref. [49].
It would be interesting to see whether there is an optimal
choice of parameters for the truncation dimension and the
number of Trotter steps so that the total simulation error is
minimal. Some ideas from bosonic systems might potentially
help tackle this problem [100,101].

One might suspect that the slower scaling also occurs for
other atoms and molecules than the hydrogen atom. This is
suggestive since the scaling arises from the unbounded nature
of the involved Hamiltonians, such as the 1/r singularity of
the Coulomb potential. For this reason, one would expect that
states with a large electron density close to Coulomb singu-
larities admit slower Trotter scalings. More specifically, for
the eigenstates of many-electron systems, one usually makes
an ansatz through a linear combination of atomic orbitals
inspired by the eigenfunctions of the hydrogen atom [52,53].
As we have already seen in Eq. (7), such states can suffer
from a slower scaling as well. This gives rise to the hypothesis
that molecular states overlapping the atomic orbitals with a
high probability distribution close to one of the Coulomb
singularities might reveal a reduced Trotter error scaling. In
addition, further electron-electron singularities can occur in
more complicated atomic and molecular systems. These could
potentially slow the error scaling even further. This conjecture
is bolstered by the fact that some first signs of slower Trotter
convergence for low-energy molecular orbitals have already
been observed in Ref. [29]. The authors speculate that this
issue could potentially be resolved by investigating higher-
order Trotter schemes. However, our results suggest that this
is not the case.

Furthermore, one might expect similar effects of slower
algorithmic convergence to appear in other quantum chem-
istry methods such as qubitization and linear combination
of unitaries. For example, a recent paper by Mukhopadhyay
et al. [102] compares a qubitization algorithm with a Trotter
algorithm. In both cases, the approximation error diverges in
the full-system limit of no truncation. This indicates that the
effects of unbounded operators play a role in this scheme as
well. It would be interesting to further analyze how exactly
the truncation error enters here.

Finally, from a mathematical perspective, it would be in-
teresting to study the Trotter error in the H' norm, which is
the natural norm in terms of the system’s energy. In addition,

a generalization to arbitrary input states would extend our
results to cases where the series in Eq. (7) diverges.

IX. CONCLUSION

In summary, we have provided the following:

(i) state-dependent bounds for the first-order Trotteriza-
tion valid for unbounded operators,

(ii) state-dependent bounds for the higher-order Trotteri-
zations valid for unbounded operators, and

(iii)) bounds for the first- and higher-order Trotterizations,
which admit slower fractional scalings when the input state
does not satisfy the respective domain conditions.

Our methods naturally generalize to Trotter problems with
more than two operators. These results are very general
and might have wide-ranging applications in different fields,
where the Trotter product formula is used. This includes
quantum computing, quantum control, quantum field theory,
open quantum systems, quantum optics, Floquet physics, as
well as quantum many-body physics [49]. We discussed direct
implications for quantum chemistry problems by studying
the hydrogen atom. For those applications, a state-dependent
analysis is necessary as the involved Hamiltonians are un-
bounded. Our results show three implications.

(1) There are input states that give slower scalings than
the standard N~! scaling. For the hydrogen atom, the scal-
ing is solely determined by the quantum number ¢ of the
orbital angular momentum. Most importantly, the £ = O states
including the ground state yield the N~!'/4 scaling. This be-
havior is due to the singularity of the Coulomb potential.
It can be explained by the high electron density of low-
angular-momentum states close to that singularity. This leads
to diverging fourth moments in the kinetic and potential en-
ergies, due to which the Trotter dynamics can ionize the
hydrogen atom. We conjecture that this behavior is generic
to quantum chemistry as the Coulomb potential is ubiquitous
there.

(i) Input states with slower Trotter convergence do not
benefit from an enhanced scaling by the higher-order Trotter-
Suzuki methods. For a pth-order product formula to give the
scaling O(¢7*! /N?), the moments of the kinetic and potential
energies of order 2(p + 1) must be finite. This condition does
not hold for states with low £, such as the ground state.

(iii) For states with finite higher moments of energy, both
the first- and higher-order methods might lead to the desired
NP scaling. However, the order of the operators in the Trotter
product can determine the provable scaling behavior. This is
due to an asymmetry in the conditions for the higher moments.

Our findings imply that the first-order Trotterization is the
most efficient scheme for the ground-state quantum chemistry,
as it involves the least number of unitaries per Trotter cycle.
Furthermore, some previous resource and runtime estimates
based on the N~!' Trotter error scaling are too optimistic.
In practice, this means that the timescale towards useful
chemistry simulations on quantum computers is longer than
expected. Nevertheless, our findings only imply a polynomi-
ally increased Trotter error and do not rule out a potential
exponential quantum advantage. In fact, the slower scaling
also carries over to numerical simulations on classical com-
puters. Overall, we treat errors in digital simulations in an
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analytical way. We hope that our analytical insights will in-
spire the development of more efficient (quantum) simulation
algorithms and provide a methodology for the proof of expo-
nential quantum advantage.
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APPENDIX A: FIRST-ORDER TROTTER BOUNDS
(THEOREMS 1 AND 3)

In this Appendix, we provide the proofs of Theorems 1 and
3 presented in Sec. II. We start by proving a lemma. In the
following, we denote by / the identity operator.

Lemma 1. Let H| be self-adjoint on D(H;) and H, be self-
adjoint on D(H,). Let ¢ € D(H;) N D(H,) be an eigenstate of
H, + H, with eigenvalue 0, i.e., (H; + H,)¢ = 0. Then, for all

teR,
o t
—iLH; .
e "W — [ +i—H

ik, _ gL
+Ni|e 1 lNHz |- (AD)

Ev(t;0) <N

Moreover, if ¢ € D(le) N D(sz), it is further bounded by

t2
evts) < 1 (7o) + |20

Proof. The definition of &y (¢; ¢) is given in Eq. (4). Under
the assumption (H; + H,)p = 0, it reads as

Ev(ts o) = || [(e7F e F MY — 1]y

By telescoping the sum, we have

(A2)

Dy() = (e’iﬁHze’iﬁH‘)N —1

N
_ Z (e—iﬁHze—iﬁHl)N_Z(e—iﬁHze—iﬁH] . [)'
=1

Then, using the invariance of the norm under unitaries and the
assumption (H; + H)p = 0, we get

En(t; o)
= IDy (el < N (e FHe 15 — )g|

e

y t y t
e W T 4i—H -V LT +i—H
< N N2)¥

— N

:N‘

‘1 t
(e =rei )]

+NH <ei&f’2 . 11H2><p
N

which proves the first bound (A1). Under the additional do-
main condition ¢ € D(H 12) N D(sz), we can further bound it
by Eq. (A2), using

, (A3)

N
(e "M 1 + isHj)g = —/ du e—l(s—u)H/quz(P, (A4)
0

and hence
e — 1 +isH)oll < 35?|H2¢| (A5)
foralls e Rand j =1, 2. [ |

1. Proof of Theorem 1

We are now ready to prove Theorem 1.

Proof of Theorem 1. We shift the eigenvalue of the target
Hamiltonian H; + H, with respect to ¢ to zero and apply the
second bound (A2) of Lemma 1:

90 = [ e k) e

= || [(e TF e ¢ —g))N —1e|
< NH (e—iﬂ”l—g) —I+ i]LV(Hl - g))wH

+N‘

‘1 t
(e‘~<H2+gh> — 1 i (H + g - h))soH

t2
< oy Ul = %0l + I(Hx + g — h)*¢l)).

This proves Theorem 1. |

2. Proof of Theorem 3

If the domain condition ¢ € D(H}?) N D(H3) is not ful-
filled, the bound (A5) is not useful and the second bound (A2)
of Lemma 1 does not hold. In such a case, we need to perform
a refined analysis to estimate the scaling of the first bound
(A1) of Lemma 1. Let us look at

Aj(s) = [l(e™™ — I +isH))p]|*
=/|e—i'**—1+isx|2du,-,w(x), j=1,2 (A6)
R

for s € R, where

1j.(R2) = [1a(H)) ¢l
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for a measurable 2 C R, is the spectral measure of H; at the
state @, with 1o(x) being the characteristic function of €,
which equals 1 for x €  and 0 for x ¢ Q2. Note that the con-
vergence of the integral in Eq. (A6) only requires ¢ € D(H;).
Since f(x) = |e™™ — 1 4 ix|> = f(—x), it suffices to study

Ajs) = fR F(s2)duy g (0) = / Flsn)dv; (3,

R,

where R, = [0, +00), and
V() = 1 (U (=),

The asymptotic behavior of A ;(s) for small s is ruled by the
high-energy tail of the measure v;,. The following lemma
provides a bound on A (s), when we assume a suitable decay
of v, ((A, +00)).

Lemma 2. Let 11,(£2) be the spectral measure of a self-
adjoint operator H at the vector ¢. Assume that

QCR;.

Ao 26
me{lx] = A}) = vy (A, +00)) < <7>

for some Ay > 0 and § > 1, and for all A > 0. Then,
A(s) = / le™* — 1 +isa|*dv, (1) (A7)
R,

is bounded by

_ 2
T D sai ] (108) ™ l<d<2

4
LA2|Hp|?s* + Sg(As), 8=2 (A8)
HIH |5, §>2

A(s) <

for s > 0, where A > 0 is an arbitrary energy scale, and
g(x) = —x* Ci(x) + (1 + 2x?)[(1 — cosx)* + (x — sinx)*]
— 2x3(x —sinx) + %x“,

with Ci(x) = — [ €L dr. Note that

g(x) = —x*logx + (7 — y)x* + 0(x),

as x | 0, with Euler’s constant y = I'"(1) &~ 0.577. In partic-
ular, one gets

g(x) < —x*logx 4 1.2003x* (A9)

for0<x< 1.
Proof. For 1 < § < 2, we use integration by parts. Let

f) =le™ —1+ix]?> = (1 —cosx)> + (x — sinx)’.

Note that f € L'(Ry, dv,), f'(A)/A% € L'(Ry), f(0) =0,
and  f(A)=o0(1*?) as A — 4oco. Since dv,(A) =
—d[vy((A, +00))], we get

Als) = — /R ALF (20, ((h, +00))]

+00
+ / sf(sMv, (A, +00)) dA
0

= FO),((0. +00)) = lim_f(sh)u, (%, +00))

+00

+ A v, ((x/s, +00)) dx.

Therefore,

+00

A(s) = J @)y ((x/s, +00)) dx

) dx

220

< (hos)®
0

T

— 28
= T2 — Dsinl(s — ] 0

For § =2, we fix A > 0 and split the integration range as

A(s) = F(sA)dv, (1)

[0,A]

R0 = A50)+ 8760
(A,+00)
Since f(x) < x*/4, the first term is estimated as
A=(s) =/ f(sh)dvy(A)
[0,A]

1, 4
< =S AT dv, (L)
4 Jioal

< =A% / A% dv, (L)
[0,A]

Bl—=

1
< ZA2s4/ A% dv, (L)

+

1
— A2 Hol2sh
A IHel"s

Since f'(x) = 2x(1 — cosx) > 0 for x > 0, the second term
is bounded by
A~ (s) = / S(sA)dv,(A)

(A,+00)

_ f £(s2)dlvy ((, +00)]
(A,+00)

+00

£ (Mg ((h, +00)) dA
A

= f(sM)e((A, +00)) + 5

4 400

< fsm)20 4 P
< fsA)— +5 SA)—
A e

da

+00
A
_ag [0
A

+00
= 4(x9)* &f) dx
sA X
4

Ao
= Fg(As).

Finally, if § > 2 then ¢ € D(H?), and the bound is given by
Eq. (AS5) obtained in the proof of Lemma 1. |
Let us collect some comments on this lemma in the follow-
ing remark.
Remark 1. (i) Ao and A have the dimension of energy. A
is an arbitrary energy scale, which can be tuned to optimize
the bound for § = 2. The optimal A is the solution to the
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equation

f(sA) _ ||H§0||21
(sA)° 8ig %

Since f(x) ~x*/4 as x — 0, one gets that for s | O the
optimal value approaches A — /2 A3/IIHgp|l, whence a qua-
sioptimal bound for small s is given by

1 IHoll* [ ~/2 %o
A(s) < =(hos) Xos ).
(5) < 2( 0s)" + 2 g Hol 0S

By using the upper bound (A9), one gets for s <
IHell/(v/223)

2
A(s) < (Xos)4<— log(Aos) + 1.7003 — log ﬁ/; |‘|)>
@

(ii) The lemma can be extended to the range § < 1. Indeed,
if one only assumes that ¢ € D(H), so that A(s) in Eq. (A7)

is finite, without any further assumptions on the decay of the
spectral measure, one easily gets from Eq. (A7)

A(s):ssz |F(sM)*A2dv,(A),  F(x) = e™/*sinc(x/2)—1.

Since F'(x) is bounded and F'(x) — 0 asx — 0, by dominated
convergence one has that

A(s) = s*|F(sH)Hg|* = o(s).

Notice, however, that in such a case we have no control over
the rate of convergence of A(s) /sz, which can be arbitrarily
slow.

(iii) If § > 2, then ¢ € D(H?), and the bound from The-
orem | applies. However, in this case, there might be a
possibility of gaining a better scaling by a higher-order prod-
uct formula.

Theorem 3 is immediately proven, using the scaling analy-
sis of Lemma 2.

Proof of Theorem 3. By the same replacements as in the
proof of Theorem 1 and using the first bound (A1) of Lemma
1, we have

En(t39) <N (VAL(/N) + /As(t/N)).

Under the conditions for Theorem 3, bounds on A ;(t/N) scale
as Eq. (A8) of Lemma 2, i.e.,

(A10)

4 o /NP, 1<8<2,
A = {O«t/N)“ logV/1),  §=2.
and we get the scalings of &y (¢; ¢) in Theorem 3. |

APPENDIX B: ANALYTICAL TROTTER BOUNDS FOR
THE HYDROGEN ATOM

In this Appendix, we apply the Trotter error bounds from
Theorem 1 and Lemma 2 (Theorem 3) to the Hamiltonian of
the hydrogen atom, where we Trotterize between the kinetic
energy (temporarily reinstating the Planck constant #)

hZ

H =—
2m.

A

and the potential energy

62

H, =

dmeer

This results in the explicit bounds in Egs. (24)—(26) presented
in Sec. VIIB of the Methods section. Recall that the Bohr
radius ay is given by

47T80h2
ap =

mee?
Furthermore, the hydrogen atom H; + H, has eigenenergies
hz

Ey=————
2meain®’

n=12,...
corresponding to the radial hydrogen wave functions R, (r) =
ay P Rue(r/ag) (€ =0, ..., n — 1) with

2N [m—e-1) .
Rue(u) = <r_z> We / (2u/n)‘L22fZJf(2u/n),

(B1)
where

n

—1) .
L,(l")(x) _ Z ( i!) (n-l—a)xl

n—i
i=0

are the generalized Laguerre polynomials [103, Chap. 22].
The full eigenstates W,,, of the hydrogen atom including the
degeneracies (characterized by the magnetic quantum number
m=—¢, —{+1,...,£—1,¢) are given by

Wiem(r, 0, @) = Rye(r)Yem(0, ¢),

where the spherical harmonics Yy, (6, ¢) are defined by

2041 (¢ —m)!
ar L+ m)!

Yo (0, ) = e Py, (cos 0),

with the associated Legendre polynomials

(_1)m m d€+m

] (1 —x% ”W(f — D
However, the spherical part Yy, only accounts for the de-
generacies in the spectrum of the hydrogen atom. Different
values of m for fixed (n, £) lead to the same Trotter dynamics.
For this reason, it suffices to bound the Trotter convergence
speed for the radial part R,,(r). The momentum distribu-
tions of the eigenstates of the hydrogen atom are given by
(ao/M)Ene(aop/h) with [104]

42320012 (n — € — 1)!
27 (n+ 0)!

2
SR i Py Gt | S

(nzuz + 1)2£+4 n n2u? +1
where C(*)(x) is the Gegenbauer polynomial [103, Chap. 22].

The radial wave functions and the momentum distributions are
normalized as

Py (x) =

Ene(u) =

/ du*[Rpe))? =1, / du B,0(u) = 1.

0 0
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We will use a bound on the generalized Laguerre polynomial
[105]

e L )| < L@(0)
_ INa+1+n)
T T+ Dr(n+1)

and a bound on the Gegenbauer polynomial [106, Theorem
7.33.1]

W] <G
I'QCa +n)
T T+ 1)
In this Appendix, we set g = 0 in Theorem 1 and define

x20,a>20), (B3

(-1<x<1, a>0). (B

it i t
‘s;:qu(t; Wem) = NH (eﬁNHj e %NHj>\Ijném

2

IH; Wemll, G =1,2

<

< 2N
for the kinetic and potential energies. By computing these in-
dividually, we retrieve the Trotter bounds shown in Sec. VII B.
Notice, however, that we shift the potential energy by the
respective eigenvalue & = E, in &y (¢; W) as we did in
the proof of Theorem 1 in Appendix A. We also define a
characteristic energy scale and a timescale

2 i omead

A=—, thH=—= s B5
mea} "7 A n (B3)

and a reduced (dimensionless) time
t

f=—.
To
|

283200102 (n — € — 1)!

pl,\pn(m()\)d)\. = Eng(u) du =

1. Kinetic term for £ > 2

For ¢ > 2, we have ¥,,,, € D(le) and we can just use
Theorem 1. That is, by setting g = 0, we just have to bound
IHE W | for

l‘4
AR*N?
t~4 o)
= 64N2/ duZ,(u), €>2.
0

By bounding the Gegenbauer polynomial using Eq. (B4), we
get

1 (53 o) < | Hi R |

[En.1 (5 Waen))
< i 425302001 (n + £)!
T 64AN2 2 [(20 4+ DI (n— £ — 1)!
00 (n2u2)£+1

X /(‘) duu® (212 + 1)+

_ i n+ 0B —3/2,0+11)2) P
16N2 n’(n—€— DT +3/2)12° =

where B(x,y) = I'(x)['(y)/T'(x + y) is the beta function.

2. Kinetic term for £ =0, 1

For ¢=0,1, we have diverging fourth moment
||H12\IJ,,5,,,|| =00, and W, & D(le). We hence need to
estimate the finer bound, following Lemma 2. The spectral
measure v;y,, Of the kinetic-energy operator H; at W,
is absolutely continuous, dv; y,,, (A) = p1.w,,, (A)dA, and is
obtained from the momentum distribution of the eigenstate of
the hydrogen atom (B2) as

(ZnZA/A)Hl

2 (n+£)!

o (272 A =1\ da
Qn2a/A 4+ 124 TSN 220 A+ 1) | AQ@A/ A2

where ) = (?/2meal)u® and A is the energy scale defined in Eq. (BS). By Eq. (B4) and
@n*A/ M) /@A A + 1P < @nPa/A) T,

we find that

236432012 (n + £)!

AH5/2

A) < . B6
P ) S R Ge T+ 1) = € = 1)1 26772 (B6)
This implies the decay condition of Lemma 2 as
[o¢] )\‘1 251
V1w, (A, +00)) =/ P10, () dx < <T) ; (B7)
A
with
b= toy? p =0
' 4712, =1
47
The bound (A8) from Lemma 2 then yields
41 (g1)2 (n + £)! 2043 [T\
AVt/N) < = . —) . (BS)
R+ DIPn—€ - DITE+T7/2)\N
so that
234112 (n + £)! 2¢+3

Fe/2+5/4
SN,I(I; \I}n(m) < N£/2+1/4

n2H4 20+ DIP(n—€— DI T +7/2)

£=0,1.
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3. Potential term for £ > 1

For ¢ > 1, we have ¥,,(,,, € D(sz) and can therefore apply
Theorem 1. We know from Ref. [107] that for £ > 0

1 1
(\pnfm | - | "pnfm) =
r aopn

1

1
Woem| = 1 Wnem) = s
(e |r2| em) 2+ 12

“(HZ - En)zlljnfm”2 = <w11ln1|(H2 - En)4|\pn£m)

= (Wt Hy 1 Wotm) — 4 (Wog | H; | W) + OE2 (Wt |Hs W) — 4E2 (W | Hy [Wpm) + E

to get
EN,Z(I; Woem)

and for ¢ > 1
1
ajt( + 1)L +1/2)n%"
3n* — L+ 1)
2age(C+1)(E+1/2)(6—1/2)(+3/2)n%
It is worth remarking that the last two moments diverge when
£ = 0. This is because s orbitals have high probabilities for the

electron to be close to the center, where the potential diverges.
Using these moments, we can compute for £ > 1

1
<\yn2m| r_3|\pn£m) =

1
<‘I1nﬁm| 7|anlm> =
r

n

SN

_ 771605 = 3206 — 1/2)(¢ + 3/2)m° + 240(€ + 1)(E — 1/2)(€ + 3/2)n = TUE + D€+ 1/2)( = 1/2)(L +3/2)
16€(€ + 1)(€ + 1/2)(€ — 1/2)(€ + 3/2)n® ’

4. Potential term for £ = 0

For £ = 0, we have a diverging fourth moment ||H22 W,00]| = 00, and hence W,,o9 & D(sz). Therefore, we need to estimate the
finer bound from Lemma 2. The spectral measure v y,,, of the potential-energy operator H, at W, is absolutely continuous,
dvyw,,, (A) = p2.v,,, (A)dA, and is obtained from the radial wave function (B1) as

2\ (mn—e—1) 2 da
_ 2.2 _ —2A/nh 20y (26+1) 4
02,0, (M) dA = [Rye ()] v du = <;) me / (2A/n2) [Ln—z—l(zA/”k)] (A/2) N
where A = K%/ (meadu), and A is the energy scale defined in Eq. (BS). By bounding the Laguerre polynomial using Eq. (B3), we
find
22Z+2(n+z)! A2(+3
A) < . B9
PP S T+ D) P — €= 1) 3207 (B9)
This implies the decay condition of Lemma 2 as
00 A 28,
Ot = [ oo < (%) (B10)
o
with
&=L+ >3 £=0
Ty Ty T
The bound (A8) of Lemma 2 then yields
4w (T
Az(t/N)gg v/ £=0. (B11)

Thus, &y (¢, Wy00) is bounded by

4 732
Eno(t; Wioo) < AN £=0.

5. Potential term with a shift

According to Theorem 1, we need to shift the potential Hamiltonian H, by the eigenvalue E,, of the respective input eigenstate
W0, to get the bound on the Trotter error. This can be done as follows:

[T it
En.j (15 Wnem) =NH (ehN(H" 89— I — Eﬁ(Hj —gj)>‘1-’nem

o,

==

sl

i t it it 1 t
e E]VHJ) + (ehN(Hf_gj) —ervti 4 ——gj>:|‘lln(m

hN
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izt i t it it t
ENHJ'_I_i_HA inti(eman8 — 1 —_
[(e anti) e Hmv

e hNgl_l_}__L .

)b

- ﬁﬁg (e;[(/Hj - 1)i| ntm

<N (em, —1- %]%Hj)wnem +N e %|g,~|||(e%’ﬁ”f — D)%l
<N (em - %}VH_,-)%M 4 Zg; S+ 'g’]';f VWil (B12)
For instance, for the potential term H, with the shift g, = E, = —/?/ 2mea(2)n2, we get
v 2 W) = N ‘ (eWHZ—E” T En>) .
% %""m( rﬂ%"’_#)’ £=0

N

3—0(t+1)/n?

These yield the bounds (24)—(26) presented in Sec. VIIB of
the Methods section.

6. Hydrogen ground state

A particularly interesting case is the ground state of the
hydrogen atom, n = 1, £ = 0, for which we have

i 4

V10 < T == B13
v (15 Wio0) N fm (B13)
and
PR [ax 72
Eva(t Vi) < iy 3 +—<f+ ) (B14)

Notice that the total error is the sum of both. As we can see,
the dominating part in the bound is of the order O(N~1/4).

7. Remark on the tightness of the bounds obtained from Lemma
2

For these hydrogen examples, the bounds (B8) and (B11)
on A(s) are asymptotically tight for s — 0. Indeed, the uni-
form bounds (B6) and (B9) on the spectral densities p; y,,, (1)
allow us to apply Lebesgue’s dominated convergence theorem
to Aj(s)/s% as

lim - s25 o A(s) = 11m/ Fo)LietS) ;(i/ls)dx
[ o
T f)
=26;(3))* ) XA
77.'()\/‘)28j

T T(28; — 1)sin[(8; — D]’

where A; and §; (j = 1,2) are introduced in Egs. (B7) and
(B10). This shows that A;(s) asymptotically approach the
bounds. Nevertheless, this does not necessarily lead to a tight

2 1 1
W(\/2n3l(£+1)(z+1/2)(e+3/2)(z—1/2) + 7 T+1/2 + W)’ e>1

(

bound on the convergence speed of the corresponding Trotter
formula.

APPENDIX C: HIGHER-ORDER TROTTER BOUNDS AND
PROOFS OF THEOREMS 4, 5, AND 6

In this Appendix, we show how to obtain state-dependent
bounds for arbitrary higher-order Trotter product formulas.
We develop a general formalism, which we then apply to the
first- and second-order Trotterizations (Theorems 1 and 4).
Furthermore, we show how to obtain a loose state-dependent
error bound for a general pth-order product formula (Theorem
6). This follows the proofs of the error bounds with fractional
scalings (Theorems 3 and 5). These proofs are based on the
formalism presented before, and our proof method generalizes
iteratively to the pth-order product formulas with errors scal-
ing between N9+ and N~¢, g € (1, p). We explicitly carry
out this computation for the cases g = 1 and 2.

1. General formalism

A general pth-order Trotter product, which aims to approx-
imate the evolution e ~"#1+#2) 'i5 given in the form
SI(VP)(t) — (e—iﬁ‘[MH,,(M) . e—iﬁ‘[zHa(z)e—iﬁrng(l))N’
with Z[fl/ 21 ZLM/ J1;=1 and o(j) defined in
Eq. (19). We w1sh to estimate the error of this approximation
on an input eigenstate ¢ of H; + H,. Without loss of gener-
ality, we shift the Hamiltonians H; and H, so that we have
(H, + Hy)p = 0. Then, the Trotter product Sl(\,p )(t) is to be
compared with the identity / on the input eigenstate ¢. As
in the proofs of Theorems 1 and 3, it suffices to study a single
Trotter cycle,
Sl(p)(t/N) — efiﬁl’MHg(M) . efiﬁfzﬂo(z)efiﬁflﬂa(])’ (Cl)
instead of the full Trotter evolution. This is because we can
use a telescoping sum to obtain a bound on S,(\,” )(t) from a
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bound on Sf”)(t/N), that is

SV —1=[8Pa/m]" -1
N—-1
=[SV /M [P /Ny 1],
=0

>~

whence

V'O =[SV~ 1]e| <NI[S”/N) ~1]o]

= N (t/N) (C2)

follows from the triangle inequality and the unitary equiva-
lence of the Euclidean norm.

The idea of our approach is to treat the Trotterized evolu-
tion S (¢ /N) as a unitary evolution

UP(s)=T exp(—ifs duH(P)(u))

0

generated by a piecewise-constant time-dependent Hamilto-
nian H® (s) [94]. For instance, in the case of the first-order
Trotter product, we regard it as a unitary evolution generated
by a time-dependent Hamiltonian H"(s) in which the Hamil-
tonian is switched as [49]

H, SG[O,L)
1 _ N
O se[pn).

In the case of the second-order Trotter product,

1, se0.h)

HP(s)={H,, se[L %)
i se[F5)-

In the case of a general pth-order Trotter product, some of
the 7; can be negative. In fact, Suzuki showed that every pth-
order product formula of order p > 3 has to have at least one
negative 7; [93, Theorem 3]. If 7; is negative, the Hamiltonian
H")(s) in the jth time slot is T;H,(jy = —|t;|Hy ;) for time
duration # /N, and we have

‘Cng(l), NS [0, %)
1 .
HP() = Tty s [Y55 %) (€3)
M—1
‘CMHU(M)v NS [%» %)

Then, the evolution U (s) generated by this piecewise-
constant time-dependent Hamiltonian H®(s) yields
UP(Mt/N) =8P (t/N) at time s=Ty =Mi/N. The
Hamiltonian H ¥ (s) is extended periodically from one Trotter
cycle to the full Trotter product by HP (s 4 Ty) = HP)(s).
To bound the state-dependent Trotter error & ](p >(t /N), we
use the following Dyson expansion up to the gth order.
Lemma 3 (Remainder of Dyson expansion). Lett +— H(t)
be a piecewise-constant Hamiltonian in [0, s]. That is, there
exists a partition 0 =7 <t < --- <1, =s of [0, s], such
that H(t) = hy fort € [ty_1,t;),for£ = 1,...,L[and H(s) =

hy], with by = h). Let

Uwm)=T exp(—i/udslH(sl)),
0

for u € [0, s], be the unitary propagator generated by H ().

Let g be a positive integer, and ¢ € D(hy, hy, .. chehe, )
forall L>4£; > 4€, > --- > £441 > 1. Define the kth-order
integral action on ¢,

Sk(u)go:/ ds1-~-f dsy H(sy) ... H(sp)e,
0 0

k=1,...,q (C4)

for all u € [0, s]. Then, one has

q
Us)p = ¢+ Y (=)' Si(s)p + (="
k=1

X /S du U(S)UT(M)H(M)S(](M)QD. (C5)
0

Remark 2 (Remainder of Taylor expansion). For a con-
stant Hamiltonian H, this lemma provides a remainder term
of the Taylor expansion of the evolution operator for ¢ €
D(HY:

q

L 1 .

e Mo =9+ E(—lsH)% + (=it
k=1 """

N
x/ du e_i(‘y_”)Hlu"H"H(p. (C6)
0 q!
It is already used in Eq. (A4) and will be used later.

We give two different derivations of the Dyson expansion
(C5). The first is a generalization of the integration-by-part
strategy developed in Ref. [94].

Proof 1 of Lemma 3. Notice first that, by assumption,
H(sy)...H(si)p is well defined and piecewise continuous
in all variables for all k =1,...,q, whence the integral
actions Sy (1)@ are piecewise differentiable. Moreover, ¢ €
D(H (1)Sy (u)) for all u € [0, s]. The difference between U (s)
and the identity / on ¢ can be estimated by [94]

[U(s)—Ilp = —[U)U w)]“=e

- /Sdu ai[U(s)U*(u)]w
0 u

=i / duU(s)U" (u)H (u)g,
0

where we have used that UT(u)¢ is piecewise continuously
differentiable with

d :
U e =i Hwe.
du

Since H(u)p = S;(u)g except at u = f;, by integrating by
parts one gets

[W(s)—1lg

= —i/sdu U($)UT (u)S1 (u)g
0

= —iSi()p + (—i)? f du U (s)UT w)H (u)S) ().
0
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By iterating the integration by parts (¢ — 1) more times, we get

[U(s) —Ip = —iSi(s)p + (=) fo duU (U (w)S2(u)g

= —iSi1 ()¢ + (—1)2S2(s)g + (—i)’ f du U (s)UT () H (u)S>(u)p
0

= —iS1(s)p + - - - + (1)1, (s)p + (i)t / duU (s)U " (u)H (u)S,(u)g.
0

This proves the lemma. u
An alternate derivation of Lemma 3 is to solve the backward Schrodinger equation

aiU(s, wye = iU (s, ) Hw)p, U(s,s)=1 CT
u

for U(s, u) = U(s)UT (u), iteratively.
Proof 2 of Lemma 3. The derivative of the unitary propagator on ¢ in Eq. (C7) is piecewise continuous. By integrating the
Schrodinger equation (C7), one has

\

UGs,u)p =¢ —i/‘ duy U (s, uy)H (uy)g.

u

By iteration,

U(s,u)p = ¢ —if duy H(up)p + (—i)z/ dul/ dup U (s, u2)H (uz)H (u1)g

u

Up—1 u Mq

q s s s s
=€0+Z(_i)k/ d”l"'f deH(Mk)---H(M1)<P+(—i)q+l/ dul"'f dug 1 U (s, ug41)H (ugr1) - .. H(up)g.
k=1 u

By reverting the order of the integrations,

q K Uy u
UG =+ Y0 [ du [ dwre [ dn B e
k=1 u u u

s Ugt1 uz
+ (—i)4t! [ dug 1 f duy- - - / duy U(s, ugp1)H (Ugs1) . .. H(u)e.
By setting u = 0, we get Eq. (C5). |

Notice that the use of the backward Schrodinger equation is essential in our argument. As a matter of fact, even the forward
Schrodinger equation itself

d .
aU(S)co = —iH(s)U (s)p
does not hold, unless one requires additional strong conditions on the operators /;: that they have a common domain D, which is

left invariant under their own unitary groups, and that ¢ € D. Moreover, in order to iterate it one needs even stronger assumptions.
In any case, one would finally obtain by iteration

U(s)p =<ﬂ—i/ dsi H(s)U (s1)g
0

q K Sq
= ¢+ Y (—)Suls)g + (—)rF! / dsy-- / dsgr1 H(s1) .. H(sg+)U (5411
0 0

k=1

[
This leads to a different expression for the remainder term, term as in the expansion (C5), it is harmless in bounding the
which is not convenient for our purpose. Indeed, the pres- remainder term, as we will see below.
ence of the unitary U(ss41) on ¢ before the action of the We use the Dyson expansion of Lemma 3 for the Trot-
Hamiltonians makes it difficult to bound the remainder term. ter evolution U (s) generated by the piecewise-constant

On the other hand, if the unitary comes last in the remainder Hamiltonian H”(s) in Eq. (C3), and estimate the Trotter
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error £ (t/N) = |[UP(Ty) — I1g| for the single Trotter
cycle.

Lemma 4. Let U (s) be the unitary propagator gen-
erated by the piecewise-constant Hamiltonian H")(s) in
Eq. (C3) representing a pth-order Trotterized evolution with
M time slots in a single Trotter cycle. The unitary reaches
UP(Mt/N) =S (t/N) in Eq. (Cl) at time s=Ty =
Mt /N.

Let g be a positive integer g < p. Let the
input state ¢ satisfy (Hy+H)p =0, and ¢ €
DHP (s))HP(s3)...HP (s,11)) for all Ty > s >

8§y = -+ 2 Sg41 = 0. Then, one has

[P (Ty) — g
Tu
= RV p=(—i)" / ds UP(Ti)U P (s)H P (5)S,(s)p,
0

(C8)

where S, (s)¢ is the gth-order integral action of the piecewise-
constant Hamiltonian H?)(s) defined in Eq. (C4).
If g = p, the error If," ) (t) of the overall pth-order Trotter

product S,(\,p )(t) on the input state ¢ is bounded by

(1) < NIUP(Ty) — ol

M N
< NZ/ ds ltiHs(pSp(s)ell,  (C9)
= JG-oN

which is O(tP1 /NP).

Proof. Set T; = jt/N. Notice first that the integral action
Si(Ty ) in Eq. (C4) for the piecewise-constant Hamiltonian
H(s)in Eq. (C3) is proportional to t*/N*. Since a pth-order
Trotter product S\”(1/N) = U (Ty;) aims to approximate

J

e inHitH) ap O(¢Pt1 /NPT, it formally requires that

1 %
Sk(TM):E]W(Hl'f‘Hz)k, k=1,....,p.  (Cl0)
We hence have
Sc(Tw)p =0, k=1,...,q

and the Dyson expansion of Lemma 3 with g < p yields
Eq. (C8). If ¢ = p, then ¢ € D(H(p)(s)Sp(s)) for all s €
[0, Tyy), and the single-cycle Trotter error él(m(t/N) is
bounded by

Ty
Pt /N) = IIUP(Ty) — Nl < / ds [|HP (5)S, ()|l
0

M T;
-3 [ ds 17 Hy (S5l
j=1 T

Thus, Eq. (C2) gives the bound (C9). [ |
In the case of unbounded operators, Eq. (C8) might only
be well defined for some g < p. In such a case, we have to
perform a more sophisticated estimation of the error, instead
of simply bounding Eq. (C8) by triangle inequality as in
Eq. (C9). See the following subsections of this Appendix.

In any case, to proceed, we need to explicitly compute the
integral actions Sy (s) defined in Eq. (C4) for the piecewise-
constant Hamiltonian H”)(s) in Eq. (C3) for a pth-order
Trotter product. We proceed formally, by temporarily assum-
ing that all operators are bounded. For unbounded operators
the expressions obtained will be valid when applied to a vector
belonging to a suitable domain. For s € [(j — 1)¢/N, jt/N) in
the jth time slot, we have

s Sk—1
Sk(s)=/ ds1-~-/ dsy HP(s1)... HP(s3)
0 0

Tj, T
= Z / ds;- - /
(i—Di/N Ge=Dt/N

jZhze2jezl

. [u— 1)r’g)
N N

dsi Tj,Ho(jy) - - - TjeHo ()

where T, = jot /N if jo—1 > je,or T, = 5oy if jo—1 = jo, for € =2,...,k,and Tj, = jit/Nif j > ji,or Tj, = sif j; = j. By

shifting the time integration in each slot, we get

Sj] ka
MOESEDY /0 dSl"'fO dsi j Ho (i) - - - TicHo i)

jzjizezjpezl

. [(j— 1>t’j_r)
N N

where
s— = if =1 and j; =/
Sj, = ySe—1, if £ € {2, ce ,k} and j@ = jefl
1’—\,, otherwise
This yields
k . .
t 1 (j—Dt jt
S = — —— (% Hyiy) ... (T, Hy (i), eE|l——, =
K (s) (N) '>~>.Z;>1 m(jl,...,jk)( iHo) - (T Hs (), 8 [ N N
JZhzZJkz
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where T; = 7; if i < j and %; = t;[s — (j — 1)t/N1/(¢/N), and m(ji, ...
-+ = jorp—1 counts the factorial of its cardinality B!. By gathering together each group of equal

equal indices j; = ji41 =
indices, we finally get

k —(i—1 N B; 1 .
Si(s) = (t ) Z T (%) (tHy ()P .. (mH)', se |:(JN—)I, jv—t>

BeNJ
|1Bl=k

with B = (B, ..., B;) being a multi-index of non-negative
integers, |B| =B+ .-+ B;, and B! = B;!...B;!. This is
Eq. (35). For s = Ty, we obtain

(tH)P',

k
1
Sic(Tw) = < ! ) Z _'(fMHU(M))ﬁM .
BeNM ’3
|Bl=k

which is Eq. (36).

Remark 3. The usual strategy in the literature to obtain
higher-order product formulas is by demanding that all terms
up to order p in the Taylor expansion of U ") (T}, ) vanish (see,
e.g., Refs. [92,96]). That is, one requires

P )k k
U(P)(TM) =TI+ Z

k=1

T (Hl + ) 4+ Rpi1(Tir),

(C12)

where the remainder R,4(Ty) is of order O(P*! /NPT,
This requirement gives a system of equations for the switching
coefficients 7; to give rise to a pth-order product formula.
However, these equations are equivalent to the set of equa-
tions obtained by our approach through Eq. (C10). This can
be shown very easily. It is obvious that the requirement in
Eq. (C10) gives a pth-order product formula. In fact, we
showed that the overall Trotter error is of order O(t”*!/NP)
under this assumption. Thus, it remains to show that Eq. (C12)
implies Eq. (C10). Combining Eq. (C12) with Lemma 3 gives

4 Ty
D (= SK(Th) + (i)t / duU (s)U" (u)H ()S ()
0

k=1

P (i

(—1)" ¢ k

= E o e ) A+ Ry (T)-
k=1 ’

However, on the left-hand side, each Si(Tj) = O* /N") At

the same time, each term k—‘,) ¢ ~(H, + H) = O(Ik/Nk) on
the right-hand side. Therefore, these terms have to agree with
each other order by order and we retrieve Eq. (C10). Neverthe-
less, as opposed to a Taylor expansion, our approach allows us
to explicitly compute state-dependent error bounds. This also
allows us to compare how well different product formulas of
the same order perform.

In Appendix D, we provide a Mathematica script that auto-
matically computes the bound in Eq. (C9), given the switching
times 7;. The fourth-order Trotter bound presented in Theo-
rem 7 is computed by this script.

, Ji) 1s a multiplicity factor which for each group of

(C11)

2. First-order Trotter bound (Theorem 1)

Let us see how the general formalism presented above
works for the first-order Trotterization. Without loss of gen-
erality, we shift the Hamiltonians H; and H, so that (H; +
H,)p = 0. The switching times for the first-order Trotteriza-
tion are given by t; = 1 and 7, = 1, and hence, 7} = ¢/N and
T, = 2t/N. In this case, the formula (C11) for the integral
action gives

sHg, € [0, )
2t

S —
0= [ byt + e s[4 ).

(C13)

It is easy to verify that we have
t
$1(2t/N)p = N(Hl + Hy)p = 0.

Therefore, assuming that ¢ € D(le) N D(sz), the error of
the first-order Trotterization is bounded by Eq. (C9),
& (t:9) SN + D),

with I; (j = 1, 2) the integral over the jth time slot. For the
first time slot s € [0, §;), we have

t/N , 2 ,
h= [ assltel = 5 I3l

For the second time slot s € [, ]27’),

2t /N : , ot 2
L= d — — |\Hy + —H-H = —
2 /,/N [( N) 2 TN 1]“’”

where the second step follows by the fact that HyH ¢ =
—H}¢, which also shows that for a zero-energy eigenstate
of H, + H,, the domain condition ¢ € D(H,H,) is equivalent
to g€ D(sz). Summing up these two terms reproduces the
bound (A2) of Lemma 1.

3. Second-order Trotter bound (Theorem 4)

The error bound on the second-order Trotterization in The-
orem 4 is obtained as an application of Lemma 4.

Proof of Theorem 4. We shift the Hamiltonians H; and H,
so that (H; + H,)¢ = 0, and apply the general formalism for
bounding the error of a higher-order Trotterization described
above. The switching times for the second-order Trotteriza-
tion are given by 1 = %, 7, =1,and 13 = % In this case, the
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formula (C11) for the integral action gives

%SH], s € [O, %)
Si) =1 (s— £)Ha+ 5xHi,  se[§.%) (C14)
s —R)H + gH. se[R.)
L, sef0.%)
S2(5) = 1 5(s = )°H3 4 (s = &) d HoHh + g 7. self ¥) (C15)
§(6 = §)HE + (s = §)dgHiHa + 5l + S toHy. s € [§ %

It is easy to verify that we have

1 2
S@mw=ﬁm+mxsmmw ﬁ¢m+mf

and thus S; (3¢ /N)p = 0 and S, (3t /N )p = 0 for the eigenstate satisfying (H; + Hz)p = 0.
Therefore, by assuming that

¢ € D(H;) N D(HH) N D(H;),
the error of the second-order Trotterization is bounded by Eq. (C9),
Vo) SN + b+ 1),

with I; (j =1, 2, 3) the integral over the jth time slot. For the first time slot s € [0, %), we have
t/N 1
h= [ ageRlael] = asltel
0

For the second time slot s € [Ai,, ?V—'),

2t/N
12 = / ds
t/N

! ! 2H3+ ! tHH+ 2HH2
AN N Jan R T g |8

2
12N3 “ 2(/)“ + 23 8N3 ||H2H1 %
where the second step follows by the fact that H;Hyp = —H; ¢ [so that ¢ € D(H;) is equivalent to ¢ € D(H5H;)] and the
% 3

triangle inequality. For the last time slot s € [, 37), we get

3t/N 1 ‘ 2 , 2 ) 2
b= o 1 hr G Rk - HH, + ——H\Hy(H, + H
’ -/Zt/N * 16 <S N) it <S N>4N 1+ N2 1Hy(Hy + Hp) |

3

= s e
where we have used H?Hagp = —H} g, so that ¢ € D(H}) is equivalent to ¢ € D(H}H,), and ¢ € D(H,H>(H, + H,)) with
H\H,(H| + H)¢ = 0. Summing up these three terms results in the second-order Trotter bound presented in Theorem 4. [ |

4. A general bound on the pth-order Trotter error (Theorem 6)

By bounding each term appearing in Eq. (C9), we get Theorem 6.

Proof of Theorem 6. We shift the Hamiltonians H; and H, so that (H; + H>)¢ = 0, and apply the general formalism for
bonding the error of a higher-order Trotterization described above. Bounding Eq. (C9) with (C11) by triangle inequality, we
have

P N B B (B Bi || Bt B P
<ﬂNZZw() AmwmmeHMWWM%U HE o

j= lﬂeN/
|Bl=p

M +1 i+1 -
LN PPl s s, b
=N D). E(ﬁ) B +1 |Haty Hotilry - Hatrye |
Jj=1 peN/

|Bl=p
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1\ 5 5
=N ) E<ﬁ> PP HE L HE o

BeNM
Bl=p+1
A\ 18!
— - AL B Bum
<N(N> T ZM gl Tl K )
BeN
|Bl=p+1
£ \PH! pt1
ZN(N> (|n|+(p++1|;M|) K1 (@),

0\ P! 1
=N<W> prﬂ(ﬁD),

where 7, = Zle |7l and K, (p) = max;gj <..<j,<um 1Hs(j,) - - - Ho(jpy@ll. The second last equality is the multinomial theorem,
with |B]!/B! being the multinomial coefficient. ]

5. Fractional scaling of the first-order Trotter bound (Theorem 3)

Theorem 1 requires ¢ € D(H?) N D(H3) and Theorem 4 requires ¢ € D(H?) N D(H,H?) N'D(H;). If these conditions are
not met, we lose the N~! scaling of the first-order Trotter bound and the N2 scaling of the second-order Trotter bound. To
estimate the scalings in such cases, we perform refined analyses as done in Theorem 3 for the first-order Trotterization. The
general formalism described above enables us to do it systematically for any general pth-order Trotterization.

Let us first look at the first-order Trotterization. In this case 7| = 1, = 1, and we have to compute the right-hand side of
Eq. (C8), R, for p = g = 1, where

2/N
R = (—i)? f ds U@t /NYU VT (5)HD (5)S) (s).
0
Here, the integral action S (s) is given by Eq. (C13), and the first-order Trotter evolution reads as

—i(§—9)H L

UMD (s) = ekt S S E [0. %)
i gL )
’ N’ NJ*

Thus, one has

. t/N L ~1 2t/N L ¢ ¢
RE ) — —/ dse Wiz =) sH12 — / ds e_‘(N_‘Y)H2|:<S — —)H22 + —H2H1:|,
0 /N N N

which can be integrated and gives
R(ll) = e inth (eillvH‘ -1+ i]%Hl) — e inth (eiﬂtle e i]LvH2> + i%([ — e’iﬁHz)(Hl + Hy).
Therefore, for ¢ € D(H;) N 'D(H,) with (H; + H,)¢ = 0, one finally gets
[U(l)(ZI/N) —1Ilp = Rﬁ”(p — e inth <ei'rVH‘ -1+ i%H1>(p — e vt (eiﬂ’/H2 o i]LVH2>g0.

This reproduces the bound (A3) on the first-order Trotter error, which is estimated as done in Appendix A, even when the domain
condition ¢ € D(le) N D(sz) for Theorem 1 is not fulfilled.

6. Fractional scalings of the second-order Trotter bounds (Theorem 5)

Let us now estimate the second-order Trotter error when the domain condition ¢ € D(H;) N D(H,H?) N D(H;) for Theorem
4 is not fulfilled. For the second-order Trotterization, the integral actions S;(s) and S,(s) are given by Egs. (C14) and (C15),
respectively. Notice here that, for the second-order Trotter evolution,

el2f, se€ [0, %)
@f (o) — ) aisyHipis—5)Ha o2
UPT(s) = { elanthigils—3)H seg. ®)
) ) 1
eliHlelﬁnglé(X—ﬁ[)H]’ se [%7 %)

Then, we have the following lemma, which replaces the bound (A1) of Lemma 1, and can be used to estimate the second-order
Trotter bound for ¢ ¢ D(H}) N D(H,HY) N D(H5).
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Lemma 5. The second-order Trotter bound can be estimated by

2
@,. —ilH ! =
N (f,¢)<2NH(C tov ‘—I—HWHl‘FWHl)‘PH
il H 1 i H 1 r* il 2
+N || e W I+ igpHy | — e BT —isH, ) o +8—N||(e v — DHg| (C16)

for ¢ € D(H}) N D(H,), and by

Dt 9) <2N

<eiz®”l —I+ iLH1)<pH +N
2N

et ([ i iy ) — et (1 — ity ) o (C17)
N N
for ¢ € D(Hy) N D(Hy).

Proof. The second-order integral action S,(s) is given by Eq. (C15), and the right-hand side of Eq. (C8), Rgp )(p, forp=qg=2
reads as

3t/N
RY =i / ds U@ Bt /NHYUPT (s)HP (5)85(s)
0

I/N st i1 slot ] ZI/N st s 2 1 t 2 t t t2
=i / dse awtieminthe =i (v =M _ g 1 f dse vy =M E<s——> H23+<s— N)—HZZH1+—H2H12
0 t

16 N N 2N 8N2
3 2
+i/ M gseritGom| L1 oy (s— 2 LH2H2+LH1H2+LH1H2H1 .
2N 16 N) ! N)4aN! 4AN27T2 T 4N
By integrating, one gets
RY) — o-isvHig—int [ o—izyHi _I_HLHIJF 2 H? 4 e imHigisth | g—igyth I—l—iLHz — elwth I—iLHz
2 2N 8N2 2N 2N

2

v i iy A A v .t e v .t t?
_We iy Hi (e ‘NHZ—I)HIZ—IWe iy Hi <e lNHZ—I—{—lNHz)(Hl + Hy)—e Ly (e‘zNHl _I_lﬁHl + WH12>

il (e wH — il + H) — i(e*iﬁﬂl — DHy(H, + Hy)
N 2N 2N? '

Therefore, for ¢ € D(le) N D(H,) with (H, 4+ H,)¢ = 0, one automatically has that ¢ € D(X (H, + H,)) for every operator X,
and

[UP3t/N) —Ip = R g

2
. . . ot t
= e e ivh <e_121NH' —I+i—H + —HZ)(p

2N gn2 !
L . 1 t Lt t
71WH1 71WH2 7IWH2 I '_H _ 1WH2 1 _ ’_H
+e e [e ( tizg 2) e ( Tand g
g in 5 g iy ot o,
_ We—lm e W —DH{p —e ' l(eIZN -] — lﬁHl + WHI)(p. (C18)

Bounding it by the triangle inequality yields Eq. (C16). This works for ¢ € D(H?) N D(Ha).

If the input state ¢ is not in D(Hf), to estimate the second-order Trotter bound we can use the remainder term Rf,p )ga in

Eq. (C8) for p = 2 and g = 1. The first-order integral action S;(s) is given by Eq. (C14), and the remainder term Rl(f ) for p=2
and g = 1 reads as

3t/N
R® = — / ds UGBt /NYU DT ()HP (5)S)(s)

0 4

2t/N B o2 t t
/ dS e_IZNHle_l(N_S)HZ[(S — —>H22 + —H2H1:|
t/N N 2N

N Sl | 1 I\, 1
- dse iz G|~ (s Vg2 4 g, |.
2t/N 4 N 2N
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By integrating it, one has

. . . t . C . t :
REZ) — eflﬁH]eflﬁHz (elthH] I+ 1—H1> + efliHleflﬁHz |:612;sz (I + 1—H2> _ elz’NH2<

2N 2N

t

2N

t it : st it 1 1t it
— i e 1) (Hy 4 Hy) — e (e””Hl —- i—H1> — i~ I (H, + Hy)

whence, for ¢ € D(H;) N D(H,) with (H; + H,)¢ = 0, one gets
[U®@t/N) =Tl = R{p

. - - t
= e iwte v (e i [ 4i—H
( N I L%

4 . 4 ot . ot L . )
+ e v gTiavth [e‘ZINH2 <I + 1—H2> — elavth (I — 1—H2)i|<p — e it <e‘21NH‘ —I—i

2N 2N

Bounding it by the triangle inequality yields Eq. (C17).
In order to prove Theorem 5, we need to bound

AO(s) = e = D] = A Folsh) iy (1),
AV(@s) = |77 — 1 +isH)g|* = f fi(sA) dpg(R),
R

. 1 2
AP (s) = H (e”H —1+isH + zssz)ga = / Hsr)dp, (M),
R

AP(s) = [e™ (1 +isH) — " (1 — isH)]p|* = /R FHlsh)duy (),

where

fox) = le™™ — 11> = 2(1 — cosx) < x%,

_ 1
fir) =le ™ —14+ix|> = (1 — cosx)*> + (x — sinx)> < Zx4,

, 1,? 1 : 1
HE)=le ¥ —1+ix+ Exz = (1 - Exz — cosx> + (x —sinx)? < %xé,

_ . . 4
Hrx) = le™™(1 +ix) — (1 — ix)|> = 4(sinx — x cosx)* < §x6.
As done in the proof of Lemma 2 in Appendix A, if
o\ 2
my({Ix] = A} < <7>
for some Ay > 0, then we have
278 25
1"(28+17)Tsin(371)()“05) . 0<d<l
2
AQ(s) < A% + %go(As), s§=1
IHy |52, §>1
25
F(26—1)s7irn[(5—l)71] (R08)™, l<d<2
4
AV) < A IHY IS + fhai(As), 8 =2
TIE? ||, §>2
25
2F(28727-;sin(6n)]()"0s) ] 2<8<3
2 A8
AP () < {5 AZIH Y |20 + ghsga(As), 8 =3
I H3 Y1126, §>3
2%71(5-2) 25
F(28—1)sin[(8f2)71] (208)™, l<8<3
X 6
As(s) S | AN H2 Y |20 + smka(As), 8 =3
SIH ¥ 1%s°, §>3
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TABLE III. Scalings of the state-dependent bounds on the first- and second-order Trotter errors for the hydrogen atom with H; = — % A

and H, = — % The state W, is an eigenfunction of the Hamiltonian H, + H, of the hydrogen atom. The parameter §; specifies the scaling

of the tail of the spectral density p;y,,, (A) ~ |A|72%~1 of the Hamiltonian H i (j=1,2) at W,y,. Similarly, 8,, specifies the scaling of the
tail of the spectral density p, w2, (A) ~ |A|72127! of the Hamiltonian H, at the vector H2W,,,,, while 8,; specifies the scaling of the tail of

ntm

the spectral density p, 42y, (1) ~ |A|7%21=1 of the Hamiltonian H; at the vector H?W,,,. “HH,” indicates the scaling of the bound on the

ntm
first-order Trotter product with cycle e~int2e=ixH1 from Theorems 1 and 3. “H \H>H,” and “H,H|H,” indicate the scalings of the bounds on
the second-order Trotter products with cycles e izvHie~ivf2g=isnH1 and e~iw2e-inte—iaw 2 regpectively, from Theorems 4 and 5. Blank
items in the table indicate that the corresponding entry is not applicable.

4 8 8 312 821 H>H, H\H,H, H,H\H,
0 5/4 3/2 NV NV NV
1 7/4 5/2 1/4 N3 N3 N3
2 9/4 72 1,2 3/4 N N5 N5
3 11/4 9/2 12 5/4 N N2 N
1 5 3 5 1 1 _ _ _

¢4 ly4s 043 >3 g1 N N2 N2
where

go(x) = —x2 Ci(x) + (1 — cosx) + x sinx
3
= —x*logx + (E - y)x2 + 0(x*),
4 1, 2 SN2 3 . 34
gix)=—x"Cix)+ (1 + Ex [(1 —cosx)” + (x —sinx)“] — 2x°(x — sinx) + Ex
4 7 4 6
= —x"logx + Z—y X'+ 0x"),
9
g(x) = —x8Ci(x) + 12 + §x4 — (12 = 6x2 + x*) cosx — x(12 + 2x* — x*)sinx
= —° logx + (2 — y)x6 + O(xs),
1
Z2(x) = —x8Ci(2x) + g[s +9x? — (6 — 3x> 4+ 2x*) cos 2x — 2x(2 — x*)(3 + 2x?) sin 2x]

7
= —x®log2x + (Z — y>x6 +0@G).

Theorem 5 follows by using these bounds for Egs. (C16) and (C17) of Lemma 5. We summarize the scalings of the first- and
second-order Trotter bounds for the hydrogen atom in Table III.

7. Fractional scalings of general pth-order Trotter bounds

The above strategy for estimating the fractional scaling works for a general pth-order Trotter product when ¢ &
DH (”)(s)S,,(s)). Inserting the expression (C11) for the gth-order integral action into the remainder term (C8) for a pth-order
Trotter product, we get

T
[UP(Ty) — g = (i)™ / ds UP(Ty)U P (s)H P (5)S,(s)p
0

t

M -
_ g+l —iLtyH, —iL T Hyg N —i(& —8)TjHo(j 1 i i+1
= (—i)? E E e inmoan o migTiiHogsn dse iz =97 (/)Fsﬂ/(fjHa(j))ﬁj
!

j=1 BeNJ 0
1Bl=q
(Z>qﬁj @ tHog ) )

X\ = —(Tj1 i—n) T . — (1111 [

N ,ijl! J o(j—1) ﬁ]'
M

— Z Z e—i,%,TMHa(M) . e_ilLVT/+lHa(j+l)

Jj=1 BeN/

1Bl=q
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T NN k N\ 1 5 P
x | e Wttelh — [ — —<—i—T‘Hg(‘)) (—1—) _(T'—IHJ(‘—I)) (LI —(‘L’lHl) IQD,
kXZI: k! N J J N ,ijl' J J ﬂ ]
(C23)
where we have used the Taylor expansion (C6) of Remark 2. It can be bounded by triangle inequality to yield an error bound
(p) q=bj E RN T it B Lt ¢ ﬁ, Bi
k=1

Jj=1 BeNJ
|Bl=q

This is just a rough bound. By taking care of cancellations among terms due to (H; + H,)¢ = 0 before taking the norm, one
can get a better bound. For instance, for ¢ = 1, the error operator (C23) simplifies to

M j—1
L1 L1 L1 t

0P (Ty) — o = ZeﬂﬁrMH”W’ .. eT T e (elNT-fH"‘f’ —1+ iﬁr_,-H{,(_,-)) 1—(e*l vuHew _ Iy Z wHow) | @

j=1 i k=1

M i j-1

= Ze—nﬁngw) eminTiHegn <e—1 s a(j)_I+l_T]HG(])) +1_(e—1 voifei 1y Z( 1)/-1- 'CkHo(J) 0,

=1 i k=1

and the Trotter error is bounded by
a t t ik
(p)(t 0) < Z (e—lNr/Ham —I+ iﬁTjHa(j)> + iﬁ(e—lﬁijo(/) _ 1) Z(_l)]_]_kkaa(j) ol

k=1

This is valid for ¢ € D(H;) N D(H>), and reproduces Eq. (A1) of Lemma 1 for the first-order Trotterization and Eq. (C17) of
Lemma 5 for the second-order Trotterization. Using the bounds in Egs. (C19) and (C20), we see that it scales as s(p )(t; Q)=
O(N~%) with some § € (0, 1), if ¢ € D(H;) N D(Ha,) but ¢ ¢ D(H?) N D(H3), which is the case for the hydrogen eigenstates
with £ = 0, 1 (see Table III).

For g = 2, the error operator (C23) yields

M 2
—iLryH, —iL H,(; —iLTiH, 1 2
[U(p)(TM)—]](p: Ze iymHoon o =iIN T+l u+1)|:<e Intto) — 44 N-L-j H,(j) + 2NZTIHU(J))
Jj=1
1 —ig rH{,() <
- lﬁ € / —I+1 H; Z THo 1)
k=1
2 . 1] Jj=1 k-1
—iLT.H,;
- (e — EZ Hyw + Z > T ot THogo | [ @
=1 =2 kp=1

M 2
. 1 L1 t
§ : —ivtyHy —i+ 71 H —i-TjHy(j 2
j:le e [(e o I+1N”H"(”+2N2TJH"(”)
t j—1— k 1 T .
E ( ) Ho i _I+1NTjHa(j) Hg(j)

2 EIEY ) k-1
= (1 il tHyg 2
32 \3 ok —1T2ky—1 — Z Z Tot—1 T2k, | (7' %50 — I)H;

ki=1ky=1 ki=2ky=1

2 lr%H r41-1 -1 g A
_ ]W (E Z Z ok, Toky — Z Z T2k, T2k21>(e_lNTjHu(j) — I)H22:| @,

ki=1 k=1 ki=1 k=1

043155-33



DANIEL BURGARTH et al. PHYSICAL REVIEW RESEARCH 6, 043155 (2024)

and the Trotter error is bounded by

P (t0) <N

, : e
|:(61erle1 —I+i N'L'Z, 1Hy + 2N2t22l 1H12>

2 [y i i—1 k=1 -
- N (5 Z Z Tofy—1 T2ky—1 — Z Z T 1Tk, | (7N — DHE | @

k=1 ky=1 ki=2ky=1

. 2 o 2i-1 | ¢
it 2 : k —iy il 4 .
|:(C Iwhit _ +1 NTZlHZ + — N2 TZsz) P (_1) Tk (C N -1+ 1ﬁ121H2>H2

1 i—1 i—1 i—1 Kk N
e L 0 D S L

k=1 k=1 k=1 k=1

tzf%wlzltl i—1 Kk ‘
+ (2 Z Tok, Toky — Z Z Tog, T2k2—1> ” (eflnrzf-lHl _ I)H22g0||

k=1 ky= k=1 k=1

1
t2 L’;’J 1 i i i k-1
(2 szzk, 1T2ky—1 — szzkl 1T2k2) e vt [)H; ol
1

i=1 k=1 ky= =2 k=1

This is valid for ¢ € D(Hf) N D(sz), and reproduces Eq. (C16) of Lemma 5 for the second-order Trotterization. It scales as
g(p)(t;w) = O(N~%) with some § € (1,2), if ¢ € D(H?) N D(H}) but ¢ & D(H;) N\ D(H,H3) N D(H,H?) N'D(HS), which is
the case for the hydrogen eigenstates with £ = 2, 3 (see Table III again).

The method presented here is iterative and can be extended to all g < p for a pth-order product formula. Thereby, error
bounds with fractional scalings are obtained for any state ¢ & D(H"(s)S »(5)).

APPENDIX D: MATHEMATICA SCRIPT FOR COMPUTING HIGHER-ORDER TROTTER BOUNDS

In this Appendix, we provide a script written in Wolfram Mathematica to compute the higher-order Trotter error. As an input,
one has to give the order p of the product formula as well as the switching coefficients {t;}.
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36

37

38

39

1. Compute S, (s) at time step j

First, we compute S,(s) by Eq. (C11). For this purpose, we use the string a to denote the Hamiltonian H; and the string b to
denote the Hamiltonian H,.

ClearAll[T, KK, t, n, sl;

€
Definition of a power of the Hamiltonian.
*)
Ham[
K_(xk:intx*),
power_(xi:intx*)

]

Module [{H},

If [IntegerQ[K],
H = If[EvenQ[K], "b", "a"];
Return[StringRepeat [H, power]l],
(*Elsex*)
Return[Hold [Ham[K, power]]];
1 (xIf%*);

15

(*

All combinations to distribute the integer p in lists of length L.
This function solves the non-commutative integer partition problem to distribute

the exponents in the j-th term of the integral action.

*)
Combinations[
p_(xp:intx*),
len_(*L:int*)
]
Module [{A11Sums},
A11Sums = IntegerPartitions[p, {lenl}];
If [Length[A11Sums] > 1,

A11Sums = MapAt [Permutations, AllSums, All];

Al1Sums = Flatten[AllSums, 1],
(*Else*)

Al1Sums = Permutations @@ AllSums;
1 (xIf*);

Return[Al1Sums];

1;
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40

41 (*

42 Use the fact that the input state is an eigenvector of eigenvalue O to simplify.
a3 %)

114 ZeroEigenstate[

15 expressionVector_(*integral action:array*)

46 ]

47 =

48 Module [{result, bookKeeping},

19 (*If the position is divisible by 2 but not by 4: move the entry to the left.x)
50 (*The next entry after this: move it to the right.*)
51 result = expressionVector;

52 bookKeeping = False; (xhelper variablex*)

53 Table[

54 If [EvenQ[i] \[And] Mod[i, 4] !'= O,

55 result[[i - 1]] -= result[[i]];

56 result[[i]] = O;

57 bookKeeping = True,

58 If [bookKeeping,

59 result[[i + 1]] -= result[[il];

60 result[[i]] = O;

61 bookKeeping = False;

62 1(xIf*);

63 1 (xIf*);

64 , {i, 1, Length[expressionVector]}] (¥Tablex) ;
65 Return[result];

66 1;

67

68 (*

6o Compute the integral action at time step j.
70 The result is stored in a vector of length 2°p, where each entry corresponds to a
71 product of operators H_1="a" and H_2="b", sorted in alphabetical order.

72 *)

73 Sp [

74 order_(*p:int*),

75 mMax_ (*M:intx*),

76 time_(*s:varx),

77 taulist_(*List of the switching coefficients:array*),

78 boundaryQ_ : False(*whether or not to compute the integral action

79 at the boundary:boolx),

80 simplifyQ_ : False(*Whether or not to use the function ‘ZeroEigenstate‘ to
81 simplify the result:boolx)

82 ]

83 =

84 Module [{SummationList, tuples, delete, result, ii, L, AllSums,

85 times, Hamiltonians, jj, power, prefactor, HamTerm, position},
86 tuples = Map[StringJoin, Tuples[Sort@{"a", "b"}, order], 2];
87 delete = 0;(xdeletion parameter g*)

88 result = ConstantArray[0, 2~order];

89 While[delete < order,

90 L = order - delete;

91 Al11Sums = Combinations[order, L];
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92 For[ii = 1, ii <= Length[AllSums], ii++,

03 prefactor = 1/Times @@ Map[Factorial, Al1lSums[[ii]]];

04 power = AllSums[[ii, 11];

05 times = T[KK[1]]-power;

96 Hamiltonians = {Ham[KK[1], power]l};

o7 Table[

08 power = AllSums[[ii, jjl1];

99 times *= T[KK[jjl] power;

100 Hamiltonians = AppendTo[Hamiltonians, Ham[KK[jjl, power]]
101 , {33, 2, L}

102 ] (xTablex) ;

103 Table[

104 HamTerm = Map[StringJoin, Evaluate @0@ Hamiltonians, All];
105 position = Position[tuples, HamTerm] [[1]];

106 result[[position]] += prefactor*times

107 , Evaluate[

108 Sequence@@Prepend [

100 Table[{KK[index], 1, KK[index - 1] - 1}, {index, 2, L}]
110 ,{KK[1], 1, mMax}] (xPrependx)

111 ] (xEvaluatex*)

112 ] (xTablex*) 5

113 If [boundaryQ == False,

114 result =

115 result /.

116 T[mMax] -> (time - Sum[Abs[T[11]], {11, 1, mMax - 1}])*
117 Sign[tauList[[mMax]]];

118 ] (xIfx) 5

119 ] (xFor iix) 5

120 deletet+;

121 ] (xWhilex*) 5

122 result = result /. Table[T[j] -> taulList[[jl], {j, 1, mMax}];

123 If [simpliny,

124 Return[ZeroEigenstate [result]],

125 (*Else*)

126 Return[result];

127 T (xIf*) 5

2. Compute the error bound §}§”(t; Q)

Having defined S ,(s) for time s in the jth time slot, we can now compute the error bounds using Eq. (C9) of Lemma 4. Here,
we will use the convention that (H; + H)p = 0.

129 (*
130 Multiply the vector representing the integral action at time step j by the Hamiltonian
131 H_{\sigma(j)}'

132 *)

133 MultiplyByl[

134 expressionVector_(*integral action:arrayx*),

135 step_(xj:intx*)

136 ]

137 =

138 Module[{zeros, result},

139 zeros = ConstantArray[0, Length[expressionVector]];
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140 If [EvenQ[step],

141 result = Join[zeros, expressionVector],

142 result = Join[expressionVector, zeros];

143 T (xIf%*);

144 Return[result];

145 ];

146

147 €

14s  Compute the actual error bound.

149 %)

150 ErrorBound[

151 order_(*p:int*), mMax_(*M:intx*),

152 taulList_(*List of the switching coefficients:array*),

153 simplifyQ_ : True(*Whether or not to use the function ‘ZeroEigenstate‘ to
154 simplify the result:boolx)

155 ]

156 5=

157 Module[{Action, integralBounds, bound, operators},

158 integralBounds = Table[Sum[Abs[tauList[[j11]1, {j, 1, i}], {i, 1, Length[tauList]}];
159 integralBounds = PrependTo[integralBounds, 0];

160 bound = (t~(order + 1)/n~order)*Sum[

161 Abs@

162 MultiplyByl[

163 Integratel

164 Splorder, i, s, taulist, False, simplifyQ]

165 , {s, integralBounds[[i]], integralBounds[[i + 1]]}] (xIntegratex)
166 , 1] (*MultiplyBy*)

167 , {i, 1, mMax}] (*Sumx) ;

168 operators =

169 Map [StringJoin,

170 Tuples[Sorte{"a", "b"}, order + 1]

171 // Map [Append ["\ [CurlyPhi] | |"]] // Map[Prepend["||"]]
172 , 2] (xMap*) ;

173 Return [Chop [bound, 10~-MachinePrecision].operators];

174 ];

3. Examples

To show how the code works, we compute the examples of p = 1, 2,4, 6. For p = 1, we enter
175 ErrorBound[1, 2, {1, 1}, Truel]
and get the output

||aag||? n ||bbg |12
2n 2n

For p = 2, we enter
175 ErrorBound[1, 2, {1, 1}, Truel

to obtain

|laaag||r®  ||baag||r®  ||bbbg]|r?
24n? 8n2 12n2

The case p = 4 can be computed with

177 84 = 1/(2 - 27(1/3));
178 timesd = {s4/2, s4, (1-s4)/2, 1-2s4, (1-s4)/2, s4, s4/2}//N;
179 ErrorBound[4, 7, times4, True]
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and results in
0.00427803||aaaaagp||r>  0.00950917||aabaagp||r>  0.00633945||aabbbe||>  0.0243899||abaaag]|t>
4 + 4 + 4 + 4
n n n n
n 0.0731697||abbaag||t> N 0.0487798||abbbbg||¢> N 0.0299684||baaaag| |’ n 0.092188||babaag] |’
4 4

nt n nt n

0.0614587||babbbg]|[t>  0.212061||bbaaag|[t>  0.393394||bbbaag||r®  0.22989]|bbbbbg]|t*
+ + - + - + : :

n* n n n
Finally, for p = 6, we input
10 s4 =1/(2 - 27(1/3));
1,1 86 = 1/(2 - 2°(1/5));
182 times6 = {
183 s4xs6/2, s4xs6, (1-s4)s6/2, (1-2 s4)s6, (1-s4)s6/2, s4x*s6,
184 s4*xs6/2+s4*(1-2 s6)/2, s4 (1-2s6), (1-s4)(1-2s6)/2, (1-2s4) (1-2s6),
185 (1-s4) (1-2s6)/2, s4(1-2s6), s4(1-2s6)/2+s4*s6/2, s4*s6,
186 (1-s4)s6/2, (1-2s4)s6, (1-s4)s6/2, s4*s6, sd*xs6/2
187 }//N;
1ss  ErrorBound[6, 19, times6, Truel
and obtain
0.000342245||aaaaaaae||t’  0.00466073||aaaabaag||t’  0.00310716||aaaabbbe||t”  0.0128515||aaabaaag]|t’
n® + n® + n® + n®
0.0385546||aaabbaag||t”  0.0257031||aaabbbbe||t”  0.0128622||aabaaaag||t”  0.0417926||aababaag||t’
+ 6 + 6 + 6 + 6
n n n n
0.0278617||aababbbg||t?  0.0164871||aabbaaag||t’  0.0382987||aabbbaagp||t’  0.0240441||aabbbbb]||t’
+ 6 + 6 + 6 + 6
n n n n
0.00717357||abaaaaag||t’”  0.0241779||abaabaag]||t” 0.0161186]||abaabbbe]||t”  0.0620135||ababaaag||t’
+ 6 + 6 + 6 + 6
n n n n
0.18604||ababbaag]||t”  0.124027||ababbbbe]||t?  0.0213565||abbaaaag||t”  0.234396||abbabaag]|t’
+ 6 + 6 + 6 + 6
n n n n
0.156264||abbabbbg||t”  0.168267||abbbaaag||t’  0.205275||abbbbaag||t”  0.0969135||abbbbbbg]||t’
+ 6 + 6 + 6 + 6
n n n n
0.00379873||baaaaaag||t’  0.0501259||baaabaag]||t’  0.0334173||baaabbbe]||t’  0.137266||baabaaag||t’
+ 6 + 6 + 6 + 6
n n n n
0.411798||baabbaag||t’  0.274532||baabbbbe||t’  0.127458||babaaaag||t’  0.420193||bababaag]||t’
+ 6 + 6 + 6 + 6
n n n n
0.280128||bababbbe||t?  0.290088||babbaaag||t’  0.467689||babbbaagp||t’”  0.258116|babbbbbe||t’
+ 6 + 6 + 6 + 6
n n n n
0.0631099]||bbaaaaag||t”  0.141983||bbaabaag||t”  0.0946554||bbaabbbe]||t?  0.36417||bbabaaag]||t’
+ 6 + 6 + 6 + 6
n n n n
1.09251||bbabbaag||t”  0.72834||bbabbbbe]||t?  0.0509254||bbbaaaag]||t’  1.05772||bbbabaag||t’
+ 6 + 6 + 6 + 6
n n n n
0.705143||bbbabbbe||t”  0.67482||bbbbaaag||t?  0.679037||bbbbbaag]||t’  0.281524|bbbbbbbe]|t’
+ 3 + z + 5 + < .
n n n n
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