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CONES OF LINES HAVING HIGH CONTACT WITH GENERAL
HYPERSURFACES AND APPLICATIONS

FRANCESCO BASTIANELLI, CIRO CILIBERTO, FLAMINIO FLAMINI, AND PAOLA SUPINO

ABSTRACT. Given a smooth hypersurface X C P™*! of degree d > 2, we study the cones Vph c prtl
swept out by lines having contact order h > 2 at a point p € X. In particular, we prove that if
X is general, then for any p € X and 2 < h < min{n + 1,d}, the cone Vph has dimension exactly
n + 2 — h. Moreover, when X is a very general hypersurface of degree d > 2n + 2, we describe the
relation between the cones Vph and the degree of irrationality of k—dimensional subvarieties of X
passing through a general point of X. As an application, we give some bounds on the least degree of
irrationality of k—dimensional subvarieties of X passing through a general point of X, and we prove
that the connecting gonality of X satisfies d — {7%"'25_% < conn. gon(X) < d— {@J

1. INTRODUCTION

Let X C P"*! be a smooth complex hypersurface of degree d > 2. Given a point p € X and an
integer h > 2, we consider the cone Vph C P**H! swept out by lines having intersection multiplicity at
least h with X at p. These cones reflect the geometry of hypersurfaces and occur in various issues,
concerning both the local geometry of hypersurfaces (see e.g. [11, 13, 14]) and the study of their
global properties, such as unirationality ([6]) and their covering gonality, i.e. the least gonality of
curves passing through a general point of X ([4]).

In this paper, we study the cones Vph of general hypersurfaces X C P"*!, and we apply our
results to achieve some bounds concerning the degree of irrationality of k—dimensional subvarieties
of X passing through general points of X, where we recall that the degree of irrationality of an
irreducible variety Y of dimension k is the least degree of a dominant rational map Y --» P,

Given a smooth hypersurface X C P"*! of degree d > 2, a point p € X and an integer 2 < h < d,
the cone V;Jh C P"*! is defined by the vanishing of h — 1 polynomials of degree 1,2,...,h — 1,
respectively, where the linear polynomial defines the tangent hyperplane of X at p (cf. Section 2).
When p € X is a general point, then Vph is a complete intersection defined by those polynomials,
i.e. dim Vph =mn+2— h (cf. [13]). However, it may happen that for some special point of X, the
cone Vph fails to be a complete intersection of multi-degree (1,2,...,h — 1) and its dimension is
larger than expected. We prove that when X C P"*! is a general hypersurface of degree d > 2,
this is not the case.

Theorem 1.1. Let n > 2 be an integer and let X C P"+! be a general hypersurface of degree d > 2.
Then, for any point p € X and for any integer 2 < h < min{n + 1,d}, the cone Vph has dimension

dim(Vph) =n+2-—h.
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In recent years there has been a great deal of interest concerning measures of irrationality of
projective varieties, that is birational invariants which somehow measure the failure of a given
variety to be rational (see e.g. [3, 5, 15, 8, 10, 16, 17]), and several interesting results have been
obtained in this direction for very general hypersurfaces of large degree (cf. [2, 3, 4, 18]).

Given an irreducible complex projective variety X of dimension n and an integer k such that
1 < k < n, we are interested in the following birational invariants. According to [4, Section 5.3],
we define the k—irrationality degree of X as the integer

Given a general point p € X, 3 an irreducible subvariety Z C X
irry(X) :=min ¢ ¢ € N| of dimension k such that p € Z and there is a dominant rational
map Z --» P* of degree ¢

and, in line with [3], we define the connecting gonality of X as the integer

conn. gon(X) := min {c eN

Given two general points ¢,¢ € X, 3 an irreducible
curve C' C X such that ¢,¢' € C and gon(C) = ¢

Therefore, conn. gon(X) can be thought as a measure of the failure of X to be rationally connected,
whereas irr;(X) measures how X is far from being covered by k—dimensional rational varieties. We
note further that irr(X) := irr,,(X) is the degree of irrationality of X and cov.gon(X) := irri(X)
is the covering gonality of X. Moreover, these invariants satisfy the obvious inequalities

cov.gon(X) < conn.gon(X) <irr(X) and irry(X) <irrg(X) < -+ < irrpp (X). (1.1)

In [8], it has been proved that irrg(A4) > k + %dim A, provided that A is a very general abelian
variety of dimension at least 3 and 1 < k < dim A. Apart from this result and the cases k = 1, n,
very little is known about the k—irrationality degrees and the connecting gonality of projective
varieties. When X C P"*! is a very general hypersurface of degree d > 2n + 2, it follows from [3,
Theorem C] and [4, Theorem 1.1] that

Vv1én+9 —1

; (1.2)

irrp(X)=d—1 and d-— {

J <y (X) < d - {”6”“‘1

2

where the latter relation is often a chain of equalities. Under the same assumption on X C Pn*1,
we are concerned with its connecting gonality and the k—irrationality degree, with 2 < k < n — 1.

In this direction, we extend [4, Proposition 2.12], which relates curves of low gonality covering
X to the cones Vph of lines having high contact with X. In particular, we prove that if Z C X is a
k—dimensional subvariety passing through a general point, endowed with a dominant rational map
@: Z --» Pk of degree ¢ < d — 3, then Z C Vpd_c for some p € X, and the map ¢ is the projection
from p (cf. Proposition 4.1). Combining Theorem 1.1 and the latter result, we achieve bounds on
the k—irrationality degrees of X.

Theorem 1.2. Let n > 3 and let X C P*"™! be a very general hypersurface of degree d > 2n + 2.
Then
irrpg(X)>2d—1—-n+k forl<k<n. (1.3)
k

Moreover, equality holds for n — 2 < k < n, that is

irrp,_o(X)=d—-3, irr,_1(X)=d—2 and irr,(X)=d-1.
2



We point out that the assertion for k = n is given by [3, Theorem C]. Furthermore, the larger
the value of k is, the more significant Theorem 1.2 becomes, since for small values of k the bound
(1.3) is superseded by (1.2) and (1.1).

In order to discuss the connecting gonality of X, we prove further that for any pair of general
points ¢,¢' € X and for any 2 < h < § + 1, there exists a general point p € X such that ¢,¢’ € V]'Dh

(cf. Lemma 3.2). Then, using the fact that for h = Liﬂg";lﬂj the locus VZL is a cone over

a rationally connected variety, we bound from above the connecting gonality of a very general
hypersurface X C P**! of large degree.

Theorem 1.3. Let n > 4 and let X C P"*! be a very general hypersurface of degree d > 2n + 2.

Then
vV 1+1
conn. gon(X) < d — {871—1—24-J .

(1.4)
Finally, using our results and the Grassmannian techniques introduced in [20], we also obtain a

lower bound on the connecting gonality of very general hypersurfaces, which slightly improves the
bound descending from (1.2) and (1.1).

Theorem 1.4. Let n > 4 and let X C P**! be a very general hypersurface of degree d > 2n + 2.

Then
\/16n+253J (1.5)

conn. gon(X) >d — { 5

In particular,
conn. gon(X) > cov. gon(X)
Vn € Zsq4 {4a2 + 3a,4a® 4 5a,4a® + 5a + 1,40 + Ta + 2,4a® + 9a + 4, 4a” + 11a—|—6‘ ac N}.

We note that the second part of the statement is obtained from (1.2) by determining the values
of n such that {7”6”;1_% # Livlfin;r%—iﬂj We believe that the bound (1.5) is far from being

sharp. However, for any 4 < n < 16 with n # 9,13, 14, the right-hand sides of (1.4) and (1.5)
do coincide, hence Theorems 1.3 and 1.4 compute the connecting gonality of X in these cases (cf.
Example 4.5).

The paper is organized as follows. In Section 2, we recall some basic facts on the cones of lines
of high contact with a general hypersurface X ¢ P"*! and we prove Theorem 1.1.

In Section 3, we consider polar hypersurfaces of a smooth hypersurface X C P**!, in order to
discuss when any pair ¢,¢ € X lies on a cone Vph for some p € X.

Finally, Section 4 is concerned with the applications to measures of irrationality. In particular,
after describing the relation between the cones V;,h and the degree of irrationality of k—dimensional
subvarieties of X passing through a general point, we prove Theorems 1.2, 1.3 and 1.4, and we
discuss the behavior of the connecting gonality for small values of n = dim X.

Notation. We work throughout over the field C of complex numbers. By wvariety we mean a
complete reduced algebraic variety X, and by curve we mean a variety of dimension 1. We say
that a property holds for a general (resp. very general) point x € X if it holds on a Zariski open
nonempty subset of X (resp. on the complement of the countable union of proper subvarieties of
X).



2. DIMENSION OF CONES OF LINES HAVING HIGH CONTACT

Let n > 2 be an integer, and let X = V(F) C P*"*! be a smooth hypersurface defined by the
vanishing of a homogeneous polynomial F' € C|xo,...,Zn4+1] of degree d > 2. Given a point p € X
and an integer 2 < h < d, we define the cone Vph = VZ’LX C Pt of tangent lines of order h at p as
the Zariski closure of the locus swept out by lines £ C P"*! such that either £ C X or £- X > hp.
Therefore Vph is a cone with vertex at p, defined by the vanishing of the following h — 1 polynomials
occurring in the Taylor expansion of F' at p

o o (k)
Gr(wo, ... Tny1) == (1‘0 + o+ Tt ) F(p)

Oxg OTni1
k! ) . o F (2.1)
_ : 0 In+1
- Z inl -4 |x0”.l‘"+laio ain+1(p)
iotrtinpa=k O L To trrOTpqy

where (—)®) denotes the usual symbolic power, 1 < k < h — 1 and deg G}, = k (cf. [6, p.186]). In
particular, the cone Vp2 coincides with the (projective) tangent hyperplane 7, X C P+l to X at
p. When instead h > 3, we denote by AZ = Ag y the intersection of V;)h with a general hyperplane
H c P™*! not containing p, so that A]'; is defined in HNT, X = P"~1! by h—2 polynomial equations
of degree 2,3,...,h — 1, respectively, and V;)h is the cone over AI; with vertex at p.

Setting 2 < b < min{n + 1,d}, it follows from this description of V" that

dim V) > n+2— h. (2.2)

When X is a general hypersurface of degree d > 2 and p € X is a general point, [4, Lemma 2.2]
guarantees that Vph C Pt is a general complete intersection of multi-degree (1,2,...,h —1) and,
in particular, (2.2) is an equality.

According to the assertion of Theorem 1.1, we want to prove that equality holds in (2.2) for any
point p € X. The case h = 2 is trivial, since X is smooth and hence Vp2 =T,X = P". Besides, the
assertion for h = 3 is implied by the following result.

Lemma 2.1. Let n > 2 be an integer and let X C P"*! be a general hypersurface of degree d > 2.
Then, for any point p € X, the intersection of X with the tangent hyperplane T, X has a point of
multiplicity exactly 2 at p.

Proof. Let L be the linear system of all hypersurfaces of degree d in P"*!, which has dimension

1
d+mn+ )_1‘

dim£:<
n-+1

Consider the variety V consisting of all triples (p,II,Y) where II € P"*! is a hyperplane, p € II
and Y C II is a hypersurface of degree d with a point of multiplicity at least 3 at p. Then we define
the variety

Z={(p,ILY,X)eVXxL|]Y CX}.
endowed with the projection m: Z — V, whose fibers are all isomorphic to linear systems of
hypersurfaces of degree d of the same dimension (d+”). Looking at the map ¥V — P+ x (IP’”H)*

n+1
given by (p,I1,Y) —— (p,II), it is easy to see that V is irreducible of dimension

dimV = 2n + <d+"> — <"+2>.
n 2
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Hence Z is irreducible too, with dimension

. d+n n+ 2 d+n d+n+1 n+ 2
dim Z = 2n + — + =2n + — .
n 2 n+1 n+1 2

Consider now the projection my: Z — £, whose image is the locus 7 of all hypersurfaces X C P!
of degree d having a point p € X and a hyperplane IT C P"*! such that the intersection scheme
X N1I has a point of multiplicity at least 3 at p. Hence

dmT <dimZ = dim £ +2n +1 — (”;2>

and, since (”;2) > 2n + 1 as soon as n > 2, we conclude that 7 is a proper closed subset of L, as

wanted. O
Now we prove Theorem 1.1.

Proof of Theorem 1.1. We already discussed the trivial case h = 2. Besides, Lemma 2.1 ensures
that for any p € X, a general line ¢/ C T, X tangent to X at p intersects X at p with multiplicity
exactly 2. Hence Vp3 is a proper subvariety of 7, X, and (2.2) is an equality. Thus we assume
hereafter h > 4.

Let [z : ... : Z,11] be homogeneous coordinates in P"*! and, for any positive integer k, we set

Sk :=Clxo,...,Tnt1]r and Si :=Clzo,...,zn+1]r \ {0} (2.3)

For any F € Si, we denote by V(F) C P""! the hypersurface defined by the vanishing of F,
and for any G := (G1,...,Gp_1) € Hz;i Sk, we denote by V(G) the intersection scheme of the
hypersurfaces V(Gy) for 1 < k< h—1.

For F € S} and p € V(F) C P" let G, = G, x(F)(w0,...,Tn+1) be the homogeneous polyno-
mial of degree k defined in (2.1), where 1 < k < h — 1, and let

Therefore Vph is the cone V(G (F)) with vertex at p, and (2.2) fails to be an equality if and only
if Gp,(F) is not a regular sequence. In order to prove the assertion, we then show that if F' € S is

general, then the sequence G, (F') is regular for all points p € V(F).
To this aim, let Uy C S} be the open dense subset parametrizing those F' € S} such that V(F)

is smooth and let

h—1
J = {(p,F,G) e Pt x Uy x HSk
k=1

p€V(F) and G = GP(F)},

which is endowed with the two projections 71: J — Uy and mo: J — Prtl « HZ;} Sk. The map
m1 is surjective, and for any F' € Uy, the fiber 7w L(F) is isomorphic to V (F), which is irreducible
of dimension n. Thus J is irreducible of dimension

1
dim J = dim(Uy) +n = (n—}— +d> +n

; (2.4)

Let us define W := mo(J) € P*! x Hz;} Sk, which is irreducible too.
5



Claim 2.2. All fibers of mo: J — W have dimension

= n+h n n+h+1 T n+d\ (n+d+1 3 n+h
U h h+1 d ) d h—1)
Proof of Claim 2.2. Let (p,G) = ma(p, F, G) € W, with (p, F,G) € J, G = (Gy,...,Gp_1) and

G = Gpp(F)for 1 < k < h—1. Up to projective transformations, we may assumep =[1:0:...: 0]
and T,V (F) = V(zp41). Then F is of the form

F(20, .., @n41) = CTp13) '+ Fo(21, . 2pg1)2) 2+ 4 Fa(@1, ... nga), (2.5)
where ¢ is a non—zero constant and each F; € Clx1,...,Zy4+1] is homogeneous of degree i. Easy

computations show that
G1 =cxn41
Gy =2(d — 1)cxpni120 + 2F5
Gz =3(d — 1)(d — 2)can 173 + 6(d — 2)z0Fs + 6F3

Gpor =(h— 1)

h—1 .
(d—1)! h—2 (h—1)! (d—)! h—i—1
—_ F;.
(d—h+ 1)l “mtito +;(h—i—1)!(d—h+1)!% i
To determine the fiber of w5 over (p, G), we have to find all forms F’ € Uy such that (p, F',G) € J.
Asin (2.5), we have F' = ¢z 120 1+ Fhad 24 - -+ F/, which satisfies the corresponding equations
in (2.6). Therefore, equations (2.6) imply ¢ = ¢’ and F}, = F, for any 2 < k < h — 1. Thus F’' may
differ from F by the terms F! for h < i < d, which can be chosen arbitrarily in Clzy,. .., zp41]i. O

We deduce from the claim and (2.4) that

h
dimW = dimJ — f = (Zt 1) + .
Then we set

Wo = {(p, G) € W| G is not a regular sequence} C W,

so that proving the assertion is equivalent to showing that (7@ 1(W0)) is a proper closed subset
of U,. In particular, it suffices to prove that

codimyy Wy > n, (2.7)
because in this case Claim 2.2 and (2.4) yield
dim 7y (75 ' (Wp)) < dimmy '(Wp) = dim Wy + f = dim Wy + dim J — dim W =
=dim J — codimy Wy < dim J — n = dim Uy,

so that the assertion holds. Hence we focus on proving (2.7).

To this aim, let Z be an irreducible component of Wy and let (p, G) € Z be a general point,
with G = (G1,...,Gr—1). Then G is not a regular sequence, and we may define @« = az to be
the greatest integer such that (Gi,...,Gq) is a regular sequence. Since we already showed that
Vp3 = V(G1,G2) has dimension n — 1, we have 2 < o < h — 1. By maximality of «, there exists an
irreducible component Y of V(G1, Go,...,Gy) of dimension m := dimY = n—a+1 and contained
in V(Ga+1). Therefore, in order to prove (2.7), it is enough to show that the Hilbert function

hy: N — N of Y satisfies hy (o + 1) > n.
6



For any £ = 0,...,m, let Y; denote a general linear section of Y of dimension ¢. In particular,
Y,, =Y and Y,,_1 is a general hyperplane section of Y. Then, for any positive integer ¢, we have

hy (t) = hy (t = 1) 2 hy,,_,(?)
(see [12, Lemma 3.1]). Analogously, for any 1 < ¢ < m and for any integer ¢ > 0, we obtain
hy, (t) = hy,(t = 1) + hy,_, (1), (2.8)

and we deduce by iteration that for any integer ¢ > 0,

hy Zhyz (t — 1) + hy, (t) Zhyét—l (2.9)
(=1

Claim 2.3. For any 1 < ¢ < m and for any integer t > 0,

hyi (t) > (gjt)

Proof of Claim 2.3. We recall that Y} is a general linear section of Y C V(G1) = P" of dimension
¢, so that Yy is irreducible and sits in a projective space Ay = P" ™ with 1 < £ < m. If t =1,
the claim is true as the linear span of Yy C Ay has dimension at least £ = dim Yy, i.e. Yy contains at
least ¢ + 1 independent points of Ay. Then we argue by induction on ¢, and using inequality (2.9)
applied to Y;, we obtain

hn(t)>§Zjhm(t_1)+1>i<jj:1>+1:§:<jj:1> _ (ﬁi—t)

as desired. O

Finally, setting t =a+ 1 and { = m =n — a + 1, Claim 2.3 ensures that

m+a—+1 n-+ 2
h 1) > _ -
v(a+1) < a+1 ) (a+1)

By assumption, we have a < h — 1 < n, and hence (Zif) > n+ 1. Thus hy(a + 1) > n, which

concludes the proof of Theorem 1.1. O

3. POLAR HYPERSURFACES AND CONES OF LINES HAVING HIGH CONTACT

Let n > 2 be an integer, and let X := V(F) C P**! be a smooth hypersurface of degree d > 2
Given a point ¢ = [go : ... : gny1)] € P*! and an integer 0 < s < d, we introduce the s-th
polar hypersurface of X with respect to q as the hypersurface A7 = AZ(X) C P+ defined by the
vanishing of the polynomial of degree d — s

0 0
Pol?(F = ST _Z
0 q( )(x(), ,$n+1) (qO 9%‘0 dn+1 9xn+1

where (—)©®) denotes the usual symbolic power and Pol(q] (F) = F, that is Ag = X for any g € P+,
Furthermore, we define the intersection scheme

(s)
> F(l‘o,...,xn+1), (31)

h—1
X) = (Al (3:2)
s=0



In this section, we use polar hypersurfaces of X and Theorem 1.1 to show that for general
q,q¢ € X and for any 2 < h < § + 1, there exists a general point p € X such that ¢,¢’ € Vph. In
particular, this fact is crucial in order to prove Theorem 1.3. To start, we prove the following.

Lemma 3.1. Let n > 2 be an integer and let X C P"* be a smooth hypersurface of degree d > 2.
For any integer 2 < h < 5+1 and for any q, q € X, there exists a point p € X such that q,q' € V;,h.

Proof. We point out that for ¢ € P**!, the intersection X N A}J consists of the points p € X such
that ¢ € T, X, i.e. the line (g, p) intersects X with multiplicity at least 2 at p, provided that p # ¢.
Similarly, given two points ¢ € P"*! and p € X with p # ¢, the line {(g,p) intersects X with
multiplicity at least h at p—that is g € V;)h—if and only if p belongs to Ay ;(X) defined in (3.2).
Therefore, proving the statement is equivalent to showing that for any ¢, ¢’ € X, the intersection
of Ayp(X) and Ay 4 (X) is not empty. Since both Ay, (X) and Ay p(X) lie on X = Ag = Ag,,
then Ay ;(X) N Ay p(X) is the intersection of 2h — 1 hypersurfaces of P"*1, which is non-empty
because of the assumption h < 5 + 1. O

In addition, when both X C P"*! and the points ¢,q' € X are assumed to be general, the
following holds.

Lemma 3.2. Let n > 2 be an integer and let X C P**! be a general hypersurface of degree d > 2.
Then, for any integer 2 < h < § + 1 and for general q,q' € X, there exists a general point p € X
such that q,q’ € V;]h.

Proof. Set 2 < h < § + 1 and consider the variety

Pr:={(q,q,p) e X x X x X|q#¢ and p € Aq,hﬂAq/’h}
endowed with the projections
Xx X2 p, B X,

Thanks to Lemma 3.1, the map w2 is surjective. Let Z C P be an irreducible component
dominating X x X. Therefore, the proof of Lemma 3.1 gives that for any (¢,¢’) € X x X,

dim (Agp(X) N Ay (X)) 2n+2—2h and hence dimZ > 3n+ 2 — 2h. (3.3)

Moreover, given any point p € m3(Z) and setting Z, := Vph N X, we have

(r312) " (0) C 73 (p) = Z, % 2. (3.4)

In order to prove that for general ¢,q' € X, there exists a general point p € X such that
q,¢ € V;Jh, it is enough to prove that Z dominates X via m3. We assume by contradiction that 73|z
is not dominant, i.e. dimn3(Z) <n =dim X. If p € m3(2) is a general point, then (3.3) and (3.4)
give

dim(Z, x Z,) > dim ((7r3,|z)‘1 (p)) = dim Z — dimm3(Z) > 2n + 2 — 2h. (3.5)

It follows that dim Z, > n + 1 — h and hence dim Vph > n + 2 — h. Since the latter inequality

contradicts Theorem 1.1, we conclude that 73|z is dominant. ([l
8



4. k—IRRATIONALITY DEGREE AND CONNECTING GONALITY OF GENERAL HYPERSURFACES

In this section we apply the previous results in order to bound the k—irrationality degree and the
covering gonality of a very general hypersurface X C P"*! of degree d > 2n + 2.

According to Section 2, we recall that if V;Dh C P"*! is the cone of tangent lines of order h at
p € X, we denote by AZ a general hyperplane section of V;Jh. The link between the cones Vph c prtl
and the invariants irrg(X) and conn. gon(X) is expressed by the following result, which extends [4,
Proposition 2.12] to higher dimensional subvarieties of X.

Proposition 4.1. Let n > 3 and 1 < k < n — 1 be integers. Let X C P! be a very general
hypersurface of degree d > 2n + 2. Suppose that for a general point q € X, there exist a k—
dimensional irreducible subvariety Z C X containing q and a dominant rational map @: Z --» PF
of degree ¢ < d— 3. Then:

(i) there exists a point p € Z such that Z C V;,d_c NnX;
(i) the map @: Z —-» P* of degree c is the projection from p.

In particular, the image of Z under o is a k—dimensional rational variety R C Ag_c.

Proof. The case k = 1 is covered by [4, Proposition 2.12], so we assume 2 < k < n — 1. Since
d > 2n+ 2, we have that ¢ < d —3 < 2d —2n — 1. Let z € Z be a general point and let ¢ C P*
be a general line passing through ¢(z). Consider the curve C; C ¢~!(£) which is the union of all
irreducible components of curves in Z which dominate ¢ via ¢. We claim that Cy is irreducible.
Indeed, if C" and C' were two irreducible components, then gon(Creq) + gon(Clq) < deg(gc,)-
Being p|c,: Cp --» £ = P! a map of degree ¢, either Cyeq or C/.q would have gonality at most
§<d—n-— % By varying £ C P*, z € Z and ¢ € X, we conclude that X is covered by curves of
gonality smaller than d — n, which is impossible (cf. [3, Theorem A]). The same argument shows
that Cy is reduced.

Therefore, we may define a family C —— U C G(1,k) of curves with a map of degree ¢ to P,
where U = P*~! parametrizes lines through ¢(2), and for any [(] € U, the corresponding curve is
Cy. As we vary ¢ € X (and hence Z), we may define a family of curves covering X, each endowed
with a c—gonal map. Thus [4, Proposition 2.12] ensures that for general [¢] € U, there exists a point
xp € Cp such that Cy C X N dee_c and the degree ¢ map p|c,: Cp --» L = P! is the projection from
Zy.

Next we need to show that all the points z; coincide with some fixed point p € Z. For this we
consider the map ¢: U --» Z C X sending [¢] € U to the corresponding point . Since U = PF~1
the image of v is unirational. As X does not contain rational curves (see e.g. [9]), we conclude
that ¢(U) is a point p € Z. Thus Z is covered by the curves C; C V;,d_c for general [¢|] € U, and
the degree ¢ map ¢|¢,: Cp --» L= P! is the projection from p. The assertion follows. O

Remark 4.2. Let X be an irreducible projective variety of dimension n and let Z — T be a
family of k-dimensional subvarieties of X. If Z - T is a covering family (i.e. for general ¢ € X,
there exists t € T such that ¢ € Z; = 7~ 1(t)), then dim(7T) > n — k. Indeed, the map f: Z — X
must be dominant and hence dim(Z2) = dim(7) + k > n.

If in addition Z = T is a connecting family (i.e. for general q,q' € X, there exists t € T
such that ¢,¢ € Z;), then dim(T) > 2n — 2k. Indeed the map Z xp Z2 — X x X induced by
f+ Z — X must be dominant, hence dim (£ xp Z) = 2k + dim(7T") > 2n.

9



Remark 4.3. If X ¢ P! and Y € P! are very general hypersurfaces of degree d, with n < m,
then

irr (V) <irrg(X) forany 1 <k <n and conn.gon(Y) < conn. gon(X).

Indeed, the section of Y by a general (n + 1)-plane of P™*! is a very general hypersurface of P**1.
We can now prove Theorem 1.2.

Proof of Theorem 1.2. When k = n, the assertion is covered by [3, Theorem C] and irr,,(X) = d—1.

If k =n—1, we claim that irr,_;(X) < d—2. Indeed, tangent hyperplane sections Z = X NT, X
of X are (n — 1)—dimensional varieties of degree d having a double point at p (see Lemma 2.1),
so that the projection from p is a dominant rational map Z --» P"~! of degree d — 2. On the
other hand, suppose by contradiction that irr,_1(X) = ¢ < d — 3. Proposition 4.1 ensures that
any (n — 1)-dimensional subvariety Z C X computing irr,,—1(X) is contained in X N Vpd_C for some
p € X. Thanks to (1.1) and [3, Theorem A], we have ¢ > irr;(X) > d — n, so that 3 < d—c < n.
Then Theorem 1.1 gives that dim V;Dd*C =n+2—(d—c). In order to cover X by (n—1)-dimensional
varieties cut out by the cones Vpd_c, we must have that dim(X N V;,d_c) =n+l—-(d—c)=>2n—1
and hence ¢ > d — 2, a contradiction. Thus irr,_1(X) =d — 2.

If 1 < k< n—2, weclaim that irrg(X) < d — 3. To see this, we note that for any p € X,
Theorem 1.1 ensures that \/;73 is a cone in T, X = P" over a quadric Ag C P! (cf. Section 2).
Then the variety Z = X N Vp3 has dimension n — 2 and the projection from p is a dominant map
7 --» Ag of degree d — 3 to a rational variety. Thus irr(X) < -+ <irr,—o(X) < d— 3.

Finally, any k—dimensional subvariety Z C X computing ¢ := irrg(X) is contained in some
XN Vpd*C by Proposition 4.1. As above, we deduce d — ¢ < n and for any p € X, Theorem 1.1
gives dim(X N V;Dd_c) =n+1—(d—c¢). Thus, in order to cover X by k-dimensional varieties in
Xﬂ‘/;)d_c, we must have that n+1—(d—c¢) >k, thatisc>d—-1—-n+k.

For k = n — 2, the latter inequality gives irr,—2(X) > d — 3, so the assertion follows. ]

Now, we prove Theorem 1.3.

Proof of Theorem 1.53. By [4, Lemma 2.2], if p € X is a general point and 3 < h < min{n + 1, d},
then AZ is a general complete intersection of type (2,3,...,h— 1) in P?~L. If AZ is a Fano variety,

then it is rationally connected (see [19]). The canonical bundle of A;} cPlisO AR (Z?;Qli —n).

Therefore, A’I} is a Fano variety if and only if

>
—

h(h—1)

1 <n—1
2

1< n—1 <= h<{ (4.1)

Ven+1+ 1J
—s |

Il
)

i

We note that d >n+1 > HSTLJHIJ > 3 and we assume hereafter h := Li”S”;“lHJ, so that the

general A]’; is a smooth, rationally connected, complete intersection, whose dimension is n+ 1 — h.
Setting 7, := V;)h N X, the projection ¢: Z, --» Ag from p has degree d — h < d — 3. Given
two general points ¢,¢' € Z,, let D C AZ be a rational curve connecting ¢(q) and ¢(¢’), and let
C := ¢ Y(D). By arguing as for the curves C; in the proof of Proposition 4.1, we deduce that C
is integral. Then C' is an irreducible curve passing through two general points ¢, ¢ € Z, endowed
with a map ¢|c: C --+ D of degree d — h. Thus conn.gon(Z,) <d—h=d — L@J
10



7”;"2'H+1J < 5 + 1. So Lemma 3.2 ensures that for general g, qdeX,

Since n > 4, we have h = L
there exists a general point p € X such that ¢,¢' € Z,, i.e. the varieties Z, produce a connecting

family. Thus conn. gon(X') < conn. gon(Z,) < d — L@J -

Let us consider integers n,d > 2 and 2 < h < min{n + 1,d}. Before proving Theorem 1.4, we
aim at introducing a suitable parameter space [J;, for 4-tuples (p, £1,¢2, X), where X C P"*! is a
hypersurface of degree d, p € X and ¢y, /s C Vp’?X are lines having intersection multiplicity at least
h with X at p.

To this aim, we define Sy := Clzo, ..., Zpy1]q and S := S\ {0} as in (2.3), and we set

d—l—n+1>

P:=P""' G:=G(l,n+1) and N +1:=dimc(Sy) = ( p

Let P C PxG be the universal family of lines over G, endowed with the projections P <~ P =2 G.
The morphism 7; makes P a P” bundle over P, whereas m makes P a P'-bundle over G, so that
dim(P) = 2n + 1. Consider the fibred product

PxpP :={(p,[l1],[l2]) | p€EltinNla} CPxGxG
and its diagonal locus
A:={(p,[0,[{) ePxpP|pelt}=P.
Let P" denote the blow-up of P xp P along A and let A be the exceptional divisor. Thus,
dim(PY) = 3n + 1 = dim(A”) + 1.
Moreover, as a set, we have
A ={(p,[0,[0))| pelcT}CPxGxG(2,n+1).

Given a polynomial ' € S}, let Xr := V(F) C P denote its vanishing locus. Then we define the
variety O, C PY x S5 as

<1<
Op = 0Opt! o= {(p, (1], [£2], F) € PO x 5% b7 fandfor 1 <i<2, }

either ¢; C Xp or Xp-¥; > hp

Lemma 4.4. For any 2 < h < min{n+1,d}, O, is smooth, irreducible, of dimension 3n+3+N —2h,
dominating both P and S? via the projection maps

P70, 2 s

Proof. Let (p, [61],[¢2]) € P2\ A" and F € S. Requiring that (p, [¢1], [¢2], F) € Op, amounts to
impose 2h — 1 independent linear conditions to F', corresponding to the conditions ¢1 - Xp > hp
and 52 -XF > hp.

We claim that the same happens at (p, [/],[II]) € AY, when we require (p, [¢], [II], F) € Op,.
In fact, choose affine coordinates (n,¢) on II such that p = (0,0) and ¢ = V(n). Write F| =
Fo+Fi1+-- -+ Fy, where F; = Zogjgz‘ amni_jg“j is a homogeneous polynomial of degree i. Imposing
the condition X - ¢ > hp gives a;; = 0, for any 0 < ¢ < h — 1. Now, consider a general line
¢ :=V(n—t) in 7 through p = (0,0). Imposing the condition X - ¢ > hp and letting ¢ approach
¢, i.e. letting t approach zero, gives a;;—1 = 0 for any 1 < 7 < h — 1. Therefore, there are again

2h — 1 independent conditions for the coefficients of F' in order to have (p, [¢], [I1], F') € Oj.
11



Hence the projection ¥: [0, — PY is onto, and its fibers are parameterized by (2h — 1)—
codimensional linear subspaces of Sy. Therefore, [ is smooth, irreducible, of dimension

dim(0,) = dim(P") + dim(Sy) — (2h —1) =3n+2+ N —2h + 1.

The surjectivity of ®: [0, — S} is clear; indeed, for any F' € S and any p € X, we have that
dim(VphXF) >n+2—h>0,as h <n+ 1 by assumption. O

For a general polynomial F' € S, we set
Onp = Opt = o7 1(F), (4.2)

which is smooth, equidimensional, of dimension 3n + 2 — 2h.

Now, we argue as in [20, Proof of Theorem 3.3] and we prove Theorem 1.4.

Proof of Theorem 1.4. Let X C P**! be a very general hypersurface of degree d > 2n + 2 and let
h € N such that conn. gon(X) = d — h. It follows from Theorem 1.3 that h > LH* VS”HJ We note

that if h = {Hi%fnﬁ (RS ﬁJ < L@J

J, we are done because L for any n > 4. Hence we

assume hereafter
14++v8n+1
h> {* s J (4.3)
Given two general points x1,zs € X, there exists an irreducible curve C C X containing xq
and zg such that gon(C') = conn.gon(X) = d — h. Since h > 3, by Proposition 4.1 there exists a
point p € X such that C' C Vph,
curve D C AZ. In particular, if £1, 45 C V;Dh denote the lines connecting the vertex p to the points

and the projection ,: Vph -—» Az from p maps C to a rational

x1,T9 € X, respectively, then D passes through the corresponding points 1 N AZ and £ N A]};. So,
we are interested in the locus R,4+1 C Uy defined as

D, XF

through the points ¢; N AZ,XF and £, N AP

Rnt1:= {(p; (1], [l2], F) € Oy X

{1 # 5 and 3 a rational curve D C A"y passing } (4.4)

It follows from [4, Lemma 2.2] that for F' € S} general and p € Xr general, the variety AZ = Ag Xp
is a general complete intersection of type (1,1,2,...,h — 1) in P?*!. Thus its canonical bundle is
isomorphic to Oyn (2?2—21 i—n), which is effective by (4.1) and (4.3). In particular, AZ is not covered
by rational curves, so that R, consists of (at most) countably many proper closed subsets of [Jj,.

Let I € S} be the polynomial defining the very general hypersurface X C P!, According to the
discussion above, for general 1,9 € X, we may find (at least) one 4—tuple (p, [¢1], [¢2], F') € Rpn+1,
where ¢; = (p,x;) for i = 1,2. Since ¢; N X consists of finitely many points, as we vary the pair
(r1,22) € X x X, the corresponding 4-tuples (p, [¢1], [¢2], F') describe a subset of R,41 N DZ}I

having dimension at least 2n. In particular, dim <Rn+1 N DZ?) > 2n and, being I’ € S very
general, we deduce that dimR,,+1 > 2n + N + 1. Therefore,

codimp, Rp+1 < n+2 — 2h. (4.5)

We point out that for any subfamily F C 0O, such that (p,[0],[l2],F) € F, we have
codimz (Ryp4+1 NF) < codimp, Ry41. Hence (4.5) gives

codimg (Rp41 NF) <n+2—2h. (4.6)
12



We construct a subfamily F C O, with (p, [¢1], [¢2], F') € F, as follows. Let

and let (p/,[¢}],[64), F') € O™ be a 4-tuple such that Y’ := V(F') C P™*2 is a very general
hypersurface of degree d, p’ € Y’ is a very general point, ¢} is very general among lines in V;f}yy,
passing through p', and ¢, # ¢}. Moreover, we deduce from (4.3) that m +2 > n + 1.

Let M > m+2 > n+1and let (p",[0]],[64), F") € OM, where Y := V(F") c PM is a
hypersurface of degree d such that X is a (n 4 1)-plane section and Y is a (m + 2)-plane section,
with p=p' =p", t4 =0} =] and ¢y = 0}, = (7.

Now, let Z, C Hom (IP”’,IP’M ) be the set of parameterized r—planes in P containing the
plane (¢1,05), and let Z. C Z, be the subset of parameterized r—planes A C PM such that
(p, [€1], [l2], FA) € Ry, where F} is the polynomial defining the section of Y by A.

We point out that for any A € Z,, we have (p, [¢1], [(2], Fo) € O}. To see this fact, consider
the hypersurface Y := V(Fy) = ANY” of degree d in A = P". For i = 1,2, we have ¢; C A,
so the intersection schemes ¢; - Y and ¢; - Y are supported on the same 0-cycle of degree d, i.e.
multy(4; - Y) = multy(¢; - Y") for any ¢ € Y N¥4;. In particular, Y - ¢; > hp for i = 1,2, so that
(p, [a], [l2], Fp) € DZ

As in [20], let F be the image of Z,, 11 in DZ“ under the map sending a (n+ 1)-plane A € Z,, 4
to the point (p, [¢1], [¢2], FA) € DZ‘H. Thus Ry,41 N F is the image of Z], ;. According to (4.6), we
have

codimg, ,, Z}, .y <n+2—2h. (4.7)
Let &, := codimy, Z'. Since Y/ C P™*2 and p € Y’ are very general, then AZY’ is a smooth
complete intersection of type (1,1,2,...,h — 1) in P™*2 by [4, Lemma 2.2]. Hence its canonical

bundle is O AR, (Z?:_Qli —m — 1), which is trivial by the choice of m. In particular, AZ,Y/ is not

covered by rational curves and, being £ C Vphy, a very general line through p, there are no rational
curves of AZ,Y’ passing through the point ¢ N Algyy,. Thus (p, [t1], [¢2], F') & Rm+2 and €40 > 1.
Applying [20, Proposition 3.5], we obtain

Zyi1 = Emy2+ 122,

Em+1 = COdiHlZm+1 m

and by recursion
Z/

€n+1 = codimy il = Mm—n+2.

h(h—1)
2

n+1
By (4.7), we must have m —n + 2 < n+ 2 — 2h, and being m :=

h(h —1) —3+ 16n + 25
2 2 ‘

— 2, we deduce

—n<n+2—-2h, sothat h <

Thus the connecting gonality of X satisfies conn. gon(X) > d — [@J

The final part of the statement is achieved by using (1.2) and noting that {
L—3+\/16n+25
2

—1+\/16n+1J _
2
J if and only if n belongs to the set

{4a® + 3a,4a® + 5a,4a* + 5a + 1,44 + Ta + 2,4a® + 9a + 4,4a* + 11a + 6| a € N} .
O

Finally, we discuss the values of conn. gon(X), when the hypersurface X has small dimension.
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Example 4.5. Let X C P"*! be a very general hypersurface of degree d > 2n+2, with 1 <n < 16
and n # 9,13, 14.

Case n=1. When X is a plane curve, conn. gon(X) equals the gonality of X, which is gon(X) =
d—1 (cf. [7, Teorema 3.14]).

Case n=2. The connecting gonality of very general surfaces X C P? of degree d > 5 is computed
by tangent hyperplane sections X N7,X, so that conn. gon(X) = d — 2 (see e.g. [1]).

Case n=3. When n = 3, we have conn. gon(X) = d—2. To see this fact, notice that conn. gon(X) <
d—2 by Remark 4.3 and case n = 2 above. On the other hand, conn. gon(X) > cov.gon(X) =d—3
by (1.1) and (1.2). Suppose by contradiction that there exists a connecting family C —— T of
(d — 3)-gonal curves. Then Proposition 4.1 ensures that the general curve C; := 7~ 1(¢) lies on
XN V;;O’ for some p € X. By Theorem 1.1, the varieties Z, :== X N Vp3 are curves and, as we vary
p € X, we obtain a 3-dimensional family. However, according to Remark 4.2, the family C — T
should have dimension at least 4, a contradiction.

Cases 4<n<16 with n+#9,13,14. For all these values of n, we may apply Theorems 1.3 and
1.4, and the bounds included therein coincide. Thus

d—3 ifn=4,5

conn. gon(X) — d—4 ifn=6,7,8
= Y d-5 ifn=10,11,12
d—6 ifn=15,16.
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