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Abstract

The paper deals with a diffusive two predators–one prey model with
Holling-type II functional response. We assume that the density of prey
and predators are spatially inhomogeneous on a periodically evolving do-
main and are subject to homogeneous Neumann boundary conditions. We
focus on the case in which all populations have periodic logistic growth,
if isolated, and no competition occurs between predators.

Our main purpose is to study the asymptotic properties of the solutions
of this reaction–diffusion model. More specifically, suitable conditions,
depending on the domain evolution function and the space dimension,
are introduced leading to the extinction of one predator and the stable
coexistence of the surviving predator and its prey. Their density, as time
tends to infinity, tends to the periodic solution of the corresponding kinetic
predator–prey model. Finally, the autonomous model on a fixed domain
is treated.

Keywords. Two predators–one prey model. Diffusion. Evolving domain. Periodicity.

Global stability.

2010 Mathematics Subject Classification. 35B40. 35K57. 37N25. 92D25.

1 Introduction

In mathematical ecology, predator–prey models are a topic which has attracted
the attention of many researchers starting from the classical predator–prey
model independently developed by Lotka and Volterra in the 1920s.

The dynamics of two-species predator–prey systems has been widely studied
(see, e.g. [7, 10, 20, 22, 23, 24, 25, 26, 27, 31]). However, the investigation of
one prey–two predators systems seems to exhibit much reacher characteristics
(see [11, 12, 13, 15, 17, 18, 19, 21, 29]).

In all predator–prey interactions, to represent the average number of prey
killed per individual predator, a functional response has been introduced. In
particular, the Holling-type II functional response (see [9]) is based on the idea
that predators will catch only a limited portion of preys when the prey species
is abundant. If the predators and the prey are confined to a bounded domain Ω
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with smooth boundary and their densities are spatially inhomogeneous, diffusion
terms are added to the reaction terms. Hsiao et al. (see [13]) formulated a one
prey–two predators model with Holling-type II functional response in the form

∂u

∂t
= d1∆u+ u(a0 − a1u)− c1uv

u+m1
− c2uw

u+m2

∂v

∂t
= d2∆v + v

(
−b1 + k1

c1u

u+m1

)
∂w

∂t
= d3∆w + w

(
−b2 + k2

c2u

u+m2

)
,

(1.1)

where u, v, w denote the population densities of the prey and the i-th predator
(i = 1, 2), respectively, ciu

u+mi
, i = 1, 2, is the functional response, di, i = 1, 2, 3,

is the diffusion coefficient.
In (1.1), the authors only considered intraspecific competition for the prey

(represented by the term −a1u), but not for the two predators. Recently, other
authors have supposed both predators and prey intraspecific competition by
establishing suitable mathematical models (see, e.g., [12]). Thus, taking in-
traspecific competition for predators into account, we are addressed to consider
the following diffusive model on the domain Ω in Rn

∂u

∂t
= d1∆u+ u

(
a− u− c1v

u+m1
− c2w

u+m2

)
∂v

∂t
= d2∆v + v

(
u

u+m1
− b1 − v

)
∂w

∂t
= d3∆w + w

(
u

u+m2
− b2 − w

)
.

(1.2)

The parameter a is the intrinsic growth rate of the prey u, b1, b2 are the
natural death rates of predators v, w in absence of the prey, m1,m2 are the
so called half saturation coefficients, and c1, c2 are the maximal predator per
capita consumption rates. All parameters are positive constants. Besides, (1.2)
is characterized by no direct interference between rival predators, that is no
direct predator competition occurs during the hunting. There exists an indirect
competition between the predator species, as they chase the same prey.

Recent advances in mathematical modeling and developmental biology iden-
tify the important role of domain evolution. In particular, in population mod-
els, the habitat Ω may present periodic variations caused by the seasons effect.
Rivers and lakes may change their area and depth. In the summer, the water
area becomes larger while in the winter the size of the habitat becomes smaller.
In [16] a diffusive logistic equation on periodically evolving domains is investi-
gated showing that the persistence of a species depends on the domain evolution
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rate. In order to investigate the effects of the domain evolution on the long-time
behavior of a model of type (1.2), we study the system

∂u

∂t
+ a · ∇u+ u(∇ · a) = d1(t)∆u+ u

(
a(t)− u− c1v

u+m1
− c2w

u+m2

)
∂v

∂t
+ a · ∇v + v(∇ · a) = d2(t)∆v + v

(
u

u+m1
− b1(t)− v

)
∂w

∂t
+ a · ∇w + w(∇ · a) = d3(t)∆w + w

(
u

u+m2
− b2(t)− w

)
,

(1.3)
on a periodically evolving domain Ωt, where each solution (u, v, w) depends on
position x(t) and time t. By using the same arguments in [16] and the references
therein, the domain evolution introduces an advection term a·∇u, corresponding
to the elemental volumes moving with the flow due to the local growth, and a
dilution term u(∇ · a), due to local volume change. Here a represents the flow
velocity field.

System (1.3) is endowed with initial positive conditions on Ω0 (the initial
domain) and homogeneous Neumann boundary conditions on the boundary Ωt,
t > 0. We shall deal with a spatially isotropic and temporally periodic domain
Ωt, whose definition is formulated in the next section. Moreover, we assume that
the coefficients a(t), bi(t), di(t), i = 1, 2, are periodic in time owing to the sea-
sonal changes of the environment. In (1.3) the functional response has constant
coefficients since we assume a negligible effect of the environment variation on
this term. To the best of our knowledge, few analytical results are available for
ecological system in this setting (see [6, 8, 30]). Even on fixed domains, diffu-
sive predator–prey models, described as non-autonomous systems with periodic
coefficients (see [4]), have not been deeply investigated.

In this paper, we are mainly concentrated on diffusive model (1.3), viewing
at (1.2) as a simpler case.

We analyze the behavior of the solutions to (1.3) in order to find suitable
conditions under which only one predator species survives, while the other one
dies out. Then we determine the limiting behavior of the surviving predator
and its prey. More precisely, we show that, under suitable assumptions, for any
positive solution (u, v, w) to (1.3), we have

lim
t→+∞

w = 0, lim
t→+∞

|u− u∗| = 0 = lim
t→+∞

|v − v∗|.

Here (u∗(t), v∗(t)) is the periodic solution to the kinetic two-species preda-
tor–prey model (3.1). Our main tools are comparison results for parabolic
equations, the Lyapunov method and the method of invariant regions.

In Section 2, by using standard arguments (see [16, 30] and the reference
therein) we transform system (1.3) into the reaction–diffusion system (2.4) on
the fixed domain Ω0, whose new diffusion coefficients and growth rates depend
on the domain evolution function ρ(t) (see Section 2) and on the space dimen-
sion. In Section 3 we investigate the large time behavior of the kinetic system
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corresponding to (2.4). Such result appears to be a fundamental step in the
investigation developed in Section 4. Its main result, Theorem 4.2, shows that
the surviving species tend to spread out in the habitat in a uniform way. Their
limiting values are spatially homogeneous and time periodic.

The required assumptions for Theorem 4.2 implicitly depend on the space
dimension and on the time evolution of the domain.

In the case of a fixed domain Ω and constant coefficients, our model (1.3)
turns into the autonomous predator–prey system (1.2). Section 5 illustrates
as the behavior of system (1.2) is influenced by the kinetic two species preda-
tor–prey system (5.1) . By the linearized stability technique, in Theorem 5.3, we
analyze the local asymptotic stability of the semitrivial solution (u∗, v∗, 0). The
global stability result, proved in Theorem 5.5, requires only simple inequalities
among the coefficients of system (1.2).

Finally, Section 6 ends the paper with a brief discussion.

2 Preliminaries

Let Ωt ⊂ Rn (n ≥ 1, t ≥ 0) be a simply connected bounded evolving domain for
all t ≥ 0, with evolving boundary ∂Ωt.

Hence we focus on the three-species reaction diffusion system (1.3) acting on
the cylinder Ωt × [0,+∞[. We denote by u(x(t), t) the density of the prey and
by v(x(t), t), w(x(t), t) the density of the two predators, at time t and position
x(t).

System (1.3) can be obtained by applying Reynolds transport theorem (see
[1]); in particular, the evolution of Ωt generates a flow velocity field a(x, t), that
introduces extra advection and dilution terms in the system on a fixed domain.

From now on we assume that the environment is periodic in time and ho-
mogeneous in space. The coefficients depending on t are continuous T -periodic
functions; in particular, for i = 1, 2, 3, di(t) > 0, [b1(t)], [b2(t)], [a(t)] > 0. Here,
if f is a continuous T -periodic function,

[f(t)] =
1

T

∫ T

0

f(t) dt

denotes the integral average (or mean value) of f .
The remaining coefficients c1, c2,m1,m2 are strictly positive constants.
We impose self-organization on the system through the Neumann boundary

conditions
∂u

∂n
=
∂v

∂n
=
∂w

∂n
= 0 on ∂Ωt, t > 0,

and we consider the initial conditions

u(x, 0) = ϕ1(x), v(x, 0) = ϕ2(x), w(x, 0) = ϕ3(x), x ∈ Ω0, (2.1)

with ϕi(x) ∈ C2(Ω0) ∩ C(Ω0), ϕi(x) ≥ 0 for every x ∈ Ω0, but not identically
equal to 0, and i = 1, 2, 3.

In particular, a solution of (1.3) is said to be positive if the initial data (2.1)
satisfy ϕi(x) > 0, i = 1, 2, 3, for all x ∈ Ω0.

4



As a standard assumption in the derivation of reaction–diffusion equations on
evolving domains (see [16, 30]) we impose that the flow velocity a(x, t) coincides
with the domain velocity, i.e.,

a(x, t) = (x′1(t), . . . , x′n(t)). (H1)

Moreover, for analytic convenience, we introduce a transformation that maps
(1.3) into a system on the fixed domain Ω0. A way to achieve this is restricting
ourselves to a special class of domain evolution. More precisely, we assume that
there exists a C1, T -periodic function ρ(t) such that ρ(0) = 1, ρ(t) > 0 for t > 0,
and, for every x(t) ∈ Ωt,

(x1(t), . . . , xn(t)) = ρ(t)(y1, . . . , yn), y = (y1, . . . , yn) ∈ Ω0. (H2)

Then, under assumptions (H1) and (H2), (u, v, w) is mapped into

ũ(y1, . . . yn, t) = u(x1(t), . . . , xn(t), t)
ṽ(y1, . . . yn, t) = v(x1(t), . . . , xn(t), t)
w̃(y1, . . . , yn, t) = w(x1(t), . . . , xn(t), t).

(2.2)

From now on, for simplicity, we shall denote by (u, v, w) the new variables
(ũ, ṽ, w̃) defined in (2.2).

As a matter of fact, under the above transformation, system (1.3) turns into
the reaction–diffusion system on a fixed domain

∂u

∂t
+ n

ρ′(t)

ρ(t)
u =

d1(t)

ρ2(t)
∆u+ u

(
a(t)− u− c1v

u+m1
− c2w

u+m2

)
∂v

∂t
+ n

ρ′(t)

ρ(t)
v =

d2(t)

ρ2(t)
∆v + v

(
u

u+m1
− b1(t)− v

)
∂w

∂t
+ n

ρ′(t)

ρ(t)
w =

d3(t)

ρ2(t)
∆w + w

(
u

u+m2
− b2(t)− w

)
,

(2.3)

where n is the spatial dimension (see [16, 30] for details).
Accordingly, we deal with the resulting model on the fixed domain Ω0



∂u

∂t
=
d1(t)

ρ2(t)
∆u+ u

(
γ(t)− u− c1v

u+m1
− c2w

u+m2

)
∂v

∂t
=
d2(t)

ρ2(t)
∆v + v

(
u

u+m1
− δ1(t)− v

)
∂w

∂t
=
d3(t)

ρ2(t)
∆w + w

(
u

u+m2
− δ2(t)− w

)
,

∂u

∂n
=
∂v

∂n
=
∂w

∂n
= 0 in ∂Ω0×]0,+∞[,

u(y, 0) = ϕ1(y), v(y, 0) = ϕ2(y), w(y, 0) = ϕ3(y) y ∈ Ω0,

(2.4)
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where

γ(t) = a(t)− nρ
′(t)

ρ(t)
, δi(t) = bi(t) + n

ρ′(t)

ρ(t)
, i = 1, 2. (2.5)

Therefore we have transformed system (1.3) into a reaction–diffusion system
on the fixed domain Ω0 with diffusion coefficients and growth rates depending
on ρ(t). Note that

[γ(t)] = [a(t)] > 0, [δi(t)] = [bi(t)] > 0 for i = 1, 2. (2.6)

3 The kinetic system

We begin our analysis by studying the kinetic two-species predator–prey model
u′ = u

(
γ(t)− u− c1v

u+m1

)

v′ = v

(
u

u+m1
− δ1(t)− v

)
.

(3.1)

Our aim is showing the existence of a global stable, periodic solution (u∗(t), v∗(t))
to the above system. Indeed, such a spatially homogeneous solution has a fun-
damental role to achieve the searched asymptotic properties of the solutions to
the reaction–diffusion system (2.4).

From now on, we assume that[
u1(t)

u1(t) +m1

]
> [δ1(t)], (3.2)

where we denote by u1(t) the positive periodic solution to the logistic equation

u′ = u(γ(t)− u)

(see [3]). We point out that, if (u(t), v(t)) is a positive solution to (3.1), then
there exists t0 > 0 such that

u(t) ≤ u1(t), t > t0. (3.3)

Indeed, if u(0) ≤ u1(0), from the comparison theorem, it follows that u(t) ≤
u1(t) for every t > 0. If, on the other hand, u(0) > u1(0), by using standard
arguments (see, for example, [5]) and taking (3.2) into account, one can prove
that (3.3) holds true.

Further, we denote by v1(t) the positive periodic solution to

v′ = v

((
u1(t)

u1(t) +m1
− δ1(t)

)
− v
)
. (3.4)

Moreover, we suppose that

[γ(t)] >
c1
m1

[v1(t)], (3.5)
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so that the logistic equation

u′ = u

((
γ(t)− c1v1(t)

m1

)
− u
)

(3.6)

admits the positive periodic solution u2(t).
Finally, assume that [

u2(t)

u2(t) +m1

]
> [δ1(t)], (3.7)

and let v2(t) be the positive periodic solution to

v′ = v

((
u2(t)

u2(t) +m1
− δ1(t)

)
− v
)
.

We set, for t > 0,

Σ(t) = [u2(t), u1(t)]× [v2(t), v1(t)]. (3.8)

In the next result, we prove that Σ(t) is an invariant and attractive region
for (3.1); moreover, (3.1) admits a positive periodic solution.

Theorem 3.1. Under assumptions (3.2), (3.5), (3.7), if (u(t), v(t)) is a posi-
tive solution to (3.1), there exists t > 0 such that (u(t), v(t)) ∈ Σ(t) for every
t > t. Moreover, system (3.1) admits a positive periodic solution (u∗(t), v∗(t))
satisfying

(u∗(t), v∗(t)) ∈ Σ(t), t > 0.

Proof. Let (u(t), v(t)) be a positive solution to (3.1). As (3.3) shows, there
exists t1 > 0 such that, for every t > t1, u(t) ≤ u1(t).

From this it follows that, for t > t1,

v′ ≤ v
((

u1(t)

u1(t) +m1
− δ1(t)

)
− v
)
.

Hence, there exists t2 > t1 such that v(t) ≤ v1(t), for t > t2. Moreover,

v(t)

u(t) +m1
≤ v1(t)

m1
, t > t2;

accordingly, for t > t2,

u′(t) ≥ u
((

γ(t)− c1v1(t)

m1

)
− u
)
,

so that there exists t3 > t2 such that u(t) ≥ u2(t) for t > t3.
Finally,

v′(t) ≥ v
((

u2(t)

u2(t) +m1
− δ1(t)

)
− v
)
,

which implies the existence of t > t3 such that v(t) > v2(t) for t > t.
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We pass now to prove the existence of a positive periodic solution to (3.1).
To this end, set

K = [u2(0), u1(0)]× [v2(0), v1(0)]

and let (u(t), v(t)) be a solution to (3.1) with initial condition (u(0), v(0)) ∈ K.
Then

u2(t) ≤ u(t) ≤ u1(t), v2(t) ≤ v(t) ≤ v1(t), for every t > 0.

In particular
u2(0) = u2(T ) ≤ u(T ) ≤ u1(T ) = u1(0)

and
v2(0) = v2(T ) ≤ v(T ) ≤ v1(T ) = v1(0),

so that
(u(T ), v(T )) ∈ K. (3.9)

Consider the map

F : K −→ K, F (x, y) = (u(T ), v(T )),

where, for every (x, y) ∈ K, (u(t), v(t)) is the solution to (3.1) satisfying u(0) =
x, v(0) = y. F is indeed well-defined, since, by (3.9), F (x, y) ∈ K.

Moreover, F is continuous, so that, thanks to the Brouwer fixed point theo-
rem, there exists a point (û, v̂) ∈ K such that

F (û, v̂) = (û, v̂).

By construction, the solution (u∗(t), v∗(t)) to (3.1) with initial condition (û, v̂)
is T -periodic and, for every t ∈ [0, T ],

(u∗(t), v∗(t)) ∈ Σ(t).

This completes the proof.

We note that some of the results in Theorem 3.1 are in accordance with the
the ones in [10, Theorem 3.2, Proposition 3.4].

We can now state the following theorem.

Theorem 3.2. Assume that (3.2), (3.5), (3.7) are verified and let (u∗(t), v∗(t))
be the positive periodic solution to system (3.1). Set

λ =

[
m1u

∗(t)

u∗(t) +m1

]
, µ = [v∗(t)] (3.10)

and further suppose that, for each t ∈ [0, T ],

c1
u2(t)+m1

(
−λv∗(t)+µ

m1u
∗(t)

u∗(t)+m1

)2

< 4λµu∗(t)v∗(t)

(
u2(t)+m1−

c1v
∗(t)

u∗(t)+m1

)
.

(3.11)
Then (u∗(t), v∗(t)) is a globally asymptotically stable solution to (3.1), i.e., if
(u(t), v(t)) is a positive solution to (3.1), then

lim
t→+∞

(u(t)− u∗(t)) = 0 = lim
t→+∞

(v(t)− v∗(t)).
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Proof. The proof is based on a positive Lyapunov function. Fix a positive
solution (u(t), v(t)) to system (3.1) and consider the Lyapunov function

V (t) = H(t, u(t), v(t)),

where

H(t, u, v) = λ

∫ u/u∗(t)

1

(
1− 1

z

)
dz + c1µ

∫ v/v∗(t)

1

(
1− 1

s

)
ds.

Since, taking Theorem 3.1 into account, for t > t, the solutions to (3.1)
ultimately enter Σ(t) (see (3.8)), we restrict the study to this set.

In particular, for t > t,

V ′(t) = λ
u− u∗(t)

u

(
u

u∗(t)

)′
+ c1µ

v − v∗(t)
v

(
v

v∗(t)

)′
= λ

u−u∗(t)
u∗(t)

(
γ(t)−u− c1v

u+m1

)
−λu−u

∗(t)

u∗(t)

(
γ(t)−u∗(t)− c1v

∗(t)

u∗(t)+m1

)
+ c1µ

v − v∗(t)
v∗(t)

(
u

u+m1
− δ1(t)− v

)
− c1µ

v − v∗(t)
v∗(t)

(
u∗(t)

u∗(t) +m1
− δ1(t)− v∗(t)

)
= A(u, v, t)

where, after some computations, we have

A(u, v, t) = − λ

u∗(t)(u+m1)

(
u+m1 −

c1v
∗(t)

u∗(t) +m1

)
(u− u∗(t))2

+
c1

(u+m1)u∗(t)v∗(t)

(
−λv∗(t) + µ

m1u
∗(t)

u∗(t) +m1

)
(u− u∗(t))(v − v∗(t))

− µ c1
v∗(t)

(v − v∗(t))2.

(3.12)

For each fixed t, A(u, v, t) appears as a quadratic form in the variables (u−
u∗(t)) and (v − v∗(t)), so that it is definite negative if and only if

c1
u+m1

(
−λv∗(t) + µ

m1u
∗(t)

u∗(t) +m1

)2

< 4λµu∗(t)v∗(t)

(
u+m1 −

c1v
∗(t)

u∗(t) +m1

)
.

(3.13)
Since u(t) ≥ u2(t) for t > t, hypotesis (3.11) ensures the validity of (3.13).
Thus, there exists k > 0 such that

V ′(t) = A(u, v, t) ≤ −k((u− u∗(t))2 + (v − v∗(t))2);

integrating from t to t,

k

∫ t

t̄

((u− u∗(s))2 + (v − v∗(s))2) ds ≤ V (t)− V (t) < V (t) < +∞.
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Accordingly, ∫ +∞

t̄

((u− u∗(s))2 + (v − v∗(s))2) ds < +∞

and this yields (see [31, Lemma 2.1]),

lim
t→+∞

(u− u∗(t))2 + (v − v∗(t))2) = 0,

so that the global attractivity of (u∗(t), v∗(t)) is proved.

Remark 3.1. Note that the choice of λ and µ given by (3.10) provides that

−λ[v∗(t)] + µ

[
m1u

∗(t)

u∗(t) +m1

]
= 0,

so that, in the case of an autonomous system, the coefficient of the term (u −
u∗)(v − v∗) is zero.

We now consider the kinetic system corresponding to (2.4), that is

u′ = u

(
γ(t)− u− c1v

u+m1
− c2w

u+m2

)

v′ = v

(
u

u+m1
− δ1(t)− v

)

w′ = w

(
u

u+m2
− δ2(t)− w

)
.

(3.14)

We want to determine sufficient conditions in order that (3.14) evolves in
time in such a way that one of the predators is driven to extinction.

Theorem 3.3. Under assumptions (3.2), (3.5), (3.7), let (u∗(t), v∗(t)) be the
periodic positive solution to (3.1) and suppose (3.11) holds true. Suppose further
that [

u1(t)

u1(t) +m2

]
< [δ2(t)]. (3.15)

If (u(t), v(t), w(t)) is a positive solution to (3.14), then

lim
t→+∞

w(t) = 0 (3.16)

and
lim

t→+∞
(u(t)− u∗(t)) = lim

t→+∞
(v(t)− v∗(t)) = 0. (3.17)

Proof. Consider a positive solution (u(t), v(t), w(t)) to (3.14) and let z(t) be the
solution to 

z′ = z

((
u1(t)

u1(t) +m2
− δ2(t)

)
− z
)

z(t0) = w(t0);
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taking (3.3) into account, for t ≥ t0,

u1(t)

u1(t) +m2
− δ2(t) ≥ u(t)

u(t) +m2
− δ2(t)

as the function f(u) =
u

u+m2
, u ≥ 0, is increasing.

Hence,
w(t) ≤ z(t), t ≥ t0;

since (3.15) holds true, it is well known that lim
t→+∞

z(t) = 0 and this yields

(3.16).
Since (u∗(t), v∗(t)) satisfies the assumptions of Theorem 3.2, it is globally

stable for (3.1).
On the other hand, (u(t), v(t)) can be viewed a solution to the perturbed

system 
u′ = u

(
γ(t)− u− c1v

u+m1

)
− c2wu

u+m2

v′ = v

(
u

u+m1
− δ1(t)− v

)
,

where the perturbation q(u, t) = − c2wu
u+m2

satisfies lim
t→+∞

q(u, t) = 0 uniformly

with respect to the first variable, because of (3.16). Taking [2, Theorem 5.5.5]
and Theorem 3.2 into account, we conclude that (3.17) holds true.

4 Main result

In this section, we mainly focus on the diffusive system (2.4). Our first result
applies to the bidimensional system



∂u

∂t
=
d1(t)

ρ2(t)
∆u+ u

(
γ(t)− u− c1v

u+m1

)
in Ω0 × [0,+∞[,

∂v

∂t
=
d2(t)

ρ2(t)
∆v + v

(
u

u+m1
− δ1(t)− v

)
in Ω0 × [0,+∞[,

∂u

∂n
=
∂v

∂n
= 0 in ∂Ω0×]0,+∞[,

u(y, 0) = ϕ1(y), v(y, 0) = ϕ2(y), y ∈ Ω0.

(4.1)

Theorem 4.1. Under assumptions (3.2), (3.5), (3.7), if (u(y, t), v(y, t)) is a
positive solution to (4.1), there exists t > 0 such that (u(y, t), v(y, t)) ∈ Σ(t) for
every t > t and y ∈ Ω0.
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Proof. Take a positve solution (u(y, t), v(y, t)) to (4.1) and set v0(t) = min
y∈Ω0

v(y, t).

Let u(t) be the solution to
u′ = u

(
γ(t)− u− c1v0(t)

u+m1

)

u(0) = max
y∈Ω0

ϕ1(y).

u(t) is a spatially homogeneous solution to

∂u

∂t
=
d1(t)

ρ2(t)
∆u+ u

(
γ(t)− u− c1v0(t)

u+m1

)
in Ω0 × [0,+∞[

∂u

∂n
= 0 in ∂Ω0×]0,+∞[,

u(y, 0) = max
y∈Ω0

ϕ1(y) in Ω0.

By using the comparison theorem for parabolic equations, we get that

u(y, t) ≤ u(t), y ∈ Ω0.

We first remark that lim
t→+∞

v(y, t) > 0 uniformly with respect to y ∈ Ω0

because of (3.2), hence lim
t→+∞

v0(t) > 0. From this it follows that, reasoning as

in Theorem 3.1, for a sufficiently large t1 > 0,

u(t) ≤ u1(t), t > t1,

and, consequently,

u(y, t) ≤ u1(t), t > t1, y ∈ Ω0.

Let now v(t) be the solution to
v′ = v

(
u(t)

u(t) +m1
− δ1(t)− v

)

v(t1) = max
y∈Ω0

v(y, t1).

Then v(y, t) ≤ v(t) for y ∈ Ω0.
On the other hand,

u(t)

u(t) +m1
≤ u1(t)

u1(t) +m1
, t > t1,

and v1(t) is the periodic solution to the logistic equation (3.4).
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Thus, for a sufficiently large t2 > t1,

v(t) ≤ v1(t), t > t2,

and, consequently, for t > t2 and y ∈ Ω0,

v(y, t) ≤ v1(t).

Consider now the solution u(t) to
u′ = u

(
γ(t)− u− c1v

m1

)

u(t2) = min
y∈Ω0

u(y, t2).

(4.2)

Then, arguing as before, u(t) ≤ u(y, t); moreover, since u2(t) is the periodic
solution to the logistic equation (3.6), there exists t3 > t2 such that for all t > t3
and y ∈ Ω0,

u(y, t) ≥ u(t) ≥ u2(t).

Reasoning in the same way, we can find t > t3 such that, if t > t and y ∈ Ω0,

v(y, t) ≥ v2(t).

Hence, the proof is complete.

We are now ready to prove the main result of the paper, which investigates
the asymptotic behavior of (2.4).

Theorem 4.2. Under assumptions (3.2), (3.5), (3.7), (3.11) and (3.15), let
(u∗(t), v∗(t)) be the positive periodic solution to (3.1). Moreover, assume that,
for every t ∈ [0, T ],

δ2(t) > max

{
1,
m1

m2

}
u∗(t)

u∗(t) +m1
. (4.3)

If (u(y, t), v(y, t), w(y, t)) is any positive solution of (2.4) subject to Neumann
boundary conditions, then

lim
t→+∞

w(y, t) = 0 (4.4)

and
lim

t→+∞
|u(y, t)− u∗(t)| = lim

t→+∞
|v(y, t)− v∗(t)| = 0 (4.5)

uniformly with respect to y ∈ Ω0.

Proof. Fix a positive solution (u(y, t), v(y, t), w(y, t)) to the diffusive system
(2.4). Then (4.4) follows from assumption (3.15), Theorem 3.3 and the compar-
ison theorem for parabolic equations.

We now formulate the following claim:

there exists t > 0 such that u(y, t) ≥ u2(t) for t > t, y ∈ Ω0. (4.6)
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The proof is almost obvious now from previous results in this section and the
arguments of Theorem 4.1. Therefore we only make some considerations here.

The inequalities

u(y, t) ≤ u1(t), t > t1, y ∈ Ω0

v(y, t) ≤ v1(t), t > t2 > t1, y ∈ Ω0

follow from Theorem 4.1 and the fact that w(y, t) > 0.
Put w0(t) = max

y∈Ω0

w(y, t) and remark that lim
t→+∞

w0(t) = 0 thanks to (4.4).

The ODE

u′ = u

((
γ(t)− c1v1(t)

m1

)
− u
)
− c2

uw0(t)

u+m2

has the same asymptotic behavior as (3.6), because the perturbation term
−c2uw0

u+m2
goes to zero at infinity.

Combining these facts with the arguments in Theorem 3.1 and Theorem 4.1,
for a suitable t > 0, we obtain

u(y, t) ≥ u(t) ≥ u2(t), t > t, y ∈ Ω0,

where u(t) is the solution to (4.2). Hence inequality (4.6) holds.
At this point, we are able to prove (4.5) by means of the Lyapunov method.

Consider the positive function

V (t) =

∫
Ω0

H(u(y, t), v(y, t), w(y, t)) dy

where

H(u(y, t), v(y, t), w(y, t)) = λ

∫ u/u∗(t)

1

(
1− 1

z

)
dz

+ c1µ

∫ v/v∗(t)

1

(
1− 1

s

)
ds+ c2w(y, t),

and the constants λ, µ are defined as in (3.10).
Since (u, v, w) verifies (2.4), we infer that, for t > t,

∂H

∂t
= λ

u− u∗(t)
u

∂

∂t

(
u

u∗(t)

)
+ c1µ

v − v∗(t)
v

∂

∂t

(
v

v∗(t)

)
+ c2

∂w(y, t)

∂t

= λ
d1(t)

ρ2(t)u∗(t)

(
1− u∗(t)

u

)
∆u+ c1µ

d2(t)

ρ2(t)v∗(t)

(
1− v∗(t)

v

)
∆v + c2

d3(t)

ρ2(t)
∆w

+A(u, v, t) + c2w

(
u+m1

u+m2

u∗(t)

u∗(t) +m1
− δ2(t)− w

)
,

with A(u, v, t) defined as in (3.12).
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Hence, taking the no-flux boundary conditions into account, we have

V ′(t) =

∫
Ω0

∂H

∂t
dy

= A
d1(t)

ρ2(t)u∗(t)

∫
Ω0

(
1− u∗(t)

u

)
∆u dy + c1B

d2(t)

ρ2(t)v∗(t)

∫
Ω0

(
1− v∗(t)

v

)
∆v dy

+ c2
d3(t)

ρ2(t)

∫
Ω0

∆w dy +

∫
Ω0

A(u, v, w, y, t) dy

= −Ad1(t)

ρ2(t)

∫
Ω0

|∇u|2

u2
dy − c1B

d2(t)

ρ2(t)

∫
Ω0

|∇v|2

v2
dy +

∫
Ω0

C(u, v, w, y, t) dy

≤
∫

Ω0

C(u, v, w, y, t) dy

where

C(u, v, w, y, t) = A(u, v, t) + c2w

(
u+m1

u+m2

u∗(t)

u∗(t) +m1
− δ2(t)− w

)
.

Since (3.11) and (4.6) hold true, as in the proof of Theorem 3.2, there exists
k > 0 such that

A(u, v, t) ≤ −k((u− u∗(t))2 + (v − v∗(t))2).

Consequently,

C(u, v, w, y, t) ≤ −ν((u− u∗(t))2 + (v − v∗(t))2 + w2)

+ c2w

(
u+m1

u+m2

u∗(t)

u∗(t) +m1
− δ2(t)

)
,

(4.7)

where ν = max{k, c2}.
We claim that, under assumption (4.3),

u+m1

u+m2

u∗(t)

u∗(t) +m1
− δ2(t) < 0.

In fact, if m1 ≤ m2, then

u+m1

u+m2

u∗(t)

u∗(t) +m1
≤ u∗(t)

u∗(t) +m1
< δ2(t).

On the other hand, if m1 > m2, then

u+m1

u+m2

u∗(t)

u∗(t) +m1
<
m1

m2

u∗(t)

u∗(t) +m1
< δ2(t).

Summing up, from (4.7) we get that

C(u, v, w, y, t) ≤ −ν((u− u∗(t))2 + (v − v∗(t))2 + w2),
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so that

V ′(t) ≤ −ν
∫

Ω0

((u− u∗(t))2 + (v − v∗(t))2 + w2) dy.

Integrating from t to t,

ν

∫ t

t̄

ds

(∫
Ω0

((u− u∗(t))2 + (v − v∗(t))2 + w2) dy

)
≤ V (t)−V (t) < V (t) < +∞;

thus ∫ +∞

t̄

ds

(∫
Ω0

((u− u∗(t))2 + (v − v∗(t))2 + w2) dy

)
< +∞

and, consequently (see [31, Lemma 2.1]),

lim
t→+∞

‖u(·, t)− u∗(t)‖L2(Ω0) = lim
t→+∞

‖v(·, t)− v∗(t)‖L2(Ω0)

= lim
t→+∞

‖w(·, t)‖L2(Ω0) = 0.
(4.8)

Let p > max{n, 2}; then the Sobolev inequality ([28]) yields that, for (y, t) ∈
Ω0 × R+,

|u(y, t)− u∗(t)|p ≤
∫

Ω0

|u(y, t)− u∗(t)|p dy +

∫
Ω0

|∇(u(y, t)− u∗(t))|p dy

≤ c1
∫

Ω0

|u(y, t)− u∗(t)|2 dy + c2

∫
Ω0

|∇(u(y, t)− u∗(t))|2 dy.
(4.9)

Moreover,

lim
t→∞

∫
Ω0

|∇(u(y, t)− u∗(t))|2 dy = 0;

in fact, multiplying by u− u∗(t) the first equation in (2.4) and integrating over
Ω0, there exists c > 0 such that

d1(t)

ρ2(t)

∫
Ω0

|∇(u(y, t)− u∗(t))|2 dy

≤ −1

2

d

dt

∫
Ω0

|u(y, t)− u∗(t)|2 dy + c

∫
Ω0

|u(y, t)− u∗(t)|2 dy.

From this, (4.8) and (4.9), it follows that lim
t→+∞

|u(y, t)−u∗(t)| = 0 uniformly

w.r.t. y ∈ Ω0. Arguing in the same way, this time multiplying the second
equation in (2.4) by (v − v∗(t)), one gets lim

t→+∞
|v(y, t) − v∗(t)| = 0 uniformly

w.r.t. y ∈ Ω0.

Remark 4.1. We can use the same methods developed in Sections 3 and 4 to
find sufficient conditions in order to achieve the extinction of predator v and
the persistence of species u and w.
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5 The autonomous case

We now consider the case of the autonomous system (1.2), acting on a fixed
domain Ω. We prove that the general sufficient conditions for the asymptotic
behaviour of the solutions introduced in Theorem 4.2 can be replaced by simple
inequalities involving the coefficients of the system.

So, from now on, we consider system (1.2) subject to Neumann boundary
conditions

∂u

∂n
=
∂v

∂n
=
∂w

∂n
= 0 in ∂Ω×]0,+∞[,

and initial conditions

u(x, 0) = ϕ1(x), v(x, 0) = ϕ2(x), w(x, 0) = ϕ3(x) x ∈ Ω,

where all the coefficients are supposed to be strictly positive constants and
ϕi(x) ∈ C2(Ω) ∩ C(Ω), ϕi(x) ≥ 0, but not identically zero, for every x ∈ Ω,
i = 1, 2, 3.

If w(x, t) = 0, then (1.2) turns into
∂u

∂t
= d1∆u+ u

(
a− u− c1v

u+m1

)
∂v

∂t
= d2∆v + v

(
u

u+m1
− b1 − v

)
.

(5.1)

We first focus on the corresponding ODE differential system
u′ = u

(
a− u− c1v

u+m1

)

v′ = v

(
u

u+m1
− b1 − v

)
.

(5.2)

The prey isocline of system (5.2) is the parabole

v =
(a− u)(u+m1)

c1
.

It has vertex at the point V
(
a−m1

2 , (a+m1)2

4c1

)
and intersects the v-axes at am1

c1
.

The predator isocline is the curve

v =
u

u+m1
− b1,

which is strictly increasing for u > 0.
Under the assumption

a

a+m1
> b1, (5.3)

system (5.2) has a unique positive equilibrium (u∗, v∗), u∗ < a. From now on,
we shall assume (5.3) holds true.
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Set
v1 =

a

a+m1
− b1,

and assume
v1 <

am1

c1
. (5.4)

Note that (5.4) obviously holds true if am1

c1
≥ 1 since v1 < 1.

Putting
u1 = a

and arguing as in Theorem 3.1, if (u(t), v(t)) is a positive solution to (5.2), for
sufficiently large t,

u(t) ≤ u1 and v(t) ≤ v1.

Moreover, setting

u2 = a− c1v1

m1
> 0

and assuming that
u2

u2 +m1
> b1, (5.5)

we deduce the existence of t > 0 such that, for t > t,

u(t) ≥ u2 and v(t) ≥ v2,

where v2 = u2

u2+m1
− b1.

The next theorem (see Theorem 3.1) shows that assumptions (5.4) and (5.5)
ensure the existence of a compact region in the first quadrant of R2 such that
every solution of system (5.2) will eventually enter and stay in that region.

Theorem 5.1. Under assumptions (5.4) and (5.5), the rectangle

R = [u2, u1]× [v2, v1] (5.6)

is invariant for (5.2) and (u∗, v∗) ∈ R. Moreover, for any positive solution
(u(t), v(t)) to (5.2) there exists t > 0 such that

(u(t), v(t)) ∈ R for t > t.

Our next aim is adding to (5.4) and (5.5) a suitable condition providing the
global attractivity of the equilibrium point (u∗, v∗) for the reaction–diffusion
system (5.1).

Theorem 5.2. Assume that (5.4) and (5.5) hold true and further suppose that

u2 = a− c1v1

m1
≥ a−m1

2
. (5.7)

Then (u∗, v∗) attracts all positive solutions to (5.1).
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Proof. In order to prove our statement, we use the Lyapunov method.
Let (u(y, t), v(y, t)) be a positive solution to (5.1). Consider the Lyapunov

function

V (t) =

∫
Ω

H(u, v) dy,

where H(u, v) is defined by

H(u, v) =
m1u

∗

m1 + u∗

∫ u/u∗

1

(
1− 1

z

)
dz + c1v

∗
∫ v/v∗

1

(
1− 1

s

)
ds.

The rectangle R (see (5.6)) is an invariant region also for (5.1), since, by
Theorem 5.1, it is invariant relative to underlying dynamical system (5.2).

Moreover, as proved in Theorem 4.1, there exists t > 0 such that, for t > t,
(u(y, t), v(y, t)) ∈ R. For this reason, we restrict our investigations to this
region. In particular, for t > t,

∂H

∂t
=

m1

m1 + u∗
u− u∗

u

∂u

∂t
+ c1

v − v∗

v

∂v

∂t

=
m1

m1 + u∗
u− u∗

u

(
d1∆u+ u

(
a− u− c1v

u+m1

))
+ c1

v − v∗

v

(
d2∆v + v

(
u

u+m1
− b1 − v

))
.

Hence, by using the Neumann boundary conditions,

V ′(t)=
m1d1

m1+u∗

∫
Ω

(
1− u

∗

u

)
∆u dy+c1d2

∫
Ω

(
1− v

∗

v

)
∆v dy+

∫
Ω

A(y, t) dy

= −m1d1u
∗

m1 + u∗

∫
Ω

|∇u|2

u2
dy − c1d2v

∗
∫

Ω

|∇v|2

v2
dy +

∫
Ω

A(y, t) dy,

(5.8)

where

A(y, t)=

(
u

u+m1
− u∗

u∗+m1

)
((a−u)(u+m1)−(a−u∗)(u∗+m1))−c1(v − v∗)2.

(5.9)
We claim that(

u

u+m1
− u∗

u∗ +m1

)
((a− u)(u+m1)− (a− u∗)(u∗ +m1)) < 0. (5.10)

In order to prove (5.10), we point out that, if u(y, t) < u∗, we have

u

u+m1
− u∗

u∗ +m1
< 0 and (a− u)(u+m1)− (a− u∗)(u∗ +m1) > 0

while the opposite happens if u(y, t) > u∗. In fact, the function

x ≥ 0 7→ x

x+m1
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is strictly increasing, and the function

x ≥ 0 7→ (a− x)(x+m1)

is strictly decreasing for x ≥ a−m1

2
. Since (5.7) holds true, by Theorem 5.1,

u(y, t) ≥ a−m1

2 for all y ∈ Ω0 and t > t, so that (5.10) is verified.
We conclude that (see (5.9)),∫

Ω

A(y, t) dy < 0.

Taking this and (5.8) into account, we have that V ′(t) < 0 and this completes
the proof (see [14]).

Remark 5.1. Condition (5.7) in Theorem 5.2 is superfluous whenever m1 ≥ a.

Going back to the diffusive predator–prey system (1.2), we want to answer
some biological questions. Under what conditions would only one species of
predators survive? How to determine the limiting behavior of the surviving
predator and its prey?

The answer to the first question is given by the next theorem, that is a direct
consequence of (4.4).

Theorem 5.3. Let
a

a+m2
< b2. (5.11)

Then any positive solution (u(y, t), v(y, t), w(y, t)) to (1.2) satisfies

lim
t→+∞

w(y, t) = 0 uniformly with respect to y ∈ Ω.

To analyze the local stability of (u∗, v∗, 0), we make use of the linearized
stability technique.

Theorem 5.4. Assume that (5.11) holds true. If, in addition,

u∗ ≥ a−m1

2
, (5.12)

then (u∗, v∗, 0) is an asymptotically stable solution to system (1.2).

Proof. Let us rewrite system (1.2) in vectorial form as

∂z

∂t
= D∆z + F (z),

where

z =

uv
w

 , D =

d1 0 0
0 d2 0
0 0 d3

 , F (z) =


u

(
a− u− c1v

u+m1
− c2w

u+m2

)
v

(
u

u+m1
− b1 − v

)
w

(
u

u+m2
− b2 − w

)

 .
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It is well known (see [7]) that the solution (u∗, v∗, 0) is asymptotically stable
for (1.2) if z = 0 is asymptotically stable for the linearized system

∂z

∂t
= D∆z +Az, (5.13)

where A = J(u∗, v∗, 0) and J(u∗, v∗, 0) denotes the Jacobian matrix of F at
(u∗, v∗, 0).

Since (a− u∗)(u∗ +m1) = c1v
∗

u∗

u∗ +m1
= b1 + v∗,

we obtain

A =


u∗

u∗ +m1
((a−m1)− 2u∗) − c1u

∗

u∗ +m1
− c2u

∗

u∗ +m2
m1v

∗

(u∗ +m1)2
−v∗ 0

0 0
u∗

u∗ +m2
− b2

 .

The zero solution is (globally) asymptotically stable for (5.13) if, for every
n ∈ N, the eigenvalues of matrix A − λnD have negative real parts, where
0 = λ0 < λ1 < . . . < λn < . . . are the eigenvalues of (−∆) subject to Neumann
boundary conditions (see [7]).

We notice that

A−λnD=


u∗

u∗+m1
((a−m1)−2u∗)−λnd1 − c1u

∗

u∗+m1
− c2u

∗

u∗+m2
m1v

∗

(u∗+m1)2
−v∗−λnd2 0

0 0
u∗

u∗+m2
− b2−λnd3

 ,

and its eigenvalues are u∗

u∗+m2
− b2 − λnd3 and the eigenvalues of the matrix

Bn =


u∗

u∗ +m1
((a−m1)− 2u∗)− λnd1 − c1u

∗

u∗ +m1
m1v

∗

(u∗ +m1)2
−v∗ − λnd2

 .

Using (5.11), one gets
u∗

u∗ +m2
− b2−λnd3 < 0. In addition, under assumption

(5.12), Bn has negative trace and its determinant

λ2
nd1d2 + λn

(
d1v
∗ +

d2u
∗

u∗ +m1
(2u∗ − (a−m1))

)
+

c1m1u
∗v∗

(u∗ +m1)3
+
u∗v∗(2u∗ − (a−m1)

(u∗ +m1)
> 0,

so that matrix Bn has eigenvalues with negative real part, and this complete
the proof.
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Under assumption (5.11), regarding w as a known function, the system for
the components u and v admits as associated limiting system just (5.1). This
will be the main argument in next theorem.

Theorem 5.5. Assume that (5.4), (5.5), (5.7) and (5.11) hold. Then, for any
(u(y, t), v(y, t), w(y, t)) positive solution to (1.2),

lim
t→+∞

|u(y, t)− u∗| = lim
t→+∞

|v(y, t)− v∗| = 0

and
lim

t→+∞
w(y, t) = 0

uniformly with respect to y ∈ Ω.

Proof. By Theorem 5.3, w(y, t) vanishes at infinity uniformly with respect to
y ∈ Ω. As a consequence, the Neumann problem

∂u

∂t
= d1∆u+ u

(
a− u− c1v

u+m1

)
− c2wu

u+m2

∂v

∂t
= d2∆v + v

(
u

u+m1
− b1 − v

)
∂u

∂n
|∂Ω= 0 =

∂v

∂n
|∂Ω,

endowed with positive initial conditions, is asymptotically equivalent to (5.1).
Hence, applying Therem 5.2, we get the assertion.

Remarks 5.1.
1. Note that the stability hypothesis (5.12) is less stringent than inequality (5.7).
2. Arguing as we have done throughout Section 5, it is easy to determine suffi-
cient conditions that guarantee the extinction of predator v and the persistence
of u and w.

6 Conclusion

The paper discusses a predator–prey model consisting of a single prey species u
and two predator species v and w with functional response of Holling-type II. We
assume that the prey and predators are spatially inhomogeneous and, taking the
effect of diffusion into account, we consider a reaction–diffusion system endowed
with homogeneous Neumann boundary conditions. This means that there is no
population flux across the habitat boundary.

We focus our attention on seasonal changes of the environment taking time-
periodic growth rates for the species and periodic diffusion coefficients. The
habitat is an evolving domain Ωt ⊂ Rn, n ≥ 1, which is spatially isotropic and
time-periodic with evolution function ρ(t). Note that ρ(t) = 1 for fixed domains.
This class of evolving domains is described in details in Section 2.
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The above features lead to a model in the form

∂u

∂t
+ n

ρ′(t)

ρ(t)
u =

d1(t)

ρ2(t)
∆u+ uf(t, u, v, w)

∂v

∂t
+ n

ρ′(t)

ρ(t)
v =

d2(t)

ρ2(t)
∆v + vg(t, u, v)

∂w

∂t
+ n

ρ′(t)

ρ(t)
w =

d3(t)

ρ2(t)
∆w + wh(t, u, w),

on the domain Ωt, where n is the spatial dimension. The explicit expression for
the functions f, g, h is given in (2.3).

From a mathematical point of view, the effect of an evolving domain (of our
type) in place of a fixed domain is concentrated in the link between a(t) and
γ(t) (growth rate for the prey) and between bi(t) and δi(t) (growth rates for the
predator population), as provided by (2.5).

Indeed, the “new” growth rates depend also on ρ(t), its variation ρ′(t) and
the space dimension n. In spite of this relevant modification, the mean values
of the growth rates do not change, as pointed out in (2.6).

As a consequence, the periodic solutions u∗(t) and v∗(t), found in Theorem
3.1, can be very different with respect to the case ρ(t) = 1, but all the results
provided in Section 3, concerning the existence of u∗(t) and v∗(t) and their
attractivity, through the presence of an invariant section Σ(t), are not deeply
influenced by the evolution in time of the domain.

Also, the extinction of the predator species w(t) requires only a condition
in average form (inequality (3.15)). On the contrary, hypotheses (3.11) and
(4.3) for the global asymptotic stability of the solution (u∗(t), v∗(t), 0) strongly
depend on ρ(t), ρ′(t) and n since they have form of pointwise inequalities. Hence
our main result, Theorem 4.2, is highly influenced by the domain fluctuation.

The statement of Theorem 4.2 also implies the following property: in system
(2.3) the presence of factor 1

ρ2(t) in the diffusion coefficients does not influence

the uniform distribution of population, as t goes to infinity.
Finally, the results of Section 5 clearly show how the investigation of a preda-

tor–prey model of type (1.2) becomes more demanding when the environment
and the habitat are time-dependent as supposed for system (1.3).

Future possible developments in the studies carried out in the present paper
could involve different kinds of functional responses, such as the Buddington-
DeAngelis functional response, that takes into account the competition between
the two predator species. It would also be interesting to apply the methods
developed in this work in the context of epidemiological models.
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