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ASYMPTOTIC BEHAVIORS FOR BLACKSTOCK’S MODEL OF
THERMOVISCOUS FLOW

WENHUI CHEN, RYO IKEHATA, AND ALESSANDRO PALMIERI

ABSTRACT. We study a fundamental model in nonlinear acoustics, precisely,
the general Blackstock’s model (that is, without Becker’s assumption) in the
whole space R™. This model describes nonlinear acoustics in perfect gases un-
der the irrotational flow. By means of the Fourier analysis we will derive L2
estimates for the solution of the linear homogeneous problem and its deriva-
tives. Then, we will apply these estimates to study three different topics: the
optimality of the decay estimates in the case n > 5 and the optimal growth
rate for the L2-norm of the solution for n = 3, 4; the singular limit problem in
determining the first- and second-order profiles for the solution of the linear
Blackstock’s model with respect to the small thermal diffusivity; the proof of
the existence of global (in time) small data Sobolev solutions with suitable
regularity for a nonlinear Blackstock’s model.

1. INTRODUCTION

1.1. Background of Blackstock’s model. It is well-known that in order to char-
acterize the propagation of sound in thermoviscous fluids, mathematical models in
the form of wave equations with viscoelastic damping (or the so-called Kuznetsov’s
equation) arise in the study of nonlinear acoustics, which are widely applied in
medical and industrial uses of high-intensity ultra sound, for instance, lithotripsy,
thermotherapy, sonochemistry or ultrasound cleaning. There are several mathemat-
ical models to describe nonlinear acoustics phenomena (see [33l[37] and references
therein). In particular, one of the fundamental models in nonlinear acoustics that
is the so-called Blackstock’s model, has been established in the pioneering work [5],
and the detailed introduction with its applications has been provided in [23].

Description of Blackstock’s model: First of all, let us introduce some notations
for physical quantities in nonlinear acoustics and auxiliary abbreviations to be used
throughout this paper by Table[T]

In thermoviscous fluids, by combining the conservation of mass

Dp
= . =0
D TV (p) =0,
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TABLE 1. Notations for physical quantities and auxiliary abbreviations

Quantity Notation

Bulk viscosity ug =0

Shear viscosity wy =0

Thermal conductivity K>0

Specific heat cy >0

Specific gas constant R>0

Speed of sound co >0

Viscosity number b=4/3+ ug/uv
Kinematic viscosity v>0

Thermal diffusivity k>0

Prandtl number Pr=0/k

Ratio of specific heats ~v € (1,5/3]
Diffusivity of sound §=v(b+ (y—1)/Pr)

Modified kinematic viscosity v = 7/c§
Modified diffusivity of sound & = 6/c2
Modified thermal diffusivity = &/c3

x The notations with “modified” are related to speed of sound.

with the mass density p = p(¢,z) and the acoustic velocity u = u(t, z), where

% = 0y + u- V denotes the material derivative; the conservation of momentum

Du

"Dt

with the thermodynamic pressure p = p(t,x); the conservation of energy with
Fourier’s law of heat conduction

+ Vp = pvAu + (uB + %’) V(V - u)

DT 1 (0w du; 2. dup)’
- 1)V - = KAT cu)2 4+ = Uit Ay, Wt
pev (Dt -1V u> +up(Vou)+ 1V <8wj Ox; 35183%)

with the temperature T = T'(t,x), where 0;; is the Kronecker delta; the state
equation for a perfect gas

p = RpT}
and using Lighthill scheme of approximation procedures (only the terms of first-
and second-order can be retained with small perturbation around the equilibrium

state), one can describe nonlinear acoustics in perfect gases under the irrotational
flow

V xu=0 sothat u= -V,

where the scalar unknown 3 = (¢, ) € R denotes the acoustic velocity potential.
Applying the approximation scheme set down by D.T. Blackstock [5] in 1963, a
general form of Blackstock’s model (for example, equations (4) or (6) in the recent
paper [8]) can be described by

~ P A (s — RAG — 5AD,) — L
(0 = 5-2) (Ve — BAG — 6A%) — =
(1) =0 (B VP + (v = D9 rY) .

For more detailed derivation of the model (1}, we refer to Section 1 of [6].

(0 — byw) A%y
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For the sake of simplicity, we apply the transform (¢, x) := 9 (t, coz). It imme-
diately follows the equivalent form of that is

(0 = 5=8) (Ve — A = 6A¢1) = (5 — byr) A%y

(2) = co 0 (B VU + (v = DAY |
where the parameters were introduced in Table

Nonlinear effects in acoustics: Basing on the assumption that the shape of the
acoustic field is “close” to that of a plane wave , one encounters the approxima-
tion At & 1y from the so-called substitution corollary, as allowed under the weakly
nonlinear scheme. The term At can be replaced by ¢ so that the nonlinearity of
() can be approximated by

—1
3) O KV + (v = 1)A) = O (\WP + 77(1/}»2) :
which leads to the so-called Blackstock-Crighton equation, i.e.
v A — Vs 2
(0 = 5o) (e — A = 6A¢1) = 2-(6 = by) A%,
-1
@ =20k (Vo + 25 we?).

for example, [6[7]Q10l[33]. Actually, a natural idea is reversing the procedure to
replace 1y by A, and this procedure has been employed in Kuznetsov’s equation
[19] already. Strongly motivated by those reasons, using ¢ = At we reformulate
the nonlinear term (3) in the following way:

01 (O VY[ + (v = D Agp)
=2|Vipe|® + 2V - Vi + (v — D)tou A + (7 — 1)y Ay
(5) ~ 2|V |2 + 2V - VAY + (v — 1)(AY)? + (v — 1)ih Ay

Then, combining and (3], the nonlinear equation, whose investigation is an aim
of this paper, becomes

(at - %A) (Yo — Ap — A, — %(5 ~ byw) A,
(6) =y 2 (2|Ve]* +2Vep - VAY + (v = 1)(AY) + (v — 1) Ady)

that has never been considered in the literature in the initial value problems’
framework (to the best of the authors’ knowledge), even for the linearized Cauchy
problem. Concerning some studies on linear or nonlinear Blackstock’s model un-
der Becker’s assumption (cf. next subsection), we refer the interested readers to

[61[7I19H111201[33] for Dirichlet or Neumann boundary value problems.

1.2. Becker’s assumption. However, most of the above quoted recent papers
consider a special case for Blackstock’s model, i.e. the third-order (with respect to
t) nonlinear partial differential equation (4) under the so-called Becker’s assumption
[4l[241[36]. Becker’s assumption means that the fluid under the consideration is a
monatomic perfect gas. From the mathematical viewpoint, it says ug = 0 and

-1
(7) b—O—% =by if and only if 6 —byr =0.
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In other words, the condition permits us to do further factorization of the linear
part of Blackstock’s model (the last term on the left-hand side of (2] is vanishing)
such that the heat operator d; — g; A acts on the viscoelastic damped wave oper-
ator 02 — A — §A9,. With the help of Becker’s assumption, the consideration of
Blackstock’s model becomes easier, especially, estimates of solutions to the linear
problem (see the explanation in Subsection later). But the special case of a
monatomic perfect gas is still not satisfactory from a physicist’s point of view since
its bulk viscosity coefficient is zero [38], and the monatomic perfect gas assump-
tion is restricted for the consideration of nonlinear acoustic, which do not include
polyatomic gases, etc. Therefore, a natural question is to understand Blackstock’s
model without Becker’s assumption. We will partly answer this question in the
whole space R".

1.3. Main purposes of the paper. Let us turn to the main aims of this paper.
Recalling from Subsection [I.1] the definitions of the modified diffusivity of sound &
and of the Prandtl number Pr, we can rewrite (6). So, in the present paper we will
consider the higher-order model in nonlinear acoustics

(8) (0 — 6A)(Pre — Ay — 3AYy) + Ky — 1) (b — k) A%y = F(4;0,, V),
Qﬁ(o»x) = 1/10(36)7 wt(owx) = ¢1(x)7 d}tt(oa .Z') = lﬁz(x),
for x € R™, ¢t > 0, where F(1;0;, V) denotes the nonlinear term such that
F(1;00, V) := ¢y (2V9]* + 2V - VAY + (v = D)(A9)* + (v = DipeAiiy)
and its corresponding linearized problem with vanishing right-hand side
(8,5 — K}A)(’l/}tt — AT/) — (SA?/}t) + K(’Y — 1)(bl/ — H)Ath = 0,
w(oaw) = 1/}0(I)a wt(ovx) = 17[]1(‘%)7 wtt(ov 17) = w2(17)7

for z € R, t > 0. For the sake of readability, we recall the relation between these
parameters

(9)

_ R -
5—1/(b+ Pr>—by+(7 Dk

and their ranges 0 < £ < 1, v € (1,5/3], b > 0 as well as v > 0. In reality,
the modified thermal diffusivity x = K/c3 is always a small number in perfect
gases. As a consequence, it motivates our research into the behavior of solutions
as the modified thermal diffusivity is small, i.e. 0 < k < 1, throughout this paper.
Moreover, we remark that the thermal diffusivity & | 0 is equivalent to the modified
thermal diffusivity x | 0 since the speed of sound ¢ is finite. Furthermore, we
assume nontrivial initial data 1, since the case with 12 = 0 is easy to be treated
(see, for example, Remark [2T). We will not repeat these settings again in the
subsequent statements.

Remark 1.1. Differently from the classical works in the full compressible Navier-
Stokes equations for perfect gases and their related models (see
and references therein), the general Blackstock’s model (8) is an approzimated scalar
equation for some fluid-mechanics model under the irrotational assumption. For
this reason, it provides a possible way in deriving the explicit characteristic equa-
tion for the linearized Cauchy problem (9) and studying optimal estimates as well
as asymptotic profiles without using energy methods. It would be interesting (but
this goes beyond the purposes of the present paper) to investigate some qualitative
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wt

properties (e.g. well-posedness with less reqular assumption on initial data, optimal
time-decay estimates) of solutions to the general Blackstock’s model by applying
Littlewood-Paley decomposition, Fourier multiplier theorem and energy method in
Fourier spaces as aforementioned references.

Our first purpose in the present paper is to understand the linear Blackstock’s
model (@) by employing the phase space analysis, which helps us to understand
the underlying physical phenomena in a certain condition and plays the crucial
role for investigating the corresponding nonlinear problem (8). In Section [2} by
using asymptotic expansions of characteristic roots and WKB analysis, we derive
optimal decay estimates with weighted L' data for high dimensions n > 5 as well
as three asymptotic profiles of solution including heat equations and diffusion-wave
equations. Nonetheless, the decay structures are lost in lower dimensions, e.g. the
L2 norm of the solution blows up as t — oo for n = 3,4, particularly, we will show
the sharp logarithmic growth for n = 4 and the polynomial growth of order 1/2 for
n = 3. The crucial point is to get optimal estimates for the Fourier multiplier

|2 (e—nlﬁ\zt - cos(|§\t)e_g‘€‘2t) for |{| <1

in some norms, since the combined influence from the dissipative structure, disper-
sive effect and singularities are not clear.

Let us formally take into account the limit case with vanishing thermal diffusivity
in the Cauchy problem (9), which turns out to be the viscoelastic damped wave
equation (see [2[3l[I527}1291[31}[40] and references therein) whose initial data are

inherited from (@) as follows:

(10) {wt(’?) = MO —bragy” =0, z€R", >0,

(0, 2) = Po(x), ¥{(0,2) = ¢ (z), = eR™

It means that no heat is exchanged during the compression and decompression
phases of sound propagation. Formally, (I0) seems to be the limit equation for
(@ with vanishing thermal diffusivity x = 0. In Section [3] under the consistency
assumption 1o = bvAy; + A, we rigorously justify singular limits (limiting pro-
cesses) from the linear Blackstock’s model (@) to the viscoselastic damped wave
equation (I0) as the thermal diffusivity tends to zero, for instance, we conclude in
Subsection[33]that ¥ — () in L=([0,00) x R") as | 0 for n > 2 with the rate of
convergence y/k. Furthermore, by applying multi-scale analysis, we derive a formal
expansion of solution with respect to x, and rigorously justify the correction for the
second-order asymptotic expansion with the rate of convergence x+/k. We believe
this approach can be widely used in the acoustic waves model, e.g. singular limits
with higher-order profiles for the Moore-Gibson-Thompson equation with the small
thermal relaxation or the small sound diffusivity [12][32].

Our second purpose is to study global (in time) well-posedness of the nonlinear
Blackstock’s model with small data. We firstly construct suitable weighted
evolution spaces with time-dependent weights inherited from the linear problem.
By applying some fractional tools from harmonic analysis (see Appendix [A]), we
estimate the nonlinear term F'(¢; 9, V) in the Riesz potential spaces H* for some
s > 0. Utilizing Banach’s fixed-point theorem, we demonstrate global (in time)
existence of small data Sobolev solutions to the nonlinear Cauchy problem (g)
throughout Section [5]
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Our main contributions in the present paper consists in deriving optimal esti-
mates and asymptotic profiles of solutions for large time (see Theorems[2.2]and[2:3),
for the small thermal diffusivity (see Theorems[3.2]and [£1)) to linear Blackstock’s
model (@), and in proving global well-posedness (see Theorem [5.1) for nonlinear
Blackstock’s model (). In particular, we emphasize that all of our results still hold
for the special case with Becker’s assumption (§ = byv).

Remark 1.2. Let us introduce the partial differential operator appearing on the
linear Blackstock’s model (9), namely,

L:= 0} — (bv +vr)ADZ — Ady + ybvkA29; + kA%

This operator L is not of Kovalevskian type (cf. Section 3.1]). Moreover, the
principal part of L in the sense of Petrovsky is

33 — (bv + yK) A2 + yburA20, = 0,(8; — buA)(8; — YRA),

so, the principal symbol in the sense of Petrovsky admits the roots T =0, T = ibv|(|
and T = 1yk|C| that are not all real for ¢ € R™"\{0}. Consequently, L is not even a
2-evolution operator (see Chapter 3, Definition 3.2] ), and we may not apply the
general theory for such class of operators to derive a well-posedness result in L?.
For this reason the well-posedness results that we are going to show in the energy
space requiring different kinds of additional regularity for the Cauchy data (namely,
LYY -regularity in Section[2.2 and L'-regularity in Section[2.3) are relevant.

Notation: To end this section, we give some notations to be used in this paper.
Later, ¢ and C' denote some positive constants, which may be changed from line
to line. We denote that f < g if there exists a positive constant C' such that
f < Cg and, analogously, for f = g. Moreover, H; with s > 0and 1 < p < ©
denote Riesz potential spaces based on LP. The operators (D)* and |D|* stand
for the pseudo-differential operators with symbols (£)® and ||, respectively, where

(&) = V1+I[¢>
2. DECAY PROPERTIES AND ASYMPTOTIC PROFILES

Firstly, by denoting 4 := ké + k(v — 1)(bv — k) = vbvk, we directly employ the
partial Fourier transform with respect to spatial variables to the Cauchy problem
@) and derive
) {w + (8 + R)IEPPu + (1+F1E2) [€[200 + vlg P = 0,

w(07£) = w0(€)7 ¢t(0a§) = wl (é)? wtt(ovg) = ¢2(5)7

for £ € R™, t > 0. Then, the corresponding characteristic roots A; = \;(|¢]) to the
equation of satisfy the following cubic equation:

(12) A(N) = AT+ (0 + w)[E2AF + (1 +31EP)IEPN; + mlg]* =0
for j =1,2,3. We immediately notice that

d ~
(13) A(y) = 3X5 200+ w)[EPPA; + (1 + 1€ 1€l

d;
Comparing the polynomials A(};) and (I3), we find that there are nontrivial com-
mon division at most for value of frequencies || in a zero measure set. Hence, we
have only simple roots of A()A;) = 0 outside of this zero measure set. Since there
are several parameters in the |¢|-dependent characteristic equation (12), it seems a
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challenging work to analyze the precise roots of it. However, for our investigation
in the phase space, we just need to use asymptotic expansions of the characteristic
roots and WKB analysis.

2.1. Asymptotic behaviors of characteristic roots.
Part I: Asymptotic expansions for (| — 0. We find the characteristic roots \; for
j =1,2,3 owing for |{| — 0 the following asymptotic expansion:

Aj = Ajo + A€l + Ajalg 4o
where the constant coefficients A;, € C are independent of || for all k € No. By

some direct computations, we claim that pairwise distinct characteristic roots haven
been obtained

huja = il — 31 + O(eP)
Ay = —kl¢]* + O(€)
for || — 0. Here, the real parts of all characteristic roots are negative.
Part II: Asymptotic expansions for |{| — co. The characteristic roots A; for j =
1,2, 3 have the asymptotic expansions for |£] — oo such that
A= Njol€P + Ajalel + X+

where the constant coefficients A; x € C are independent of |¢| for all k € Ng. With
some direct calculations, we assert that pairwise distinct characteristic roots haven
been obtained in this case, namely,

Mgz = 3 (64 m) & VBT R — Dt ) € + O(1€]).
1 _
)‘3 = 7’}/51/ + O(|§| 1)7

for || — oo. Here, the real parts of all characteristic roots are negative.

Part ITI: Stabilities for other cases. As last step in the analysis of the characteristic
roots, we study the case in which |¢| neither tends to zero nor tends to infinity,
which means bounded frequencies away from 0. To prove the negativity of the
real parts of characteristic roots (that means, we have some stability properties),
we just need to claim that no pure imaginary characteristic root exists. By fixing
an index j € {1,2,3}, let the characteristic root A; be pure imaginary such that
\j = i); with \; € R\{0}. From the cubic equation (I2), one finds

iy (32 = (L4316 + I (6 + 032 = ulel?) = 0.

The last equation is valid only if (1 + 7|£|?)|¢|? = ;\f = 5_%5\&2. However, it yields
a contradiction from (5%@ <1< 1+5|¢% So, the continuity of the characteristic
roots with respect to |£| implies that the real parts of all characteristic roots are
negative.

Part IV: Pointwise estimates of solutions in the phase space. In the case for three
distinct roots of the characteristic equation (12), i.e. Part I and Part II, by using
a Vandermonde matrix, the solution to the Cauchy problem is given by

@ = ffoizo + 1?1121 + 1?21227
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where the kernels in the phase space I?j = I?j(t, |€]) for 7 = 0,1,2 admit the
following representations:

K exp(Axt) I1 Y
Ko := Z J 1’2/\73 J#}l\c ’
W Llimi23, (e = A7)
o= expet) Y5y o5 o N
1= — 7
k=1,2,3 Hj:1,2,31 J;ék()‘k — )\])
I?Q = eXp()\kt)

k=123 Hj:1,2,3, j;ék()‘k - >‘j).

Let us give some explicit estimates of these kernels via WKB analysis. We
define the three zones for the phase space Zi(e) := {|¢] < e < 1}, Zpaa(e, N) :=
{e < |§] < N} and Ze(N) = {|¢| > N > 1}. Moreover, we fix three cut-off
functions Xint(£), Xbdd(§), Xext(§) € C* having their supports in the zone Ziy(e),
Zpaa(e/2,2N) and Zox(N), respectively, so that Xint(£) + Xbad(§) + Xext(§) = 1

for any & € R™.
In the consideration as || — 0, we should do more precise computations since the

imaginary terms will exert some oscillation influence. According to the asymptotic
expansions of the pairwise distinct characteristic roots, we may write

Xint(€) Ko = xine (€) (K[€] + O(€[?)) sin(|¢|t)e 3l rOUE)e

+ Xint (€) (1 + O(Jg])) e~ HIeF e+ O,

N (ER1 = xim (€) (1 + O(le]) % ~ 3P 0qEl )

+ Xine () (8 + O(jg])) erleFerotere

7> - t 51e2 5
Xint (§) K2 = md&)%eﬁm tH+O([¢]%)

1 ’ '
L eogey
+X1nt(£)‘£‘2 +O(|§|3)e |

Then, the last asymptotic representation shows
= _ _ 2 3 g2 3
Xine ()1 2] < xime (6)[€]2 ‘e RIEPHOUEIN _ cog(|¢[t)e 5 IE1" O] >t)

+ i (6)[€] 71 (| cos(|€|t)[e~ SlElPtrOUER) | e—n\&?w@(\élg)t)

< i (6)[€] 72 ‘efn\s\%w(\smt _ e SlelPrroer >t‘
2
+ Xint (§) (|£\72 ‘sin (%t)‘ e slelt \§|*1efc|5‘2t)
- . 2 _ —C 2
(14) < (€ (1162 s ()[4 Je ) i
where we used

1 o (1) 2
W |§|2 (1+0(lg])) for [l <1, cos(|glt) =1-— ‘sm <7t)‘
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and

Xint (€) |eHIEPHOUEE _ o~ §IelPt+O(Iel*)

— int (€)eHIEP O ’1 _eF \6\2t+0<|§\3>t‘

_lel2
< Xint (€) €[ te ™IS

2
< Xint (€) €[ te eI,

The previous relations lead to

Xint (191 5 xine ()™ (Jdh| + (1 + 15200l 1y
(15) (16172 s (0) [+ 16170 ) 1l

with a positive constant c.

Concerning |£| — oo the employment of the asymptotic expansions of the roots,
which shows the presence of dominant terms that are pairwise distinct and real,
provides the estimate

(16) Xest ©)IF] S Xext(§)e™" (1ol + €721 + Ig 71921

with a positive constant c.

Finally, in the case neither || — 0 nor |[{] — oo, there may happen that the
cubic equation has three roots but not pairwise distinct, i.e. roots of double
multiplicity. At this time, to write down the explicit formula of solution is a possible
but complex work with a lot of discussions for the parameters. We only concentrate
on exponential stability in this case. Because the real parts of characteristic roots
are negative as we shown in Part III, it yields

(a7 Xoaa(E)19] S Xvaa(§)e™" (Iol + I + |

with a positive constant c.

1 .
/e%;&\s|2ts+o<\s\3>tsds‘
0

2.2. L? — I? decay estimates with additional weighted L' regularity. Let
us recall the definition of the weighted L' space

L= {f eLl: ||fllpa ::/ I+ |z|)|f(z)|de < oo}
R™

Moreover, we introduce the notation Py := [, f(x)dz for the mean of a summa-
ble function f, which can be estimated by |P¢| < ||f||p:1. Before deriving some
estimates of the solution, let us propose a lemma to control the L? norm of some
multipliers.

Lemma 2.1. Let s € [0,00) and ¢ > 0. Then, the following estimates hold:

—c 2 —_s_n
I xine(€)1€]7e K[ 12 S (1 +)727 5,
Xine (€)1 sin([€[E)|e 1| 12 < Dy (1 + 1),
_ —e 2 l1_n .
[ (€)1E] Tl e S (L +8)27F if n >3,
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for t > 0, moreover, the next estimate holds:
o . 2 _gel?
(18) [ine (€)1€] 2] sim (§Le) Peer

where

<5
s Dn(1+1),

(141)2 if n=1,
D,(1+1t):={ (In(e+1))2 if n=2,
(1+8)2"% if n>3,

(1+8)2"%  if n<3,
Dp(l141t):=1 (In(e+1))z if n=4,
(I4+6)'% if n>5.

Proof. The proof of the first inequality can be easily completed with the change
of variables, and the derivation of the second estimates has been shown in [27][29].
We give a proof for the third inequality. By using w = rt, we get

154 oo
—3 —er? _n=2 n—4 _
’ S/r" Bemertdr <tz / w2 e “dw.
0 0

Then, we demand that n > 2, in order to guarantee the summability as w | 0. For
the derivation of inequality (I8), we observe

[ane (©)1€172] sin ({5he) Pemeter™ Xt (€)IE] ™ [sim (') o1

Then, by applying s = 0 and m = 4/3 in the proof of Theorem 2.2 in [12], we can
complete the proof. O

X (€] teeter*

L2

2

3

2 "~

L4’

Theorem 2.1. Let us assume initial data g, 1,v¥2 € L2NLYY. Then, the solution
to Blackstock’s model @) fulfills the following estimate for n > 3:

l(t, )l L2
_n+t2 _n
SO+ [Yollzazis + 1+ 7 [¥1llL2anr + Du(1 + O[]l L2aris
+ (14 8) 1| Py | + Dn(1+ )| Py, | + Do (1 + )| Py, .

Remark 2.1. The nontrivial assumption for 1o not only influences on the decay
rate of total estimates, but also gives a strong restriction on dimensions. The
main reason is that when vy # 0, there is a strong singularity for |£| — 0 for
its corresponding multiplier in the norm, i.e. HXim(f)\§|_1e_c‘5|2t||Lz for the lower
dimensions n = 1,2. Nevertheless, this phenomenon disappears if 1o = 0. One
may see (19) later.

Proof. By using Lemma 3.1 in [20], the solution in the phase space can be estimated
by

1D S1EL D 1K gl + D 1Kl1Py, | = L, [€]) + Ta(t, [£])-
j=0,1,2 j=0,1,2

According to WKB analysis, the forthcoming discussion on the estimates will be
divided into three parts for different sizes of frequencies. Concerning the first case
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|¢] — 0, from the derived estimate (I5), one has
[ Xime ()T (8, €D 2

S Ixine (€) €™ ) 2 |0l Lr.x + [Ixane () (1€] + | sin(€[6) e~ [ 2 [ | £

2 2

() (1l + 1617 fin (K1) [+ 1) el

1

L+ 872 F Yol pra + (1 + )7 F[¢nllrs + Du(l +)l|v2ll s

<
N
for n > 1, moreover,

Ixine(€) T2 (8, 1€D) | 2
< Ixne (€)™ L2 | Pg | + [xine (€)(1 + (€] sin(|€]8))e 1€ 12| Py, |

2 2
nl6) (1416172 oin (40) [+ g7 Yoo
2

"

92|10
L2

"

(19)
S+ 8)7 3Py, |+ Du(1 + )| Py, | + Dn(1 + t)| Py, |

for n > 3, where we used Lemma Thus, the Plancherel theorem implies for
n>=3

[xXins (D) (2, )| 2
S A+ T ol pra + 1+ )7 9]l pra + D1+ 6)lltfe ] 12
+ (14 6)7 5| Pyy| + Du(1 + 1) Py, | + D1+ )| Py, |-
Let us turn to the case |£| — oo, the pointwise estimate implies

IXext(D)o(t, Mz2 < e ([dollzz + v llcz + [1¥2]lz2) -

To end the proof, we just need to consider some estimates for bounded frequencies.
From (I7) we get exponential decay estimates without additional assumption on
the regularity of initial data. O

Remark 2.2. In the case with general ¥y for n = 1,2, we next will apply another
idea to get upper bound estimates of solution to avoid a singularity as || — 0.
We notice that Ks(t,|¢]) = fg 0K (s,|€)ds, since K2(0,]£]) = 0 from the initial
condition of third data. Thus, from the representation of third kernel, it holds

7> 4 —C 28
Nint (©10: K| < xins(€) (1&17" [sin (o) | +1) e7ele™,
leading to

i © Rt 1€D)]|

< /Ot </]R” [ Xint (€) 0 Ko (s, |§|)|2d€)1/2 N
: /Ot (‘ Xint (€)1 ]sin (\g_\s)

5/0 (Dn(1+s)+(1+s)7)ds§{

o—clél?s

_ 2
2 + Xint(f)e e L2> ds

(1+1)3 if n=1,
(1+t)(In(e+1)z if n=2,
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where we applied Minkowski’s integral inequality and Lemma[2.1 By this way, we
immediately conclude

1w, )l z2
_1l_n _n
SA+6)72 4 [Yollpzaprs + (L +8) 7 4 [l L2aprs + Dol 4 1) |92l L2apre
(1+1)%[Py,| if n=1,

+ (1 + )75 |Pyy| + Dn(1+ )| Py, | +
(L4075 Py| (L+ 0Py {(1+t)(ln(e+t))%|Pw2| if n=2.

Remark 2.3. Let us recall (L? N LYY) — L? estimates in Theorem[2.1] and Remark
[22 By applying the same approach used to prove existence of solutions in the
classical energy space to the Cauchy problem for free wave equation (e.g. Chapter 14
in [18]), and the representation of kernels associated with the mean value theorem,
we may conclude the existence of solutions to the Blackstock’s model (@) such that
¥ € C([0,00), L?), where we assume initial data belonging to L>NLY. The existence
result can be extended to v € C([0,00), H***) N CL([0,00), H*+2) N C2([0, o0), H*®)
for any s > 0 with the aid of Proposition[2.1]

2.3. L2 — L? decay estimates with additional L' regularity. In this subsec-
tion, we will prepare some total (L2 N L) — L? estimates and L? — L? estimates
for the solution and its derivatives to the linearized problem (9), which will con-
tribute to the establishment of global (in time) existence of Sobolev solution to the
nonlinear problem in Section [l

Combining the asymptotic expansions for the characte/r\istiAc roots from Part I
and Part II in Subsection [2.J] with the representations for 1);, 1y from Part IV, we
can easily get the next pointwise estimates:

Xint ©)19] S xine (€)™ (1ol + ] + (I |sin(l€10)] + DIal)
Xint (E)11e] S Xint (€)™ (0] + 9] + [¥a])
Xext ©IOFB] S Xext(€)e™" (1€ 21ud0] + 6122 4] + €[4l
Xbad (€)[0]P] S Xpaa(&)e ™ (|’<Zo\ + i | + |$2|) ;

for j =1,2.

Therefore, by using Lemma [2.1] and combining (I5), (I6), and the above
estimates for 1,1y in the different zones of the phase space, the following propo-
sitions for the energy estimates hold.

Proposition 2.1. Let us assume initial data 1; € H*T4=2 0L for j =0,1,2 and
s €[0,00). Then, the solution to Blackstock’s model (@) for n =5 fulfills for t > 0
the following estimates:

; 2—j_n
188wt e S @ +8) 2 % ([[Yoll gmasizi—20snpr + 1911 frmscczi—2.03
2l 2arr) s

and

107t M jreva—as S (L+1)7

+2-5 _n
ST oh (||1/)0‘|Hs+2+max{2—2j,0}nL1 + H¢1||H5+2OL1

+l¢2|

Hsle)'
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Proposition 2.2. Let us assume initial data 9 = 0 = ¢ and ¥ € H* for
s €10,00). Then, the solution to Blackstock’s model (@) for n > 5 fulfills for t > 0
the following estimates:

j —2-J
1079 (t M grova—2s S L4177 |2l e

To end this part, we underline that the homogeneous Sobolev space H* for initial
data can be replaced by the inhomogeneous Soblev space H® since |£|2¢ < (£)%® for
any £ € R™. Moreover, the derivation of Proposition[2-2contributes to the nonlinear
problem in Section [5] therefore, with this aim, we just need to consider nontrivial
12. The corresponding estimates for nontrivial ¥y and v; also can be obtained
easily.

2.4. Asymptotic profiles and optimal estimates. To understand the asymp-
totic profiles of solutions, we first give some approximations to the kernels in the
next proposition.

Proposition 2.3. The following estimates:

Xint () (K — T 0| S xime ()] e™eIEP ||

hold for j = 0,1, 2, with positive constants ¢, where f j(t7 |&|) for 5 =0,1,2 are
given by

~ . ~ Sln(|f|t) 51p2 ~ COS(|§|t) _sp2 1 2
Jo:i=e hlé\gt’ Ty = —alelt g = SIS g e _— hIElE
[3 (4§ €12

Proof. Let us introduce a useful estimate

1
1e12 3 _clel? 3¢
Xint (©)e P (U _ 1) = vy (€)1 O(|€[*)e Kt / cOUEts g
0

(20) < Xt (€)|€JecIeP,

By direct computations and (20)), one arrives at

xin (&) (Ro = Jo)do| S xina () I¢le™ H )
+ xint(§)e —rlgl? tle ol _ 1)|’LZO|
+ Xin(€)O(|g e HEl O Gy

< Xin (€)[€le 1P o],

Similarly, we find

Xint (O)(K1 — J)91 | < xime (€)] sin((€[1)] €]~ e #1E7 (eI — 1) |
&) sin([&]t)[e™ 31 HHOUEN |

£)e ¢t i |

< Xint (€)e A 4y |,

+ Xint

)
(
int (
)
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and
PSS O(IEP) [ cos(€1)] 5 1el2e0qeye
int Ko — J. < in 2
S R (R ()] v
+ th(g)% SIEPE(OUE _ 1) |4
_ o) o= HIEPHO(E )T
o) ep o er® .
+ xint(£>@e*“‘§'2t<co<‘f‘ -1
S Xine (1€ 1o by .
Then, the proof is complete. g

Next, we will propose some optimal estimates for these approximations for large
time ¢ > 1, which will provides us a way to demonstrate the optimality of the
estimates in previous sections, by deriving lower bound estimates for the solutions
later in Theorem [2.3]

Proposition 2.4. The following optimal estimates:

.u\*

IXine (€) Jo(t, €D 22 S %,

~

ig
Do (t) S IIxint (€)1 (5, €D |22 S D (),
S

(t

)
) S lxine (€) T2t 1€D) | 22 < Da(t),

hold for any t > 1 andn > 1. Here, the time-dependent functions D, (t) and Dy,(t)
were defined in Lemmal[2.1}

Proof. The first two estimates have been derived by already. Furthermore,
concerning the upper bound estimate of Jo(t,]£|), with the same explanation as

(T4), we have
o (1] S xine(©) (¢4 [l s () ) e,

which can be estimated in the L? norm by using Lemma [21] again for all n > 1
since the profile Ja(t, |¢|) does not contain the term 1/|¢| with strong singularity.
For these reasons, we just focus on the deduction of the lower bound estimates for
:]\2(1‘,, |€]) in small frequency zone in the rest of the proof.

We first give a lower bound estimate for the approximation Yius (g)jg(t, 1€]) in
the L? norm for n > 5. Let us fix a positive parameter ag such that

5In2 5In2
§—8k b+ (y—9k

(21) ag >
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By using |f — g|®> > %|f|2 — |g/? and the boundedness of the cosine function, one
derives

(Xt (€) 2 (1, [€D) 1 22
2
> H_Me—%\sﬁt+ L it

€2 €I? L2(aot-1/2<|€|<2a0t-1/2)

1 e—mg\?z e—5|5|2t
> / ¢ de- / —dg,
apt =12 €| <20t~ 1/2 ‘6‘ aot—1/2<|€1< 200t~ /2 |£|

=:K1(t) =:Ka(t)

where we considered ¢ 3> 1 satisfying 2a0t™/2 < ¢, i.e. t > 4a3/e? with small
€ > 0. Using polar coordinates, we arrive at

—8ka? 200t~ 1/2 n n—4
Wne 0 _ wn (2" = 1)« _n
Ki(t) - / o" 1dor:—n( Jag " o
«

2 PR —
160[3t72 0t—1/2 16ne8red ’

)

_8a?  p2apt” /2 n n—4

wpe %% _ wn(2™ - 1)« _n

Ka(t) < n4 - / 0" o = n( 52) 0 42-%
aot apt—1/2 ne’%«o

where w,, denoted the (n — 1)-dimensional measure of the unit sphere. It means

A (27— Dap= [ etb-01a3 J
it (€ (2, €12 > £ Z-—L)d ( 1) e

neded 32

The choice I) implies the lower bound estimate of xint (€)J2(t, |€]) for £ > 1 and
n = 5.

In the case n = 4, we need to carry out more delicate WKB analysis. We now
consider ¢ > 1 such that Byt ~/2 < e, where 8y > 1 and

9 3In2 3ln2

ﬁo>bu+(7—3)n:6—2f@'

Let us estimate

ine (&) Tat DI > 1 Ta (€D e 51172 <161

1 261612 o—dleft
=5 S [ ¢ .
2 Jpgt-1/2gjgi<e €] Bot-1/2<lej<e [€]

=:K5(t) =:Ka(t)

For one thing, we change the variable and use integration by parts to treat Ks(t),
namely,

€
K:3(t) = w4/ 0'_16_2’10%(‘10'
Bot—1/2
€
= w4e72”52t Ine —wy (ln Bo — % In t) e~ 253 + 4W4Kt/ oe 25"t 1 o do.
Bot=1/2

We know

. 1 1
e2M5 I Bo + em2r ) — < Ec%”ﬁg Int
€
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for t > 1. Additionally, concerning ¢ > 1, one finds

—2kt f;ot—lﬂ oe27"t In odo

I
ti>n§o %6—2'@'/33 Int
2
ke fgzt(lnt —Ino)e ?*7do
= lim 0
t—o00 lnt
5 &2t 1 &2t
= 2xe2"% lim / e 2o g — — e 2 ngdo | <1
t=oo0 \ Jpg2 Int B2

due to the fact that e=2%“ Ino > 0 for o € [32,£%t]. Thus, we can get

15
2}%/ oo~ 2t In gdo
8

ot—1/2

1>
3
< —QKJt/ oe~ 25"ty odo < gef%ﬁg Int
8

ot—1/2
for large time ¢ > 1. The summary of the last inequalities shows

w

KCs(t) > e 2505 Int.

16

For another, we directly obtain
sz [ 1 W4 _sp2
K4(t) < wye™ 50/ o ldo < Ze %0 Int
Bot—l/z 2

for t > 1. All in all,

[ xint (€) Ja(t, [€])]122 > T—éef%ﬂg Int — %e"mg Int > Int
for t > 1 and 0 < k¥ < 1, where we used the condition for fy.

Finally, we determine the lower bound estimate for Hxim(f)jg(t, 1€])|| Lz for n =
1,2, 3. In comparison to what we did in the higher dimensional case n > 5, we have
to combine somehow the two terms that are presented in jg(t, |€]). More precisely,
from the following representation:

~ 2 2 2 2
Ta(t.J€l) = |26t (1 - e DI )72 sin (Kl ) | emHler

sin (\5|

1
= (5 — 3) o rll t/(; o= HIE s gy . |¢]2

by using |f — g[* = 3| f|* — |g|?, we arrive at

2

~ 4
|J2(t, |§|)|2 > %‘£|74 ‘sin (%t)‘ 675\5\21: o (Ii . %)Qe,mﬁl&l?t

1 N
/ o= D)IEl e g
0

4 )
= %\£|_4 ‘sin (%t)‘ e~dIE’t _ omell’t,
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Let us fix a; > 0 such that |[r~!sin7| > 1/2 for any 7 € [0, a;1]. Then, considering
t > 1 such that 2a1t~! < ¢, that is, t > 21 /¢ for a small ¢ > 0, we find

it (€) T2 (2, €113 2
1 4
7/ 61~ Jsin (151¢)] e_5‘5|2td§fC/ emelePrqe
art—1<[€]<2at—1 |§1<e

2 n
> t4/ e et qe — =%
a1t 1<€|<2a1t !

4—n —da?t™?t -z 4—n
>t meT0Mt T T >t

WV
N

where in the second inequality we used Lemma[2.1] This completes the proof. [

Let us now state the main results of this part and their corresponding explana-
tions.

Theorem 2.2. Let us assume initial data g, 1,v2 € L2NLYY. Then, the solution
to Blackstock’s model @) fulfills the following refined estimate for n > 3:

(¥ — Jowo — Jipr — Jarp2)(t, )| L2

SA+072 F ol pznrs + (140 T el anras + (14027 T o]l 2npra.

Proof. By using Plancherel formula, (I6), (I7) and Proposition 23] we obtain

b= > Ty | ()

§=0,1,2

L2
< han(©) [ w(t,6) - Tt 1N ||| +e™ D0 Nyl
j=0,1,2 12 j=0,1,2
S Y [ (Rittleh = Tt 1) i), +e7 3 Wslles
7=0,1,2 j=0,1,2
2 £ Y @ e @ e 3 e
j=0,1,2 j=0,1,2

Then, with the help of Lemma[2.1]in the present paper and the next inequality
from

IS 1NNl + [P,

we can complete the proof. a

We now give some explanations for three operators shown in Proposition [2:3]
respectively,

sin(V—At) 5,4

———¢
vV=A ’

From the action of these operators on the corresponding initial data in Theorem

[2:2lwe can really show some asymptotic profiles of the solution to the Blackstock’s

model ().

Jy = _COS(V —At)cgm + LCMA.

__KtA _
Jofc s J17 A A
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(23)

(24)
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e Obviously, Jy is a solution operator associated with the heat equation

up — kAu = 0.

Furthermore, by subtracting the function Jy1 in Theorem|2.2| we observe
an improvement of decay rate (1+¢)~2 of the time-dependent coefficient of
1 if we comparing with that in Theorem[2.1] Therefore, we may interpret
the first profile Joyo by the heat equation generated by Fourier’s law. It is
a reasonable profile due to the fact that we have used the heat condition of
the classical Fourier’s law in the conservation of energy from the modeling.

Let us define ¢5 = 6/2. Then, we do some formal computations as follows:
OpJy = cos(V—At)e®t A 4 s AJ;,
02J1 = AJy + 2¢5A0: Ty — c3A2 T

By this way, we found that J; is one of solution operators (for second data)
associated with the structurally damped plate equation (one also may see

301)
vy — Av + 0§A2v — 2¢csAv, =0,

or the diffusion-wave equations (include heat structure and half-wave struc-
ture)

{Ut — csAv +ivV—Av = w,

wy — csAw — iv—Aw = 0.

Furthermore, by subtracting the function Jy¢); in Theorem[2.2] we observe
an improvement of decay rate (14¢)~% when n = 1, (In(e+1))"2(1+¢)"2
when n = 2, and (1 +¢)~2 when n > 3 of the time-dependent coefficient
of v if we compare with those in Theorem [2.I] Hence, we may interpret
the second profile Jy1; by the diffusion-wave equations. The asymptotic
profile of the linearized Kuznetsov’s equation also can be shown by the
diffusion-wave equations (see [27)[31]). For this reason, we may conjecture
some relations between Blackstock’s model and Kuznetsov’s equation. We
will give some possible answers later in Remark [2.4]

Finally, we may decompose the operator by Jo =: A™!(Jy1 — Jo2), where
Jo,1 is another solution operator associated with the diffusion-wave
and Ja 5 is a solution operator associated with the heat equation (23). By
subtracting the function Jy» in Theorem[2.2] we observe an improvement
of decay rate (1 +1t)"2 for n > 5, (1+t)"2(In(e +¢))"2 for n = 4,
1+ t)*% for n = 3, of the time-dependent coefficient of ¥ in comparison
to that in Theorem[2.1] Namely, the third profile Jo1)s can be interpreted
as a combination of heat equation and diffusion-wave equations. Here,
the Laplace operator with negative power can be understood as additional
second-order spatial derivatives acting on the evolution equations.

Remark 2.4. The large time profile for Blackstock’s model (@) can be described by
the linear Kuznetsov’s model with the same diffusivity of sound in (Q) as follows:

(25)

o1t — Ap — 6Ap; = 0,
90(0795) = 900(1:)7 @t(071’) = (101(11’),
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for x € R™, t > 0, under the following assumptions for initial data: po = o,
w1 = 1 and Yo = CoAipg + C1AYy with real constants Cy, Cy such that CoCy # 0.
Precisely, by assuming g,y € H> N LY the error estimate

(26) D ON@W = o)t )2 S Ba®) (ol anzrr + 1]l z2nzrn)

holds fort > 1, where the time-dependent function By (t) is t=% if n =1, (tn t)_%
ifn=2, andt™ 3 if n = 3. The proof of ([26) is based on asymptotic profiles for (@)
and @) The time-decay function By(t) for all n > 1 implies that the gap between
two solutions tends to zero for large time.

Theorem 2.3. Let us assume initial data 1g,v1,12 € L?> N LY and |Py,| # 0.
Then, the solution to Blackstock’s model @) fulfills the following optimal estimate:

D (8) P S 192, )12 S Dt (1800l 2rzss + 1l penpas + [zl renpia);
forn >3 andt > 1.

Remark 2.5. According to Theorem[2.3 and concerning t > 1, we realize that the
growth or decay rates for the estimates of ||1(t,-)|| Lz from the above and the below
are the same if n > 3. Moreover, ¢; € LY implies |Py,| < oo for any j =0,1,2.
That is to say that the growth or decay estimates stated in Theorem[Z3 for n > 3
are optimal in the framework of weighted L' space.

Remark 2.6. We restrict ourselves to consider lower bound estimates in the case

n > 3. Indeed, in forn = 1,2 we may not control the norm ||Xint(§)\§\*1cfc‘f‘2tHLz
by means of Lemma [2-1] due to the not summable singularity in |€| = 0. This lack
will not allow us to continue the estimate in below for n =1,2.

Remark 2.7. Considering the case |Py,| # 0 for n = 3,4, we found a new blow-
up phenomenon appearing in the linearized Blackstock’s model (@), namely, the
solution in the L? norm blows up as t — oo. Precisely, the growth rate is tz if
n =3 and (In t)% if n =4 for large time.

Proof. First of all, the upper bound estimate has been given in Theorem In
order to find the lower bound estimate, we use Proposition as well as the
Minkowski inequality to get

[, )22 > xine (D) Fe b, (Ta(t, [€)) | 22| P |

— [Pine(D) (8, -) = Fe by (Ta(t, [E1) P ) 2
(27) 2 D) Py = xint ()@ (£, €) = Ta(t, [€1) Py, 12

for t > 1 and n > 3. Since the composition of initial data such that
¥2(§) = Py, + A2(§) — iB2(§)

with A3(§) := [ Y2(@)(cos(z - €) — 1)dz and By () := [g,. wa(z)sin(z - £)dz. By
employlng Lemma 2.2 in [27], the auxiliary functions can be estimated by

[A2(E)] + [B2 ()] < [€] 2l L1
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Therefore, it yields

e ()W (£,€) = Ta(t, [€]) Py, 2
= e (E) (Bt €) — Talt, [€1)(T(€) — As(€) +iBa()))l| 2
< tine (E) (Bt €) — Talt, [€1)B2(6)) 1= + it (E)€]To (E, [ED) | 2 162 11

1 _n
S 275 (ol zonpes + [¥all2npr + [[¥2ll2azer)
for t > 1 and n > 3, where we used a corollary of Theorem[2.2] i.e.

1@ = Jow2) (& e S 275 (Iollz2nzin + [¥all2nzin + ol L2z,
Finally, with ¢ > 1 and |Py,| # 0, we finish the proof of this optimal estimate. [

3. SINGULAR LIMITS PROBLEM FOR THE VANISHING THERMAL DIFFUSIVITY

Let us recall that £ | 0 if and only if x | 0. We will consider the limiting
process from the linear Blackstock’s model (@) to the linear viscoelastic damped
wave equation as the (modified) thermal diffusivity tends to zero. Throughout
this section, we assume that ¥y and ; are simultaneously nontrivial to guarantee
the nontrivial solution to the Cauchy problem (I0]). Note that the prescribed initial
data are independent of k.

3.1. Inhomogeneous Blackstock’s model in the phase space. Actually, the
study for the inhomogeneous Blackstock’s model with Becker’s assumption and
those without Becker’s assumption are quite different. In the thesis [6], the author
regarded the Blackstock’s model with Becker’s assumption (7) as a heat equation
with the variable (¢4 — A — §AY;) or the Kuznetsov’s model with the variable
(v+ — KA®). Nevertheless, this approach does not hold anymore without Becker’s
assumption () because the additional term —x (8 — byr)A24), prevents such factor-
ization of the equation. So, we will deal with the general case in this subsection by
applying suitable energy methods in the phase space.

Throughout this part, we will consider some estimates of the solution @& = 4(t, )
to the following inhomogeneous Cauchy problem for Blackstock’s model in the phase
space:

(28) {“ + (0 + R)IEPan + (1 + 1612 [€ 0 + rl¢|'a = f

@(0,8) = 4:(0,€) = 0, 1e(0,8) = 12(§),

for £ € R, t > 0, with 4 = ~vbvk, where f = f(t,{) is a suitable function as a
source term.

Proposition 3.1. The solution i to the inhomogeneous Cauchy problem (28) ful-
fills the next estimates:
2

[

R 2. [35
Ut + bl/|§| U + TU

*T

2k(y + 2)
2kbv(y + 2)\§|2 +1
[4s

B2 < liial? 4
gl <1+ g [ s

Proof. We introduce the new functions ¢ = 4(¢, &) and @ = (¢, ) such that

Uy + U

<>
>

0= 12 and W = t = Utt-
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At this time, we immediately rewrite the third-order differential equation in
by

IS8

S>

(=33

(29)

t w7
Wy = — (8 + K)[EPw — (L +F[E)IE[P0 — wlg]*a+ f.
To begin with the construction of energy, we say ki € (0,1) to be a real constant

independent of k that will be fixed later. By proceeding [29)3 + bv|¢|>x 29)2 +
Ferl€]? % 291, we get

(30) (0 + bUJE|*D + kalé]*a)e = —yrl€[*D — (1 — k1 + 7[€[)[€*0 — wl¢|*a + f.

Multiplying by @ + bv|€|>0 4 k1 |€]*4 and taking the real part of the resultant
equation
d . 25 2412
T (| + bv|€D + ke |¢]*al?)
= —kk1[€%)0)? — b (1 — k1 4+ F[€)2)|E[* 0] — x| 0]

— (Kbv[€]? + k1 (1 — k1 +F6]%)) |€]* R(ao)

— k(L4 k1) [€] ' R(ab) — (1 — k1 + 29[¢[*)[€]*R(0w)
(31) + R (f( + bIEP + kaléPD))

NN

From (29); and (29)2, it holds

N | =

d _ _
I (Kol + k39]?) = ko ((0 + k3d) (4 + k3))
kaR

(32) (00) + koks|0|? + kaksR(Gd) + kok2R(01D),

with real parameters ks and ks satisfying

ke = (kbv|E]> + k(1 — k1 +7|¢%)) l€]* >0,
k(14 k1)

ko =
2T RbU[ER + k(1 — Ky + A2

>0,

so that keks = k(1 + k17)|€|*. Moreover, the equation (29) shows

| ~

[((1 =y 4+ 29[EP)[E° — ko2k3) [01*] = ((1 — k1 + 29I€17) €7 — kok3) R(DD).

N —
Q.

t

Therefore, we summarize the derived equalities to see

| ~

[[@ + bu[E*0 + ki€ af® + kol + kad|® + ((1 = k1 + 27(€°)[€]° — Rkak3) [0]°]
= —rk1[€|°)a* — (v(1 — k1 +A[EP) €[ — kaks) [0 — yrle*|af?
+ R (F(@ + gD + Ralel®a) )

NO| =
Q.

t
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Let us now employ Cauchy’s inequality as follows:

(33) kr|€*R(fa) < rkal€]%al® + m |§\2'f‘2
(34) bulEPR(F5) < brAle|*]o]* + |£|2 f12,
(35) R(f) < yrlEll@) + |£|2|f|2
Namely,
1 d . . R - R
57 1@+ OIEPD + Rl + ol + Ksl® + (1 — ki + 27181 — kak3) [0°]
- BN | A 2+’7k1 -
_ _ 2 4 _ L 6 2 2
(b1 — b+ F1EP el — hoks — bo3IE[°) I + T 1]
(36)
2+'Yk1 2
4mlf\2 4
for 0 < k < 1. We notice that
kal¢|?

1— ki + 29|¢1%)€* — kok3 = ~
( 1 FIE)IE] 2R3 (kbv + k1) [€]2 + k1 (1 — ky)

with the positive constant

ky = k(1= k1)® + (1 = k1) (kbv + 3k1%) — 62(1 4 k1)) €7 + 29(kbv + k19)[¢[*

for 0 < k < 1. Here, we avoid too many losses of k in the convergence result. For
this reason, we dropped the second and third (positive) terms in the last chain.
Since ko > k1 (1 — k1)|€|*, we integrate (3G) over [0,] to derive
[ + br[€]*0 + ko [€7al* + ki (L — k1) €] + kso]®
k(1 —kp)?|€)2 ) . 2+ vk
(~ . ) | | ‘UIQ < |u2|2+ > ‘f
(K5bv + k1 Y)[E1* 4 k(1 — k) 2k[€]

where we used 4(0,£) = 9(0,£) = 0 for all £ € R™. Finally, by choosing k1 = 1/2,
we complete the proof of this proposition. O

€)2ds,

Proposition 3.2. The solution i to the inhomogeneous Cauchy problem [28) ful-
fills for any k1 € (0,1) the next estimates:

(1 — k1 +29[¢1°)(2 + k1) /|f
4/ik1(1—k1 ’Y|§‘6

oo o Lk 42907
2 < 1 2
|U| X k?l(l — k1)2|€|4 |U2| +

Proof. Let us take koks = w(1 + k1)|€|* and kok2 = (1 — ki + 27|€12)|€)? in (BI)
and (32)), in other words,

K21+ k1v)?[€)°
1— ki —27[¢?

€)|?ds.

1—Fk +2’ﬂ£|2
37 ko = >0 aswellas ks = ——— > > (.
(37) » as well as k3 S0t ) EP
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It leads to
1d ,, . . . A .
o (| + bv[€[*D + kr |€]2a]* + kala + k3d]?)

= —rky|€]5a)? - (bu(l —ky +7€1?) - w(1+ k:yy)) |§|4|@\2 — yk|€?w)?

201 4 Jry )22 ~
= (trleP + ka1 =431 - 0T et

=:ks
+ R (f + e+ al¢a) )
Additionally, we know from (29); that

1d )
5 a7 Il al?) = kse|"R(a0).

By using the derived estimates (33)-(35), we get

N N . . . R 2 +~k
[+ bU[€]%D + k|22 + Fali + kad|? + s €[4 af2) < St

(38) TR

d R
53 ( fI%.
Actually, we can compute
k(U= k1)? + 6 (1= k)brByks + 1) — k(1 + k1y)?) [€]7 + 23 (kbr + k17)[€]*

1— k1 +29]¢)?

ks

(39)
k(1 — k)2
1 — Ky +27]¢2
for 0 < k < 1. As a consequence, it leads to
ki (1 —kq)2€)t 24k [* 2
Ol < JaaP + 300 [ s 0Pas.
It completes the proof. O

3.2. Singular limits for some energy terms. Let us define the difference of
solutions between Blackstock’s model () and Kuznetsov’s model (I0) by u = u(t, z)
such that

(40) u=1— ),

which is a solution to the inhomogeneous Blackstock’s model. Then, we have the
next global (in time) convergence result in L>([0, 00), L?) as & | 0.

Theorem 3.1. Let us assume ¥g € H3N L' and 1 € H>N L' such that
(41) Y2 = brAypy + Avhy.
Then, the difference u = u(t, ) defined in (40) satisfies the following estimates:

sp ([luee(t, ) = brAue(t, ) = 5Au(t, )| + llue(t, )l z2)
te[0,00

< VRO (Yol asnc + 11l a2act)
where C' is a positive constant independent of k.
Remark 3.1. The consistency condition on initial data (AI) coincides with (1.3)

in the recent paper 33| for the Dirichlet boundary value problem of Blackstock’s
model.
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Proof. According to our definition for the difference, we can show w is a solution to

(0 — kA (uge — Au — §Au) + k(v — 1) (bv — k) A%y = f,
u(0,z) = u(0, ) = uy(0,2) =0,

for z € R™, t > 0, since 92(x) — bvA;(z) — Ahg(x) = 0, where the source term

f=rftzy®) s

f =0 = k) (9 = A6 = (v + (v = DR)AB ) = kl(y = 1)(br = )AL
= k(y —1)A2pO),

In the above deduction, we used the limit equation in (I0)) twice. Therefore, we
can apply the theory in Subsection Bl by taking f = s(y — 1)€[*)(®) and s = 0,
since our assumption {4I]). From Proposition [3.] one arrives at

2 2
. o €2 L€ 26(y +2) .
G + br|] ut+—2 U +—4 2fcbu(7+2)|§\2+1ut+u
[9& o (A4 - 12 /t 350 (5 |
42 < , ds.

Following the similar approaches as those of Theorem 14.3.3 as well as Corollary
14.3.1 in the book [I8|, we can show the solution to the Cauchy problem (I0)
satisfying

1O @, )17 = 1D O (¢, )72
SO+ (ol fpengs + 11l Fr-1n0)
for k € [1,00). Consequently, the right-hand side of implies

4 —1)2 [t ~
% / HEPD© (s, )|22ds

t
< KC / (1+ )72 %ds (6ol Zsnrs + 1 2n01)
0

< wC (HQ/JOH%ISHD + leniﬁle) .

We find with the Plancherel theorem and the last estimate that
[|wer(t, ) — bwAug(t,-) — 3 Auft, ')||2Lz < KC (I1boll3snrs + ¥l zaL:) -
Moreover, from ([@2) again, one observes
il <20 [ 160,05 w0 [ 1600, 05
It leads to

t
[DAGRIFES /@20/0 (1+ )72 Fds (IILollFsnpr + 1allFrenz)

t
+KC / (1+ )73 ds (ol anps + 1 2nss)

<#C (ol Fsnr + 1¥1llnp) -

The proof is complete. O
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Corollary 3.1. Let us assume (D)*°*1yg € L' and (D)*0¢; € L' with so > n+ 2
such that holds. Then, the difference u = u(t,z) defined in satisfies the
following estimates:

S[up : (JJwee(t,) = bwAug(t,-) — Au(t,-)|| oo + lluelt, )| Loe)
te[0,00

< VRC (I[D)** ol L1 + (D)™ 4 || 1)
where C' is a positive constant independent of k.

Remark 3.2. Comparing the previous corollary with Theorem [31] we see that,
under suitable assumptions for the data, we have showed

(43) e — 9 in ([0, 00), L?) and in L=([0,00), L) as r | 0

with the rate of convergence \/k.

Proof. The combination of (42) and the Hausdorff-Young inequality shows
[luse (¢, -) = brAug(t,-) = $Au(t, )|

< c ﬂtt(tv 5) + by|€|2ﬂf(ta€) + %‘£|2ﬁ(ta€)"L1
1/2

<VRC | (/Ot]|5|3$<0)(s,g)‘2ds> dc.

=:Jo(t)

Recalling from Lemma 2.4 of [28], the solution ¥(© has the pointwise estimate
€P 19O < Cexp (—erdfirt) (16110l + €141
It immediately leads to

a<c [, ( /0 e (—erdilrs) ds)m (11 ol + I¢[214h1]) de.

Next, for €] < 1, we can see

Jo(t: €] < 1) < C/\£\<1 (1- ‘3*0‘5‘2'5)1/2 (1gP2Iol + lél1dn1) de

< C(l[boller + l[¥n ),
and for |€] > 1, it holds

1/2

t o~ o~
Jolt:€| > ) < C ( / e*“‘ds) (161 ol + €1 11) ag
[§1>1 0

<C [ (@rrag (0 doll= + 1€ P~ )
[£1>1

<c / (P20 dr (I[D)* ol s + (DY 122

< C (KDY apoll s + (DY 1)

since n+ 1 — s9 < —1 for sg > n+ 2. Namely, Jy(¢) is bounded for any ¢ > 0 with
so > n + 2, which completes the proof of the estimate for the first component.
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Following the same approach as before, we are able to get

+ R ) 1/2
fuste o~ < vie [ ([ flepasef as) e
R~ \Jo
+ R ) 1/2
s [ ([ fieraosef as) e
R \JO
< VEC (I{D)* ol + (D)™ ¢n || 1)
with sg > n + 2. The desired estimates are completed. O

3.3. Singular limits for the acoustic velocity potential. Let us turn to the
singular limits for the solution itself, or the acoustic velocity potential.

Theorem 3.2. Let us assume 1o € H>NL* and 1 € H'NL! such that [@I) holds.
Then, the difference u = u(t,z) defined in {40) satisfies the following estimate:

sup ((G1(1+ )7 u(t,)lr2) < VEC (I¢ollmzars + 11llaiac)

t€[0,00)
where C is a positive constant independent of k, and G1(1+1t) := (1+1)3 ifn =1,
Gi(1+1t):=(In(e+1)2 ifn=2,G(1+t):=1ifn>3.

Proof. Following a similar procedure to that in Theorem [3.1] we use Proposition
B2lto get

t t
lu(t, )22 < 52C /0 | EPDO (s,6)[ads + wC /O €1 (5, £) 25
t
< W3C / (1+5)"%ds ([0l2anps + 41 120000)

t
e / (1+ )78 ds ([ol2nnps + [411220z0)

< KOG+ 1)) (1Yol Franrr + 111 Hazr) -
which completes our proof. O

The next result can be proved by following Corollary [3.I] and using Proposition
[3:2] Particularly, in the proof, we need to apply

1/2 1 1/2
Vi [ et (1-eeiett) Tae < \/EC/ 2 (1—em) Tdr < Ve
€<t 0

for any n > 2, and f‘§|>1

Corollary 3.2. Assume n > 2. Let us assume (D)**Tpg € L' and (D)4 € L*
with s1 > n + 1 such that [AI) holds. Then, the difference u = u(t,z) defined in
([40) satisfies the following estimates:

sup )I\U(t,~)\|m < VEC (IKD)* ol a + [{D)* 91| 1)
te[0,00

(E)1=51de < C for 81 > n+ 1.

where C' is a positive constant independent of k.
Remark 3.3. The last corollary indicates that
(44) Y= in L([0,00) X R™) as k10
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with the rate of convergence v/ for n > 2. Comparing with (44)), we observe
that the rates of convergence between the acoustic velocity potential and its time-
derivative are the same, but we lose the convergence result (@) for n = 1.

4. HIGHER-ORDER PROFILES WITH THE SMALL THERMAL DIFFUSIVITY

As a continuation of the singular limit argument, which also can be understood
by first-order asymptotic expansion with respect to k, one may be interested in
asymptotic behaviors of solution for small modified thermal diffusivity x. The
Blackstock’s model (9)), indeed, can be re-organized as

(45) Lip = (0] — (bv + vK)AO} — Ay + YbvkA®0, + kA®) h = 0.
Later, we will use formal asymptotic analysis to find the equations of higher-order

profiles with small £ > 0 in Subsection and rigorously justify the second-order
profiles in Subsection [£.2]

4.1. Formal derivations of higher-order profiles. In this subsection, we are
devoted to using multi-scale analysis and formal asymptotic expansions to find the
equations for the higher-order profiles. Based on multi-scale analysis, the solution
of {@35) with x > 0 has the following expansions:

(46) w(t,w) =Y w7 (P19t 2) + 9P (2,2))
j=0
with the variable defined as z = kt, where each term in is assumed to be

smooth, and the profiles 1% (z, ) is decaying (or zero) when z — 0. Moreover,
([46) should satisfy three initial conditions as those in (9)).

Plugging (46) into (), it follows
0= "w ("7 + KP2Y1T) — b Y " k! (AOFY" + KPADZP)

j=0 j=0
— D W (AT + KPARYET) = YK (AT + kAD.YM)
320 320
by YW (AP0 + kAOMT) 4y R (AP 4 AP
7=0 Jj=0

where 17 = I (t, ) and Y9 = i (2, 2).
The outer solution: Firstly, we collect the terms carrying O(x°), that is,

0y (979" — AP0 — bwAdp" ) = 0.

Let us take the consistency assumption

(47) 02p19(0, ) = bwAdYT0 (0, 2) + AypT0(0, z)
to get
(48) X0 — AT — by A0 = 0.

That is to say the assumption always holds.
The higher-order profiles of solution: Next, we collect the terms carrying O(k), that
is,
00 (" = AT — by Ad ") — A (9010 — LAY — bAd ")
—A (0970 — Apt?) =0.
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From (48}, the second term in the above is equal to (1 —v)Ad (90 — brAy!0).
Now, we take ¢!'! satisfying
(49) Yl — AYht — b AGT = (v = 1A (9"0 — bv Ay ?)

with the correction for t = 0 also, we notice 9,9"° — Ay = 0. Similarly,
considering the term carrying O(x2), one may observe

0=0, (07¢"? — AYT? — bwAdp"?) —yA (8&&“ — LAY buAd, w[,l)
= bAD. (0970 = yAPEY) — A (990" — Aph).
By taking 172 fulfilling
Ot = A0 A = 5 (0 —waw) — [ s s
for t >0, it leads to ’
Dbt — At = (v — 1)brAd. 0.

Finally, to determine the formal expansion, we should consider O(x/*3) for any
7 = 0 such that

0 =0, (07¢"7%3 — AphIt3 — by AGI13)
— A (GRy79H2 = LAYTIHE — by I+?)
+02 (0979 =y AY"T) — b AD, (09" — AT
— A (9,02 — Apldt2)
Setting
T It3 — AYHITS — by AGyap! I +3
t
= YA ("I — b Ay — / APpTIH2 (s, )ds
0
for ¢t > 0, one gets
A (MIH2 = ApEIT2) = 02 (9987 — yAYTT)
— A, (04" — y AP |
especially,
0912 — Aypt? = (1 = 7)929"0 — b, (0.5 —yAp™T).

The matching conditions: Concerning initial conditions, since

do(x) = 100, 2) + 950(0,2) + Y & (4190, 2) + 57(0,2))

izl
Pr(x) = 0" 0(0,2) + Y K (9" (0, ) + .91 (0,2))
jz1
ba(x) = 0700, 2) + kOFYTN(0,2) + Y KT (97917 (0,2) + 0Z9HT2(0, )

j=2
letting | 0, it holds that
o $10(0,2) = (), YEO(0, ) = 0, and $1I(0, 2) = I (0,) for j > 1
o 0,p10(0,2) = o1 (z), and OppT9(0,2) = —0,4T771(0,z) for j > 1;
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® 61‘/21/)170(07:[) = 1/)2(95)7 831/)[’1(0, JZ’) =0, and 81€2¢17j(07m) = _6§¢L7j72(07$)
for j > 2.
Finally, we show some special relations among the profiles for the initial data. Ac-
cording to ¥%°(0, ) = 0 and uniqueness of solution to heat equations, it yields the
trivial solution ¥%°(z,z) = 0, 9,1 (0,x) = 0 and 6%¢!2(0,x) = 0. Furthermore,
the dominant profile /0 = ¢ thanks to {1, and the previous relations
for initial data. Taking ¢ = 0 in (49)), we get

APT(0, ) + v A D0, 2) + (v — DA (2) — brAgpo(z)) = 929010, z).
With the aid of 9;11(0, x) = 9241(0,x) = 0, it implies

PPH0,2) = 10, 2) = (1= 7)(¥1 () — brAgo(z)).

Summarizing the last statements, we conclude the next result for formal higher-
order profiles of solution to (@), and the second-order profiles will be rigorously
proved in Subsection [4:2]

Proposition 4.1. The solution ) = (t, x) to the Cauchy problem for Blackstock’s
model [@) with the consistency condition as well as small k formally have the
following asymptotic expansions:

Gt ) = O () + Y W (W 2) + 9T (st 7))
720
where

o (0 = O x) is the solution to the viscoelastic damped waves (I0);
o it = litl(t x) for j > 0 is the solution to the inhomogeneous vis-
coelastic damped waves

athI,j-H _ Awl,j-‘rl _ byA6t¢I’j+1
t
= A (O™ — buAghT) — / A%l (s, 2)ds
0

for z € R™, t > 0, with ¥70(t,z) = O (t,z), carrying its initial data
TI+10,2) = —pPITH0, 1) and OppT 110, 2) = —0.4"7(0,2) such that
O21i*2(0,z) = —02419(0,z), particularly, vF° = 0;

o Ll = ll(z 2) is the solution to the heat equation

azlbL’l - Ai/fL’l = 07
P10, 2) = (v = (¥ (2) — brAdhy(2)),

forx e R", 2 > 0;
o 2 = 12(2, 1) is the solution to the inhomogeneous heat equation

(50)

D72 = AphE = (3 = 1)brAd YL,
UE3(0,2) = v (o)

for x € R™, t > 0, where 1&5’2(1) can be expressed in terms of wo(z) and

wl(x);
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o plit2 = Ld+2(5 3) for j > 1 is the solution to the inhomogeneous heat
equation

Dbl t2 _ ApLdt2 = pLitl
{¢L’j+2(0»l’) =y (a),
for x € R™, t > 0, where wé’j+2(m) can be expressed in terms of v¥o(x) and
Y1(x). Here, we denote the source term
FBIth = AT192 (90" — yAYPT) — bwd, (04" 71! — yApEITY)
4.2. Rigorous justification of second-order profiles. Although it seems chal-

lenging to rigorously justify the expansion stated in Proposition[41]for all j > 0,
we still can construct

(51) Gt x) = i (t, @) + K RE(t, @),
where

VRt x) = PO (¢ 2) + kD (E, @) + k™ (Kt 2).
In the above, the function !! is the solution to

(52) ORIt — Ayt — b AG = (v — 1)A (90 (© — b Ap©))
(W1, 0t 1)(0,2) = ((1 = 7)(¢hr — brAep), 0) (),

for z € R™, t > 0, and 9™'(z,z) with z = st is the solution to (50), which can be

directly solved as ¥*(t, z) = ¥'*!(z, ) such that

whn(t) = s [ e (<5 (01 ) — b))y,

It allows us to rewrite

(53) K2R (t,2) = ¥(t,x) — O (t, 2) — k" (t, ) — kP (2, 2).

Our next purpose is to prove that the term x2R*(t,z) in (5I) is an error term
(in the sense that we are going to explain later on in Remark[4.1)). For this reason
we need some estimates for R® = R*(t, z). Direct computations show

LY© = k(1= 7) A%,
Lo = (1= A — nly = DA — py(y — 1)A% (000 — brav®),
LYEt = K21 — ) (k — bv) A3t
Then, R" satisfies
(54 {LR“ = —(y = )A? (=90 + b AY©® — YT+ sy — ) AYEL)
(R*, 0, R*,0FR")(0,x) = (0, (1 — v)AL (1 — 7)A%I) (),

for x € R™, t > 0, where I(x) := 91 (x) — bv Ao (x). Let us take the partial Fourier
transform with respect to z in to get

(9F + (b +ym) 607 + 60, + busl€|*0, + wl6|") B = G(t.€),

(R*, 0. R", 0FR*)(0,8) = (0, (v = D)IE[* T, k(1 = 7)[]*T) (),
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for £ € R™, t > 0, where we denote
G(t,€) == (v = Dl (1000 +brfe29) + 571 + w(bw — WD),
J(€) = 1) + e o (€).

First of all, we notice that the differential operator in (&4) is exactly the one for
Blackstock’s model (@). Consequently, the approach in Subsection Bl still works.
Clearly from the derived estimate (38), the next differential inequality holds:
24+ vk1 ~ ‘ |2

Ry[E2T
where ko, k3 were chosen in (37), and ks fulfills the estimate ([39). Let us integrate
the previous inequality over [0, t] to show

(\R Fb|ERE + Ky [€2RR|? + kol RS + ks REP? + ks|€|4 B7)| )

R < CIEP(L+ 6P+ sl T()P + CUtnie / 1G(s,6)Pds

< CLE (1 + €)1+ KIEP) [Wol” + CIEP (1 + 1) (1 + wl¢[*) | ?

LI+ wlel) [ 100, O + LI+ o) [ 1505, )Pas
0 0
(55)
¢ t
LI+ RIEP) [ 155, Pds + CHIEP+RIgP) [ 158 s, s,
0 0
Let us state the pointwise estimate for &I 1(t, €) to the inhomogeneous viscoelas-
tic damped waves (52)), which is the most complex part in the estimate (53)).

Proposition 4.2. The Fourier image for the solution to fulfills the next point-
wise estimate:

Clo—clél*t (@0\ +(1 +t)%|$1|) if 0<lél <,
Ce=<t (| 1dol + [4a1) i

with positive constant ¢ depending on the parameters b, v.

[, €)| <

Proof. In order to deal with the solution /! to (52), we need an exact represen-
tation for the solution. Let us begin by recalling the representation formula for the
Fourier transform with respect to the space variables of the solution to the linear
wave equation with viscoelastic damping —brvAwv; and source term f = f(¢,z). For
the inhomogeneous Cauchy problem associated to

Dot + bUIETe + €120 = F(£,), €€R™ t>0
(ﬁ,@)(o,f) - (1)0,’{)1)(5), 5 € Rn:
we find the characteristic roots
2e? + %\/wv) P-4 iflg > 2,
57 = v
O el { e+ 48T G PTEP i 0< el < 2.

By straightforward computations we find the representation

(56)

0(t,€) = Go(t, [€)00(&) + G (1, €A1 (€) + /Gl(t—s €D f (s, €)ds,



32 W. CHEN, R. IKEHATA, AND A. PALMIERI

where
—(eght p+(1EDE
Gt 6] oo 6D p-(leDer+ (50
ot €] PRGETA()
58) @ (t |€|) - er+ (€Nt _ gp—(1EDE
( WD) = e = e

In particular, we may express the Fourier transform of the kernel functions Go, G1
as follows:

i
sinh V(bv)2|€]2—4t .
(cosh (% (bv)2[€]2 — t) + bu|¢] ( >) e~ Flet

V()2 [gP—4
=N lf ‘§| > bl/’
Go(t, [€]) = ‘ sin<|—§ 4—(by)2\5\2t> b o2
el 5T —& el
cos (/A= Bu)IEPt ) +bue] TG e

if 0< ¢ <2,
2 51[1h< 4] 1/(bl/)2|§‘274t>
€14/ (br)?1€]>—4

2 Sm( l&l w/47(b1/)2\§\2t)
l€]/4=(br)2 €]

oIt if el > 2,
Gi(t, |¢]) =

eI i 0 < ¢ < 2.

Having in mind the previous representation formula for the solution to (56), we
obtain

P16 = (1=)Co(t, ) (B1(©) + brig*do(€))
+(1-) /0 €1G1(t =5, 1¢]) (05 (5.) + brfe 200 (s, )) ds

and
PO (s,€) = Go(s, 1€))wo(€) + Gi(s, [€)11(€),
0% (s,€) = 0uGo(s, [€])10 (&) + G (s, €)1 (6).
Hence, combining the previous identities, we arrive at
(59) YT, €) = (£, €) + VL (£ ),

where

B 1= (1 =) Co(t,1€D) (1) + brigPdo(©) )
P = (1 =) / €PGr(t = s.16) Y (01Gi(s,1¢]) + brig* (s, 1€D) 6 (€)ds
7=0,1

From the explicit representation for éo, we find immediately the following esti-
mates:

[ (6O S e (P10 (©)| + 1 () i 1] > &,

(60) ,
|¢hom( )| 5 € 7|§‘ t(|w0( )| + |w1(£)|) if 0< |§| < b1
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Next, we estimate the term QZSih. Consequently, for this purpose, it is necessary
to derive some representations of the time derivative of Gy (¢, |£]), G1(t,]¢]|). From

(E8), we have

~ eP- (gDt _ gp+(1€EDT
0:Go(t, |€]) = P+(|§\)Pf(|§|)m
= —p1(E)p-(€)G1 (¢, [€]) = —[€[PGu(t, [€]),

(€Dt p—(l€])t
o e LoD p_ (e (D"
(6 1¢]) (€D — p— (D

Moreover, by (57) we get

. L€l
sinh( 574/ (bv)?[§]2 -4t e
(cosh (lg—ls/(bu)2|§\2 - 4t) — br¢] <\/(bu)2§24 ) e~ Bt

~ if ¢ > 2,
8tGl(t7 |£‘) = o (u 4—(b )2|§\2t) | ‘ "
(coS <U 4— (bl/)2|5|2t> — brf¢] ’ ) e~ et

2 Va=(r)2 (€2

if 0<|¢l< 3.
Hence, we try to express in a simpler form the terms
Gt — 5, 1€)) (0G5 (s, €]) + br[PCy (s, [€))) for j = 0,1,

By direct computations, we find

Gi(t = 5, 1€D) (0G (s, [€]) + brle2Ca s, ¢ )
0P+ (€D (E=5) _ gp—(I€D(t—s)
(o+ (1€ — p—(€N)?

x (o1 + BrIEP)er 0D — (p_(le]) + bofef2)eo-1€D°)

op (€D (E=5) _ gp—(1€])(t—s5)

= e ey (Pt o (e 60)

(61) = Gy(t — s,1€))Gol(s, [€]),

where we used the relation py (|€]) + bv|€]2 = —p=(|€]) in the second last equality.
Analogously,

Ga(t = s, I¢l) (2:Gols, lg]) + brfe*Gio s, [¢))
er+(ED(E=5) _ op—(ED(t—5)
T (o (IED) — p—(€D)?
x (<o (€D (4 (D) + brlg[2)e 1D + p (Jel) (- (1€]) + brfe[2)er=1€D=)
eP+ (IEN(E=5) _ ap—(IED)(t—s)

- 2ep+(I€Ds _ 200 (I€Ds)
G ERa GL pe(lgh?er=1907)
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Since pu (J€)2 = L[l — [ F 21 (o+ (€D — p—(€). then

p_(|€])2er+EDs — p (|¢])2er-(1€Ds
p+(I€]) = p-(1€D)

b br)? ~
= e (err 0 g er-90°) o (L2 1) 162G o .

So, we have

Gi(t = 5,1¢]) (0uGo(s, €]) + brle[*Go(s, I€)))
(62)

~ by bv)? ~
= Gule - s.lel) (e (e 4 oo-00) 1 (Ll e - 1) PG s k) ).
Later, it will be useful also the following representation:
e (ep+<\s\>s n em(\f\)s)
2

b2 cosh (Bhy /Ul — 4s) e 1% it Jg > 2,
bv|€|? cos (@ 4— (by)2\§\2s) TIPS i 0 < ¢ < Z

Since our goal is now to provide pointwise estimates for @é’ih in the right-hand side
of (59), we are going to write explicitly the terms in (6I) and (62). For [¢| > Z,
we get

Gilt = s, 16) (0G5, €]) + brl¢ PG (s, ) )

o (18]
2smh(7 (bl/)2‘5‘274<t75)) 2
- el /b0)2]|€]2 — 4s) e~ T €1t
i cosh (5 VPR —as) e

2b1/sinh(% (bl’)2‘f|2*4(tfs)) sinh(l—g‘ (by)2‘£‘274s)
V(r)2[g)2—4 Vo)2leP—a

by 2

—br )%t
- em I
and

Ga(t = s, I¢l) (2:Go(s, €) + brig 2 Cocs, [€)))
smh(i\/W(t s))

_bu g2
= 2bv|¢] N IR cosh (% (bv)2¢)2 — 45) e~ 2 IEIt
sinh(%\/(bu)2\§\2—4(t—s)) sinh(%‘\/(bu)z\g\z—4s> b o12
2((bv)?)€)? - 2) e T IE%t,

V()2 [E2-4 V(or)2]E2—4
On the other hand, 0 < [§] < %, we have
1(t = 5, 16D) (9C (s, [€) + brle[*Ca (s, )
¢

€]
2sin| 5 4/4—(bv)2|€|2(t—s) L
— ( ) cos (|§\ 4— (bu)2|§|2s> o~ FIEI%t
l€1y/4—(br)2 ]2

2busm<|§‘\/4—(bu)2\§\2(t—s)> sm(‘gl 4—(bv)2\§\2s>
VA= ()2 VA=)

br 2
—br g%
e 2" s

_l’_
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and
Ga(t = s, 16) (9:Co(s, [¢]) + bre*Co s, ) )
sin(ﬂx/élf(by)ﬂg 2(t73)>
COs (
VA= (bv)?[¢]?
sin(§\/47(bu)2|£|2(tfs)) sin(‘gflx/47(bl/)2\§\2s>
V4= (bv)2[¢]? VA= (bv)2[¢]?

Since for large frequencies we may estimate

sinh (‘g—‘\/m(t - s)) < cosh ('—g‘ (0)2[€2 —4(t — s))
<exp BV —4(t-9),

= 2bu¢]

_br g2
B T=uplePs) e e

2
~bejee

+2((bv)?€* - 2)

smh(i W 2IEE = )écosh(% W )2IEE = )
< exp (g VO7IEF 1)

and
exp ((— %12 + L VOIEP = 1) t) <exp(—55),
we find the pointwise estimates
(63)
Gt = s, I¢l) (0 s, [€]) + bIglPCys, €D) | S el et iffe] > &,
(Gt = s, 161) (G (s, lgl) + brIgP G (s, €D) | S Je e 1€ if0 < Jg < L,

for 7 = 0,1 and for a suitable constant ¢ = ¢(b,v) > 0. By using (63), we may now
derive the pointwise estimates for wé’ih. For |¢| > %, we have

Duhtf|</|s|2 > |Gt = s lél) (0o, €] + brg Gy s, e )| 165(6)1 ds
J=0,1

(64)  ge / (IgP1Bo(&)] + [91(9)]) ds < e (1€l Fo()] + [91(9)])

while for 0 < [¢] < 2 o> we get

t
o FlEl*t 2|7 o d
01 2 | (e + el en) as
S e HIP (IEReldo(©)] + €111 (€)))
(65) < eI (1o () + (91 (9)]) -

Combining (60), (64) and (G5), we obtain the desired pointwise estimate for ¢!+,
|

Then, we can announce our main theorem in this part.
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Theorem 4.1. Assume n > 3. Let us assume 19 € H> N L' and ¢, € H> N L*
such that the consistency condition holds. Then, the following refined estimate
holds:

sup st ) = (VO ) +me 1) + kOB (L)) |

te[0,00)
< ChvE (Iollsnrr + 11l ancs) .

L2

where C' is a positive constant independent of k.

Remark 4.1. Let us compare the obtained result Theorem with Theorem
for n > 3. By subtracting the additional error terms k™1 (t,-) + kp™"(t,-) in the
L2 norm, the rate of convergence has been improved by a factor k.

Remark 4.2. From Theorem we claim the validity of the formal expansion
stated in Proposition at least for j = 0, which means the second-order as-
ymptotic expansion. Precisely, concerning the Blackstock’s model without Becker’s
assumption (9), the solution has in the asymptotic expansion as first-order term
the solution to a viscoelastic damped wave equation, and as second-order terms the
sum of a solution to an inhomogeneous viscoelastic damped wave equation and a
solution to the heat equation, respectively.

Proof. Recalling the definition of the error term x2R"(t,x), we just need to derive

some estimates for R"(¢,-) in the L2 norm to complete the proof. First of all, from
the regular assumptions for initial data, we claim

/R I 1€+ wIE) Dol e + /R P (€7 + g Pde
< C (Wollirs + l191l17) -

Namely, from the pointwise estimate (53], we just need to estimate the remaining
four terms. Before doing this, let us state some estimates for the Fourier images
of the functions appearing in the integrals on the right-hand side of (B5). From
Lemma 2.4 in [28], we can state the pointwise estimates

~, ~, c 2 -~ ~
(66) 105 (s,6)[2 + |¢210 0 (s, ) < Cexp (—15kms) (2100l + 11 1)
and from Proposition[4:2] we see

e (o2 + (L4 s)ln ) if 0< ] <k,

67) " (s.0F < Dol2 + 19
(67) | (s,€)] Ce™¢s <<§>4|’l/10|2+ |¢1|2) if ¢ > %

Finally, the Fourier transform for implies

94 s, ) < O (Il + 1)
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To deal with those terms, we apply WKB analysis. Precisely, by employing the
Hausdorff-Young inequality, one has

t o~
/ P+ mlg?) / 100 (5, ) Pdsde
R 0

t ~ o~
<c e (1 ol + ¢RI ) ds

[€1<1/(bv) JO

t
ve [ e (10l + (611:) ddg
|€1=1/(bv) JO
t le2 elel?s
< C/O (He <Kl *1E1P13 2 g1 <1 /oy 120 170 + lle™ 75 ¢ ”%2(|§\<1/(bu))”w1H%l) ds

t
e / e=esds (o2 + 41]22) -

With the aid of Lemma[2.1] we conclude

t
/R L€+ el /0 009 (s,€)2dsdg < C (IolFranrs + I¥1lFenzs)

for any n > 1. By repeating the same steps as the above, we get
t
[t i) [0 s, 0Rasds < € (olFns + 11 ron)

for any n > 1. Similarly, due to fot(l +5)"2ds < C forany t > 0 and n > 3 it
holds

t
e i) [ 15 s 0 asde < © (loolranns + 11 e

for any n > 3. Finally, let us treat JL*l in the next way:
¢
o [P neR) [t s, o) Pasds

¢

<kC [ 1600+ ) (1611l + D7) [ e

n 0

< C (IvollFrs + 11lls)

for any n > 1. Summarizing the last estimates and (53]), we arrive at
IRt )1Fe < S (IollFsar: + [01lEen) -

Thus, our proof is complete. |
Corollary 4.1. Let n > 2. We assume (D)*°7%pg € L' and (D)%, € L' with

so > n + 3 such that the consistency condition holds. Then, the following
refined estimate holds:

sup [t ) = (WOt ) + mu" (8 ) + muE k2, )

te[0,00)
(68) < Orvi (I(D)Y* 24| 1 + (D)l 21) -

where C' is a positive constant independent of k.

HL"C
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Proof. In order to prove (68), we have to control the norm || R*(¢,-)| 1 for all > 0,
where R* denotes the Fourier transform of R”, whose definition is given in (53).
By using pointwise estimates and (67), and following the similar procedure to
the proof of Corollary[3.1] we may conclude the validity of (63). |

Remark 4.3. In Theorem and C’orollary we rigorously justified the second-
order profiles to Blackstock’s model (9)) in the spaces L ([0, 00), L?) and L>([0,00), L™),
namely, the correction for j =0 in Proposition We conjecture that the higher-
order profiles, i.e. j > 1 in Proposition @ also hold, which may be proved by
following the approach in Subsection[].2]

5. GLOBAL WELL-POSEDNESS OF THE NONLINEAR BLACKSTOCK’S MODEL

In the beginning of this section, let us firstly state the main result for the global
(in time) existence and decay estimates of solutions to the nonlinear Blackstock’s

model (8).

Theorem 5.1. Let us consider s > n/2—2 forn > 5. Then, there exists a constant
€ > 0 such that for all (Yo, ¥1,12) € Ag := (HFANLY) x (H*2NLY) x (H*NLY)
with

2

(0, 1,92l = D (IWell rosaze + [l 1) <,

=0

there is a uniquely determined Sobolev solution
¥ € C([0,00), H***) N C* ([0, 00), H*"2) N C*([0, 00), H?)
to the nonlinear Blackstock’s model (8). Furthermore, the following estimates:
10f(t. )2 £ (40T % (o, o, 92)
100t grvaae S (L0773 75 (o, Y, 1)
hold for all ¢ =0,1,2.

As>

Remark 5.1. The derived estimates of solutions to the monlinear Blackstock’s
model coincide with those in Propositions for the linearized Blackstock’s
model. That is to say we observe the effect of no loss of decay to the corresponding
linear problem.

Remark 5.2. By following the same approach as the proof of Theorem [5.1l we
can demonstrate global (in time) ezistence of small data Sobolev solution to the
nonlinear Blackstock’s model for n = 3,4, where the estimate for the L*-norm of
the solution itself is

()22 S DL+ [0, b1, 92)] 4,

for n = 3,4, and the derivatives of solution satisfy the corresponding estimates in

Theorem
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5.1. Philosophy of the proof. For T' > 0, we introduce the evolution space
Xo(T) = ([0, 7], H***) n €*([0, T], H***) N €*([0, 7], H*),

carrying the corresponding norm

22

tin
X.(T) := Sup 14+t~ 2 %
™ te[0,T] <e§,2 <( )

] Af(t, )| 2

s+2-¢

R e [ S )

for s € (0,00). Then, we define the operator N such that
N: (t,x) € Xo(T) — Nap(t, ) = P (t, ) + "0 (t, z),

where ¢!'™ = (¢, ) is the solution to the linearized Cauchy problem (@), and
™" denotes the integral operator

t
GOt ) = /O Kalt — 0,2) #(a) F((0,2): 0, V)do,

where F is the nonlinear term in (8) and K, (¢, x) is the kernel for the third data of
the linearized problem (9), and its definition is motivated by Duhamel’s principle.
Namely, K is the distribution solution to the Cauchy problem (9) with initial
data (0,0,dp), where dg denotes the Dirac distribution at x = 0 with respect to
spatial variables. Later, we will simply use the notation F(¢(o,z)) instead of
F(y(o,2); 01, V).

In the next parts, we will demonstrate the global (in time) existence and unique-
ness of a Sobolev solution to the nonlinear Blackstock’s model for given small data
by proving the existence of a uniquely determined fixed-point in X, (7") for the
operator N. Indeed, the following two crucial inequalities:

(69) INOIx, 1) S @0y 1, 2)lla, + 1915, 7y
(70) INY — N,y S 1% =9l x. ) (WHXS(T) + ||1ZHXS<T)) ,

will be proved, with the unexpressed multiplicative constants on the right-hand
sides that are independent of 7. In our aim inequality (70), > and 1; are two
solutions to the nonlinear Blackstock’s model (§). If we take ||(to,¥1,%2)||4, = €
as a sufficiently small and positive constant, then we combine (69) with (70) to
establish the global (in time) existence of a unique small data Sobolev solution
Y* = *(t,z) € X4(T) by using Banach’s fixed-point theorem.

5.2. Estimates of nonlinear terms. Our purpose in this part is to give some
estimates to the nonlinear terms in three norms as follows:

1E@ (o, Dy, [F@(os Dz, [1F@( )l g

for any s € (0,00), which will be controlled by |WH§(S(T) with suitable time-
dependent coefficients for any o € [0, 7.
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Part I: Estimates in the L' and L? norms.
Here, let us fix m = 1,2. Applying Holder’s inequality, we arrive at

IF @ (o, Dlem S UVYe(o, M Zom + [VE(o, ) - VAS(o, )l|m + Ao, )[|72m
+ [¥e(o, ) A (o, )]

S DI, YLem + [DIo(e, I zos [ DP(o, )| o

+ Do, ) Zam + [ee(0, Mpa | DIPe (o, ) e,

where le + plz = q11 + qiz = L with p1,p2,q1,92 € (1,00). Then, the fractional
Gagliardo-Nirenberg inequality (see Proposition [AT) shows

wt (Ua )

Lm

2 1 1 1
(G mmtw)

2= (g ta)
IHD[e(o M Zom < llvoe(oy Mz 2 Frot2

< A +0) 5 ¢l o),
DI, M2 S oo, 52T (o, )
S(A+0)™ 3 |y

where we need n < 4(s + 1) if m = 2. Moreover, one derives

ID[(o, Wzes [ 1D, Yo < llwolo 772 (o, )| %52

S +0) 5 )1, o),
[ CAD] [ NS

(1+0) ™ 5 9%, o)

2n 1 1 2
staGG—mmtw)

Frs+4

2
X (o)

le(o, Mz | |DPe(0, ) oo

IZANRYAN

where n < 4(s+ 1) if m = 2, and

. 1_ 1 41 1 — 1_ 1,3 3
=g (3-m ) €[] m=an(i-mrd) e ],
— 11 . 11,2 2
53 = 512 (57[71)6[0,1}, 54 = 512 (5*5‘%;)6 [m,l}
The restriction on Sy, ..., 84 will not bring any additional condition on n and s.

We can precisely compute the time-dependent coefficients for \|1/J||§(a(g) leading to

(L4 0) 39l i m=1,

[FACCAINFAPS { 5

A+0) Pl i m=2,

with n < 4(s + 1) if m = 2. In the above, we employed |V x, (o) < |9l x, (1) for
any o € [0, 7).

Part II: Estimates in the H* norms.

Basically, we can divide the nonlinear term into four parts as follows:

IE @0, N g SNV, )P Nl ge + V(0 ) - VAY(0, )| e + | [A%(0, )

+ Hd]t(av ')Awt(o'v )HHS
=:Z1(0) + Za(0) + Z3(0) + Z4(0).

Now, to estimate the nonlinear terms in the Riesz potential spaces, we will employ
the fractional Gagliardo-Nirenberg inequality (Proposition and the fractional
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Leibniz rule (Proposition instead of Holder’s inequality. To be specific, one
sees
Li(o) S HDVe(o gz

3n

SA+o) T 5wk, 1)

[DIn (o e S llwoe(o,aa PP (o, )15

with ;;13 p% = %, where the parameters
— 1 1 1 s4+1
Bs = 515 (5_17_3+ST) € [mv }
— 1_ 1 1 1
(71) B¢ := 512 (5 ~ P +5) € |:S+_271:| s

immediately conclude
Bs+Bs =gy t1€L,2] = n<2s+4

Remark 5.3. In the previous step we showed that the assumption s > § — 2 is
necessary for the existence of suitable Bs, Bs. Actually, this condition is sufficient
as well. Indeed, the existence of Bs, Bs as in is equivalent to require that ps, py
satisfy

11 o stl
2 pqgn'

Nevertheless, ps,ps are linked through the relation p% + p% = L. Therefore, the

5
previous inequalities are fulfilled provided that ps guarantees

1_1 1 in {1 s+l
max{() = <p3<m1n{2, -

By a straightforward computation, we see that this range for 1/ps is not empty

provided that s > § — 2. Analogously, this lower bound for s ensures the existence

of the other B; in the proof.
Similarly, it holds
() S 11PI(o; My 11D, zoe + DR, s 1D, ),
S ez O (o, M + (o, a0 (o, 1205

Fs+4 s+4

3

§(1+U)_%_%|W\|§(S(T)v
with pLSerLa:LJri: 1, where the parameters
o (b e ) e ] m e (3 e ]
B (d-g+d) e [dnt]. Aom g (i-ges) ]

will not bring any additional condition. Analogously to the above discussions, we
also can get

Tyo) S (1+0)7 %75
Finally, we estimate the later term
Zu(o) S 19l ) | IDP (0, ) Les + ([0, )z [ D[P0, ) e
S o)1 “’“*Muw (o, MZE + Ts (o)

_3n_ s
SA+o) a7z 7/1HXS(T)+IS(U)7

.y
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with = + L = 1 where the parameters
p7 ps 2

— 1 1 — 1 1 2 2
Bi1 -—H_L2<§—p—7+%) € |:S+L2311|7 B2 == 5 (5—1)—84‘;) € [S+2:1}~

Remark 5.4. We just know the estimates for i.(t,-) in the Hs+2 from the evo-
lution space Xs(T). It is better to control the previous norm with Is(o) rather
than || (o, )| Lar || ¢ (o, )HHq;z for q% + qig = 1 and g7 # oo, because we have
to “improve” the reqularity to estimate the norm |4 (o, )||Hq8+2 by the applica-
tion of the fractional Gagliardo-Nirenberg inequality. However, we cannot control

1400 ) gos1s for any 51 > 0.

To deal with Zs(c), we apply the fractional Sobolev embedding (Proposition[A3)
to get

T5(0) < (Welo Mger + el M gzo) (0 Y s
< (Hwa, I 2 o, M, + o M 772 ol )52 )

Hs+2
X |[Pe(o, ) oo

_n_s'+s _n_
S+ F + (1 +0)7 ) 0l
_n_s"+s

SA+a) 5 Wl ()
where 0 < 2s* < n < 2s. It is noteworthy that the choice of s* can enhance the
decay rate in Z5(0), and it gives some freedoms to the restriction between s and n
later. Let €y > 0 to be a sufficient small constant. We choose s* = n/2 — 2¢; to
determine

3n _
1

Is(0) S (1 +0) " F 755 )% 7).

By such Sobolev embedding with s*, we just lose (1 + o) as decay rate, with
sufficiently small ¢y > 0. Thus, the summary of the previous estimates is

_3n_ s,
1E (o e S A+ o)™ 725 9% ().

5.3. Existence of unique global (in time) solution. First of all, according to
the derived estimates in Proposition[2.1] we claim that

1™ .7y S (W0, 1, w2) 4

In other words, concerning (69), we just need to estimate [[1/"*"||x, () in the rest
of this subsection.

By using the (L? N L') — L? estimates derived in Proposition for [0,t], we
may see

t
2—0_n
08" (¢, )2 S / (14t —0) T 5| F((0, )| r2nrido,
0
t
2t _n _n
s/0<1+t—a>2 F(1+0) % do 9%, )
< L+l 0B )12 o

2—¢_n

L+ “FYl%, 1),
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since £ < 2+n/2 for all £ =0,1,2, where n < 4(s+ 1) and we used
(72) /t(l +t—0)"M(1+0)"%do < (1 +t)"meneed if max{ay, @} > 1,
0
for positive constants a; and ag. For the proof of ([2) we refer to [I]. Applying

the (L2 N L') — L? estimates derived in Proposition[2:1] again in [0,¢/2] and the
L? — L? estimates obtained in Proposition[2:2]in [t/2,t], they yield

t/2 s+2—€ n
1080 (1, M s < / (L4t — o) “F 4 |[F@(0, ) oy do

" / (1L+t— o) 5 | F(b(0, ) g do

/2
_s5+2-¢_ n t/2 —_n 2
S+t~ =2 1 ; (1+0) 2d<7||¢|xs(:r)
t
+(1+t>—%"—%+fo/ (1+t—0) T dol|¢]%, )
t/2
_s5+2-L n
SA+t) e 4|W|§(S(T)7
where n < 2s + 4, due to the facts that
(1+0)72 € L'([0,t/2)),
t/ 2— n
(1+t)‘37“%“°/ (L+t—0) Fdo s (140 758,
t/2

for all £ =0,1,2. All in all, summarizing the above derived estimates, we directly
conclude

HQ/JHOHHXS(T) 5 H¢| %(S(Ty

which says that the desired estimate holds if s € [n/2 — 2,00) for all n > 5.
Let us sketch the proof of the Lipschitz condition by remarking

D728 [N (t, ) = Nop(t, )] 2

t ~
=[[1pret20t [ Hate = 02w (Fvte ) = Plo, ) o
0 L2
for s € {20 — 4} U[0,00) and ¢ = 0,1,2. By using some estimates in Propositions
2Iand again, we just need to estimate
IF(@(0,-) = F(d(o, D, 1F(@(0,-) = F(@(on )22,
IF(&(0,-)) = F(@(o, )l -

Therefore, by repeating the same steps as those in Subsection[5.2] concerning m =
1,2, we obtain

IF((0,)) = F(d(o, Nem S (1+0)"F2m

Furthermore, the next estimates hold:

¥ =l (I8lx,m + 181

3n

|F((0,)) = F(o, Do S (1+0) 55y = Gl )
< (Illx.cr) + IWilx.co)
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for s € [n/2 —2,00), n > 5 and with sufficiently small ¢y > 0. More specifically, in
order to get the previous estimates for the difference between the nonlinear terms

F(y) — F(¢), it is convenient to employ the following integral representations:

1
Vi) - VAY — Vi - VAD =/0 V() =) VAW + (1 — w))dw

1
4 / VAW — ) - V(wb + (1 - w)d)dw,
0
and

~ 1 ~ ~
|V1/Jf,|2 - |V1/Jt\2 = 2/0 V(lﬁt - 1/)t) : V(‘*”/Jt + (1 - w)q/;t)dw,

1
A2~ |AGP =2 /0 AW — PYAWE + (1 — w)f)dw,
1

YAy — P Ay = / ((wt — ) A(wipe + (1 — w)idy)
0

FA (W — ) (wipe + (1 — UJ)%)) dw.

Then, employing Holder’s inequality (for the estimates in L™, m = 1,2), the frac-
tional Gagliardo-Nirenberg inequality, the fractional Leibniz rule and the fractional
Sobolev embedding (for the estimate in H*), we may repeat similar steps to those
employed in the proof of (69). In particular, the w-dependent terms in the above
integral terms provide a ||wy + (1 — w)zZHXS(T) factor (times suitable o-dependents
weights), which can be uniformly estimate by ||¢| x, )+ H?ﬂﬂxs(ﬂ in the w-integral,
while the factors in the integral representations that are independent of w provide
the ||y — || x,(7) term (times suitable o-dependents weights). Finally, we empha-
size that in the proof of (70) the convergence of the o-integrals is ensured requiring
exactly the same assumptions on n and s as in the proof of (69). The proof of
Theorem [5.1]is complete.

6. CONCLUDING REMARKS: INVISCID CASE FOR BLACKSTOCK’S MODEL

Throughout this paper, we concentrated on the Blackstock’s model, which can
be explained by the approximated equation modeled by small perturbation in the
Navier-Stokes-Fourier coupled system [67]. To end this paper, we will consider the
approximated equation modeled by small perturbation in the Euler-Fourier coupled
system by taking vanishing viscous coefficients in (9)).

By ignoring the viscous effect in the conservations of momentum, i.e. the appli-
cation of Euler equations instead of Navier-Stokes equations, we naturally consider
acoustic waves in the inviscid and irrotational flow. Let us now denote the viscous
coefficient by € := bv. In this case, it implies € = 0 and 6 = (y — 1) in linear
Blackstock’s model (@), namely,

gy [@ K6 86— (1~ DRaG) iy - 1A%, =0
¢(0,;L‘) = ¢0(.1‘), ¢t(07x) = ¢51($), ¢tt(07x) = ¢2(x)7

for x € R™, t > 0. Clearly, with the help of partial Fourier transform, the charac-
teristic roots satisfy

115 + [P + 1€y + RlE[F =0
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for j = 1,2,3. By following the similar approaches to those in Subsection [2.1] we
gain

12 = il — OS2 + O(I€P), s = —rl¢[? + O(I&P) for |¢] = 05
a2 = iy /316 — 3% + O], 13 = —wlef? + O for [€] — oo
Rupj; <0 with j =1,2,3 for [£] 4 0 and |§] 4 .

Here, we observe that the characteristic roots in the inviscid case for || — 0
correspond to those in the viscous case (see Part I of Subsection 21)). However,
comparing with Part II of Subsection [2:I] the asymptotic behavior of the char-
acteristic roots for |£] — oo have changed. Precisely, the dominant terms with

-1 ((5 +K)E4/(0+K)2— 4761//{) |€|2 in the viscous case have been changed into

-1 . .. . . . . .
_g—yz_n in the inviscid case, which provides an increment in the regularity assump-

tions for the last two data. Then, the following pointwise estimates are valid:

Xint (€181 S xane (€)™ (1G] + (14 Ie| ™" sin((€l0)]) 61 + ¢ (2] )
Xext(©)19] S Xexe )™ (1do] + IE[ 7011 + €131 ),
Xoaa(©)16] S Xvaa(€)e™ (160l + 161] + [21) .

with positive constants c.

We are able to derive exactly the same optimal L? estimate for the solution
itself ¢(¢,-) as those in Theorem 2.3 at least for n > 5. The main reason is that
the dominant influence from Fourier’s law of heat conduction exerts thermal effect
in the sense of damping. Nonetheless, the requirement of regularity for the viscous
case and the inviscid case are different. Due to the fact that the regularities of
initial data are mainly determined by estimates for large frequencies, we carry out
the next analyses for any s € [0, 00):

e concerning viscous Blackstock’s model (9], we have obtained

[Xext (D) (E, M e S € (1ol s + [[¢1] gmexts-2.00 + [[W2] gmaxte-a01) 5

e concerning inviscid Blackstock’s model ([Z3), we can obtain

[Xext (D), )l e S €™ (lgoll s + 1101 prmexts—1.0y + |G| prmaxts—s.03) -

Summarizing the previous two estimates, one may easily notice the influence of
the vanishing viscosity that we will lose some regularities for the second and third
initial data. In particular, one order of regularity will be lost for s > 4.

Let us now turn to the viscous limit as the viscosity coefficient € tending to zero.
Actually, the difference between the solutions of the viscous case (@) and of the
inviscid case (Z3) that is @ := ¢ — ¢ fulfills the inhomogeneous Blackstock’s model

(0 — KA) Ty — AU — 0AT) + Ky — 1)(bv — k) ATy = E(Ady — kYA Py),
@(0,z) =0, 4:(0,z) = 0, 4y (0,z) =0,
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for x € R™, ¢ > 0, if we take consistency assumption that ¢; = ¢; for any j = 0,1, 2.
The Fourier image of @ can be estimated by

il <z [ (16506, 08 + Butos?) as) '
il <ec( [ (621606, + 16~ uto.) as) "

where we used Propositions and with f = e(ry|¢|*dy + |€2u) as well
as Uy = 0. Therefore, by using some decay estimates for the time-derivative of
solutions, we conjecture

P — ¢ and ¢ — ¢ in L([0,00) x R") as €0,

with the rate of convergence € for some dimensions. In other words, as the bulk
and kinematic viscosity coefficients tend to zero, the solution to the Blackstock’s
model for the viscous case (@) converges to one for the inviscid case (Z3) with the
rate % wv + uB.

APPENDIX A. TOOLS FROM HARMONIC ANALYSIS

In this section, we will introduce interpolation theorem from harmonic analysis,
which have been used in Section[5] to deal with the nonlinear terms.

Proposition A.1. (Fractional Gagliardo-Nirenberg inequality) Let p, po, p1 € (1, 00)
and k € [0,s) with s € (0,00). Then, for all f € LP° N H; the following inequality
holds:

1—
PRy Vi g Vi P
where
_ (1 _1 11
b= (-5 (-t +s) and pels).
The proof of the fractional Gagliardo-Nirenberg inequality can be found in [22].

Proposition A.2. (Fractional Leibniz rule) Let s € (0,00), r € [1,00), p1,p2,q1,92 €
(1, 00] satisfy the relation

1_ 1,1 _ 141
T_P1+P2 <I1+¢Z2'

Then, for all f € H;l NL™ and g € H52 N L% the following inequality holds:
1£9ls < 11,

The proof of the last inequality can be found in [21].

|9llLez + [ fllzarllgl gz, -

Proposition A.3. (Fractional Sobolev embedding) Let 0 < 2s* < n < 2s. Then,
for any function f € H" N H® one has

[ fllzee S Al gger + £ N e

The proof of this embedding result was given in [14].



ASYMPTOTIC BEHAVIORS FOR BLACKSTOCK’S MODEL 47

ACKNOWLEDGMENT

The first author was supported by the China Postdoctoral Science Founda-
tion (Grant No. 2021T140450 and No. 2021M692084). The second author was
supported in part by Grant-in-Aid for scientific Research (C) 20K03682 of JSPS.
The authors thank Yaguang Wang (Shanghai Jiao Tong University), Xiang Wang
(Shanghai Jiao Tong University) for the suggestions in Section[4] The authors
thank the anonymous referees for carefully reading the paper and giving some use-
ful suggestions.

(1]
(2]

(3]

[4]
(5]

(6]
(7]
(8]
(9]

(10]

[11]
[12)
[13)
[14]
[15]
[16]
17)
18]

(19]

20]

(21]

REFERENCES

M. Aassila, Decay of solutions of some nonlinear equations, Port. Math. 60 (2003), 389-409.
J. Barrera and H. Volkmer, Asymptotic expansion of the L%-norm of a solution of the strongly
damped wave equation, J. Differential Equations 267 (2019), 902-937.

, Asymptotic expansion of the L?-norm of a solution of the strongly damped wave
equation in space dimension 1 and 2, Asymptot. Anal. 121 (2021), 367-399.

R. Becker, Stofbwelle und detonation, Z. Phys. 8 (1922), 321-362.

D. T. Blackstock, Approzimate equations governing finite-amplitude sound in thermoviscous
fluids, GD/E report GD-1463-52, General Dynamics Coporation, 1963.

R. Brunnhuber, Well-posedness and long-time behavior of solutions for the Blackstock-
Crighton equation, Ph.D. Thesis, 2015.

, Well-posedness and exponential decay of solutions for the Blackstock-Crighton-
Kuznetsov equation, J. Math. Anal. Appl. 433 (2016), 1037-1054.

R. Brunnhuber and P. Jordan, On the reduction of Blackstock’s model of thermoviscous
compressible flow via Becker’s assumption, Int. J. Non-Linear Mech. 78 (2016), 131-132.

R. Brunnhuber and B. Kaltenbacher, Well-posedness and asymptotic behavior of solutions
for the Blackstock-Crighton- Westervelt equation, Discrete Contin. Dyn. Syst. 34 (2014),
4515-4535.

R. Brunnhuber and S. Meyer, Optimal regularity and exponential stability for the Blackstock-
Crighton equation in Ly spaces with Dirichlet and Neumann boundary conditions, J. Evol.
Equ. 16 (2016), 945-981.

A. Celik and M. Kyed, Nonlinear acoustics: Blackstock-Crighton equations with a periodic
forcing term, J. Math. Fluid Mech. 21 (2019), No. 45, 12 pp.

W. Chen and R. Ikehata, The Cauchy problem for the Moore-Gibson-Thompson equation in
the dissipative case, J. Differential Equations 292 (2021), 176 —219.

F. Coulouvrat, On the equations of nonlinear acoustics, J. de Acoustique 5 (1992), 321-359.
M. D’Abbicco, M. R. Ebert, and S. Lucente, Self-similar asymptotic profile of the solution to
a nonlinear evolution equation with critical dissipation, Math. Methods Appl. Sci. 40 (2017),
6480-6494.

M. D’Abbicco and M. Reissig, Semilinear structural damped waves, Math. Methods Appl.
Sci. 37 (2014), 1570-1592.

R. Danchin, Global ezistence in critical spaces for flows of compressible viscous and heat-
conductive gases, Arch. Ration. Mech. Anal. 160 (2001), 1-39.

R. Danchin and Xu J., Optimal decay estimates in the critical LP framework for flows of
compressible viscous and heat-conductive gases, J. Math. Fluid Mech. 20 (2018), 1641-1665.
M. R. Ebert and M. Reissig, Methods for partial differential equations, Birkhduser Basel,
Germany, 2018.

M. Fritz, V. Nikoli¢, and B. Wohlmuth, Well-posedness and numerical treatment of the
Blackstock equation in nonlinear acoustics, Math. Models Methods Appl. Sci. 28 (2018),
2557-2597.

L. R. Gambera, C. Lizama, and A. Prokopczyk, Well-posedness for the abstract Blackstock-
Crighton- Westervelt equation, J. Evol. Equ. 21 (2021), 313-337.

L. Grafakos and S. Oh, The Kato-Ponce inequality, Comm. Partial Differential Equations 39
(2014), 1128-1157.




48

(22]

23]
[24]
[25]
126]
[27]
28]
[29]
[30]
[31]
[32]
[33]

(34]

(35]
(36]

(37]

(38]
(39]
[40]

[41]

W. CHEN, R. IKEHATA, AND A. PALMIERI

H. Hajaiej, L. Molinet, T. Ozawa, and B. Wang, Necessary and sufficient conditions for the
fractional Gagliardo-Nirenberg inequalities and applications to Navier-Stokes and general-
ized boson equations, Harmonic analysis and nonlinear partial differential equations (2011),
159-175.

M. F. Hamilton and D. T. Blackstock, Nonlinear acoustics, Academic Press, San Diego, 1998.
W. D. Hayes, Gas dynamic discontinuities, Princeton University Press, Princeton, NJ, 1960.
D. Hoff and Zumbrun K., Multi-dimensional diffusion waves for the Navier-Stokes equations
of compressible flow, Indiana Univ. Math. J. 44 (1995), 603-676.

R. Ikehata, New decay estimates for linear damped wave equations and its application to
nonlinear problem, Math. Methods Appl. Sci. 27 (2004), 865-889.

, Asymptotic profiles for wave equations with strong damping, J. Differential Equations
257 (2014), 2159-2177.

R. Ikehata and M. Natsume, Energy decay estimates for wave equations with a fractional
damping, Differential Integral Equations 25 (2012), 939-956.

R. Ikehata and M. Onodera, Remarks on large time behavior of the L?-norm of solutions to
strongly damped wave equations, Differential Integral Equations 30 (2017), 505-520.

R. Ikehata and M. Soga, Asymptotic profiles for a strongly damped plate equation with lower
order perturbation, Commun. Pure Appl. Anal. 14 (2015), 1759-1780.

R. Ikehata, G. Todorova, and B. Yordanov, Wave equations with strong damping in Hilbert
spaces, J. Differential Equations 254 (2013), 3352-3368.

B. Kaltenbacher and V. Nikoli¢, The inviscid limit of third-order linear and nonlinear acoustic
equations, SIAM. J. Appl. Math. 81 (2021), 1461-1482.

B. Kaltenbacher and M. Thalhammer, Fundamental models in nonlinear acoustics part I.
Analytical comparison, Math. Models Methods Appl. Sci. 28 (2018), 2403-2455.

T. Kobayashi and Y. Shibata, Decay estimates of solutions for the equations of motion of
compressible viscous and heat-conductive gases in an exterior domain in R3, Comm. Math.
Phys. 200 (1999), 621-659.

, Remark on the rate of decay of solutions to linearized compressible Navier-Stokes
equations, Pacific J. Math. 207 (2002), 199-234.

M. Morduchow and P. A. Libby, On a complete solution of the one-dimensional flow equations
of a viscous, heat-conducting, compressible gas, J. Aeronaut. Sci. 16 (1949), 674-684 and 704.
V. Nikoli¢ and B. Said-Houari, Mathematical analysis of memory effects and thermal relaz-
ation in nonlinear sound waves on unbounded domains, J. Differential Equations 273 (2021),
172-218.

A.D. Pierce, Acoustics: An introduction to its physical principles and applications, Acoustical
Society of America, Woodbury, NY, 1989.

R. Racke and B. Said-Houari, Decay rates and global existence for semilinear dissipative
Timoshenko systems, Quart. Appl. Math. 71 (2013), 229-266.

Y. Shibata, On the rate of decay of solutions to linear viscoelastic equation, Math. Methods
Appl. Sci. 23 (2000), 203—-226.

J. Xu and Kawashima S., The optimal decay estimates on the framework of Besov spaces for
generally dissipative systems, Arch. Ration. Mech. Anal. 218 (2015), 275-315.

(W. Chen) SCHOOL OF MATHEMATICAL SCIENCES, SHANGHAI JIAO TONG UNIVERSITY, 200240

SHANGHAI, CHINA

Email address: wenhui.chen.math@gmail.com

(R. Ikehata) DEPARTMENT OF MATHEMATICS, DIVISION OF EDUCATIONAL SCIENCES, GRADU-

ATE SCHOOL OF HUMANITIES AND SOCIAL SCIENCES, HIROSHIMA UNIVERSITY, 739-8524 HIGASHI-
HIROSHIMA, JAPAN

Email address: ikehatar@hiroshima-u.ac. jp

(A. Palmieri) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF PIsA, 56127 PisA, ITALY
Email address: alessandro.palmieri.math@gmail.com



