THE NOWICKI CONJECTURE
FOR RELATIVELY FREE ALGEBRAS

LUCIO CENTRONE AND SEHMUS FINDIK

ABSTRACT. A linear locally nilpotent derivation of the polynomial algebra
K[X,] in m variables over a field K of characteristic 0 is called a Weitzenbdck
derivation. It is well known from the classical theorem of Weitzenbock that
the algebra of constants K[Xm]® of a Weitzenbdck derivation 6 is finitely gen-
erated. Assume that § acts on the polynomial algebra K[Xs54] in 2d variables
as follows: §(z2i) = w2,—1, 6(x2s—1) = 0, ¢ = 1,...,d. The Nowicki conjec-
ture states that the algebra K[ng]5 is generated by z1,x3....,224_1, and
T2 1%2j —x2i%2j—1, 1 <4 < j < d. The conjecture was proved by several au-
thors based on different techniques. We apply the same idea to two relatively
free algebras of rank 2d. We give the infinite set of generators of the algebra
of constants in the the free metabelian associative algebras F54(2), and finite
set of generators in the free algebra Fb4(G) in the variety determined by the
identities of the infinite dimensional Grassmann algebra.
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1. INTRODUCTION

Let K be a field of characteristic zero, X,, = {x1,...,2m} be a set of variables,
and KX, be the vector space with basis X,,. Now consider a non-zero nilpotent
linear operator § of KX,,. Certainly é can be extended to a derivation of the
polynomial algebra K[X,,], the free algebra of rank m in the class of all commuta-
tive unitary algebras. Such derivations are called Weitzenbock due to the classical
theorem of Weitzenbdck [27], dating back to 1932, which states that the algebra
K[X,,]® = kerd of constants of the derivation ¢ in the algebra K[X,,] is finitely
generated. Obviously, any Weitzenbock derivation § is locally nilpotent and the
linear operator exp(d) which acts on the vector space KX, is unipotent. Hence
the algebra K[X,,]° of constants of § is equal to the algebra of invariants

KX = {2 € K[X,u] | exp(6)(x) = a}.

The algebra of invariants of exp(§) is equal to the algebra of invariants K[X,,]%,
where the group G consists of all elements exp(cd), ¢ € K. As an abstract group
the group G is isomorphic to the unitriangular group consisting of all 2 x 2 upper
triangular matrices with 1’s on the diagonal. The group G is embedded into the
general linear group GL,,(K) via the representation corresponding to the Jordan
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normal form of the linear operator ¢ acting on K X,,,. This means that the methods
inherited from the classical invariant theory are linked to the study of the algebra
of constants K[X,,]°. One can see computational aspects of algebras of constants
and invariant theory in the books by Nowicki [23], Derksen and Kemper [5], and
Sturmfels [26].

The Jordan normal form of the linear operator § consists of Jordan cells with
zero diagonals. The Weitzenbock derivations are in one-to-one correspondence with
the partitions of m, up to a linear change of variables. Thus there are essentially
finite number of Weitzenbock derivations for a fixed dimension m. In particular,
let m = 2d, d > 1, and assume that the Jordan form of ¢ contains the Jordan cells
of size 2 x 2 only, i.e.,

0 1 0 0
0 0 0 0
JO)=1: : IR
00 --- 01
o0 --- 00
We assume that 6(za;) = x2;-1, 0(x25-1) =0, j = 1,...,d. Nowicki conjectured
in his book [23] (Section 6.9, page 76) that in this case the algebra K[Xa4]® is
generated by x1,23....,T2q—1, and T;_122; — Toiwej—1, 1 <1 < j < d.

The conjecture was proved by several authors with different techniques. The
first published proof appeared in 2004 by Khoury [17] in his PhD thesis, followed by
his paper [18], where he makes use of a computational approach involving Grobner
basis techniques. Derksen and Panyushev applied ideas of classical invariant theory
in order to prove the Nowicki conjecture but their proof remained unpublished.
Later in 2009, Drensky and Makar-Limanov [11] confirmed the conjecture by an
elementary proof from undergraduate algebra, without involving invariant theory.
Another simple short proof was given by Kuroda [21] in the same year. Bedratyuk
[2] proved the Nowicki conjecture by reducing it to a well known problem of classical
invariant theory. There are three more proofs of the conjecture of Nowicki. Two of
them are mentioned in the paper by Kuroda [21], and the latest proof is given by
Drensky [8].

The following problem arises naturally. Let & be a Weitzenbock derivation of
the free algebra F,,(20) of rank m in a given variety of algebras U (or relatively
free algebra of rank m of ), then give an explicit set of generators of the algebra
of constants F% (). In [10] Drensky and Gupta studied Weitzenbdck derivations
d acting on F, () proving that if the algebra UT5(K) of 2 x 2 upper triangular
matrices over a field K of characteristic zero belongs to a variety 9, then F? (0)
is not finitely generated whereas if UTy(K) does not belong to U, then F9 () is
finitely generated by a result of Drensky in [7]. Recently, Dangovski et al. [3, 4]
gave some new results in this direction. They showed that the algebra of constants
(F)(0))° in the commutator ideal F/j(U) of F;() is a finitely generated module
of K[X4]® and K[Uy, Vy)®, respectively. Here § acts on Uy and Vj in the same way
as on Xg.

When studying varieties of associative unitary algebras over a field of character-
istic zero, the polynomial identities of UT(K) play a crucial role. It is well known
the identities of UT(K) follow from the metabelian identity [z1, z3][x3, z4] = 0, so
every variety U contains UT(K) or satisfies the Engel identity [zo, z1,...,21] = 0.
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Another precious tool in the study of varieties is given by the identities of the in-
finitely generated Grassmann algebra G. In a famous work by Kemer (see [16] or
his monograph [15]) the author proves that any variety U of associative algebras
satisfies the Specht property, i.e, any proper subvariety of U is finitely generated.
In particular the identities of U are the same as the identities of the so called
Grassmann envelope of a finite dimensional superalgebra.

In the description of varieties of (not necessarily associative) algebras and their
rate of growth the exponent of an algebra is worthy used. In the next lines we shall
recall the definition of the exponent. Let U be a variety, then by a well known
multilinearization process, in order to study the polynomial identities of U, it is
enough studying its multilinear identities. Hence, if we denote by P, the vector
space of multilinear polynomials of degree n, we denote by ¢, () the dimension of
P,, modulo the multilinear identities of U of degree n. In [13], [14] Giambruno and
Zaicev proved that if U is a variety of associative algebras, then there exists the
limit

exp(Y) = lim /¢, (V)

n—r oo

and it is a non-negative integer called the PI-ezponent of 9 denoted by exp(%). In
the Lie case the existence of the exponent has been proved in the finite dimensional
case by Zaicev in [28]. Indeed varieties of exponent one are called polynomial growth
varieties, hence varieties having a non-polynomial growth may have exponent at
least two. The algebras UT»(K) and G are also fundamental tools in the study of
the growth of varieties of exponent two. In particular in [12] the authors constructed
five “minimal” varieties {A;};=1,.. 5 and they proved that a variety U has exponent
two if and only if none of the A; belongs to ¥ and either G or UT(K) belongs to
0.

At the light of the above discussion, the goal of the paper is giving experi-
mental results supporting the computational aspects of Nowicki conjecture for any
2d-generated relatively free algebra of any variety of associative algebras. In the
second section we give the full infinite set of generators of the free metabelian asso-
ciative algebra of rank 2d, d > 1, whose commutator ideal has a K[Xs4]-bimodule
structure. In this case its algebra of constants is a K[Usg, ng]‘s—module7 where the
elements u; and v; stand for the associative (left side) and Lie (right side) mul-
tiplications, respectively. This allows to use the results from Nowicki conjecture
as a counterpart of the work. For this purpose, we worked in the abelian wreath
product where the algebra of constants is embedded into, and ¢ acts in the same
way, and finally the results were pulled back to the algebra of constants.

In Section 3, we give the explicit form of the set of generators for the alge-
bra of constants in the variety G of associative algebras generated by the infinite
dimensional Grassmann algebra. Of course the free metabelian associative alge-
bra coincides with the variety V generated by UT5(K). As noticed above, both G
and V have exponent two although G does not belong to the variety generated by
UTy(K). At the light of the results [7] and [10] the algebra of constants in G is
finitely generated not as in the metabelian case.

2. THE FREE METABELIAN ASSOCIATIVE ALGEBRAS

We start off our investigation with the relatively free algebra of the associative
metabelian algebra. Let K be a field of characteristic zero, Poq be the free unitary
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associative algebra of rank 2d over K, Pj; = Pyi[Paq, Paq]P2q be its commutator
ideal generated by all elements of the form

[z,y] = zy —yz, x,y € Pa.
Let us consider the quotient algebra Fog = Paq/(Ps;)?. The algebra Fy is the free
algebra of rank 2d in the variety of all associative algebras satisfying the polynomial

identity [z, y][z,t] = 0. Let the free associative metabelian algebra Fb, be generated
by Xoq = {x1,...,224}. We assume that all Lie commutators are left normed; i.e.,

[a:,y,z] = [[$,y],2], fU7y,Z€F2d-
The commutator ideal F?; of Fyq has the following basis (see e.g. [1, 6])

et a2 g, g, 2], E20, 0> < g1 <o < g < 2d.

As a consequence of the metabelian identity in F; we have the following identity:
Lirry " Linim) [xiv LjrLjgeryr--- 7xja(n)} = Tiy * " Ty, [xi’ LjyLgys--- 7xjn}7

for any permutation 7 € S,,, and o € S,,. Thus the commutator ideal Fj; can be
“seen” as a module of polynomial algebra from both sides via the associative (left
side) and Lie (right side) multiplication.

We recall now some of the results and constructions given in [4]. Let Uz =
{u1,...,usq} and Vog = {v1,...,v24} be two sets of commuting variables and let
K[Usq, Vaa] be the polynomial algebra acting on Fj; as follows. If f € F},, then

fu; =z f, fuvi=|[f,x], i=1,...,2d.

This action defines a K[Uq, V4]-module structure on the vector space Fy .

We are going to construct a wreath product which is the same as the one used
in [4]. Tt is a particular case of the construction of Lewin [22] given in [10] and
is similar to the construction of Shmel’kin [25] in the case of free metabelian Lie
algebras as appeared in [3].

Let Yoq = {y1,..., %24} and V3, = {v],...,v),} be sets of commuting variables
and let Aoq = {a1,...,a2q} in 2d variables. Now let Myq be the free K[Usq, Vy,]-
module generated by Ay equipped with with trivial multiplication Moy - Moy = 0.
We endow My, with a structure of a free K[Ya4]-bimodule structure via the action

yjai = aiuy,  aiy; = avy, 4,5 =1,...,2d.
The wreath product Woy = K[Ya4] K May is an algebra satisfying the metabelian
identity. As well as in [22] Fyq can be embedded into Wy, In fact we have the

following result.

Proposition 2.1. The mapping € : x; — y; +a;, j = 1,...,2d, extends to an
embedding € of Faq into Wag.

We identify v; = v} —u;, i =1,...,2d, and get

(1) ey xi, [wn w5, 25,0, 75,]) = (aiv) — ajvi)vj, - g, w U

m

Thus we may assume that My is a free K[Usag, Vaq]-module. Clearly the commuta-
tor ideal F, is embedded into Maq, too. An element > a; f(Usa, Vaa) € Mag is an
image of some element from Fj, if and only if > v; f (Uaq, V2a) = 0, as a consequence
of (1).

Let § be the Weitzenbock derivation of Fpy acting on the variables Usg, Voq, as
well as explained in the Introduction on Xo4. By [4] we know that the vector space
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Mgd of the constants of § in the K[Usg, Vagl-module Mag is a K[Usg, Vag]®-module.
The following results are particular cases of [7] (Proposition 3) and [4].

Theorem 2.2. The vector spaces ( 2’d)‘S and Mgd are finitely generated K[Uaq, ng]‘;—
modules.

In the sequel we shall write down an explicit set of generators for the algebra of
constants K [Usg, Vaq4]° as a consequence of the Nowicki conjecture [23] (proved in
[17, 18, 11, 2, 21]), and one of the results by Drensky and Makar-Limanov [11]. Let
the Weitzenbock derivation § act on Xog, Aog, Uag, Vogq by the rule

§(w2;i) = w2i-1,0(22i-1) =0, 6(ag;) = azi—1,0(azi—1) =0,
O(ugs) = ugi—1,6(uzi—1) =0, (v2;) = v2i—1,0(v2i-1) = 0,
for i =1,...,d. Then the algebra of constants K [Usg, Vaq]® is generated by

UL, U3, e ey UDd 15 VT, U3y e v ey Vod1

and the determinants

Qpq = Uzp—1U2q — U2pU2g—1 = Ziii Zzz , 1<p<qg<d,

Bpg = Vap—1V2q — V2pU2g—1 = Zzzj zzz , 1<p<qg<d,

Ypg = Uzp—1V2q — U2pV2q—1 = Z;Zj Zj: v pa=1,....4d,
with the following defining relations
(2) U100k — Uj—10Gk + Ugp—104; = 0, 1 <i<j<k<d,
(3) U2i—1Vjk — U2j—1%ik + V2k—1045 = 0, 1 <i <5 <d, 1 <k <d,
(4) Ugi—1 Bk — Vaj—1%ik +v2p—17i; = 0,1 <i<d, 1 < j <k <d,
(5) V2i—1Bjk — V2j—18ik +vak—18i; =0, 1<i<j<k<d,
(6) Qo — kg +ogogr =0, 1 <i < j <k <l <d,
(7) ikl — Qi+ vaagr =0, 1 < <j <k <d, 1 <1<d,
(8) aiiBri — Yirvii +yavie =0,1<i < <d, 1 <k <l<d,
9) YiiBri — YikBjt + vaBjr = 0,1 <i<d, 1 < j <k <l<d,
(10) BiiBri — BiBji + Bubix =0, 1<i<j<k<I<d.

The vector space K [Usq, ng]5 has a canonical linear basis consisting of the elements
of the form

(11) v2i, -1 v2i,—1Bprar * Bpra, Ypiah - Volat Opllql ** Cplyqy Uz —1 -+ Uzj, -1
such that among the generators 8,4, Vprq/, and ayprqr there is no intersection, and
NO ONe Covers Va;,—1 OF Uzj,—1-

Note that each Bpq, Vprq, and g is identified with the open interval (p+d, ¢+
d), (p',q’ +d), and (p”,q"), respectively, on the real line. The generators intersect
each other if the corresponding open intervals have a nonempty intersection and
are not contained in each other. On the other hand the generators vo;—; and ug;_1
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are identified with the points i +d and j, respectively. We say also that a generator
among Bpq, Vp'q's OF Qiprrgrr COVETS Vi1 OF ugj—1 if the corresponding open interval
covers the corresponding point.

The pairs of indices are ordered in the following way: p; < -+ < p, and if
pe = pet1, then ge < geqa; py < -+ < ploand if p), = pl,q, then g, < g, 1;
Py <o <pf and if p = pyy, then qf < qgiq;and is <o <y J1 <00 <.

In order to detect the constants in the commutator ideal F3, it is sufficient to

work in the K[Usg, Vag)’-submodule ng of Mgd, which is generated by
ai,ag,...,a2d-1
and the determinants

A2p—1 Q2q

q=1,....d.
vm 1 va|” PO ;

Wpg = A2p—1V2q — A2¢V2p—1 =

and spanned as a vector space on the elements of the form
(12)

A2ig—1V2i,—1 " " V210 —1Bprar *** Bpran Yoid) = Volal, Opiiayl Ol U2y —1 * * * U2, —1

(13)

WpogoV2iy 1" V2ip,—1Bp1gs '5prqr'7p’1q1 o Uplgl Op gyt Qpl g U2, —1 0t U5, —1

for each ig,pg,q0 = 1...,d. We also have the following relations in the algebra C’g d
as a consequence of [11].

(14) a2i—1 855 — Wikvej—1 +wijve—1 =0, 1<i<d, 1<j<k<d,

(15) Wi Bt — wikBj FwaBjr =0, 1<i<d, 1<j<k<i<d

We denote by L the K [Usg, Vaq)>-submodule of C3, generated by the following
elements

(16) Wiz, 1<i<d,

(17) wi; +wy, 1<i<j<d,

(18) Q2i—1V25—1 — G2j—1V2i—1, 1<i<j<d,

(19) a2i—10pg — WpqV2i—1, 1 <1 <d, 1 <p<q<d,

(20) Wi Bpg — WpgBij, 1 <1< j<d, 1<p<q<d,

(21) agi—1Bjk — a25—1Bix + a2k—18i5, 1<i<j<k<d,
(22) WriYij — WirYak +wikYa, 1 <1 <d, 1 <j <k <l <d
(23) WjkUi—1 — G2j—1%Yik + G2k—17%i5, 1 L1 <d, 1 <j <k <d.

One can observe that the generating elements (16)-(23) of L are the images of some
elements in the commutator ideal Fé 4 of the free associative algebra Fhy.
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Lemma 2.3. The quotient space C’gd/L is spanned on the following elements.
(24)

A245—1V24; —1 " ** Uzim—lﬁplql "'5prqﬂpgq; T Yplal Oplrgl t Oplrglr U2y —1 0 U2, —1

(25) WpoqoBprar *** Bprar Voia, *** Volal Opyay *** Opll gy U2y —1 * * - U2j,—1

such that when we replace asi,—1 and Wpyq, bY V2iy—1 and Bpyq,, respectively, we
obtain the basis elements of the algebra K[Uag, Vaa]®.

Proof. We start by showing that the spanning elements of the form (13) reduce
to the form (25). By (16) and (17) we assume pg < qo. Then (22) ensures that
Bpogo does not intersect with each Ypq;- Now by the relation (15) we assume Sp,q,
does not intersect with each 3, ,,. By definition, 3,4, does not intersect with
each a4, and it does not cover each ug;,—1. By (20) we can fix the order among
ﬂpoqo ) ﬁplqu R 5}7qu'

Now if m > 1in (13), by (19) we may replace wp,q,v2i,,—1 bY a2i,, —18peqo- Hence
we may assume m = 0, and the expression (13) reduces to (25) with the desired
conditions.

Let us consider the spanning element of the form (12). We have to check whether
we obtain a basis element of K[Usg, ng]5 after replacing ag;,—1 by vei,—1. If v2;,—1
is covered by some Vridlr then by (23) we replace agj,—17p. a by Wigy gy, —1 +
A2, —17Vpi- The elements V2q -1 is not covered by VpLi- Additionally we have

wiqéu2péflv2i1*1 t ’U2im*1ﬂp1q1 T 51%(17«71)/1!11 to ’Yp/sqgaplllq’l/ v O‘pg’q;/u%’lfl s U245, —1
which is not of the form (25). In this expression, if m = 0, then applying the
argument above we reduce it to (25). If m > 1, we apply (19) and get
A2y ~1V2iy 1" ** Vi1 ~1Biqy Bprar = Borar Tphay =+ Vot X
XQpirgy =+ QpyrgyU2jy —1 U2, —1U2p; —1

which has a number of vo;,—1’s and ,/’s strictly less than in the previous expres-
sion. Hence this process terminates when there is no more Vola covering vg;,—1.

Now by (21), we may assume vg;,_1 is not covered by each f,.,.. Then by (18)

we are able to fix the order among v2;,—1,v2i,—1,-..,02,, —1. Finally the order
among the generators of constants of K [Usq, Vay]® is fixed by the defining relations
(2)-(10). O

Now we are in the position to prove the main result of this section.

Theorem 2.4. The K[Ugd,ng]‘s-submodule L of C’gd consists of all commutator
elements in C3,; i.e., the images in (Fy,)° C Fhy.

Proof. Let Bpg = Bpig =+ Bprarr Gorar = Yoyay = Wotals Apra’ = Qpyay = Qpyys
Vi=w2, -1 v2,, -1, Uj = ugj, 1+ uz;5, 1, and let

. USRI ey W)
E' ipap’d'p"q"j . g ) E' pap’qd'p"q"j )
T QQloflmequ/q/ Ap//q// UJ —|— o wpoqo quGp/q/ Ap//q// UJ
be a commutator element. By the metabelian identity we get

. VW RN W )
Y3
} :qupqp q JU%_lVinqu,q,Ap,,q,,Uj

VW N )
§ pap'qd'p"q"j o
+ a ﬁpoqonqu’q/Ap”q”UJ =0.
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On the other hand the two sums are linearly independent basis elements of the
algebra of constants K[Usag, ng]‘s. Then by Lemma 2.3 we have niPaP 4P 4 —=

[N

oP'd'P"d"i = 0 and
ipgp'q'p"'q"" j
E m a2iy—1ViBpqGp g Aprr g U

VW N )
pap qp q J L —
+ § o Wpoqo BpgGprq AprqUs = 0,
. NI VIRV . .
because the constants 7P 9P 97 and oP% 1P 7 J are uniquely determined by the
basis elements. (I

As a consequence of the previous result we get the full list of generators of (F d)6

as a K[Usaq, Vaq]-module.

Corollary 2.5. The K[Uaq, Vag)®-module (Fy;)° is generated by the following poly-
nomaals:

91(1) = [w2i-1, T2il, 1<i<d,
g2(i, J) = [w2i—1,m25-1], 1<i<j<d,
93(1,7) = [®2i—1, T2j] + [®2j—1, @], 1<i<j<d,
9a(i,p,q) = [T25-1,T2p—1, Tag] — [T2i—1, Top, T2g—1], 1 L1 <d, 1 <p<q<d,
95(1, 7, k) = [x2i—1, T2j—1, Tak] — [T2i—1, Tak—1, T2j] + [T2j—1, Toak—1, T2i),
1<i<j<k<d,
gﬁ(i,j,p, Q) = [$2i—1,$2p—1,$2j, Z‘Qq] + [9621', $2p,1‘2j—17$2q—1]
—[T2i—1, T2p, T2, T2g—1] — [T20, Top—1, T2j—1, Tag],
1<i<j<d, 1<p<q<d,
97(1, 7, k, 1) = ®ai[x2j—1, Tok—1, T21] + T2i—1[T2;, T2k, Toi—1]
—T2i[T2j-1, ok, Tar—1] — T2i—1([Taj, Tak—1, T2
1<i<d, 1<j<k<l<d,
98(i,J, k) = xaiwoj—1, Top—1] — T2i—1[T2j5, Tak—1],
1<i1<d, 1<j<k<d
We have to add for the generating set of the whole algebra (F4)° the constants
Zoi—1 and To;—1%2; —T2;T25-1, 1 < ¢ < j < d, which are needed for the generation of
the factor algebra of (ng)‘s modulo the commutator ideal of F5;. These generators
are the ones lifted from the algebra K[X24]° of constants of the polynomial algebra
to the algebra (Fhq)? by the fact stated in Corollary 4.3 of the paper [10] by Drensky

and Gupta. The following result gives an infinite generating set of the subalgebra
of constants (ng)‘S of the free metabelian associative algebra Fby as an algebra.

Corollary 2.6. The algebra (Fpq)? of the constants is generated by
T1,T3,.--,%2d—1,
T2i—1T25 — T2iT25-1,

g1f1,-- .. 98fs,
where 1 <i < j<d, fi,...,fs € K[Usq, Vaq]®, and g;s are as in Corollary 2.5.
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3. THE VARIETY G GENERATED BY THE GRASSMANN ALGEBRA

The variety G consists of all associative unitary algebras satisfying the polynomial
identity [z1, 22, 23] = 0. We shall set Fy := Fy(G) for 0 <1 < d. As noted in the
Introduction, G is the variety generated by the infinite dimensional Grassmann
algebra G and Fb4 coincides with the 2d-generated relatively free algebra in the
variety G. The identities of G and related topics have been studied by several
authors. See for example the paper [19] by Krakovski and Regev about the ideal
of polynomial identities of G.

Let X = {z1,22,...,24}, Y = {y1,y2,...,ya} be two disjoint sets of variables.
Of course the relatively free algebra of & of rank 2d in the variables from U := XUY
is isomorphic to F54 and we consider the following order inside U:

T <Y1 <22 < - <xqg <Yd-
Moreover we say a polynomial f is homogeneous in the set of variables S =
{u1,...,us} if for each monomial m appearing in f we have > 7, deg, m is the
same.

It is well known (see for example Theorem 5.1.2 of [6]) Fa4 has a basis consisting
of all

ay, b1 azd , baa
Ty - TgYg [uilﬂuiz]"'[uichwuigc]v
ai,bij, ,uiZEU, U,i1<ui2<'~'<ui207620.

We recall the identity [z1, 22, 23] = 0 implies the identity
(26) [21, 22][23, 24] = —[21, 23][22, 24]

in ng.

Consider the following Weitzenbock derivation § of Fpy acting on U such that

(5(yi):l‘i, 6(:@)20, 1§Z§d

Our goal is to exhibit a finite set of generators for ng and we are going to prove
it using an induction argument similar to the one used by Drensky and Makar-
Limanov in [11].

Let a = (a1, ,aq_1) € K41 and consider the algebra endomomorphism ¢,
of F54 such that

¢(¥(x1):x17 ¢a(yi):yi7 izla"'vd_la
d—1 d—1
¢o¢('rd) = Zaixiv ¢o¢(yd) = Z%‘%
i=1 i=1

Notice that ¢, commutes with §. Hence if f € ng, then ¢, (f) € Fz‘sd_2 too.
We have the next result on the purpose and, as above, we consider Fy; as gener-
ated by the disjoint sets {x1,...,2;} and {y1,...,u}.

Lemma 3.1. Let d > 2 and f € Fyq being homogeneous with respect to the set
{zg,ya}. If ¢a(f) = O for some non-zero o € K1 then f is in the left ideal
generated by

d—1 d—1
Weo = (Z ai“f'i) Yd — <Z ai?Ji) Td, [wa,u], ue U’
i=1 i=1
d-1 d-1
P i= [xd,Zam] » Vo i= [yd,Zaiyi]
i=1 i=1
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Proof. Before starting the proof remark ¢(ws) = ¢(pa) = ¢(va) = 0. We shall
prove the assertion by induction on deg,, . f. Indeed the result is trivial if
deg,, ,,/ = 0, so we may assume the result true for deg,, , f > 0. Let f be
as above, then we can write f as

_ D / p—1 p—1 / 1 p—1
f= apYq + § Ay uo [ug, yd}yd +ap-1Y; Ta+ E Ap_1,ul [ug, SCd]yd
ug ul

” 2 p—2 " p—2 p ’ p—1
+ E apfl,uf [ub yd]yd ZTq + a’p—l[xdv yd}yd + -+ aopl + E a’O[uPa xd]md ’
uf Up

"

. . "
where the u}’s are in U whereas the a;’s, the a’T ui S the a ; and the a, ;s all
" j

(v} Eav]

belong to Fyy_o. Let p > 3 and let us denote
-1 ) -2 z -3
g1 = apyly "+ Yy [uoyalyl T+ Y al o lut walyl T + ay_y [va, yalyh
uo uy
and
93 = f — 91va-

Remark g} can be written as

9/2 = g2%d

for some polynomial g € Fby. We consider now

d—1
f (Z 041‘%‘)
i=1
d—1 d—1 d—1
= 01Wa T 91 ((Z 0413/1) Tg — Z &%) [Iu yd]) + QSUCd + Z Qg2 [il?d, Iz‘]
=1 =1 =1
d—1 d—1 d—1
= J1Wa — apyldjil ((Z ail/i) Td — Z [, yd]> + gsza + Z @ig2 [xa, ],
i=1

i=1 i=1
where gy = g1 Z,tll o;y; + g5 and g5 = g2 Zf;l;ll a;z;. Because p — 1 > 0 we may

apply the same argument above to f (Zf;ll ozixi>. Then using (26) we have

d—1 2 d-1
f (Z 0@%) = hiwq + Z P wa, 23] + howg + hsfia-
i1

i=1
Therefore we get
ba(hoza) =0,
i.e., ¢q(ha) = 0 because clearly ¢, (zq4) # 0. Now we can apply induction on hg
obtaining f (Z?;ll aixi>2 is in the left ideal generated by wq, [wa,u], u € U, o

and v,. Also remark wy, [wa,u], e and v, are irreducible in Fyy and Z?Z_ll ;T
does not depend on x4, y4, then we conclude f is as desired and we are done. The
other cases may be treated similarly also multiplying everything by Z?:_ll oy O

The next is an easy consequence of Lemma 3.1 and its proof follows verbatim
the one of Corollary 2 of [11].
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Corollary 3.2. If ¢o(f) = 0 for all non-zero a = (ay,...,aq-1) € K41, then
f=01i4fd>2 and f is in the left ideal generated by vig := x1y2 — Y122 and [v12,u],
where uw € U, if d = 2.

We define the following objects inside Fag:
vij =Xy — vy, 1<14,5 <d,
wigk = yilrg, ok) — wilyg, k], 1 <145,k <d,
Zijkl *= yi[l"j»vk,l] - xi[yjavk,l]a 1 S i7ja k7l S da

Notice that the v;;’s, the w;ji’s and the z;;;’s are constants of Fyq and starting
from these objects we shall construct three subsets of elements of Fby. We set

and
Zo = {ziju|l <i<j<k<Il<d}
Suppose s > 0 and we set
W, = {ylz,w] — zly,w]jw € Wy_1, z€ X, ye Y},
Zy = {ylx. 2] —zly,2)| € Z;_1 v € X, ye Y}
As above, both the Wy’s and the Z,’s are subsets of constants. Moreover it can

be easily seen for s > d both V; and Wy are 0. We shall denote by C the algebra
generated by the non-zero X, V, W, Z;.

Remark 3.3. We have
[V12, T2] = T1vV22 + Wwai2.
The next easy-to-prove relation is crucial in the sequel:
b(b — 1) yb72[
2
Before writing the proof of the main result we still need another technical lemma.

§(y") = bay" ' + y, z].

Lemma 3.4. For every p > 1 we have
Ty "'xkpyg :C+gl(x17y17"'7xdayd)xd+g2($1ay17'"7$d7yd)[zd7yd}7
where ¢ € C and g1(21,Y1, .-, Ta,Yd), 91(T1,Y1,- -, Ta,Ya) € Faq.

Proof. We shall prove the result by induction on p. If p = 1, then x,yq = Vgg+ Yy
and we are done because vigg € V. Suppose the result true for p > 1 and let us
prove it for p + 1. Notice that
+1
ijl ...xkp+1yg :xkl (xkg ...xkp+1ys)yd
and we apply induction on the term inside the parenthesis. We have now
Ty Ty YT = 2k (¢4 9124 + g2[Ta, ya))ya
= Tk, CYd + Tky 917dYd + Tk, G2Yd[Td; Ya)
= Tk, Yd + [Ty s ClYa + Thy G1YaTa + 9[Td, Yal-
Now observe that
Tk Yd = Vkd + YuZd
and
[mkl ) c]yd = ['Tkl ) C}yd - [ylﬁ ) C]xd - [yk1 ’ C]i[d =w - [ykl ) C}Cﬂd,
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where w := [z, , cJya — [Uk,, c]xq belongs to C too and we are done. O

Remark 3.5. We shall use in the sequel the following relation
[Ikl ) C]yd =W — [yk1 ; C]l’d,
where c,w € C.

Theorem 3.6. The algebra of constants Fz‘sd is finitely generated as an algebra,
and its generators are:

(27) X;
(28) v,
(29) Wi, 1<d—1;
(30) Z, 1<d—1.

Proof. Tt is easy to see that the elements from (27)-(30) are constants of Fag.

Let f = f(X',Y',z4,y4) € F2,, then its U-homogeneous components lie in Fy,
too. Hence we may assume f being homogeneous in U. Arguing analogously we
can take f being homogeneous in {x4,y4}. We shall prove the theorem by induction
on d and on the total degree with respect to the set {4, yq}. Suppose d = 1, then

n n—1
F= byt 4> Bial Ty ).
k=0

j=1

This means

n—1
0="5(f) =Y ar(n—k)attty=t
k=0

n—2 - k‘
+, n—k—1 (akn pk—Lyn—hk=1 | kxk n—k—2> _
o) 3 ) (5t g
The previous relation gives us oy =0 for k <n—1,then 8; =0for 1 <j<n—2.
Thus the only possibility is f = a, 2™ + B,_12" 2[x,y] and we are done.

Assume now d > 1 and the result true for Fby_o. We recall Fyy_o is generated
by the sets of variables X' = {z1,29,...,24-1}, Y = {y1,92,.-.,ya—1} and we set
U'=X'UY' Ifv e Fy, ,is homogeneous in U, then degy, (v) > degy (v) and if
deg,, ,,(f) =0, then f € FY, ,, so we shall study only the case deg,, ,,(f) > 0.

Remembering that inside Fb4_o every commutator belongs to the center of Foy_ o,
we can write f in the following way:

F= o+ 3 w0yl + aprzay "+ Y a ek wa

uo uy

+ Z agfl,u% (w2, yalzayh > + a;l_l[md, yalyh 2 + -+ agah + Z aplup, za)xh !,

u? Up
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" "
where the u}’s are in U whereas the a;’s, the a s, the a_ . and the a, ;’s all
() g

belong to de—z- We derive f and we obtain

(31)
1, plp—1)

5(f) = 8(ap)yh + paprayy " + Tap[yd,xd]y§_2

+Z{ b [0 Yl + 0 10(u0), il + [0, walyl

+(p = 1)ay, ,, [vo, Talzayl } +0(ap-1)zayly "+ (p — Dap_123y5

(p—1p-2)

* 2

Ap— 1[yd7xd xdyd + Z { ay_1 Jul u1yxd]ys_1

)y a0 2y 4 (0= Ve ol wdea
-2
+Z{ p—1,u2 U1ayd]$dyd +a’p 1,u? [5(U§)7yd]$dyd +a’p 1,u2 [U?wd]xdyé’

"

+(p = 2)ay_y iz [0, valodyl ) + 0, lya wdlyly > + (0 — Dy [y, walwayly
o Oao)ah + 30 8lah) g wala ™ + ah3(uy), walh ™} =0

Up

By (31) we immediately get d(a,) = 0, hence:

(32) ap € F3,.
We also have p(pgl)ap+6(a;l_1) =0, then by (32) we get 6(a;,_1) = 0. This means:

"

(33) a, 1 € F3,.

Suppose now ug = ys, s < d — 1, then ap uwo = 0. So we can assume ug = s,

s < d—1. In this case we get d(a p,ws) =0, ie.:
(34) a, . €F3,

P.Ts
By (32), (33) and (34), using induction, we get

ap =Y bi(X' V' W' 2Z),
ZbQ X/ VI WI /),

a, . = bs (X, V W, 7).

If ¢po(f) = 0 for all @« = (ay,...,aq-1), then by Corollary 3.2 we get d = 2
and f is in the left ideal generated by v12 and [vi2,u], uw € U. Hence f = guvis +
> wev Julviz, u] and, after a simple manipulation, we apply inductive arguments to
g and g,’s and we are done. Now we consider the case ¢, (f) # 0 for some non-zero
o € K™ 1. The next two remarks are crucial. First we have

degx (f) = degx/(¢alf)) > degy (da(f)) = degy (f).

pl_

Hence
degx (f) = degx/(ap) > degy (f) = p + degy(ayp)
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SO
ap =Y (X VW', Z )y, -y,

I4

We can argue analogously and obtain

1"

apfl = Zbé(X/7 V/7W/7Z/)xl1 o 'mlpz

e = D b3 i (X VI W, Z )2, - T

a
P,z P
Now we apply Lemma 3.4 and Remark 3.5 in order to rewrite a,y?, a;,_l [a, yd]ys_Q
and ay, .. [Qci,yd]ygf1 and we get
d—1

f=c+gzat Zmp,iyd[lﬂi, Tdl,
i=1

where ¢ € C. We can rewrite the last summand as g x4 + Zf;ll hilx;, zq], where
deg,, hi = 0 and we get finally

d—1
f =c+ g’xd + Z hl[l‘“l‘d]

i=1
Hence ¢’ and the h;’s are constants too because x4 and [x;, 24] are. Now we are
allowed to apply induction on g’ and the h;’s because their degrees with respect to
the set {x 4, yq} are strictly smaller than the one of f and we conclude the proof. O
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