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In one case, we also feel the influence of the regularity-loss type decay, which is
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1 | INTRODUCTION

In this work, we study the global existence of solutions in C([0, c0), H?) N C1([0, c0), H') to the problem

t
Uy — Aug — Au+ A%u+ (—A)u, = [ (t =) |u(s,)|Pds, t >0,x € R,
0
®

u(0,x) = up(x)
u(0,x) = uy(x),

foro e [0, %) ,7 € (0,1) and p > 1, assuming small data in L' and in H* x H*~!, where s = 2 + 2y(1 — 0).
The fractional Laplace operator appearing in the damping term (— A)’u;, is defined as the extension by density of the
operator f € S — (—A)’ f = F1(|€]2° f), where & f = f denotes the Fourier transform with respect to the x variable.
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The integral on the right-hand side of the differential equation in (1) is sometimes called nonlinear memory term, and
it may be written in the form I'(1 — y)I' =7 |u|P, where I' =7 is the Riemann-Liouville fractional integral of order 1 —y.

Since the Riemann-Liouville Integral I*f converges to falmost everywhere when a — 0, it is natural to expect a relation
between problem (1) and problem

Uy — Ay — Au+ A%u + (=A)u; = |ulP, t>0,xeR",
u(oa x) = uo(x)7 (2)
u(0,x) = u1 (x),

asy — 1.
We will look for the critical exponent p := p(n,y,0), p > 1, for (1), that is, a positive value such that

« If p > p, then there exist global in-time small data solutions to (1), for a suitable choice of data and solution spaces;
« If1 < p < p, there exist arbitrarily small initial data such that there is no global in-time solution to (1).

H. Fujita proved in 1966 that the critical exponent for the classical semilinear heat equation with nonlinearity F(u) = u?
ispr =1+ % This is widely known as the Fujita exponent. In 2001, G. Todorova and B. Yordanov proved? that the
critical exponent is still Fujita exponent for the classical damped wave equation with nonlinearity F(u) = |u|P, with the
nonexistence result for the critical case p = pr being proved by Qi S. Zhang.? The case of critical regularity for a nonlinearity
of type |u|'*?"u(|u|) has been recently investigated in Ebert et al.*

In space dimensions n = 1,2 we prove the existence of global small data solutions for p > p. (Theorem 1) where p, is
given by
20+0-y)A-9)
(n-2+2y(1-0),

Asy—1, p.— 1+2/(n—20), consistently with the result obtained in D'Abbicco and Ebert> for evolution equations
with structural damping and, previously, in D'Abbicco and Reissig® for wave models.

Since the study of plate models has a special interest in space dimension n = 2, due to its physical background (see
Section 1.1), we stress that in space dimension n = 2, we may write p, in its simpler form

pC(n’ }/7 6) = 1 + (3)

12-0
Pc= ; 1-0
In particular, p. increases from 2y~! to 3y~! as 0 goes from 0 to 1/2.
The influence of the nonlinear memory becomes stronger in space dimension n > 3. In this case, for small values of y
the critical exponent becomes y~!. We study this phenomenon in space dimension n = 3, proving the global existence of
small data solutions for p > p (Theorems 2 and 3), where

. B pe  if1/3<y<1,
(3,7,0) =max {p.,y'} =
Py {per™} vl if0<y<1/3.

This phenomenon was first investigated in 2008 by T. Cazenave, F. Dickstein, and F. Weissler,” who proved that the critical
exponent for the heat equation with nonlinear memory

t
vi—Av = { (t—8)7v(s, )P ds @

(0, x) = vo(x) > 0,

is p(n,y) := max{p,(n),y"'}, where
22-y)
(n=20-y),

with the usual convention for indexes that ’(—; = o0, forany k € R.

py(n) =1+
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FIGURE 1 Critical exponent

Y

In 2014, the first author® proved that the same effect occurs for the damped wave equation with nonlinear memory,

t
U — Au+u, = [ (t—38)7"|uis, )P ds,
A (5)

u(0,x) = up(x), ug(0,x) = u;(x).

and later extended this analysis to the case of a wave equation with structural damping.’ The same phenomenon appears
if one consider a memory type nonlinearity with |u(s, -)|P in place of |u(s, -)|?; for instance, in'° the authors studied the
nonlinear Cauchy problem

t

Uy + (AU + (=A) T u, = [ (t =957 ugs, )P ds
0

u(0,%) = up(x), u(0,%) = us (%),

and they proved the global existence of small data solutions for p > max{y~},1+ (2 — y)o/(n — (1 — 7))} for any 6 >0
and y €(0,1).

In this paper we do not investigate the nonexistence of global solutions in the subcritical and critical case 1 < p < p,
but these results can be easily obtained using the test function method in D'Abbicco and Fujiwara!! to treat the fractional
power of the Laplace operator and extend the approach in D'Abbicco.’

In Figure 1 we show the critical exponent p obtained by the maximum between p. and y~!, when n > 3.

We mention that in space dimension n = 3, for large values of y, namely, y > 43(33), the critical exponent (3) becomes
smaller than 2. To deal with critical exponents smaller than 2, we employ decay estimates of the ||u(t, -)||z» norm of the
solution, which are, in general, more difficult to obtain than energy estimates. The solution space is so resctricted from
C([0, ), H*) n C1([0, 00), H) to C([0, 00), H?) N C1([0, 0), H') N L*®([0, 00), LP).

In particular, we shall consider high frequencies L? — LP estimates for the linear equation associated to our problem.
In this case, the phenomenon of regularity-loss decay adds to the loss of decay rate for L? estimates, due to the presence
of oscillations at high frequencies. Although the high frequencies decay rate does suffer some loss, this loss is not large
enough to interfere with the critical exponent, which remains p, as we prove in Theorem 4, if we assume initial data
smallness in WP x WP,

So far, up to space dimension n = 3, this paper extends the interplay between the fractional power of the damping term
6 and the nonlinear memory term, which was previously investigated for the wave equation in D'Abbicco.’ The results
obtained in this paper for the plate equation in space dimension n = 1, 2, 3, are consistent with the results obtained for
the wave equation in Theorems 5.1 and 5.3 in D'Abbicco,’ in space dimension n<4. That is, the critical exponent for

t
ug — Au+ (—A)u; = [ (t—95)7|u(s, )P ds, t >0,x € R,
0

(6)

u(0,x) = uo(x)

u(0,x) = uy(x),
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for0 € [0, %) , ¥ € (0,1), is also given by max{p.(n,y, 0),y~'}, with p. as in (3).

The lack of influence from the rotational inertia term, to the critical exponent, in dimension n<3 motivates us to go one
step further and investigate the case n = 4. Here, the interplay between the parameters p, y and 6 becomes very delicate,
and therefore for simplicity we assume that § = 0, since our intention is only to show that some new effect may occur.
Indeed, it does: Assuming n = 4 and @ = 0, the loss of decay when y € <§ 1) leads us to find existence of global small

data solutions for p > p., where
b =14 =2 7)
Pe-= 2o

in particular, p. > p. if, and only if, y > 7/8. That is, in space dimension n = 4 we prove the existence of global in-time

small data solutions to (1) if p > p(4,y, 0), where

p(4.7,0) = max {y ™", pe. P } - (8)

Besides the assumption that the initial data of (1) are in L', the regularity-loss decay structure of the equation makes
natural the choice of the space H*(R") x H%~}(R"), for the regularity of initial data, where

Se =58:(7,0) :=2+2y(1-0). ©)

This condition allows us to produce enough decay rate at high frequencies, to match the desired decay rate at low
frequencies, for p close to the critical exponent p.. For larger values of p, this condition can be relaxed.

In this paper, we do not deal with the case of stronger damping 0 € [1/2, 2]. We expect that the case § = 1/2 could be
dealt in a relatively simple way, whereas in the case 8 € (1/2, 2] the oscillations in the low-frequency region make more
difficult to obtain estimates for the linear problem (19) which can be effectively applied to find the critical exponent for
the semilinear problem'%!3; moreover, the regularity-loss effect disappears for 8 € [1, 2], and the oscillations are canceled
at high frequencies in the case § € [3/2, 2]; on the other hand, adding also a strong damping (— A)°u, with § > 1/2 in (19)
one would feel the benefit of both the dissipation terms, in the low-frequencies and large-frequencies regions, in the study
of estimates for the linear problem (see Chen et al.!#).

1.1 | Background for plate models

Fourth-order evolution partial differential equations arise in problems of solid mechanics as, for example, in the the-
ory of thin plates and beams. Also, in particular formulations of problems related with the Navier-Stokes equations
(see Teman'®) appear elliptic equations of fourth-order. Models to study the vibrations of thin plates (n = 2) given
by the full von Karman system have been studied by several authors, in particular by Ciarlet,'¢ Sanches,!” Lasiecka,!®
Lasiecka-Benabdallah,!® Koch-Lasiecka,?® Puel-Tucsnak.?! Perla Menzala-Zuazua?? considered the full von Karman
system and they proved that the Timoshenko's model

Uy — yAun + Azu +u=0, in RZ X (0, OO) (10)

may be obtained as limit of a full von Karman system when suitable parameters tend to zero. The term —Auy, is to absorb
in the system the rotational inertia effects at the point x of the plate in a positive time . It is well known that the plate
Eqution (10) with y > 0 is a hyperbolic equation with finite speed of propagation, whereas the non-rotational plate model
with y = 0 has infinite speed of propagation. The hyperbolic model with y > 0 is more complicated to be analyzed than
the non-hyperbolic one. In particular, for the dissipative plate equation

Ug — yAuy + (—=A)°u, + A>u =0,

with @ € [0,1) and y > 0, new difficulties arise, due to the property of regularity-loss decay.?>?* This fact can be observed by
analyzing the structure of the eigenvalues associated to the plate equation in the Fourier space (see previous works?324),
Due to that special structure, when we get estimates in the region of high frequencies it is necessary to impose additional
regularity on the initial data to obtain the same decay estimates as in the region of low frequencies. This special decay
rate structure also influences the application to semilinear problems.?>2® The additional regularity necessary to obtain the
result appears in a theorem in the next section. This effect does not appear if y = 0, since the solution exponentially decays
in the zone of high frequency of the Fourier space, even with fractional damping; in this latter case, rather, a smoothing
effect appear if one considers 0 > 1 (see, for instance,?’” where the case § = 2 and y = 0 is considered).
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A more general equation to model the vibrations of a thin plate is given by
Uy — YAty + A%u + go(u,) — divg; (Vu,) = 0. (11)

Such models have been studied by several authors.?8-3! Sugitani-Kawashima?* obtained decay rates for a semilinear
plate equation in R"” with gy = 0 and go = Id — f. The term u, represents a frictional dissipation in the plate, and the
nonlinear term f{v) is a smooth function of v satisfying £(v) = O(|v|?) for v— 0.

Moreover, Andrade-Silva-Ma3? proved exponential stability for a plate equation with p-Laplacian and memory terms.
To get this result they considered a structural damping of type — /\ u,. Furthermore, there are some papers in which a
strong damping of type (— A)?u, is considered in model (11), in place of the damping given in go(u,) —divg;(V u,) (see,
e.g., previous works,**-3° and references therein).

1.2 | Notation
We list some notation used in this paper:

« the expression (a),; denotes the positive part of a, that is, (a); = max{a,0};

« the expression f(t) < g(t) denotes that there exists a constant C > 0, such that f{t)<Cg(¢), uniformly with respect to t;
« the expression F f or f denotes the Fourier transform with respect to the x variable of f;

« the notation || f|;s, when s> 0, denotes the quantity ” 52 | for a function f€ H*;

1
« weput (&) = (1+[£])7; A
« the operator (I — A)~! denotes the Bessel potential of order 2, whose action may be defined by (I — A)™1 f = F7L((&) 72 f)
for any f € S, and then extended by density.

f

2 | RESULTS

We first deal with dimensions n =1 and n = 2.
Here, we observe that the definition of p. implicitly requires that y € (ﬁ, 1) in the case n = 1. Otherwise, the

denominator in (3) becomes non-positive.
Theorem 1. Assumen =1,2,0 € [O, %) ,¥ €(0,1), p> p. and s =S, with p. asin (3) and s. as in (9).
Then, there exists € > 0 such that, for initial data

(uo, 1) € A 1= (H'R") nL'R™) x (H*'R") nL'(R"Y)), (12)

with ||(uo, u1)ll4 < &, there exists a unique global solution to the problem (1), u € C ([0, oo),Hz) n C* (o, oo),Hl).

Moreover, the following estimates hold:

n—460
1+ t)_m“_y”(uo,ul)lu, ifn=2 orn=1and 6 € [0, i),

It e S 1
A+ 075Nl fn=land o€ L).

log(2 + (1 + 7" [[(uo, uD)ll 4, if =2,

luct, )l 2 S A+ D77 (o, un)ll 4

luct, - S {(Ht) o i, unllas if n=1,
£ I:I ~

1+ 07| (uo, ur)l| 4> if 0 €[0,n/4),
llue(t, Il S 3A+0)77 1og2 + ) ||(uo, ur)ll 4, ifin=1 and 6 =1/4,
(1 + %7 || (o up) 4. if n=1and 6 € (1/4,1/2),

et S @+ D7 2t w4
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In space dimension n = 3 we shall distinguish different scenarios. First of all, we show that the new critical exponent
y~! appears for small values of y. This effect also shows up in space dimension n = 4, so that we merge these two cases,
for the sake of brevity. The regularity of the solution and the initial data is the same as given by Theorem 1.

Theorem 2. Assume thatn = 3,4, 0 € |0, %) ,Y € <0, ”7_2] Also, assume p>y~1, and s =s,, with s. as in (9).
Then, there exists € > 0 such that, for initial data as in (12), there exists a unique global solution to the problem (1),
u € C([0,00), H*) N C* ([0, 00), H'). Moreover, the following estimates hold:

A .

ol < J AT NGl i n=3, 13)

log(2 + (1 + O~ (w0, uD)ll 4 if n=4,
e < @+ 07| (uo, un)l 4 if 0>0, 14)

7 a+07 log2+ 0 ll(uo, udllas  if 6=0,
e, Iz S A+ 07| (o, ur)ll 4 15)
o < { A7 if 0>0, a6

t\ts " o~ .

" 1+ 07 1log2 + B |[(uo, u)ll 4, if =0,
Assuming larger values for y, the candidate p, for critical exponent decreases. If y < %, then p. > 2 and the initial
data and solution regularity may be easily taken as in Theorems 1 and 2. For y > %, though, p. becomes smaller than

2, therefore we could have p < 2. We break this case in two possibilities. First, we impose the condition p > 2, for which
we can prove our results with no additional difficulties.

Theorem 3. Assumethatn =3 and 0 € [0, %) Lety € (%, 43(;52)] and p > p., with p. asin (3);ory € (43(3:), 1) and

p > 2. Also, let s=s,, with s, as in (9). Then, there exists € > 0 such that, for initial data as in (12), there exists a unique
global solution to the problem (1), u € C ([0, ), H*)NC* ([0, 00), H' ). Moreover, estimates (13), (14), (15), and (16) hold.

To deal with the case p <2, we use an approach based on (L! N LP) — LP estimates for p < 2, see Narazaki’® (see also
D'Abbicco®). That is, we additionally ask the solution to be in L®([0, c0), LP).

Theorem 4. Assume thatn =3 and 0 € [O, %) Lety € (43(1_32), 1) , P € (Pe,2] and s=s., with p. as in (3) and s, as

in (9). Then, there exists € > 0 such that, for initial data (uy, u;) € A, where

A= (H@®R) N L'R) n WPR?)) x (H'(R*) nL'(R*) n W*(R?)), 17

with ||(uo, u1)ll 4 < &, there exists a unique global solution to the problem (1), u € C ([0, ), H?) n C' ([0, 00),H') N
L* ([0, 00), LP). Moreover, estimates (13), (14), (15), (16) hold, as well as the following estimate:

3(1-1)-20

S—— Pl 47
It Ml < Cs (40200 (o, )L
forany small 6 > 0.
For dimension n = 4 the reasoning is the same: for large values of y, we first consider p > 2.

Theorem 5. Assume thatn = 4, and 0 € [O, %) Lety € (%, 1) ,p > 2and s=s,, with s. as in (9). Then, there exists

€ > 0 such that, for initial data as in (12), there exists a unique global solution to the problem (1), u € C ([O, oo),Hz) N
C' ([0, o), H' ). Moreover, estimates (13), (14), (15), (16) hold.

Fory € <% 1) and p <2, a new threshold appears. Here, for simplicity, we assume § = 0. Then, if y € (% g] , We can

still prove existence of solutions for p > p., using the aforementioned (L' n L?) — LP estimates.
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Theorem 6. Assumen =4and@ =0.Lety € (%, %] ,P € (Pc,2) and s = s, = 2+ 2y. Then, there exists € > 0 such that,
for initial data

(ug, 1) € A 1= (H'RH) N L' R n WPRY) x (H'(R*) nL'(R*) n W>P(RY),
with ||(uo, u1)ll4 <€,

(18)

there exists a unique global solution to the problem (1), u € C ([0, ), H2) nC' ([0, ), Hl) N L* ([0, 00), LP). Moreover,
estimates (13), (14), (15), and (16) hold, as well as

e My < €5+ 07D g i

forany small 6 > 0.

Lastly, in the case n = 4, for y > 7/8, the regularity loss structure of decay may influence the critical exponent. In the
following result, we prove global existence of small data solutions for p > p., where p. > p.. We do not know if the
estimates we obtained are sharp, and consequently the associated exponent p..

Theorem 7. Assumen =4and0 =0.Lety € <§, 1) , D € (Pe, 2), Withp.asin(7),and s = s, = 2+2y. Then, there exists

€ > 0 such that, for initial data as in (18), there exists a unique global solution to the problem (1), u € C ([O, oo),Hz) N
ct ([0, ), H') N L™ ([0, 00), LP). Moreover, estimates (13), (14), (15), (16) hold, as well as

1

ol < a+oﬁ—&2%1mmmmmm ype<p§>

Cs 1+ 0" ol i pe |22
Incidentally, we notice that H* and H*~! may be omitted in (17) and (18) when W*P < H¥, that is, 2(n — (3 — s)p)<np.

3 | ESTIMATES FOR THE LINEAR PROBLEM

The main argument in all of our proofs consists in a construction of solutions to nonlinear problems, based on applying
Duhamel's Principle and a fixed point argument. To this end, we make use of the decay rate of solutions to the linear
problem associated to (1), that is, the following linear Cauchy problem:

Uy — Aut[ - Au + Azu + (—A)eut =0
u(0,%) = uo(x) (19)

u(0,x) = uy(x),

with § € [0,%),)/ €(0,1)andp>1.
If ul" is the solution to the linear associated problem (19), then it satisfies the following estimates:

Lemmal. LetneN, 0 e [0, %) ,k>0,j=0,1,s> 1, and assume that u'(t,x) is the (global) solution to the Cauchy
problem (19) with initial data (uo, u;) € (L'(R*) n W3P(R*)) x (LX(R*) n W*P(R*)). Then, u'"(t, x) satisfies

a+yn e (o, udllpse,  if g +k—-260>0,
SA+0n e Il (uo, Ul prssrr— + (1 + t)l_ o N (uos un) |l piserr» if g +k-20<0, (20)
a; (Do, ur)llpixrr» if g +k—20=0,

o
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with
logle+t), j=0
a =4 BT 1)
aQ+n—, j=1

The proof of Lemma 1 is a special case of an already treated problem, so we omit its proof, addressing the interested
reader to the work by M. Ebert, C. da Luz, and M. Palma,*” and to the cited references.

We stress that in the term with no derivatives in time in (19), that is, —Au + A?u, the first part, —Au influences the
solution in the low-frequency region, whereas the second part, A%u, influences the solution in the high-frequency region.
This is due to behavior of its symbol ||?72, that is, |£]2 ~ |£|? for small || and |€|%2 ~ |£]|* for large |&].

To deal with small powers p <2 of the power nonlinearity, we supplement Lemma 1 with additional (L' nLP)—L?
estimates, whose proof we postpone to the Appendix 3.

Lemma 2. Letn € N, 0 € [0, %) ,D € (n—_nZH’ 2), and assume that u'(t,x) is the (global) solution to the Cauchy
problem (19) with initial data in (L'(R*) n W*P(R*)) x (LY (R*) n W?P(R*)). Then, for any small § > 0, u'"(t, x) satisfies

n(l—%)—zo 3-n(3-20) %7%

Hu”n(t’ .)”Lp <Cs(1+ t)‘S_W |0, u s + CA+8) 200 [[(uo, Ur) llwaoxwe- (22)

The regularity WP in (22) is related to the fact that in Duhamel's principle, the Bessel potential (I — A)~! will be applied
to the data regularity, effectively lowering the regularity to L.

We remark that the assumption p > n_—"w is trivially verified in our statements in Section 2, since this value is smaller
than p,, for any y € (0, 1).

Now, another important set of estimates are the ones involving the operator associated with the application of Duhamel's
principle to the corresponding semilinear equation. These estimates are obtained taking uy, = 0 and applying the Bessel
potential (I—A)~! to u'™. Indeed, the presence of the rotational inertia term —Au, and the application of Duhamel's
principle, leads to gain two derivatives in the regularity-loss decay rate structure at high frequencies. These estimates will
be crucial in the nonlinear existence argument:

Lemma3. Letne N, 0 e [0, %) ,k>0,j=0,1,s> 3, and assume that u'(t,x) is the (global) solution to the Cauchy
problem (19) with uy = 0 and u; = @, where ¢ € H*~3 n L. Then, we have the estimates
_n2k—40 _ . "
A+07500 Vgl if 2+k=20>0,
ik _

_sk ‘
SA+D lellgs +A+0" % olly, if § +k—26<0, (23)
a;OllellL, if§+k—20:0,

o/ - &),

k
H

with a;(t) as in (21).

Lemma 4. Letn € N, 0 € [0, %) ,p € (n_—"zg 2), and assume that u'(t,x) is the (global) solution to the Cauchy
problem (19) with uy = 0 and u, = @, where ¢ € L' N LP. Then, for any § > 0, we have the estimates

n(lfl%)—w s n(3fzo)(ll77%

|a= a7 tu@ |, < Ca+ 0" TEmT gl + CA+0TTT T gl (24)

We postpone the proofs of Lemmas 2 and 4, which are fairly technical, to Appendix 3.

4 | SCHEME OF THE GLOBAL EXISTENCE ARGUMENT

We may write the solution to the linear Cauchy problem (19) in the following form of convolution in the spatial variable

u'™(t,x) = Ko(t, X)) Uo () + K (£, X) %0 U (X), (25)
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where Ky(t, x), K;(t, x) are the fundamental solutions to (19). Let 4, be the characteristic roots of (19), i.e.,

—X20 + /x40 — 474x2
Ay 1= . (26)
272

Then K;(t,x) = F~! (K;(t,£)) , j = 0,1, where

tA tA

. Apeth- — d_eth elt+ — eth-
Ko(t, &) ' = —— K4(t,&) i= ————. 27
o(t, &) PR 1(,€) P (27)
Now, for T > 0, we define the Banach space
C ([0, T,H*)nC! ([0, T],H'), if p>2;
X(T) = ([0, T1, H?) (fo,T],H') it p (28)
C ([0, T1,H?) nC* ([0, TI,H*) nL* ([0, T],LP), if p<2,
equipped with the norm
m 1 »
sup <Z b7t My + 2 hi(6)~Hlvit, ~)|I}-Iz> , if p>2;
Vllxery = et ,r=no l=10 (29)
sup <Z Ry @OV s + 2 @7 ) + ) 7HIv, ‘)IIu) , if p<2,
t€[0,7] \j=0 =0

for some m >1 and suitable functions h;, h, h; where 0 = ko < ... <k, = 2. (here i = L?). We fix an adequate space
A for the initial data (uo, u;) such that the solution u'™ to the associated linear problem (19) satisfies the estimates

“uhn(t, ,)|
Ju™ ) S ReOlluo, unllas for 1=0,1, G0

Hulin(t, .)”U S hy Ol (uo, ur)ll 4, if p < 2.

i S HOllo, uDlly, forany j =0, ....m,

Therefore, u'™ € X(T) for any T > 0, and it satisfies

” ulin

Next, we define the operator G on X(T) as

xS 1o, w4, uniformly with respect to T (31)

t

Gu(t,x) := / /T (t — 8)TE1(t — 7, X)% |u(s, x)|P dsdr, (32)
0

0

where

Ei(t,x) = (I — A)T'Kq (8, x). (33)
By Duhamel’s Principle, a function u € X(T) is the solution to (1) if, and only if, it satisfies the identity

u(t,”) = u™t, ) + Gu(t,x) in X(T). (34)
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Then we need to prove the following estimates:

(35)

G — Gvllypy < llu v||X<T)(||u||X(T)+||v||Xm)

also uniformly with respect to T. By a fixed point argument, it follows that u'™ + G maps balls of X(T) into balls of X(T)
for small data in .4, and it is also a contraction map in X(T), hence its iterative limit is the unique fixed point for u'™ + G
(at least inside some sufficiently small ball in X(T)), that is, the unique solution to (1), u = u'™ + Gu. The uniformity with
respect to T of our estimates makes it possible to take the limit T — oo, yielding a global in-time existence result. In order
to prove these estimates, we rely heavily on the following

Lemmas5. Letw € R, a > 1, y € (0,1). Then, it holds

a+n w>1
/(1+t—r)_ / (T=97A+s5)"dsdr SAA+0)7"1logR+1) w=1
(14 - w < 1.

The proof of the Lemma follows by standard arguments. See, for instance, Cui.®
We also make use of the Gagliardo-Nirenberg inequality® (in particular, also a fractional version of it):

1-9, 0, nfl 1
lullze  Mually, ™ lull 5 6cg) = = (5 - E) : (36)

where g € [2, 0] if k > n/2, g€ [2,0) if Kk =n/2 and

2n

2<g<
1 n-—2kx

if € €(0, n/2). In the limit case q = ni% when « € (0, n/2), the inequality (36) reduces to the critical Sobolev embedding

HY o I8 with  lulls S ||u||1-,~,z<=n<§ —3) (37)

for any q € (2, o).

5 | PROOF OF THEOREM 1

Even if Theorem 1 addresses the easiest case n = 1, 2, we see that some interesting effects appear in the decay rate profile
of the solution:

« the regularity-loss structure influences the decay rate of ||u(t, -)”Hz;

« the regularity-loss structure also influences the decay rate of ||u(t, -)|| i ifn=2orn=1andfd<1/4,butnotifn =1
and 0 >1/4;

« the asymptotic profile of the norm ||u(t, -)||;> of the solution changes if n = 1 and 8 > 1/4 (see D'Abbicco and Ebert?).

None of the above effects, however, influences the critical exponent of the problem. In order to achieve this goal,
fractional Sobolev embedding (37) is used, when needed.

Proof of Theorem 1. We first consider the cases where n = 1and 0 € [0, i) orn=2and 0 € [O, %) The remaining

case (thatis,n = 1,0 > ;1‘), must be dealt separately since the decay rate in the linear estimates is different. We fix
m=2, ko =O,k1 = 1,k2 =2,
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ho(t) = (1 + £y 30 *17,
hy() = LOA + 1) S0 717,
ho(t) = hi(t) = ho(t) = A + )7,

in (29), where the logarithmic term
1, if n=1,
L= .
log2+1t), if n=2.

may appear, although it doesn't actually interfere on the final existence results. Setting j = 0,k = 0,1,2 and s =
2+ 2y(1 — 0) in (20) and using the fact that y € (0, 1), we get

W™ @)]| ¢ S POl @0 unlL k= 0.1.2

k
H

Also, setting j =1,k = 0,1 and s = 2 + 2y(1 — ) in (20), we get

i@ S el u) L, k= 0.1.

k
H

In particular, we stress that, due to s = s, = 2+ 2y(1 — 0), the decay rate related to the high frequencies regularity-loss
s—k—j

decay structure (1 + t) 20-» produces a decay rate not slower than (1 +¢)~7 when j + k < 2. Indeed, the speed (1 + )"
is the fastest possible, as a consequence of the presence of the nonlinear memory term, so that the assumption s=s,
for the initial data guarantees that there is no benefit in the assumption of more regular small data.

Combining the previous five estimates, (31) follows immediately. To prove (35), let's estimate each norm of Gu that
composes the norm in X(T). Now setting j =0,k = 0,1 and s = 3;and j = 0,k = 2, s = 4 in (23), we have

t
- - p
Gty 5 [ e-o /0 (e =5 llugs, I, ., dsd, (38)
0
with
. n+2k—40 3-k n+2k—40 .
w = wi = min s = if k=0,1,
41-0) °2(1-0) 4(1-0)
and
t
IGut. )l < / A+1-1)® / (r = )7 (s, P lpsam ds d. (39)
o 0
with
(n+4-40 2 2
W = W, = min s = >1
41-0) '20-0) [  201-0)
Recalling that || -l = || Ilz2 + || I, e now estimate the norms lu(s, )%, , llu(s, )|I”,, and [[|u(s, [?|l . Applying

Gagliardo-Nirenberg inequality (36) with k = 1 and g =p > p., we obtain, recalling that u € X(T),

lucs, )P, < ho(s)(l—el(p))Phl(S)el(p)p ”””i(T) = (1 + )£y (s) PP ”u”f((T)’
with e 26)
n—-20p—n
= 2a-e AP 40
xa—e AP (40)

We remark that @ > 1 if, and only if, p > p.. In fact, on the estimate above we may ignore the logarithmic term that
appearsif n = 2; this term doesn't change the critical exponent, since it can be bounded by Cs(1 + £)°, for any arbitrarily
small 6 > 0. For the norm in L%, we apply Gagliardo-Nirenberg with x = 1 and g = 2p, obtaining

AP —& 0,(2p)p p
llucs, I, S A+ )PP lully 4, -
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with
i=a+——>a (41)
B 41-6) "

hence the condition for @ > 1 is achieved automatically for p > p.. With these estimates, we can apply Lemma 5 in (38),
thus obtaining

1GU(t, o S het) Nl g, - k= 0.1, (42)

for 0 € [O, %) and n = 1, or for § €[0,1/2) and n = 2. We remark that for k = 0, 1, the decay rate is the same as for

the linear problem in the low-frequency region. For n = 2 and k = 1, we find w = 1, which is the reason why the
logarithmic term #4(t) appears.

For the norm |||u(s, -)|?|| oy the low dimensions n = 1, 2 and the assumption p > p. imply p > n, so that the Sobolev
embedding is done into the much more regular spaces C®'~/P(R"). In fact, we can estimate the desired norm as
follows.

If n = 1, from chain rule we get,

Huts, Pl & 1V, Pl & ||luds, )P Vuds, )| 2 S luts, IEL Vuds, )l 2. (43)

p-1

1~ » We obtain

Applying Gagliardo-Nirenberg inequality (36) to estimate ||u(s, -)||

-z Ly
S A+ e [[uellxcry,

T e

s, Mg < NuaGs 1 s, I

so that we get

2p-l
lHues, Pl S A+ 8)50 7 [[ully g, (44)
Due to
2p—1 p+1
T R Ay
4(1-6) 2(1-0)

we can apply Lemma 5 in (39) and conclude

1Gu(t, M2 S ha(0) 1ully, - (45)

If n = 2, from chain rule and Holder inequality,

Huts, Pl & 1V |, PNz & [[Tuls, )P Vuls, )| S s, B, I1VuGs, (46)
H

La®-D

with g € (2, o) as large as we please and r = %. We apply Gagliardo-Nirenberg inequality 36, obtaining

e
1-6, (q(p-1)) 0,(q(p-1)) )y _
s, sy S s, M s, A S (07517 (log(2 + ) ullxer,

as well as

1-6,(r)
L2(Rn)

1-0,(

(IVuls, Mlpr@n S IVuls, )l o
H[R

0 0,(r) _ _
IVuts, 2 S s, A ucs, %Y < @+ 67 (log@ + )= [ullxer.
H Rn) ") H [Rn)

In particular, for any € > 0, there exists a sufficiently large g such that
Hucs, PNl ;p S A+ 977 ullxr). (47)
Therefore, we can still apply Lemma 5 in (39) and conclude

1Gut, Y < ha(0) 1ull g, - (48)
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Next, we estimate the two norms that concern the first order time derivative. Since E;(0, -) =0, we get

t

t
10LGu)(t. ) ¢ S / (= ) |0 Ea(t — 7.) * [u(s. )Pl - ds d.
0 0

Now, setting j = 1, k = 0,1 and s = 4 on (23), we get

t
0G5 [are=om [ =9t Pl g dsde, (49)
0
0

with

. n+ 2k — 460 3-k
= -1 1.
[ mln{ 11-0) , 2(1_0)} >

Since we have already estimated the norms ||u(s, -)||‘L’P and |||u(s, -)|P|| .1, we can apply Lemma 5 again and find

10/ GuX(E, )l S Rae(®) Nul 0,1,

p —
X(T)° k=

Combining the derived estimates, we obtain

p

1

2
for [|u(t, )||r2 and ||u(t, -)||: change, because condition g + k — 26 > 0in (20) doesn't hold anymore when k = 0. We
must then change the decay rate on the L?>—norms and also, include another norm on X(T) so this loss on decay won't
interfere on the critical exponent p.. We fixm =3, kg =0, k; = % - i, ky=1k; =2,

inthecasen =1and # €[0,1/4)or n = 2 and 6 €[0, 1/2). Now, for the case wheren = 1and 0 € [%, ), the estimates

1_
40 4
’

ho(t) = (1 + 0>~

17%729 L
h(t) =0+t @0 7

3-46
ha(t) = (1 + ) w0 7,

1_
w7

ho(t) = lo(O(1 + D'~

ha(t) = (D) = L+ 0 0547,

in (29), where

1 1, ife=1
o(0) = { ogle+1t) 1 Z

1, otherwise.

The linear estimates give us again (31), and to prove (35), we set j = 0,k = 0,k;,1 s = 3;and j = 0,k = 2,5 = 4
in (23), getting

t t
IGu(t, )= < / lo(t = 7)1+t —7)' 7% / (T =7 luls, I, dsde (50)
0 0
t t
IGue, )l S / A+t—7) / (@ =7 N Y,y dsdr, k=ki,1, (51)
0 0
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with

. 1+2k—-46 3-k
® = min s s
41-6) 21 -6)

and
t
IGu(t e 5 [ @e=0 [ =9It P g dsd, (52)
0
0

with

. {5—49 2 } 5—40
® = min s = >1
41-06)" 21 -6) 41 -6)

. kg,
To estimate the LP norm, we use H * directly,

s, M, S s I, S 1457 Nl

(1-20)p—1
2(1-06)
Sobolev's Embedding (37) and interpolate || - ||Hk1 and || - ll ;. s0 that

with a := — (1 — y)p, as in (40). Then a > 1 if, and only if, p > p.. For the L% norm, we use again critical

llues, Mz S Q@+~ Nutlly, »
as well, due to the fact that h,(t) < hy(¢).

For the norm |||u(s, -)[P|| Lini We proceed similarly to (46), with the small change of interpolating between || - ||}.Ik1
and || - ”1’11 instead of || - ||;2 and || - ”Hl‘ ‘We then obtain

s, I S A+ )™ Nullx- (53)
Using these estimates back in (50) and (51), as we did in the previous case, we get

IGu(t, Il - S i) lully 7y k= 0,k1, 1,2, (54)
the only difference being the decay rate in h(t), and the new estimate which leads to h; ().

We now consider the two norms of 0,(Gu)(t, -). For the || - || ;' horm we may proceed as before. On the other hand,
for ||0:(Gu)(t, )||;2, due ton = 1 and 6 €[1/4,1/2), we find

1 |=1 if 6=1/4, 1 o1
40 | <1 if =6>1/4, 1-0~ 7
so that, applying Lemma 5 with
w—min{l L}—i
a 40°1-0J 40

we find

10Gu)(t, Iz S Ro() Ul -

Combining the previous estimates, we get

p
IGullxcr) < Ul g, -

Now it remains to show that G is a contraction in X(T), that is, the second estimate in (35). This final part of the
argument concerns all the cases together. We will use the Mean Value Inequality to obtain

Nudt, )P — vt )IP| < Judt, ) — vt )] (Jude, )P+ e, )P
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Hence, by Hélder inequality,
Iugs, HIP = [v(s, )Pl
< 1uts. ) = v, (luts, 1P+ s, )|
s, ) =Ml (s, I + 1ives, )

— -1 -1
= (149l = vllxer, (Il + 015, )
for a sufficiently small § € (0, « — 1), and
— —1 —1
”lu(S, )lp - |V(S, ')lp”Lz S (1 + S)(S ll”u - v”X(T) (”ul f((T) + ||v||§((T)> .

Using these estimates, one can proceed as we did for ||Gu(t, -)||xr), to get

-1 -1
1Gu = Gollxery % llu = vllxery (ller, + VI, )

Therefore, (35) is proved. O

6 | PROOF OF THEOREM 2

In the proof of Theorem 2, we consider the case y <(n — 2)/n, in which the influence of the nonlinear memory is so strong
that the critical exponent switches to the value y~!, as first investigated for the heat equation with nonlinear memory
in.” The possible influence of the regularity-loss decay on the critical exponent is neglected by estimating the power
nonlinearity at high frequencies in H!, as we have done in Theorem 1 to improve the decay rates of u in H? and u, in L2
and H' to the best possible profile (1 +1)77.

Proof of Theorem 2. Wefixm=2,kg=0,k; =n (% - p%) ,k, =2, and
n—40
ho(t) = ()1 + )"0 717
ho(t) = 1+ 1)7,

n(1-3)-20
M= +1 o

(14107 if >0,

hy(t) = hi(1) =
2(8) = (1) {(1 +677 log2+1t) if 6=0,

where

1, n=3
lo(t) = .
log2+1t), n=4

Settingj=0,k=0,n(§—i),Zands=2+2y(1—9)in(20),weget

Hulin(t, ) .

k;
H

. S hi®Oll(uo, ull 4, i=0,1,2,
and setting j =1, k = 0,1 and s = 2 + 2y(1 — 0) in (20) we get
S i@l (o, un)ll 4, k=0,1.

o],
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Combining these five estimates, (31) follows immediately. Let's prove (35). Setting j = 0, k = 0 and s = 3 in (23), we
obtain again (38), so we must estimate the norms ||u(s, )||p and ||ucs, -)||?,,. Sincep > y~! > ﬁ > 2, we can estimate

2
leaCs. My S Nuts I, S A+ Pllullx. (55)
For the L*—norm, we set
- 1 1
w=n(3-3): oo
Notice that ¥ € (k;,2) in (56), and therefore, we can interpolate between || - || . b and || - || > to obtain
llucs, HIIE,, S llus, )IIp S A +97Pog2 + 9P lIullly, - (57)

In the above estimate, we considered the worst case scenario, in which 6 = 0 so that k() = (1 + )7 log(2 + ¢). As
discussed in the proof of Theorem 1, a logarithmic loss does not influence the critical exponent.

The exponent y p that appears on (55) and (57) is larger than 1 if, and only if, p > y~!. Using the estimates (55)
and (57) in (38), and applying Lemma 5 with

. { n—40 3 } n—-40 | <1 ifn=3
® = min , =
41-0) 21-0) 41-0) | =1 if n=4,

IGu(t, )z S ho(®) llully

we get

X(T) "

For the Hk1 and sz norms, we set j = 0, k = ky, k; and s = 4 in (23), yielding

t
n+2k —46

[[€ZICAD]| FTS /(1 +t—17) w0 / (z = )77 |lus, )lly, dsdz
0
0

(58)
+ /(1 +t—1) 20- 5> / (r = 8)77|[|uls, )P ||;p dsdz.
0
So, we must then estimate the norm ||V|u(s, -)|?||;2. From chain rule and Holder Inequality, we have
V1Pl = || (plul=2u) Vu|| | < Il 1Vall, 2 (59)
On the one hand,
V(s Il 2 S WAVUCs g~ Nuls, )z S (L +9)77 1og2 +9) llullxer; (60)
on the other hand, setting
1 1
=n(s-— ), 61
c=n(3- o) ©
and due to x € (ky, k,) for p > # we get
[lucs, )IIW_” < llucs, )IIP S A +5)7 PV (log2 + )P IIuIIX(T) (62)
Using (60), and (62) in (59), we obtain
(s Pl S L+ 5)7P Qog(@ + 9P ullyy, - (63)
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By applying Lemma 5 with

>1 ifi=1,
} >1 ifi=2 and 6 >0,
=1 ifi=2 and =0,

. n+2k;—460 4-—k;
@ = min B
41-06) 21-0)

and using (55), (57) and (63) in (58), we get

1Gu(t. M 1 S ) lully i = 1.2.

We may use the same strategy to estimate ||0,(Gu)||ﬁk, with k = 0,1, and we obtain

10 GU(E, )l S i) llullf o k= 0,1,

We then conclude the proof as we did in the proof of Theorem 1. O

7 | PROOF OF THEOREM 3

In the proof of Theorem 3, the condition p >2 is a consequence of the cases considered in the statement. Due to this
property, the proof is similar to the proof of Theorem 1.

Proof of Theorem 3. Assume n = 3. Wefixm=2,ky =0, k; = %, k, =2,

ho(t) = (14 1y 500,

hi(t) =log2+ )1 + )"

ho() = 1 +1)7,

1+ if >0,

2(8) 1(9) {(1+t)—710g(2+t) if 6 =0,

in (29). Once more, (31) follows immediately after setting j = 0,k = 0, % 2and j=1,k=0,1withs =2+2y(1 - 0)
in (20).
Now, estimating the H knorms (x =0, %), we have

t

1Gu(t, )| < / (+1-1) /0 oz =57 [uGs, I, .y 4. (64)

0

with

. [3+2k—40 3-k
w = min , .
41-6) 2(1-0)

First, we consider the case p €[2,3]. In order to estimate the LP—norm, we will use Gagliardo-Nirenberg inequal-

ity (36)
(o)

01p
lluct, N5, S Nu )Ny, *7 N, )l 2

=

i
(65)

3-40

- - 01 —r01 1
¢! +t)( i) (100, ) @+ 6 "4 Qog + 1) Jull?

X(T)
<A+ lulll -
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with
3p—26p-3
=— 1A -y)p. 66
ay 20— 0) ( Y)p (66)

We remark that the condition p € [2, 3] implies that

2<p< (67)

]
|
N | =

3 -2k,

and we also notice that

20+ -01-7) _

>1 < p>1+
n P 1+2,(1-0)

c.

(Incidentally, we notice that p > p. holds as a consequence of the assumption p > 2, when y > (3 — 26)/(4(1 — 6))).
If p> 3, condition (67) doesn't hold, so we use critical Sobolev's embedding (37) with g =p and

1 1
=3(5-3) (©9

For p > 3, one has « in (68) satisfying k € <% %] , hence

lully, S ull®, < (og2+ )P (1 + 57" llully, 4, - (69)
H
In this case, since y > % and p > 3, one has automatically yp > 1.
Now, for the L?’—norm, we use critical Sobolev's Embedding (37) to estimate || - || @Ry S - ez, with g = 2p
andk =3 <% — i) We observe that k¥ > %, and thus,
e, I, S w1 S (g2 + 0) A+ 077 [lully - (70)

Returning to the estimate (64) and using the two last estimates, due to Lemma 5 it follows

3-40

A+ @ ulp k=0,
IGu(t, )l . < { : , _j«T) ) . (71)

102+ 0P A+ 07 ullly . k=1

For the H2—norm, one can proceed as in Theorem 2, relying on (59) and (60), but replacing (62) by
leaCs. Iy, S s " S Qog@+ 0P 1+ P70 flully, (72)
where we used that « is given by (61), so that x = 3 (% -3 (p1_1)> > % In turn, we obtain
1+0)7 |lul® if

IGu(t, )l ;o S @+ 07 el T o>0 (73)

1+6)7 log(2 +1) ||u||‘;((T) if 6 =0.

The norms ||9;Gu(t, -)|| ;2 and ||0;Gu(t, )l are estimated in a similar way, and we conclude the proof as in the proof
of Theorem 1. O

8 | PROOF OF THEOREM 4

In this case, we deal with power nonlinearities |u|P, with p < 2, so we employ (L' N LP) — LP estimates for the linear problem
to obtain an estimate for ||u(t, -)||»-
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Proof of Theorem 4. Wefixm =1, kg =0, k; = 2, and

ho(t) = (L 4+ 7017,
hi(t) = hi(t) = LOA + 077,
ho(t) =1 + 1)

in (29), with
| log2+¢t), if 6=0
t) =
D=9, if@e(O,%).
Moreover, we fix

3(1- % )-20

hy) = A +0° "o

for a sufficiently small § > 0. Setting first j = 0, k = 0,2, and then j = 1, k = 0,1, with s = 2 + 2y(1 — 6) in (20),
and using (22), estimate (31) follows. We stress that the decay rate of u'™ in (22) is determined by the low-frequency
region, since

3(1—11))—29 5 3(3-29)@-%)

20-6) '210-6) 2(1-6)

3<1—11)>—29
=6+ —~I
+ 2(1-6)

o =min< -6 +

(74)

for a sufficiently small § > 0, for any # >0 and y <1, due to p > p. >4/3.

To prove (35), let T> 0. For the norms of Gu(t,-) in L? and H?, we would need again to estimate the norms
(s, e, Nuls, )l and ||uds, )|P|| ' asin the proof of Theorem 2. However, for the first one, we may directly use
the X(T) norm of u, obtaining:

e, < B0 Nl gy = L+ 87 Mull
witha := % —(1+6—y)p. We remark that « > 1 for a sufficiently small § > 0 (here we fix the smallness of § once

and for all), if, and only if, p > p. For the L? norm, we use critical Sobolev's Embedding (37) with ||- || TRy S 11l Lars3)s

with g =2pand xk = 3 (% - ﬁ), and for the norm |||u(s, -)|P||I-{1, we proceed as in Theorem 2.
Settingn = 3, j =0, k =0, s = 3in (23) and applying Lemma 5, we find

t
IGu(t, I S /(1+t—1)‘%/ (= 5)7(1 + )" dsdr
0
0

‘ Lo (75)
+ /(1 +t—1) 09 /0 (r—8)7Q +s)7"P dsdr ||u||§((T)
0
p
Setting n = 3, j =0, k = 2, and s = 4 in (23) and applying Lemma 5, we get
t
IGu(t. )l ;2 5 /(1 +t- r)‘ﬁ/ (t =971 +5)"" dsdr
o 0
’ (76)

+ /(1 +i—1) /0 (=)7L +8)7P dsdr ||y,
0
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For the LP—norm, we will have to estimate also the norm ||u(s, -)|| ,-. In fact, setting n = 3 and ¢ = |u(s, -)|? in (24),

t
3(1-3)-20

Gu(t, M S / A+t—7) 20 / ) (r =87 ||luts, )Y, dsdr
0
(77)

1_1

0
t _;_*_3(3’20)(575 T
' / R / (=97 llus,)IP,, dsdr
0
0

Now, since for n = 3 we have p > p, > g it holds that p? > 2, and we can apply critical Sobolev's Embedding (37)

. 1 1 7 3
With || - <) S I - llzsqesy, where g =p? and x =3 (3 - 2 ) € (£.2):

P p P - P
llus. Ol S s, e S Nuds, Il S A +9) LAY Nullyr, -
Using this estimate in (77) and applying Lemma 5 with @ as in (74), noticing that w < 1, we get

1Gut, e S Ry (o) el -

We stress that the minimum in (74) is attained by the first term for any 6 > 0, due to p > p. >4/3.
Once more, the norms of d,(Gu)(t, -) can be estimated with no further difficulties, and we conclude the proof as in
the previous cases. O

9 | PROOF OF THEOREM 5

As in the proof of Theorem 3, also in Theorem 5, the condition p >2 is an assumption of the statement. Due to this
property, the proof is similar to the proof of Theorems 1 and 3. We stress that in this theorem the condition p > 2 never
corresponds to the critical exponent, which is smaller than 2 for y > 1/2.

Proof of Theorem 5. We fixm =1, kg =0, k; = 2, and

ho(t) = (1 + )7 log(2 + 1),
hi(t) = hi(t) = LOA + 17,
ho(t)y =1 +0)77,

in (29), with

log2+1t) if 6 =0,
Ly =4 °82FD 1 .
1 if 0 € (0,2).

Setting j =0,k =0,2;and j = 1, k = 0,1; with s = 2 + 2y(1 — 6) in (20), estimate (31) follows. To prove (35), we set
j=0,k=0,2,y = |ul’ and s = 4 in (23), getting

t t
IGu(t )l < / A+t-r) 57 / (z =) lluts. E, dsdr
0 0 78)

t t

+ / A+i-p) 5n / (z = 57 llus, YIPIl rdsd.

0 0
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To bound the LP—norm, we use critical Sobolev's Embedding (37) with || - || Ry S I - llaqrsy, With g=p and

k=4 (% - I%) € [0, 2). Therefore,

lluts, iz, S MUl S A +9)7P (log2 + ) [[ullfq, -

To estimate |||us, )|P|| ;», one can simply set n = 4 in (59)-(63) to obtain again

- p
s, Pl S (A +5)7P log(2 + )P [[uly, -

Therefore, using these estimates in (78), and applying Lemma 5 with w = 1 if k = 0 and

. 1 1 1 >1 if 6 >0,
a)=m1n{1+ }=1 0

1-6"1-90 =1 if6=0,
ifk =2, we get
G, )l S hiC®) Nl -
The rest of the proof follows as in the proof of the previous theorems. O

10 | PROOF OF THEOREMS 6 AND 7

In Theorems 6 and 7, we assume 6 = 0 for simplicity. Indeed, Theorem 6 is analogous to Theorem 4, but there is a range of
y near to 1, for which the regularity-loss structure seems to influence the critical exponent of global small data solutions.
This range is treated in Theorem 7.

Proof of Theorem 6. We fixm =1, kg =0, k; = 2, and

ho(t) = ha(t) = hy (1) = 1+ )7 log(2 + 1),
ho(t) = (1 + )7,

in (29), as in the proof of Theorem 5. Since p < 2, we also fix
i = (1 + pr2(1=3 )
for a sufficiently small § > 0. Setting j =0, k =0,2,and j = 1, k = 0,1, with s = 2 + 2y in (20), we get

< ho() | (o, )|l 4,
||ulin(t’,)| S ha(0)|| (o, ur) |l 4
Huiin(t’ ) o < ]710([)“(1/{0, u)|l 4,

”u?n(t, ')”I-{l < ()| (o, Ul 45

||ulin(t, )

L2

.2
H

and using (22), we obtain
w0, < BO o, unll:

Here, the fact thaty < % is important, so that p. > g This means that for p > p., the decay rate from the low-frequency

will be worse than the high-frequency one, namely, that

w=min{—5+z<1—1>,§—6<1—1>}=—5+2<1—1>. (79)
p)’ 2 "\p 2 p
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Therefore, estimate (31) follows. Let T> 0 and let's prove (35). Setting j = 0,k = 0,2 w = |u|P and s = 4 in (23),
we get

t
1GuCt, )l / A+t—o)'7 / (z =97 lus, )|}, dsde (80)
0
0

t
+/(1 +t— r)‘¥ / (r = 8)77|[|uls, )P|l;n dsdz k=0,2. (81)
o 0
Recalling that u € X(T), we obtain

lluls, L, S hp(P Nully gy = A+ Nully 7.0 1= A =8 +y)p -2 (82)

with @ > 1 for a sufficiently small 6 > 0 (here we fix the smallness of 6 once and for all) if, and only if, p > % = De.

Now, we estimate |||u(s, -)|?|| ;» using once again (59), (60), (61) and since, for p > p. > % we have k € (0, 2), we get

leaGs. ey, S s " S A+ 557 @7 (log(2 + )P ullyr, (83)
so that
s, Pl S (1 +9)77P (log(2 + )P Nlully, g, - (84)

Notice that y > % andp > ﬁ hence yp > 1. We can then apply Lemma 5 and obtain

1Gull ¢ S he®) ul =0,2.

p
X(T)* k
For the LP—norm of Gu(t, -), we set n = 4 in (24), thus getting

t
Gu(t, M < / A+1-o2077) / (=57 lluts, )P, dsdr
0
0 (85)

t
- 1%_%) T ~ »
+/(1+t—r) 2 / (r =877 Nluts, ) , dsdr.
0 v

0

We have already estimated the L —norm. For the LP —norm, since p > p. > %, we have p? > 2 and therefore we can
apply critical Sobolev's Embedding (37) with ¢ = p? and

1 1
e=a(3-5). (50

which, since k € <§ 2) gives us

IIP MNP -vp p
luGs, NP, < [, P, S L+ 557 Qog@ + )l -
Therefore, applying Lemma 5 with @ as in (79), we obtain
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The norms of time-derivatives of Gu(t, -) using 23 bring no additional difficulties:

t
10(Gu)E I S / RETE / (v =57 luGs. I, dsde
0
0

‘ e [T (87)
+ /(1 +t—1)" 2 / (r =97 luds, )|l ;p dsdz
o 0
A p
< Pudo) 1wl 7, -
We then conclude the proof as in the previous cases. O

In the proof of Theorem 7 we finally provide a model in which the regularity loss structure may influence the critical
exponent of the problem. Even if we do not expect the threshold p, to be sharp, the model below shows an interplay which
can be object of future investigations.

Proof of Theorem 7. Wefixm =1, ko =0, k; =2, and

ho(t) = hy(t) = () = 1 + )77 log(2 + 1),
ho(t) = (1 +0)77,

in (29), as in the proof of Theorems 5 and 6. Since p < 2, we also fix
h(t) = 1+ 717

where
- _1 i >
6+2<1 p) if p>8/5,

1-6(1-1) ifp<sss,

0= (88)

for a sufficiently small 6 > 0. As in the proof of Theorem 6, we conclude (31). We proceed as in the proof of Theorem 6
to prove (35), but with two differences. First of all,

lluts, HNIZ, S Hp) Nully g = @+ lully, »

where
a=(w—1+y)p=(%+y>p—6, if p<8/5.

In particular, @ > 1 if, and only if, p > % = P, due to the assumption y > g
The second difference is that we apply Lemma 5 with w as in (88), obtaining

t
1Gu(t, 1 S / A +1-o20) / (r =) lluts, I, dsdr
0

0
! 3—12(%—%) T (89)
+ /(1 +t—1) 2 / (r = 8)77 |lugs, -)||1L)p2 dsdr
o 0
* p
< hy® 1ull? -
The rest of the proof follows as in the proof of Theorem 6. O
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11 | BRIEF COMPILATION OF RESULTS AND STRATEGIES

In order to summarize the results and strategies employed in the several cases considered, we provide a table that displays
the different ranges for the parameters 6, y and p, as well as the correspondent spaces required for the initial data u, and
u;. Here,

20+ (A=) -9)
n—2+2y(1-0)

DPe=pc(n,y,0) =1+ 8¢ =8:(y,0) :=2+2y(1-0)

. 14
Pe - 742y
_ 0 4 p Up 251
1 1 5. A 71 se=1 ~ 71
0.3)|(501) | @eoo | HnL H' 0L
0o.1)] ©1 |@ec)| HEAL H AL
0.2)| (0.4 |(tw)| HEaL Hl L
(0. 1| (1 220 e AL —1 ATl
:05 2) <3’ 4(1_9) (pC’ OO) HS ﬂL HS ﬂL
0 %) wgl)| @021 |[HenL n W3 | H 0L n W
: 1 3-20 s, 1 s.—1 1
0. (ZZ1)| 2w | HoaL HnL
03)| (03] |Go)| e | moar
B S A B
0 (% %] (Pes 2] HnNL'n W3 |H*1nL' nW?P
o | (31) | @2 [BenL awse |t aL awe

The strategies we used to estimate norms in each theorem are briefly described below:

« In Theorem 1, we used Gagliardo-Nirenberg, with ¥ = 1; For the special case n = 1,6 > }1, we used critical Sobolev
Embedding into L? instead. We also applied critical Sobolev Embedding into LI?~Y and L” with ¢ — oo and r— 2, in
order to improve the decay rate.

« In Theorem 2, we used critical Sobolev embedding into L?, as well as critical Sobolev embeddings into L"®-1 and
LZn/(n - 2)‘

« In Theorem 3, we used fractional Gagliardo-Nirenberg with k = % to reach the critical exponent, and critical Sobolev
embedding into LP for larger values of p. Critical Sobolev embeddings into L*®? -1 and L® were also employed (as in
Theorem 2).

« In Theorem 4, we asked for regularity in L? for the initial data, and applied critical Sobolev embedding into L% and LY.

« In Theorem 5, we used critical Sobolev embedding into L? and critical Sobolev embeddings into L*®~1 and L* (by the
same reason as in Theorems 2 and 3).

« InTheorems 6 and 7, we again required additional L? regularity for initial data, and applied critical Sobolev embedding
into P’ and into L*® -V and L*.
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APPENDIX A: TECHNICAL CALCULATIONS

We recall from vector calculus that, for any @ = (a3, ... @,) multi-index,

olelk| s e, ke 0, & # 0. (A1)

We also recall the multivariate version of the Leibniz's rule,

o9 =Y, (or) (). (A2)

p<a

where f < a is in the sense of multi-indexes, that is, f; < «; for all i. Another useful identity is Faa di Bruno's formula for
higher order derivatives: Let y = g(&), &€ = (&1, ... ,&,) € R". Then,

olal o!Bl
AW 1= o S = ) S0 || 77— (A3)
¢ 0MEy ... 0%, ;41 Bg HjeBagj
where 7 runs through the set IT of all the partitions of the set {1, ... , |a|} and }}B € z”” means that B runs through the
list of all blocks of the partition z. Observe that |a| = a1+, ... , +ay, while |x| is the number of blocks in the partition z

and |B| is the size of the block B.
k
Applying Faa di Bruno with y(¢) = x2 and f(y) = (1 + y)2, we get

k—|az|, Z 1’
| < {|§| B a

[El7lel, o< g <1

Lastly, we'll need Young's Inequality for products: If a,b > 0 and p, q > 1 with 117 + ﬁ =1, then

A.1 | Estimates for the low-frequency region

Following as in previous works,>* with several applications of (A2) and (A3), one can easily prove that, for the
low-frequency region {& : |€| < &0}, the following estimates hold:

ofa-| S 1ol

M HE
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t
oret-| S 1l - lale>

< 18] = lafe™s s

oze' A

0 (s = 200N S 161 =20 ~ lal,

where, we recall, the eigenvalues A+ are defined as
b = =S IEPUE) P (kA — 4 - 4x2)E, 1] <eo, (46)
where, for a given 6 € [0,1/2), g9 = €0(0) is sufficiently small to get
539(1 + 6(2))_2 > 86(2).

Since Ky, and K, are defined as products of the three terms above and E; = (£)72K;, by applying (A2) again we get the f
ollowing estimates in the low-frequency region:

Lemma 6. Let A+ as in (A6), a any multi-index and & € R" ~ {0} with || < €. Then,
(i)
(it)
(iii)

|2(1—9)

0Ro(1.8)| 5 g1
021210, §)| < |§|_29—|"|e_§|§|2“"’)’.
0Bt 0)] 5 Il

We will combine these estimates for Ky, K; and E; with a lemma that derives pointwise estimates for their inverse
Fourier transforms:

Lemma 7 (Lemma 8.5 in'?). Assume that f € C5(R"), for some x > 0 integer, and that it verifies the estimates

oLf )| S 1EVIal < x,

for some a < n. Then, g = F~ f satisfies the estimate |g(x)| S (1 + |x|)7*.
Moreover, if f € C**1, and

OLf )| S 167 Vlal =k +1,

forsome a; € [n,n+ 1), then

1+ |x|)~*no), ifa>a; -1,
18001 S 4@ + |x|)~rmHt-an), ifa<a -1 and a € (n,n+1)
1+ |x)™tlogle+ |x]), ifa>n-1 and a; =n.

Lemma 8. Assumen € N, 0 € [0, %) and consider the localization in the low-frequency region of the operators
Ko(t,x), K1 (t,x), E1(t,x) as in (27) and (33). Then, the following estimates hold:

R TH. _05)

O [P &t x|, sa+o o p>,

T _op) g

@ [P &, s a+07 T p> /=20,
n(1-3)-20

——P2

@) |[F &0, sa+07" 77 p>n/(n-20)

where yp € C is a cut-off function supported in the ball B(0, ).
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Proof. To shorten notation, we may use, throughout this whole proof, only f to address the low-frequency localization
of the function £, that is, 77! ( f(&) x0(&)).

The proof consists on applying Lemma 7, using the estimates obtained in Lemma 6. We will strike both cases (i)
and (ii) at the same time by writing

R0 S g7 e, £ = 0,1,

Also, the estimates for K; and E; are the same, so the result obtained for K; will also hold for E;.
First of all, we notice that

n=2060

Kot )l < Kot )| S e e < (14 ) 200,
Ll
B(0.&4)

Indeed, for t € [0, 1] the estimate above follows due to e_§|§|2<1—e> <1land

/ 70 dE < Crp,
B(O,&O)

whereas, for t > 1, it follows by the change of variable & — t‘ﬁfs

_ —2¢0 ~ " 200
&2 i G)df — {30 |2 e3P wdf = Cho a0
Rn Rn

On the other hand, we may apply Lemma 7 withk =n—1,a =n -1+ 270, a; = n + 2£0, that is, we get
IKo(t. )] S (1 + [xD7" logle + x[),  [Ka(t,x)] S (1 + x)™™.

By interpolation, it follows that Ky (¢, -) € L? for any p > 1, and (i) holds for any § > 0, and that K, (¢, -), E1(t, ) € L? for
any p > n/(n — 20), and (ii), (iii) hold for any é > 0. O

Since u'™(t,x) = Ko(t,x) * up(x) + Ky (t,x) * u1(x), the previous lemma can be used together with Young's theorem for
convolution to prove the low-frequency part of Lemmas 2 and 4.

A.2 | Estimates for the high-frequency region

As in the low-frequency region, one can apply several instances of (A2) and (A3) to obtain the following estimates in the
high-frequency region {& : || > 1}:

Of A | S €1

a(getﬂi| hS (t|‘1| + |§|—|a|) e_[|§|2(971);

0 (he = 2007 5 1111,
where

L T T O RRC

Therefore, from the definitions of Ky, K}, and E;, we may apply once more (A2) to collect the following estimates in
the high-frequency region. It is easy to prove that those estimates are, also valid in the intermediate frequency region
{& : e0/2 < |€] £ 1}, since it is a compact subset of R" \ {0}, so that we have the following.

With this remark, the proof of Lemmas 2 and 4 immediately follow by combining Lemma 8 in low-frequency region
with the next results in intermediate and high-frequency region. Indeed, it is sufficient to assume that y, = 1 in the ball
B(0, £0/2) and define y; = 1 — yy, so that y; is supported in the region {& : |&| > £0/2}.

85UB017 SUOLULLIOD SAIERID 3ol dde 3y} Aq pauA0h 318 S3o1e YO ‘8SN JO S3INJ 10} AReid 1 BUIIUO AB]IA UO (SUOKIPUOD-PLE-SWISHLI0D" 3| 1M Afe.q U1 |UO//SANY) SUOIPUOD PUe SWwid | 8U) 835 *[£202/60/82] U0 A%iqiTaulluo A8|1M elfel eueiyo0D AQ 6TZ8BWW/200T OT/I0p/W0d A3 1M Afelq i feul|uoj/sdiy woiy papeojumod ‘TT ‘2202 ‘9L7T660T



D'ABBICCO AND LONGEN Wl L EY 6979

Lemma 9. Let A4 as in (A6), a any multi-index, 6 € [0, %) , & € R with |£] > €9/2 and s € R. Also, let Ky, K;, E, be
asin (27) and (33). Then,
(i) agféo([, OIEIT
(ii) 0,‘;131(@ O™
(iii) dgEAl(t, HIEI

Using the boundedness of P(x)e™ for P(x) a polynomial in x, we can rewrite these estimates in a more fit way to apply
the desired multiplier theorem:

S 117 (611 4 g1t et

S (o 4 g ) et
—5— — _ 2(6-1)

S 1E17 (pel 4 et ) et

Lemma 10. Let k > 0, a any multi-index, 0 € [0, %) , & € R" with |&| > go/2. Assume that

0?f(5)| S e (gl (g lety g e,

Then, for every b < s + k, the following estimate holds

s+k=b

0:f @ 5187 (1€2070) " + 7,

Proof. We have, using the fact that x — (2x + 1)™e™ and x — x™e™™ are bounded for m > 0,

6gf(§)| 5 |§|—S—k (t|06| + |§|—|a|) e_l|§|2(9—1)
S e (24 (e e

ek —Ljg20-1 _ _ ~ s
S L7 ke RI (120m0) (12070 4 2072 Ml ik

—s—k ,—L]g20-D 2(1-0)\ lal 2(6-1) la] _Ljg20-D (A7)
S e (1174=2) " (elel +1) e
A ~ >
bounded
sk —L|gpe-v _on lal
S lg 7R (jgP)
Now, let b < s + k. The desired estimate is trivial if t < 1, due to |£| 7% < |&|7?, since |£] > £0/2. Let t > 1. Then,
a feey| < 1£1-b(1£120-0)) 1! —s—k+b ,— 1 |&[2¢V
I FO| S IEP(1E1P) ™ {1el e >
t kb el _s—ktb
SIEP(16P1) | (F1ePon) T e e (A8)
S le (1g0-0) e,
provided that the exponent of the term inside the square brackets is nonnegative, that is,
SktD ) e s+k-b20 < b<s+k
200-1)
O

Combining the results of Lemmas 9 and 10, we have the following estimates:
@) [02Ko(t, O)lEI™
(i) |ozKa(t, O)IE™
(iii) ozEi(t, &)l

With these three estimates, we can use the following multiplier theorem to obtain LP — LP estimates on the
high-frequency region:

s—b
< lelt(1epa-)a 4 n7Ees, b <s;

s41-b
< 1E (16PN 4+ 575, b <s+1;

s+3-b
S 1EP (1ERPY 1 4 576, b <s+3.
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Theorem 8 (Theorem 1 in*'). Leta > 0,b > 0,1 < py < 2, ha (pi - %) =b k= max{ [n (pl - %)] + 1,[%] + 1} .
Ifm € C*(R"), m(&¢) = 0 in a neighborhood of 0 and

||

Jal <k

orm®)| < g7 (Al

with A > 1, then for any f € LP(R"), it holds Flmf) € LP(R") and

||F_1(mf)||Lp(Rn) < CAn<‘_’_5> 1/ lo@ny, for p € [Po,z] .

We are finally ready to collect the LP — LP estimates in the high-frequency region:

Lemmall. LetneN, 0 € [0, %) , a any multi-index, and p € (1, 2). Assume that uy € W3P(R"), u; € W*(R") and

v € LP(R"), and that
n(3 —20) <l — l) <3.
p 2

Then, the localization in the intermediate and high-frequency regions of u'"(t,x) and E;(t,x) defined in (25) and (33),
satisfy the following estimates:

3 ”(3_29)(%_%
. N __3 4 Apa)
@ ||[F@" e )|, S A+073007 300 ||(uo, )|l waeswees
o(3-})

a -3 4 p 27
@) [P ||, s a+0 T T ylly,

where y; € C® is supported in the region {& : |&| > €0/2}.

Proof. We recall that |£] = (|€]), since |] > &o/2. The proof follows applying Theorem 8 with m =

Ko(t, €& 71, m = Ki (6, EXE) 2 11, m = B (t,€) jr, and, respectively, f = ilo(€)3, f = (&) and f = y.

(i) For Ky(t, &), we use the estimate
. « _ b
oRo(t. )| S 17 (161207) 1 + 77,

and apply Theorem 8 with m(t, &) = (1+ [)2(31;-119)[20(1', §)<§>—3}(1’ f = a0<§>3, A=1,a=3-20andb = ni3 —
26) (117 - %) Hence, for any u, € W3P(R"),

n3-20)( % -3

lmt,) * fllpy SA+0 70" 20 |Jug|lyep, (A9)

provided that n(3 — 20) ( l) <3.

1_

p 2
3b A

Similarly, applying Theorem 8 with m(t, &) = (1 + £)2-0 Ky (t, )(&) "2 y1 and f = 0;(£)?, we get

1.1
3 "(3_29)( p 2

llmce, ) flie S (L4 07200" 200 [lug Iy, (A10)
provided that n(3 — 26) ( 1% - %) < 3. Recalling that ul®(t, x) = Ky(t,X) * uo(x) + K1 (t,x) * u;(x), estimates (A8)

and (A9) give us the desired result.
(i) Again from Lemmas 9 and 10, we have the estimate

QRE0)] 5 167 (12l1eP12) 1 + o7,
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3-b
for b < 3. Applying Theorem 8 with m(&) = (1+ )29 E(t,E) 1, f =w A =1,a =3—-20and b = n(3 —
za)(

1 1 .
=== ) we obtain
p 2
5 ne-20( 117 -1

IEi(t, ) * wllp SA+0 00 -0 |yll,, (A11)

provided that n(3 — 20) (1% - %) <3.
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