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In this paper, we study the interplay between a fractional damping (−Δ)𝜃ut with
𝜃 ∈ [0, 1/2), and a nonlinear memory term applied to a plate equation:

utt − Δutt − Δu + Δ2u + (−Δ)𝜃ut =

t

∫
0

(t − s)−𝛾 |u(s, ·)|p ds, t > 0, x ∈ R
n,

in space dimension n = 1, 2, 3, 4. In different scenarios, we prove the global exis-
tence of small data solutions in ([0,∞),H2) ∩ 1([0,∞),H1) for supercritical
powers, where the critical exponent is determined by the fractional power of the
damping term and by the order of the fractional integration in the memory term.
In one case, we also feel the influence of the regularity-loss type decay, which is
due to the presence of the rotational inertia term −Δutt in the plate equation.
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1 INTRODUCTION

In this work, we study the global existence of solutions in ([0,∞),H2) ∩ 1([0,∞),H1) to the problem

⎧⎪⎪⎨⎪⎪⎩
utt − Δutt − Δu + Δ2u + (−Δ)𝜃ut =

t∫
0
(t − s)−𝛾 |u(s, ·)|p ds, t ≥ 0, x ∈ Rn,

u(0, x) = u0(x)
ut(0, x) = u1(x),

(1)

for 𝜃 ∈
[
0, 1

2

)
, 𝛾 ∈ (0, 1) and p> 1, assuming small data in L1 and in Hs ×Hs− 1, where s = 2 + 2𝛾(1 − 𝜃).

The fractional Laplace operator appearing in the damping term (−Δ)𝜃ut is defined as the extension by density of the
operator 𝑓 ∈  → (−Δ)𝜃𝑓 = 𝔉−1(|𝜉|2𝜃𝑓 ), where 𝔉𝑓 = 𝑓 denotes the Fourier transform with respect to the x variable.
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The integral on the right-hand side of the differential equation in (1) is sometimes called nonlinear memory term, and
it may be written in the form Γ(1− 𝛾)I1− 𝛾 |u|p, where I1− 𝛾 is the Riemann–Liouville fractional integral of order 1− 𝛾 .

Since the Riemann–Liouville Integral I𝛼f converges to f almost everywhere when 𝛼→ 0, it is natural to expect a relation
between problem (1) and problem

⎧⎪⎨⎪⎩
utt − Δutt − Δu + Δ2u + (−Δ)𝜃ut = |u|p, t ≥ 0, x ∈ Rn,

u(0, x) = u0(x),
ut(0, x) = u1(x),

(2)

as 𝛾→ 1.
We will look for the critical exponent p̄ ∶= p̄(n, 𝛾, 𝜃), p̄ > 1, for (1), that is, a positive value such that

• If p > p̄, then there exist global in-time small data solutions to (1), for a suitable choice of data and solution spaces;
• If 1 < p < p̄, there exist arbitrarily small initial data such that there is no global in-time solution to (1).

H. Fujita proved in 19661 that the critical exponent for the classical semilinear heat equation with nonlinearity F(u)=up

is pF = 1 + 2
n

. This is widely known as the Fujita exponent. In 2001, G. Todorova and B. Yordanov proved2 that the
critical exponent is still Fujita exponent for the classical damped wave equation with nonlinearity F(u) = |u|p, with the
nonexistence result for the critical case p= pF being proved by Qi S. Zhang.3 The case of critical regularity for a nonlinearity
of type |u|1+ 2/n𝜇(|u|) has been recently investigated in Ebert et al.4

In space dimensions n = 1, 2 we prove the existence of global small data solutions for p> pc (Theorem 1) where pc is
given by

pc(n, 𝛾, 𝜃) ∶= 1 + 2 (1 + (1 − 𝛾)(1 − 𝜃))
(n − 2 + 2𝛾(1 − 𝜃))+

. (3)

As 𝛾→ 1, pc → 1+ 2/(n− 2𝜃), consistently with the result obtained in D'Abbicco and Ebert5 for evolution equations
with structural damping and, previously, in D'Abbicco and Reissig6 for wave models.

Since the study of plate models has a special interest in space dimension n = 2, due to its physical background (see
Section 1.1), we stress that in space dimension n = 2, we may write pc in its simpler form

pc =
1
𝛾

2 − 𝜃
1 − 𝜃
.

In particular, pc increases from 2𝛾−1 to 3𝛾−1 as 𝜃 goes from 0 to 1/2.
The influence of the nonlinear memory becomes stronger in space dimension n≥ 3. In this case, for small values of 𝛾

the critical exponent becomes 𝛾−1. We study this phenomenon in space dimension n = 3, proving the global existence of
small data solutions for p > p (Theorems 2 and 3), where

p̄(3, 𝛾, 𝜃) = max
{

pc, 𝛾
−1} =

{
pc if 1∕3 ≤ 𝛾 < 1,
𝛾−1 if 0 < 𝛾 ≤ 1∕3.

This phenomenon was first investigated in 2008 by T. Cazenave, F. Dickstein, and F. Weissler,7 who proved that the critical
exponent for the heat equation with nonlinear memory

⎧⎪⎨⎪⎩
vt − Δv =

t∫
0
(t − s)−𝛾v(s, ·)p ds

v(0, x) = v0(x) ≥ 0,
(4)

is p̄(n, 𝛾) ∶= max{p𝛾 (n), 𝛾−1}, where

p𝛾 (n) ∶= 1 + 2(2 − 𝛾)
(n − 2(1 − 𝛾))+

,

with the usual convention for indexes that k
0
= ∞, for any k ∈ R.
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D'ABBICCO AND LONGEN

FIGURE 1 Critical exponent

In 2014, the first author8 proved that the same effect occurs for the damped wave equation with nonlinear memory,

⎧⎪⎨⎪⎩
utt − Δu + ut =

t∫
0
(t − s)−𝛾 |u(s, ·)|p ds,

u(0, x) = u0(x), ut(0, x) = u1(x).
(5)

and later extended this analysis to the case of a wave equation with structural damping.9 The same phenomenon appears
if one consider a memory type nonlinearity with |ut(s, ·)|p in place of |u(s, ·)|p; for instance, in10 the authors studied the
nonlinear Cauchy problem ⎧⎪⎨⎪⎩

utt + (−Δ)𝜎u + (−Δ)
𝜎

2 ut =
t∫
0
(t − s)−𝛾 |ut(s, ·)|p ds

u(0, x) = u0(x), ut(0, x) = u1(x),

and they proved the global existence of small data solutions for p > max{𝛾−1, 1 + (2 − 𝛾)𝜎∕(n − 𝜎(1 − 𝛾))} for any 𝜎 > 0
and 𝛾 ∈ (0, 1).

In this paper we do not investigate the nonexistence of global solutions in the subcritical and critical case 1 < p ≤ p̄,
but these results can be easily obtained using the test function method in D'Abbicco and Fujiwara11 to treat the fractional
power of the Laplace operator and extend the approach in D'Abbicco.9

In Figure 1 we show the critical exponent p obtained by the maximum between pc and 𝛾−1, when n≥ 3.
We mention that in space dimension n = 3, for large values of 𝛾 , namely, 𝛾 > 3−2𝜃

4(1−𝜃)
, the critical exponent (3) becomes

smaller than 2. To deal with critical exponents smaller than 2, we employ decay estimates of the ||u(t, ·)||Lp norm of the
solution, which are, in general, more difficult to obtain than energy estimates. The solution space is so resctricted from
([0,∞),H2) ∩ 1([0,∞),H1) to ([0,∞),H2) ∩ 1([0,∞),H1) ∩ L∞([0,∞),Lp).

In particular, we shall consider high frequencies Lp −Lp estimates for the linear equation associated to our problem.
In this case, the phenomenon of regularity-loss decay adds to the loss of decay rate for Lp estimates, due to the presence
of oscillations at high frequencies. Although the high frequencies decay rate does suffer some loss, this loss is not large
enough to interfere with the critical exponent, which remains p, as we prove in Theorem 4, if we assume initial data
smallness in W3, p ×W2, p.

So far, up to space dimension n = 3, this paper extends the interplay between the fractional power of the damping term
𝜃 and the nonlinear memory term, which was previously investigated for the wave equation in D'Abbicco.9 The results
obtained in this paper for the plate equation in space dimension n = 1, 2, 3, are consistent with the results obtained for
the wave equation in Theorems 5.1 and 5.3 in D'Abbicco,9 in space dimension n≤4. That is, the critical exponent for

⎧⎪⎪⎨⎪⎪⎩
utt − Δu + (−Δ)𝜃ut =

t∫
0
(t − s)−𝛾 |u(s, ·)|p ds, t ≥ 0, x ∈ Rn,

u(0, x) = u0(x)
ut(0, x) = u1(x),

(6)
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D'ABBICCO AND LONGEN

for 𝜃 ∈
[
0, 1

2

)
, 𝛾 ∈ (0, 1), is also given by max{pc(n, 𝛾, 𝜃), 𝛾−1}, with pc as in (3).

The lack of influence from the rotational inertia term, to the critical exponent, in dimension n≤3 motivates us to go one
step further and investigate the case n = 4. Here, the interplay between the parameters p, 𝛾 and 𝜃 becomes very delicate,
and therefore for simplicity we assume that 𝜃 = 0, since our intention is only to show that some new effect may occur.
Indeed, it does: Assuming n = 4 and 𝜃 = 0, the loss of decay when 𝛾 ∈

(
7
8
, 1

)
leads us to find existence of global small

data solutions for p > p̃c, where
p̃c ∶= 1 + 7 − 2𝛾

7 + 2𝛾
, (7)

in particular, p̃c > pc if, and only if, 𝛾 > 7/8. That is, in space dimension n = 4 we prove the existence of global in-time
small data solutions to (1) if p > p̄(4, 𝛾, 0), where

p̄(4, 𝛾, 0) = max
{
𝛾−1, pc, p̃c

}
. (8)

Besides the assumption that the initial data of (1) are in L1, the regularity-loss decay structure of the equation makes
natural the choice of the space Hsc (Rn) × Hsc−1(Rn), for the regularity of initial data, where

sc = sc(𝛾, 𝜃) ∶= 2 + 2𝛾(1 − 𝜃). (9)

This condition allows us to produce enough decay rate at high frequencies, to match the desired decay rate at low
frequencies, for p close to the critical exponent pc. For larger values of p, this condition can be relaxed.

In this paper, we do not deal with the case of stronger damping 𝜃 ∈ [1/2, 2]. We expect that the case 𝜃 = 1∕2 could be
dealt in a relatively simple way, whereas in the case 𝜃 ∈ (1/2, 2] the oscillations in the low-frequency region make more
difficult to obtain estimates for the linear problem (19) which can be effectively applied to find the critical exponent for
the semilinear problem12,13; moreover, the regularity-loss effect disappears for 𝜃 ∈ [1, 2], and the oscillations are canceled
at high frequencies in the case 𝜃 ∈ [3/2, 2]; on the other hand, adding also a strong damping (−Δ)𝛿ut with 𝛿 > 1/2 in (19)
one would feel the benefit of both the dissipation terms, in the low-frequencies and large-frequencies regions, in the study
of estimates for the linear problem (see Chen et al.14).

1.1 Background for plate models
Fourth-order evolution partial differential equations arise in problems of solid mechanics as, for example, in the the-
ory of thin plates and beams. Also, in particular formulations of problems related with the Navier–Stokes equations
(see Teman15) appear elliptic equations of fourth-order. Models to study the vibrations of thin plates (n = 2) given
by the full von Kármán system have been studied by several authors, in particular by Ciarlet,16 Sánches,17 Lasiecka,18

Lasiecka–Benabdallah,19 Koch–Lasiecka,20 Puel–Tucsnak.21 Perla Menzala–Zuazua22 considered the full von Kármán
system and they proved that the Timoshenko's model

utt − 𝛾Δutt + Δ2u + u = 0, in R
2 × (0,∞) (10)

may be obtained as limit of a full von Kármán system when suitable parameters tend to zero. The term −Δutt is to absorb
in the system the rotational inertia effects at the point x of the plate in a positive time t. It is well known that the plate
Eqution (10) with 𝛾 > 0 is a hyperbolic equation with finite speed of propagation, whereas the non-rotational plate model
with 𝛾 = 0 has infinite speed of propagation. The hyperbolic model with 𝛾 > 0 is more complicated to be analyzed than
the non-hyperbolic one. In particular, for the dissipative plate equation

utt − 𝛾Δutt + (−Δ)𝜃ut + Δ2u = 0,

with 𝜃 ∈ [0, 1) and 𝛾 > 0, new difficulties arise, due to the property of regularity-loss decay.23,24 This fact can be observed by
analyzing the structure of the eigenvalues associated to the plate equation in the Fourier space (see previous works23,24).
Due to that special structure, when we get estimates in the region of high frequencies it is necessary to impose additional
regularity on the initial data to obtain the same decay estimates as in the region of low frequencies. This special decay
rate structure also influences the application to semilinear problems.25,26 The additional regularity necessary to obtain the
result appears in a theorem in the next section. This effect does not appear if 𝛾 = 0, since the solution exponentially decays
in the zone of high frequency of the Fourier space, even with fractional damping; in this latter case, rather, a smoothing
effect appear if one considers 𝜃 > 1 (see, for instance,27 where the case 𝜃 = 2 and 𝛾 = 0 is considered).
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D'ABBICCO AND LONGEN

A more general equation to model the vibrations of a thin plate is given by

utt − 𝛾Δutt + Δ2u + g0(ut) − div g1(∇ut) = 0. (11)

Such models have been studied by several authors.28–31 Sugitani–Kawashima24 obtained decay rates for a semilinear
plate equation in Rn with g1 = 0 and g0 = Id − 𝑓 . The term ut represents a frictional dissipation in the plate, and the
nonlinear term f(v) is a smooth function of v satisfying 𝑓 (v) = O(|v|2) for v→ 0.

Moreover, Andrade–Silva–Ma32 proved exponential stability for a plate equation with p-Laplacian and memory terms.
To get this result they considered a structural damping of type −△ut. Furthermore, there are some papers in which a
strong damping of type (−Δ)2ut is considered in model (11), in place of the damping given in g0(ut)− div g1(∇ut) (see,
e.g., previous works,33–35 and references therein).

1.2 Notation
We list some notation used in this paper:

• the expression (a)+ denotes the positive part of a, that is, (a)+ = max{a, 0};
• the expression 𝑓 (t) ≲ g(t) denotes that there exists a constant C> 0, such that f(t)≤Cg(t), uniformly with respect to t;
• the expression 𝑓 or 𝑓 denotes the Fourier transform with respect to the x variable of f;
• the notation ‖𝑓‖ .

H
s , when s> 0, denotes the quantity ‖‖‖|𝜉|s𝑓

‖‖‖L2
for a function f∈Hs;

• we put ⟨𝜉⟩ = (1 + |𝜉|2)
1
2 ;

• the operator (I−Δ)−1 denotes the Bessel potential of order 2, whose action may be defined by (I − Δ)−1𝑓 = −1(⟨𝜉⟩−2𝑓 )
for any 𝑓 ∈  , and then extended by density.

2 RESULTS

We first deal with dimensions n = 1 and n = 2.
Here, we observe that the definition of pc implicitly requires that 𝛾 ∈

(
1

2(1−𝜃)
, 1

)
in the case n = 1. Otherwise, the

denominator in (3) becomes non-positive.

Theorem 1. Assume n = 1, 2, 𝜃 ∈
[
0, 1

2

)
, 𝛾 ∈ (0, 1), p > pc and s= sc, with pc as in (3) and sc as in (9).

Then, there exists 𝜀> 0 such that, for initial data

(u0,u1) ∈  ∶=
(

Hs(Rn) ∩ L1(Rn)
)
×
(

Hs−1(Rn) ∩ L1(Rn)
)
, (12)

with ‖(u0,u1)‖ ≤ 𝜀, there exists a unique global solution to the problem (1), u ∈  (
[0,∞),H2) ∩ 1 ([0,∞),H1).

Moreover, the following estimates hold:

‖u(t, ·)‖L2 ≲

⎧⎪⎨⎪⎩
(1 + t)−

n−4𝜃
4(1−𝜃) +1−𝛾‖(u0,u1)‖, if n = 2, or n = 1 and 𝜃 ∈

[
0, 1

4

)
,

(1 + t)2− 1
4𝜃
−𝛾‖(u0,u1)‖, if n = 1 and 𝜃 ∈

[
1
4
,

1
2

)
.

‖u(t, ·)‖ .
H

1 ≲

{
(1 + t)−

3−4𝜃
4(1−𝜃) +1−𝛾‖(u0,u1)‖, if n = 1,

log(2 + t)(1 + t)−𝛾‖(u0,u1)‖, if n = 2,‖u(t, ·)‖ .
H

2 ≲ (1 + t)−𝛾‖(u0,u1)‖
‖ut(t, ·)‖L2 ≲

⎧⎪⎨⎪⎩
(1 + t)−𝛾‖(u0,u1)‖, if 𝜃 ∈ [0,n∕4),
(1 + t)−𝛾 log(2 + t)‖(u0,u1)‖, if,n = 1 and 𝜃 = 1∕4,
(1 + t)1− 1

4𝜃
−𝛾‖(u0,u1)‖, if n = 1 and 𝜃 ∈ (1∕4, 1∕2),‖ut(t, ·)‖ .

H
1 ≲ (1 + t)−𝛾‖(u0,u1)‖ .
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D'ABBICCO AND LONGEN

In space dimension n = 3 we shall distinguish different scenarios. First of all, we show that the new critical exponent
𝛾−1 appears for small values of 𝛾 . This effect also shows up in space dimension n = 4, so that we merge these two cases,
for the sake of brevity. The regularity of the solution and the initial data is the same as given by Theorem 1.

Theorem 2. Assume that n = 3, 4, 𝜃 ∈
[
0, 1

2

)
, 𝛾 ∈

(
0, n−2

n

]
. Also, assume p>𝛾−1, and s= sc, with sc as in (9).

Then, there exists 𝜀> 0 such that, for initial data as in (12), there exists a unique global solution to the problem (1),
u ∈  (

[0,∞),H2) ∩ 1 ([0,∞),H1). Moreover, the following estimates hold:

‖u(t, ·)‖L2 ≲

{
(1 + t)−

3−4𝜃
4(1−𝜃) +1−𝛾‖(u0,u1)‖, if n = 3,

log(2 + t)(1 + t)−𝛾‖(u0,u1)‖, if n = 4,
(13)

‖u(t, ·)‖ .
H

2 ≲

{
(1 + t)−𝛾‖(u0,u1)‖, if 𝜃 > 0,
(1 + t)−𝛾 log(2 + t)‖(u0,u1)‖, if 𝜃 = 0,

(14)

‖ut(t, ·)‖L2 ≲ (1 + t)−𝛾‖(u0,u1)‖, (15)

‖ut(t, ·)‖ .
H

1 ≲

{
(1 + t)−𝛾‖(u0,u1)‖, if 𝜃 > 0,
(1 + t)−𝛾 log(2 + t)‖(u0,u1)‖, if 𝜃 = 0,

(16)

Assuming larger values for 𝛾 , the candidate pc for critical exponent decreases. If 𝛾 ≤ 3−2𝜃
4−4𝜃

, then pc ≥ 2 and the initial
data and solution regularity may be easily taken as in Theorems 1 and 2. For 𝛾 > 3−2𝜃

4−4𝜃
, though, pc becomes smaller than

2, therefore we could have p< 2. We break this case in two possibilities. First, we impose the condition p≥ 2, for which
we can prove our results with no additional difficulties.

Theorem 3. Assume that n = 3 and 𝜃 ∈
[
0, 1

2

)
. Let 𝛾 ∈

(
1
3
,

3−2𝜃
4(1−𝜃)

]
and p> pc, with pc as in (3); or 𝛾 ∈

(
3−2𝜃

4(1−𝜃)
, 1

)
and

p≥ 2. Also, let s= sc, with sc as in (9). Then, there exists 𝜀> 0 such that, for initial data as in (12), there exists a unique
global solution to the problem (1), u ∈  (

[0,∞),H2)∩1 ([0,∞),H1). Moreover, estimates (13), (14), (15), and (16) hold.

To deal with the case p< 2, we use an approach based on (L1 ∩Lp)−Lp estimates for p< 2, see Narazaki36 (see also
D'Abbicco8). That is, we additionally ask the solution to be in L∞([0,∞), Lp).

Theorem 4. Assume that n = 3 and 𝜃 ∈
[
0, 1

2

)
. Let 𝛾 ∈

(
3−2𝜃

4(1−𝜃)
, 1

)
, p ∈ (pc, 2] and s= sc, with pc as in (3) and sc as

in (9). Then, there exists 𝜀> 0 such that, for initial data (u0,u1) ∈ , where

 ∶=
(

Hs(R3) ∩ L1(R3) ∩ W 3,p(R3)
)
×
(

Hs−1(R3) ∩ L1(R3) ∩ W 2,p(R3)
)
, (17)

with ‖(u0,u1)‖ ≤ 𝜀, there exists a unique global solution to the problem (1), u ∈  (
[0,∞),H2) ∩ 1 ([0,∞),H1) ∩

L∞ ([0,∞),Lp). Moreover, estimates (13), (14), (15), (16) hold, as well as the following estimate:

‖u(t, ·)‖Lp ≤ C𝛿 (1 + t)𝛿−
3(1− 1

p )−2𝜃

2(1−𝜃) +1−𝛾‖(u0,u1)‖,
for any small 𝛿 > 0.

For dimension n = 4 the reasoning is the same: for large values of 𝛾 , we first consider p≥ 2.

Theorem 5. Assume that n = 4, and 𝜃 ∈
[
0, 1

2

)
. Let 𝛾 ∈

(
1
2
, 1

)
, p ≥ 2 and s= sc, with sc as in (9). Then, there exists

𝜀> 0 such that, for initial data as in (12), there exists a unique global solution to the problem (1), u ∈  (
[0,∞),H2) ∩

1 ([0,∞),H1). Moreover, estimates (13), (14), (15), (16) hold.

For 𝛾 ∈
(

1
2
, 1

)
and p< 2, a new threshold appears. Here, for simplicity, we assume 𝜃 = 0. Then, if 𝛾 ∈

(
1
2
,

7
8

]
, we can

still prove existence of solutions for p> pc, using the aforementioned (L1 ∩Lp)−Lp estimates.
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D'ABBICCO AND LONGEN

Theorem 6. Assume n = 4 and 𝜃 = 0. Let 𝛾 ∈
(

1
2
,

7
8

]
, p ∈ (pc, 2) and s = sc = 2+ 2𝛾 . Then, there exists 𝜀> 0 such that,

for initial data

(u0,u1) ∈  ∶=
(

Hs(R4) ∩ L1(R4) ∩ W 3,p(R4)
)
×
(

Hs−1(R4) ∩ L1(R4) ∩ W 2,p(R4)
)
,

with ‖(u0,u1)‖ ≤ 𝜀, (18)

there exists a unique global solution to the problem (1), u ∈  (
[0,∞),H2) ∩ 1 ([0,∞),H1) ∩ L∞ ([0,∞),Lp). Moreover,

estimates (13), (14), (15), and (16) hold, as well as

‖u(t, ·)‖Lp ≤ C𝛿 (1 + t)𝛿−2
(

1− 1
p

)
+1−𝛾‖(u0,u1)‖,

for any small 𝛿 > 0.

Lastly, in the case n = 4, for 𝛾 > 7/8, the regularity loss structure of decay may influence the critical exponent. In the
following result, we prove global existence of small data solutions for p > p̃c, where p̃c > pc. We do not know if the
estimates we obtained are sharp, and consequently the associated exponent p̃c.

Theorem 7. Assume n = 4 and 𝜃 = 0. Let 𝛾 ∈
(

7
8
, 1

)
, p ∈ (p̃c, 2), with p̃c as in (7), and s = sc = 2+2𝛾 . Then, there exists

𝜀> 0 such that, for initial data as in (18), there exists a unique global solution to the problem (1), u ∈  (
[0,∞),H2) ∩

1 ([0,∞),H1) ∩ L∞ ([0,∞),Lp). Moreover, estimates (13), (14), (15), (16) hold, as well as

‖u(t, ·)‖Lp ≲

⎧⎪⎨⎪⎩
(1 + t)−

3
2
−6

(
1
p
− 1

2

)
+1−𝛾‖(u0,u1)‖, if p ∈

(
p̃c,

8
5

)
,

C𝛿 (1 + t)𝛿−2
(

1− 1
p

)
+1−𝛾‖(u0,u1)‖, if p ∈

[
8
5
, 2

)
.

Incidentally, we notice that Hs and Hs− 1 may be omitted in (17) and (18) when W3, p →Hs, that is, 2(n− (3− s)p)≤np.

3 ESTIMATES FOR THE LINEAR PROBLEM

The main argument in all of our proofs consists in a construction of solutions to nonlinear problems, based on applying
Duhamel's Principle and a fixed point argument. To this end, we make use of the decay rate of solutions to the linear
problem associated to (1), that is, the following linear Cauchy problem:

⎧⎪⎨⎪⎩
utt − Δutt − Δu + Δ2u + (−Δ)𝜃ut = 0
u(0, x) = u0(x)
ut(0, x) = u1(x),

(19)

with 𝜃 ∈
[
0, 1

2

)
, 𝛾 ∈ (0, 1) and p> 1.

If ulin is the solution to the linear associated problem (19), then it satisfies the following estimates:

Lemma 1. Let n ∈ N, 𝜃 ∈
[
0, 1

2

)
, k ≥ 0, 𝑗 = 0, 1, s ≥ 1, and assume that ulin(t, x) is the (global) solution to the Cauchy

problem (19) with initial data (u0,u1) ∈ (L1(R4) ∩ W 3,p(R4)) × (L1(R4) ∩ W 2,p(R4)). Then, ulin(t, x) satisfies

‖‖‖𝜕𝑗t ulin(t, ·)‖‖‖ .
H

k ≲ (1 + t)−
s−k−𝑗
2(1−𝜃) ‖(u0,u1)‖Hs×Hs−1 +

⎧⎪⎨⎪⎩
(1 + t)−

n+2k−4𝜃
4(1−𝜃) −𝑗‖(u0,u1)‖L1×L1 , if n

2
+ k − 2𝜃 > 0,

(1 + t)1− n+2k
4𝜃

−𝑗‖(u0,u1)‖L1×L1 , if n
2
+ k − 2𝜃 < 0,

a𝑗(t)‖(u0,u1)‖L1×L1 , if n
2
+ k − 2𝜃 = 0,

(20)
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D'ABBICCO AND LONGEN

with

a𝑗(t) =

{
log(e + t), 𝑗 = 0
(1 + t)−1, 𝑗 = 1.

(21)

The proof of Lemma 1 is a special case of an already treated problem, so we omit its proof, addressing the interested
reader to the work by M. Ebert, C. da Luz, and M. Palma,37 and to the cited references.

We stress that in the term with no derivatives in time in (19), that is, −Δu+Δ2u, the first part, −Δu influences the
solution in the low-frequency region, whereas the second part, Δ2u, influences the solution in the high-frequency region.
This is due to behavior of its symbol |𝜉|2𝚥2, that is, |𝜉|2𝚥2≈ |𝜉|2 for small |𝜉| and |𝜉|2𝚥2≈ |𝜉|4 for large |𝜉|.

To deal with small powers p< 2 of the power nonlinearity, we supplement Lemma 1 with additional (L1 ∩Lp)−Lp

estimates, whose proof we postpone to the Appendix 3.

Lemma 2. Let n ∈ N, 𝜃 ∈
[
0, 1

2

)
, p ∈

(
n

n−2𝜃
, 2

)
, and assume that ulin(t, x) is the (global) solution to the Cauchy

problem (19) with initial data in (L1(R4) ∩W 3,p(R4)) × (L1(R4) ∩W 2,p(R4)). Then, for any small 𝛿 > 0, ulin(t, x) satisfies

‖‖‖ulin(t, ·)‖‖‖Lp
≤ C𝛿 (1 + t)𝛿−

n(1− 1
p )−2𝜃

2(1−𝜃) ‖(u0,u1)‖L1×L1 + C (1 + t)−
3−n(3−2𝜃)( 1

p − 1
2 )

2(1−𝜃) ‖(u0,u1)‖W3,p×W2,p . (22)

The regularity W2, p in (22) is related to the fact that in Duhamel's principle, the Bessel potential (I−Δ)−1 will be applied
to the data regularity, effectively lowering the regularity to Lp.

We remark that the assumption p > n
n−2𝜃

is trivially verified in our statements in Section 2, since this value is smaller
than pc, for any 𝛾 ∈ (0, 1).

Now, another important set of estimates are the ones involving the operator associated with the application of Duhamel's
principle to the corresponding semilinear equation. These estimates are obtained taking u0 = 0 and applying the Bessel
potential (I−Δ)−1 to ulin. Indeed, the presence of the rotational inertia term −Δutt and the application of Duhamel's
principle, leads to gain two derivatives in the regularity-loss decay rate structure at high frequencies. These estimates will
be crucial in the nonlinear existence argument:

Lemma 3. Let n ∈ N, 𝜃 ∈
[
0, 1

2

)
, k ≥ 0, 𝑗 = 0, 1, s ≥ 3, and assume that ulin(t, x) is the (global) solution to the Cauchy

problem (19) with u0 = 0 and u1 = 𝜑, where 𝜑∈Hs− 3 ∩L1. Then, we have the estimates

‖‖‖𝜕𝑗t (I − Δ)−1ulin(t, ·)‖‖‖ .
H

k ≲ (1 + t)−
s−k−𝑗
2(1−𝜃) ‖𝜑‖Hs−3 +

⎧⎪⎨⎪⎩
(1 + t)−

n+2k−4𝜃
4(1−𝜃) −𝑗‖𝜑‖L1 , if n

2
+ k − 2𝜃 > 0,

(1 + t)1− n+2k
4𝜃

−𝑗‖𝜑‖L1 , if n
2
+ k − 2𝜃 < 0,

a𝑗(t)‖𝜑‖L1 , if n
2
+ k − 2𝜃 = 0,

(23)

with aj(t) as in (21).

Lemma 4. Let n ∈ N, 𝜃 ∈
[
0, 1

2

)
, p ∈

(
n

n−2𝜃
, 2

)
, and assume that ulin(t, x) is the (global) solution to the Cauchy

problem (19) with u0 = 0 and u1 = 𝜑, where 𝜑∈L1 ∩Lp. Then, for any 𝛿 > 0, we have the estimates

‖‖‖(I − Δ)−1ulin(t, ·)‖‖‖Lp
≤ C𝛿 (1 + t)𝛿−

n(1− 1
p )−2𝜃

2(1−𝜃) ‖𝜑‖L1 + C (1 + t)−
3

2(1−𝜃) +
n(3−2𝜃)( 1

p − 1
2 )

2(1−𝜃) ‖𝜑‖Lp . (24)

We postpone the proofs of Lemmas 2 and 4, which are fairly technical, to Appendix 3.

4 SCHEME OF THE GLOBAL EXISTENCE ARGUMENT

We may write the solution to the linear Cauchy problem (19) in the following form of convolution in the spatial variable

ulin(t, x) = K0(t, x)∗(x)u0(x) + K1(t, x)∗(x)u1(x), (25)
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D'ABBICCO AND LONGEN

where K0(t, x), K1(t, x) are the fundamental solutions to (19). Let 𝜆± be the characteristic roots of (19), i.e.,

𝜆± ∶=
−x2𝜃 ±

√
x4𝜃 − 4𝚥4x2

2𝚥2
. (26)

Then K𝑗(t, x) = −1 (K̂𝑗(t, 𝜉)
)
, 𝑗 = 0, 1, where

K̂0(t, 𝜉) ∶=
𝜆+et𝜆− − 𝜆−et𝜆+

𝜆+ − 𝜆−
, K̂1(t, 𝜉) ∶=

et𝜆+ − et𝜆−

𝜆+ − 𝜆−
. (27)

Now, for T> 0, we define the Banach space

X(T) ∶=

{ (
[0,T],H2) ∩ 1 ([0,T],H1) , if p ≥ 2;

 (
[0,T],H2) ∩ 1 ([0,T],H1) ∩ L∞ ([0,T],Lp) , if p < 2,

(28)

equipped with the norm

‖v‖X(T) ∶=

⎧⎪⎪⎨⎪⎪⎩
sup

t∈[0,T]

( m∑
𝑗=0

h𝑗(t)−1‖v(t, ·)‖ .
H

k𝑗 +
1∑

l=0
h̃l(t)−1‖vt(t, ·)‖ .

H
l

)
, if p ≥ 2;

sup
t∈[0,T]

( m∑
𝑗=0

h𝑗(t)−1‖v(t, ·)‖ .
H

k𝑗 +
1∑

l=0
h̃l(t)−1‖vt(t, ·)‖ .

H
l + h∗

p(t)−1‖v(t, ·)‖Lp

)
, if p < 2,

(29)

for some m≥ 1 and suitable functions h𝑗 , h̃l, h∗
p where 0 = k0 < … < km = 2. (here

.
H0 = L2). We fix an adequate space

 for the initial data (u0, u1) such that the solution ulin to the associated linear problem (19) satisfies the estimates

‖‖‖ulin(t, ·)‖‖‖ .
H

k𝑗 ≲ h𝑗(t)‖(u0,u1)‖, for any 𝑗 = 0, … ,m,‖‖‖ulin(t, ·)‖‖‖ .
H

l ≲ h̃l(t)‖(u0,u1)‖, for l = 0, 1,‖‖‖ulin(t, ·)‖‖‖Lp
≲ h∗

p(t)‖(u0,u1)‖, if p < 2.

(30)

Therefore, ulin ∈ X(T) for any T> 0, and it satisfies

‖‖‖ulin‖‖‖X(T)
≲ ‖(u0,u1)‖, uniformly with respect to T. (31)

Next, we define the operator G on X(T) as

Gu(t, x) ∶=

t

∫
0
∫
𝜏

0
(𝜏 − s)−𝛾E1(t − 𝜏, x)∗(x)|u(s, x)|p dsd𝜏, (32)

where

E1(t, x) = (I − Δ)−1K1(t, x). (33)

By Duhamel's Principle, a function u∈X(T) is the solution to (1) if, and only if, it satisfies the identity

u(t, ·) = ulin(t, ·) + Gu(t, x) in X(T). (34)
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D'ABBICCO AND LONGEN

Then we need to prove the following estimates:

‖Gu‖X(T) ≲ ‖u‖p
X(T) ,‖Gu − Gv‖X(T) ≲ ‖u − v‖X(T)

(‖u‖p−1
X(T) + ‖v‖p−1

X(T)

)
,

(35)

also uniformly with respect to T. By a fixed point argument, it follows that ulin + G maps balls of X(T) into balls of X(T)
for small data in , and it is also a contraction map in X(T), hence its iterative limit is the unique fixed point for ulin + G
(at least inside some sufficiently small ball in X(T)), that is, the unique solution to (1), u = ulin +Gu. The uniformity with
respect to T of our estimates makes it possible to take the limit T→∞, yielding a global in-time existence result. In order
to prove these estimates, we rely heavily on the following

Lemma 5. Let 𝜔 ∈ R, 𝛼 > 1, 𝛾 ∈ (0, 1). Then, it holds

t

∫
0

(1 + t − 𝜏)−𝜔 ∫
𝜏

0
(𝜏 − s)−𝛾 (1 + s)−𝛼 dsd𝜏 ≲

⎧⎪⎨⎪⎩
(1 + t)−𝛾 𝜔 > 1
(1 + t)−𝛾 log(2 + t) 𝜔 = 1
(1 + t)1−𝜔−𝛾 𝜔 < 1.

The proof of the Lemma follows by standard arguments. See, for instance, Cui.38

We also make use of the Gagliardo–Nirenberg inequality39 (in particular, also a fractional version of it):

‖u‖Lq ≲ ‖u‖1−𝜃𝜅 (q)
L2 ‖u‖𝜃𝜅 (q).

H
𝜅 , 𝜃𝜅(q) =

n
𝜅

(
1
2
− 1

q

)
, (36)

where q∈ [2,∞] if 𝜅 >n/2, q∈ [2,∞) if 𝜅 =n/2 and

2 ≤ q ≤ 2n
n − 2𝜅

if 𝜅 ∈ (0, n/2). In the limit case q = 2n
n−2𝜅

when 𝜅 ∈ (0, n/2), the inequality (36) reduces to the critical Sobolev embedding

H𝜅 → Lq, with ‖u‖Lq ≲ ‖u‖ .
H
𝜅 , 𝜅 = n

(
1
2
− 1

q

)
, (37)

for any q∈ (2,∞).

5 PROOF OF THEOREM 1

Even if Theorem 1 addresses the easiest case n = 1, 2, we see that some interesting effects appear in the decay rate profile
of the solution:

• the regularity-loss structure influences the decay rate of ||u(t, ·)|| .
H

2 ;
• the regularity-loss structure also influences the decay rate of ||ut(t, ·)|| .

H
1 if n = 2, or n = 1 and 𝜃 < 1/4, but not if n = 1

and 𝜃 ≥ 1/4;
• the asymptotic profile of the norm ||u(t, ·)||L2 of the solution changes if n = 1 and 𝜃 ≥ 1/4 (see D'Abbicco and Ebert5).

None of the above effects, however, influences the critical exponent of the problem. In order to achieve this goal,
fractional Sobolev embedding (37) is used, when needed.

Proof of Theorem 1. We first consider the cases where n = 1 and 𝜃 ∈
[
0, 1

4

)
, or n = 2 and 𝜃 ∈

[
0, 1

2

)
. The remaining

case (that is, n = 1, 𝜃 ≥ 1
4
), must be dealt separately since the decay rate in the linear estimates is different. We fix

m = 2, k0 = 0, k1 = 1, k2 = 2,
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D'ABBICCO AND LONGEN

h0(t) = (1 + t)−
n−4𝜃

4(1−𝜃) +1−𝛾
,

h1(t) = l1(t)(1 + t)−
n+2−4𝜃
4(1−𝜃) +1−𝛾
,

h2(t) = h̃1(t) = h̃0(t) = (1 + t)−𝛾 ,

in (29), where the logarithmic term

l1(t) =

{
1, if n = 1,
log(2 + t), if n = 2.

may appear, although it doesn't actually interfere on the final existence results. Setting 𝑗 = 0, k = 0, 1, 2 and s =
2 + 2𝛾(1 − 𝜃) in (20) and using the fact that 𝛾 ∈ (0, 1), we get

‖‖‖ulin(t, ·)‖‖‖ .
H

k ≲ hk(t)‖(u0,u1)‖, k = 0, 1, 2.

Also, setting 𝑗 = 1, k = 0, 1 and s = 2 + 2𝛾(1 − 𝜃) in (20), we get

‖‖‖ulin
t (t, ·)‖‖‖ .

H
k ≲ h̃k(t)‖(u0,u1)‖, k = 0, 1.

In particular, we stress that, due to s = sc = 2+ 2𝛾(1− 𝜃), the decay rate related to the high frequencies regularity-loss
decay structure (1 + t)−

s−k−𝑗
2(1−𝜃) produces a decay rate not slower than (1+ t)−𝛾 when j+ k≤ 2. Indeed, the speed (1+ t)−𝛾

is the fastest possible, as a consequence of the presence of the nonlinear memory term, so that the assumption s= sc
for the initial data guarantees that there is no benefit in the assumption of more regular small data.

Combining the previous five estimates, (31) follows immediately. To prove (35), let's estimate each norm of Gu that
composes the norm in X(T). Now setting 𝑗 = 0, k = 0, 1 and s = 3; and 𝑗 = 0, k = 2, s = 4 in (23), we have

‖Gu(t, ·)‖ .
H

k ≲

t

∫
0

(1 + t − 𝜏)−𝜔 ∫
𝜏

0
(𝜏 − s)−𝛾 ‖u(s, ·)‖p

Lp∩L2p ds d𝜏, (38)

with
𝜔 = 𝜔k = min

{
n + 2k − 4𝜃

4(1 − 𝜃)
,

3 − k
2(1 − 𝜃)

}
= n + 2k − 4𝜃

4(1 − 𝜃)
if k = 0, 1,

and

‖Gu(t, ·)‖ .
H

2 ≲

t

∫
0

(1 + t − 𝜏)−𝜔 ∫
𝜏

0
(𝜏 − s)−𝛾‖|u(s, ·)|p‖L1∩H1 ds d𝜏, (39)

with
𝜔 = 𝜔2 = min

{
n + 4 − 4𝜃

4(1 − 𝜃)
,

2
2(1 − 𝜃)

}
= 2

2(1 − 𝜃)
> 1.

Recalling that || · ||H1 = || · ||L2 + || · || .
H

1 , we now estimate the norms ‖u(s, ·)‖p
Lp , ‖u(s, ·)‖p

L2p and ‖|u(s, ·)|p‖ .
H

1 . Applying
Gagliardo–Nirenberg inequality (36) with 𝜅 = 1 and q= p> pc, we obtain, recalling that u∈X(T),

‖u(s, ·)‖p
Lp ≲ h0(s)(1−𝜃1(p))ph1(s)𝜃1(p)p ‖u‖p

X(T) = (1 + s)−𝛼 𝓁1(s)𝜃1(p)p ‖u‖p
X(T) ,

with
𝛼 =

(n − 2𝜃)p − n
2(1 − 𝜃)

− (1 − 𝛾)p. (40)

We remark that 𝛼 > 1 if, and only if, p> pc. In fact, on the estimate above we may ignore the logarithmic term that
appears if n = 2; this term doesn't change the critical exponent, since it can be bounded by C𝛿(1+ t)𝛿 , for any arbitrarily
small 𝛿 > 0. For the norm in L2p, we apply Gagliardo–Nirenberg with 𝜅 = 1 and q = 2p, obtaining

‖u(s, ·)‖p
L2p ≲ (1 + s)−𝛼̃ 𝓁1(s)𝜃1(2p)p ‖u‖p

X(T) ,
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D'ABBICCO AND LONGEN

with
𝛼̃ = 𝛼 + n

4(1 − 𝜃)
> 𝛼, (41)

hence the condition for 𝛼̃ > 1 is achieved automatically for p> pc. With these estimates, we can apply Lemma 5 in (38),
thus obtaining ‖Gu(t, ·)‖ .

H
k ≲ hk(t) ‖u‖p

X(T) , k = 0, 1, (42)

for 𝜃 ∈
[
0, 1

4

)
and n = 1, or for 𝜃 ∈ [0, 1/2) and n = 2. We remark that for k = 0, 1, the decay rate is the same as for

the linear problem in the low-frequency region. For n = 2 and k = 1, we find 𝜔 = 1, which is the reason why the
logarithmic term 𝓁1(t) appears.

For the norm ‖|u(s, ·)|p‖ .
H

1 , the low dimensions n = 1, 2 and the assumption p> pc imply p>n, so that the Sobolev
embedding is done into the much more regular spaces C0,1−n∕p(Rn). In fact, we can estimate the desired norm as
follows.

If n = 1, from chain rule we get,

‖|u(s, ·)|p‖ .
H

1 ≈ ‖∇|u(s, ·)|p‖L2 ≈ ‖‖|u(s, ·)|p−1∇u(s, ·)‖‖L2 ≲ ‖u(s, ·)‖p−1
L∞ ‖∇u(s, ·)‖L2 , (43)

Applying Gagliardo–Nirenberg inequality (36) to estimate ‖u(s, ·)‖p−1
L∞ , we obtain

‖u(s, ·)‖L∞ ≤ ‖u(s, ·)‖ 1
2
L2 ‖u(s, ·)‖ 1

2.
H

1 ≤ (1 + t)−
2−4𝜃

4(1−𝜃) +1−𝛾 ||u||X(T),

so that we get ‖|u(s, ·)|p‖ .
H

1 ≲ (1 + s)
2p−1

4(1−𝜃) −p𝛾‖u‖X(T). (44)
Due to

p𝛾 −
2p − 1

4(1 − 𝜃)
> p𝛾 −

p + 1
2(1 − 𝜃)

= 𝛼,

we can apply Lemma 5 in (39) and conclude

‖Gu(t, ·)‖ .
H

2 ≲ h2(t) ‖u‖p
X(T) . (45)

If n = 2, from chain rule and Hölder inequality,

‖|u(s, ·)|p‖ .
H

1 ≈ ‖∇|u(s, ·)|p‖L2 ≈ ‖‖|u(s, ·)|p−1∇u(s, ·)‖‖L2 ≲ ‖u(s, ·)‖p−1
Lq(p−1) ‖∇u(s, ·)‖Lr , (46)

with q∈ (2,∞) as large as we please and r = 2q
q−2

. We apply Gagliardo–Nirenberg inequality 36, obtaining

||u(s, ·)||Lq(p−1)(Rn) ≲ ||u(s, ·)||1−𝜃1(q(p−1))
L2(Rn)

||u(s, ·)||𝜃1(q(p−1))
.

H
1
(Rn)
≲ (1 + t)−

(
1− 1

q(p−1)
)
−𝜃

1−𝜃 +1−𝛾 (log(2 + t))𝜃1(q(p−1)) ||u||X(T),

as well as

||∇u(s, ·)||Lr(Rn) ≲ ||∇u(s, ·)||1−𝜃1(r)
L2(Rn)

||∇u(s, ·)||𝜃1(r).
H

1
(Rn)
≲ ||u(s, ·)||1−𝜃1(r).

H
1
(Rn)

||u(s, ·)||𝜃1(r).
H

2
(Rn)
≲ (1 + t)−𝛾 (log(2 + t))1−𝜃1(r) ||u||X(T).

In particular, for any 𝜀> 0, there exists a sufficiently large q such that

‖|u(s, ·)|p‖ .
H

1 ≲ (1 + s)𝜀−𝛾p‖u‖X(T). (47)

Therefore, we can still apply Lemma 5 in (39) and conclude

‖Gu(t, ·)‖ .
H

2 ≲ h2(t) ‖u‖p
X(T) . (48)
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D'ABBICCO AND LONGEN

Next, we estimate the two norms that concern the first order time derivative. Since E1(0, ·)≡ 0, we get

‖𝜕t(Gu)(t, ·)‖ .
H

k ≲

t

∫
0

t

∫
0

(𝜏 − s)−𝛾‖𝜕tE1(t − 𝜏, ·) ∗ |u(s, ·)|p‖ .
H

k ds d𝜏.

Now, setting 𝑗 = 1, k = 0, 1 and s = 4 on (23), we get

‖𝜕t(Gu)(t, ·)‖ .
H

k ≲

t

∫
0

(1 + t − 𝜏)−𝜔 ∫
𝜏

0
(𝜏 − s)−𝛾‖|u(s, ·)|p‖L1∩

.
H

1 dsd𝜏, (49)

with

𝜔 = min
{

n + 2k − 4𝜃
4(1 − 𝜃)

− 1, 3 − k
2(1 − 𝜃)

}
> 1.

Since we have already estimated the norms ‖u(s, ·)‖p
Lp and ‖|u(s, ·)|p‖ .

H
1 , we can apply Lemma 5 again and find

‖𝜕t(Gu)(t, ·)‖ .
H

k ≲ h̃k(t) ‖u‖p
X(T) , k = 0, 1.

Combining the derived estimates, we obtain

‖Gu‖X(T) ≲ ‖u‖p
X(T)

in the case n = 1 and 𝜃 ∈ [0, 1/4) or n = 2 and 𝜃 ∈ [0, 1/2). Now, for the case where n = 1 and 𝜃 ∈
[

1
4
,

1
2

)
, the estimates

for ||u(t, ·)||L2 and ||ut(t, ·)||L2 change, because condition n
2
+ k − 2𝜃 > 0 in (20) doesn't hold anymore when k = 0. We

must then change the decay rate on the L2−norms and also, include another norm on X(T) so this loss on decay won't
interfere on the critical exponent pc. We fix m = 3, k0 = 0, k1 = 1

2
− 1

p
, k2 = 1, k3 = 2,

h0(t) = (1 + t)2− 1
4𝜃
−𝛾 ,

h1(t) = (1 + t)−
1− 1

p −2𝜃

2(1−𝜃) +1−𝛾
,

h2(t) = (1 + t)−
3−4𝜃

4(1−𝜃)
+1−𝛾
,

h̃0(t) = l0(t)(1 + t)1− 1
4𝜃
−𝛾

h3(t) = h̃1(t) = (1 + t)−
1

2(1−𝜃) +1−𝛾
,

in (29), where

l0(t) =

{
log(e + t), if 𝜃 = 1

4
1, otherwise.

The linear estimates give us again (31), and to prove (35), we set 𝑗 = 0, k = 0, k1, 1 s = 3; and 𝑗 = 0, k = 2, s = 4
in (23), getting

‖Gu(t, ·)‖L2 ≲

t

∫
0

l0(t − 𝜏)(1 + t − 𝜏)1− 1
4𝜃

t

∫
0

(𝜏 − s)−𝛾 ‖u(s, ·)‖p
Lp∩L2p dsd𝜏 (50)

‖Gu(t, ·)‖ .
H

k ≲

t

∫
0

(1 + t − 𝜏)−𝜔
t

∫
0

(𝜏 − s)−𝛾 ‖u(s, ·)‖p
Lp∩L2p dsd𝜏, k = k1, 1, (51)
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D'ABBICCO AND LONGEN

with

𝜔 = min
{

1 + 2k − 4𝜃
4(1 − 𝜃)

,
3 − k

2(1 − 𝜃)

}
,

and

‖Gu(t, ·)‖ .
H

2 ≲

t

∫
0

(1 + t − 𝜏)−𝜔 ∫
𝜏

0
(𝜏 − s)−𝛾‖|u(s, ·)|p‖L1∩

.
H

1 dsd𝜏, (52)

with
𝜔 = min

{
5 − 4𝜃

4(1 − 𝜃)
,

2
2(1 − 𝜃)

}
= 5 − 4𝜃

4(1 − 𝜃)
> 1.

To estimate the Lp norm, we use
.

Hk1 directly,

‖u(s, ·)‖p
Lp ≲ ‖u(s, ·)‖p

.
H

k1
≲ (1 + s)−𝛼 ‖u‖p

X(T) ,

with 𝛼 ∶= (1−2𝜃)p−1
2(1−𝜃)

− (1 − 𝛾)p, as in (40). Then 𝛼 > 1 if, and only if, p> pc. For the L2p norm, we use again critical
Sobolev's Embedding (37) and interpolate || · || .

H
k1 and || · || .

H
1 , so that

‖u(s, ·)‖L2p ≲ (1 + s)−𝛼 ‖u‖p
X(T) ,

as well, due to the fact that h2(t)≤ h1(t).
For the norm ‖|u(s, ·)|p‖L1∩

.
H

1 , we proceed similarly to (46), with the small change of interpolating between || · || .
H

k1

and || · || .
H

1 instead of || · ||L2 and || · || .
H

1 . We then obtain

‖|u(s, ·)|p‖ .
H

1 ≲ (1 + s)−𝛼‖u‖X(T). (53)

Using these estimates back in (50) and (51), as we did in the previous case, we get

‖Gu(t, ·)‖ .
H

k ≲ hk(t) ‖u‖p
X(T) , k = 0, k1, 1, 2, (54)

the only difference being the decay rate in h0(t), and the new estimate which leads to h1(t).
We now consider the two norms of 𝜕t(Gu)(t, ·). For the || · || .

H
1 norm we may proceed as before. On the other hand,

for ||𝜕t(Gu)(t, ·)||L2 , due to n = 1 and 𝜃 ∈ [1/4, 1/2), we find

1
4𝜃

{
= 1 if 𝜃 = 1∕4,
< 1 if = 𝜃 > 1∕4,

,
1

1 − 𝜃
> 1,

so that, applying Lemma 5 with

𝜔 = min
{ 1

4𝜃
,

1
1 − 𝜃

}
= 1

4𝜃
,

we find ‖𝜕t(Gu)(t, ·)‖L2 ≲ h̃0(t) ‖u‖p
X(T) .

Combining the previous estimates, we get ‖Gu‖X(T) ≲ ‖u‖p
X(T) .

Now it remains to show that G is a contraction in X(T), that is, the second estimate in (35). This final part of the
argument concerns all the cases together. We will use the Mean Value Inequality to obtain

||u(t, ·)|p − |v(t, ·)|p| ≲ |u(t, ·) − v(t, ·)| (|u(t, ·)|p−1 + |v(t, ·)|p−1) .
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D'ABBICCO AND LONGEN

Hence, by Hölder inequality,

‖|u(s, ·)|p − |v(s, ·)|p‖L1

≲
‖‖‖|u(s, ·) − v(s, ·)| (|u(s, ·)|p−1 + |v(s, ·)|p−1)‖‖‖L1

≲ ‖u(s, ·) − v(s, ·)‖Lp

(‖u(s, ·)‖p−1
Lp + ‖v(s, ·)‖p−1

Lp

)
= (1 + s)𝛿−𝛼‖u − v‖X(T)

(‖u‖p−1
X(T) + ‖v‖p−1

X(T)

)
for a sufficiently small 𝛿 ∈ (0, 𝛼 − 1), and

‖|u(s, ·)|p − |v(s, ·)|p‖L2 ≲ (1 + s)𝛿−𝛼‖u − v‖X(T)

(‖u‖p−1
X(T) + ‖v‖p−1

X(T)

)
.

Using these estimates, one can proceed as we did for ‖Gu(t, ·)‖X(T), to get

‖Gu − Gv‖X(T) ≲ ‖u − v‖X(T)

(‖u‖p−1
X(T) + ‖v‖p−1

X(T)

)
.

Therefore, (35) is proved.

6 PROOF OF THEOREM 2

In the proof of Theorem 2, we consider the case 𝛾 ≤ (n− 2)/n, in which the influence of the nonlinear memory is so strong
that the critical exponent switches to the value 𝛾−1, as first investigated for the heat equation with nonlinear memory
in.7 The possible influence of the regularity-loss decay on the critical exponent is neglected by estimating the power
nonlinearity at high frequencies in H1, as we have done in Theorem 1 to improve the decay rates of u in H2 and ut in L2

and H1 to the best possible profile (1+ t)−𝛾 .

Proof of Theorem 2. We fix m = 2, k0 = 0, k1 = n
(

1
2
− 1

p

)
, k2 = 2, and

h0(t) = l0(t)(1 + t)−
n−4𝜃

4(1−𝜃) +1−𝛾
,

h̃0(t) = (1 + t)−𝛾 ,

h1(t) = (1 + t)−
n(1− 1

p )−2𝜃

2(1−𝜃) +1−𝛾
,

h2(t) = h̃1(t) =

{
(1 + t)−𝛾 if 𝜃 > 0,
(1 + t)−𝛾 log(2 + t) if 𝜃 = 0,

where

l0(t) ∶=

{
1, n = 3
log(2 + t), n = 4.

.

Setting 𝑗 = 0, k = 0, n
(

1
2
− 1

p

)
, 2 and s = 2 + 2𝛾(1 − 𝜃) in (20), we get

‖‖‖ulin(t, ·)‖‖‖ .
H

ki ≲ hi(t)‖(u0,u1)‖, i = 0, 1, 2,

and setting 𝑗 = 1, k = 0, 1 and s = 2 + 2𝛾(1 − 𝜃) in (20) we get

‖‖‖ulin
t (t, ·)‖‖‖ .

H
k ≲ h̃k(t)‖(u0,u1)‖, k = 0, 1.
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D'ABBICCO AND LONGEN

Combining these five estimates, (31) follows immediately. Let's prove (35). Setting 𝑗 = 0, k = 0 and s = 3 in (23), we
obtain again (38), so we must estimate the norms ‖u(s, ·)‖p

Lp and ‖u(s, ·)‖p
L2p . Since p > 𝛾−1 ≥ n

n−2
≥ 2, we can estimate

‖u(s, ·)‖p
Lp ≲ ‖u(s, ·)‖p

.
H

k1
≲ (1 + s)−𝛾 p‖u‖X(T). (55)

For the L2p−norm, we set

𝜅̃ = n
(

1
2
− 1

2p

)
. (56)

Notice that 𝜅̃ ∈ (k1, 2) in (56), and therefore, we can interpolate between || · || .
H

n( 1
2 − 1

p ) and || · || .
H

2 to obtain

‖u(s, ·)‖p
L2p ≲ ‖u(s, ·)‖p

.
H
𝜅̃ ≲ (1 + s)−𝛾 p (log(2 + s))p ‖u‖p

X(T) . (57)

In the above estimate, we considered the worst case scenario, in which 𝜃 = 0 so that h1(t) = (1 + t)−𝛾 log(2 + t). As
discussed in the proof of Theorem 1, a logarithmic loss does not influence the critical exponent.

The exponent 𝛾 p that appears on (55) and (57) is larger than 1 if, and only if, p> 𝛾−1. Using the estimates (55)
and (57) in (38), and applying Lemma 5 with

𝜔 = min
{

n − 4𝜃
4(1 − 𝜃)
,

3
2(1 − 𝜃)

}
= n − 4𝜃

4(1 − 𝜃)

{
< 1 if n = 3,
= 1 if n = 4,

we get ‖Gu(t, ·)‖L2 ≲ h0(t) ‖u‖p
X(T) .

For the
.

Hk1 and
.

Hk2 norms, we set 𝑗 = 0, k = k1, k2 and s = 4 in (23), yielding

‖Gu(t, ·)‖ .
H

ki ≲

t

∫
0

(1 + t − 𝜏)−
n+2ki−4𝜃

4(1−𝜃) ∫
𝜏

0
(𝜏 − s)−𝛾 ‖u(s, ·)‖p

Lp dsd𝜏

+

t

∫
0

(1 + t − 𝜏)−
4−ki

2(1−𝜃) ∫
𝜏

0
(𝜏 − s)−𝛾‖|u(s, ·)|p‖H1 dsd𝜏.

(58)

So, we must then estimate the norm ‖∇|u(s, ·)|p‖L2 . From chain rule and Hölder Inequality, we have

‖∇|u|p‖L2 = ‖‖‖(p|u|p−2u
)
∇u‖‖‖L2
≲ ‖u‖p−1

Ln(p−1) ‖∇u‖
L

2n
n−2
. (59)

On the one hand,

‖∇u(s, ·)‖
L

2n
n−2
≲ ‖∇u(s, ·)‖ .

H
1 ≈ ‖u(s, ·)‖ .

H
2 ≲ (1 + s)−𝛾 log(2 + s)‖u‖X(T); (60)

on the other hand, setting

𝜅 = n
(

1
2
− 1

n(p − 1)

)
, (61)

and due to 𝜅 ∈ (k1, k2) for p > n
n−2

, we get

‖u(s, ·)‖p−1
Ln(p−1) ≲ ‖u(s, ·)‖p−1

.
H
𝜅 ≲ (1 + s)−𝛾 (p−1) (log(2 + s))p−1 ‖u‖p−1

X(T) . (62)

Using (60), and (62) in (59), we obtain

‖|u(s, ·)|p‖ .
H

1 ≲ (1 + s)−𝛾 p (log(2 + s))p ‖u‖p
X(T) . (63)
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D'ABBICCO AND LONGEN

By applying Lemma 5 with

𝜔 = min
{

n + 2ki − 4𝜃
4(1 − 𝜃)

,
4 − ki

2(1 − 𝜃)

}⎧⎪⎨⎪⎩
> 1 if i = 1,
> 1 if i = 2 and 𝜃 > 0,
= 1 if i = 2 and 𝜃 = 0,

and using (55), (57) and (63) in (58), we get

‖Gu(t, ·)‖ .
H

ki ≲ hi(t) ‖u‖p
X(T) , i = 1, 2.

We may use the same strategy to estimate ||𝜕t(Gu)|| .
H

k , with k = 0, 1, and we obtain

‖𝜕t(Gu)(t, ·)‖ .
H

k ≲ h̃k(t) ‖u‖p
X(T) , k = 0, 1.

We then conclude the proof as we did in the proof of Theorem 1.

7 PROOF OF THEOREM 3

In the proof of Theorem 3, the condition p≥ 2 is a consequence of the cases considered in the statement. Due to this
property, the proof is similar to the proof of Theorem 1.

Proof of Theorem 3. Assume n = 3. We fix m = 2, k0 = 0, k1 = 1
2
, k2 = 2,

h0(t) = (1 + t)−
3−4𝜃

4(1−𝜃) +1−𝛾
,

h1(t) = log(2 + t)(1 + t)−𝛾

h̃0(t) = (1 + t)−𝛾 ,

h2(t) = h̃1(t) =

{
(1 + t)−𝛾 if 𝜃 > 0,
(1 + t)−𝛾 log(2 + t) if 𝜃 = 0,

in (29). Once more, (31) follows immediately after setting 𝑗 = 0, k = 0, 1
2
, 2 and 𝑗 = 1, k = 0, 1 with s = 2 + 2𝛾(1 − 𝜃)

in (20).
Now, estimating the Ḣ k norms (𝜅 = 0, 1

2
), we have

‖Gu(t, ·)‖ .
H

k ≲

t

∫
0

(1 + t − 𝜏)−𝜔 ∫
𝜏

0
𝜏(𝜏 − s)−𝛾 ‖u(s, ·)‖p

Lp∩L2p d𝜏, (64)

with
𝜔 = min

{
3 + 2k − 4𝜃

4(1 − 𝜃)
,

3 − k
2(1 − 𝜃)

}
.

First, we consider the case p∈ [2, 3]. In order to estimate the Lp−norm, we will use Gagliardo–Nirenberg inequal-
ity (36)

‖u(t, ·)‖p
Lp ≲ ‖u(t, ·)‖

(
1−𝜃 1

2

)
p

L2 ‖u(t, ·)‖𝜃 1
2

p

.
H

1
2

≲ (1 + t)
(
− 3−4𝜃

4(1−𝜃) +1−𝛾
)(

1−𝜃 1
2

)
p
(1 + t)−𝛾𝜃 1

2
p (log(2 + t))𝜃 1

2
p ‖u‖p

X(T)

≲ (1 + t)−𝛼1 ‖u‖p
X(T) ,

(65)
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D'ABBICCO AND LONGEN

with

𝛼1 ∶=
3p − 2𝜃p − 3

2(1 − 𝜃)
− (1 − 𝛾)p. (66)

We remark that the condition p∈ [2, 3] implies that

2 ≤ p ≤ 6
3 − 2𝜅,
𝜅 = 1

2
, (67)

and we also notice that

𝛼1 > 1 ⇐⇒ p > 1 + 2(1 + (1 − 𝜃)(1 − 𝛾))
1 + 2𝛾(1 − 𝜃)

=∶ pc.

(Incidentally, we notice that p> pc holds as a consequence of the assumption p≥ 2, when 𝛾 > (3− 2𝜃)/(4(1− 𝜃))).
If p> 3, condition (67) doesn't hold, so we use critical Sobolev's embedding (37) with q= p and

𝜅 = 3
(

1
2
− 1

p

)
. (68)

For p> 3, one has 𝜅 in (68) satisfying 𝜅 ∈
(

1
2
,

3
2

]
, hence

‖u‖p
Lp ≲ ‖u‖p

.
H

k ≲ (log(2 + t))p (1 + t)−𝛾p ‖u‖p
X(T) . (69)

In this case, since 𝛾 > 1
3

and p> 3, one has automatically 𝛾p> 1.
Now, for the L2p−norm, we use critical Sobolev's Embedding (37) to estimate || · ||H𝜅 (R3) ≲ || · ||Lq(R3), with q = 2p

and 𝜅 = 3
(

1
2
− 1

2p

)
. We observe that 𝜅 ≥ 3

4
, and thus,

‖u(t, ·)‖p
L2p ≲ ‖u(t, ·)‖p

.
H
𝜅 ≲ (log(2 + t))p (1 + t)−𝛾p ‖u‖p

X(T) . (70)

Returning to the estimate (64) and using the two last estimates, due to Lemma 5 it follows

‖Gu(t, ·)‖ .
H

k ≲

{
(1 + t)−

3−4𝜃
4(1−𝜃) +1−𝛾 ‖u‖p

X(T) , 𝜅 = 0,
(log(2 + t))p (1 + t)−𝛾 ‖u‖p

X(T) , 𝜅 =
1
2
.

(71)

For the Ḣ 2−norm, one can proceed as in Theorem 2, relying on (59) and (60), but replacing (62) by

‖u(s, ·)‖p−1
L3(p−1) ≲ ‖u(s, ·)‖p−1

.
H
𝜅 ≲ (log(2 + t))p−1 (1 + s)−𝛾 (p−1) ‖u‖p−1

X(T) , (72)

where we used that 𝜅 is given by (61), so that 𝜅 = 3
(

1
2
− 1

3(p−1)

) ≥ 1
2
. In turn, we obtain

‖Gu(t, ·)‖ .
H

2 ≲

{
(1 + t)−𝛾 ‖u‖p

X(T) if 𝜃 > 0,
(1 + t)−𝛾 log(2 + t) ‖u‖p

X(T) if 𝜃 = 0.
(73)

The norms ‖𝜕tGu(t, ·)‖L2 and ‖𝜕tGu(t, ·)‖ .
H

1 are estimated in a similar way, and we conclude the proof as in the proof
of Theorem 1.

8 PROOF OF THEOREM 4

In this case, we deal with power nonlinearities |u|p, with p< 2, so we employ (L1 ∩Lp)−Lp estimates for the linear problem
to obtain an estimate for ||u(t, ·)||Lp .
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D'ABBICCO AND LONGEN

Proof of Theorem 4. We fix m = 1, k0 = 0, k1 = 2, and

h0(t) = (1 + t)−
3−4𝜃

4(1−𝜃) +1−𝛾
,

h1(t) = h̃1(t) = l2(t)(1 + t)−𝛾 ,
h̃0(t) = (1 + t)−𝛾

in (29), with

l2(t) =

{
log(2 + t), if 𝜃 = 0
1, if 𝜃 ∈

(
0, 1

2

)
.

Moreover, we fix

h∗
p(t) = (1 + t)𝛿−

3(1− 1
p )−2𝜃

2(1−𝜃) +1−𝛾

for a sufficiently small 𝛿 > 0. Setting first 𝑗 = 0, k = 0, 2, and then 𝑗 = 1, k = 0, 1, with s = 2 + 2𝛾(1 − 𝜃) in (20),
and using (22), estimate (31) follows. We stress that the decay rate of ulin in (22) is determined by the low-frequency
region, since

𝜔 = min
⎧⎪⎨⎪⎩−𝛿 +

3
(

1 − 1
p

)
− 2𝜃

2(1 − 𝜃)
,

3
2(1 − 𝜃)

−
3 (3 − 2𝜃)

(
1
p
− 1

2

)
2(1 − 𝜃)

⎫⎪⎬⎪⎭
= −𝛿 +

3
(

1 − 1
p

)
− 2𝜃

2(1 − 𝜃)
,

(74)

for a sufficiently small 𝛿 > 0, for any 𝜃 ≥ 0 and 𝛾 ≤ 1, due to p> pc ≥ 4/3.
To prove (35), let T> 0. For the norms of Gu(t, ·) in L2 and Ḣ 2, we would need again to estimate the norms‖u(s, ·)‖Lp , ‖u(s, ·)‖L2p and ‖|u(s, ·)|p‖ .

H
1 , as in the proof of Theorem 2. However, for the first one, we may directly use

the X(T) norm of u, obtaining: ‖u‖p
Lp ≲ h∗

p(t) ‖u‖p
X(T) = (1 + s)−𝛼 ‖u‖p

X(T) ,

with 𝛼 ∶= (3−2𝜃)p−3
2(1−𝜃)

−(1+𝛿−𝛾)p. We remark that 𝛼 > 1 for a sufficiently small 𝛿 > 0 (here we fix the smallness of 𝛿 once
and for all), if, and only if, p> pc. For the L2p norm, we use critical Sobolev's Embedding (37) with ||·|| .

H
𝜅
(R3) ≲ ||·||Lq(R3),

with q = 2p and 𝜅 = 3
(

1
2
− 1

2p

)
, and for the norm ‖|u(s, ·)|p‖ .

H
1 , we proceed as in Theorem 2.

Setting n = 3, 𝑗 = 0, k = 0, s = 3 in (23) and applying Lemma 5, we find

‖Gu(t, ·)‖L2 ≲

⎡⎢⎢⎣
t

∫
0

(1 + t − 𝜏)−
3−4𝜃

4(1−𝜃) ∫
𝜏

0
(𝜏 − s)−𝛾 (1 + s)−𝛼 dsd𝜏

+

t

∫
0

(1 + t − 𝜏)−
3

2(1−𝜃) ∫
𝜏

0
(𝜏 − s)−𝛾 (1 + s)−𝛾p dsd𝜏

⎤⎥⎥⎦ ‖u‖p
X(T)

≲ h0(t) ‖u‖p
X(T)

(75)

Setting n = 3, 𝑗 = 0, k = 2, and s = 4 in (23) and applying Lemma 5, we get

‖Gu(t, ·)‖ .
H

2 ≲

⎡⎢⎢⎣
t

∫
0

(1 + t − 𝜏)−
7−4𝜃

4(1−𝜃) ∫
𝜏

0
(𝜏 − s)−𝛾 (1 + s)−𝛼 dsd𝜏

+

t

∫
0

(1 + t − 𝜏)−
1

1−𝜃 ∫
𝜏

0
(𝜏 − s)−𝛾 (1 + s)−𝛾p dsd𝜏

⎤⎥⎥⎦ ‖u‖p
X(T)

≲ h1(t) ‖u‖p
X(T)

(76)
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D'ABBICCO AND LONGEN

For the Lp−norm, we will have to estimate also the norm ‖u(s, ·)‖Lp2 . In fact, setting n = 3 and 𝜑 = |u(s, ·)|p in (24),

‖Gu(t, ·)‖Lp ≲

t

∫
0

(1 + t − 𝜏)𝛿−
3(1− 1

p )−2𝜃

2(1−𝜃) ∫
𝜏

0
(𝜏 − s)−𝛾 ‖u(s, ·)‖p

Lp dsd𝜏

+

t

∫
0

(1 + t − 𝜏)−
3

2(1−𝜃) +
3(3−2𝜃)( 1

p − 1
2 )

2(1−𝜃) ∫
𝜏

0
(𝜏 − s)−𝛾 ‖u(s, ·)‖p

Lp2 dsd𝜏

(77)

Now, since for n = 3 we have p > pc >
5
3
, it holds that p2 > 2, and we can apply critical Sobolev's Embedding (37)

with || · ||H𝜅 (R3) ≲ || · ||Lq(R3), where q= p2 and 𝜅 = 3
(

1
2
− 1

p2

)
∈

(
7

50
,

3
2

)
:

‖u(s, ·)‖p
Lp2 ≲ ‖u(s, ·)‖p

.
H
𝜅 ≲ ‖u(s, ·)‖p

.
H

2 ≲ (1 + s)−𝛾p𝓁2(s)p ‖u‖p
X(T) .

Using this estimate in (77) and applying Lemma 5 with 𝜔 as in (74), noticing that 𝜔< 1, we get

‖Gu(t, ·)‖Lp ≲ h∗
p(t) ‖u‖p

X(T) .

We stress that the minimum in (74) is attained by the first term for any 𝜃 ≥ 0, due to p> pc ≥ 4/3.
Once more, the norms of 𝜕t(Gu)(t, ·) can be estimated with no further difficulties, and we conclude the proof as in

the previous cases.

9 PROOF OF THEOREM 5

As in the proof of Theorem 3, also in Theorem 5, the condition p≥ 2 is an assumption of the statement. Due to this
property, the proof is similar to the proof of Theorems 1 and 3. We stress that in this theorem the condition p≥ 2 never
corresponds to the critical exponent, which is smaller than 2 for 𝛾 > 1/2.

Proof of Theorem 5. We fix m = 1, k0 = 0, k1 = 2, and

h0(t) = (1 + t)−𝛾 log(2 + t),
h1(t) = h̃1(t) = l2(t)(1 + t)−𝛾 ,
h̃0(t) = (1 + t)−𝛾 ,

in (29), with

l2(t) =

{
log(2 + t) if 𝜃 = 0,
1 if 𝜃 ∈ (0, 1

2
).

Setting 𝑗 = 0, k = 0, 2; and 𝑗 = 1, k = 0, 1; with s = 2 + 2𝛾(1 − 𝜃) in (20), estimate (31) follows. To prove (35), we set
𝑗 = 0, k = 0, 2, 𝜓 = |u|p and s = 4 in (23), getting

‖Gu(t, ·)‖ .
H

k ≲

t

∫
0

(1 + t − 𝜏)−1− k
2(1−𝜃)

t

∫
0

(𝜏 − s)−𝛾 ‖u(s, ·)‖p
Lp dsd𝜏

+

t

∫
0

(1 + t − 𝜏)−
4−k

2(1−𝜃)

t

∫
0

(𝜏 − s)−𝛾‖|u(s, ·)|p‖ .
H

1 dsd𝜏.

(78)
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D'ABBICCO AND LONGEN

To bound the Lp−norm, we use critical Sobolev's Embedding (37) with || · || .
H
𝜅
(R4) ≲ || · ||Lq(R4), with q= p and

𝜅 = 4
(

1
2
− 1

p

)
∈ [0, 2). Therefore,

‖u(s, ·)‖p
Lp ≲ ‖u‖p

.
H
𝜅 ≲ (1 + s)−𝛾p (log(2 + s))p ‖u‖p

X(T) .

To estimate ‖|u(s, ·)|p‖ .
H

1 , one can simply set n = 4 in (59)-(63) to obtain again

‖|u(s, ·)|p‖ .
H

1 ≲ (1 + s)−𝛾p (log(2 + s))p ‖u‖p
X(T) .

Therefore, using these estimates in (78), and applying Lemma 5 with 𝜔 = 1 if k = 0 and

𝜔 = min
{

1 + 1
1 − 𝜃
,

1
1 − 𝜃

}
= 1

1 − 𝜃

{
> 1 if 𝜃 > 0,
= 1 if 𝜃 = 0,

if k = 2, we get ‖Gu(t, ·)‖ .
H

ki ≲ hi(t) ‖u‖p
X(T) .

The rest of the proof follows as in the proof of the previous theorems.

10 PROOF OF THEOREMS 6 AND 7

In Theorems 6 and 7, we assume 𝜃 = 0 for simplicity. Indeed, Theorem 6 is analogous to Theorem 4, but there is a range of
𝛾 near to 1, for which the regularity-loss structure seems to influence the critical exponent of global small data solutions.
This range is treated in Theorem 7.

Proof of Theorem 6. We fix m = 1, k0 = 0, k1 = 2, and

h0(t) = h2(t) = h̃1(t) = (1 + t)−𝛾 log(2 + t),
h̃0(t) = (1 + t)−𝛾 ,

in (29), as in the proof of Theorem 5. Since p< 2, we also fix

h∗
p(t) = (1 + t)𝛿−2

(
1− 1

p

)
+1−𝛾
,

for a sufficiently small 𝛿 > 0. Setting 𝑗 = 0, k = 0, 2, and 𝑗 = 1, k = 0, 1, with s = 2 + 2𝛾 in (20), we get

‖‖‖ulin(t, ·)‖‖‖L2
≲ h0(t)‖(u0,u1)‖,‖‖‖ulin(t, ·)‖‖‖ .

H
2 ≲ h2(t)‖(u0,u1)‖,‖‖‖ulin

t (t, ·)‖‖‖L2
≲ h̃0(t)‖(u0,u1)‖,‖‖‖ulin

t (t, ·)‖‖‖ .
H

1 ≲ h̃1(t)‖(u0,u1)‖,
and using (22), we obtain ‖‖‖ulin(t, ·)‖‖‖Lp

≲ h∗
p(t)‖(u0,u1)‖.

Here, the fact that 𝛾 ≤ 7
8

is important, so that pc ≥ 8
5
. This means that for p> pc, the decay rate from the low-frequency

will be worse than the high-frequency one, namely, that

𝜔 = min
{
−𝛿 + 2

(
1 − 1

p

)
,

3
2
− 6

(
1
p
− 1

2

)}
= −𝛿 + 2

(
1 − 1

p

)
. (79)
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D'ABBICCO AND LONGEN

Therefore, estimate (31) follows. Let T> 0 and let's prove (35). Setting 𝑗 = 0, k = 0, 2 𝜓 = |u|p and s = 4 in (23),
we get

‖Gu(t, ·)‖ .
H

k ≲

t

∫
0

(1 + t − 𝜏)−1− k
2 ∫
𝜏

0
(𝜏 − s)−𝛾 ‖u(s, ·)‖p

Lp dsd𝜏 (80)

+

t

∫
0

(1 + t − 𝜏)−
4−k

2 ∫
𝜏

0
(𝜏 − s)−𝛾‖|u(s, ·)|p‖H1 dsd𝜏 k = 0, 2. (81)

Recalling that u∈X(T), we obtain

‖u(s, ·)‖p
Lp ≲ h∗

p(s)p ‖u‖p
X(T) = (1 + s)−𝛼 ‖u‖p

X(T) , 𝛼 ∶= (1 − 𝛿 + 𝛾)p − 2 (82)

with 𝛼 > 1 for a sufficiently small 𝛿 > 0 (here we fix the smallness of 𝛿 once and for all) if, and only if, p > 3
1+𝛾

= pc.
Now, we estimate ‖|u(s, ·)|p‖ .

H
1 using once again (59), (60), (61) and since, for p > pc >

3
2
, we have 𝜅 ∈ (0, 2), we get

‖u(s, ·)‖p−1
L4(p−1) ≲ ‖u(s, ·)‖p−1

.
H
𝜅 ≲ (1 + s)−𝛾 (p−1) (log(2 + s))p−1 ‖u‖p−1

X(T) , (83)

so that ‖|u(s, ·)|p‖ .
H

1 ≲ (1 + s)−𝛾 p (log(2 + s))p ‖u‖p
X(T) . (84)

Notice that 𝛾 > 1
2

and p > 3
1+𝛾

, hence 𝛾p> 1. We can then apply Lemma 5 and obtain

‖Gu‖ .
H

k ≲ hk(t) ‖u‖p
X(T) , k = 0, 2.

For the Lp−norm of Gu(t, ·), we set n = 4 in (24), thus getting

‖Gu(t, ·)‖Lp ≲

t

∫
0

(1 + t − 𝜏)𝛿−2
(

1− 1
p

)
∫
𝜏

0
(𝜏 − s)−𝛾 ‖u(s, ·)‖p

Lp dsd𝜏

+

t

∫
0

(1 + t − 𝜏)−
3−12( 1

p − 1
2 )

2 ∫
𝜏

0
(𝜏 − s)−𝛾 ‖u(s, ·)‖p

Lp2 dsd𝜏.

(85)

We have already estimated the Lp−norm. For the Lp2−norm, since p > pc >
3
2
, we have p2 > 2 and therefore we can

apply critical Sobolev's Embedding (37) with q= p2 and

𝜅 = 4
(

1
2
− 1

p2

)
, (86)

which, since 𝜅 ∈
(

2
9
, 2

)
gives us

‖u(s, ·)‖p
Lp2 ≲ ‖u(s, ·)‖p

.
H
𝜅 ≲ (1 + s)−𝛾p (log(2 + s))p ‖u‖p

X(T) .

Therefore, applying Lemma 5 with 𝜔 as in (79), we obtain

‖Gu(t, ·)‖Lp ≲ h∗
p(t) ‖u‖p

X(T) .
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D'ABBICCO AND LONGEN

The norms of time-derivatives of Gu(t, ·) using 23 bring no additional difficulties:

‖𝜕t(Gu)(t, ·)‖ .
H

k ≲

t

∫
0

(1 + t − 𝜏)−2− k
2 ∫
𝜏

0
(𝜏 − s)−𝛾 ‖u(s, ·)‖p

Lp dsd𝜏

+

t

∫
0

(1 + t − 𝜏)−
4−k

2 ∫
𝜏

0
(𝜏 − s)−𝛾‖|u(s, ·)|p‖ .

H
1 dsd𝜏

≲ h̃k(t) ‖u‖p
X(T) .

(87)

We then conclude the proof as in the previous cases.

In the proof of Theorem 7 we finally provide a model in which the regularity loss structure may influence the critical
exponent of the problem. Even if we do not expect the threshold p̃c to be sharp, the model below shows an interplay which
can be object of future investigations.

Proof of Theorem 7. We fix m = 1, k0 = 0, k1 = 2, and

h0(t) = h2(t) = h̃1(t) = (1 + t)−𝛾 log(2 + t),
h̃0(t) = (1 + t)−𝛾 ,

in (29), as in the proof of Theorems 5 and 6. Since p< 2, we also fix

h∗
p(t) = (1 + t)−𝜔+1−𝛾 ,

where

𝜔 =
⎧⎪⎨⎪⎩
−𝛿 + 2

(
1 − 1

p

)
if p ≥ 8∕5,

3
2
− 6

(
1
p
− 1

2

)
if p < 8∕5,

(88)

for a sufficiently small 𝛿 > 0. As in the proof of Theorem 6, we conclude (31). We proceed as in the proof of Theorem 6
to prove (35), but with two differences. First of all,

‖u(s, ·)‖p
Lp ≲ h∗

p(s)p ‖u‖p
X(T) = (1 + s)−𝛼 ‖u‖p

X(T) ,

where
𝛼 = (𝜔 − 1 + 𝛾)p =

(7
2
+ 𝛾

)
p − 6, if p < 8∕5.

In particular, 𝛼 > 1 if, and only if, p > 14
7+2𝛾

= p̃c, due to the assumption 𝛾 > 7
8
.

The second difference is that we apply Lemma 5 with 𝜔 as in (88), obtaining

‖Gu(t, ·)‖Lp ≲

t

∫
0

(1 + t − 𝜏)𝛿−2
(

1− 1
p

)
∫
𝜏

0
(𝜏 − s)−𝛾 ‖u(s, ·)‖p

Lp dsd𝜏

+

t

∫
0

(1 + t − 𝜏)−
3−12( 1

p − 1
2 )

2 ∫
𝜏

0
(𝜏 − s)−𝛾 ‖u(s, ·)‖p

Lp2 dsd𝜏

≲ h∗
p(t) ||u||p

X(T).

(89)

The rest of the proof follows as in the proof of Theorem 6.
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D'ABBICCO AND LONGEN

11 BRIEF COMPILATION OF RESULTS AND STRATEGIES

In order to summarize the results and strategies employed in the several cases considered, we provide a table that displays
the different ranges for the parameters 𝜃, 𝛾 and p, as well as the correspondent spaces required for the initial data u0 and
u1. Here,

pc = pc(n, 𝛾, 𝜃) ∶= 1 + 2 (1 + (1 − 𝛾)(1 − 𝜃))
n − 2 + 2𝛾(1 − 𝜃)

, sc = sc(𝛾, 𝜃) ∶= 2 + 2𝛾(1 − 𝜃)

p̃c ∶=
14

7 + 2𝛾
.

n 𝜃 𝛾 p u0 u1

1
[
0, 1

2

) (
1

2(1−𝜃)
, 1

)
(pc,∞) Hsc ∩ L1 Hsc−1 ∩ L1

2
[
0, 1

2

)
(0, 1) (pc,∞) Hsc ∩ L1 Hsc−1 ∩ L1

3
[
0, 1

2

) (
0, 1

3

] (
1
𝛾
,∞

)
Hsc ∩ L1 Hsc−1 ∩ L1

3
[
0, 1

2

) (
1
3
,

3−2𝜃
4(1−𝜃)

]
(pc,∞) Hsc ∩ L1 Hsc−1 ∩ L1

3
[
0, 1

2

) (
3−2𝜃

4(1−𝜃)
, 1

)
(pc, 2] Hsc ∩ L1 ∩ W 3,p Hsc−1 ∩ L1 ∩ W 2,p

3
[
0, 1

2

) (
3−2𝜃

4(1−𝜃)
, 1

)
[2,∞) Hsc ∩ L1 Hsc−1 ∩ L1

4
[
0, 1

2

) (
0, 1

2

] (
1
𝛾
,∞

)
Hsc ∩ L1 Hsc−1 ∩ L1

4
[
0, 1

2

) (
1
2
, 1

)
[2,∞) Hsc ∩ L1 Hsc−1 ∩ L1

4 0
(

1
2
,

7
8

]
(pc, 2

]
Hsc ∩ L1 ∩ W 3,p Hsc−1 ∩ L1 ∩ W 2,p

4 0
(

7
8
, 1

)
(p̃c, 2

]
Hsc ∩ L1 ∩ W 3,p Hsc−1 ∩ L1 ∩ W 2,p

The strategies we used to estimate norms in each theorem are briefly described below:

• In Theorem 1, we used Gagliardo–Nirenberg, with 𝜅 = 1; For the special case n = 1, 𝜃 ≥ 1
4
, we used critical Sobolev

Embedding into Lp instead. We also applied critical Sobolev Embedding into Lq(p− 1) and Lr with q→∞ and r→ 2, in
order to improve the decay rate.

• In Theorem 2, we used critical Sobolev embedding into Lp, as well as critical Sobolev embeddings into Ln(p− 1) and
L2n/(n− 2).

• In Theorem 3, we used fractional Gagliardo–Nirenberg with 𝜅 = 1
2

to reach the critical exponent, and critical Sobolev
embedding into Lp for larger values of p. Critical Sobolev embeddings into L3(p− 1) and L6 were also employed (as in
Theorem 2).

• In Theorem 4, we asked for regularity in Lp for the initial data, and applied critical Sobolev embedding into L2p and Lp2 .
• In Theorem 5, we used critical Sobolev embedding into Lp and critical Sobolev embeddings into L4(p− 1) and L4 (by the

same reason as in Theorems 2 and 3).
• In Theorems 6 and 7, we again required additional Lp regularity for initial data, and applied critical Sobolev embedding

into Lp2 and into L4(p− 1) and L4.
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APPENDIX A: TECHNICAL CALCULATIONS

We recall from vector calculus that, for any 𝛼 = (𝛼1, … 𝛼𝜈) multi-index,

|||𝜕𝛼𝜉 |𝜉|k||| ≲ |𝜉|k−|𝛼|, k ≠ 0, 𝜉 ≠ 0. (A1)

We also recall the multivariate version of the Leibniz's rule,

𝜕𝛼
𝜉
( 𝑓g) =

∑
𝛽≤𝛼

C𝛽
(
𝜕
𝛽

𝜉
𝑓
)(
𝜕
𝛼−𝛽
𝜉

g
)
, (A2)

where 𝛽 ≤ 𝛼 is in the sense of multi-indexes, that is, 𝛽i ≤ 𝛼i for all i. Another useful identity is Faà di Bruno's formula for
higher order derivatives: Let 𝑦 = g(𝜉), 𝜉 = (𝜉1, … , 𝜉n) ∈ Rn. Then,

𝜕𝛼
𝜉
𝑓 (𝑦) ∶= 𝜕|𝛼|

𝜕𝛼1𝜉1 … 𝜕𝛼n𝜉n
𝑓 (𝑦) =

∑
𝜋∈Π
𝑓 (|𝜋|)(𝑦) ·∏

B∈𝜋

𝜕|B|∏
𝑗∈B𝜕𝜉𝑗
𝑦, (A3)

where 𝜋 runs through the set Π of all the partitions of the set {1, … , |𝛼|} and }}B ∈ 𝜋′′ means that B runs through the
list of all blocks of the partition 𝜋. Observe that |𝛼| = 𝛼1+, … ,+𝛼n, while |𝜋| is the number of blocks in the partition 𝜋
and |B| is the size of the block B.

Applying Faà di Bruno with 𝑦(𝜉) = x2 and 𝑓 (𝑦) = (1 + 𝑦)
k
2 , we get

|||𝜕𝛼𝜉 ⟨𝜉⟩k||| ≲
{|𝜉|k−|𝛼|, |𝜉| ≥ 1,|𝜉|−|𝛼|, 0 < |𝜉| ≤ 1.

(A4)

Lastly, we'll need Young's Inequality for products: If a, b ≥ 0 and p, q > 1 with 1
p
+ 1

q
= 1, then

ab ≤ ap

p
+ bq

q
. (A5)

A.1 Estimates for the low-frequency region

Following as in previous works,5,40 with several applications of (A2) and (A3), one can easily prove that, for the
low-frequency region {𝜉 ∶ |𝜉| ≤ 𝜀0}, the following estimates hold:

• |||𝜕𝛼𝜉 𝜆−||| ≲ |𝜉|2𝜃−|𝛼|;
• |||𝜕𝛼𝜉 𝜆+||| ≲ |𝜉|2(1−𝜃)−|𝛼|;
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• |||𝜕𝛼𝜉 et𝜆− ||| ≲ |𝜉| − |𝛼|e− t
2
|𝜉|2𝜃 ;

• |||𝜕𝛼𝜉 et𝜆+ ||| ≲ |𝜉| − |𝛼|e− t
2
|𝜉|2(1−𝜃) ;

• |||𝜕𝛼𝜉 ((𝜆+ − 𝜆−)−1)||| ≲ |𝜉| − 2𝜃 − |𝛼|,
where, we recall, the eigenvalues 𝜆± are defined as

𝜆± = −1
2
|𝜉|2𝜃⟨𝜉⟩−2±1

2
(x4𝜃𝚥 − 4 − 4x2)

1
2 , |𝜉| ≤ 𝜀0, (A6)

where, for a given 𝜃 ∈ [0, 1∕2), 𝜀0 = 𝜀0(𝜃) is sufficiently small to get

𝜀4𝜃0 (1 + 𝜀20)
−2 ≥ 8𝜀20.

Since K̂0, and K̂1 are defined as products of the three terms above and Ê1 = ⟨𝜉⟩−2K̂1, by applying (A2) again we get the f
ollowing estimates in the low-frequency region:

Lemma 6. Let 𝜆± as in (A6), 𝛼 any multi-index and 𝜉 ∈ Rn ∖ {0} with |𝜉| ≤ 𝜀0. Then,

(i) |||𝜕𝛼𝜉 K̂0(t, 𝜉)
||| ≲ |𝜉|−|𝛼|e− t

2
|𝜉|2(1−𝜃) ;

(ii) |||𝜕𝛼𝜉 K̂1(t, 𝜉)
||| ≲ |𝜉|−2𝜃−|𝛼|e− t

2
|𝜉|2(1−𝜃) ;

(iii) |||𝜕𝛼𝜉 Ê1(t, 𝜉)
||| ≲ |𝜉|−2𝜃−|𝛼|e− t

2
|𝜉|2(1−𝜃) .

We will combine these estimates for K̂0, K̂1 and Ê1 with a lemma that derives pointwise estimates for their inverse
Fourier transforms:

Lemma 7 (Lemma 8.5 in12). Assume that 𝑓 ∈ C𝜅c (Rn), for some 𝜅 ≥ 0 integer, and that it verifies the estimates

|||𝜕𝛼𝜉 𝑓 (𝜉)||| ≲ |𝜉|−a∀|𝛼| ≤ 𝜅,
for some a < n. Then, g = −1𝑓 satisfies the estimate |g(x)| ≲ (1 + |x|)−𝜅 .

Moreover, if 𝑓 ∈ C𝜅+1
c , and |||𝜕𝛼𝜉 𝑓 (𝜉)||| ≲ |𝜉|−a1∀|𝛼| = 𝜅 + 1,

for some a1 ∈ [n,n + 1), then

|g(x)| ≲ ⎧⎪⎨⎪⎩
(1 + |x|)−𝜅−(n−a), if a > a1 − 1,
(1 + |x|)−𝜅−(n+1−a1), if a ≤ a1 − 1 and a1 ∈ (n,n + 1)
(1 + |x|)−𝜅−1 log(e + |x|), if a ≥ n − 1 and a1 = n.

Lemma 8. Assume n ∈ N, 𝜃 ∈ [0, 1
2
) and consider the localization in the low-frequency region of the operators

K0(t, x),K1(t, x),E1(t, x) as in (27) and (33). Then, the following estimates hold:

(i) ‖‖‖−1(K̂0(t, ·)𝜒0)
‖‖‖Lp
≲ (1 + t)−

n(1− 1
p )

2(1−𝜃) +𝛿
, p > 1,

(ii) ‖‖‖−1(K̂1(t, ·)𝜒0)
‖‖‖Lp
≲ (1 + t)−

n(1− 1
p )−2𝜃

2(1−𝜃) +𝛿
, p > n∕(n − 2𝜃),

(iii) ‖‖‖−1(Ê1(t, ·)𝜒0)
‖‖‖Lp
≲ (1 + t)−

n(1− 1
p )−2𝜃

2(1−𝜃) +𝛿
, p > n∕(n − 2𝜃),

where 𝜒0 ∈ ∞
c is a cut-off function supported in the ball B(0, 𝜀0).
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Proof. To shorten notation, we may use, throughout this whole proof, only 𝑓 to address the low-frequency localization
of the function 𝑓 , that is, −1 (𝑓 (𝜉)𝜒0(𝜉)).

The proof consists on applying Lemma 7, using the estimates obtained in Lemma 6. We will strike both cases (i)
and (ii) at the same time by writing

|||𝜕𝛼𝜉 K̂𝓁(t, 𝜉)
||| ≲ |𝜉|−2𝓁𝜃−|𝛼|e− t

2
|𝜉|2(1−𝜃) , 𝓁 = 0, 1.

Also, the estimates for K̂1 and Ê1 are the same, so the result obtained for K̂1 will also hold for Ê1.
First of all, we notice that

||K𝓁(t, ·)||∞ ≤ ‖‖‖K̂𝓁(t, ·)
‖‖‖L1
≲ ∫B(0,𝜀0)

|𝜉|−2𝓁𝜃 e−
t
2
|𝜉|2(1−𝜃)d𝜉 ≲ (1 + t)−

n−2𝓁𝜃
2(1−𝜃) .

Indeed, for t ∈ [0, 1] the estimate above follows due to e−
t
2
|𝜉|2(1−𝜃) ≤ 1 and

∫B(0,𝜀0)
|𝜉|−2𝓁𝜃 d𝜉 ≤ Cn,𝜃 ,

whereas, for t ≥ 1, it follows by the change of variable 𝜉 → t−
1

2(1−𝜃) 𝜉:

∫
Rn

|𝜉|−2𝓁𝜃 e−
t
2
|𝜉|2(1−𝜃)d𝜉 = t−

n−2𝓁𝜃
2(1−𝜃) ∫

Rn
|𝜉|−2𝓁𝜃 e−

1
2
|𝜉|2(1−𝜃)d𝜉 = C̃n,𝜃 t

− n−2𝓁𝜃
2(1−𝜃) .

On the other hand, we may apply Lemma 7 with 𝜅 = n − 1, a = n − 1 + 2𝓁𝜃, a1 = n + 2𝓁𝜃, that is, we get

|K0(t, x)| ≲ (1 + |x|)−n log(e + |x|), |K1(t, x)| ≲ (1 + |x|)−n+2𝜃.

By interpolation, it follows that K0(t, ·) ∈ Lp for any p > 1, and (i) holds for any 𝛿 > 0, and that K1(t, ·),E1(t, ·) ∈ Lp for
any p > n∕(n − 2𝜃), and (ii), (iii) hold for any 𝛿 > 0.

Since ulin(t, x) = K0(t, x) ∗ u0(x) + K1(t, x) ∗ u1(x), the previous lemma can be used together with Young's theorem for
convolution to prove the low-frequency part of Lemmas 2 and 4.

A.2 Estimates for the high-frequency region

As in the low-frequency region, one can apply several instances of (A2) and (A3) to obtain the following estimates in the
high-frequency region {𝜉 ∶ |𝜉| ≥ 1}:

• |||𝜕𝛼𝜉 𝜆±||| ≲ |𝜉|1−|𝛼|;
• |||𝜕𝛼𝜉 et𝜆± ||| ≲ (t|𝛼| + |𝜉|−|𝛼|) e−t|𝜉|2(𝜃−1) ;

• |||𝜕𝛼𝜉 (𝜆+ − 𝜆−)−1||| ≲ |𝜉|−1−|𝛼|,
where

𝜆± = −1
2
|𝜉|2𝜃⟨𝜉⟩−2± i

2
(
4|𝜉|2 − |𝜉|4𝜃⟨𝜉⟩−4) 1

2 , |𝜉| ≥ 1.

Therefore, from the definitions of K̂0, K̂1, and Ê1, we may apply once more (A2) to collect the following estimates in
the high-frequency region. It is easy to prove that those estimates are, also valid in the intermediate frequency region
{𝜉 ∶ 𝜀0∕2 ≤ |𝜉| ≤ 1}, since it is a compact subset of Rn ∖ {0}, so that we have the following.

With this remark, the proof of Lemmas 2 and 4 immediately follow by combining Lemma 8 in low-frequency region
with the next results in intermediate and high-frequency region. Indeed, it is sufficient to assume that 𝜒0 = 1 in the ball
B(0, 𝜀0∕2) and define 𝜒1 = 1 − 𝜒0, so that 𝜒1 is supported in the region {𝜉 ∶ |𝜉| ≥ 𝜀0∕2}.
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D'ABBICCO AND LONGEN

Lemma 9. Let 𝜆± as in (A6), 𝛼 any multi-index, 𝜃 ∈
[
0, 1

2

)
, 𝜉 ∈ Rn with |𝜉| ≥ 𝜀0∕2 and s ∈ R. Also, let K̂0, K̂1, Ê1 be

as in (27) and (33). Then,

(i) |||𝜕𝛼𝜉 K̂0(t, 𝜉)|𝜉|−s||| ≲ |𝜉|−s (t|𝛼| + |𝜉|−|𝛼|) e−t|𝜉|2(𝜃−1) ;

(ii) |||𝜕𝛼𝜉 K̂1(t, 𝜉)|𝜉|−s||| ≲ |𝜉|−s−1 (t|𝛼| + |𝜉|−|𝛼|) e−t|𝜉|2(𝜃−1) ;

(iii) |||𝜕𝛼𝜉 Ê1(t, 𝜉)|𝜉|−s||| ≲ |𝜉|−s−3 (t|𝛼| + |𝜉|−|𝛼|) e−t|𝜉|2(𝜃−1) .

Using the boundedness of P(x)e−x for P(x) a polynomial in x, we can rewrite these estimates in a more fit way to apply
the desired multiplier theorem:

Lemma 10. Let k ≥ 0, 𝛼 any multi-index, 𝜃 ∈
[
0, 1

2

)
, 𝜉 ∈ Rn with |𝜉| ≥ 𝜀0∕2. Assume that

|||𝜕𝛼𝜉 𝑓 (𝜉)||| ≲ |𝜉|−s−k (t|𝛼| + |𝜉|−|𝛼|) e−t|𝜉|2(𝜃−1)
.

Then, for every b ≤ s + k, the following estimate holds

|||𝜕𝛼𝜉 𝑓 (𝜉)||| ≲ |𝜉|−b(|𝜉|2(1−𝜃))|𝛼|(1 + t)−
s+k−b
2(1−𝜃) .

Proof. We have, using the fact that x → (2x + 1)me−x and x → xme−x are bounded for m > 0,

|||𝜕𝛼𝜉 𝑓 (𝜉)||| ≲ |𝜉|−s−k (t|𝛼| + |𝜉|−|𝛼|) e−t|𝜉|2(𝜃−1)

≲ |𝜉|−s−k(t + |𝜉|−1)|𝛼|e−t|𝜉|2(𝜃−1)

≲ |𝜉|−s−ke−
t
2
|𝜉|2(𝜃−1)(|𝜉|2(1−𝜃))|𝛼|(t|𝜉|2(𝜃−1) + |𝜉|2𝜃−3)|𝛼|e− t

2
|𝜉|2(𝜃−1)

≲ |𝜉|−s−ke−
t
2
|𝜉|2(𝜃−1)(|𝜉|2(1−𝜃))|𝛼|(t|𝜉|2(𝜃−1) + 1

)|𝛼|e− t
2
|𝜉|2(𝜃−1)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
bounded

≲ |𝜉|−s−ke−
t
2
|𝜉|2(𝜃−1)(|𝜉|2(1−𝜃))|𝛼|.

(A7)

Now, let b ≤ s + k. The desired estimate is trivial if t ≤ 1, due to |𝜉|−s−k ≲ |𝜉|−b, since |𝜉| ≥ 𝜀0∕2. Let t ≥ 1. Then,

|||𝜕𝛼𝜉 𝑓 (𝜉)||| ≲ |𝜉|−b(|𝜉|2(1−𝜃))|𝛼| [|𝜉|−s−k+be−
t
2
|𝜉|2(𝜃−1)

]
≲ |𝜉|−b(|𝜉|2(1−𝜃))|𝛼| [( t

2
|𝜉|2(𝜃−1)

) −s−k+b
2(𝜃−1) e−

t
2
|𝜉|2(𝜃−1)

]
t−

−s−k+b
2(𝜃−1)

≲ |𝜉|−b(|𝜉|2(1−𝜃))|𝛼|t− s+k−b
2(1−𝜃) ,

(A8)

provided that the exponent of the term inside the square brackets is nonnegative, that is,

−s − k + b
2(𝜃 − 1)

≥ 0 ⇐⇒ s + k − b ≥ 0 ⇐⇒ b ≤ s + k.

Combining the results of Lemmas 9 and 10, we have the following estimates:

(i) |||𝜕𝛼𝜉 K̂0(t, 𝜉)|𝜉|−s||| ≲ |𝜉|−b(|𝜉|2(1−𝜃))|𝛼|(1 + t)−
s−b

2(1−𝜃) , b ≤ s;

(ii) |||𝜕𝛼𝜉 K̂1(t, 𝜉)|𝜉|−s||| ≲ |𝜉|−b(|𝜉|2(1−𝜃))|𝛼|(1 + t)−
s+1−b
2(1−𝜃) , b ≤ s + 1;

(iii) |||𝜕𝛼𝜉 Ê1(t, 𝜉)|𝜉|−s||| ≲ |𝜉|−b(|𝜉|2(1−𝜃))|𝛼|(1 + t)−
s+3−b
2(1−𝜃) , b ≤ s + 3.

With these three estimates, we can use the following multiplier theorem to obtain Lp − Lp estimates on the
high-frequency region:
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D'ABBICCO AND LONGEN

Theorem 8 (Theorem 1 in41). Let a ≥ 0, b ≥ 0, 1 < p0 < 2, na
(

1
p0

− 1
2

)
= b, k = max

{[
n
(

1
p0

− 1
2

)]
+ 1, [ n

2
] + 1

}
.

If m ∈ Ck (Rn) ,m(𝜉) = 0 in a neighborhood of 0 and

|||𝜕𝛼𝜉m(𝜉)||| ⩽ |𝜉|−b(A|𝜉|a−1)|𝛼|, |𝛼| ⩽ k

with A ⩾ 1, then for any 𝑓 ∈ Lp(Rn), it holds −1(m𝑓 ) ∈ Lp(Rn) and

||−1(m𝑓 )||Lp(Rn) ⩽ CAn
(

1
p
− 1

2

) ||𝑓 ||Lp(Rn), for p ∈
[
p0, 2

]
.

We are finally ready to collect the Lp − Lp estimates in the high-frequency region:

Lemma 11. Let n ∈ N, 𝜃 ∈
[
0, 1

2

)
, 𝛼 any multi-index, and p ∈ (1, 2). Assume that u0 ∈ W 3,p(Rn), u1 ∈ W 2,p(Rn) and

𝜓 ∈ Lp(Rn), and that

n(3 − 2𝜃)
(

1
p
− 1

2

)
≤ 3.

Then, the localization in the intermediate and high-frequency regions of ulin(t, x) and E1(t, x) defined in (25) and (33),
satisfy the following estimates:

(i) ‖‖−1(ûlin(t, ·)𝜒1)‖‖Lp ≲ (1 + t)−
3

2(1−𝜃) +
n(3−2𝜃)( 1

p − 1
2 )

2(1−𝜃) ‖(u0,u1)‖W3,p×W2,p ,

(ii) ‖‖‖−1(Ê1(t, ·)𝜓̂𝜒1)
‖‖‖Lp
≲ (1 + t)−

3
2(1−𝜃) +

n(3−2𝜃)( 1
p − 1

2 )
2(1−𝜃) ‖𝜓‖Lp ,

where 𝜒1 ∈ ∞ is supported in the region {𝜉 ∶ |𝜉| ≥ 𝜀0∕2}.

Proof. We recall that |𝜉| ≈ ⟨|𝜉|⟩, since |𝜉| ≥ 𝜀0∕2. The proof follows applying Theorem 8 with m =
K̂0(t, 𝜉)⟨𝜉⟩−3𝜒̂1, m = K̂1(t, 𝜉)⟨𝜉⟩−2𝜒̂1, m = Ê1(t, 𝜉)𝜒̂1, and, respectively, 𝑓 = û0⟨𝜉⟩3, 𝑓 = û1⟨𝜉⟩2 and 𝑓 = 𝜓 .

(i) For K̂0(t, 𝜉), we use the estimate

|||𝜕𝛼𝜉 K̂0(t, 𝜉)⟨𝜉⟩−3||| ≲ |𝜉|−b(|𝜉|2(1−𝜃))|𝛼|(1 + t)−
3−b

2(1−𝜃) ,

and apply Theorem 8 with m(t, 𝜉) = (1 + t)
3−b

2(1−𝜃) K̂0(t, 𝜉)⟨𝜉⟩−3𝜒1, 𝑓 = û0⟨𝜉⟩3, A = 1, a = 3 − 2𝜃 and b = n(3 −
2𝜃)

(
1
p
− 1

2

)
. Hence, for any u0 ∈ W 3,p(Rn),

‖m(t, ·) ∗ 𝑓‖Lp ≲ (1 + t)−
3

2(1−𝜃) +
n(3−2𝜃)( 1

p − 1
2 )

2(1−𝜃) ‖u0‖W3,p , (A9)

provided that n(3 − 2𝜃)
(

1
p
− 1

2

) ≤ 3.

Similarly, applying Theorem 8 with m(t, 𝜉) = (1 + t)
3−b

2(1−𝜃) K̂1(t, 𝜉)⟨𝜉⟩−2𝜒1 and 𝑓 = û1⟨𝜉⟩2, we get

‖m(t, ·) ∗ 𝑓‖Lp ≲ (1 + t)−
3

2(1−𝜃) +
n(3−2𝜃)( 1

p − 1
2 )

2(1−𝜃) ‖u1‖W2,p , (A10)

provided that n(3 − 2𝜃)
(

1
p
− 1

2

) ≤ 3. Recalling that ulin(t, x) = K0(t, x) ∗ u0(x) + K1(t, x) ∗ u1(x), estimates (A8)
and (A9) give us the desired result.

(ii) Again from Lemmas 9 and 10, we have the estimate

|||𝜕𝛼𝜉 Ê1(t, 𝜉)
||| ≲ |𝜉|−b(|𝜉||𝜉|2(1−𝜃))|𝛼|(1 + t)−

3−b
2(1−𝜃) ,
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D'ABBICCO AND LONGEN

for b ≤ 3. Applying Theorem 8 with m(𝜉) = (1 + t)
3−b

2(1−𝜃) Ê1(t, 𝜉)𝜒1, 𝑓 = 𝜓 A = 1, a = 3 − 2𝜃 and b = n(3 −
2𝜃)

(
1
p
− 1

2

)
, we obtain

‖E1(t, ·) ∗ 𝜓‖Lp ≲ (1 + t)−
3

2(1−𝜃) +
n(3−2𝜃)( 1

p − 1
2 )

2(1−𝜃) ‖𝜓‖Lp , (A11)

provided that n(3 − 2𝜃)
(

1
p
− 1

2

) ≤ 3.
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