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Abstract. In this paper, we study the blow — up of solutions to the semilinear Moore — Gibson —
Thompson (MGT) equation with nonlinearity of derivative type |u¢|? in the conservative case. We
apply an iteration method in order to study both the subcritical case and the critical case. Hence,
we obtain a blow — up result for the semilinear MGT equation (under suitable assumptions for
initial data) when the exponent p for the nonlinear term satisfies 1 <p < (n+1)/(n—1) for n > 2
and p > 1 for n = 1. In particular, we find the same blow — up range for p as in the corresponding
semilinear wave equation with nonlinearity of derivative type.
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1. Introduction

Over the last years, the Moore — Gibson — Thompson (MGT) equation (cf. [26, 41]), a linearization
of a model for the wave propagation in viscous thermally relaxing fluids, has been studied by several
authors (see, for example, [9, 16, 15, 24, 14, 23, 4, 7, 22, 8, 21, 33, 3, 6, 34]).

This model is realized through the third order hyperbolic equation

TUgge + gt — ¢ Au — bAug = 0. (1.1)

In the physical context of acoustic waves, the unknown function u = u(t, ) denotes the scalar acoustic
velocity, ¢ denotes the speed of sound and 7 denotes the thermal relaxation. Besides, the coefficient
b = Bc? is related to the diffusivity of the sound with 8 € (0,7]. Let us point out that there is
the transition from a linear model that can be described in the case of bounded domains with an
exponentially stable strongly continuous semigroup in the case 0 < f < 7 to the limit case f = T,
where the exponential stability of a semigroup is lost and it holds the conservation of a suitable defined
energy (see [16, 24]). For this reason, we will refer to the limit case § = 7 as to the conservative case
throughout this paper.

We consider the semilinear Cauchy problem for MGT equation in the conservative case with

nonlinearity of derivative type, namely,
ﬂuttt—l—utt—Au—,BAut:|ut|p, $€Rn,t>0, (1 2)
(u, ug, uge ) (0, ) = e(ug, u1,uz)(x), = €R™, ’

where p > 1 and ¢ is a positive parameter describing the size of initial data. Note that, for the
sake of simplicity, we normalized the speed of the sound by putting ¢> = 1. We are interested in
investigating the blow — up in finite time of local (in time) solutions under suitable sign assumptions
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for the Cauchy data regardless of their size. Let us underline that, while the MGT equation has been
widely investigated in the case of bounded domains via semigroups theory, very few results concerning
nonlinear Cauchy problems for MGT equation are available up to the knowledge of the authors. In [35],
the semilinear Cauchy problem with nonlinearity 9; (k(u¢)? + |[Vu|?) is considered in the dissipative
case 0 < T < [, where k is a suitable constant. More precisely, a global existence result for small
data solutions is proved providing that initial data are sufficiently regular and satisfy certain integral
relations (cf. [35, Theorem 5.1]). Moreover, a blow — up result for the conservative case with power
nonlinearity can be found in [5].

Let us provide some results which are related to our model (1.2). By choosing 5 = 0, we find
that (1.2) corresponds formally to the semilinear wave equation

(w,u) (0, 2) = £(ug, w) (@), = € R™, (1.3)

where p > 1. According to [13, 38, 25, 37, 36, 1, 10, 42, 45, 11] the critical exponent of (1.3) is the so
— called Glassey exponent pgia(n) = (n+1)/(n—1). Moreover, the sharp behavior of the lifespan T'(¢)
of local (in time) solutions to (1.3) with respect to a sufficiently small parameter ¢ > 0 is given by

{utt—Au:|ut|p7 xeR" t>0,

exp (Ce=®=D) if p=pgra(n).

The main result of this paper consists of a blow — up result for (1.2) when the power of the
nonlinear term is in the sub — Glassey range (including the case p = pgia(n)).

In order to prove this result, we are going to apply an iterative argument for a suitable time
— dependent functional, which depends on a local (in time) solution to (1.2). For the choice of the
functional we follow [18] whereas concerning the iteration procedure we use some key ideas from [5],
where a technique to deal with an unbounded exponential multiplier in the iteration frame is developed.
This approach is based on the idea of slicing the interval of integration and it has been introduced by
Takamura and coauthors in the study of critical cases for wave models (see [2, 39, 40, 43] for example).
Recently, many papers have been devoted to the study of blow — up results for semilinear second order
hyperbolic models with the aid of a time dependent multipliers. The first paper in this direction is [17]
followed then by [18, 19, 28, 29, 30, 12]. In these papers, the time — dependent multiplier is bounded
by positive constants from above and from below and it is used to study semilinear damped wave
models with time — dependent coefficients for the damping terms in the scattering producing case. On
the other hand, the case of unbounded time — dependent multipliers is considered for semilinear wave
models with scale — invariant damping and mass terms in [20, 18, 31, 27, 32].

Before stating the main result of this paper, let us introduce a suitable notion of energy solutions
to the Cauchy problem (1.2).

(1 _n-1y-1
T(e) ~ {Ca 1) if 1<p<pga(n),

Definition 1.1. Let (ug,u1,u2) € H2(R™) x HY(R™) x L?(R™). We say that u is an energy solution of
(1.2) on [0,T) if
u € B(([0,7), H*(R")) n€*([0,T), H' (R")) n€>([0,T), L>(R™)) such that wu; € L* ([0,T) x R™)

loc

satisfies u(0,-) = eug in H*(R™) and the integral relation

g Rnutt(t,x)gb(t,x) dz +/ w(t, x)p(t, x) do — ﬁs/ uz(2)p(0, x) dz — 5/ u1(x)e(0, z) dz

n n n

+ ﬂ/ot / (Vug(s,z) - Vo(s, x) — uge(s, x) s (s, 1)) dods
+ /Ot /n (Vu(s,x) - Vo(s,x) — ug(s, z)pe(s, ) deds
-/ t [ w0 ols. ) dods (1.4
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for any ¢ € 65°([0,T) x R"™) and any t € (0,T).

Applying further steps of integration by parts in (1.4), we get

B (et 2)p(t, 2) — ur(t, 2) e (t, 2) — ult, ) Ag(t, ) + u(t, z)pu (¢, x))dz

R n

+ /n (w(t, ) (t, x) — u(t,z)¢(t,x))da

— Bs/n (u2(2)9(0, ) — u1(x)9:(0,2) — uo(x)Ad(0, z) + uo(2) P (0, z))dz
—c / , (w(@)9(0,2) — uo(@)1(0, 2)) de

+ /O t / s, 2)(— B, ) + 0u(5,2) — Mgl 7) + B (s, ) ds

= /Ot /n lut (s, ) |Po(s, x) dx ds.

Letting ¢t — T, we find that u fulfills the definition of weak solution to (1.2).
We now state our main result.

Theorem 1.1. Let us consider p > 1 such that
p <00 if n=1,
{p <paa(n) if n>2.
Let (ug,u1,us) € H*(R™) x HY(R™) x L?(R™) be nonnegative and compactly supported functions with

supports contained in Br for some R > 0 such that uy or us is not identically zero.
Let u be the energy solution to the Cauchy problem (1.2) with lifespan T (g) satisfying

suppu(t,:) C Birr  for any t € (0,T).

Then, there exists a positive constant g = €o(ug, u1, u2, n, p, R, B) such that for any € € (0,e0] the
solution u blows up in finite time. Furthermore, the upper bound estimate for the lifespan

1 nfl)fl

(-2t .
T(e) < Ce z.f 1< p<pcraln),
exp (Ce=®P=D) if p=paa(n),

holds, where C' > 0 is an independent of € constant.

Remark 1.1. We point out that the solution to the linear Cauchy problem for MGT equation

{ﬁuttt+utt—Au—ﬂAut =F(t,xz), z€R" t>0, (1.5)
(u, ut, u)(0, ) = e(ug, ur, u2)(x), x€R",
fulfills the inhomogeneous wave equation
{utt — Au=ce /B (uy(x) — Aug(z)) +1/8 fg T O/BR(r, ) dr, x€R™ t>0, (1.6)
(u,ut)(0,2) = e(ug, ur)(z), x € R"™.

Thus, we claim that suppu(t,-) C Biyr, if we assume for some R > 0 that suppu; C Bgr for any
j=0,1,2 and supp F'(t,+) C Bryr for any t > 0. Indeed, the source term

f(t,x) = ee VP uy(x) — Aug(x)) + l/ﬂ/0 /B (r ) dr

in (1.6) has support contained in the forward cone {(t,z) : |x| <t + R} under these assumptions and
we can use the property of finite speed of propagation for the classical wave equation. Therefore, the
support condition in Theorem 1.1 for a local in time solution to (1.2) is meaningful.
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Notation: We give some notations to be used in this paper. We write f < g when there exists a
positive constant C' such that f < Cg. Moreover, we write g < f < g by f ~ g. Br denotes the ball
around the origin with radius R in R™. Finally, as in the introduction, pgi.(n) denotes the Glassey
exponent.

2. Blow — up result in the subcritical case

2.1. Iteration frame
Let us consider the eigenfunction ® of the Laplace operator on the whole space

O(z) =e"+e " ifn=1,
O(z) = / e”“ day, ifn>2,
S§n—1

for any x € R™. This function has been employed in the study of blow — up results for the semilinear
wave model in the critical case in [44]. The function ® is positive and smooth and satisfies the following
remarkable properties:

AD = O, (2.7)
O(z) ~ |z| T e®  as |z| — 0. (2.8)

Hence, we define the function with separate variables ¥ = W (¢, x) = e~ '®(z). Therefore, ¥ is a
solution of the adjoint equation to the homogeneous linear MGT equation, namely,

—BOPV 4 92V — AV + BADT = 0. (2.9)

By using the asymptotic behavior of ¥ (cf. [18, Equation (3.5)]), it follows that there exists a constant
C1 = Ci(n, R) > 0 such that

/ U(t,z)dz < C1(t+ R)™ /2 for any t > 0. (2.10)
Bi+r

Moreover, modifying slightly the proof of Theorem 3.1 in [5] one can prove the existence of local
in time energy solutions with support contained in the forward cone {(¢,z) € [0,T) xR™ : |z| < t+ R}
for any p > 1 such that p < n/(n — 2) when n > 3, if (ug, u1,u2) € H?(R") x HY(R") x L?(R") are
compactly supported functions with supports contained in Bg for some R > 0.

Since u is supported in a forward cone, we may apply the definition of energy solution even
though the test function is not compactly supported. So, applying the definition of energy solution
with ¥ as test function in (1.4), we get for any t € (0,7")

/Ot /n |ue(s, )PP (s, z)dxds =8 - uge (¢, )V (¢, z)dz + /n wy(t, )W (t, x)dz
— Be /n uz(z)®(z)dr — 5/n up(2)®(z)dx
+ ﬂ/ot / (Vu(s, @) - VU(s,2) — u(s, 2)We(s,z))dx ds

+/0 / (Vu(s,z) - VU(s,2) — us(s, )W (s, x))dx ds. (2.11)

Consequently, performing integration by parts in (2.11) and employing the properties of ¥, we find

/0 / ue(s, 2)[PU (s, z)dzds = / (Buw(t,x) + (B + Dug(t, x) +ult,z))U(t,z) dz
—¢ /Rn (Bua(z) + (B + Duy(z) + uo(z)) (z) da. (2.12)
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Let us introduce

Ig[ug, w1, us] = /Rn (Buz(z) + (B4 1)ui(z) + uo(x)) ®(x) da,

Fi(t) = / ug(t, z)U(t, z) dz.

The functional F; will play a central role in the iteration argument, as it is the time — dependent
quantity that blows up in finite time or, in other words, it is the function that will be estimated from
below iteratively. By using these notations, we may rewrite (2.12) as

t
u(t,x)‘l’(t,x)dx:/ / lug(s, z)|PU (s, z)dx ds + elglug, u1, uz).
n 0 n

(2.13)

BF{(t) + (28 + 1)Fy(t) + /

R

Furthermore, the differentiation of (2.13) with respect to ¢t provides
BFY(@) + (284 D + Fa(o) - [

Adding up (2.13) with (2.14), we immediately obtain
BFY'(t) + (38 + FY(t) + (28 + 2) Fi(t)

¢
:// |ut(s,x)\p\11(s,:c)dxds+/ |ue(t, 2)|PO (¢, x) dz + elg[ug, u1, ug). (2.15)
0 " Rn

Next, let us set

u(t,x)V(t, z)dzx :/ |ue(t, z)|PO(t, x) da. (2.14)

n n

G(t) = F{(t)+2F(t) — (B + 1! /o /n lue(s, z)|PU(s,2)dxds —e(8 + 1)_1J5[u1,uQ],
where
Jalu1, uz] = /Rn (Buz(z) + (B4 Dui(z)) () da.

The auxiliary functional G, together with H whose definition is going to be introduced in few lines,
is important to derive a first lower bound estimate for F; and the iteration frame for F;. Employing
(2.15) and the nonnegativity of ug, we arrive at

BG'(t) + (B+1)G(t) = (B+ 1)_1/ lug (¢, )P (¢, ) do + e/ uo(z)®(z)dz > 0,

n n

which implies in turn

G(t) = e FUDIG0) = (8 + 1)—1e-<1+1/5>t/ up () ® () dz > 0,

n

where we used the nonnegativity of us.
Combining the definition of G into the inequality G(t) > 0, we get

Fl(t)+2F(t) > (B+ 1)1/0 /n lug (s, 2)|P¥ (s, 2) deds + (B + 1) Tglur, ug) = H(t). (2.16)

This leads to
€

Fi(t) > e 2 F(0) + m]ﬂ[ul,uﬂ (1—e™2)
—: e 2t wy ()0 (2) de + — P (1 _ o2 o (21D () doe
f2(1+ )/n 1(z)®(x)d +2(ﬁ+1)(1 )/n 2(2)®(z) d
€ 8 . o
= 5 /Rn u1(x)<1>(x) dz + m (1 —e )/Rn UQ(:L‘)<I>(x) dz = Cy (2'17)
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for any ¢t > 1/2. Here we remark that we may guarantee that Co > 0 because we assumed that at
least one among the nonnegative function u; or us does not vanish identically. By Holder’s inequality
and (2.10), we have

(L+B/H'(t) > Oy " (t+ R)- "= D0=D2(F (1)),

Thus, integrating the above inequality over [0,¢] and using (2.16), we obtain the iteration frame

t T
Fit) > Cy / e2(r=1) / (5 + R)~(=D@=-1/2( B (5))Pds dr, (2.18)
0 0

where C5 = C] 7 /(1 4 ). We point out that in order to get (2.18) we used the conditions H(0) > 0
and F1 (0) 2 0.
The combination of (2.17) and (2.18) shows

t T
Fi(t) = C¥Cs sp/ e2(77t)/ (s 4+ R)~(n=DE-D/2454r
1/2 1/2

t
> O8Oy eP(t + R)~ (" Dr-1/? / 0D (7~ 1/2)dr
/2
47ICECy P (t+ R)~ (D@02 (4 1) (1 —e7t).

for t > 1. In particular, for ¢ > 1 the factor containing the exponential function in the last line of the
previous chain of inequalities can be estimate from below by a constant, namely,

Fi(t) = Ko(t+ R)™® (t — 1) for any t > 1, (2.19)

where the multiplicative constant is Ko = C5C3(1 — e ')eP/4 and the exponents are defined by
ag=(n—1)(p—1)/2 and v = 1.

2.2. Iteration argument

The previous subsection is devoted to determine the iteration frame and a first lower bound for Fj.
Our next goal is to derive a sequence of lower bounds for F; by using (2.18). More precisely, we prove
that

Fi(t) > K;(t+R)"“(t — L;j)" for any t > L;, (2.20)

where {K} en, {o}jen and {7;}jen are sequences of nonnegative real numbers that will be deter-
mined throughout this subsection and {L;};cy is the sequence of the partial products of the infinite
product

o0
H 0, with £, =14+p~* forany k €N,
k=0

that is,

J
Ly =] foranyjeN.
k=0

Clearly (2.19) implies (2.20) for j = 0. We are going to show (2.20) via an inductive argument. Also,
it remains to verify only the inductive step. Let us assume that (2.20) hols for j > 0. Then, in order
to prove the inductive step, we shall prove (2.20) for j + 1. After shrinking the domain of integration
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n (2.18), if we plug (2.20) in (2.18), we find

t T
Fi(t) 203K§’/ e2<7*t>/ (s + R)~(n=D=D/2=aip (s _ [,.)%iPdsdr
L; L;

t T
C3Kp(t+R) (TL 1 (P 1)/2 D‘ﬂ’/ eQ(Tft)/ (S—Lj)"/jpdeT

Lj Lj
KT '
> G 4 Ry DD 20 / Q2 =0(r _ [ yr+idr
yp+1 t/l5 11

for any ¢ > L;11. We point out that in the last step we could restrict the domain of integration with
respect to 7 from [L;,t] to [t/¢;41,t] since t > L,y and £;4; > 1 imply the inequality L; < t/¢;41 <.
Also,

C3K
Fi(t) >

> 7 (t+
2(vp + 1)f]ip1+

R)~(n=D@-D/2=asp(y _ [, yrtl <1 _ e2t(1/e_7-+171>)

for any ¢ > L;11. We observe that for ¢ > Lj;1 > £;41 it is possible to estimate

1 — 2t(1/4+1-1) e 2(l+1-1) > 2441 —1)(2 = Lit1)

>1-
> 2(p ! — 1)p~20HD) > 9(p — 1)p~20HD), (2.21)

Thus, for any ¢t > L;;; we have proved

(p—1)p2UHDC3KY

E'YJ p+1

(t + R)—(n—l)(p—l)/Q—ajp(t L
(vip+ D5

Fi(t) > LR

j+1)

which is exactly (2.20) for j + 1, provided that

_ (p—1p2UtUCKY 1 .
Kjp = (p DT Qjp1 = 5(” —1(p—-1)+a;p, vj41=vp+1L
J Jj+1

By using recursively the previous relations for «; and «; it is easy to get

n—1

aj =p (a0 +"5) = 251,
] 1 1

Besides, the inequality v;_1p+1 =1, <p’ <70 + ﬁ) implies immediately

1 o
K> (0-1)Cs (v + 55 ) Kl

S|

Due to the choice of ¢;, it holds

lim W = lim exp ((70 + ﬁ) P’ log (1 +p—j)> — eotl/(p=1)

‘]4)()0 ]*}

Therefore, there exists a suitable constant M = M(n,p) > 0 such that E;w > M for any j € N. So,
combining this inequality with the previous estimate from below of K, we have

1 )
K;>{p—-1)MCs ('yo + p%l) Kf,lpfgj for any j € N.

=D
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If we apply the logarithmic function to both sides of the inequality K; > DK fflp’g’j and we use
iteratively the resulting inequality, we obtain

Jj—1 j—1
log K; > p’ log Ko — 3 (Z(j — k’)pk> logp + (Zpk> log D
k=0 k=0
4 3pl log D 351 3pl log D
> <1OgKO _3p ogzg og > jlogp  3p ogp2 _log
(p—12 p-1 p—-1  (p-1)% p-1
for any j € N, where in the second step we use the identity
j—1 :
) 1 p]+1 —p
Z(J—k)pk=—1<71—1 .
k=0 P P

Let jo = jo(n,p) € N be the smallest nonnegative integer such that
log D P

o> _pr
Jo 3logp p-—1

Then, for any j > jg it results
log K; > p’ log (Dl/(pfl)p*:gp/(p*lfl(o) = p/ log(EeP)

for a suitable positive constant E = FE(n, p).
Let us denote

L=lim L; =[] ¢ €R.

Jj—oo 5
7=0
Thanks to ¢; > 1, it holds L; T L as j — oo. In particular, (2.20) holds for any j € N and any ¢ > L.
Combining the above results and using the explicit representation for «; and ~y;, we get
Fi(t) = exp (p’ log(EeP)) (t + R)™% (t — L)
> exp (p7 (log(Ezsp) — (a0 + 251) log(t + R) + (70 + ﬁ) log(t — L)))
x (t+ R) = D/2(4 — [y~V/(=1)
for any j > jo and any t > L.
Then, since for ¢ > max{R, 2L} we may estimate R+t < 2t and ¢t — L > ¢/2, we find
Fi(t) > exp (pj log (Elspt%Jrﬁ*(aOJr%))) (t+ R)"(t — L)~Y/ P~ (2.22)

for any j > jo, where E; = 2~ (@0o+(n=1)/24+%+1/(r—1)) B We rewrite the exponent for ¢ in the last
inequality as follows:

Y+ 5 — (w0 + 25 = 5t ((n+ 1) — (n—1)p) = p—((n+21()p_,(f)_1)p)~

We notice that for 1 < p < paia(n) (respectively, for 1 < p when n = 1), this exponent for ¢ is positive.
Let us fix g9 = &o(uo, u1, u2,n,p, R, 3) > 0 such that

2(p—1) 2(p—1)

£ (n+1)—(n—1)p > Elp((n+1)*(n*1)P) maX{R,QL}.

2=l . —%
Also, for any € € (0,g0] and any ¢t > Eoe” mn-t—0r  where Fy = E, P00 7DP) e have
) y 5 <0 y 9 1 )

p((n+1)—(n—1)p)
t > max{R,2L} and log <E15pt 2(p—1) ) > 0.

2(p—1)
Consequently, for any ¢ € (0,&0] and any ¢t > E257<"+1>Ii<"*1>@ letting j — oo in (2.22) we find that
the lower bound for F; blows up. So, for any € € (0, €g] the functional F; has to blow up in finite time
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too and, furthermore, the lifespan of the local solution u can be estimated from above in the following
way':

T(e) < Ce~ i),
We completed the proof of Theorem 1.1 in the case 1 < p < pgia(n). In the next section we will
investigate the blow — up dynamic in the case p = pgia(n).

3. Blow — up result in the critical case

3.1. Iteration frame

From the last section, we know that the first lower bound for functional Fj is given by
F1 (t) = CQE

for any ¢ > 1/2, with a positive constant Cs.
In this section, we consider the case p = pgla(n) = (n +1)/(n — 1) when n > 2. In this special
case, the iteration frame (2.18) takes the form

Fi(t) > Cs /t ) /T(s + R)"}(Fy(s))Pdsdr

t T P
> 04/ e2(7_t)/ FE) 4 ar (3.23)
1 1
1

for some suitable positive constant Cy and for any ¢ > 1.

3.2. Iteration argument

Analogously to what we did in Subsection 2.2 we derive now a sequence of lower bounds for F; by
using the iteration frame (3.23). More specifically, we want to show that

Fi(t) > Q; (log(t/Ly))”  forany t > Lj, (3.24)

where {Q; }jen and {0} }jen are sequences of nonnegative real numbers to be determined and {L;}jen
is defined as in Section 2. When j = 0, we have Qo = Cye and o¢ = 0 according to (2.17).

As in the subcritical case, we are going to prove (3.24) by using an inductive argument. We
assume the validity of (3.24) for j > 0 and we have to prove it for j+ 1, prescribing the values of ;11
and of 0j41. Shrinking the domain of integration in (3.23) and plugging (3.24) in (3.23), we obtain

k T ))oip
Fi(t) > Q7 / Q2D / (log(s/Ly)) ™" |

L; L; 5

C’4Q§-’ t 5
> (T=t) L:))9iPt1q
Uij/Lje (log(r/L;))”"+dr

for any ¢ > Lj; 1. Since for ¢t > Lj44 it holds L; < t/¢;41, a restriction of the domain of integration
in the last inequality yields

ciQr
R > 2% [ e Oog(e/ L) ar
t

ojp+1 /i1
CyQ" ¢
> D oglt/ L) [ @ 0ar
ojp+1 t/€j+1
@

> —9 __(log(t/Lj41))%7t! (1 _ 2t(1/zj+171))
Q(ij—l—l)(Og(/ j+1)) e

_ Gi@ilp— 1p20Y

log(t/Lj1q))77 P+
T (ost/Lyr)) ™,
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where we used once again (2.21) in the last inequality. So, we proved (3.24) for j + 1, provided that
CaQ(p — 1)p~20+Y)

Qjy1 =

; Ojy1 =0op+ L

ojp+1
Repeating the same procedure seen in Section 2, we get easily
J—1
05 = I;Ta

Q; > Culp—1)*p¥Q0_, = Dp~™Q¥_,.
Hence, applying again the monotonicity of the logarithmic function, in this case to the inequality
Qj = Dp~7QY_,, we derive

p—-12  p-1 p—1 (-1 p-1

for any j € N. Let j1 = j1(n,p) € N be the smallest nonnegative integer such that

: 3plo log D 3jlo 3plo log D
logQ; > p’ (long— plogp g > J logp plogp g

log[) D

D> _pr
)t 3logp p-—1

Then, for any j > j; it results
log Q; > p’ log (51/(”*1)19*3”/(”*1)2620) = p’ log(E¢)

for a suitable positive constant E= E(n, p). Let us recall that L denotes the monotonic limit of the
sequence {L;} en. Therefore, we have that (3.24) holds for any j € N and any ¢ > L.
Thus, applying the explicit representation for o;, we arrive at

Fi(t) > exp (¢ log(Ee) ) (log (/L))"

= exp (p] log (Ee(log(t/L))l/(p—l))> (log(t/L))~ /@D,
for any j > 71 and any t > L. In this case, we fix 9 = go(uo, u1,u2,n,p, R, ) > 0 in such a way that

exp (E*pﬂsa(p_l)) > 1.

(3.25)

Consequently, for any e € (0, 0] and any ¢ > Lexp(E‘p"‘ls_(p_l))7 we get
t>L and log (Ee(log(t/L))l/(”I)) > 0.

Hence, for any ¢ € (0,&0] and any ¢ > L exp(E‘pHe_(p_l)) by letting j — oo in (3.25) we see that the
lower bound for F; blows up. Thus, for any € € (0, 0] the functional F; has to blow up in finite time
as well and, besides, the lifespan of the local solution u can be estimated from above in the following
way

T(e) < exp (C’e_(”_l)) ,
for a suitable constant C' which is independent of €. This completes the proof of Theorem 1.1 in the
case p = pgla(n).

4. Final remarks

In Theorem 1.1, we proved a blow — up result for 1 < p < pala(n) under suitable sign and support
assumptions for the Cauchy data. Furthermore, as byproduct of the iteration arguments we obtained
upper bound estimates for the lifespan as well. In particular, we find the same range for p in the blow
— up result as for the semilinear Cauchy problem (1.3), which is known to be sharp in the case of this
last wave model.
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