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SEGREGATED SOLUTIONS FOR NONLINEAR SCHRODINGER
SYSTEMS WITH WEAK INTERSPECIES FORCES

ANGELA PISTOIA AND GIUSI VAIRA

ABSTRACT. We find positive non-radial solutions for a system of Schrédinger equations
in a weak fully attractive or repulsive regime in presence of an external radial trapping
potential that exhibits a maximum or a minimum at infinity.

1. INTRODUCTION

We are interested in finding positive solutions to the system

d
— A’U,Z + )\iui + VZ(:II)’U,Z = ,uiug’ + u; Zﬂ,]ui in Rn, 1= 1, P ,d (1.1)
g
where p; > 0, A; > 0, B;; = Bji € R, V; € CO(R"), d € N, n = 2,3. This system has

been proposed as a mathematical model for multispecies Bose-Einstein condensation in
m different states:

m
—10u0i = A — Vi) i + il il di + Y BislelPdi, i =1,....d (1.2)
i
where the complex valued functions ¢;’s are the wave functions of the i—th condensate,
|;| is the amplitude of the i—th density, u; describes the interaction between particles
of the same component and f3;;, i # j, describes the interaction between particles of
different components, which can be attractive if 5;; > 0 or repulsive if 3;; < 0. To obtain
solitary wave solutions of the Gross-Pitaevskii system (1.2) we set ¢;(t, ) = e~ ily;(x)
and we find real functions u;’s which solve the system (1.1). We refer to [4, 5, 6, 10] for
a detailed physical motivation.

There are different kind of solutions to (1.1). The trivial solution has all trivial
components, i.e. u; = 0 for any 7. A non-trivial solution has some trivial components,
i.e. u; = 0 for some i and in this case the system (1.1) reduces to a system with a less
number of components. The most interesting solutions are the so-called fully non-trivial
solutions whose components are all non-trivial, i.e. w; # 0 for any i. Among the set
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of fully non-trivial solutions we can distinguish among synchronized solutions and non-
synchronized solutions. We say that u = (uq,...,u,,) is a synchronized solution to the
system (1.1) (if, for example, \; = A and V;(x) = 0 for any index i), if u = (1 U,...,1%U)
where v; > 0 and U is a positive solution to the single equation

— AU + \U = U? in R™. (1.3)

In this case the system (1.1) reduces to the algebraic system

m
3 2
Vi =y Y By, i=1,...,m.
j=1
=
Now, let us recall some known results. First, let us focus on the system with two
components

— Au+ Mu = uu® + Buv? in R,
{ 1 H1 (1.4)

— Av+ v = ,u2v3 + Buzv in R"

It is immediate to check that if A = A; = Ag, the system (1.4) has a synchronized solution

_ _ | B _ | B=m
(u,v) = (MU,%U), 1 = \/TMM?’ V2 \/Tm (1.5)

where U solves (1.3) provided

— Vipe < B <min{ug, po} or B> max{pu, p2}. (1.6)

In the attractive case, i.e. 5 > 0, all the positive solutions of (1.4) are radially symmetric
(up to translation) and both components are decreasing in the radial variable (see for
example [11]). On the other hand, in the repulsive case, i.e. § < 0, there exists a large
variety of solutions. In fact radial solutions has been found by Wei & Weth [16], who
proved that if 8 < —1 for any integer k there exists a radial solution (u1,us2) to the
system (1.4) with A; = 1 and p; = 1 such that the difference u; — ug has exactly k — 1
zeroes and converges as 8 — —oo to a function W which is radial changing-sign solutions
of the scalar equation (1.3). Bartsch, Dancer & Wang [2] extend this result to a larger
range of parameters 3, u1, po. The case of an arbitrary number of components d > 3
has been studied by Terracini & Verzini [13]. Problem (1.4) can also have non-radial
solutions. When the coupling parameter 5 < 0 is small, Lin & Wei [7] found solutions
with one component peaking at the origin and the other having a finite number of peaks
on a k-polygon in the plane R?. Wei & Weth [15] proved the existence of infinitely many
non radial solutions which are are invariant under the action of a finite subgroup of O(n)
(for example they satisfy (2.7)).

The general case has been firstly considered by Lin & Wei [%] where they study the
autonomous system

d
— Aui + v = pauf + > Byul n R i=1,...,d (1.7)
j=1

J#i
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They prove the existence of a ground state solution whose components are positive, ra-
dially symmetric and strictly decreasing when all the j;;’s are positive and the matrix
(52-]-)14’].:1,.“’ 4 (here we set 3;; = ;) is positively definite and also that the ground state
solution does not exist anymore if all the f3;;’s are negative. A systematic analysis of
system (1.7) under the assumption that it admits mixed couplings and the components
are organized into different groups has been recently developed by Wei & Wu [17] . The
first result concerning existence of non-radial solutions for systems with 3 components
goes back to Lin & Wei [¢] who proved the existence of non-radial solutions to (1.7) if
all the coupling parameters are small and repulsion is much stronger than attraction.
Recently, Peng, Wang & Wang [12] consider system (1.7) in the case the repulsive cou-
plings are small and obtain solutions with some of the components synchronized between
them while being segregated with the rest of the components.

All the previous results deal with the autonomous case. The non-autonomous case
has been studied by Peng & Wang [11], who considered the system

— Auy + Vi(z)u = uw‘i’ + ﬂulug in R™,
— Aug + Va(z)ug = ,ugu% + ﬁu%ug in R™

and found infinitely many non-radial positive solutions when the potentials V; and V5
are radially symmetric and satisfy
ol
Vi(z) ~ 14 —== as |z| = o0, i = 1,2. (1.8)

’x“h

They build synchronized solutions (if ¢ < g2, vl > 0 or ¢1 > go, ngo > 0 and the
coupling parameter 3 satisfies (1.6)) and segregated solutions (if ¢1 = gg, vl , 0% > 0
and 8 < By for some By > 0). The synchronized solutions look like a sum of k copies of

the syncronized solution (1.5)

k k
(u1,uz) ~ (’Yl Z Ulx — p{i),’yzZU(:Jc — p&)) as k — 0o

i=1 i=1
where the peaks satisfy

2(i —1 2(i —1
& = <cos (i A )W,sin (i A M,O), where the radius p ~ RkInk for some R > 0.

Here U is the unique positive radial solution to the single equation
—~ AU+ U =U?inR"™ (1.9)

On the other hand, the profile of each component of the segregated solutions looks like
a sum of k copies of the solution to (1.9)

k k
(uy,ug) ~ (Z Uz — p1&), Z Uz — pgm)> as k — oo
i=1 i=1
where the peaks &; of the first component are as above, while the peaks 7; of the second
component are nothing but the peaks of the first one rotated by an angle 7 and the

radii p; ~ R;kInk for some R; > 0. The proof of their result relies on the idea by Wei
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& Yan [18] who found infinitely many solutions (positive if vo, > 0 and sign-changing if
Voo < 0) to the single Schrédinger equation

—Au+ V(z)u = |ufP " u in R"

when the potential V' is radially symmetric and satisfy (1.10).

We will focus on the existence of segregated solutions and we will ask a couple of
questions which naturally arise.

(Q1) Peng & Wang’s result holds when the system has only two components. Can we
find segregated solutions when the system has at least three components?

(Q2) Peng & Wang’s result holds when all the v ’s in (1.8) are positive. Do there
exist any solutions when some v’_’s are negative?

We will give some partial positive answers in the particular case when all the param-
eters y;’s are equal to 1, all the 3;;’s are equal to a real number 5 and all the potentials
Vi’s coincide with the radial potential V € C'(R™) which satisfies for some v, € R,
v>1lande>0

b
V(z)) =1+ |$O|(; +0 <|x!’/+€> Cl-uniformly as |z| — +oo, (1.10)
so that the system (1.1) reduces to
d
—Aui—i-V(x)ui:u?—i-BuiZu]z inR", i=1,...,d. (1.11)
=1
i

Our main result is the following one.

Theorem 1.1. Letd > 3 and v > ﬁ. There exists kg > 0 such that for any integer
k > ko there exists B, > 0 such that for any € (0, Bx) if voo > 0 or for any 5 € (—Sk,0)
if voo < 0 the system (1.11) has a positive solution (uy, ..., uq) whose components satisfy

ui(z) = u(©;x)

where A
cos Q(ngl )™ in 2(’;,3 i 0
©; = | —sin 2(221) oS Q(i;kl)” 0
0 0 It—2)yx(n-2)
and
k
up(x) ~ ZU(az—pQ) as k — oo
/=1

with

2(0—1 2(4 -1
fg:(cos (« )W,sin (¢ )ﬂ,()), p~ RkIlnk as k — oo for some R > 0.
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The proof of our result is given in Section 2. First, using the symmetry, we write the
system (1.11) as a single non-local equation (2.4). Next, we build a solution whose main
term is the sum of a large number of copies of solutions to problem (1.9) (see (2.8))
whose peaks are the vertices of a regular polygon with k edges at distance p = p(k) from
the origin. Due to the linear coupling term, the ansatz has to be improved by adding
the solution of the linear problem (2.12). Then we perform a classical Ljapunov-Schmidt
procedure to reduce the problem to that of finding a radius p which is the zero of the
one-dimensional function (2.32). This reduced 1D function consists of four main terms
(see Lemma 2.9). The first term Uoop,—]il arises from the potential effect and its sign

2w
depends on v, the second term (which contains epr) is due to the interplay between
peaks of the same component and is always negative, the third term (which contains

567%) is due to the interaction among the peaks of different components and its sign
depends on the coupling parameter 5. If d > 3 the third term prevails the second one,
while if d = 2 the second term dominates the third one. The asymptotic expansion of the
last term Y which is produced by the correction of the ansatz is really difficult to catch
and, unfortunately, we believe its presence is not an innocence matter, since it could
give a contribution to the second and the third terms. We are only able to provide the
rough estimate (2.33). That is why we need to choose the coupling parameter  small
enough so that T is an higher order term in the expansion of the reduced 1D function.
It is clear that it would be extremely interesting to find the leading term of Y. At this
aim it is worthwhile to point out that such an expansion relies on the asymptotic decay
of the solution of (2.12) and this is the key point we are not able to solve.

Now, let us go back to the reduced 1D function (2.32). We observe that Peng and
Wang (using a different approach) prove that if the system has only two components
the interaction among peaks of different components is negligible with respect to the
interaction among peaks of the same component and since such an interaction is always
negative (and does not depend on ), the existence of segregated solutions is ensured
as soon as the potential V' has a minimum at infinity, i.e. v > 0. We conjecture that
if the number of components is higher the interaction among peaks of different compo-
nents should prevail. In such a case the existence of segregated solutions would depend
on the behaviour of the potential V' at co and the sign of the coupling parameter 3,
namely they should exist if either in an attractive regime (i.e. 5 > 0) V has a mini-
mum at co or in a repulsive regime (i.e. § < 0) V has a maximum at oo (i.e. v < 0).
Actually, this is what happens when the coupling parameter (3 is small as in Theorem 1.1.
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It is also true for the more general variational system

d
— Aug + V(2)u; = ug|P " ug + B[uﬁ%?’uz Z |uj|%uj inR", i=1,....d, (1.12)
T2
whenp >3ifn=2orpe (3, Z—fg) if n > 3 (the system (1.12) with p = 3 reduces to

(1.11)). In fact, in Section 3 we show the following result.

Theorem 1.2. Assume (1.10) and

(i) d> B, p>5 and either voo > 0 if B> 0 or v <0 if <0

(i) d < 251 and vo > 0.
There exists ko > 0 such that for any integer k > ko the system (1.11) has a solution
(u1,...,uq) whose components satisfy the properties listed in Theorem 1.1.

The situation in this case is easier, because the correction of the ansatz is not needed
and the reduced 1D function reads as (3.5) in case (i) or (3.6) in case (ii). To conclude,
we highlight the fact that if we were able to approximate the 1D function in Lemma 2.9
as (3.5) or (3.6), then we would have the existence of solutions of system (1.11) without
any assumptions on the smallness of the interspecies force .

The paper is organized as follows. Section 2 and Section 3 contain the proof of The-
orem 1.1 and Theorem 1.2, respectively. Appendix A contains some ausiliary results.
Appendix B contains the proof of Proposition 2.2.

Notation. In what follows we agree that f < ¢g means |f| < ¢|g|(1 + o(1)) for some
positive constant ¢ indipendent from k and f ~ g means f = g(1 + o(1)).

2. PROOF OF THEOREM 1.1

2.1. Reducing the system to a non-local equation. First of all, we introduce some
symmetries which allow to reduce the system (1.11) to a non-local equation.

Given 0 € [0,27], let Oy : R™ — R”™ be the rotation of an angle 6 in the first two
components, i.e.

cosf sinf 0
©p := | —sinf cosf 0 . (2.1)
0 0 In—2><n—2
Now, let k& > 2 and set
0, = @%(Fl), forany ¢=1,...,d. (2.2)
Note that @1 = luxn-
We look for a solution to (1.11) as u = (u1,...,uq) € (H'(R"))¢ whose components

satisfy

ui(z) = u(©;z) for any i =1,...,d. (2.3)
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It is immediate to check that such a u solves the system (1.11) if and only if u solves
the non-local equation

d
—Au+ V(z)u=u’+ Bu) u’(©;z), inR" (2.4)
j=2

2.2. The ansatz for the non-local equation. We look for a solution to (2.4) in the
space

A = {ue WHR") : usatisfies (2.6) and (2.7) }, (2.5)
le.
w(T1, .o Ty ) =u(x1, ..., —T4,...) forany i =2,....n (2.6)
and
u(z) = u (@%(hfl)x) for any h=1,...,k (see (2.1)). (2.7)
We are going to find a solution of (2.4) whose main term looks like
k
W,(z) ==Y _Up(z) and Uy(z) := U(x — p,) solves (1.9), (2.8)
h=1
where the peaks satisfy
& =02, _yé1, h=1,....k with & :=(1,0,0) € R? x R"2, (2.9)
and
p € Dy = [rikInk,rakInk] for some ro > r; > 0. (2.10)

It is useful to remind that U is the unique positive radial solution to (1.9) and decays
exponentially together with its radial derivatives U’, i.e.

- U
lim 7"z e’'U(r) =u>0and lim =1, (2.11)
r——+00 r—+o0 U(T’)

where u is a positive constant depending on n.
It turns out that the error which comes from the interaction term

d
BW,(a) 3 W2(650)
=2

is too large and we need to refine the ansatz adding the function ¥, = 8Y, where Y, € J#
solves

d
L(Y,) =W, > W2(O:) = 7,0,W, in R (2.12)
=2
where the linear operator £ is defined in (2.17) and
S Wola) i WOi(e))0, W, (x)da

[ (0, Wp())? da
R”

Vp = (2.13)

The existence of ¥, follows by Proposition (2.2).
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Then we will build a solution to (2.4) as
u=W,+¥,+ &, with W, as in (2.8) and ¥, as in (2.12). (2.14)
Moreover the higher order term ¢ € J# satisfies the orthogonality condition

/ 9, W, = 0. (2.15)
R

2.3. Rewriting the single equation via the finite dimensional reduction method.
It is useful to rewrite problem (2.4) in terms of @, i.e.

L(D) = N(®) + € in R, (2.16)

where the linear operator £ is defined by

d d
L(D) = —AD+ V(2)D - 3W;D—-BD Y W2(Oiz) — 28W, Y W,(0;2)®(0;x), (2.17)

=2 =2
the error term & is defined by
£:=(1-V(z))W,
d
+ AW, = W, + W3 =L(T,) + W, > W2(O;x) +¥3 + 3W, 02
V"ZQ (2.18)
=,0,W, (see (2.13))
d d d
+ BT, 2W,(0,2)¥,(0;x) + BT, Y W2(O;z) + fW, ¥ U2(O;x)
=2 =2 =2

and the higher order term N (®) is defined by
— 3 2 2 2
N(®) := @° + 3W,0° + 3V, 0" + 3V & + 6W, ¥ ,®

+ 3% Ed: [pr@ix) (xpp«i)ix) + @(é,-x)) + (qu(@ix) n @(@im)f]
=2
d . . . d . (2.19)
+ 50, 28(6;z) (Wp(@ix) + mp(@ix)) + 57,y 8%(6i)

i=2 i=2
d d
+ W, > X(Ox) + 28W, > U, (0;x)8(0;x).
i=2 i=2
In order to solve (2.16) we use the classical Lyapunov-Schmidt procedure:

(i) first, given p € Dy, (see (2.10)) we find a function ® € J# such that, for a certain
¢ € R, it solves the intermediate nonlinear problem

L(®) = N(®) + € + cd, WV, in R and / 9,W,& = 0. (2.20)
Rn

(ii) next, we find p € Dy, (see (2.10)) so that ¢ in (2.20) is equal to zero.
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2.4. The linear theory. We will find the solution ® to (2.20) in a suitable Banach
space where the linear operator £ defined in (2.17) is invertible.

We introduce the Banach space (see also [9, Section 3])
-1

d k
B, = {h e L°[R™) : |||, < +o0}, [|h]]s = seuﬂg Zze*almfpmﬂ |h(x)].
€T n Z:1 j:1

for some a € (0,1). The points 7, := @;155 are the peaks of the bubble U (@1 . —p&) ,
namely U (éZCU — pfg) =U (m — p(;);lﬁg).
It is worthwhile to point out that all the peaks 7;;’s are different among them.

Lemma 2.1. It holds true

™
i — & =& — €| = 2sin — 2.21
Wi (61— &af = (61— &f = 2sin o (2.21)
and -
Z:rglnd 1€ — el = |€1 — m21| = 2sin s (2.22)
h,t=1,....k
Proof. (2.21) is immediate. Let us check (2.22). By (2.2) and (2.7)
-1
Nie =0; & = @2%(5_1)_3%(1‘_1)51 and & = @%(h_l)gl
and they coincide if and only if
2 2
dZ(iq):%(th) e i=d{l—-h)+1 < i=1and(=h.
Moreover, when i > 2 the distance £, — 1;¢| is minimal when the angle
2T . 27 2 (1 .
== Te-n = (J-n-0-n)
is minimal, that is if / = h and ¢ = 2 and in this case
|€n — ninl = €1 — n21| = 2sin %
O
It is also useful to remark that
Al < C||h||« and ||h]|Le< Cllhlls, V1< g < o0. (2.23)
Actually, the linear operator £ defined in (2.17) is invertible in %, as shown in the
following proposition whose proof can be obtained arguing as in [3, Section 3| and is

postponed in the Appendix B.

Proposition 2.2. For any compact set B C B (see Remark 2.3), there exists ko > 0
such that for any B € B, for any k > ko, p € Dy and h € By which satisfy (2.6) and
(2.7), the linear problem
L(®) =h+c0,W, in R" and /Gprq) =0
]Rn
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admits a unique solution ® = ®(p, k) € A N A, and ¢ = ¢(p, k) € R such that
1@« S IAll« and |¢] S [|Als- (2:24)
Remark 2.3. Let A, be the sequence of eigenvalues of the problem
—Ap+p=AU?p in R".

It is well known that A1 = 1 is simple and the associated eigenfunction is U. The second
eigenvalue Ay has multiplicity n and the associated eigenfunctions are 0,,U, i =1,...,n.

Set B :=R\ {A, k€ N}.
2.5. The weighted norm. We introduce the sector
Y= {(rcos@,rsinﬁ,xg,) cx3€R, >0, 0€ [—%,%}}

so that if u satisfies (2.7) then
-1

ko d
[ulls = sup Do erekmeml )l ju(a).
7j=11:i=1
Moreover, it is useful to decompose ¥ into d sectors (if disodd i € I := {—%, U |
or in d + 1 sectors (if d is even and i € [ := {—%,...,0,...,4})

= 27r T 27
= : > — ) ) )
Py {(rcosﬁ rsinf,z3) €¥ : z3 R, r>0, 0 ¢ [ e + — TR dkz]}’ 1€,

so that each sector il contains only one point 7, which will be denoted by 7;. In
particular 7jg = &;. Therefore, to estimate the weighted norm |[|u||, it will be enough to
select the points 7; which belong to the sector 3, i.e.

-1

d -1
|, = Sup Zze—ab&—pmﬂ lu(z)| < sup (Ze alz— Pﬂz) lu(z)|.
j=1 i=1 TEX \er
Moreover, since
zeY = |x—p§h|zg|£h—£1|ifh22 (2.25)
and B p
v €Xi = |z —piel 2 5lhe — il i £ # 4, (2.26)
in the sector ¥ the main term of W,(z) = 25:1 U(x — p€;) is the first bubble U(x — p&1)
whose peak lies in ¥, while in each subsector ¥, the main term of W,(0;x) = Z?:l U(x—
pO;1¢;) is the bubble U(z — pij;) whose peak n;; = ©;'¢; = 7j, is the unique which
belongs to Y. This can be made rigorous in the following lemma (whose proof can be
found in [18, Lemma A.1]).
Lemma 2.4. For any o € (0,1) for any j>2
Ulx —p&j) Se” e~ (=Dz=r&l for any z € ©

and for any n;; & S

Uz — pnij) S e~k e~ I=le=pel for any x € 5.
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2.6. The size of the error. First, by Proposition (2.2), Lemma 2.5 and Lemma 2.6

the function ¥, = fY,ins# which solves (2.12) satisfies

2mp

d
1ol = BIY,lle S BIW, Y Wi (Oir)||. S e ar,
1=2

Lemma 2.5. If a € (0,1) it holds true that

d
HWP S W26:)| $e -
=2

*

and

< @707&)2;715 .

~

d
HWP()ZWF’«%’)

=2 *

Proof. We only prove (2.28), because the proof of (2.29) is similar.
Let x € X. There exists ¢ € I such that x € ¥, and so
~ 71 d
D ekl W) Y W2 (Om)]
Jel i=2
—1

d
I Z e—lz—pil;] |W,(x) Z Wﬁ(éiw)\
i=2

jerI
£0

d
< PP W, (2) Y W (O42)).
i=2
Now, by Lemma 2.4

d
W,() Y Wi (0) S Ulx — pitn) Y, U — piii)
=2 icl
i#£0

< g—alz—pil e~ 1z=pio| =2z —pli|+-alz—pi|
~Y

i€l
i#£0
. 2
< e—alz—pi| ,—(1—a) £

Indeed if / =0
|z — pio] + 2|z — pii| — |z — pije| = (1 — )|z — pijo| + 2|z — piji]

(2.27)

(2.28)

(2.29)

> (1= a)pli — 7o| — (1 — a)|z — pii| + 2|z — pi|

> (1= a)pmin |7 — 7ol
i#0
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and if £ # 0 since |z — pio| > |x — piy|

|z — pijo| + 2|z — pii| — a|lz — pie] > (1 — )|z — pijo| + 2|z — pijs|
> (1= a)pln — 1ol — (1 — )|z — pijs| + 2|2 — pij]
> (1= a)pmin |ij; — 7jo|.
i#£0

Finally, the claim follows.

Lemma 2.6. It holds true that

k\? 4=
—-C <> e i Inlnk + h.ot. ifn=3
p

/W ZW2 (0:2)3,W,(x)dx =
— C\/;e_llpa;c + h.o.t.
p

=2 an:2

for some positive constant C.

Proof. We prove the claim when n = 3. The proof in the case n = 2 is similar. By Lemma
A.1, Lemma A.2 and Lemma 2.4 and setting n;; := ©; '¢; and Ujj(z) = U(z — pn;j)

k d k
/Rs <Z Uh) YD vy | oW,

h=1 i=2 \j=1
k d k 2 k
- / <U1 +2 Uh> YD Uy <apU1 + Zﬁpm)
2 h=2 i=2 \j=1 o
d k
=k UlapUlZZUfj—i-hot
= i=2 j=1
- ;/ Ule = pe)U' (@ = pt1) < |z szgl |€1> UQ(Z' — pijg)dx + h.o.t.
0#£0
e el = )€
= k;/ Uz + p(ie — &)U (z + p(ile — 1)) =+ p(7 — E1)] U%(z)dz + h.o.t.
0#£0

=—(3VcT22(0).61), ¢=p(iie—£1)

1 -7 —2pl€1—7i¢| | -7
B _ka§ < & "Ze| ’§1> e n(pl& =)
Ne

— &1 — lp (&1 — 1) |2
£#£0
d 26_4’0;7
= —¢c—Fk Inlnk + h.o.t.

8
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because of (2.22), the choice of p € Dy, (2.10) and the fact that
2T or 1 /27\?
3 ", — ol — ~ — d — = 1 — _ Y = e . 2.30
I%j%l |70 — &1 = |21 — &1 75 o0 (& —n21,&1) oS o ™~ 5 (dk> (2.30)
U
Finally, we find the size of the error.

Lemma 2.7. For any o € (0,1), it holds true that
€]l $ 5 + e 0,
pV

Proof. By (2.18) taking into account that the functions W,, d,W, and the weight in the
norm are bounded we get

€l < I (1= V(@) Wyl + AW, = W, + Wl + ||
~—
=k :=F» :=Fj3

s L e A
—_——

—(1—a)i7e
<e (=T because of (2.27)

4mp

< L

Iz
o Fstimate of F. Let x € ¥ then there is £ € I such that x € ig. Then
~1
Z e—lz—pij| |Ey ()| < eclz=piel |y () — 1|e~1z=p0l,
Jjel
We note that if |z| < § then |z — pijo| > §. Now if z € 30N {lz] < &} then

_ _ N p
—alx — pig| + |z — pijo| = (1 — )|z — pijo| > (1 — 04)5-

If £ € 3N {|z| < §} with £ # 0 then |z — pijo| > |z — pij¢| and hence
—ale — il + 2 — piio] = (1 — @)l — pifo] + a (jz — pilo| — |z — pil)

. p
> (1-a)le — pi] > (1 - ).

Then, since V € L>(R"™) we get that in {|z| < 5}
-1
Ze—alx—pﬁjl By (7)) < e (-8,
jel
If [2] > § by (1.10) [V(2) — 1] < 25 and so for z € $o N {|a] > 5}
—alz — pije| + & — prjo| = (1 — a)|z — pijo| = 0.
For z € £ N {|z| = &} with £ # 0 since |z — pijo| > |z — pie| we get

—alz — pije| + |z = pijp] = (1 — )|z — pijo| + & (|2 — pijo| — | — piie|) > 0.
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Hence in {|z| > £} we get
-1

Zefa\xfpﬁj\ |E1(2)] < i.
~Y pV
jel

This implies

1
[Erlle S —-
p

o FEstimate of Eas. Let x € ¥ then there is £ € I such that x € 3. Now since

k 3k
AW, =W, + W} = <2Uh> -y up
h=1 h=1

we get that
-1 k 3 k
(Z ealxpﬁz'I) |Ey(z)] < e®le=riel (Z Uh) _ ZU,? )
iel h=1 h=1
Now by Lemma 2.4
k 3k
<Z Uh) -> Uy
h=1 h=1
k k 2 k 3 k
= U +3U2) Un 43U [ D Un | + (D U| —UF =D U}
h>2 h>2 h>2 h>2
k
SUEY Us
h>2

k
< e—lz—piiel N galz—pie|=2|z—p&i|—|z—p&nl
~Y

h>2

~

because (remind that & = 7o) if z € %o
— alz — pije + 2|z — p&i| + |z — p&nl
= 2 —a)lz = p&| + [z — pal
> plér = &nl + (1 — )|z — p&1| = pl&1 — &l
while if 2 € 3, with £ # 0 then |z — pijo| > |z — pij| and
—alz — pel + 2z — p&i| + [z — ppl
2 pl&r = &nl + |z — p&a| — alz — pijel
= plér = &l + (1 = a)lx = p&u| + (|2 — pijo| — |2 = pijel)
> plér — &l

14
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Then by (2.21)
k k
Zeall‘—pﬁzl—?Ix—p&lI—Il‘—pﬁhl < Z e Pler—6nl < P
h=2 h=2

Therefore, the estimate

2mp

1B« S e F

follows.
e Estimate of Es. By Lemma 2.6 and the fact that [ (9,W,)? ~ ck for some
R’ﬂ

positive constant c, we get

ol € 2 et Ik < o080,
Pl ~ pQ ~

(]

2.7. Solving the intermediate non-linear problem (2.20). The next step relies on
a classical contraction mapping argument.

Proposition 2.8. For any compact set B C B (see Remark 2.3), there exists ko > 0
such that for any B € B, for any k > ko and for any p € Dy, there is a unique
(®,¢) € A x R which solves (2.20). Moreover

1 77
1]« < < - e‘(l‘“)%f) . (2.31)
pl/
Proof. For a given R > 0, let us consider the ball
4mp

By, = {cp e L®[R") : |®]. <R (pl + e_(l_a)k>}

which is a non-empty closed subset of %,. Let us also introduce the map 7 : By N ¢ —
B NI as

T@) = L7 (N(®) + &)

Now solving (2.20) is equivalent to find a fixed point to 7.
It is quite standard to prove that 7 is a contraction mapping for some R provided k is
large enough. Indeed, by Proposition 2.2

[T (@)« < (IN(®) ]I« + I€]l+) and [[T(®1) = T(P2)[lx S [NV (P1) = N(R2) ]l
Moreover, by (2.19) and since W, < 1
V(@) S 1@l + (120 + 1| 213

and
IV (@1) = N (@2) [« S ([@1ll+ + [|D2fl+ + 1P, ]l+) |1 — o
Finally, by Lemma 2.7 and (2.27) the claim follows.
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2.8. The reduced problem. Finally, the problem reduces to find p such that

€ulp) = [ (€ +N(®) = £(®) 2,17, =0

16

(2.32)

where ® = ®(p, k) and ¢ = ¢(p, k) are the solutions of (2.20) found in Proposition 2.8.

Lemma 2.9. For any compact set B C B (see Remark 2.3), there exists ko > 0 such

that for any B € B, for any k > ko and p € Dy

Voo

pzx+1

+82Y(k,p) ifn =3
Cy(p) = L . .
nmﬂVHﬂ+nﬂ»—BVZ(”Ml+de4%V:f“%U+ou»

+B8%Y (k, p) if n =2

where A, B and C are positive constants only depending on n and

4mp

X (k, p)] S ke (-0,

Proof. We know that
k

k
0, W, = 0Un =Y (VUn, (—&n))-

h=1 h=1
First, let us estimate the leading term

EO,W, == / (1= V(2)W,0,W, + / (AW, — W, + W) 8,W,,
R3 R3 R3

' ~~

=[1 :IQ
2
—l—'yp/, (0,W,)
R3
—_——
=13

d
+ / 3W, 020, W, + / BW, Y W2 (0,x)0,W,
R3 R3 i=2

-~

=Y (k,p)=1I4

d
+/ 25‘I’pZWp(éix)‘I’p(éi$)apr
R3 i=2

=I5

d
+ /R ) (qfi + 5%2\1/2(@1-95)) 0,W,

1=2

=Ig

EG_Q% 0 — ﬁ 2e_llti%mn o
(1+o(1))—Bp PE(1+0(1)) — BC (p) Par Inln k(1 + o(1))

(2.33)
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e FEstimate of 1.

By Lemma 2.4
k
I :k/z( V(|z])) <U1+2Uh> (apUlJrZapUi)
=2
_ k/ (1= V(|2)) 018,01 + heo.t.
%
_ V(e (2 — e (@ — ) T PEL=E)
=k [ =V (U - g0 = p) = 4 o,
— [ @ =Vt s 0 (-2 ) g+ ho

=k [ (= Vlly+ pa)) 300U 0)dy + o
R3

k
2 /R3 0y, V (|ly + p&a|) U (y)dy + h.o-t.

k v

_ 2

because by (1.10)

1 I 1

e FEstimate of Is.
By Lemma A.1, Lemma A.2 and Lemma 2.4

k 3 k k
I = k/ (<U1 +2Uh> ~-Uf - ZU,?) (apUl +ZapUi>
2 h=2 h=2 '

=2

k
=3k / UULO, UL + h.o.t.
— Jx
k
> / U = )0 (o - p6) B U0 — )+ o

2 - . ezt — &), &)
—kZ/ U3 (a -+ plé — )0 (o + plen — ) A S

:7<VCF31 (<)7£1>7 C:p(é.h*gl)

U(x)dx + h.o.t.

e—P‘fl _ghl

d“z < €1 — éhr > e a2 ot

1 6_2’)7
=——ck
5¢

+ h.o.t.
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because of (2.21) and the fact that

2
§2 — &1| ~ 2%‘1 and (& —&,61) =1— COS% ~ % (27T> . (2.34)

e FEstimate of I3. The term I3 is estimated in Lemma 2.6.
e [Estimate of I,. We know that ¥, = Y, where Y, solves (2.12)

I4:B2</RJBWY28W +/ BW, ZY2@x)8W><ﬂ2ke (1-a) 3¢

=2

because Y|« Se —(1-a) (see (2.27)).
e Estimate of Is. We observe that

d k d k
p(Qiz)] < | D emelOmmomal g, = | 3D jemclrmoml | jw, ..

=1 j=1 =1 j=1
Therefore, since [0,W,| < W, by (2.29)
d
B [ 2,0, 3 WO 061
1=2

d
5 kH\IJsz WpZWp(ézl‘) Zze_a‘x_lmej\
(=

=2 15=1 «

:||WP Z;i:Q Wp(élx)lHLoo(]Rn)
< ke™ (1= a)dke (1-a) 77 < ke™ (1-a )ngp,
e [Lstimate of Ig. Using again that |0,W,| < 1, by (2.27)
Is S kI, |2 S ke (-0,
Next, by (2.19)
67
- N (@)W, <k ([0 + 1912 + [ ]| @) S ke,
Finally, it only remains to estimate (see (2.17))
L(D )aWp_/ —1)q>aW+/ (-A®+ @ —3W;P) 9, W,
R3 R3 R3
~ -

/ﬁ@ZWQG:U@W /ﬁWZW (0;2)®(0;x)0,W, .
R3

—TLs
e [Estimate of Ly. Since |0,W,| < W, and since v > 1

1
/RS (V(2) = 1) @9, W, S k|| (V(z) = 1) W[+ [ @]l < k;ll@ll*-
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e FEstimate of Lo. Remind that

k

K
Wy = 9,Un = (VUn,(=n))

h=1 h=1
and also
k
—AOU, +0Up = 0Up = =AW, +0,W, = 3U(VUn, (—&))
h=1

and so

k
ng/ > BUR(VUL, (—&)) — 3W20,W, | @
AV

k
> " BUR(V U, (=&)) — 3W20,W,
h=1

< E|@]e " < ke (-

S k2]l

*

6
)i

Indeed, if x € 3 then there is £ € I such that x € 3 (taking into account that
(VU (—=£3))| < Up) arguing exactly as in the estimate of the term E5 in Lemma
2.7 we get

k
eclz=pil (Z 3UZ(NVU, (=€) — 3W§apwp)
h=1

— elz—pi]

k
BUZ(VUL, (—&1)) + ) 3U (2)(VU(2), (—€n))
h=2

k 2 k
-3 (Ul—i—ZUh) ( VUl +Z VUha )
h=2 h=2

<€a|a: Pl UQZU}«L—i-Ul ZUh 7%.
h=2

e [Lstimate of L3. Since 0,W, S W, by Lemma 2.5

d
R (1o 672
L3 S k|2 (HWPZW;JQ(@Z"I)H* + HWpZWp @ﬂ)ll*> < ke (7o)

i=2 =2

We combine all the previous estimates with the size of ® (2.31) and the size of ¥, in
(2.27) and we get the claim.
O
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2.9. The proof of Theorem 1.1: completed. We have to find p = p(k) such that
Cr(p) = 0 (see (2.32)). We only consider the case n = 3. When n = 2 we argue in a
similar way. Now, by Lemma 2.9

k k o x k\? .
Ck(p) = vooh— 5 (1 +0(1)) —B=e 2% (1 + o(1)) — BC () e Yar Inln k(1 + o(1))
P P P
+ B*Y(k, p).
Ifd=3and v >2ord>4and v > 1 we choose

d—2

1.
18| < Bk := o with 1 <b<wv (2.35)
such that
2 k _gpn F\? _4px
BY(k,p), —e Pk =0 (B |— ] e Paclnlnk (2.36)
p p
and so € (p) reduces to
k K\ _4px
Cr(p) = UOOAW(l +0(1)) — B¢ 5 e *Par Inln k(1 + o(1)).
Therefore, if p = rklnk we compute
1 1 Inlnk 1
1 =V0oA————-—(1 1) - BC—wi—5——(1 1
Cu(rIn k) = voch iy (1 o(1) = 0 g (14 o(1)

and
. dv ) dv
Cr(rklnk) < 0if r < — and € (rklnk) >0if r > —.
4 47

Therefore, if v, and § have the same sign, for any € > 0 there exists r(k) € (ff—fr — €, Z—Z +e€),
such that € (r(k)kInk) = 0 and the claim is proved.
It only remains to prove that (2.36) holds for any p = rklnk and r € (ff—;’r — €, ff—; + e)

for some € > 0 small enough. We have

27 (k n n
52 ( 7/)) g /Bkea% S k17b+ar% — 0(1) iftb>1
5 (5) e mmk
and
k,—2p%
6 k U us T
2 < L < ot (CET) o1 it b4 v <1 - Z) <0.
B (%) e *dr Inlnk A
Finally, the positivity of the solutions can be proved arguing as in [11] since 3 is small.

That completes the proof.
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3. PROOF OF THEOREM 1.2

We consider the more general system
d
— Au + Vi(x)u; = |ui [P~ ug + Blug| 9 g Z luj|"tu; in R, i=1,...,d (3.1)
j=1
i

with p € (1, Z—‘f%) ,ifn>3o0orp>1ifn=1,2and q,r > 1. Arguing as above we look

for a solution to (3.1) as u = (uy,...,uq) € (H'(R"))? whose components satisfy (2.3)
and u solves the non-local equation
d
— Au+V(z)u = [P u+ Blul® u ) (ju"u)(Oiz), inR" (3.2)
i=2

We build a solution to (3.2) as u = W, + ®, where W, is defined in (2.14). In this case
U (see also (2.11)) is the unique positive radial solution to
—AU +U =U? in R".

The higher order term ® € % satisfies the orthogonality condition (2.15). We follow the
same strategy developed in the previous sections. Let us point out that we are not re-
fining the ansatz as in the previous case. This will create some constraints on the choice
of the exponents p, ¢, 7 and the number of equations d. We will focus on these constraints.

First, we write the non-local equation (3.2) in terms of @, i.e.
L(P)=N(®)+ & in R",
where the linear operator L is defined by
L(D) = —AD+ O — pWP D,
the error term & is defined by
d
£ :=(1=V(@))W, + AW, — W, + W + BWI> "W, (0;x) (3.3)
i=2
and the higher order term N(®) is defined by
N(®@) := W, + [P = WP —pWP™ 10 + (V(z) — 1) @

d d
+ B <pr + B W, + " (Oix) - WY W;((:)ix)> .
=2 1=2
First of all, we invert the linear operator £ in the Banach space introduced in [9, Section
3]

-1
k

:EER" le

Here the ;’s are defined in (2.9) and a € (0,1). We point out that in this case it is not
necessary to refine the choice of the weight in the norm adding the points n;;’s.
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Proposition 3.1. There exist kg > 0 such that for any k > ko, p € Dy, and h € HB,
which satisfy (2.6) and (2.7), the linear problem

L(®) =h+c0,W, in R" and /ﬁprCD =0
]Rn
admits a unique solution ® = &, € N B, and ¢ = ¢(p, k) € R such that
@[l S [Pl and [e] < [[All
Next, we estimate the error (3.3).

Lemma 3.2. It holds true that

2mp 27wp

€1« < = 4 e~ min{l,(p—1-a)} FE o~ (min{gr}-a)ZF
pl/
Proof. We know that
d

1€l < | (1= V(@) Wplls + | AW, = W, + WEI| +[[Wi Y W, (O52)]]..

. =2

=FE :=F>

=F3

FEq and E5 can be estimated as in Lemma 2.7. Let us estimate the term F3. If x € 3 we
have

d
eI (2) Y W (O4) S e TPIUN @ — pe1) Y U (x — pie)
(=2 el
£#£0
< Z e~ (q—a)|z—p&1|—r|z—pii|

Lerl
020
2
< 6—((]—0&) %
~Y

)

because
(¢ — a)|z — p&i| + rlz — pije| = (g — )plijo — 7e| + (r — g + )|z — pije|
2
> (qfa)psinﬁ ifg<r
and

(¢ — )|z — p&i| + 7|z — pite| > rplifo — 7l + (¢ — o — )|z — piye]
> r,osinz—ﬂ if g >
- dk
Then the estimate
e_(q_o‘)%p ifg<r

2mp

e "dk ifg>r

15l <

follows.
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Now, we use a standard contraction mapping argument to solve the intermediate
non-linear problem (2.20).

Proposition 3.3. There exists kg such that for any k > ko and for any p € Dy, there
is a unique (®,¢) € A X R which solves (2.20). Moreover

1 ™ _ _
|y<1>u*§?+e*%”a, a::min{l,(p—l—a),qda,rda}. (3.4)

Finally, we have to find p such that
Culp) 1= [ (€ +N(@) - £(®)) =0,

Rn

and in the next lemma we estimate C(p).

Lemma 3.4. It holds true that
(1) ifg+1#r

k AN
Crlp) = UmAlﬁ(l +o0(1)) — Ay (p) ek (14+0(1))

min{q—i—l,'r‘}nT_l ' .
p

: 1
(2) zfq+1:T>Z—J_r1

i) = ot 4o — 2 (B) T e F o)
o (5) 7 T o)+ 200

: o ntl
(3) ifg+1=r="=25

n

n—1
27

k k\ 2 _2mp
6u(p) = v (1 0(1) i (£) 7 e (14 o(1)

k Tanl _p27mp
— BAs | — e "ar Inlnk(1+ o(1)) + Zx(p),
p

- _ +1
4) ifg+1=r<itg

k Al
&k (p) :UOOAIW(l"i_O(l)) — Ay ) ek (1+o(1))
k r(n—l)—&—”T_1 2
" (p) e (14 (1)) + Zx(p),

where the A;’s are positive constants

2mp q—l—a T_l_a

1
=) =k (ol + (4 7)ol ) rommin f1,p -1 -0, 25070 T

|
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and @ satisfies (3.4).

Proof. We argue as in Lemma 2.9. The leading term is fRS EOW,

ED,W, = / (1= V(2))W,0,W, + / (AW, — W, + WP?) 9,W,
R3 R3 R3

=1 =I5
d A
+ / WY W5 (0x)9,W,
Rn i=2
Iy

The first term I; is given in Lemma 2.9. We estimate I3 (see the estimate of I in Lemma
2.9)

k p k k
I, = k;/ ((Ul +ZUh> —UP - ZU}Z) (apUl +ZapUi>
= h=2 h=2

1=2

k
=k Z /E pUP UL8,U1 + ho.t.

= kZ/ pUP Mz — p&)U' (z — p§1)< z Pﬁzg ‘£1>U(:r — p&p)dx + h.o.t.

(x + p(&n — &1), —&1)

=k Z/ pUP™ 1 (x4 p(&n — &)U (x + p(7g — &1)) U(x)dx +h.o.t.

|z + p(&n — &1)|
=(V¢Ip1(0)€1), C=p(én—E&1)
k _ —plé1—Enl
:_ck2<§1 fh’§1> e L hot.
= &= &l (plen — &)

n—1

2 us
=—A (k> e 2Pk + h.o.t. because of (2.34)
p
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and also I3 (see the estimate of I3 in Lemma 2.9)

T

13_5/ (ZUh) 2 ZlU (@) | 9,W,
1= J

T

k 7 q k k
o [ <U1+ZUh> s (su, (apzfﬁzapm)

i=2 i=2
= Bk/ U{0,U Z Z Uj; + hot.
=2 j=1
= BkZ/ Utz — p&)U' (x — p£1)< —pb 1) U'(z — pije)dz + h.o.t.
— |z — p&i
240
_ (x + p(ie — &1), —&1)
= Sk / Uz + p(g — &)U (x + p(f — € = U"(z)dx +h.o.t.
£
i e (VP (), C=pliie—61)
( : n—1
L min{g+1,r} *5= ) ~
— [A3 () ¢~ min{a+1,r} 55 +hot. ifr#qg+1
)
k r(n—l)—i—"T'H 1
—BA3<p> r2e + h.o.t. 1f7“—q—|—1<n+1
= k 'r(n;l) n 1
2m
— PA3 <> e "k Inlnk + h.o.t. ifr=q+1= n
p n—1
k 'r(n271) n 1
_BA3<p> i + h.o.t. 1f7"—q—|—1>n —

because of (2.30).
Moreover, the higher order terms [ N(®)9,W, and [ L(®)d,W, can be estimated
Rn Rn

as
d d
//\/(q))apr Sk (H‘I’Hf + (WA IW(@i)["|| (1@« + {[WE D (W, (0i) ||q’\*>
B =2 . (=2 .
where (arguing as in Lemma 2.5)
d
(=2 *

and

< e —(min{g,r—1}— 01)27”J

WD W, (©i)|!
=2

‘ d
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and
1 ; ™
[ @0, <k (], + om0 ).
R p
since we have (see the estimate of Ly in Lemma 2.9)
k
> UP VUL, (—&)) — WP, W,
h=1

k
= UP VUL (—&1)) + Y UL (VU (—€4))
h=2

k p—1 k
— <U1 +ZUh> ((VU1,<_§1)+Z<VUh,(_§h)>>
h=2

h=2
k k
SUTTS U+t Y URh
h=2 h=2

O

At this point it is clear that a solution to the non-local equation (3.2) does exist if we
find p so that €4(p) = 0. At this aim, it is useful that the last term Zj(p) is an higher
order term in the expansion of €; and this is achieved if we choose the exponents p, ¢
and r and the number of equations d in a proper way. We will focus on the particular
caseq:% andr:%.

Proof of Theorem 1.2: completed. If d > % and p > 5 (n = 2 because the exponent 5
is critical in 3D), by (2) of Lemma 3.4

p+1

k E\ * _@ty«
Cilp) = ookt (14 0(1)) — Bhg (p) @ (14 o(1)). (35)
Indeed, in this case % < 1 and Zg(p) can be estimated using (3.4) with
p—1 p—3 p+1 p+1
=—  7T=—, 2 d —.
o Zd’T 50 o> 2d and o + 7 > 2d

By (3.5), there exists p(k) € Dy (see (2.10)) such that €x(p(k)) = 0 if either vy, and
have the same sign.

On the other hand if d < % and p > 3 the coupling term is an higher order term in
the expansion (2), (3) or (4) of Lemma 3.4 and

n—1

k k\ 2 _2mp
€4(p) = vkt (14 0(1)) — P (p) e (1+ o(1)). (3.6)
Indeed in this case 1 < thll and Z(p) can be estimated using (3.4) with
c=1,7>0,20>1ando+7 > 1.

By (3.6), there p(k) € Dy, (see (2.10)) such that €x(p(k)) = 0 if v, > 0 whatever [ is.
(]
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APPENDIX A. AUXILIARY RESULTS

We recall the result [1, Lemma 3.7].

Lemma A.1. Let Wi, W5 : R® — R be two positive continuous radial functions such
that
Wi(z) ~ ]ac|*‘“e*bi‘x| as x| — oo
where a; € R, b; > 0. Then for some constant ¢ > 0 we have
(i) If by < by then

Wiz + O)Wa(z)dz ~ ce 1 I¢|¢|9 as |¢| — oo
RB

Clearly, if by > by a similar expression holds, by replacing a1 and by with as and
ba.
(i) If by = by =: b then, suppose that a1 < a9

ce—bl(||<|—a1—a2+nT+1 if ay < n+l
2
—blcl| o - ntl
Wi(x 4+ O)Wa(x)dx ~ < ce I<|7“ In €] if ag = 5 as || — oo.
R3
1
ce el if ag > n—2|—
Let s,t > 1. Set
LulQ) = [ U@+ U @), ¢ € B
R3
By Lemma (A.1) and (2.11) there exists ¢ > 0 such that
(i) if s <t then
n—1
Tst(C) ~ ce™*¥l[¢] "2 as || = o0
(ii) if s = ¢ then
ce_s|d|€h’_s(n_1)_n7+1 if s < 1
n—1
n— 1
Lot(©) ~ e Kl F Il ifs = as[¢] oo
n—
n— 1
ce_SK‘]C]_STl if 5> T
n—1

We are going to prove that all the previous estimates hold true in the C'—sense.

Lemma A.2. It holds true that
(i) if s <t then

Vels(C) ~ —csé‘esdmsg1 as |¢| — o0
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(i) if s =t then, suppose that a1 > as

n—
n=1 ) n+1
Velsi(C) ~ |C’ e~slCl¢| =5 ln]C\ if s = 1 I¢| — 0.
n— +1
— cs—efslq ¢ —styt if s > r
e 1

Proof. We only prove the case s < t, being the proof of other cases similar. We point
out that

/Us(x—kC)@szt( /axlUs ( + QU (2)d /a@Us (x + QU (x)de
Rn
and we are going to prove that

¢
<

/aQUS (z + OU' (z)dw ~ —cs—eI¢l|¢| "2 as |¢| = oo.

Set f(¢) == g(¢)h(¢) with
9(¢) = /Us(flf + C)Ut(:r)dx and h(¢) :=e

R

We know that

lim f(Q) = (A1)
We are going to prove that
ICl\lm O, f(¢) =0. (A.2)
Since
9. f = 90¢;h + hdgg (A.3)
and
06h(C) = 5 (01 + o(1), (A4)

by (A.1), (A.2), (A.3) and (A.4) the claim follows. To prove (A.2), by Lemma A.3 we
need to show that there exists ¢ > 0 such that

\8§icif(§)| < c if |(] is large enough.
We have
e f = 90%.c.h +20¢,90c,h + hdZ 9.
It is easy to check that
|0, |0, ¢,k = O (h).
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By (A.1) g = O (7). We only need to estimate d,g and Bgigig. We have

009(C) = [ U@ + U (@)
J

1+ G

¢
P U'(z)dx

- / Uz 4 OV (1 0)

RS

,S/US1(3:+C)]U’(1:+C)|Ut(x)dx since |U’| = O(U)
R

because of (A.1)

< / U ( + QU (2)de < h(lo

R

and

00 =[50 (U7 + OV + QLS ) U0y

Rn

_ s—2 [ 21+ G\
_/sU <U (x+¢) ]:):—I—(|> Ul(z)dx

Rn

s—1 " 1+ G 2
+/SU (x+ QU (l’-{-(:)(‘x_'_q) Ut(z)dx

Rn

Xz i2 t
—i—/sUSl(x—l—C)U’(x—i-C) (|m—:|l-C - ﬁ;iég )U (x)dx

R”

< /Us(:c + QU (x)d since U], |U"| = OU)
Rn

1
+ / ‘ n C’ Us(.%' + C)Ut(x)dx because of Lemma A.1 with by = s < by =t and a1 = —s"’;l -1
xT
Rn

-~

:O(e*SICIK\—SnEl—l)

1

S ——< because of (A.1).

(€)
That concludes the proof.

Lemma A.3. Let f : R" — R be a C?—function such that

lim f(z)=101€R

|z| =00
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and there exists ¢ > 0 such that

sup |02, f(z)] < c
z€eR™

then
lim 0y, f(x) =0.

|z|—o0

Proof. Let € > 0 be fixed. If § = Z—i there exists R > 0 such that if |z] > R then
|f(x) — 1| < 4. Now take e; := (1,0,...,0) € R", ¢t € (—1,1) so that |z + te;| > R if
|| > R+ 1 and apply mean value theorem

1
flxz+ter) = f(x) + 0, fa)t + iaglmlf(x + eteq )t
for some € € (0,1). Then if |z| > R+ 1

1
|0 f(2)] < 7l

and the claim follows. O

25 4 gl for amy £ € (+1,1), 1 £0 = |9, f(x)] < 2Vde = ¢

APPENDIX B. PROOF OF PROPOSITION 2.2
Let us consider the Hilbert space W12(R™) equipped with the scalar product
(u,v) = /(Vqu + uv) dz.
R'n

It is well known that the embedding .# : WH2(R") — L2?(R") is continuous. We define
the adjoint operator #* : L2(R") — W12(R") by duality, i.e.

I f = w if and only if u is a weak solution to — Au+u = f in R"™.

Let us introduce the space

Hy :={®cst : (D, 0,W,) = /cbapwp =0

p
Rn
where .7 is defined in (2.5).
It is immediate to check that linear problem
L(®) =hin R", /CDGPWp = /thWp =0 (B.1)

Rn Rn
can be rewritten as
O+ .4 (D) =h":=I%h, K", ®€H,,
where
d d
H(®) =" |(V(z) = 1)@ = 3W; D — BB Y W7 (Os) — 28W, > W,(0;2)P(O;z)

i=2 i=2
is a compact operator since W, decays exponentially and V satisfies (1.10). Therefore,
by Fredholm alternative solving problem (B.1) is equivalent to prove that it has a unique
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solution when A = 0. Now, it is important to point out that if h € %, then the solution
® € WH2(R") to (B.1) also belongs to ., i.e. it belongs to L>(R"). It is enough to
apply the standard regularity theory. Indeed, by (2.23) we deduce that h € L4(R") for
any ¢ > 1. Moreover, since W, € L*(R") and ® € L*(R"), by (B.1) we immediately
deduce that ® € W22(R"), which is embedded in L®(R") if n = 2, 3.
Finally, to prove the Proposition 2.2 it is enough to prove the a priori estimate (2.24).
At this aim it is useful to decompose L as
d d
L(D) = —AD+V(2)D - 3WD - BB Y W2 (0;2) —28W, > W,(0;2)D(O;z).
i=2 i=2

Lo(®) £1(®)
and to point out that the non-local linear part is small, since by (2.29)
1£1(®)]. < ce™ (= @],
So our problem reduces to prove that if ® € H pl solves
Lo(®) = h+d,W, in R" (B.2)
for some ¢ € R then the priori estimate (2.24) holds and this is done using the same

arguments of Lemma 4.3 of [3]. For sake of completeness, we give the proof below.

First, we prove that

]. 27
1 < [(p n eu%) 1]l + ||h||*} . (B.3)
Indeed, by (B.2)
/ Lo(®)0, W, — / ho,W, = ¢ / CRIA
Rn R™

Rn

where arguing as in Lemma 2.9

k 7r
/ﬁo(q))apwp S <y + ke(la)i’“) @],
P
moreover

/hapr < k||h]|«, because |0,W,| S W,

n

and
/ (8pr)2 ~ ck for some positive constant c.
R
Next, we show that there exist constants 7 and ¢ (all independent of k ) such that for

,,,,,

d k
@) < C [ I1Lo(D)ll« + sup [ ®llL=@p(pmi;.r) SO emelamoml, (B.4)

ey
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which immediately implies

2]« < € | ILo(®)l+ + sup [[®llL=@B(m;.m) | - (B.5)

-----

To prove the above pointwise estimate we first show the independence of 7 on k for any
x € R"\ Ji=1,...a B(pnij, 7). Indeed reasoning as in [3] and using Lemma 3.4 of [3] we
G=1,....k

get that

=1,...,

7j=1
“+oo
< > Uz — pmij) + Y > Uz — pmij)
lz—pmij|<psin £=1 Lpsin J-<|x—pn;;|<(€+1)psin 7
“+o00
SU(T)+e) e i
=1
< CU(T).

Thus we can take 7 sufficiently large (but independent of k) such that for any = €
R"” \ Uz 1 ,,,,, d B(p?]ijﬂ')

ook

1V a? 1Vo—a?
W, (@) < 3 : BZW 5040‘.

Now we let II4 (z) = 2?21 Zf erelz=rmil For z € R™\ Uz Lo B(pmj, T) we get

yeonsk

k k
-1 —a?
=YY e <_a2¢OM+VO_ Vo o )

‘(L’ - p7713|

Hence
Lo(ILe(x)) > colly(z)

for some positive constant ¢y independent of k.
Then we can use II(x) as barriers and we can apply the maximum principle to the
linear operator Ly obtaining

d & d &
[2@@)] < C{ [1Lo(®)ll« + sup |1®] L @5(0m:;,)) DO erelremslig N N " eolem ol

yeennd

,,,,, k =1 j=1 i=1 j=1

for any § > 0 and C independent of k and §. Letting 6 — 0 we get the estimate (B.4).
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Finally, we prove (2.24) arguing by contradiction. Assuming that there is a sequence
(Pn, hy) satisfying (B.2) such that

|Pulls =1 and ||hyll« =0(1) ask, — +oo.

In the sequel we will omit the dependence on n. By (B.3) and the fact that ||0,W,|« S 1,
we also have || Lo(®)|« = o(1). Hence (B.5) implies the existence of a subsequence of 7;;
such that

”‘I)||L<>o(aB(pmj,T)) >C>0 (B.6)

for some fixed constant C' which is independent of k.

Since || ®| fo(rny < 1 by elliptic regularity estimates we get that [[®[[c1(gny < C. By
applying the Ascoli-Arzela’s Theorem we get the existence of a subsequence of 7;; such
that ®(z + pn;;) converges (on compact sets) to ®o, which is a bounded solution of

—AD o + Py — 3U?Dog =0 or — AD + P — fU Do =

In the first case &, = 0 because & € H j‘, while in the second case &, = 0 because
B # A,. Finally, a contradiction arises because of (B.6).
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