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THE n-DIMENSIONAL QUADRATIC HEISENBERG ALGEBRA
AS A “NON-COMMUTATIVE” sl(2,C)

LUIGI ACCARDI, ANDREAS BOUKAS*, AND YUN-GANG LU

ABSTRACT. We prove that the commutation relations among the generators
of the quadratic Heisenberg algebra of dimension n € N, look like a kind
of non-commutative extension of sl(2,C) (more precisely of its unique 1-
dimensional central extension), denoted heisg,c(n) and called the complex
n—dimensional quadratic Boson algebra. This non-commutativity has a dif-
ferent nature from the one considered in quantum groups. We prove the
exponentiability of these algebras (for any n) in the Fock representation. We
obtain the group multiplication law, in coordinates of the first and second
kind, for the quadratic Boson group and we show that, in the case of the
adjoint representation, these multiplication laws can be expressed in terms of
a generalization of the Jordan multiplication. We investigate the connections
between these two types of coordinates (disentangling formulas). From this
we deduce a new proof of the expression of the vacuum characteristic function
of homogeneous quadratic boson fields.

1. Introduction

The complex n—dimensional Heisenberg algebra, denoted heis; ¢(n), is
the complex x—Lie algebra with generators

1 (central element) |, a;,ak,j,k e{l,...,n},
commutation relations

=0, (1.1)

lar, al] = 0,41 5 [ar, 1] = [al, 1] = [ax, a;] = [a], a

and involution given by
ot . A
a; =a; ; (aj) =aj . (1.2)

The n—dimensional Heisenberg algebra, denoted heis; (n), is the real »-Lie
sub-algebra of heis; ¢(n) consisting of its skew—adjoint elements. The associated
local *-Lie groups are denoted respectively Heis; ¢(n) and Heis; (n). The universal
enveloping algebra of the n—dimensional Heisenberg x—algebra, also called Boson
or CCR algebra, contains as a x—Lie sub—algebra the complex linear span of the
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normally ordered products of pairs of creation or annihilation operators that
we denote heisy.c(n) (see Section 2).

This *—Lie algebra can be considered as a representation of an abstract finite—
dimensional complex x—Lie algebra that we call the complex n—dimensional
quadratic Boson algebra (Definition 2.5) and, in this paper we denote it with
the same symbol heisy,c(n) used for its Boson representation (which is faithful
by construction). It is known that heiso.c(1) is isomorphic to a 1-dimensional
(necessarily trivial) central extension of sl(2,C). This fact was exploited in [6],
[11] to construct a projective representation of heiss,c(1) (the quadratic analogue
of the Weyl representation) and to identify the composition law of the associated
Lie group (the quadratic analogue of the Heisenberg group).

The structure of this composition law was simplified in [5] and recently a sub-
stantial step forward in this direction has been achieved in [12] with the iden-
tification of the one—mode quadratic Heisenberg group with the projective group
PSU(1,1) and an explicit realization of its holomorphic representation. The multi—
dimensional extension of these results is essential to extend the presently available
results concerning the vacuum distributions of the Virasoro fields which, in
their truncated form (see [4]), are elements of the (non-homogeneous) quadratic
algebra. The attempt to solve this problem has been the starting point of the
present paper. As it happens for the theory of orthogonal polynomials, difficulties
undergo a veritable phase transition in the passage from dimension 1 to dimensions
> 2. These difficulties disappear in the product (or factorizable) case where cal-
culations can be reduced to the 1-dimensional case up to a linear transformation
in the 1-particle space. However, as shown in [3], there exist quadratic fields for
which such a reduction is impossible. Furthermore there are many indications that
the truncated Virasoro fields generically (i.e. for most choices of the parameters
defining them) belong to this class, even if a proof of this fact is at the moment
not available.

With these motivations we have carried out in the past years a systematic
investigation of different aspects of quadratic boson fields [1], [2], [3], [4].

In particular, in Lemma 6 of [3] it was remarked that, in dimensions > 2, the
commutation relations among generators of the quadratic Heisenberg algebra (see
Definition 2.5) look like a a kind of non—commutative extension of the relations
defining s1(2,C) (more precisely of its unique 1-dimensional central extension),
even if this terminology might seem weird since sl(2, C) is itself non—-commutative.

When n = 1 this analogy becomes strict in the sense that, as already mentioned,
sl(2,R) = heisa(1) , (1.3)
where = means x—isomorphism of x—Lie algebras.

The complex n—dimensional quadratic Boson algebra was implicitly introduced,
with different notations and for different purposes, in Section 4 of the deep pa-
per [9], where a matrix representation for it was constructed. However the non-
commutative sl(2,C) was not considered in that paper, where the analogy with
sl(V, R) (for some Natural integer N) was emphasized. We prove (see Lemma 2.9)
that this analogy in general does not hold. In fact, recent results obtained after
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the completion of this paper show that it holds only in the case of sl(2,C), i.e. in
the case of 1 degree of freedom.

The additional non-commutativity, arising in heiss(n) (and more generally in
heisy ¢(n)) with respect to sl(2, R), makes formulas more implicit due to the fact
that, even in the finite dimensional case, there is no explicit form for the expo-
nential (2.34) except for very special cases. This exponential plays a crucial role
in the Feinsilver—Pap splitting Lemma that is one of the main tools used in this
paper. In fact, in the first part of this paper (sections 4, 5), we use this lemma
to determine the composition law of the quadratic Heisenberg group, both
in first and second type Lie-coordinates. These results are used in section 6 to
give a new deduction of the vacuum characteristic function of hermitian
homogeneous quadratic fields (vacuum expectation of quadratic Weyl operators).
In the same section we find an inductive relation for the scalar product of a special
class of n—particle vectors. Notice that, even in the 1-dimensional case, it took
several years to find the explicit form of the scalar product of two homogeneous
quadratic n—particle vectors (see Lemma 2.2 in [8]). In Proposition 6.6, we give
an inductive formula for this scalar product.

In section 7 we prove that the adjoint action of the quadratic Lie group on
the quadratic *—Lie algebra has a simple and explicit expression. This result,
combined with the Feinsilver-Pap splitting Lemma, is used to put products of
quadratic Weyl operators in semi—normal form. This differs from usual normal
form because between an exponential of creators and an exponential of annihilators
one finds, instead of a single exponential of a number type operator, a product
of such exponentials. Since the vacuum vector is left invariant by exponentials of
number type operators, this gives a tool to compute scalar products of quadratic
coherent vectors much more explicitly than with the Baker-Campbell-Hausdorff
formula.

Finally, in section 8 (Theorem 8.5), we extend to the multi-dimensional case the
estimates, proved in [6] for the 1-dimensional case. These allow to prove that, in
the Fock representation, the number vectors are analytic vectors for the elements of
the quadratic algebra. Thus, by Nelson’s theorem, the hermitian elements of this
algebra are essentially self-adjoint and their exponential series converges strongly
on the domain of number vectors. From this the existence and unitarity of the
quadratic Weyl operators follows.

2. The Complex n—dimensional Quadratic Boson Algebra

In this section, we identify the complex n—dimensional quadratic Boson algebra
with a non—commutative version of sl(2, C).

Denote M, (C) (resp. My, sym(C)) the algebra of n x n complex matrices (resp.
symmetric matrices) and, for M = (M, ) € M, (C), define the transpose, conju-
gate and adjoint of M in the standard way:

(MT)j k= My 5 (M)jh =My 5 (M*)j5 = (M)j, = (M), =My .
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We identify heis; c(n) to a sub-algebra of its universal enveloping *—algebra and
consider the space of all homogeneous quadratic expressions in the generators

(1.1):

n
alAat = Z Aj,ka;r-az ,

k=1

n
atBa = Z Bj’ka}ak ,
Gk=1

n
aCa := E C’j7kajak .
J k=1

Note that, since creators (resp. annihilators) mutually commute, one has

"1 - |
atAal = Z 3 (Ajr+ Arj) a}a}C ; aCa = Z 5 (Cjr+Crj)ajar , (2.1)

J,k=1 j,k=1

i.e. the expressions afAa’ and aCa are parametrized by symmetric matrices,
AT = A and CT = C. Denote

heisg,c(n) :=C - 1 @ C-linear span of
{aTAaT, a'Ba,aCa : Be M,(C), A,C ¢ Mnysym((C)} .
Because of the linear independence of the set {1, a;az , a}ak , ajag},
J.k e {1l...,n}, heiso,c(n) is the range of the vector space isomorphism
(elm,, A, B,C) € C- 1y, X My, sym(C) x M, (C) X My, sym(C) (2.2)
— cl+atda’ +aBa+aCa e heiso.c(n) .
In the following we will use the notation
cl=c ; ceC.

The involution (1.2) on heis; ¢(n) induces an involution on heiso,c(n) given by

(aTAa')* = aA*a ; (a'Ba)* = a'B*a; (aCa)* = a'C*al .
With this involution (2.2) is a *—isomorphism of *—vector spaces.

Lemma 2.1. heisy,c(n) is a *—Lie algebra with involution given by (1.2), central
element 1 and with the following commutation relations:

[aMa,a'Na'] =2 TH(NM) +4a"NMa ; M,N € M, 4, (C) , (2.3)
[aMa,a'Na] =a (MN + (MN)")a; M € My 5ym(C) , N € M,(C), (2.4)
[a"Ma aTNa] =a'[M,Nla ; M,N € M,(C) , (2.5)
[a'Ma',a'Na'] =[aMa,aNa] =0 ; M,N € My, 4,m(C) , (2.6)

[a'Ma,a'Na'| =a" (MN + (MN)")a! ; N € M, 5y (C), M € M,(C) .
(2.7)
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Proof. Throughout this proof, summation over repeated indexes is understood.
We will use the algebraic identities
[aa;, a},a}] =laiaj, a}]af +a}[aia;, af] (2:8)
=ailaz, ajaf + [a;, aflajal + ajailag, ai] + af [a;, af]a
:aia%jh + ajalcgih + aZaichk + a}:ajdik
=0ik0n + afa;Gjn + Ojkdin + ala;din + afaidje + ala;di, |
and
lafa;, afax]

a;a;, a0 :[a;raj,a,i]ak + aL[aZTaj7 a) (2.9)

=allaj, af)ar + ajlaf, ar]a;
:ajakéj,h - a;flajéi,k .
Equation (2.3) follows from
[aMa, af Na'] = M;; Nyylasa;, af al]
:(Q‘S)MjiNhk (aiazéjh + (lj(l};éih + a}:aiéjk + alajéik)
=M; Ny, ((5ik5jh + alaiéjh + 8k0in + azajéih + azaidjk + a;aj&k)
=M;; Npk0indjn + MjiNhka};aiéjh + M Npi0ji0in+
MjiNhka;Laj(Sih, + MjiNhka;avz(Sjk + MjiNhkaJ}rlaj(Sik
=M;;Nj; + M;;N;rala; + Mj;Nij + MﬂNikaLaj + M;;Npjala; + MjiNMaILaj
=2M;;Ny; + NijMjsala; + MjiNigala; + NijMjial a; + Mj; Nipal a;
=2Tr (MN) + (NM)yiaha; + (MN)jraka; + (NM)piala; + (MN);nala;
=2Tr (MN) + (NM)yata; + (NM)yjala; + (NM)piala; + (NM)pjal a;
=2Tr (MN) + (NM)ata; + (NM)piala; + (NM)giala; + (NM)jala;
=2Tr (MN) +4(NM),, ala; = 2Te(NM) + 4a’NMa .
Equation (2.7) follows from
[a'Ma,a'Na'] = M; Nhk[aTaJ, aLaL]
:(2'8)Mz-jNhk (6ik§jh + akaiéjh + 050 + a};ajéih + ailaiéjk + alﬂj‘;ik)
:MijNhkaIaL(th + MijNh}caLaIéj]g + Miijka;raZ + MijNhjaLa;r
(MN)ikaTaL + Miijha;rL i
=(MN)a} ak (MN)alal + (MN)yalal + (MN)galal
+ (MN)galal + (MN)T ) ralal
=al(MN) + (MN)")ixaj
=a'(MN)+ (MN)T)a' .
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Equation (2.4) is the adjoint of (2.7). Equation (2.5) follows from

[a' Ma,af Na] =M;; Nyplala;, a};ak]
=Ny Ny (alardp — ala;di )
=M;; Nyeald;nay, — MijNyga)dria
=a! M;;Njray, — a} NpiMija;
=al (MN)iar - af,(NM)na;
=a'(MN)a — o' (NM)a
—a'(MN - NM)a
=a'[M, Nla .

The proof of (2.4) follows directly from the commutation relations

[a;ra;,a;al] = [a;aj,apar) =0,

for all indices i, j, h, k. (]

The commutation relations (2.5), (2.7) suggest that it is convenient to introduce
the composition law discussed in the following Lemma. In section 7 below we will
see that, using the o—notation, several formulas acquire a shape that strongly
reminds the corresponding result in the commutative case.

Lemma 2.2. For any X,Y € My(C), the binary composition law
XoY :=XY 4+ (XY)T | (2.10)
is commutative, distributive, complex bi-linear and the following properties hold.

Xol=X+XT, (2.11)
(XoY)* =Y* o X* . (2.12)

Proof. Commutativity, distributivity, complex bi-linearity and (2.11) are clear.
(2.12) follows from

(X oY) :=(XY + (X)) = y*X* 4+ (XY)T)*
=V*X* 4+ (X)) =YV X"+ (V"X ) =Y* o X*.
O

Remark 2.3. The operation o is neither commutative nor associative. Restricted to
the hermitian (or skew-hermitian) elements of heisy,c(n) it reduces to the Jordan
product which is commutative.

With the o—notation, Lemma 2.1 becomes the following.
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Corollary 2.4. For M,N € M,(C),
[aMa,a'Na'] =2 THNM) +4a"NMa , M,N € M, 4, (C) , (2.13)
[aMa,a'Na] =a(M o N)a , M € My, 5,m(C) , N € M,(C) , (2.14)
[a"Ma aTNa] a'[M,N], M,N € M,(C)a , (2.15)
[a'Ma',a'Na'] =[aMa,aNa] =0, M,N € M, 4,m(C) , (2.16)
[a'Ma',a’Na] = — a’ (N o M)a' | M € M, 4ym(C) , N € M,(C). (2.17)
Proof. (2.17) is, up to change of notations, the adjoint of (2.14). In fact
(2.14) <= ([aMa,a'Na))* = (a(M o N)a)*
— [(a'Na)*, (aMa)*] = o' (M o N)*al
> [a'N*a,a" M*a'] = aT (N* o M*)al
Since M, N are arbitrary, one can replace M by M* and N by N* obtaining
[aTMa',a'Na] = —a (N o M)a'
Exchanging the roles of M and N, (2.17) takes the form (2.7), i.e
[a'Ma,a'Na'] = af (M o N)a'
]

Definition 2.5. The complex n—dimensional quadratic Boson algebra, still
denoted heisy,c(n), is the *—Lie algebra with linearly independent generators

{1, B§(A4), B{(B), B3(C) : A,C € My 4ym(C), B € M,(C)} , (2.18)

central element 1, involution given by
Bj(A)* = By(A") ; B{(B)" = BI{(B") ; By(C)* = B3(C™) (2.19)

and Lie brackets given by:

[BY(M), B§(N)] =2Tr(NM) + 4 B{ (N M) (2.20)
[Bi (M), B{(N)] =Bi (M, N]) , (2.21)
[B3(M), B{(N)] =B3 (M oN) , (2.22)
[B§(M), By(N)] = — B§ (N o M) , (2.23)
(B3 (M), B§(N)] =[B3(M), By(N)] = 0. (2.24)

The the skew—adjoint elements of heisy.c(n), are a real *—Lie sub-algebra de-
noted heiss(n), called the n—dimensional quadratic Heisenberg algebra. The
local Lie groups associated to heisy,c(n) and heisy(n) are denoted respectively
Heisy,c(n) and Heisa(n).
Remark 2.6. With the additional prescriptions

B3(A) = B3(AT) ; BY(A) = BY(AT); VA€ M,(C),  (225)
(automatically satisfied in the Boson realization (see (2.1))) allows to replace the
parametrization of heiso.c(n) given by (2.18)

{1, B§(A), B{(B), B3(C) : A,B,C € M,(C)} . (2.26)
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The advantage of (2.18) is that it is one—to—one.

Remark 2.7. In order to simplify notations we use the same symbol heiss.c(n)
for the abstract *—Lie algebra and for its Boson realization and the same for their
central element. The identifications

Bj(A)=a'Ad" ; Bi(B) =a'Ba; BY(C) =aCa,

are clear from the commutation relations and in the following we will use them
constantly because the Boson notation are more intuitive. These identifications
should not create confusion provided they are handled carefully. For example the
following identities, where summation on repeated indices is understood, make
sense in a Boson context:

aAal :ai(A)ija; = aiAija} = A;;([ai, a;] + a;f-a,-) (2.27)
=Aij(0ij + ala;) = Aijoi; + Aijala; = Adi; + al(AT)jias
=Tr(A) + a}((A)")jiai
=Tr(A) +a'(A)Ta,

but, while expressions of the form aAa’ do not make sense in the quadratic Boson

algebra, both terms in the sum appearing in the last identity in 2.27 are in the
quadratic Boson algebra.

Remark 2.8. In the physics literature, instead of (2.19), one uses the involution
B{(B)" = Bi(B") ; By(C)" = B§(C) ,

where annihilators depend anti—linearly on their test matrices. This has the
advantage that annihilators are simply defined as adjoints of creators and one is
not obliged to define an involution on the test function space. However, since most
test function spaces concretely used have a natural involution, the choice (2.19)
seems to be more natural.

Lemma 2.9. The pairs (N,n) € N? such that sl(N,R) and heisz(n) are isomor-
phic as vector spaces if and only if N and n have the form

n=2n1+1; N=22p;+1); n1,p1 €N,
where the pair (n1,p1) € N? is any solution of the quadratic diophantine equation
22p1 +1)% = (20 + 12+ 1.
Proof. (2.2) implies that the complex dimension of heiss.c(n) as a vector space is

1

while the real dimension of heiss(n) is

+nf=14+n’+n+n?=202+n+1,

I+nn+D)+n+m—-)n=14+n*>+n+n>—n=1+2n?,

The real dimension of sl(N,R) is N2 — 1. Therefore heiss(n) can be isomorphic to
sl(N,R) as vector space only if the pair (n, N) € N? satisfies the equation

N2 —1=2n+1 < N?*=2n>+2. (2.28)
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If this is the case, given n (resp. N) N (resp. n) is uniquely determined. Since
odd numbers are a multiplicative semi-group, given n, N has to be an even
number:

N=2p.
In this case (2.28) becomes equivalent to
(2p)2 =2n"4+2 <= 2> =n?+1 <= 2p* —1=n>. (2.29)

This shows that a necessary condition for (2.29) to have a solution is that n is
odd:
n=2n;+1. (2.30)

In this case (2.29) becomes
207 —1=(2ny 4+ 1)> =4n3 +4n; + 1
<= 2p® = 4n? +4ny +2
= p*=2ni(ny+1)+1. (2.31)

It follows, for the same reason as above, that a necessary condition for (2.31) to
have a solution is that p is odd:

p=2p +1. (2.32)
In view of (2.30) and (2.32), (2.28) becomes
(2(2p1 + 1)) =2(2ny +1)2 +2 (2.33)

< 4(2p1 +1)? =2(2n; +1)* + 2
—=22p +1)2=2n1 +1)2+1.

Remark 2.10. Equation (2.33) for given n; has the non—trivial solution
np=3= (20 +1)>+1=50=2.5,

while for given p; it has the non—trivial solution
p=2=202p +1)*-1=49="7%.

More generally one can prove, by direct computation, that equation (2.28) has
non—trivial solutions in the following cases:

n=1=N?=2m?+2=4=22=N=2,
n=2=N?=2n24+2=10 = no solutions ,
n=3=N?"=2n"+2=20 =
n=4=N?=2n%+2=34 = no solutions ,
n=5=N?=2n>+2=52 =
n=6=N2?=2n2+2=74 = no solutions ,
n=T7=N?=2n"+2=100=10° = N=10.

no solutions ,

no solutions ,

Therefore non—trivial solutions exist.
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2.1. Group elements and their 1-st and 2—d kind coordinates. In this
section, we identify the first and second kind coordinates in the case of heisc(2;n).
The elements of heisc(2;n) are parametrized by quadruples

(z,A,B,C) € Cx My, gym(C) x Mp(C) x My 5ym(C) ,

and we consider the natural topology induced by this parametrization. From this
section on we suppose that, for (z, A, B,C) near the origin the corresponding
element of heisc(2;n) can be exponentiated in the sense that the corresponding
exponential series converges on a dense sub—space of the representation space. In
section 8 below we prove that this is always the case in the Fock representation.

Following the general theory of Lie groups, we say that the quadruple
(z, A, B,C) defines the second kind coordinates of
G(I, A, B, C) _ exleaTAaT eaTBaeaCa _ eacleBg(A)eB%(B)eBg(C) c HeisC(Q; TL) ,
and the first kind coordinates of
W(CL‘, /17 B7 C) — €m1+aTAaT+a,TBa+aCa, _ ez1+B§(A)+Bi (B)+Bg(C) c H@iSC(2; TL) )
(2.34)
In both representations one can find a sub—set of the whole domain of the coordi-
nates, i.e. C-1pz, X My sym (C) x My, (C) x M, gym (C), in which the correspondence
W(z, A, B,C)— (x,A,B,C) ; G(z,A,B,C) — (z,A,B,C)
is one-to—one. This domain can be considered as an embedding of the group man-
ifold of Heisg,c(n) into the vector space C-1as, X My sym (C) X My (C) X My, gym (C).
On this domain the group multiplication law induces a group composition law
through the identities
W(xh A17 Bla Cl)W(x27 A2> BQa 02) =W ((mlﬂ Ala Bl7 Cl) <1 ($2, A2a 327 02)) )
G(.I‘l, Al, Bl7 Cl)G($2, A27 BQ, 02) =G ((581, 1‘117 Bl, Cl) O9 (.782, A27 B2, 02)) .
Typically both composition laws ¢; and ¢ are strongly non-linear functions of
the coordinates. In the 1-dimensional case and for the sub—group Heisy(1) of
Heisy,c(1), i.e. up to isomorphism sl(2,R), both the domain and the explicit form

of o1 were determined in the paper [6]. Our goal is to extend this result to the
multi-dimensional case.

2.2. s—Lie sub—algebras of heis,,c(n). For special *-Lie sub-algebras of
heisg,c(n), the formulas of the exponential of their elements are considerably sim-
plified. The following Proposition describes the spaces of test matrices that
parametrize some natural *-Lie sub-algebras of heiso.c(n).

Proposition 2.11. Let £ be a *—Lie sub—algebra of heiso,c(n). Denote
My(2,0) :={A € My(C) : BX(A)ecL},
My(1,1) :={B € My(C) : B{(B)e L},
My(0,2) :={C € My(C) : BYC)eL}.
Then My(1,1) is a sub——Lie algebra of My(C). If in addition
1€ My(2,0)
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then My(1,1) is a x—sub-algebra of My(C) closed under conjugation (or equiv-
alently under transposition) and

My(2,0) = My(1,1) = My(0,2) . (2.35)
Proof. The assumption that £ is closed under involution and (2.19) imply that
M4(2,0)* = My(0,2) ; Mg(1,1)* = My(1,1) . (2.36)

The assumption that £ is a Lie algebra and the linearity of the maps Bi( )
imply that Mg(2,0), Ma(1,1), My4(0,2) are vector spaces. (2.5) implies that, if
M,N € My(1,1), then [M, N] € My(1,1). Hence (2.36) implies that My(1,1) is a
sub—x—Lie algebra of My(C). From (2.4) it follows that, if M € My4(0,2) and N €
My(1,1) then, (see (2.25)) since a (MN + (MN)T)a =aMNa, MN € My(0,2).
Equivalently

Ma(0,2)My(1,1) € My(0,2) . (2.37)

But, because of (2.36), 1 € M4(2,0) <= 1 € M4(0,2). Therefore, if 1 €
M4(2,0), then My(1,1) € My(0,2). On the other hand, (2.3) implies that
M4(2,0)M4(0,2) C My(1,1). By the same argument, M;4(0,2) C My(1,1). There-
fore My(0,2) = My(1,1) and (2.36) implies that also My(2,0) = My(1,1). But
then (2.37) becomes

Ma(0,2)My(1,1) = My(1,1)My(1,1) € My(1,1) ,

ie. Mgy(1,1) is an algebra. Since it is closed under involution, it is a sub—%—
algebra M;(C). From (2.22), (2.35) and the fact that My(1,1) is a *—algebra with
identity, it follows that My(1, 1) is closed under transposition and, by the x—algebra
property, this is equivalent to be closed under conjugation. Conversely, if My(1,1)
is a #—algebra (not necessarily with identity) closed under transposition, then the
set

L:={Bj(A),B{(B),B3(C) : A,B,C € My(1,1)} ,

is closed under the involution (2.19) and under the Lie brackets (2.3), ..., (2.7),
i.e. it is a *—Lie sub-algebra of heiso.c(n). O

Remark 2.12. From (2.5) it follows that, for any real or complex Lie sub-algebra
L, of M, (C) the family

Ao(Ly) :={a'Ma : MeL,},

is a real or complex Lie sub-algebra (resp. x—Lie sub-algebra) of heisc(2;n) called
the quadratic preservation algebra of order n. If £,, = M, (C), we simply
write Ag .

3. The Splitting Lemma

In this section, we recall, in our notations, Feinsilver—Pap’s splitting lemma [9]
which will be our basic tool for the calculation of vacuum characteristic functions
of homogeneous quadratic fields. Formulas expressing second kind coordinates in
terms of first kind ones are called splitting or disentangling formulas. In the
case of Heisc(2;n), they are given by the following lemma.
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Lemma 3.1. For A,C € Sym (M, (C)), B € M,(C), define
(B 24
"= \-~20c -BT)"

(3% %) -+

Then, fort € R sufficiently close to 0:
et(a*AaHa*BHaCa) —e % Tr(B)+%Tr(g,,(A,B,C))e%afft(A,B,C)af

and P,Q, R, S by

. ' 9:(A,B,C)asahi(A,B,C)a
)

or, in the B-notation
et (B3 (A)+B1(B)+B3(C)) L Tr(B)+3 Tr(g.(A,B,0)) .5 B3 (f1(A,B,C))

—=e 2

. ¢Bi(9:(A,B,C)) 3 B3 (he(A,B,0))
)

where

fi(A,B,C) =Q1)S(t)™", 9:(A, B,C) = —log S(t)" , he(A, B,C) = S() ' R(¢t) ,
and f = (f+f1/2, h = (h+ hT)/2 denote the symmetric parts of f, h.

Remark 3.2. The invertibility of S(t) for each t € R is proved in Lemma 3.3 below.

Proof. From Lemma 6 of [9], with the following change of notations with respect
to those used there:

Roa — a'Aa' , Ao — aCa, pp — a'Ba + Tr(B/2) ,
we obtain

6t(a* AahrafBaJraCa)

e TH(B) t(Raatpp+dac) — o=5 THB) Ras0 ePas ) A g

where
As(t) = fi(A,B,C), As(t) = g:(A, B,C), As(t) = he(A, B,C) ,
with fi, g, hy as in the statement of this Lemma. Thus, using

< T xal T Xl
ea.XazeaXa7 €% Xa — @ Xa ,

one finds
et(aTAaT+aTBa+aCa) — % Tr(B)eRA4(t) eP A5 (1) pD g ()
—o 5 TE(B) gRyy(4,8.0) pPor(4.8,0) DRy (4,B,0)
—o Tr(B)eaT%ft(A,B,C)a*ea*gt(A,B,C)a+%Tugt(A,B,C))ea%ht(A,B,C)
—e % Tr(B)Jr%TI‘(gt(A,B,C))e%ant(A,B,C)aTea,Tgt(A,B,C)aeéaht(A,B,C)a

— ot Tr(B)+1Tr(9:(A,B,0)) y1al f1(A,B,C)al La'g:(A,B,C)a Lahi (A,B,C)a
]
Lemma 3.3. S(t) and P(t) are invertible for t € R with |t| sufficiently small.
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Proof. For any s,t € R, one has

esuetv _ Rs Qs Pt Qt _ psPt - Qth PSQt + QsSt
~\-Rs S —R; Si)  \~RsPi— SRy —R,Qi+ SsS;

:< Py Qs+t) — olstt)v

—Reyt Seqe

Py Qo) _(1 0
—Ro So/) \0 1)~
By continuity, for each € > 0 there exists ¢, such that, for any ¢ € R with |¢| < ¢,
[P =1 [[1Se =1 < e [|Qll  [[Rell <€ (3.1)

Since the set of invertible elements in M,,(C) is open, € can be chosen so that if
X € M,(C) is such that

Moreover

IX -1 <e (3.2)
then X is invertible. In particular, if € is as in (3.2) and P, and S, satisfy (3.1),
then they are invertible. O

Remark 3.4. In general P, and S; are not invertible for each ¢t € R. For
example, taking

1 1
A= =il =——iI=A" B=
22 , C 22 , 0,
I being the identity matrix, one finds
P(t)=S(t)=cos(t)I , vt ,
which is identically zero for ¢t = (k + %) « for any k € Z.

Remark 3.5. If A =0 then v and e®” are both lower triangular, therefore Q = 0,
so f:(0,B,C) = 0 as well. Similarly, if C = 0 then v and e!” are both upper
triangular, therefore R = 0, so h;(A, B,0) = 0 as well.

Notation 1. For t = 1 we will denote the functions f;, g¢, b+ of Lemma 3.1 by f, g, h
respectively.

Notation 2. For z € C we denote e*! by just e?.

Notation 3. In view of Lemma 3.1,
E=W(x,A B,C)=G(' A", B, C

where

' =r— %Tr(B) + %Tr (9(4,B,C))

A= (A, B,C); B'=g(A,B,C); C' = WA, B,C).

Remark 3.6. By the Baker- Campbell -Hausdorff formula (see [10]), for all M, N €
Mn((c) )

M+ [y g<eadM etadN> (N)dt _

oM N M+N+BCH(M,N)
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where
log =z
g(Z) - 1 _% )
and
1 1 1
+ higher order commutators.... ,
(see Chapter 5 of [10]).
Lemma 3.7. For M,N € M,(C),
eaMaeafNaT :e% Tr(g(NANM2(MNM+(MNM)T))) (3.3)
.e%an(NANM,Z(MNM—}—(MNM)T))aT
.eafg(N,4NM,2(]\/INM+(MNJVI)T))a
.e%aix(N,4NM,2(]VINM+(MNM)T))a ,
eaMaga'Na _, Tr(=3N+59(0.N.MN+(MN)T)) (3.4)
.ea‘\g(O,N,MN—&-(]WN)T))a ) ea(]bf+%f1(0,N,MN+(MN)T))a ’
et Maga'Nal _ Tr(—§M+39(MN+(MN)T,M,0)) (3.5)

.ea*(N+§f(MN+(MN)T,M,0))af .ea*g(MN+(MN)T,M,o)a

)

where in (3.3) M,N € M, 3ym(C), in (8.4) M € Sym (M,(C)), and in (3.5)
N € M, sym(C). In the B-notation, (3.3)-(3.5) take the form

BV BE(N) _ 3 Tr(g(NANM2(MNM+(MNM)T))) .
o3 BA(F(NANM2(MNM+(MNM)T)))

. B (9(NANM2(MNM+(MNM)T)))
. o3 BY(A(NANM2(MNM+(MNM)T))) 7

oBIM) BY(N) _, Tr(=4N+19(0,N,MN+(MN)T)) o
. eBi(9(0. N MN+(MN)T))) | B3 (M+3A(0.N.MN+(MN)T))

B  BEN) o Tr(= 5 M+ 39(MN+(MN)T M0)) (3.8)

.eBg(N+%f(MN+(MN)T,M,O)) .eBll(g(MN+(MN)T,M,O))

where f,g,h are as in Notation 1 and f,h denote the symmetric parts of f, h.

Proof. Using Lemma 7.1 we have

t T
ea]\/[aea Na

fNal —
(6a]VIaea Na e aMa) eaMa

:eaTNa‘th[aMa,aTNaT]qt%[aMm[aMa,aTNaf]]queaMa
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By Lemma 2.1,
[aMa,a'Na']| =2Tr(MN) + 4a'NMa ,
[aMa, [aMa,a'Na']] =[aMa,2 Te(MN) + 4a' N Ma]
—4[aMa,at NMa] = 4a (MNM n (MNM)T) a,

and by (2.6) all higher order commutators in the exponent are zero. Thus

paMagatNa® _ 2 Tr(MN)ea*NahrauNMaJra 2(MNM+(MNM)T)a€aMa
- )

which, using Lemma 3.1 to split the middle exponential, yields (3.6). Similarly, to
prove (3.7) we notice that, by 2.1,

t T _
ea]\laea Na _ (eaMaea Nae aMa) eaMa

:ea‘\Na+[aMa,aTNa]+%[aMa,[aMa,aTNa]]+~~~6aMa

By Lemma 2.1,
[aMa,a'Na] = a (MN—!— (NM)T) a,
so [aMa,[aMa,a’ Na]] and all higher order commutators in the exponent are all
equal to zero. Thus
6aMa€aTNa :ea*Na+a(MN+(NM)T)aeaMa

which, using Lemma 3.1 to split the exponential, yields
eaMaga'Na :eTI‘(—%N+%g(O,N,]WN+(MN)T)) . e3a' F(O.N MN+(MN)*)a'

.ea‘\g(O,N,MN-&-(MN)T))a ) ea(]W+%iL(0,N,MN+(MN)T))a
b

from which (3.7) follows with the use of Remark 3.5. Finally, to prove (3.8) we
notice that by 2.1,

et Maga'Na® _ afNa' (efafNa*ea*Maea*NaT)
:ea*NaTeaTMa+[—aTNaT,a*Ma]+%[—a*Na?,[—aTNa?,ana}Hu-
—ea' Naf ja' Matla'Ma,a' Nal]+ g [a' Na' [a" NaT ol Ma]] 4
By Lemma 2.1,
[a'Ma,a'Na'] = af (MN+ (NM)T) a,
so [afNa',[a"Naf,at Ma]] and all higher order commutators in the exponent are

all equal to zero. Thus
T tNat tNal ot ol ot
ed' MagaNal _ a'Na' a (MN+(NM)T)aT+af Ma

which, using Lemma 3.1 to split the exponential, yields

6ana€afNaT :eafNaTeTr(f%M+%g(MN+(MN)T,M,O)) _(zécﬁf(MNJr(MN)T7M,0)aT

.ea*g(MNJr(MN)T,M,o)a . e%aﬁ(MN+(MN)T,M,0)a 7

from which (3.7) follows with the use of Remark 3.5. g
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Lemma 3.8. For M,N € M,(C),

ea]VIaeaNa :ea(M-‘rN)a , (3.10)
6anMaea,TNa :eaT(M-Q-N-‘rBCH(MvN))a , (311)

or in the B-notation

BZ(M) _BZ(N B2(M+N
e 0( )6 0( ) e 0( ) s
eB2(M) B =eB2(M R

eBll(M)eB}(N) 7€Bll(M+N+BCH(]W,N))
- I

where BCH (M, N) is as in Remark 3.6.
Proof. For (3.11), by the Baker-Campbell-Hausdorff formula of Remark 3.6, we
have

eaT]VIaeafNa :ea,iMquuTNawLBCH(aTMa,aTNa)

Using (2.5) we see that
BCH (a'Ma,a'Na) = o' BCH(M, N)a .

Thus,
eaTMaea*Na _ ea*(M+N+BCH(M,N))a

The proof of (3.9) and (3.10) is similar, with the BCH term equal to 0 in both
cases by (2.6). O

4. The Group Law in Coordinates of the Second Kind

The homogeneous quadratic Weyl operators are group elements of heisc(2;n) in
coordinates of the second kind. In order to calculate their vacuum expectation val-
ues, i.e. the characteristic function of the vacuum distribution of the corresponding
hermitian elements of heisc(2;n), we have to find the transition formula, from co-
ordinates of the second kind to coordinates of the first kind (which, in physical
language corresponds to find the normally ordered form of these expressions).
This is done in this and the next section.

Theorem 4.1. In the notation of Section 1, let z; € C, A;,C; € My 5ym(C) and
B; € M, (C), i=1,2. Then

G(z1, A1, B1,C1)G(x2, Az, B2, Co) = G(z, A, B,C) , (4.1)
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where the coordinates x, A, B,C are given by,
1
T =T1 + T2 + 5 Tr (— (Bl + Bg) + g (AQ, 4A201, 2(01/1201 + (ClAzcl)T))
+g (le (B X)), B, 0) +9(0,By, ZBs + (ZBQ)T)) ,
1. T
A=X+A1+5f (le+ (B, X) ,Bl,O) ,
T T
B=Y+g (BlX +(B1X) ,BhO) tg (0,32,232 1 (ZBy) )
+ BCH (g (le + (B X)), B, o) ,Y)
+ BCH (E7g (o, Bo, ZBs + (ZB2)T>) :
1.
C=Co+ 7+ 5h (0,B2,ZBy + (ZBy)") ,
E=Y+g (le +(B1X)", By, 0) + BCH (g (le +(BiX)", By, 0) ,Y) :
and
1.
X :§f (A2>4A2C’172 <01A201 + (C1A201)T)) , (4.2)
Y =g (A2,4A201, 2 (01A201 =+ (ClAgcl)T)) 5 (43)
1.
Z=5h (A2,4A26’1, 2 (ClAgCl n (ClAzcl)T)) . (4.4)

. fAoat e .
Proof. Computing e*C1%¢% 42¢" with the use of Lemma 3.7, we obtain
G(mlv A17 Bla CI)G(x27 A27 B27 C'2)
:eml+m2€aTA1aT eaTBla,ea,ClaeaTAzaT eaTB2aeaC2a
—er1taz alAral jaBia | eTI"(%g(AzAAzcl,2(01A201+(01A201)T)))
. e3a' (42,4401 ,2(C1A201+(C1A201)") )
. e0'9(A244:C1.2(C1A201+(C1A2C1)7 ) )a
. @30h(A2,4A4201,2(C1A2C1+(C14201)7) )a ya' Baa ,aCaa

:ew1+w2+TI'(%g(AzAAgcl,2(01A2C1+(01A201)T)))

atAiat atBia atXa® a'Ya aZa aTBga aCsa
cet 1% et Flfe e e’“%e e ,
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where X, Y, Z are as in (4.2)-(4.4). Computing ea' Braga'Xa' ap( gaZaga’ Baa with
the use of Lemma 3.7, we obtain

G(z1,A1, B1,C1)G(22, Az, B2, Cy)
:ezl+zg+ ’:[‘I'(%g(Az,41426’1,Z(C'lAzCl-ﬁ-(C1AgCl)T)))ea‘\AlaJr

. eTI‘(7%Bl+%g(le+(B1X)T,Bl,0))6{1,T(%f(BlXJr(BlX)T,Bl,0)+X)a*
. ea*g(Bl)(Jr(BlX)T,Bl,o)aea’fYaeTr(f%Bz+%g(o,B2,ZBZ+(ZBQ)T))
) ea*g(o,Bz,ZB#(ZBg)T)aea(z+§ﬁ(o,32,ZBer(ZBQ)T))aeacza

o1t t Ir(59(A2,442C1,2(C1A:C1+(C142C1)T)))
.eTI‘(—%B1+%g(B1X+(le)T7B1,0))eTI"(—%Bz—&-%g(O,BQ,ZBz—&-(ZBz)T))
. ea*AlaTea*(%f”(BlXHBlX)T,Bl70)+X)a*
. ea*g(BlXJr(BlX)T,B1,o)aea’fYaeafg(o,B2,ZBQJF(ZBQ)T)LL

. ea(Z+%iL(O,BQ,ZBg+(ZB2)T))aeaCZa 7

from which (4.1) follows by combining the exponentials with the use of Lemma
3.8. (]

5. The Group Law in Coordinates of the First Kind

Theorem 5.1. In the notation of Section 1, let x; € C, A;,C; € My 5ym(C) and
B; € M,(C), i=1,2. Then

W (z1, A, B1, C1)W (2, Az, By, Cy) = W(xz, A, B,C) ,

where x, A, B,C are determined by the system

¥ =z — - TH(B)+ %Tr(g(A,B,C’)) :

2
A =2 f(A,B,0)
B'=g(4,B,C) ,

1.
C' =5h(A,B,C) |
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where
1
' =z + 39+ 3 Tr(—(L1+L2)+g (K2,4K2M1; 2(My KoMy + (M1K2M1)T))
+g (L1X + (L1 X)T, Ly, 0) +9(0, Ly, ZLy + (ZLQ)T))

1
-‘riTT(—(Bl+B2)+g(A17B1aCI)+g(A27B2aCQ)) )
r_ 1 T
A _X+K1+§f(L1X+(L1X) ,LI,O) ,

B =Y +g (L1X (LX) L, o) +9(0, Ly, ZLy + (ZLy)T)
+ BCH (g (LlX +(Lx)T, L1,0> ,Y)

+ BCH (E,g (07 Lo, ZLo + (ZLQ)T)) ,

1~
C'=Ms+Z + §h (0,Ls, ZLy + (ZL2)") ,
and

E=Y +g (L1X (LX) L, 0) + BCH (g (L1X (LX) L, 0) ,Y) :

X = f (Ko, 40y, 2 (MyEe My + (MiEeM)T))

1
2
Y =g (K2,4K2M1,2 (M1K2M1 + (MlKZMl)T>) ;

1.
Z=5h (Kz, AR, M, 2 (MlKng + (MleMl)T)) ,
where, fori=1,2,
1. 1-
K; = §f(Az‘,Bz‘,Ci) ;i Li = g(Ai, B, Cy) 5 M; = §h(Az‘,Bz‘,Ci) .
Proof. We have

W(IlaA17B1701)W($2:A27B27C2)

— %1 1+atAraf+al By a+aC1aex2 1+at Azat+at Byat+aCsa

eac1+acg eaTAl at +aT Bia+aCq aecﬁf-x-za‘L thfr Bsoa+aCsa
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Splitting the exponentials with the use of Lemma 3.1, we obtain
W('le Ay, By, C1)W(1?27 Ag, Bo, 02)
:e-731+-7?2+r‘[‘r(*%(BI+B2)+%Q(A1,Blvcl)+%g(A2,B2yc2))
. e3a' f(A1,B1,C1)a’ gaty(A1,B1,C)agah(Ar,B1.Cr)a

.e%aff(Az,Bz,cz)afeafg(AQ,BQ,CQ)aegaﬁ(AQ,BQ,CQ)a

:e%rrr(i(Bl+B2)+g(A1’Bl’cl)+g(A2’BQ’CQ))G($1, Kl, Ll, ]V[l)G(SCQ, Kg, LQ, MQ)

)

1.
K; = Ef(AnBi,Ci) ; Li = g(Ai, Bi,Ci) s My = Sh(A;, B;,Cy),i=1,2.

1
2
Thus, by Theorem 4.1,

W(xl7Al7B17 Cl)W($27A27B27 02) = G(xlvAlvB,7C,)

where
1
2 =z + 3o + 5Tr (= (L1 + L) + g (K2, AKo My, 2(My Ko My + (M Ko M7)T))
9 (LX + (LX) 11,0) + 9 (0, Lo, ZLs + (Z12)7) )

1
+ ng(—(B1 + Bs) + g(A1, B1,C1) + g(Az, B2, C3))
1 12 T
A =X+ K1+ 5] <L1X+(L1X) ,Ll,O) :

B =Y +g (le + (LX) Ly, o) +9(0, Lo, ZLy + (ZLy)7)
+ BCH (g (L1X + (L1 X)T, Ly, o) ,Y)

+ BCH (E,g (o, Lo, ZLy + (ZLQ)T)) ,

1-
C'=Ms+ 7+ 5h (0,L2, ZLy + (ZLo)T) |

and
E=Y +g (L1X (L X)T, Ly, 0) + BCH (g (le (LiX)T, Ly, 0) ,Y) 7
1 4
X = f (K2,4K2M1, 2 (M1K2M1 n (MleMl)T)) ,
T
Y =g (K2,4K2M1, 2 (MlKng + (MK My) ))

I

7z :%i} (K2,4K2M1,2 (M1K2M1 n (MlKng)T)) .
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Therefore, in Notation 3,
W (21, A1, By, C1)W (2, Az, B2, C2) = W(x, A, B,C) ,
where x, A, B, C are defined by

A :%f(A,B,C) ; B'=g(A,B,0); C' = %H(AB,C) .
O

Example 5.2. For j = 1,2, assuming z;1 = A; = C; = 0, by Lemma 3.8 we
know that
W(0,0, By, 0)W(0,0, By, 0) et Braga' Baa — ga'(Bi+Ba+ BOH(B1,B)a
=W(0,0, By + By + BCH (B, B3),0) .

To verify this using the group law, we notice that in the notation of Theorem 5.1
we have

1. 1
Kj = §f(0aBJ70) ) Lj :g(O7B]70) ) Mj = gh(Oaijo) .

In the notation of Lemma 3.1,

_ Bj 0 v ij 0
v= 0 —B7T e = 0 e_BJT ’

ie.,

P:eBJ',Q:R:O,S:e*BjT 7
SO

£(0,B;,0) = h(0,B;,0)=0,
and
T

g(0,B;,0) = —log (e‘Ba‘ ) =B, .

Thus

K;=M;=0,L; =Bj,
and, by Remark 3.5,

1. 14
X:5f(0a070):an:g(0a070):03 Z = ih(0a070):07

which imply that A’ = C' =0,

B' =¢(0, B1,0) + g (0, B2,0) + BCH (g (0, B1,0) ,0)
+BCH (g(07Bl70) ,g(O,BQ,O))
=B; +By+ 0+ BCH (Bl,Bg) =B+ By +BCH(Bl7Bg) R



22 LUIGI ACCARDI, ANDREAS BOUKAS, AND YUN-GANG LU

and

1
@' =5 Tr (= (By + B2) + 9 (0, B1,0) + g (0, B2, 0))

1
+ ET‘I‘(i(Bl + BZ) +g(0>Bla0) +g(O>BZa0))
:TI'(— (Bl +BQ) +Bl +Bg) =0.

Therefore z, A, B, C' are determined by the system

0=z — %Tr(B) 4 %Tr (9(A, B, C))
_L _log

By + By + BCH (By, By) =g(A, B,C) = —log ST
1. 1
=-h(A,B,C)==S"'R.
0 2h(, ,C) 59 R

We see that
Q=R=0, 8 = (BirtB2ABOH(B1B2)"

where these new P,Q, R, S are again as in Lemma 3.1. Thus, in the notation of
Theorem 5.1,

B2A>

W (P Q\_(P 0 <_20_BT
=\ -r s ) 0 e Bi+BABCHBB))" | =€

)

which implies
A=C=0,B=By+By+ BCH (By,B,) ,

and the equation

becomes
0= If%Tr (B, + By + BCH (B, 32))%% (9(0, By + By + BCH (By, By) ,0)
ie.,
0= %Tr (B, + Bs + BCH (By, By)) + %Tr (B, + By + BCH (By, By)) ,
SO
rz=0.

Therefore

W(0,0, Bl7O)W(0707B2aO) = W(CL‘,A7B7C)
=W(0,0,B; + B2+ BCH (B, B3),0) .
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6. Quadratic Weyl Operators and Vacuum Characteristic Function

In this section we consider the Fock representation of heisc(2;n) and we apply
all the tools developed in the first part of the paper to calculate the vacuum
characteristic functions of its hermitian elements, considered as real valued classical
random variables, as well as the explicit form of the scalar product of the vacuum
cyclic space of heisc(2;n). Let A € R, A a symmetric matrix, and B a hermitian
matrix. Then

H(\A,B) =M1 +a'Ad" + a'Ba + aAa = \1 + B2(A) + B} (B) + B3(A) ,

is a hermitian operator (in Section (8) we will prove that it is self-adjoint). For
A, B as above, we define the unitary Weyl operator

U\ A, B) = H(NAB) _ ei(A1+aTAaT+aTBa+aAa) _ ei(A1+Bg<A)+B}<B)+Bg(A)) '
Notice that, in the notation of section 1,
U\ A, B) = W (i), iA,iB,iA) .
The Weyl group multiplication law is
UM, A1, B1)U(Xo, Az, Bo) =W (i)1,1A1,iB1,iA1)W (idg,iAs,iBs, i Ay)
=W (i\,iA,iB,iA) = U\, A, B) |
where A\, A, B are determined by Theorem 5.1.

Theorem 6.1. If @ is a normalized Fock vacuum vector, i.e. a® =0 and ||®]| =1,
then the vacuum characteristic function of the quantum observable H(\, A, B) is
given by

(®,U(N, A, B)®) = oAb Tr(iB)+5 Tr(g(iA,iB,iA)) .
Proof. In the context of Notation 3, we have
(@, U(N, A, B)®) =(®, W (i), iA,iB,iA)®)
=(®,G(z', A", B',C")®)
=(®, ez’ea*A’aTea*B'aeaC'a@
= (D, D) = " |
where

1 1 _
7' =i\ — 3 Tr(iB) + 5 Tr (9(iA,iB,iA))

1. - - 1, i
A" =5 f(iA,iB,i4) ; B' = g(iA,iB,iA) ; C' = Sh(iA,iB,iA) .
O

Proposition 6.2. Let A € M, 5,m(C) and let ® be a normalized Fock vacuum
vector. Then
Heamafq)u — o1 Ir(g(A444,4444))
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Proof. By (3.3) of Lemma 3.7
||eaTAa*©H2 — eaTAaf(I)’eaTAaf(I)> _ <(eaan*) ea*Aafq)’ @>

(
o3 1r(9(A4AA 44A4)

- )
. < %anA(AAAAAAAA)aT eaTg(AAAAAAAA)ae%aiL(AAAAAAAA)aq) q>>
%T (g( 4AA4AA ))<6%aff(A,4AA,4AAA)aT<I)7 @)
%T (g(A, ))<(I)7e%a(f(A,4AA,4AAA))*a(D>
—ei T(9(A4A4,4400)) g )
%T r(g(A444,4444))

O
Proposition 6.3. Let A, B € My, oym(C) and let ® be a normalized Fock vacuum
vector. Then
<6af,4afq) 6aTBaf<b> — o3 Ir(9(A44B,4BAB))

Proof. By (3.3) of Lemma 3.7

<ea*z¢la7h‘{1)’eaJ(BaJr (I)> _ <(eaTBaT)* eaTAaT(IL(I)) _ <eaBaea*Aaf(I)’ <I>>

—e31¥(9(A4ABABAB))
(67 (A,4AB 4B )a)rea)rg(A 4ABABAB) eQaiL(A 4AB 4BAB) & <I>)
—e31r(9(A4ABABA ))<e%aff(A AAB,ABAB)a' g , D)
L e B>>< ehali(444B4BAR)) gy
e%Tf(g(Ay AB))(p, @)
_ 3 Tr(9(4,44B,4B4B))

O

Proposition 6.4. Let E be a real projection matriz and let ® be a normalized
Fock vacuum vector. Then for n=1,2,3, ...

(n)
TrE
TEa")" ®|? = 4™n!
IaEal)" ol =t (5F)

where for x € R,

2™ =@+ 1)(z+2) - (x+n—1),
is the rising factorial of x, and

(@) =a(@-1)(x—=2)--(zr-—n+1),

is the falling factorial of x.
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Proof. Using the Lie algebraic identity

(X, V"] ZY” -IX, Y]Yd

and Lemma 2.1 we have

|
-

n . .
[a'Ea, (aTEaT)n} = (atEaT)n_l_] [a'Ea,a' Eal (aTEaT)]
J

|

—
I
o

= (aTEaT)n_l_j 2(a'Eal) (aTEaT)j
J

Il
=)

n—1

=2(a' Ea")" Z 1 =2n(a'Ea®)" |

=0

and

n—1 . .
[aFa, (aTEaT)n}@ = Z (aTEaT)Wﬁli] [aEa,a’ Ea'] (aTEaT)] )
3=0
Z (aEa’)"""7 (2TrE + 4a' Ea) (o' Ea')’ @
§=0

n—1 . .

=2nTrE (aTEaT)n_1 o +4 Z (aTEaT)n_l_] (a'Ea) (aTEaT)] @
§=0

=2nTrE (aTEaT)n_l b +4 Z (aTEaT)n_l_j ([a' Ea, (aTEaT)j}
§=0

+ (a' Ea')’ o' Ba)®

=2nTrE (a‘LEaTyh1 D +4 Z (aTEaT)nAf] [a'Ea, (aTEaT)]]é
§=0
n—1 1

=20 TE (a'Ea')" " & +43 (a'Ea)""" 7 2j (a'Ea’) @
=0

=2nTrE (aTE'aT) ® +4n(n—1) (aTE'aT)ni1 o

=(2nTrE + 4n(n — 1)) (aTEaT)TH1 D .

n—1

25
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Thus

my, = (' Eal)" @
(a TEa' ) (aTEaT)nCI))
(aBa) (a'Ea)" @, (a'Ea)""" @)
(laEa, (a' Ea")"] + (a' Ea!)" aEa)®, (o' Ea’)" ™" @)
[aEa, (a "Eal ) 19, (aTE(ﬂL)?%1 D)
(2nTxE + 4n(n - 1)) (' Eat)" ™"

(
(
(
(
( D, (aTEaT)
= (@2nTrE + 4n(n — 1)) ((a' Ea)" ™"
=2nTrE + 4n(n — 1))m,—;

=TI} _, (2k TYE + 4k(k — 1))mq
=IIP_, (2k TrE + 4k(k — 1))

(n)
TrE
=4"n! .
(%)

Lemma 6.5. Let ® be a normalized Fock vacuum vector and let n € N. Then,
for all M, N € Sym (R"*™) with [M,N] =0,

O

[a'Na, (aTMaT)"] =2na'MNa' (aTMaT)qh1 ,

and

aNa, (atMah)"|® = 2n TH(NM) (atMat)" ! P
—2

+4n(n —1) (aTM2NaT) (aTMaT)n D .

Proof. As in the proof of Proposition 6.4,

|
-

n

[a'Na, (aTMaT)n] = (aTMaT)n_l_j [a"Na,a' Ma'] (a*Maf)j

<.
Il
- o

3
|

=) (a TMaT)n_l_j 2(a"MNal) (aTMaT)j
J

I
<)

n—1
=2a" M Nat (aTMaT)ni1 Z 1

=2na’MNal ((11LM(11L)n71
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and

+4a' NMa) (a' Mal)’ @
=20 Te(NM) (' Ma')" ™" @

n—1 . .
+ 42 (aTMaT)nJiJ (a"NMa) (aTMaT)] D
j=0

=20 Te(NM) (o' Ma')" ™" @

n—1 . .
+ 42 (aTMaT)nAiJ [aTNMa, (aTMaT)JkI)
§=0
1

=2nTe(NM) (af Ma")" " @

n—1 . .
+4Z (aTMaT)THFJ 2j (aTMQNaT) (aTMaT)rl(I)
j=0
=20 Tr(NM) (a'Ma')" ™" @

n—1
+8 (aTMzNaT) ((LTM(LT)R72 Zj@
§=0

=20 Te(NM) (a'Ma')" ™" @
+4n(n —1) (a'M?Na') (aTMaT)n_2 .
O

The vacuum cyclic space of heisc(2;n) is by definition the sub—space of the
Fock space obtained by applying to the vacuum vectors all the elements of the
polynomial algebra generated by all possible afMa', at Ha, aNa. Using the com-
mutation relations and the Fock property, one verifies that this space is the linear
span of vectors of the form

(a'M,a®) - (a' Mia")® . (6.1)

Moreover, since each M; has the form M; = Mj.gr + iM;,;; with Mj;.r and M
having real entries, one can suppose that, in (6.1), all matrices have real entries.
Using polarization and the commutativity of the creators, one concludes that the
vacuum cyclic space of heisc(2;n) is the linear span of the vectors of the form

(aTNaT)n@ , (6.2)
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when n varies in N and N varies in My, sym(R). Therefore the scalar product on
the vacuum cyclic space is uniquely determined by the scalar product of vectors
of the form (6.2) with N real symmetric.

Proposition 6.6. Let ® be a normalized Fock vacuum vector and let | € {1,2,..}.
Then, for all M, N € Sym (RM) with [M,N] =0,

My 1= <(aTMaT)n D, (aTNaT)n D),

satisfies, for n = 1,2, ..., the recursion
1 n
My ==Y 2P (n))? Tr (MN)F) ma_i
"=

where

and

Mg=nn—-1)n-2)---(n—k+1),
is the lowering factorial of n.
Proof. By Lemma 6.5

My, :z((aTMaT)n P, (aTNaT)n D)
((aNa) (aTMaT)" P, (aTNaT)ni1 )
{

[aNa, (aTMaT)n]Q), ((LTNCLT)n71 D)

—(2n Te(MN) (a'Ma")" "' @, (a'Na)" " @)
+ (4n(n — 1) a’ M?Na' (aTMaT)n72 o, (aTNaT)nil D)

=2nTr(MN)m,_1 + 4n(n — 1)<(a]L]\/.I'an)ni2 &, aM>*Na (aTNaT)

n—1

o)

=20 Te(MN)m,,_1 +4n(n — 1)((a' Ma')" " @, [aM>Na, (a' Nal)" " ]0) .

By Lemma 6.5,

[aMQNa7 (aTNaT)n71}¢ :2(n _ 1)TI‘(M2N2) (aTNaT)7L72 P

+4(n —2)(n —1)a' M*N3al (aJ'NaT)n73 D .
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Thus
my, =2nTr(MN)m,_1 + 4n(n — 1)<(aTMaT)n72 D,
2(n — 1)Te(M2N?) (af Na®)" @
+4(n —2)(n — 1) a’ M?N3at (aTNat)n_S D)
=20 Tr(MN)my,_1 + 8n(n — 1)°Tr(M2N?) m,,_»
+ 16n(n —1)%(n — 2)((aTMaT)n_2 ®,af M2N3at (aTNaT
=2nTr(MN)m,,_1 + 8n(n — 1)*Tr(M2N?)m,, o
+16n(n —1)2(n — 2)(aM>N3a (o' Ma")" "> ®, (a' Nal)" " @)
=2nTr(MN)my,,_1 + 8n(n — 1)*Tr(M2N?)m,,_o
+ 16n(n — 1)%(n — 2)([aM?N3a, (aTMaT)n_Q]q), (aTNaT)n_

)e)

*o) .

By Lemma 6.5,

[aM>Na, (aT MaT)" )@ =2(n — 2)Te(M3N?) (a'Ma?)" ™"

]

+4(n — 3)(n — 2)a' M*N3al (aTMaT)ni4 D .

Thus, since M, N are real,
my =2nTe(MN)m,_1 + 8n(n — 1)*Tr(M>N?) m,,_,

+16n(n — 1)%(n — 2)(2(n — 2)Te(MPN?) (o' Mal)" " @
+4(n —3)(n—2)a' M*N3a" (af Ma)"" @, (a Nal)" " @)

=2nTr(MN)my,_1 + 8n(n — 1)°Tr(M2N?)m,,_»
+32n(n — 1)*(n — 2)°Te(M3N3) m,, _3
+64n(n —1)%(n — 2)%(n — 3)(a' M*N3al (aTMaT)n_4 D, (aTNaT)n_

=20 Tr(MN)my,_1 + 8n(n — 1)*Tr(M2N?)m,,
+32n(n — 1)%(n — 2)*Tr(M*N®) m,,_3

3

29

+64n(n —1)2(n — 2)%(n — 3)((a' Ma')" " &, [aM*N*a, (' Nat)""*|®) .

Proceeding in this way, until the n — 4 in (aTMaT)n_4 ®d is reduced to zero, using

the fact that
mo = [|®]* =1,
we end up with

n

m, :% S 2 (n(n = 1)(n = 2) - (0 — k+ 1) Tr (MN)*) m
k=1
:% 222’“—1 ((n)x)* Tr (MN)) 1y,
k=1
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Proposition 6.7. Let ® be a normalized Fock vacuum vector and let I = 1,2, ...
Then, for all M, N € Sym (RM) with [M,N] =0,

Onm = ((a’Mal ) D, (aTNaT)m(E ,
satisfies, for n,m € {1,2,...} with n > m, the recursion

=

O =— 3 227 () () Tr (MN)*) 0 pomk

m
k=1

where
@ =2z(z-1)(z—=2)---(x—k+1).

Proof. By Lemma 6.5
o =((a'Ma")" @, (a'Na®)™ @)
((aNa) (aTMaT)n D, (aTNaT)m )
([aNa, (aTMaT)n]q), (a‘LNaT)"%1 D)
2nTr(MN) (aMa")" ™" &, (a' Na')" ™" @)
+ (4n(n —1)a’ M?Na' (a TMcﬂL)n_2 D, (aTNaT)
=2nTr(MN)op_1,m-1 +4n(n — 1)
{(af Ma")""* ®,aM>Na (a' Na')" " @)
=2nTr(MN)op—1,m-1 +4n(n — 1)
{(atMah)"™ ? ®,[aM>*Na, (a'Nat)™"

-1

m—1

m—1 (I)>

J®) .
By Lemma 6.5,
[aM?Na, (aTNaT)m71]<I) =2(m — 1)Tr(M>N?) (a]LNaT)mi2 ®
+4(m = 2)(m = 1) a'M2Na" (a'Na)" @

Thus
Onym =20 Tr(MN)op_1,m—1 + 4n(n — 1)<(aj(MaJr)n_2 @,

2(m — 1)Tr(M2N?) (a'Nat)" > @

+4(m —2)(m — 1) at M2N3al (' NaT)" " @)

=2nTe(MN)oy1,m—1 + 8n(n — 1)(m — )Tr(M*N?) 07y 92

+ 16n(n — 1)(m — 1)(m — 2)((aTMaT)n_2 ®,at M2N3at (a]LNaT)m_3 D)
=2nTr(MN)op—1,m-1 + 8n(n —1)(m — 1)Tr(M2N2) On—2,m—2
+16n(n —1)(m — 1)(m — 2)(aM*N3a (aTMaJ‘yk2 D, (aTNa]L)WF3 D)

=2n Tr(MN)Un—l,m—l -+ 8n(n — 1)(m _ 1)TI‘(M2N2) T2
+16n(n — 1)(m — 1)(m — 2)([aM*N?a, (GTMaT)nﬂH), (a'Na")" " @) .
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By Lemma 6.5,
[aM2N3a, (af Ma)""*)® =2(n — 2)Te(M*N3) (o' Mal)" " @

+4(n —3)(n—2)at MIN3G! (af M) @
Thus, since M, N are real
Onm =20 Te(MN)op_1.m—1 +8n(n — 1)(m — 1)Tr(M2N?) 0y _2.m2
+16n(n — 1)(m — 1)(m — 2)(2(n — 2)Tr(M*N?) (atMa)" " @
+4(n —3)(n —2)a M* N34t (aTMaT D, (aTNCLT>n173 D)
=2nTr(MN)op—1m—1+8n(n —1)(m — )Tr(M*N?) 02 m—2
+32n(n —1)(n —2)(m — 1)(m — 2)Te(M3*N*) 0,3 13
+64n(n —1)(n —2)(n — 3)(m — 1)(m — 2)
(a"M*N3al (aTMaT)n_4 D, (onfNaT)m_3 D)
=2nTr(MN)op—1m—1 +8n(n —1)(m — 1)Tr(M>N?) 0p—2.m—2
+32n(n —1)(n —2)(m — 1)(m — 2)Tr(M>*N?) 0)_3.m—3
+64n(n —1)(n —2)(n — 3)(m — 1)(m — 2)

: ((aTMaT)n_4 ®, [aM*N3a, (aTNaT)m_3]<I>>

)n74

=% (2nm Te(MN)op—1,m—1 + 8n(n — ym(m — 1)Te(M>N?) 0,2 m—2
+32n(n — 1)(n — 2)m(m — 1)(m — 2)Tr(M3*N3) 0 _3,m—3
+64n(n —1)(n — 2)(n —3)m(m — 1)(m — 2)

19)) .

Proceeding in this way, until the (aTMaT)n_4 ® term is reduced to (aTMaT)n_m P

and the (cffNan)nk3 term is reduced to a Na'®, using the fact that by Lemma
2.1 and the fact that a® = 0 and n > m,

((a'Ma?)"™™ @, [aM™N™'a,a’ Nat|®) =0,

~<(aTMaT)n_4 ®, [aM*N3a, (a‘LNan)m_3

we arrive at
m—1
1

Tnm = — > 22 () (m)kTr (MN)¥) 0 ks -
k=1

d

7. The Adjoint Action of the Quadratic Lie Group on the Quadratic
x—Lie Algebra

In this section, we show that, expressing the adjoint representation of heisc(2;n)
in terms of the o—operation, in several cases one obtains rather explicit formulae
for this action. The following Lemma collects some known formulas that we will
need.
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Lemma 7.1.

Moreover, for any holomorphic function f,

e p(x) = £ (M X) (7.3)
Proof. (7.1) is a well known identity. Taking adjoint of both sides of (7.1) one
finds

eV X*Y =Y X
Therefore N

Y X = (e[y’ ']X)
Exchanging Y to —Y and X to X* one finds (7.2). (7.3) follows expanding f in
power series and using the fact that el¥> 1 is an homomorphism. O
Remark 7.2. We will mainly use (7.3) in the form

_ v, ]
eYeXe ¥ = X,

Lemma 7.3.

el?Ce g’ a =aC'a | (7.4)
el1€e 14T Ba =a" Ba + a(C o B)a, , (7.5)
elo€e gt Aat =at Aa® 4+ 40T ACa + 4a(C o (AC))a , (7.6)
ele' 4’ ot Alat =aTA'al (7.7)
el*'4a". 141 Bg =aT Ba — a(BoA)a , (7.8)
ela’4a’s 1406 —aCa — 4 Tr(AC) —4a'(AC) a + 4a' ((AC) 0 A)a’ . (7.9)

Proof. (7.4) is clear.
eCaqt Bae~aCe —claCa, ot By

1
= Z —'[aCa, 1"a'Ba
n!

n>0
1
—qf il Jngt
=a'Ba + Z:l . [aCa, -]"a'Ba
n>

1
T qn—1 T
=a'Ba + E o [aCa, -] [aCa,a'Ba)

n>1

1 .
=t Bg + Z H[aC’a, " ta(C o B)a
n>1
1
=a'Ba + a(C o B)a + Z a[aCa, " ta(C o B)a
n>2
=a'Ba + a(C o B)a ,



which is (7.5).

elaCa Tgt Aqt

which is (7.6).
_A*, B — B,

which is (7.8).
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Similarly
! nat Aat
:Z —[aCa, |"a"Aa
n!
n>0
=a'Aa® + Z [aCa, ]"a' Aa
n>1 !
=aAa’ + Z [aCa, ]""aCa,a' Aa']
n>1 !
1
=21t Aat + Z ﬁ[aCa, L2 Tr(CA) +4at ACa)
n>1"
=aAa’ + Z [aCa, "~ Y(4a' ACa)
n>1 !
1
=a'Aa" +4aTACa + Z —laCa, " L(4atACa)
=
t At + daf 1 n-2 i
=a"Aa"+4a"ACa + 4 Z —laCa, |""“laCa,a' ACq]
n!
n>2
=@t Aat + 40t ACa + 4 Z l'[aCa7 1" "%[aCa, a’ ACa)
n!
n>2
1
—a'Aa’ +4a'ACa+4 ) —[aCa, " 2a (CAC + (CAC)") a
n!
n>2
1
=197 Aa" + 44" ACa+4 ) —[aCa, " 2a(C o (AC))a
n!
n>2

_(2.10) TAaT +4a'ACa + 4a(C o (AC))a
+4 Z [aCa, " 2a(C o (AC))a

n>3
=a'Aa’ + 44T ACa + 2a(C o (AC))a

Applying (7.2) with Y = aA*a, X = a'Ba and (7.5) with C —
one finds
ele'4a’. 1t Bg = (e[_aA*“’ ']aTB*a)*
= (a'B*a + a(—A*) o (B*)a)
=a'Ba — a(A* o B*)*a
=a'Ba —a(Bo A)a

*

Applying (7.2) with Y = aA*a and X = aCa, one obtains

ela'Aa, aCa—( —ad%a, 1t Cg T) . (7.10)
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Using (7.6) with C' — —A* and A — C*, one has
elmed e dgter ot =aTC*al + 40T C* (= A%)a + 4a((—A%) o (C*(—A4%)))a
=a'C*a’ — 4a'C*A*a + 4a(A* o (C*A*))a
and, replacing this in the right hand side of (7.10) one finds
ele' 4. Jg0q = (aTC*aJ‘ —4a'C*A*a + 4a(A* o (C*A*))a)*

=aCa — 4aACa’ + 4a’((C*A*)* 0 A)al
=aCa — 4aACa’ + 4a' ((AC) o A)a’
=aCa — 4 (Tr(AC) + o' (AC)Ta) + 4a'((AC) o A)al
=aCa — 4Tr(AC) — 4a'(AC)Ta + 44’ ((AC) 0 A)a' |

which is (7.9).

O

Lemma 7.4. Introducing, for n € N and B,C € M, (C), the inductively defined

notations (see (2.10))

CsB° (") .—(C5B°") o B, B°°3B =B, (7.11)
~ o(— 1 nYS pon
CGe®(=B) ::ZE(_U CsB°™ (7.12)
n>0
one has
ela'Ba, | (aCa) =a <C8ea(7B)) a . (7.13)
Proof.

'Ba, 1a0a = 5™ L1t Ba. 17aC
e aCa ;0”[ a, -|"aCa

—aTBaJrZ TBa 1"aCa

n>1

=a'Ba + Z [a'Ba, " [a' Ba,aCa)

n>1

—(214) 4t Bg 4 Z %[afBa, "1 (~1)a(C o B)a

n>1

In order to calculate [afBa, :|"~*(—1)a(C o B)a, note that using the notation

(7.11),
[a'Ba, J2aCa =(—1)[a' Ba, a(C o B)d]
=(—1)%[a'Ba,a((C o B) o B)d]
=a((~1)*C 0 B)a
Suppose by induction that

[aBa, ]"(a'Ca) = a((-1)"C3B°™)a . (7.14)
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Then
[aBa, ]"*(a'Ca) =[aBa,[aBa, -]"(a'Ca)]
=[aBa,a((=1)"C3 B°")d]
=CMWa((-1)((-1)"CSB°") 0 B)a
=a((—-1)"*'C o B t)q

Therefore by induction (7.14) holds for each n € N. This implies, in the notation
(7.12),

1
el Ba, laCa) = Z —'[aTBa, 1" (aCa)
n!

which is (7.13). d

Remark 7.5. Note the big difference between the symbols o and 6. The former
is a binary operation, non—commutative and non-—associative, but bi-linear and
distributive in the two factors and well behaved with respect to the adjoint (see
(2.12)). The latter is a purely symbolic notation that has only a global mean-
ing. In particular it is not distributive. The following Lemma shows however
that the notation o is well behaved with respect to the adjoint.

Lemma 7.6. Introducing, for n € N and B,C,G,H € M,(C), the inductively
defined notations (see (2.10))

B°tV3(C :=Bo (B°"5C), B°'5C:=C ,
5(=B)~ 1 n pPon
el B>oczzza(—1) B°"5C

n>0

the following identities hold:
(Gseﬂ*H))* o e (7.15)
ela'Ba 1t At = (e[f’”B*a’ ']aA*a>* =qf (eo(’B)SA) at, (7.16)
ela'Ba, 1gtBlg =t (e[B’ ']B’) a=al (eBB'efB) a . (7.17)

Proof. Recalling (7.12), one has for general matrices G and H

~ (- 1 P
Goe®—H) = Zm(—l)"GOH " (7.18)
n>0
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and
GoH®(™™) .= (GGH*") o H,H°°0cB:=B .
From (2.12) one deduces that
(GSH®YY = (GoH)* =H*oG* = (H*)°'3G* .
Suppose by induction that
(GSGH®™)* = (H")°"3G* . (7.19)

Then, recalling the second and the first identity in (7.11) and using (7.19), one
has

(GBH* D) = (G5 H)o H)*
=H* o (GSH®™)*
=H"o ((H")°"3G")
=(H*)°(*tD5G* .

Therefore (7.19) holds for all n € N. (7.18) then implies

(Gse=m) = 2} %(_1)71 (gsmeny

n7

_60( H*)GG* ,
which is (7.15). Applying the identity (7.2) with Y = afB*a, X = af Aat

ela'Ba, 1ot Aqt = (e[faTB*“’ ']aA*a)*

=19 (o (475" E) a)”
ot (473 5) ot
—(115), <(A*)A o(~B" ))
=at (25 4) of
which is (7.16). Similarly,

aT a, - 1 n
ele' Ba, ]aTB'a:ZH[a]LBa, J"a'B'a

n>0

=a'B'a + Z [a'Ba, |"a'B'a

n>1

*aTB'a—i—Z [a'Ba, " '[a'Ba,a'B'a] .
n>1 !
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One has
[afBa,a'B'a][a’ Ba, -Ja’B'a =% of[B, B'la = of([B, -|B)a .
Suppose by induction that
[a'Ba, |"a'B'a = a'([B, ]"B')a . (7.20)
Then
[a'Ba, ]""'a'B'a =[a'Ba, [a' Ba, |"a'B'd] = [a'Ba,a’([B, ]"B')d
=a'([B,[B, "B']) = a¥([B, |"*'B')a .
Therefore (7.20) holds for all n € N. It follows that

aT a, - 1 n
el Ba ]aTB'a:ZE[aTBa, J"a'Ba

n>0
1
. . T n !/
- n!a ([B7 ] B )a
n>0
' [ LB 1B | a
B nl
n>0
—af (e[B, ] B/) a,
which is equivalent to (7.17). O

Lemma 7.7. If C and B commute and are both symmetric

C5e° (P = Ce™?B = Qe (Pol) | (7.21)
Proof. Since C and B commute and are both symmetric, one has

C-B=CB+(CB)" =c¢B+B°=2CB.

Therefore

(CoB)oB=2(2¢B) =c(2B)* .
Suppose by induction that

Co B =C(2B)" . (7.22)
Then, since (C o B°") is symmetric and commutes with C,
C o B’ = (CoB°) 0B =(C(2B)") o B =2(C(2B)")B = C(2B)"*! .

Therefore by induction (7.22) holds for each n € N. In this case (7.12) becomes

0866(—3) _ Z i'(_l)nC/O\BSn

n>0
1 n n 1 n n -
:Zﬁ(*l) C(2B) :CZE(*” (2B)" = Ce™2P |
n>0 n>0

which is (7.21). O
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7.1. Commutation relations among exponentials. Recall that, according to

the splitting lemma
e(a*AaMa*Bamca) —e—} Tr(B)+1Tr(9(A,B,0))

. e%aff(A,B,C)aTeafg(A,B,C)aeéaﬁ(A,B,C)a

Lemma 7.8.

eaMaeaTNa* —o 3 Tr(amMN)+1 Tr(g(N,4AMN,2(Mo(NM))))

(7.23)

. ea*Na*+4 a*NMa+4a(Mo(N]VI))aeaMae%a*f(N,4MN,4(Mo(NM)))aT

'ea*g(N,4MN,2(Mo(NM)))aeéa(M+iL(N,4MN,2(Mo(NM))))a

1l T
ea]\laea Na —e@ Na+a(]\/[oN)a€aMa

—e 2 ez
. e(M+3h(0,N,(MoN)))a
b
i tNat TNt of fogh
@ MagaNal _ ja'Na' ja (MoN)a"+a"Ma
:eaTNaTefé Tr(v)+4 Tr(g((MoN),M,o))6%aff((MoN),M,o)a*

_eafg((N[oN),M,O)ae%aiz((MoN),M,O)a 7

T T t t(eo(—B) 5 T T
€% Baea Aa —e@ (e oA)a e% Ba )

Proof. From (7.6) and (7.3)

tNat — 1 atNat [eMa, 1t Ngt
eaMaea Na e aMa :e[aMa, ]ea Na — ¢ a"Na

_eaf Na'+4at NMa+2a(Mo(NM))a
- )

which is equivalent to
eaMaeaTNaT :eaTNaT-Hl aTNMa+a2(MO(N1\/I))a€a]\4a

—e 3 Tr(amMN)+1Tr(g(N,4MN,2(Mo(NM))))

e%a*f(N74MN,4(Mo(NM)))aTea*g(NAMN,Q(Mo(NM)))a

e%aﬁ(NA]MN,Q(Mo(N]\/I)))aea]V[a

—e 3 Tr(amMN)+1Tr(g(N,4MN,2(Mo(NM))))

e%aTf(J\/,4MN,4(1\4o(NM)))aTeafg(N,4MN,2(Mo(z\uw)))a

eéa(M-&-fL(NAMN,Z(Mo(NM))))a

which is (7.23). Recalling (2.10) one verifies that

(7.24)

3 Tr(N)+4 Tr(g(0,N,(MoN))) , 3 a' f(0,N,(MoN))aT ,aTg(0,N,(MoN))a

(7.25)

(7.26)

2(M o (NM)) =2(M(NM) + (M(NM))') =2(MNM + (NM)* M™)

=2(MNM + MTNTMT) =2(MNM + (MNM)™) .
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Comparing (7.23) with equation (2.13) in the paper, i.e.
eaMaea*NaT :e%TI’(g(N,4NM,2(MNM+(MNM)T)))
.e%aff”(N,4NM,2(MNM+(MNM)T))aT
ea*g(N74NM,2(MNM+(MNM)T))a

ah(NANM2(MNM+(MNM)T))a

1
. 2
€ )

we see that in the scalar term,
1
—5 Tr(4MN)

is missing, and in the a—a—term, M+ is missing. From (7.5) one has

tNa — 1 at [aMa, ]t t
e@Maa'Na,—aMa [aMa, ‘] ,a"Na _ e a'Na _ .a Na+a(MoN)a

=€ €
— =3 Tr(V)+3Tr(g(0.N,(MoN))) p3a' F(0,N,(MoN))al
. 0 9(0.N,(MoN))a L ah(0,N,(MoN))a
This implies
eaMaga'Na _ o' Nata(MoN)a
—e— 3 TN +§Tr(g(0,N,(MoN))) ,5al f(O,N,(MoN))aT

. eafg(o,N,(MoN))ueéa}l(o,N,(MoN))aeaMa 7

or equivalently
eaMaea]\ Na :eaTNa+a(]\/IoN)a
—e 3 (M43 Tr(g(0,N,(MoN))) o Fal f(0,N,(MoN))a'

. 0 9(0,N,(MoN))a ,a(M+3h(0,N,(MoN)))a ’

which is (7.24). Comparing (7.24) with equation (2.14) in the paper, i.e.
eaMaa'Na :eTI‘(—%N-&-%g(O,N,]V[N+(MN)T))

.ecﬁg(O,N,MN-&-(MN)T))a . ea(]b[+%ﬁ(0,N,MN+(MN)T))a

we see that they coincide. Taking the adjoint of (7.24) one finds

(eal\/laeaTNa)* — (eaTNajLa(MoN)aea]\/Ia)* ,

which is equivalent to
e

With the changes
N*—- M, M*— N,

a)rN"aea)rM"a)rea)rM"aJr eaTN*a-HzT(MON)*aT — eaTM*a‘\ea‘\N*a-Q—aT(N*oM*)a)r

39
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one finds
T Il T T T of T il
@ Maga'Nal _ ja'Na' ja (MoN)a"+a"Ma

:eafNaTefé Tr(M)+%'I‘r(g((MoN),M,o))e%a*f((Mo]\/),M,o)aT

. ea*g((JWON),M,O)aeéaiz((MoN),M,O)a
)
which is (7.25). Finally, from the identities
T T Aal —qf T 1 atAat lafBa, 1,1 g0t t(eo(—B) 5 t
e@ Baea Aa e @ Ba _ e[a Ba, ]ea Aa' _ e a'Aa' _(7.16) €% (e oA)a

one deduces

t t Agt 2B 3 A)at of
e% Baea Aa® _ e% (c oA)a e% Ba

which is (7.26). O

)

7.2. Normal order of products of elements in type 2 coordinates.
Theorem 7.9. For A,C,A’,C" € My s,m(C), B,B" € My(C), the normally or-
dered form of the product

tagt ot ta’gt ot B /
€% Aa €% BaeaCaea A'a ef BaeaCa ,
18
T T gt T T
CchEG Aga % Baea Blaea BzaeaC3a , (727)

with ¢1 giwven by (7.29), ca by (7.32), Ay, By, Bs and C3 respectively by (7.37),
(7.30), (7.34), (7.36).

Proof. . One has
tAat aof t A%t Ty /
% Aa % Ba (eaCaea Ala ) % B aeaC a (728)

Use (7.23) to write

eaCaeaTA'aT _ CleaTAlaTeaTB1aea01a 7
with
et —e 3 Tr(4cA’)+1Tr(g(A’,4CA’ 2(Co(A'CY)))) (7.29)
1.
Ay :if(A/a ACA',A(C o (A'0)))
B) = g(A',4CA', 2(Co (A’C))) (7.30)

1 .
Cr =5 (C+ h(A'4CA",2(C o (A'C)))) -
Thus (7.28) becomes
eyet'Aa’ gal Bagal Aral ol Bra (eaclaea’fBa) eaCla (7.31)

Use (7.24) to write

T TAsal af
eaClaea Ba _ C2ea Asa ea Bgaeana

)
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with
¢y —e~ 3 TEB® L Tr(g(0,B,(Cr0B)) (7.32)
A :% £(0, B, (C1 o B)) (7.33)
By =g(0, B, (Cy 0 B)) (7.34)
(7.35)

1.
Cy =Ct + ih(O, B, (Cl o B)) .

Thus (7.31) becomes

T T qf T T oqf T T
ea Aa ea Baea Aja ea Bia ( a'Asa

C1 Cco€e (&

T ’
a Bzaeana) eaC a

T T oqf T T gt T T oqf ’
:clcge“ Aa % Baea Aia % Blaea Asa % BgaeaCzaeaC a

:Clczea‘\AaT eaTBaeaTAlaT ea‘\BlaeaiAzaT eaTBQaea(CQ-Q—C/)a
T T af T T T T T t .
:Clc2ea Aa ea Baea Aia (ea Blaea Asa )ea Bgaea03a
taqt ot tAat at(e2—BDs t oot T ’
:(7.26)clczea Aa % Baea Aia % (e oAz)a % Blaea Bgaeacsa

tagt ot T o(-B1) 3 t gt t \
a'Aa % Buea (A1+e 1 oAz)a % Bluea Bgaeucsa

=cjcae
T T oqf T Asal af T .
:clcgea Aa % Baea Asza % Blaea BzaeaCda ,
with
Cs3:=Co+C"; Ag:= Ay +e°BUT A, . (7.36)
Finally
T t t T T T t
0182€a Aa (ea Baea Aza ) ea Blaea BgaeaCSa
fAal af (B3 A3)al) af i i
:(7.26)Clc2 (ea Aa e% (e OA3)(I )ea Baea Blaea Bzaeana
=cico (ea}r (A+e°(7B)3A3)aT) eaTBaeaTBlaecﬁBzaeana
T T oaf T t
:clcge“ Asa ea Baea Blaea Bgaeana ;
with
Aym At P54, (7.37)
which is (7.27). O

8. Exponentiability of the Quadratic Algebra in the Fock
Representation

In this section we prove an estimate (see Theorem 8.5 below) which implies that,
in the Fock representation, any vector in the dense sub—space linearly spanned by
the number vectors is analytic for any multiple of any skew—adjoint element of
the quadratic algebra. Thus, by Nelson’s analytic vector theorem, the hermitian
elements of this algebra are essentially self-adjoint and their exponential series
converges strongly on the linear span of the number vectors. From this the exis-
tence and unitarity of the quadratic Weyl operators follows.
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In the Fock representation the Boson creation—annihilation operators (Jnji are re-

alized on Iy, (H) :== @, H®" | where H is a d-dimensional complex Hilbert
space and

N =C D, D =1. (8.1)
The vectors

{af™ . af™® : (ny,...,nq) € N} |

are total in T, () and their scalar product is uniquely determined by (8.1) and
the conditions

[a;,al] =0k, a; 2=0.
The following is a known result whose proof is included for completeness.

Lemma 8.1. Uniformly in d € N one has, for all k € {1,...,d}and n € N,

]gx/ﬁ,

Ha’;‘mn “L’H@n | < VTl (8.2)

where here and in the following ’ denotes restriction.

Proof.
d—1
— _+nd +nig —[,— ,tNd +ny _ — _Fnd-n +ny
apag" - al"M® =[ay a5 -y @-E celagag oyt e ™M@
h=0

d—1
E : +(na—n—1) +

= 5k,d7hnd7h"’ad7h ...alnlé.
h=0

In particular, if £k = d,

— +nd tnig —
agjay; a7 P =nga

d+(nd71)a;-7(’rlld71) . afm(} 7
so that, by induction

—ng +ng
aq

+(na-1) +n1
ag coeay [0 ,

+n _
a] " e =nglag

hence, again by induction,

d
||ad+nd ceaf™MO|2 = nglng ! ony! = H”j! :
Jj=1
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From this it follows that, for any finite set F,, C N? and scalars Ty ...y € C,
(nl,"'vnd) €Fn7
2
- +ng +n
ay, E Tng,...,nglq .. saq 1P
(n1,....,nq)EF,
2
d—1
+(na—n—1) +n
= E: Tny,..,na § Ok,d—hMd—n - Gy_p, ceaf™®
(n1,...,nq)EF, h=0
2
d—1
+(ng—n—1) +n
= Z5k,d—hnd—h E Tny,ng " Qg ceaf™me
h=0 (n1yema)EF,
2
d—1
+(ng—p—1) +n
< an_h 2 : Tny,ng " Ag_p coeal M@
h=0 (n1,0,mq)EFy
o\ 1/2\ 2
d—1
+(nd,h—1) +n
= an*h E Tng,ong " Gq_p ) 1P
h=0 (n1,...,nq)EF,
1/2\ 2
d-1 d—h—1 d
2
= Z’ﬂd—h E |1’n1,...,nd‘ H n7' (nd_h — 1)' H nj!
h=0 (n1,...;nq)EF, j=1 j=d—h+1
2
1/2
d—1 d /
< 2 N
- Nd—h |-Z'n1,.“,nd‘ n;:
h=0 (n1,....,na)EF, j=1
2
1/2
d d /
2
= [ > DO e o KT
h=1 (n1,..cnq)EF, j=1
o\ 1/2\ 2
=|n E wnl,...,nda;;nd "'G/Irnl(l)
(n1,...,nq)EFy

a2 +ng +nq
=n E : Lny,ngq Ay o )

(n1,ena)EFy,

which is equivalent to the first inequality in (8.2). The second inequality in (8.2)
is proved similarly O

Denoting for any n € Nand A = (A;x) € Mgxq (C),
Al := d? max {| 4]}
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one has

| B3 (Aol =X A afaf| [ <1AVEFD @+, (63
7,k

| BY(A) |, a0l =D Ajir ajag e, | <1A[Vn(n—1) (8.4)
7,k

| B3 ol = [ As alai | [ < 14ln. (85)
ik

In particular

and, for any n € N, A = (A4; 1) € Myxq(C) and € € {0, £},
| Balyen || <14l (n+2) .

’
€ €
ajak

» H <n+2, V{ikC{l,....d}, neNandeé =+,

Proposition 8.2. For any A € Mgxq(C), for anyn,m € N and £ € HEn
|BR) ¢ < 1A Vi + D+ 2) et 2m =D+ 2m) el (86)
(8.7)

|(B3cay™e

| S (m) A"
Vnn-1)...m—-2m-1)n-2m-1)-1)&| , (8.8)
(8.9)

B¢

Proof. Tt is clear that for any & € H®”, (BS(A))mf differs from zero only if
2m —1 < n, ie. m < ”7*1, or equivalently, m < "’;rl -1 = "T’l We know
from (8.3), (8.4) and (8.5) that the thesis is true for mm = 1. Noting that, for
any n,m € N, £ € H®", one has (B%)m§ € HEn, (Bg(A))m§ € HBm+2m) and
(BS(A))m € € HEM=2m) where HO(n—2m) .= {0} if 2m > n, the thesis follows by
induction. ]

| <t gl - (8.10)

Remark 8.3. (8.6), (8.8) and (8.10) guarantee that for any A € Mgxa (C), € €
{0,£}, n,m € N and ¢ € H®",

I(B)™ €l <A™ V(n+1) (n+2)... (n+2m = 1) (n+2m) [|€] . (8.11)
Proposition 8.4. For anyn,m € N, {4} C Myxq(C) and & € HEn, for any
e=(e(1),....e(m)) € {0, %},

HBZ(JI) . ..BZ(ZL%H < ( max |Ak|>m

1<k<m

V1) (n+2)...(n+2m—1)(n+2m) €] -
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Proof. For m =1, (8.11) gives the thesis. Supposing by induction that the thesis
is true for m consider the case m + 1. By definition, Bi‘(::il)g belongs to 280
with
n+2, ife(m+1)=+
n =<{ n, ife(m+1)=0
n—2, ife(m+1)=—

So the assumption of induction gives

e(1 e(m e(m+1
Bl B B Ve (8.12)

m+ 1

<<1g1ka<x |Ak|) V) (0 2) G 2m = 1) (o 2m) | BV

m
<<1I<I}Ca%x |Ak|) Vn+3) (n+4).‘.(n+2m+1)(n+2m+2)HBZ(:L;DfH .

Moreover, (8.11) tells us that
| B Ve|| < 1Amas | VD i+ 2) el -
Therefore (8.12) becomes
HB;(}) LB ey gH

< |Am+1| ( max |Ak\)
Vin+D)(n+2)(n+3)(n+4)...(n+2m+1) (n+2m+2) |||

m—+1
max |Ak|)
1<k<m+1

Vn+1)(n+2)(n+3)(n+4)...(n+2(m+1)—1)(n+2(m+1) ¢ .
The thesis then follows by induction. |

Theorem 8.5. For anyn € N, {A,C,D} C Myxq(C) and € € H®”, the series
H (uBg +vB(A) + wB%)

> — 2™ (8.13)

m=1

has positive convergence radius.
Proof. For any n € N, {A,C,D} C Myxq(C) and £ € HEn, Proposition 8.4 gives
| (BL + BS(a) + BY)

e(1 e’m e(m+1
< X |Ea B
ec{0,£}™

< 3m (lg}%xmmko Vin+1)(n+2)...(n+2m—1) (n+2m) €]

< 3™ (max {|A[,|C],|DI)™ V/(n+1) (n+2)... (n+2m — 1) (n + 2m) ||¢]|
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where Ay € {A,C, D} for any k. So

| (BL+ B34+ BY) ¢

m!

<3™ (max {|A|, |C|,|DI})™

.(n+2)(n+:711)'...(n+2m) el

< (9nmax {|A],|C],|DI})™ €]

Thus the series (8.13) converges uniformly for z € C such that

2| < (9nmax {|A],|C],[D]}) .
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