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ABSTRACT. Some nonlinear evolutive equations of Mathematical Physics
present infinitely many solutions described in many paper by different methods.
For example Korteweg De Vries equation and Kadomtsev - Petviashvili equa-
tion are completely integrable despite the presence of quasilinear terms. In the
present paper we perturb these kind of equations by positive nonlinear terms
having polynomial growth. Assuming that the quasilinear term in the original
equation has divergence form, we may apply test function method and estab-
lish a range of exponents for the perturbation so that a non-existence result of
global weak solutions holds. Concerning initial data condition, an important
difference with other equations studied by similar methods (wave, Tricomi and
so on) appears. Indeed, we present a class of quasilinear equations for which
the sign assumption on the initial data can be omitted and non-existence re-
sults still hold. Our basic examples are the perturbation of Boiti Leon Manna
Pempinelli equation and Yu Toda Sasa Fukuyama equation. Finally we suggest
open problems for other equations and other kind of perturbations.

1. Introduction. In 1986 Boiti, Leon, Manna, Pempinelli in [1] proposed the fol-
lowing 2D-variant of Korteweg De Vries equation:

0y (01 + 02)u + 30,ud,0pu + 302udyu = 0. (1)

It describes the interaction of two different waves along the two axes and it appears
in fluido dynamics and plasma physics. Let us observe that the linear part of the
equation is a derivation of Airy operator d; + 92, moreover all the terms of (1) do
not depend on the function u, but only on its derivatives. In the last decade, the 3D
and 4D versions of this equation were given respectively in [6] and in [10] starting
a new area of interest. In [8] we considered the N-dimensional version of BLMP
equation and we add perturbations which depends on u. More precisely, let N > 2,
for (t,z) € R x R and ¢ € RV~ setting u = u(t,z,£) : R x RN — R, we put

S(Vg)u =g ut -+ 0y u,
and call N-dimensional version of (1) the following:

(0 + 02)S(Ve)u(t, z,€) + 3(0,uS(Ve)dpu + 02uS(Ve)u) = 0.
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In [8] we studied non-existence of weak solutions of this equation perturbed by
positive extra sources which growth polynomially in u and its derivatives.
Let N > 2, a,v > 0 and p,q > 1, then we considered
(00 +03)S(Ve)u + 3(0,uS(Ve)dyu + 92uS(Veu) = alul? + /Dy eul?,
u(07 Zz, 6) = ’U,()(LU, 5) .
We observe that
(0,uS(Ve)0pu + 02uS(Ve)u) = 04(9,uS (Ve )u)

In [8] we established that for non-zero ug € L', if 2 < ¢ = 2p < 2%—1‘;’ and
a = v =1 then (2) has no global weak solution for any uy # 0. In the present
paper we continue this analysis looking to the case ¢ # 2p. This result will be a
corollary of a non-existence result for weak solutions of a class of equations having

the form
atpl(x7§7817D£)u + PZ(magaait,Dﬁ)u + va:,ﬁ . (G(u7 8IU,D£U/)) =

= a|ul? + a1|0;ulP* + az|DeulP?

(2)

where a, a1, g > 0, while P;, Py are linear operators and Gu = (G1,...,Gn) is a
vector valued function possibly nonlinear. In the present paper, Theorem 2.4, we
give an upper bound of p, p1, p2 so that a blow up occurs. For simplicity in Theorem
2.4 we treat only the case G dependent on the derivatives of u; instead in Theorem
4.3 we will deal with G dependent also on u.

A first application of these theorems is BLMP equation, indeed

Gl = Gl(é)gcu, Dg’u,) = 38qu(V5)u, Gz =0 = 2, ...N.
This structure stands up also for 3D Yu Toda Sasa Fukuyama equation, introduced
in [11] and well studied in many paper to describe shallow water in reacting mix-
tures:
—40,0,u + 8z3§u + 38§u + 40,u0,0,u + 28§uazu =0.
Here
Py=—49,,  Py=0.0}+30;,
G = G(9,u, D, ,u) = (20,ud,u, 0, (Oyu)?),
indeed V - G = 0,,(20,ud,u) + 0, (0,u)? = 202ud,u + 40,u0,0,u. In this paper we
consider its perturbed version:
— 40;0,u + 8za§u + 38§u + 40,u0,0,u + 282118211 =
= ajul? + a1]0u|Pt + as|Vy ulP?,
with o, aq,a > 0.
The 2D version of this equation can be deduced from the 3D case:
—40,0,u — Otu + 35‘5u — 6(0,u)? — 6ud?u = alul’ + a1|0.ulP* + as|V, LulP?,
see [3] for &« = a1 = ap = 0. In this case
P, = —40,, Py = -0, + 30, ,
G = G(u,0yu, Dy ,u) = (—6udyu, 0) .
Here the quasilinear term depends also on u.

Our approach works for many other equations of Mathematical Physics, among
these we will see Kadomtsev Petviashvili equation, Calogero Bogayavlenskii Schiff
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equation, Jimbo Miwa equation. For perturbed Airy and Korteweg-de-Vries see
[8]. Our approach works for other equations in KdV and KP hierarchy, but the
chosen examples show some important differences in applying test function method
to peculiar cases.

In Section 2 we will state the general result with G independent of u, proved
in Section 3. In Section 4 we generalize to G depending on u and we describe in
details the two chosen examples. The last two sections are devoted to other physical
examples, conclusions and open problems.

Notations.

e V. F is the divergence of a vector valued function F' = (F, ..., Fx) in RX.
The operator S(V) acts on real valued functions f : RX — Ras S(V)f = V-F
with F = (f,..., f).

e Let A C R™. With C°(A,R;) we denote the space of smooth positive func-
tions with compact support in the domain A. We can identify these functions
with their trivial C> extension in A.

e Let L be a linear differential operator on R"with domain D(L) which structure
depends on the regularity of the coefficients of L. We say that g € D(L*) if
there exists a unique = € L}, such that [ Lfgdz = [ f2dz for any f € D(L).

loc

Hence we define Z = L*g and it holds

/n(Lf)gdx = /Rn fL*gdx.

e For ¢ > 1 we denote by ¢ = # the conjugate exponent. In particular for

a,b > 0, we will use the Young inequality:
ab < ea? + Cebq/ ,

being ¢ > 0 chosen in the proof and C, > 0 accordingly determined.
o We write f < Cg with a constant C' > 0 that may changes in a chain of
inequalities.

2. Definitions and main result. Let us consider the equation
0Py (2,&,0z, De)u+ Po(x,&, 0y, De)u+ N(Oyu, Dew) (3)
= alul? + a1]0,u|P* + as|DeulP?,
where P; is a linear differential operator of order k; > 1:
Pi(-r7€7awaD§) = Z p(ﬁl,),}/(l',é—)ang, (4)
1<[(B,7)|<ks
with multi-index (8,7) € N x N¥=1. On the contrary, N(d,u, D¢u) is a nonlinear
term. The variables (t,z,£) € RVt = R x R x RV~! have dual variables, in the

sense of Fourier transform, denoted by (7,%,7) € R x R x RNV -1,
We suppose that

(Hy) a>0,a; >0and ay > 0.

(Hz) 0vPi(z,&, 0z, De)u+ Po(x, €, 05, De) is m-th order quasi-homogeneous opera-
tor with quasi-homogeneous dimension @ for scaling powers (4,01, d2). This
means that there exist § > 0 and d1, > > 0 such that

PrA™% 2, X728, N3, X0%) = XM TOPy (2,6, 3,7),

Py(A"0m, AT AT 3, N2n) = N Py (2, €, &, ),
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for any A > 0, z,% € R and &, 7 € RV~!. Hence we put
Q=040+ 6(N-1).

we can also say that Py (z,&, 0,, D¢) has quasi-homeogeneous dimension @ =
01 + 92(N — 1) with quasi-homogeneous order m — ¢ and Ps(z,§, d;, De) has
quasi-homeogeneous dimension @) with order m.

(H3) For i = 1,2, it holds
07D}y, (x,€) =0, (5)

for any (8,7) € N x NV=1 such that 1 < |8| + || < k;.
(H4) There exists a vector valued function

G(0zu, Deu) = (G1(0zu, Deu), . .., Gn(Ozu, Dew)),

such that
N(0zu, Deu) = Vg ¢ - (G(Opu, Deuw)) .

(H5) We assume that there exist 81,02 € R, and 1 < ¢1 < py, 1 < g2 < po such
that

|G(9zu, Deu)| < BF10zul™ + B3| Deul®™, 57,55 > 0.

The assumption (Hp) will lead to non-existence results even if we start from a
quasilinear equation having infinite solution as in KdV hierarchy.

The assumption (Hs) will be here important to develop the test function method,
according to [5] from which we inherit the notations. In particular, let L = 0, P;+ P,
or L = 0; Py, then

L*SL,81L sl g = \mS1, 81 SiIL*g  for g€ D(L").

where Sig(t,z,&) = g(\t,z,8), SHg(t,z,€) = g(t,\z,€) and S{ig(t,x,&) =
g(t,z,\§). For L and g independent of ¢ the same relation holds, simply neglecting
the first scaling operator. In particular

PrSit Siilg =Am=08{] SitIPrg  for g € D(PY),
Py SiE ST g = "8l SIIPrg  for g € D(PY).

The assumptions (H3) implies a reduction of the supports after application of Py
and Pj. Similarly the assumption (Hy) leads to a holed support after integration by
parts. Assumption (Hj3) deals with linear operators and it has been mentioned in
[5] and developed in [4]. The assumptions (Hy4) (Hs) give one of the novelty of this
paper, since they concern the quasilinear part of the equation. The test function
method has been applied for elliptic quasilinear equations in [9], here we exploit the
effect of a perturbation of a divergence form quasilinear term.

Finally, we will see that for some not-Kovalevskian operators a standard positiv-
ity condition on initial data could be omitted while proving a nonexistence result.

Under the same assumptions on variables and operators, we associate to (3) the
initial value problem:

w(0,x,&) = ug(z,§), (6)

where ug : RY — R.

{(a,gp1 + Py)u(t, ,€) + N(9pu, Deu) = o2|ulP + 02|d,ulPr + a2 DeulP2
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Definition 2.1. Let p = (p,p1,p2). Fix T > 0. We set

Opu € LV ([0, 7] x RY)

Deu € L ([0.7) x BY)

G(0yu, Deu) is well defined

in distribution sense

Xp,G(T) = ue Ll

loc

([0, 7] x RY) st.

For X, ¢(+00) we mean the same set with functions defined in [0, +00) x RY.
We mention that, due to assumption (Hs), if v € Xp (T then

G(dyu, Deu) € L}, ([0,T] x RY).
Definition 2.2. Let be T' > 0. Let ug € L} (RY). We say that u: Ry x RY - R

loc

is a local weak solution of (6) if u € Xp ¢(T) and for any n € C°([0,T),R), for
any ® € C>°(RM R, ) one has

T
/ / (a]ul? + a1]0zul|Pt + az|DeulP?) n(t)®(x, §) da dt dE
0 RN
+ / o, €)n(0) Py 8w, €) da dE =

RN

T
/ / (=1 (£ Py D (. €) + n(t) P Bz, €)) der it d

0 RN

T
- / / N(t)G(Ozu, Deu) - Vg e ®(2,§) da dt dE .
0o JrN

Definition 2.3. We denote by T,,,, € [0,+0o0] the lifespan of the solution of (6):
T\ ux = sup{T > 0 such that uv € X, ¢(T) is a local weak solution of (6) }.

For T',,, = +oo we have a global weak solution.

Theorem 2.4. Assume (Hi)-...-(Hs) and

p(@—m) <Q, (7)
p1(Q —min {01, 62}) < Qq (8)
P2(Q — min {d1,02}) < Qga . (9)

Then (6) does not admit global weak solutions provided
m>0 and O#uoeLl(RN).
The same result holds, if
Pyug € L*(RY) with Prug(z, &) drdé > 0. (10)
RN
Remark 2.5. We observe that the condition on p and the ones on pi,po> are un-
coupled.

Remark 2.6. We shall see in the proof that if in (Hy) we have G = (G1,0,...,0),
then d2 in (8) and (9) can be neglected. Similarly if G = (0,Ga,...,Gn), then 01
can be erased in (8) and (9).

Remark 2.7. We shall see that for m > § the assumption (Hj) with ¢ = 1 will
not be used in the estimate of the initial data. In the other cases it is necessary to
assume (10). Assumption (10) have a particular relevance for m < §. Moreover for
m = ¢ it can be used when (H3) with ¢ = 1 is not satisfied. Since for BLMP and
YTSF equations (H3) holds, and m > ¢, here we do not discuss the converse case
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whose proof can be obtained by a slightly modification of the proof of Theorem 2.4.
For example in [8] we considered Airy operator d; + 93 for which Py = 1.

Remark 2.8. In Theorem 2.4 for p; = ¢; and ps = ¢2 and @ > m, the non-existence
conditions reduces to p(Q —m) < @, that is a Fujita type exponent

p<l+m/(Q—m).

3. Proof of Theorem 2.4. Let us consider ¢ € C2°(R, R4 ) such that ¢(R) C [0, 1],
¢ =1in [~1/2,1/2] and supp¢ C [—1,1]. Similarly we take 1 € C°(RN~1 R,)
such that ¢ = 1 for [¢] € [-1/2,1/2] with 0 < ¥(¢) < 1 for any & € RV~ and
supp ¥ C {|¢| < 1}. Finally n € C([0,000),R;) is a decreasing function such that

1 t<1/2
() =4 n) 1/2<e<1
0 t>1

Let B, R > 1. Taking (4, d1,02) given by (H7), we put
np(t) =0 (B~°t) , ¢r(z)=¢ (R "x) . vr() =1 (R*¢).
We also use the following notation:
Cr={(z,§) eRY : |z < R, [¢] < R™}.
HCp = {(z,€) € Cr: R /2 < |z| andx R*/2 < |¢|} .

Assume by contradiction that (6) admits global weak solution, by using these test
functions in Definition 2.2 we get the relation

Ipr+Dr=Lpr— NBR, (11)
with Lp r = Lp g+ L g and Np r = Nj p + Nj i given by

BE
Ipg= / / (alul? + a2 Dyul? + sl Deul?®) nis ()b () (€) dr di d
0 RN

D= [ e &P (Gnla)in() dode.

B5
LY, =—B / )5 (0) /]R P} (Gr()ynl€)) dr dt dt

B%/2

BS
o= [ [ un0)P; @n(o)vn(e) de drde.
B5

Npr= R"SI/O ne(t) - VR(£)G1(0,u, Dew)(0:0) r(w) dz dt dE

B5
N =R [ ap) [ on@)Glorw. Deu) - (V) n(e) dodte.

where G = (Gy,...Gy). Since u € Xp g(+00), these terms are well-defined.
Due to assumptions (Hs) and (Hy) we can restrict the RN integrals for Dg, L p,
N g over HCg. We also put

B(S
It = / /H (@lul? + a0, + ol Deul) ns ()om(a)l€) d dtd.
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3.1. Estimate for Dg. Since P; is quasi-homogeneous of dimension §; + do(N —1)
and quasi-homogeneous order m — §, we have

Dy = R0 /H ol )SH SR P (9l (©)) dde

For m > § one has

|Dr| < R™"F|| P (¢9)|ooluoll = 0 for R — +oo.
In the case m = §, we use assumption (Hs):

|Dr| < [|1P{(¢9)losluoll L1 () — O for R — +o00

by Lebesque convergence theorem.
Finally, in the general case, we can only say that

Dy = /C Py (up () b () or(€) e dE

Let D := [on Pi(uo(x))dzd¢ > 0, by using Lebesgue convergence theorem, this
time we see that there exists R > 0 such that Dg > D/2 > 0 for any R > R.

2. Estimate for Lp . By using Holder inequality, due to (Hs) assumption, we
have

1/p
LY ol <CB (/ / |u|PnB(t>¢R(x)wR<§>dxdfdt) x
Bs/2 JHCR
p 1/p’
i P1 (Gr(@)dr(E)P
(/35/2/},% ns(Oor(@Or@)F dxdg‘“) |
B® 1/p
L2 4 sc*(/ / |u|PnB<t>¢R<x>wR<e>dxdedt> x
0 HCRr

’ 1/p/
In(t) P (drtr)|P
</ /H(JR Ing(t)pr(x)r ()P —1 dx d£dt> ]

We can substitute n¢t» with (n¢1)” with large o > mp’ so that the functions in
L'g g, with i = 1,2 are finite, see Lemma 2.1 in [4]. Due to a > 0 and (Hz) we get

|LB, Rl
< CB*‘S(Jg,R)l/Px

B ’ ! N 1/p
(=meto)p’ _ns@OF i i [Pr@@u@)”
X (R /]36/2 Ins(t)|P'—1 /HCR Sp—615R—5 (@) ()P ditdfdt)

< C(IﬁB’R)l/pB—éR(—m+5)B6/p/R(61+(N—1)52)/p/ «

’ 1/p/
@)@ .
(/1/2 /Hc1 qﬁ(m)w(g)p'  dwdg dt) .

Since the last integral is finite we can conclude

LY | < CB™/PRmm+Q/e+o/p(ph y1/p, (12)

and
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Similarly
Ll < OBPI RomQI =808/ (15 1. (13)

Let R = B. After Young inequality, we may conclude that for any ¢ > 0, there
exists C¢ > 0 such that

Lr| < elfy g + CR™™PFQ.
This means

|Lr| < elf p + CR™™7 179 (14)

3.3. Estimate for Np . Due to assumption (Hs), we get

BJ
Nl <R | /H (B0l + BBIDeu™) o 1) (0:) rle) (e,

BJ
N3 | < R / /H (B0l + BIDeu™) na(thor(a)] (Ve ) n(6) dadsit.

For G = 0 the term N123,R disappears; similarly for G; = 0 we do not have N]237R.
For this reason, in such cases, the assumptions (9), respectively (8) can be neglected
as explained in Remark 2.6.

Let f,g > 0 and ¢; < p; for i = 1,2; we can apply Hdlder inequality in the form

fro=(o)" ()" sess

After changing ¢ with ¢? and 1 with 92, we obtain

q1

r1

BJ
INE gl < CR™ (I} )0/ (/ /HC (0:9)rlYR(E )dﬂﬂdfdt>

Bé
+CR™ 51 u7 q2/p2 (/ /I:IC x¢)R|¢R( )dl‘d{dt)

< C(InB7R)Q1/p1B5< 7H)R761+(Q 5)(17%)

42
P2

i 08 @9 (1)
Similarly
N3 ol < O(1 pyn/m g2 (75) prosr @9 (-3}
e Oyl (- 8) o @01
We can conclude that
|NB R‘ < €1, 1‘[ B,R + Cﬁl 1B§‘R751 +(Q g (15)
+ 10, + Co ,BIR 7 5 T

€1,2

IN2 gl < €115  + Cep , BPR™ 2771 7970 (16)
+ezally p+ Coy , BPR 27 m T(@70)
Taking B=R and e+ €11 + €12+ €21 + €22 < 1 in (14), (15), (16), we arrive at

Irr < —Drp+CR ™77+t (17)



NONLINEAR PERTURBATION OF BLMP AND YTSF 9

+ O R9+(Q@=9) (R_él Plpj‘ll + R_‘SQ p1p71<n ) + (18)
+C RO (Rmte 4 g ) (19)

The case p1 = g1 or po = ¢ is simpler, indeed Ng g < C’I%R(R"Sl + R7%) so
that for large R > 1 we can still absorb N g in the left side, this means that the
previous inequality still holds.

3.4. Non-existence, subcritical case. Let us recall that if ug € L'(RY) and
m > § the term |Dg| — 0 for R — co. When m < § and [ Py (ug)dzd§ > 0 we may
simply neglect Dr > 0 for large R. Hence taking R — +o0 in (17), (18), (19), we
find uw = 0 provided

p(Q _m) < Qa

Q — P1 min{él,ég} <0,
P1—q1

Q - P2 min{él,ég} <0.
P2 — Q2

Taking ug # 0 we get an absurd, hence the non-existence of global weak solutions
for (6).

3.5. Non-existence, critical case. Let us assume that at least one of the condi-
tions (7), (8), (9) is satisfied with equality. From (17), (18), (19), we can only de-
duce that I g is bounded with respect to R. Indeed also —Dpg is bounded provided
m > ¢ or (10). In turn this implies u € LP([0, +00) x RY), 9,u € LP1([0, +00) x RY)
and Dgu € LP2([0, +00) x RY). By Lebesgue convergence theorem, we deduce that
I?%,R — 0. Coming back to (12) and (13), by Lebesgue convergence theorem, we
deduce that Lp g — 0. Here the assumption (Hj) is again crucial. Similarly
Nrr — 0. In turn (11) gives Ip,g — 0, hence v = 0 and this is absurd for not
vanishing initial data.

4. Examples.

4.1. BLMP. First of all we come back to the nonlinear perturbation of BLMP
equation:

(O + 02)S(Ve)u + 3(0,uS(Ve)Opu + 02uS(Ve)u) =

= alul? + |0y ul" + ag| Deul? (20)

U(O, Zz, g) = Uo(l’, g) .
We assume a, ag, ag > 0 such that (Hp) is satisfied. The operator (9; + 92)S(Ve)
is quasi-homogeneous of order m = 4 with § = 3, §; = d = 1 hence Q@ = 3+ N and
(H3) is satisfied. We soonly observe that m > §. Asseen in Section 1, the quasilinear
part satisfies (Hy) with G1(0z, D¢) = 30,uS(Ve)u and G; = 0 for i = 2,..., N.
The term NI% g can be neglected and non-existence conditions are given by

(N-1)p<N+3, (21)
(N+2)p1 <(N+3)q1, ¢ <p1, (22)
(N +2)pa < (N +3)g2, ¢2<p2, (23)

choosing ¢1, g2 > 1 such that (Hs) is satisfied, that is
|0, uS(Ve)u| < |0pul™ + |Deul® .
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By Young inequality, we fix g2 = ¢} hence weneed 1 < ¢; < pj and 1 < g2 = ¢} < po
that imply
1<p, <p1,

and
N+2<1 1

N+3 " p p2’

Conversely if this last inequality holds, we can take r € [%—ig — piz, p%} and for
N+21

q1 = x5, and g2 = ¢; we get (22) and (23). This shows an interaction between p;
and po for a quasilinear term independent of u; we can conclude that the quasilinear
term strongly influences the non-existence critical exponents.

In [8] we have only considered the case p1 = p2 = 2p and use ¢; = g2 = 2 finding
the same result: condition (21) and the stronger one

(N +2)2p <2(N+3),

that is p < %—ig In this paper we have a more general choice of p, that leads

to the Fujita type exponent according to Remark 2.8. Since 1 < p), < p; means
p% + p% < 1 we can summarize as it follows.

Corollary 4.1. Let
(N-1)p< N +3,
N2 11

For any non-zero ug € L*(RY), the Cauchy Problem (20) has no global weak solu-
tions.

4.2. 3D-YTSF. Let us consider the Cauchy problem
—40,0,u + 0,03u + 38§u + 40,u0, 0 u + 202ud,u =
= alul? + o [OpulPt + az|Vy culP?, (24)
U(O, z,Y, Z) = UO(‘ra Y, Z)
We assume «a, aq, g > 0 such that (Hy) is satisfied.
The structure of the linear part 0;P; + P is satisfied with P, = —40, and
Py = 9.03 + 30] so that m = 4, § = 10/3, 01 = 2/3 and &, = 2 gives (Hy) with
quasi-homogeneous dimension @) = 8. According to condition (7) and Remark 2.8,

the first critical range is 1 < p < 2. Since only non-zero order term are included in
P and Py, the assumption (Hj) is satisfied. For (Hy) we see that

40,u0,0,u + 23§u62u = 0,(20,u0,)u + 0, (8ru)2 .
Hence
G = G(9,u, Dy .u) = (20,ud,u, 0, (9,u)?)
satisfies (H4). Moreover, it holds
|G(8wu, Dy zu)| < C (10zuf® + | Dy zul?),

that is we can take g1 = ¢2 = 2 and gain (Hs). Conditions (8) and (9) and the
requirement ¢; < p; for i = 1,2 correspond to 2 < p; < 24/11, 2 < py < 24/11. In
this range of p,p1,pe Theorem 2.4 assures a non-existence result of weak solution
to (24) for any initial data non-zero ug € L'(R?). Summarizing, we have
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Corollary 4.2. Let

l<p<2,
2 <p <24/11,
2 < py <24/11.

Given non-zero ug € L*(R?) the Cauchy Problem (24) has no global weak solutions.

Due to the presence in the quasilinear term G of the strong perturbation (9,u)?,
in this case there is no interaction between p; and ps.

4.3. 2D-YTSF. In order to apply our result to 2D-YTSF equations, we need to
generalize Theorem 2.4 for nonlinear term N depending also on u. Consider

(atpl + P2)u(t7$7£) + N(uv Dz,gu) = O‘|u‘p + C“1|69L’u|p1 + CV2|D§U|p2 y (25)
U(O, Jf,f) = U()(.'IT7§)-

with z € R, £ € RN and Py(x,&,0,, De), Pa(2,€,0,, De) as in Section 2. The
definition of weak solution and the space Xy o(T') requires just the small change in
G variables, hence we do not rewrite it.

Theorem 4.3. Suppose that

(A1) >0, a; >0 and az > 0.

(Ay) The operator OyPi(x,&,04, De)u + Pa(x,€,05,De) is m-th order quasi-
homogeneous with quasi-homogeneous dimension Q = Q = 6 + 01 + da(N — 1)
for scaling powers (9, 61,92). Assume in addiction m > 6 or (10).

‘As) Suppose Py, Py in the form (4) and 8ﬁD7p(i) x,€) =0, fori=1,2 and for
T el B,y
any (B,7) € N x NV=1 such that 1 < |B| + || < k;.
(Ay) There exists a vector valued function

G(u, Ozu, Deu) = (G1(u, Oyu, Deu), . .., Gy (u, Opu, Deu))
such that
N(u,Dgeu) = Ve (G(u, Oyu, Deu)) .

(As) There exist 8, 51,82 > 0, and q,q1.q2 > 1 such that 1 < ¢ <p, 1 < q1 < p1,

1<g2<p2 and

|G (u, Opu, Deu)| < Blul? + B1|0pu|™ + Ba| Deu|® .

If
26
27
28
29

p(RQ—m)<Q

p(Q —min{dy,d2}) < Qq,
P1(Q —min{dy,d2}) < Qqu,
p2(Q — min{dy,d2}) < Qga .

Then for any non-zero ug € L*(RY) the Cauchy Problem (25) does not admit global
weak solution.

(26)
(27)
(28)
(29)

In the proof of this theorem we can argue as in the proof of Theorem 2.4, the only
difference is the presence in N}éy g of a term dependent of |u|?. Assuming ¢ < p,
one can stil combine Hoélder and Young inequality reaching a vanishing term for
B = R — oo provided (27).
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We are now ready to prove a non-existence result for nonlinear perturbation of

2D-YTSF Cauchy problem:
O (=40, u) + 302u + qu — 60, (udpu) = alul? + o |D,ulP* + gy ulP?
U(O, Zz, y) = UO($, y)
Here Py = —40, while P, = 30,y + 0% and G = —6ud,u. Let us verify the first
set of assumptions:
(A1) a,a1,a9 > 0.
(A2) 0¢P1+ P, is quasi-homogeneous of order m = 4 with § = 3, §; = 1 and d5 = 2.
Hence we put ) = 6 and observe that m > 4.
(A3) Being P; and P, with constant coefficients and no zero order term, this as-
sumption is trivially satisfied.
(A4) Since N = —60,(udyu) = Vg ¢ - (—6udyu, 0) the quasilinear term is in diver-
gence form.
(A5) We can estimate

|G1(u, Opu)| < Blul? + B1|0zu|™ < Blul? + B1|0zul™ + Ba|Oyu|?
with ¢ <pand 1 < ¢ = ¢ < p; and for any g2 < ps.

(30)

Taking Sz = as and g2 = po in (As) and the condition (29) is trivially satisfied.
Hence we need

2p<6=p<3,

op < 6g < 6p,
5p1 < 6g1 < 6p1,
1 1
-+ —=1.
qa q1
Summarizing, we have
Corollary 4.4. If
1<p<3,
5 1 1
- <-+—=x<1
67 p m

then the Cauchy Problem (30) has no global weak solutions for any ps > 1 and
Uup € Ll(R2).

Here the interaction term ud,u in the nonlinear part gives an interaction between
p and p;.

5. Other equations having same structure. There are many other equations
having the structure considered in Section 2 and Section 4.3 with particular rele-
vance in Mathematical Physics.

Following the naming of the equation given in [3], we consider the perturbation
of Kadomtsev - Petviashvili equation

Oy (Ou) + 38§u + 0y (u0zu) = alul?’ + o109, ulP* + o) dyulP? (31)

with a, a1, >0
We are dealing with dimension N = 2 and it can be rewritten as 9, Py + P>+V-G =
F where

Plzaaf:v
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Py =02,
G = (udyu,0).

Concerning the exponent for the quasi-homogeneous relation in (Hs) we have
m:2, 5:(52:51:1, Q:?)

Choosing ¢; = ¢/, Theorem 4.3 gives a non-existence result for global weak solutions
to (31) for non-zero initial data ug € L*(RY) provided

1<p<3
2 1 1
-<-+—X<1
37 p m

The interaction between v and d,u in G becomes an interaction between p and pj.
Since G is independent on d,u the conditions on py are satisfied for a suitable choice
of g2 € [%pz,pg]. The range [2/3,1] is larger than [5/6,1] given in Corollary 4.4,
this shows the role of the term 92 in the blow up dinamyc of 2D-YTSF equation,
indeed such term is absent in KP equation.

Our next result concern the 3D Jimbo Miwa equation, introduced in the seminal
paper [7]:
9y (—205,u) — 30y, Opyu + 302 Opyu + Oy, (305, udp,u) = F(u, Vu) .

In order to use Theorem 2.4, we rename this variables as z3 = x, x2 = y and 1 = z,
obtaining

O (—20,u) — 30.0,u + 3020,u + 0, (30,ud,u) (32)
= F(u, 0yu, Oyu, 0u) .
It can be rewritten as 0; P, + P, + V - G = F where
P = —20,
Py = —30,0, + 3020,
G = (30,ud,u,0,0) .
We put £ = (y, z) and
F(u, 0zu, Oyu, 0,u) = ajul? + a1]0,u|Pt + as(|0,ulP? + |0,ulP?).
So that
m=4, dp=1 0, =0=3, Q=3+3+1-(3-1)=8,

The estimate for G is trivial: |G| < C|D¢ul* hence g2 = 2 while ¢; is arbitrarily
chosen, so we take g1 = p; and the condition for p; is trivially fulfilled. As a
conclusion Theorem 2.4 gives a non-existence result for non-global weak solutions
to (32) for non-zero initial data ug € L*(RY) provided

I1<p=<2,
2 < py < 16/7.

The next application of our result is to Calogero Bogoyavlenskii Schiff equation.
Following [2], this equation is written in 2D variables in the form

O(0yu) + 020yu — 48$u8§yu —202udyu=0.
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We write in divergence form the quasilinear terms and add the nonlinear perturba-
tion obtaining
O1(0pu) + 020yu — 05 (20,udyu) — 9, ((0yu)?) = alu|? + a1|0ulP* + ag|dyulP? .

Hence we have

P =0,
Py, =030,
G(u) = (—20,udyu, —(9,u)?).
We see that
m=4, 0=00=1, 6=3<m, Q=5
and

|G(w)| < |0zul® + |0yul?,
indeed the term (J,u)? is dominant. A direct application of Theorem 2.4 gives
non-existence result for

I1<p<b5, 2<p1<5/2, 2<py <5/2.

6. Conclusion and open problems.

Remark 6.1. One can observe that all the considered equations belongs to KAV or
KP hierarchy. Since we use test function method, we cannot treat all the equations
in the class together, indeed in such a case pseudo-differential operators would come
into play and support information would be not preserved.

Now we list some other directions of this research. Anyway, in order to complete
this analysis it is necessary to understand a local existence theory for (6) at least
when Py, P, N give the known equations of Mathematical Physics like the examples
in Section 4 and Section 5.

e A larger discussion on the initial data conditions can be done assuming for
example that (Hz) does not hold for ¢ = 1 but ug is in a weighted space which
weight depend on P; coefficients.

e One can perturb quasi homogeneous operators by means of low order terms.
The possibility to weaken the (H;) assumption can be studied starting from
Theorem 4.2 of [5] or modified test function method introduced in [4]. Here
we avoid such generalizations since we have in mind certain equations relevant
in Mathematical Physics.

e One can split in a different way the variables and treat a more general nonlin-
ear term sum of a;|0¢,u|%. For example in 3D-YTSF equation one can avoid
to put € = (y, z) € R? and rebuild an analogous theorem for 9;(Py) + P> + P3
where P, = 35‘5 and P3 = 0,02. In this work we do not treat such generaliza-
tion since the case of £ € R™V~! includes any idea. Similarly for Jimbo Miwa
equation.

o Concerning assumption (H;p) it is possible to take o = 0 and control Lg g by
means of Sobolev embedding, this will change the critical exponents. Some
interplay between p,p1,ps can appear in non-existence conditions. The case
a1 = 0is admissible if 8; = 0 in the assumption (Hs). Indeed the perturbation
|0,u|Pt interacts with the quasilinear dependence of G with respect to d,u.
Similarly the case as = 0 is admissible if S, = 0.
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e One can consider the most general case in which a source term oZ|u;[P* ap-
pears.

e One can treat second order in time Cauchy Problems as for Boussinesq equa-
tions. In such case other conditions on initial data will appear.

o We believe it is possible to extend this method when N = N(z, £, O,u, Deu),
that is N has variable coefficients. In this case the growth order of N with
respect to x,& may change the non-existence exponents. We neglect this
extension since we started from some Mathematical Physics equations which
quasilinear terms do not involve variable coeflicients.
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