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Abstract
In this paper, we study the semilinear wave equation with lower order terms (damping and mass) and
with power type nonlinearity |u|? on compact Lie groups. We will prove the global in time existence of
small data solutions in the evolution energy space without requiring any lower bounds for p > 1. In our
approach, we employ some results from Fourier analysis on compact Lie groups.
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1 Introduction

Let G be a compact, connected Lie group and let & be the Laplace — Beltrami operator on G (which coincides
with the Casimir element of the enveloping algebra). In the present work, we prove the global existence of
small data solutions for the Cauchy problem for the semilinear wave equation with damping and mass and
with power type nonlinearity, namely,

O2u—Lu+bou+m?u=ulP, z€G, t>0,
u((), ZL') = UO(x)v S Gv (1)
Ou(0,z) = uq (), z €@,

where p > 1 and b, m? are positive constants.

In [16, 15] the semilinear wave equation in compact Lie groups (b = m? = 0) and the semilinear damped
wave equation in compact Lie groups (b > 0, m? = 0) have been considered, respectively. For both these cases,
the nonexistence of global in time solutions can be proved for any p > 1, under suitable sign assumptions on
the Cauchy data. Purpose of this paper is to show that the combined presence of both a damping term b0;u
and of a mass term m?u modifies completely the situation. Indeed, we will show that, as in the Euclidean
case (see [17, Chapter 4] and [2]) or, more generally, as for a graded Lie group (cf. [18]), the solution to the
linear homogeneous Cauchy problem

Pu—Lu+bou+mPu=0 2cG,t>0,
(0, z) = up(x), z € G, (2)
Owu(0,2) = ug (), z € G,

and its derivatives fulfill L?(G) — L?*(G) decay estimates with exponential decay rates with respect to the
time variable. Using these decay estimates on L?(G) basis, we will be able to prove the existence of a
uniquely determined globally in time defined mild solution to (1) provided that (ug, 1) has sufficiently small
norm in the energy space via a standard contraction argument. Furthermore, a Gagliardo — Nirenberg type
inequality recently proved in [20] will be employed to estimate the power nonlinearity in L*(G).

Let us stress that the decay estimates for the linear homogeneous Cauchy problem (2) will be proved via
Fourier Analysis on compact Lie groups. In particular, the group Fourier transform and Plancherel formula
with respect to the space variables will play a crucial role.

Throughout the paper we denote by L?(G) the space of ¢ — summable functions with respect to the
normalized Haar measure on G for 1 < ¢ < oo (respectively, essentially bounded for ¢ = oo) and for s > 0
and ¢ € (1,00) the Sobolev space H5?(G) is defined as the space

H3"(@) = {f € IG) : (-2)*f € L(G) |

equipped with the norm || f||zza(e) = [ fllze(e) + [(=2)*/2f||La(c)- As customary, the Hilbert space H*(G)
is simply denoted by HE(G).

Let us state the main result of this work, which is the global in time existence of small data solutions for
the semilinear Cauchy problem (1).



Theorem 1.1. Let G be a compact, connected Lie group with topological dimension n such that n > 3. Let

(uo,u1) € Hy(G) x L*(G) and let p > 1 such that p < 5. Then, there exists eg > 0 such that for any

[[(wo, u1)l| 2 (6)x £2(6) < €0 the semilinear Cauchy problem (1) admits a uniquely determined mild solution
u € B ([0,00), Hy(G)) N 86" ([0,00), L*(G)) .

Furthermore, u satisfies the decay estimates

ult, )r2@) < Cdpm2(t) || (wo, ui)ll a2 @)% L2(@)
(=) u(t, ) £2(6) < Cepma(t) || (w0, u1) |l 136y x L2(6)» (3)
[0vu(t, M z2) < Cdpm2 () [[(wo, wi) |2 (6)x L2 (c)

for any t > 0, where C is a positive constant and the decay function dp 2 (t) is given by

e 3t if b? < 4m?,
dy 2 (t) = te~ st if b% = 4m?, (4)
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Remark 1. The upper bound for the exponent p in Theorem 1.1 is required in order to apply a Gagliardo —
Nirenberg type inequality proved in [20, Remark 1.7]. The restriction n > 3 on the topological dimension is
made to fulfill the conditions for the application of this inequality too and it can be removed by looking for
solutions in spaces with less regularity, namely, in 6 ([0, 00), H5(G))N6" ([0, 00), L?(G)) for some s € (0,1).

Remark 2. Let us stress that the decay estimates for the solution of the semilinear Cauchy problem are
exactly the same ones as for the solution of the corresponding linear homogeneous problem (cf. Proposition
4.1). This is a consequence of the construction of the family of evolution spaces {X (T')} 70 equipped with
a suitable weighted norm in the proof of Theorem 1.1 (cf. (6) in Section 2).

Remark 3. Note that in the statement of Theorem 1.1 no further lower bound for p > 1 is required. This
remarkable property is due to the exponential decay rates in the L?(G) — L?(G) estimates for the solution
to the corresponding linear homogeneous Cauchy problem from Proposition 4.1 below.

Notations

Throughout this paper the following notations are used: as in the introduction, & denotes the Laplace —
Beltrami operator on G; Tr(A) = 2?21 aj; denotes the trace of the matrix A = (a;j)1<i j<a € C¥*¢ while

A* = (@ji)1<i j<a denotes its adjoint matrix; I; € C?*? is the identity matrix; do stands for the normalized
Haar measure on the compact group G; finally, we write f < g when there exists a positive constant C' such
that f < Cyg.

2 Philosophy of our approach

In this section we will clarify our strategy to prove Theorem 1.1. First, we provide the notion of mild
solutions to (1) in our framework. By applying Duhamel’s principle, the solution to the linear problem

Zu—Lu+bdu+m?u=F(t,z), 2€G, t>0,
(0, z) = up(z), z €@, (5)
Owu(0,z) = uq (x), reG

can be represented as
t
u(t, x) = uo(x) *(g) Lo(t,2;b, m?) + uy () *(2) B (t, 23 b, m?) + / F(s,x) %z E1(t — s,2;b, m?)ds.
0

where Ey(t,z;b,m?) and Fy(t,x;b,m?) denote, respectively, the fundamental solutions to (5) in the homo-
geneous case F' = 0 with initial data (ug,u1) = (d0,0) and (ug,u1) = (0,0¢). Let us point out that in order
to get the previous representation formula we applied the invariance by time translations for the differential
operator 87 — % + b0, +m? and the property L(v (y) E1(t,-;b,m?)) = v ;) L(E1(t,-;b,m?)) for any left
— invariant differential operator L on G.



The function u is said a mild solution to (1) on [0,T] if w is a fixed point for the nonlinear integral
operator N defined by

N:ue X(T) = Nu(t,z) = uo(x) *(z) Eo(t, 2;b, m?) 4 uy () *(z) B1(t, 3 b, m?)
+ /Ot lu(s, @) [P #(p) E1(t — 5,236, m%) ds
on the evolution space X (T') = €6 ([0,7T], H,(G)) N 6* ([0,T], L*(G)), endowed with the norm
lull x ) = t:[‘é})ﬂ (db,m2 (ﬂ)i1 (||U(tv Nz + (=)' 2u(t, N2y + 10:ult, ')HLZ(G)) . (6)

If we show the validity of the inequalities
| Nullxry < Cll (o, un) a0y z26) + Cllul iy, (7)
-1 -1
| Nw = Nollxery < Cllu = vllxery (g + 1013 ) (8)

for any u,v € X(T) and for a suitable constant C' > 0 independent of T, then, by Banach’s fixed point
theorem it follows that N admits a uniquely determined fixed point u provided that ||(ug, u1)]| HL(G)x L?(G)
is small enough. This function w is our mild solution to (1) on [0,7]. Furthermore, thanks to the fact that
(7) and (8) hold uniformly with respect to T, this solution can be prolonged and defined for any ¢ € (0, c0).

Before considering the semilinear Cauchy problem, we will determine L?(G) — L?(G) estimates for the
solution to (2) via the group Fourier transform with respect to the spatial variable. We point out explicitly
that the definition of the norm on the space X(T') in (6) is compatible with the decay estimates for the
solution to the linear Cauchy problem (2) that we will determine afterwards (see also [2, Section 18.1.1] for
a detailed overview on this topic). After that these estimates will have been established, we could show the
global existence of small data solutions for (1) by applying a Gagliardo — Nirenberg type inequality derived
recently in [20] (cf. Lemma 5.1 in Section 5).

The remaining part of the paper is organized as follows: in Section 3 we recall the main tools from Fourier
Analysis and representation theory on compact Lie groups which are necessary for our approach; in Section
4, we establish L?(G) — L?(G) estimates for the solution of (2) and its first order derivatives; in Section 5 it
will be shown that the operator N is a contraction on X (T') provided that the data are sufficiently small in
the energy space; finally, we provide some concluding remarks in Section 6.

3 Group Fourier transform

Let us recall some results on Fourier Analysis on compact Lie groups. For further details on this topic we
refer to the monographs [19, 3].

A continuous unitary representation & : G — C% >4 of dimension dg is a continuous group homomorphism
from G to the group of unitary matrix U(dg, C), that is, £(zy) = £(2)€(y) and &(z)* = &(x) ! forall z,y € G
and the elements &;; : G — C of the matrix representation £ are continuous functions for all ¢, j € {1,...,d¢}.
Two representations &, 7 of G are said equivalent if there exists an invertible intertwining operator A such
that A¢(x) = n(z)A for any x € G. A subspace W C C% is ¢ — invariant if £(z) - W C W for any x € G. A
representation ¢ is irreducible if the only & — invariant subspaces are the trivial ones {0}, C%.

The unitary dual G of the compact Lie group G consists of the equivalence class [€] of continuous
irreducible unitary representation ¢ : G — C% *de N

Given f € LY(G), its Fourier coefficients at [¢] € G is defined by

fle) = /G f(@)E(x) do € Clexds,

where the integral is taken with respect to the Haar measure on G.
If f € L*(G), then, the Fourier series representation for f is given by

f@)=>" deTr (E@)F ),
[S]e@

where hereafter just one irreducible unitary matrix representation is picked in the sum for each equivalence
class [¢] in G. Furthermore, for f € L?(G) Plancherel formula takes the following form

1 12ae = 3 del| F©)] s, )

[leC



o~

where the Hilbert — Schmidt norm of the matrix f(§) is defined as follows:

17 @) = T (FOF©7) = 3 [7©)a]”

For our analysis it is important to understand the behavior of the group Fourier transform with respect
to the Laplace — Beltrami operator &£. Given [£] € G, then, all ;; are eigenfunctions for £ with the same
not positive eigenvalue —\Z, namely,

—L&j(x) = A\{ &j(x) for any x € G and for all 4,5 € {1,...,d¢}.
This means that the symbol of & is
0% (6) = _)‘gldga (10)

that is, 2 f(€) = 02 (€) () = —A2f(€) for any [¢] € G.

Finally, through Plancherel formula for s > 0 we have

1 oy = I=2)"2 ey = D AT s
[]eC

4 [*(G) — L*(G) estimates for the solution to the linear
homogeneous problem

In this section, we derive L?(G) — L?(G) estimates for the solution to the linear Cauchy problem (2). We
follow the approach from [4], which have been recently applied to study other semilinear hyperbolic models in
compact Lie groups in [15, 16]. The main idea of this approach is to employ the group Fourier transform with
respect to the spatial variable  to get an explicit expression for the L?(G) norms of u(t,-), (=%)"Y ?ul(t,-)
and Jyu(t, ), respectively. Plancherel formula in the framework of compact Lie groups plays a fundamental
role in this step.

Proposition 4.1. Let G be a compact Lie group. Let us assume (ug,u1) € HL(G) x L*(G) and let u €
6([0,00), H,(G)) N6 ([0,00), L2(G)) be the solution to the homogeneous Cauchy problem (2). Then, the
following L*(G) — L*(G) decay estimates are satisfied

lu(t, Y22y < Clome (&) (ol z2e) + 2@, (11)
(=) 2u(t, Y 2ce) < Clpma (8) (ol e + lrllzace ) (12)
10cu(t, )| L2(G) < Cdpm2(t) <|‘UOHH§(G) + ||U1||L2(G)) ; (13)

for any t > 0, where C is a positive multiplicative constant and the decay function dy 2 is defined in (4).

Remark 4. In the threshold case b*> = 4m? we me refine (12), considering e~ as decay rate. However, for
the sake of brevity we skipped this detail, since in the proof of the global existence result the decay rate in
(12) suffices to apply Banach’s fixed point theorem for any p > 1 without requiring a further lower bound
for p.

Remark 5. We point out that no connectedness is required for G in the study of the linear Cauchy problem
(2) in the statement of Proposition 4.1.

Representation formula for the Fourier coefficient u(t, §)xs

Let u solve (2). By a(t,£) = (u(t, §)re) 1<k e<de € CH*%, [¢] € G we denote the group Fourier transform of
u with respect to the x — variable. Therefore, u(t,£) is a solution of the Cauchy problem for the system of
ODEs (with the size of the system that depends on the representation &)

(')fﬁ(t,g) - O'gf(f)a(t,f) + bata(tag) + m2 a(t,f) = Oa t> 07
u(0,&) = uo (&),
9yu(0,&) = u1 ().



By using the symbol of the Laplace — Beltrami operator in (10), we obtain that the previous system is
actually decoupled in dg independent scalar ODEs, namely,

OFU(t, §) ke + NEU(t, ) ke + b Ou(t, ) e +m>U(t, E)pe = 0, ¢ >0,
(0, &) ke = Uo(&)ke, (14)
9 (0, §) e = U1 (&) ke,
for any k,¢ € {1,...,d¢}. Straightforward computations lead to the representation formula
UL, E)re = e 24 G0o(t; b, m?; €) To(€)re + e~ 21G1 (1:b, m2;§)(al(€)u + %ao(f)ke) (15)
for the solution to the linear homogeneous Cauchy problem (14), where
cosh< §m2A§t> if A7 < %77”27
Golt;b,m*€) = {1 if A =& —m?,
cos( )\g—l—mQ—%t) if)\§>%—m2,
inh (/& —m? — A2t
Sm<4m f) . (16)
if )\5 < x m-,
b2 2
4 3 )
Gr(t;b,m® &) = {t if Af = & —m?,
sm( )\g—l—mQ - b—t)
it A2 > & —m,
b2
)\g =+ m2 -7

Notice that Go(t; b, m% &) = 9,G1(t;b, m?; &) for any [¢] € G.
Finally, by (15) for any [¢] € G and any k,¢ € {1,...,d¢} we derive the following representation for the
time derivative of u(t, &) ke

Ori(t, re = o8 Go(ti b, m% ) T(E)re — ¢ H G (0, m% ) (LT (e + VE+mD) Wo(©re). (A7)
Let us prove now Proposition 4.1. We will consider separately the three subcases b2 § 4m?2.

Case b? < 4m?

In this case the characteristic roots are always complex conjugate and in the representation formula (15) it

2

has sense to consider only the case /\2 > b m?, since all eigenvalues {)\5}[ fe =~ of —& are nonnegative. So,

we can estimate

bt ~
[, rel S e 2" (|Uo()rel + W1 ()rel), (1s)
Nela(t, E)rel S e # (1 + Ao (€)re + [T (E)rel),
for any ¢t > 0. Similarly, by (17) we get
90t €)ne] S €7 (14 Ae)lo( e + [ (€)el) (19)
for any ¢ > 0. Combining (18) and (19) and using Plancherel formula, we have
1(=2)20]u(t, )72y = D de Z N oFa(t, el
[leG k=1
o bt 2\ (i47) | ~ 2 |» 2
> de Z (120 o rel? + i (©)xe
- e*bt(uuouzyj(@ + lurlz)) (20)

for any ¢,j € {0,1} such that 0 < ¢+ j < 1 and any ¢ > 0. Clearly (20) implies (11), (12) and (13) in the
case b? < 4m? (here we used H&(G) LQ(G)).



Case b? = 4m?

In this case the representation formula (15) is just

g5i(Aet)
A¢

Ult, e = e 2 Uo(E)e + te’%t(ﬂl(é)u + %ﬂo(é)u) for [¢] € G such that Az =0.

Ut, E)pe = e 2 cos(Aet) To (ke + €~ (al (E)re + gao(g)u) for [€] € G such that A2 >0,

Note that we have to consider necessarily the second case, since for the trivial 1 — dimensional representation
1:2€G —1¢€C we have —£(1) = 0. Therefore,

(L, E)pe| Ste 3 (o (&) kel + [1(E)kel),
Aelu(t, el S e_it((l + Xe) [0 () re| + [U1(€)nel),

for any ¢ > 0. In the second inequality, we can drop the factor ¢ as the spectrum of —< is discrete and has
no finite cluster points.
Similarly, from (17) it follows

0t rel S te™ 2 (14 Ae) [0 (€)nel + [ (E)el) (22)

for any ¢ > 0. Applying Plancherel formula twice as in (20) and using (21) and (22) to control the Fourier
coefficients, we obtain (11), (12) and (13) in the case b*> = 4m?.

(21)

Case b® > 4m?

In this last case, the characteristic roots may be either complex conjugate or coincident or real distinct,
depending on the range for )\g. Comparing all possible cases in (16), we get

(e, el 5 eV E (G0l + 31 Enel), (23)
N b2 _ 2 ~ ~
Aela(t, E)uel < TEVE (14 2 o €l + [T (EDne),
for any ¢ > 0. We point out that the regularity is provided from the case with complex conjugate characteristic
roots whereas the decay rates is given by the continuous irreducible unitary representations with )\5 = 0.
Analogously, from (17) we get

00t €)rel < e EVE (1 4 A0 0ol + [ (E)el) (24)

for any t > 0.
Consequently, by Plancherel formula combined with (23) and (24), we find

I(=2)20]ult, iz = 3 de Z N0t €) e

YIRS de 3 (1420 o (©ne? + [ ()uel?)

GRS
e(_b+\/—bz_4mz)t(HUOH%H(G) n ||u1||%2(G)) (25)

for any 4,7 € {0,1} such that 0 < i+ j < 1 and any ¢ > 0. It is easy to see that (25) implies (11), (12) and
(13) in the case b? > 4m?.

5 Proof of Theorem 1.1

A fundamental tool to prove the global existence result is the following Gagliardo — Nirenberg type inequality,
whose proof can be found in [20] (see also [15, Corollary 2.3]).
Lemma 5.1. Let G be a connected unimodular Lie group with topological dimension n > 3. For any q > 2
such that q¢ < % the following Gagliardo — Nirenberg type inequality holds
6(n 1-6(n
1/l S IFIGE @ NS (26)

for any f € HL(G), where O(n,q) =n (% _ %)



As we explained in Section 2, in order to prove Theorem 1.1 it suffices to show the validity of (7) and
(8).
It is helpful to rewrite Nu = u™ 4 Ju, where
u(t, ) = uo(2) *(z) Bo(t,x;b,m%) + u1(2) 2y Er(t, 236,m?),

¢
Ju(t,xz) = / lu(s, @) [P *(p) E1(t — 5,23, m?) ds.
0
Let us get started by estimating || Nu|| x(ry for u € X(T'). By Proposition 4.1 it results

lu"™ | x (1) S N0, wi) |13 (6) < £2(5)- (27)

On the other hand, thanks to the invariance by time translations of (2), combining Proposition 4.1, the
Gagliardo — Nirenberg type inequality from Lemma 5.1 and (6), we get

t
107 (=) Ju(t, )| ae) S / o2 (t = 5) s, )|}y s
t
0(n,2p) (1-6(n,2
S / oz (t = 8)|us, )t (e s, gy ™ ds

t
< / o (t = ) (dym2 ()7 sl
0
S dom2 (t) lull% ) (28)

for i,5 € {0,1} such that 0 < i+ j < 1. We underline that the employment of (26) in the second step of the
previous chain of inequality, we have to require the condition p < -5 in Theorem 1.1. So, from (27) and
(28) we obtain (7).

Let us derive now (8). Combining Hélder’s inequality and the inequality

[lul” = ol?| < plu—v|(lul~" + [oP7),

we get
lu(s, )P = [v(s, )P llz2@) S lluls, ) —v(s, )l (HU( Mz + 100, Nz ey )

Applying the previous inequality and (26) to estimate each L?’(G) — norm that appears on the right — hand
side, we find

107 (=) (Ju(t,-) = Jo(t, ) r2(e)

A

dp,m2 (t = s)[[[u(s; )" = [o(s, )" || L2y ds

N

i (£ = ) (o2 (5))7 ds |1 = vl xcoy (Ilullicgs) + el

J
/

S do e () [l = vlxey (el + 1013 ) (29)

for 4,5 € {0,1} such that 0 <4+ j < 1. From (6) and (29) it follows (8).
Note that thanks to the exponential decay rate dp,,2(t) both in (28) and (29) we have the uniform
boundedness of the integral

(do (1)) / Qi ( — ) (dy 2 ()7 s

without requiring further conditions on p.

6 Final remarks

In [15, 16] it is emphasized how the global dimension of G (which is 0 in the compact case) has a relevant
role in the search for globally defined solution for the semilinear Cauchy problem with power nonlinearity
associated to the damped wave operator 97 — % + J; and to the wave operator 97 — £, respectively. In both
cases, we may not prove any global existence result. On the contrary, for any p > 1 local in time solutions to
these semilinear problem blow up in finite time under suitable sign assumption for the Cauchy data. In this



paper, we showed that the contemporary presence of a damping term and of a mass term reverse completely
the situation.

As we mentioned in the introduction, this fact has been already observed in the Euclidean case (also
in the case with fractional in space operators [1] or with suitable time — dependent coefficients for the
damping and mass terms [7]) and for graded Lie group. Nevertheless, it is remarkable to observe this
phenomenon even in compact (and connected) Lie groups in consideration of what remarked above for the
damped wave operator and for the wave operator, for which the corresponding semilinear Cauchy problems
admit a finite critical exponent in the Euclidean case (Fujita exponent [13, 23, 25, 10] and Strauss exponent
[11, 8, 9, 22, 21, 12, 5, 24, 26], respectively) or in the special case of the damped wave equation in the
Heisenberg group (see [6, 14]).
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