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Small data solutions for the Euler-Poisson-Darboux
equation with a power nonlinearity
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Abstract

We study the Cauchy problem for the Euler-Poisson-Darboux equation, with a power nonlinearity:
_ L
Uy uxx+tu,—t|u|, t>1ty, xeR,

where u > 0, p > 1 and @ > —2. Here either #) = 0 (singular problem) or 7y > 0 (regular problem). We show that this
model may be interpreted as a semilinear wave equation with borderline dissipation: the existence of global small
data solutions depends not only on the power p, but also on the parameter u. Global small data weak solutions exist if

(p- l)min{l, w By 1} >2+a.
2 p
In the case of @ = 0, the above condition is equivalent to p > perir = max{psy (1 + W), 3}, where ps(k) is the critical

exponent conjectured by W.A. Strauss for the semilinear wave equation without dissipation (i.e. 4 = 0) in space
dimension k. Varying the parameter y, there is a continuous transition from pi; = oo (for u = 0) to peir = 3 (for
(> 4/3). The optimality of p.; follows by known nonexistence counterpart results for 1 < p < p.j; (and for any

p>1lifu=0).
As a corollary of our result, we obtain analogous results for generalized semilinear Tricomi equations and other

models related to the Euler-Poisson-Darboux equation.

Keywords: semilinear wave equations, semilinear Euler-Poisson-Darboux equation, semilinear Tricomi equations,
global existence, dissipation, critical exponent, Fujita exponent, Strauss exponent
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1. Introduction

In this paper, we study the existence of global-in-time small data (weak) solutions to the Cauchy problem for the
Euler-Poisson-Darboux (E. P. D. ) equation with a power nonlinearity:

7
Uy — Uyy + — Uy = f(u), t>t, x€R,
i - U= fw) 0 n
u(to, x) = uo(x),  u(to, x) = ui(x).
Here p > 0 and f(u) = |u|” or, more in general, f is locally Lipschitz-continuous and
FO)=0, 1f@) = f)] < Clu—wi(lul”" + 1w, @)
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for some p > 1. The initial time #; may be zero (singular Cauchy problem) or may be positive (regular Cauchy
problem).

The study of the solution to the linear Cauchy problem, i.e., f = 0 in (I), goes back to the first investigations of
Euler [15]], Poisson [49] and Darboux [12] for the singular problem (#y = 0), and goes back to [4} [L3]] for the regular
problem (fp > 0). Some blow-up results for (I)) in the singular case #y = 0 goes back to [32]] (see also [35]]), whereas the
study of the solution of the singular Cauchy problem for the E.P.D. equation with inhomogeneous term f = f(¢, x)
goes back to [64].

The term ut~'u, in (T) may be interpreted as a dissipation acting on the wave model, in the sense that the wave
energy

1 1
E(t) = 5 llu(, N2+ 3 lheett, ][ A3)

for the regular linear problem, i.e. f = 0 and #y > 0 in (T)), dissipates as ¢ — oo; in particular, E(f) < C ¢ M2}
if (ug,u;) € H' x L? (see [62]). The same effect appears for the damped wave equation u;, — u,, + uu; = 0, but
in this latter case, E(f) < C ¢!, for any u > 0. This decay profile is a consequence of the “diffusion phenomenon”
(see, for instance, [22] 25| 38|, [40]): the asymptotic profile of the solution is described by the solution to the heat
equation uu, — uy, = 0. The crucial difference is that the asymptotic profile of the solution to the E.P.D. equation is
described by the solution to the heat equation pu, — fu,, = 0 only for sufficiently large u.

A consequence of the diffusion phenomenon is that the critical exponent for global-in-time small data solutions
to the semilinear damped wave equation u;, — Au + u; = |u|’ fort > 0 and x € R", is 1 + 2/n (see [37]), the same
of the semilinear heat equation u;, — Au = |ul’. By critical exponent p.; we mean that global-in-time small data
solutions exist for p > p.; in a suitable space, and, in general, do not exist for p € (1, pcit], under suitable data sign
assumptions. The study of these kind of problems has been originated by the pioneering paper of H. Fujita [16] about
the semilinear heat equation. In general, nonlinear phenomena may break the boot-strap argument which allows to
prolong local-in-time solutions. H. Fujita investigated how this occurrence is prevented for sufficiently small initial
data if, and only if, the power nonlinearity is larger than a given threshold exponent.

The critical exponent remains 1 + 2/n also for the damped wave equation u,; — Au + b(f)u, = |u|?, for a large class
of coefficients b(z) verifying th(f) — oo as t — oo (see [8]), in particular for b(f) = u(1+£)?, withu > 0and B € (-1, 1)
(see [36} 41]). We stress that the critical exponent remains 1 + 2/n in the latter case, even if u is very small.

In the case ¢ = 0 in (I)) (wave equation) the critical exponent is oo, in the sense that no global-in-time solution
to (I exists, for any p > 1, under a sign assumption on the initial data. On the other hand, for small data in suitable
functional spaces, global-in-time (weak) solutions exist for the wave equation u, —Au = |u|? in space dimension n > 2,
if p > psi(n), where ps(k) is the critical exponent conjectured by W.A. Strauss [53]] (see also [54]), i.e., the solution
to (p — Dyy(k, p) = 2, where we put

Yk =T @

p
The conjecture was supported by the result obtained in the pioneering paper by F. John [29] in space dimensionn = 3
and by the blow-up result obtained by R.T. Glassey [20] in space dimension n = 2. It was later proved in a series of

papers, see [128, 1501 51} 163] for blow-up results, and [1} [18} [19} 21133137, 55} 166] for existence results.

In our paper, we show that global-in-time (weak) solutions to (I)) exist in L®([#y, o), L?) for p > peric = max{pse(1+
), 3}, for any p > 0, under the assumption of small data, for both the singular and the regular problem. This shows
a continuous transition with respect to ¢ from a shifted Strauss exponent psy(1 + p) for u € (0,4/3] to the Fujita
exponent 3 for u > 4/3, typical of semilinear diffusive models.

In view of this effect, we may say that the dissipation #~'uu, in (I) is borderline, and that the E.P.D. equation
bridges the gap between pure semilinear wave models (1 = 0) and semilinear dissipative wave models for which
the diffusion phenomenon holds. The transition from one model to the other is described by how p.;; shrinks as the
dissipation parameter y increases from zero up to some threshold.

The critical exponent of the regular problem for the multidimensional version of the E.P. D. equation

®

u(to, x) = ug(x),  u,(to, x) = us(x).

2

{u,,—Au-i—'l?lu,:f(u), t>t>0, xeR",
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iS perit = max{psy(n + 2), 1 + 2/n} (see [9], see also [7, 44]) in the special case ¢ = 2 (via the change of variable
w(t, x) = tu(t, x), the E.P.D. equation with u = 2 reduces to a wave equation, see Remark. On the other hand, the
critical exponent for (B) is 1 + 2/n if w is sufficiently large, in particular, if 4 > n + 2 (see [5]]). Up to our knowledge,
there is no corresponding result for the singular problem. For some results for global-in-time solutions for some
semilinear singular Cauchy problems for the multidimensional E.P.D. equation we address the reader to [S9} 65].

The result in [9] leaded to the conjecture that the critical exponent for () is perit = max{psy(n + @), 1 + 2/n}, for
any p > 0. That is, peit = 1 + 2/n for u > fi and peie = psp(n + p) for u < i, where

4
an) =n 1+n+2' (6)
M. Ikeda and M. Sobajima [26] obtained blow-up in finite time for (3) with f = |ul? if x < fand 1 < p < psu(n + p)
for suitable compactly supported data (see also [58]), strengthening the conjecture. Their result extended the blow-up
result obtained for 1 < p < pgy(n + 2u) by N.- A. Lai, H. Takamura, K. Wakasa in [34]. For lifespan estimates of the
local-in-time solutions we address the reader to [27, 130, 31} 160].

In this paper, we prove the above conjecture for (3)) in space dimension n = 1, and we show the existence of
global-in-time small data solutions in L*([#y, o), L?) for p > perit = max{ps«(1 + w), 3} also for the more challenging
singular problem with 7y = 0. Moreover, we extend this result to the E. P. D. equation with the more general right-hand
side 1 f(u).

On the one hand, this generalization is of interest for the possibility to obtain, by a change of variable, results for
semilinear generalized Tricomi equations [S6] w;, — ., = f(w), setting u = €/(€ + 1) and @ = 2u, and for other
models related, like the semilinear modified E.P.D. equation. On the other hand, this generalization provides more
insights about how the size of y influences the critical exponent p.; (see Remark@]).

2. Results

We consider both the singular problem

u
— U + — U = 1% , t>0, xeR,
Uy — U ; Uy f(w) o
u(0,x) = up(x), u(0,x)=0,
and the regular problem
u
Uy — Uy + — U = 1% f(1), t>1t>0, xeR,
i ;U Sfw) ) ®

u(to,x) =0, uto, x) = ur(x).

We stress that the assumption u,(0, x) = 0 is natural for the singular problem, even in the linear case f = 0, whereas
for the regular problem both initial data may be considered [4]. However, for this latter, we assume u(#, x) = O for
brevity.

For both the singular problem (7) and the regular problem (8)), we prove the existence of global-in-time small data
weak solutions (in L= ([#y, c0), L?) or in L7° ([#o, 00), L)) for p > peit, With

loc

{ 2+a
Perit = max< 1 + —

min(1L ]’ Psu(l + 1, CY)}, 9

for any @ > -2, where pgs(k, @) is the solution, for a given k > 1, to

(p—yk,p) =2+a,

and y(k, p) is given by (). Explicitly,

=2+a.

1
. sothat (p- 1)(E + —)
p=psu(l+u.a)

2 p

S

7(1+u,p)=§+
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Remark 2.1. We may interpret 1 + (2 + @)/ min{1, i} as a modified Fujita exponent, and psy(1 + u, @) as a modified,
shifted Strauss exponent. The modification in the exponent is related to the presence of the coefficient * in front of
the nonlinearity f(«). The condition p > p is equivalent to the inequality

1
(p—l)min{l, i, %‘+—}>2+a, (10)
p

and is related to the L' — L” decay rate determined in Propositionin for the regular linear problem with starting
time s > O:
Vtz_Vxx"'l;lVr:O, t>s>0, xeR,

an

v(s,x) =0, v(s,x)=vi(x).

Indeed, summing the power of s, and p times the power of ¢ in (@2)) (ignoring the logarithmic terms), we find the
number

. 1

l=(p=Dmin{l, u, £+ 20
2. p

We mention that the role of the power of the parameter s in the decay estimate to determine p. does not appear in
problems with constant coefficient. Due to the invariance for time translations, the decay rate for these problems with
starting time s is simply obtained replacing ¢ by ¢ — s in the problem with starting time 0.

Theorem 2.1. Let u > 0, p > max{1, 1/u}, and define q € [1, p) such that

2 1 1 2
g=max{l,1/u}) if ==minfw,2-p), or —-—-=5 i Z<minfu2-u. (12)
p g p 2 P
If
-1 1
P Sa+2<(p—l)min{l, y,’—‘+—}, (13)
2 p
then there exists € > 0 such that for any initial data
ug € LINLP,  with |luollps + lluollrr < &, (14)

there is a unique global-in-time weak solution u € L¥([0, c0), L?), to (T). Moreover, the solution to () satisfies the
decay estimate
1

— min M 1
lu(t, M < Cg(L+8) (luollze + lluwollr),  with  g(1+1) = (1 + 0~ ™25 d (1) da(r) (15)

where C > 0, is independent of t and of the initial data, and d,(t) and d,(t) are small loss terms determined as follows:
eitherd;y = 1ifu # lord; =1+1log(l1 +1)ifu = 1; either da(t) = 1 if 2/p # min{u,2 — u}, or we may take
dy() = cs (1 + 1)° for any small 6 > 0if 1 < u=2-2/p, or da(t) = 1 + (log(1 + )2 if2/p=pu<1l.

Remark 2.2. We notice that we may compute

, u 1 1 [-min{l,u}+ L if2/p > minfu,2 — pu},
—ming Ly,=+—7+— = u L .
2 p) r |-% if 2/p < min{u,2 - u},

in (15). The two cases above correspond to the behavior of the multiplier associated to the fundamental solution to the
linear regular problem at “intermediate frequencies” (see the proof of Proposition [3.3). They may also be considered
as the cases of:

e effective dissipation if 2/p > min{u,2 — u}; the decay rate is analogous to the L! — L” decay rate of a heat
1
equation (for u > 1, this decay rate is fHF);

e non effective dissipation if 2/p < min{u, 2 — u}; the decay rate is independent of p.
4
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Remark 2.3. As mentioned in Remark 2.1} the right-hand inequality in (I3)), i.e., (I0), is equivalent to p > pei. The
left-hand inequality in (T3) is equivalent to @ > —1 — 1/p. This condition is fundamental in the proof of Theorem [2.1]
to avoid a non integrable singularity at ¢ = 0. The interval in (T3] is nonempty if, and only if, p > 1/u when u € (0, 1)
and this motivates the assumption p > max{l, 1/u}. The fact that p > 1/u also implies that ¢ < p in (I2), for
any u > 0.

The condition @ > —1 — 1/p does not appear in the subsequent Theorem [2.2] since the Cauchy problem is regular
and there is no singularity at # = #, > 0. We stress that when & < —1 — 1/p, estimate (I7) is not necessarily a decay
estimate for p > p.y. Indeed, for p € (peie, 1/u], g(f) = t#/‘ in does not vanish as t — oo. However, even if the
norm ||u(t, -)||z» does not vanish as t — oo in this case, the function =% decays sufficiently fast to imply the existence
of a global-in-time solution in L5 ([#o, ), L”).

Theorem 2.2. Let > 0, @ > =2 and p > perir, where pegyy is as in Q), or p > 1 if @ < =2. Then there exists € > 0
such that for any initial data
w e L', with|lmllp <e, (16)

there is a unique global-in-time weak solution u € L ([ty, 00), L?), to @®). Moreover, the solution to [8) satisfies the
estimate ‘ e
llu(t, Mer < C g llurllys,  with — g(e) = ™ 24515 dy (1) dy 1), (17

where C = C(ty) > 0, is independent of t, and of the initial data, and d(t) and dy(¢) are logarithmic loss terms
determined as follows: either d; = 1 ifu # 1 ord; =1 +1log(1 + 1) if u = 1, either d(t) = 1 if 2/p # min{u, 2 — u},
ordy(t) = 1+ (log(1 + )2 if2/p = min{u, 2 — .

Remark 2.4. Let us determine p.,;; according to the value of i and @ > —2. We stress that

2+a u
+ — > psp(l + y,@) &= min{l,u} <= +
mm{ 1 . /J} . K K 2 Perit Perit

> minfu, 2 — p}.

It holds perit = pse(1 + i, @) if, and only if, @ > —1 and —a < u < f1, where

22 + @)
3+a

= (18)
It holds puit = 3 + « if, and only if, either 4 > i, when @ > —1,or g > 1 when @ < —1. Itholds pyiy = 1 + 2 + @)/u
if, and only if, 0 < y < —aifa@ € (-1,0),orpu < lifa < —1.

If @ = 0, then pgi¢ = max{pse(1 + p), 3}, and peic = psee(1 + w) if, and only if, u € (0,4/3].

By the change of variable
£+1

P — 1
t+1° (19)

the singular Cauchy problem (7)) for the E.P.D. equation is equivalent to the weakly hyperbolic semilinear Cauchy
problem for the generalized Tricomi equation

w(t, x) = u(A(t),x), where A(¥) =

M
Wy — 12w+ = w, = 1% f(w), t>0, xeR,
i W fw) (20)
W(O,X)ZW()(X), Wt(09-x):07
with € > —1 and . > —¢, where
€+ . a, — 2L
= = . 21
K=%i1 YT+ b

Therefore, as a corollary of Theorem [2.I} we can prove the existence of global-in-time (weak) solutions to prob-

lem (20).
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Corollary 2.1. Let € > -1, y, > —€ and p > max{1, (£ + 1)/(€ + u.)}. Assume that

-1 C+p. C+1
p—(£’+l)sa*+2<(p—1)min{f+1,£’+,u*,—”+—}, (22)
p 2 p
Let g € [1, p) be such that
f+1 2 {4+ min{u,,2 — p, 1 1 . 2 - o2 —
g =max]1, o2y frmintwe 2o} L 1 2 omakiw 2o pd o
€+ p {+1 q p 2 p {+1
Then there exists € > 0 such that for any initial data
wo € LINLY,  with|wollee + llwollr < &, 24)

there exists a unique global-in-time weak solution w € L*([0, 00), LP), to @) Moreover, for any 6 > 0, the solution
to 20) satisfies the decay estimate

Lo ﬂ} £+1
%

(. M < Cgull + 1) (Iwollzs + Iwoller)s  with  gu(1+1) = (1 + 1y ™S55 gy dyr), (25)

where C > 0, is independent of t, and of the initial data, and d(t) and dy(t) are small loss terms determined as

ollows: eitherd; = 1 ifu, # L ord; = 1 +1log(1 + 1) if u. = 1; either dr(t) = 1 if 2/p + fmaxl 2t} o e may take
{+1

do(®) = cs (1 + 1)° for any small 6 > 0, if u, > 1 and% = Z:,ZJ:I"*, ordy(t) = 1+ (log(1 + t))l‘% if e <1 and% = %

For any a. > -2, the right-hand side of 22) is equivalent to p > p(, where

2+ a, 26+, + 1 a*—%)}

, P : 26
T e min{l, ) ps‘( (+1 i+l (26)

Perit = Max {1

and the left-hand side of (22)) is equivalentto p < 1+ 2 + @.)/({ —a. — 1) if € > @, + 1.

The nonexistence of global-in-time weak solutions to (20) for x. = 0 and p € (1, 1+(2+a.)/¢], under suitable sign
condition on the data, is proved in Theorem 3.1 in [I]. In the special case . = @, = 0, Corollary 21| provides the
global existence of solutions to @) in L=([0, 00), L?), for p > perir = 1 + 2/¢, and small data wy. The global-in-time
existence of small data solutions to (20) for p > 1 + 2/¢, in this special case . = @, = 0 has been recently proved
in [23]], see also [[17].

Similarly, by the change of variable (I9), the regular Cauchy problem (8) for the E.P.D. equation is equivalent to
the strictly hyperbolic semilinear Cauchy problem for the generalized Tricomi equation

27
w(t,x) =0, wilt,x) =wi(x),

{w,,—t”wxx+'%wt=t"*f(w), t>t >0, xeR,
where p and a are given by @), t; = A~ (to) = (€ + Dto)77, and w (x) = tf up (x).
As a corollary of Theorem [2.2] we can prove the existence of global-in-time (weak) solutions to problem (7).

Corollary 2.2. Let € > —1, . > =€, . > =2, and p > peir, where pegiy is as in 26), or p > 1 if a. < 2. Then there
exists € > 0 such that for any initial data

wi € L', with|will < e, (28)

there exists a unique global-in-time weak solution w € L} ([t1, 00), L"), to (ZT). Moreover, the solution to (Z7) satisfies
the estimate
. _ —min{t’+l,{’+}thm+ﬁ}+ﬁ
W, Iy < Cgu(®)lwillLr,  with  g.(t) =t 2T di(0) do (1), (29)
where C > 0, is independent of t, and of the initial data, and d,(t) and d,(t) are logarithmic loss terms determined
as follows: either di = 1 ifu, # L ord; = 1 +1log(l + 1) if . = 1; either dr(t) = 1 if 2/p #+ fmaxp2on)

i+1
da(t) = 1+ (log(1 +1)!% jf 2 = Cmarlietoe),
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Remark 2.5. By the change of variable v(z, x) = #® w(t, x), Cauchy problem with f(w) = [w|? is equivalent to

ﬂwzt‘ﬂvl", t>t >0, xeR,
r (30)
V(tl, -x) = 0 ’ vl(tlvx) = Vl('x) )

Vi — t”v“ + 'L% Ve +

where (o = . — 26, m = —B(u, +B—1) and @, = a. — B(p — 1), and we put v;(x) = z’f wi(x). Therefore, Theorem
may be easily applied to obtain the existence of global-in-time small data weak solutions to (30). For the ease of
reading, we postpone the details to §5

The equation in (30) is called modified E.P.D. equation when ¢ = 0 and 8 = /2 (see [4]). It is also called wave
equation with scale-invariant mass and dissipation when £ = 0 and 8 < u/2. For several studies on this model and its
multidimensional version, we address the reader to [3} 110, 14 142} 143] |45, 46,47, |48|] and the references therein.

3. Estimates for the linear problem

The E.P.D. equation is not invariant by time-translation, due to the time-dependent coefficient u#~! in front of .
For this reason, we study the regular linear Cauchy problem (TT)), where the starting time is a parameter s > 0, in view
of the application of Duhamel’s principle to both the inhomogeneous singular and regular Cauchy problems.

The dependence on the parameter s of the estimates obtained for the solution to (TI)) plays a crucial role in the
argument employed to prove the existence of global-in-time solutions: a precise evaluation of the dependence on the
parameter s in the estimates is fundamental to find the critical exponent in the application to the semilinear problem

(see Remark [2.T)).

In order to prove our results, we will use the following multiplier theorem.

Proposition 3.1. [see [39, Theorem 4.2] and the references therein] For any & € R, let

m(€) = () 1 F e,

where k > 0 and € C* vanishes near the origin and is 1 for large values of |£|. Then m € Mg if, and only if,
1/g—1/p<kwhenl <q<p<oo,andif,andonlyif, 1/q—1/p <k, whengq =1 or p = co.

We say that m is a multiplier in M7, for some 1 < g < p < oo if for any f € L7 it holds T, f = & '(mf) € L?; the
quantity
llmllyr = SHUP 1 1T fllr, (31
4=
is a norm on MJ. In particular, M ¢ M; = L and M} = §(L?) for p > 1 (see [24, Theorem 1.4]).
To write the Fourier transform with respect to the space variable, of the fundamental solution to (TT), we will use
the Bessel functions of first kind, whose definition by series is

o

=n" s
J = —(z/2)7""", 32
(@) m§=0 oD @2 (32)
forp # —1,-2,...,. We will also use the asymptotic expansion (see [61, §7.21]) of the Bessel functions J,(z) for

large values of z,

Jo(2) = (zn/ 2)’% cos(z — pr/2 — w[4) Ry 0(z) — (zm/ 2)’% sin(z — prt/2 — w/4) Ry (z),  where
> ' (33)
Ry = D=1l 2m + )2y,

m=0

In particular,
bt for z € (0, 1],

C
Melall = {Cz—i for z € [1, 00). GY
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3.1. Estimates for the linear singular problem

Before studying how the parameter s influences the estimates for problem (IT), by straightforward calculations
we obtain L? — L estimates for the singular linear Cauchy problem

v,t—vxx+'l?lv,=0, t>0, xeR,

v(0,x) = vo(x), v/(0,x)=0.

(35)

Proposition 3.2. Let > 0, p € (1,00) and q € [1, p]. Assume that 1 — 1/p < u/2ifq =1, orthat 1/qg—1/p < u/2
otherwise. Then the solution to (33)) verifies the following L1 — LP decay estimate:

141
v, ey < Ct™ a7 [Ivollza, (36)
for some C > 0, independent of t.

Proor. Let K(7) be the fundamental solution to (33). The Fourier transform of K(r) with respect to the space variable x

solves the Cauchy problem

N P TN

Ky +&K+=K =0, >0,

Att {: tA t (37)
KO0)y=1, K/(0)=0.

The equation in (37) is equivalent to a Bessel’s differential equation [[61} §4.3] of order +v, where v :=(u — 1)/2:
2y +1y + (2 =)y =0, 7>0. (38)

Indeed, if we define 7 = #|¢| and w(#£]) = K (1), then Cauchy problem (37) may be written as

w”+w+Ew’=O, >0,
T 39)

w0 =1, w'(0)=0.

The equation in (39) becomes the Bessel’s differential equation (38, if we put y(r) = 7 w(r). Therefore, the solution

to (39) is

w(r)=2"T( +v) 7" J,(7),

since it verifies w(0) = 1 and w’(0) = 0; replacing 7 = #|£|, we get (see also [2])
K(t) = 2°T(1 +v) (tl) ™ S, (1lé)). (40)

By homogeneity,
A 1.1 A
IR@llygy = £ 1Rollag

where we put Ky = K(1), so that it is sufficient to prove that K, € Mg if 1/g—1/p < u/2wheng > 1,orif 1-1/p < u/2
when g = 1.
Indeed, these statements immediately follow by the explicit expression (see [52])

Ko=c1,(1- xz);H%,
thanks to Young’s theorem on convolution. However, we may also provide an alternative proof which only relies
on the expression of Ky, to emphasize the differences with the strategy employed to derive the analogous estimates
for (TT).

Let y € CZ, even, be such that y = 1 in a neighborhood of the origin, say x(£) = 1 for € € [0,1/2] and y(¢) =0
foré > 1.

We first prove that Koy € M?, for any g € [1, p]. By (34) we find that Koy is bounded. Using the property of the
Bessel functions zJ’ [’) = —pJ, + zJ,_1, we obtain

e, (€1) = J(1€l) signé = (= €17 pJp () + Jp-1(1€D) signé, (41)
8
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so that, recalling that y is supported in {£ : |¢| < 1} and it is smooth, we derive

l0e(Ko(@x(@)] < Clél™.

If ¢ = p, by Mikhlin-Hormander theorem (see [24, Theorem 2.5]), we obtain f(o)( € Mﬁ for any p € (1, 00). Due to
X € CZ, italso follows (see [24] Theorem 1.8]) that Koy € M{,’ forl1 < g < p<oco.

To prove that (1 — y)K, € Mf; if 1/g—1/p < u/2 wheng > 1,orif 1 — 1/p < u/2 when g = 1, we rely on
Proposition Indeed, it is sufficient to use (33), and to notice that [¢]™* €/ (1 — y) € M” forany 1 < g < p < o
if k=1,2,..., whereas |¢] ¥ (1 — y) € M if, and only if, 1 — 1/p < pu/2if g = 1, 0r 1/qg — 1/p < u/2, otherwise.
This concludes the proof.

3.2. Estimates for the linear regular problem depending on the parameter s

For the sake of brevity, we only consider L' — [P estimates for the solution to (TT), since these estimates will be
used to prove Theorems 2.1 and More general L? — L estimates may be obtained by minor modifications. For
some L — L? estimates, with 2 < p <ooand p’ = p/(p — 1), we address the reader to [62, Theorem 3.5].

Proposition 3.3. Let u € R and p € (1,00]. Then the solution to (T1)) verifies the following L' — L estimate:
I, Mo < C (e ) ™™ 15 dy (/) da(t/5) Il 42)

for some C > 0, independent of s, t, where d;(t/s) and d>(t/ s) are logarithmic loss terms determined as in Theorem@'
eitherdy, = 1ifu # 1, or di(¢t/s) = 1 + log(l +t/s) if u = 1; either dy = 1 if 2/p # min{u,2 — u} or dy(t/s) =

1+ (log(t/$)' "7 if2/p = min{u,2 — u}.

Remark 3.1. It is sufficient to prove Propositionfor w1 > 1. Indeed, let y € (—c0, 1) in (TI)). If we define

Vi, x) = 77 (e, x) and pf=2-pu, (43)
then Cauchy problem (TT)) becomes
# # “ﬁ i n
v,,—vxx+7v,=0, t>s, xeR", (44)
vi(s,x) =0, v?(s, Xx) = sioH vi(x).

Applying Proposition 3.3[to {#4) with u* > 1, we obtain the statement of Proposition [3.3|for u < 1.

Proor. Let K = K(t, s) be the fundamental solution to (TT). The Fourier transform of K with respect to the space
variable solves the problem

N P VAN

Ki+&K+ZK, =0, t>s,

Att f ¢ At (45)
K(s,5)=0, Kis,s)=1.

If we set
=1l o =slgl, wll) = K@, s),
we find the equivalent problem

(46)

w”+w+liw’:0, T>0,
T
we)=0, wi(o) =",

If we put v:=(u — 1)/2 and y(1) = 7" w(1), then from we obtain the following Cauchy problem for the Bessel’s
differential equation (38) of order +v:

(47)

v—1

2y + 1y + (12 =)y =0, T>20,
Wo)=0, y(o)=so
9
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We assume that v > 0 is not an integer, that is, 4 > 1 is not an odd integer. Then a system of linearly independent
solutions to (7)) is given by the pair of Bessel functions (of first kind) J., (7). Hence, we put

y = Ci(0) Jy(1) + C_(0) I (7).

We postpone the case where v is an integer to the end of the proof. In that case, we use a different system of linearly
independent solutions to (@7). However, only minor changes appear, unless v = 0, that is, u = 1.
Recalling that the Wronskian satisfies [61} §3.12]
-2 sin(vrmr)

WLy, I () = T, (0) = T (o) (o) = R —

we obtain the solution x

2 sin(vrr)

so that, replacing o = s|¢| and 7 = #£|, we find

y= (J—V(O—)JV(T) - JV(O—)J—V(T)) s O_Va

R = L _ v+l ,—v
K(1,5) = 2 sin0rm) (o (sIENT (1) = Sy (sIEDI -, (tED) s 17

We now want to estimate the multiplier norm (31)) of K (t, s), depending on both s, 7.
We define a = s/t € (0, 1]. By a dilation argument, for any ¢ > 0 it holds

N .l A
IR, )l = 5177 IRallyge (48)
where x
Kau(&) = ————= a’ (J_,(aléN],(1€]) — J,(alé)) T, (I€]). 49)
2 sin(vrr)
Incidentally, we notice that, using Euler’s reflection formula, for any given &,
m 271

5 1,
Ku(6) ~ J() = 5 Ko(£). asa— 0,

2sin(vr) I'(1 —v)

with Kj as in the proof of Proposition First, we consider the easier case p > 2.
For |¢] < 1, K, is uniformly bounded with respect to a; indeed, thanks to (34),

K, (&) < Ca’(a” +a”") <2C.
Let |£] € [1,a™']. In this case, using (34), noticing that al¢| < 1 < |£|, we obtain
Ru(&) < Cle™ ™ = Clert.
On the other hand, for |¢£] € [a™!, o0), we use (34) to estimate
Ko@) < Ca 2l = Ca'™ 1.

In all the above estimates, C > 0 is independent of a. By the Hausdorff- Young inequality, we have 1Kl MP S ClIK s
where p’ = p/(p — 1). Hence, we obtain

a! 1 00 1 62 (,l%il’il lfp, < 2//1’

A Hor - p=2 o o ~  BH_ 1 ~ 1 .
IRully < C1+Ca ( f 6737 dg)” + Cya™ f €7 dg)" < €1+ Cia* 7 +1Ca(~loga)? i ' =2/u
! “ G, if p' > 2/

The first and the second term are dominated by the latter one in the sum above, so that we conclude

u

Ca® v if1-1/p> /2,
IRallyr < {C (logle + 1/ay)7 if 1=1/p = p/2, (50)
C 1= 1/p <pu/2,

10
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with C > 0, independent of a. Now let p € (1,2). In order to prove (30) it is sufficient to prove that [Vl M S C,
since l = 1/p < 1/2<u/2.

In this case, we cannot use the Hausdorff-Young inequality, so we follow the proof of Proposition However,
in order to take into account of the influence from the parameter a, we fix three localizing functions o, x1,x2 € C*,
with the following properties:

® xo(&) = 1for |£] < 1/2, and yy is supported in the “low frequencies zone” {£ : |£] < 1};
® x2(é) = 1foralé] > 2, and y» is supported in the “high frequencies zone” {£ : alé| > 1}, say x> = 1 — xo(alél/2);

e itholds 1 = X% + /\(f + )(%; in particular, y, is supported in the “intermediate frequencies zone” {£ : 1/2 < [£] <
2a71).

Then (50} follows, if we prove that ||kaX§||Mf <C,forj=0,1,2.
Thanks to Young inequality,
IRaxglle < CIF ™ (Rax)ller-

The function IA(,IX(Z) is continuous and compactly supported. Using (1)) and

e Jp(alél) = a J(alé)) signé = (= I pJp(alél) + aJ,-1(alé))) signé,

we derive

0(Ra@nd@)| < Cler™,

with C independent of a. Proceeding as in the proof of Proposition [3.2] by Mikhlin-H6rmander theorem, it follows
that ||1A(a/\/§|| VS C, with C > 0, independent of a, for any p > 1.

To deal with the intermediate frequencies, we use different multiplier estimates for J.,(al¢|) and J,(|€]), noticing
that

~ T
IKax Tl < Tsn0m a” (v @éDxtllagg Iy llazy + I (aléDallagg 19— (€Dx 1l la7)-

Proceeding as before, we estimate
[T (@éDx1 ()] < C@lé)™,  10:(J (@€ 1 ()] < Claleh)™ 1™,

with C > 0, independent of a. Since we are at intermediate frequencies, we may estimate (a|¢])” < 2” and (a|é])™ <
2" a™. Therefore, by Mikhlin-Hormander multiplier theorem, we obtain

Iy (aléDxillyy < € -y (@lgDxillyy < Ca™.

On the other hand,
(€Dl < C.

with C > 0, independent of a. Indeed, using (33), the previous estimate follows from the fact that
e e yillyr < €. k=0,1,...,
due to p € (1,2) (see Proposition[3.1)). Summarizing,
IRaxillye < C (51)

with C > 0, independent of a.
At high frequencies, we use (33) for both J.,(al¢]) and J+,(|€]). By the cosine and sine addition formulas, a
straightforward computation leads to

Ru(&) = @ &' Raa, |,

11
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with

R(a, |€]) = sin((1 — a)lED(Ryy,0(aléDRyy0(ED + Ry 1 (@léDRy, 1 (1€D)
+ cos((1 = a)lEN(Ryv.0(aléDRy1 (€] = Rivi,1 (@léDRiv 0 (€))

so that |
i) =3 a7 | sin((1 - a)lé)) + ...

By Proposition [3.1] we may estimate
g ke Vv R _1. v
@2 ET T sin((1 = @)l Xl < @ N@léD ™2 xallyg 16172 sin((1 = @)D xallyr < Ca™* < C,

fork+j=0,2,4,...,dueto p € (1,2), and similarly for the cosine terms, fork + j = 1,3,5,...
Summarizing, we concluded the proof of (50). Recalling @8)), and replacing a = s/t, we proved so far that

(1)) 777" it 1-1/p>p/2,

1 1
IK(t, $)llyr < C st x3ogle +1/5) ™7 if 1—1/p = /2,
1 if1-1/p<pu/2,

and this concludes the proof of @2)) for u > 1, not an odd integer.
If u € 2N + 1, that is, v is a nonnegative integer, then we write the fundamental solution to as

y = Ci(a) Jy(1) + C_(0) Y\ (7).

where J W
Y, = lim Sz GOV Ok = (1) I )my »

k—v -V

is a Bessel function of second kind. The Wronskian satisfies [61} §3.63] W[J,, Y,](c) = 2/o. Imposing the initial
conditions, we derive

1
y= z (‘IV(O-)YV(T) - YV(O-)JV(T)) so’.

After replacing o = s|¢| and T = #|¢], we find
N 1
K(z,5) = 3 (L(SIED Y (D) — Yo (sIED Ty (D) s+ 1

Once again, we study K, where
K, = % (S (@ENY, (€D = Yy (aléD Iy (1€D).

The estimates at high frequencies are analogous to the case of non-integer v, due to the asymptotic expansion (see [61}
§7.21)):

1

Y,(2) = (z/27))"? sin(z = vat/2 = 7/4) Ry0(2) — (2/27)) " cos(z — va/2 — w/4) Ry (2).
Moreover, as z — 0,
Y,(2) ~—-(v—D1(z/2)", veN\{0}, but Yy(z) ~2log(z/2),

and similarly for their derivative, using Y/, = vz Y, = Y,.1.

At low and intermediate frequencies we may still proceed as we did for the case of non-integer v if v € N'\ {0}. For
that reason, we consider in the following only the case v = 0, that is, u = 1. In this case, we shall take into account of
the logarithmic term in

. 1
Ka=3 (Jo(aléDYo(I€D) — Yo(aleDJo(1€D).
12
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At low frequencies, cancelations occur, in the sense that
K, ~ —log(al¢l/2) + log(1€/2) = —loga, as& — 0. (52)

At intermediate frequencies, use that —log(a|é]) < log2 — loga.
First, let p € [2, co]. Then, we estimate

% il £ 0 , £
IRl < €1 togte + 1/a) + C togte + a1 de)” v caat ([ e ae)
1 1

a

. . i if p > 2
< C, log(e + 1/a) + Csar~? + Gy log(e + 1/a) x |° | ap=s
(—loga): ifp=2.

The first and the second term are dominated by the latter one in the sum above, so that we conclude

Car™* logle + 1/a) ifp>2,

Kol <
Rl {C(log(en/a))i ifp=2.

Now let p € (1,2). Taking y; as in the case of non-integer v, we claim that
IRl < C log(e +1/a),  j=0,1,  [IKu3lyy < C. (53)
At low frequencies, using (32), we may estimate
0:Ka(&)] < C logle + 1/a) |7, k=0,1,
so that, following as in the proof of Proposition[3.2] we prove (53) for j = 0. At intermediate frequencies, we obtain

IJo(a@leD x1llye < C, IYo(éD x1llyr < C,
IYo(aleD x1llaz < C log(e + 1/a), Io(ED x1llpzll < C,

so that we prove (33) for j = 1. At high frequencies, we obtain (53], proceeding as we did for non-integer values of v.
This concludes the proof of (@2)) for u = 1.
Recalling that the case u < 1 may be treated by the change of variable in Remark 3.1} this concludes the proof of

Proposition[3.3]

Remark 3.2. We notice that we used the assumption u > 1, that is, v > 0, in (31). For negative, non-integer, v, we
should replace (31) by
IRaxllyy < Ca” = Ca™". (54)

This modification, eventually, leads to prove Proposition[3.3|for u < 1, without the use of Remark 3.1}

In view of the estimates obtained in Proposition [3.3] the following straightforward consequence of Proposition [3.2)is
of interest to study the semilinear problem (7).

Corollary 3.1. Let u > 0 and p > max{1, 1/u}. Assume that vo € LY N LP, where q is defined as in (12). Then the
solution to (33) verifies the L1 — LP estimate

(14075 32/ p > minfy, 2 - ),

vz, lIzr < C (Ivollzs + [Ivolly) X (1 + )72 if2/p <minfu,2 — u, (55)
(1+07 ifue©,1)and2/p=p
where C > 0 is independent of t and vo. If u > 1 and 1 — 1/p = u/2, for any small € € (0,1 — 1/p) there exists C. > 0

such that: .,
[V, Illzr < Co (1 + 0772 (Ivollzr + IIvollzr)- (56)

13
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Proor. If ¢ € [0, 1], then (53)) and (36) follow by the (nonsingular) L” — L? estimate in (36).
Estimate (53)) for 7 > 1 follows by (36) with g as in (T12). Indeed:

e g=1ifu>1and1—-1/p < /2, and the decay rate for the L' — L” estimate in (36) is £ 7, as in (33);

e g=1/uifue(0,1)and 1/p < u/2,sothat 1/g—1/p = u/2 and the decay rate for the L — L estimate in 3o
is 577, as in (53);
e gisobtained by 1/g—1/p = u/2if 2/p < minfy, 2 — u}, so that (33) follows immediately by (36), since g > 1.

On the other hand, estimate (36) for ¢+ > 1 follows by taking ¢ € (1, p] such that 1 — 1/¢ = & in @2), so that
05 = 75 as in (56).

4. Proofs of Theorems[2.1]and 2.2 and of Corollaries2.1and 2.2]

To prove Theorems and we use a contraction argument, exploiting the sharpness of the L' — L” decay
estimates derived in Proposition [3.3] in particular the dependence on s in (@2)), to construct a suitable solution space,
in which we may prove the global-in-time existence of small data solutions for p > pi.

Proor (Proor of TueorEM[Z.T)). For a general 7 > 0, we define
X(T) = {u € L™([0, T, L") : llullxr) < oo},

equipped with the norm
llullxcry = sup (g(1+ 1)~ flu(t, ller, (57)
1€[0,T]

where g(1 + 1) is as in (I3), for a sufficiently small 6 > 0 which we will fix later. Thanks to Corollary 3.1} there
exists C > 0, independent of 7', such that the solution to the linear singular problem (33)) with vy = uq verifies the
estimate

IVllxry < € (luollze + lluollrr) - (58)

We want to prove that there exists a constant C > 0, independent of 7' > 0, such that the operator

F:X(T)— X(T), Fu(t,x)= f K(t, s) = f(u(s, x))ds,
0

where K = K(t, s) is the fundamental solution to (]'1;1'[) verifies the contractive estimate
-1 -1
1Fu = Fwllxcr < C llu = wilxcry Qs + Il ). (59)

Properties (38) and (39), imply that there exists &€ > 0 such that if u, verifies (I4), then there is a unique global-in-time
solution to (7)), verifying
lullxcry < C (lluollz + lluollzr) ,

for any T > 0, with C > 0, independent of T'.

Indeed, let R > 0 be such that CRP~! < 1/2. Then F is a contraction on Xz(T) = {u € X(T) : ll#llxcry < R}. The
solution to (]Z]) is a fixed point for v(z, x)+ Fu(t, x), so if |[Vl|xr) < R/2, then u € Xg(T') and the uniqueness and existence
of the solution in Xz(T') follows by the Banach fixed point theorem on contractions. The condition |[v||x) < R/2 is
obtained taking initial data as in (T4)), with Ce < R/2. Since C, R and & do not depend on T, the solution is global-in-
time.

We now prove the contractive estimate (39) for u,w € X(T). Using (2) and Hélder inequality, due to the fact
that u, w € X(T'), we may estimate

@)= F)Cs, Mz < C l=w)(s, e (s, I +Iw(s, IIE, ") < C(g(1+S))pIIM—WIIx<r>(I|M||§ZT1)+I|W||§ZT1))~ (60)
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Then, using (@2) and we obtain

—mi gyl - -
1P = Fw(t, Hr < C ™4 55515 4, (6) dy(0) 16) e = wilxery (s, + Il 61)

where

1) = f smin{lub+ i o1 4 )P ds. (62)
0

In order to prove (39) for < 1 we use the left-hand side of (I3) and p > max{1, 1/u} (see Remark [2.3) to estimate
1
az-1-—>-1-p
p

Using g(1 + s) < 1, and using again @ > —1 — 1/p, we find
I(t) < Ctmin{l,y,%+l%}+(1+l < Ctmin{l,y,%#—%}—% )

This concludes the proof of (39) for 7 < 1.

In order to prove @ for ¢t > 1, itis sufficient to show that /(¢) is uniformly bounded, with respect to ¢, i.e., that /(co)
is a convergent integral. As before, the convergence of the integral as s — 0, is a consequence of @ > —1 — 1/p
and p > max{l, 1/u}. Recalling the definition of g in (]ED, we find that the integral is convergent at infinity if, and

only if,
. uo1 . u o1 1
ming l,u, =+ —p+a—-plminql,u, =+ —7»—-—| < -1, (63)
2 p 2 p)p

provided that we take a sufficiently small § in (T3), if p € [2,00) and u =2 - 2/p.
Condition (63) is equivalent to (T0) and p > peri¢ (see Remark 2.T). Therefore, we proved (59), and this concludes
the proof.

The proof of Theorem 2.2]is simpler than the proof of Theorem 2.1} On the one hand, for both v and Fu — Fw we
may rely on the same estimates provided by Proposition[3.3] On the other hand, since the problem is not singular, due
to fp > 0, we do not need to discuss the short time estimates to avoid possible singular behaviors.

Proor (Proor or TaeoreM[2.2). We follow the proof of Theorem [2.1] with the following modifications. The space
X(T) = {u e L™([t0, T1, L") = lullxcry < oo},

equipped with norm
lullxcry = sup (¢)) ™" llu(z, o,
telto.T]
is defined for a general T > 1o, with g(r) given by (I7). Thanks to Proposition [33] there exists C = C(fy) > 0,
independent of T, such that the solution to the linear regular problem @) with s = ty and v| = u; verifies the estimate

IVllxcry < Cllunllpr - (64)

We want to prove that the operator F verifies the contractive estimate (39). As in the proof of Theorem 2.1} properties
(64) and (39) imply that there exists &€ > 0 such that if u; verifies (T6), then there is a unique global-in-time solution
to (]E), verifying |[ullxcry < C |luyllpr, for any T > 1y, with C = C(#p) > 0, independent of 7.

To prove the contractive estimate (]3_§D for u,w € X(T), we proceed as in the proof of Theorem @ but due to r >
to > 0 we may avoid to discuss the behavior at short times. Moreover, we may remove the restriction @ > —1 — 1/p,
which was used to avoid a nonintegrable singularity at # = 0. To prove (39) it is sufficient to show that

f smin{lus 42 (o)) ds < Clto),
fo

and, recalling the definition of g in (]ﬂ[), this estimate is verified if, and only if, p > p.i when @ > —2, whereas it
holds for any p > 1 if @ < —2. This concludes the proof of Theorem [2.2]
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Proor (PrRooF o CoroLLARIES [2.1 aND[2.2)). The proof is a straightforward application of Theorems[2.T|and[2.2] with u
and « as in (ZT). The decay rate g.(1 + 1) in is obtained by (T3)), using

w(t, Iy = lu(A@), Il < C g1 + AW®) (lluollze + lluollzr),
and replacing up = wy,

¢+ min{u,,2 — p.}
t+1 ’

min{u, 2 — u} =

and
£+1

1 Cps —mi 1 —f{—mi &l
A(l‘)_% = I—T“, A(f) mm[l,y}+p =yt {—min{ 1 }+ b

Similarly, the decay rate g.(¢) in (29) is obtained by (I7).

5. Concluding remarks and open problems

In this section we collect some open problems and we add some concluding remarks.

In a forthcoming paper, we will study the semilinear multidimensional E.P.D. equation. Indeed, the technique
employed in Proposition [3.3]to study the linear regular problem (IT) is not directly applicable to the multidimensional
Cauchy problem (3), in general. A complete global existence result in space dimension n > 2, for small values of y is
still an open problem.

Also, a complete knowledge of blow-up results for the semilinear E.P.D. equation considered in this paper is
lacking so far.

Open problem 1. Theorem 1.1 in [6]] implies that there is no global-in-time weak solution to both the singular prob-
lem and the regular problem (8), if I < p < 3 + @, under suitable data sign assumption. If u € (0, 1), thanks to the
change of variable in Remark [3.1] the same theorem implies the nonexistence of global-in-time weak solutions to the
regular problem (), if 1 < p < 1 + (2 + @)/u. We expect that this nonexistence result remains valid for the singular
problem, as well. Moreover, we expect that it is possible to prove the nonexistence of global-in-time solutions to both
the singular and the regular problem () for 1 < p < psy(1 + i, @), possibly extending the result in [26] which holds
for the regular problem (8) when a = 0.

In (8), we assumed the initial condition u(fy, x) = 0, for brevity. If we replace this condition by u(z, x) = up(x),
for some nontrivial ug, then we may replace in Theorem [2.2] by

up e L' NLP, w;eL', with|luoll + lluoller + il < &. (65)

Indeed, following as in the proof of Proposition the solution to

{‘rzy" +77 + (@ =)y =0, T>0, 66)

yo) =0, y(@) =0,

when v > 0 is not an integer, is

T

y= (I (@) (1) = J(o) - (1) !,

" 2sin(vr)
so that, replacing w(t) = 77y(1), o = s|¢| and T = #|¢], we find

T

w= (J2, (SIEDL D) = T(sIEDT - (1léD) 8™+ 17 I,

2 sin(vrr)

In particular, the contribution from |£| in the expression above, together with the asymptotic behavior (33), motivates
the assumption uy € L to obtain the L” — L? high frequencies estimate. For the sake of brevity, we omit the details of
the proof.

16



400

405

410

415

420

425

As a final remark, we provide some details about global existence of small data solutions for (30). The equation
in (30) appears in a general formulation which includes the E.P.D. equation, the Tricomi generalized equation, the
wave equation with scale-invariant damping and mass. We stress that we cannot consider the singular Cauchy problem
corresponding to #; = 0 for this equation with our approach, since the coefficients of both u; and u in the equation
in (30) are singular at z = 0.

Taking into account of the expression m = —f(u, + 8 — 1), we shall assume m < (u, — 1)*>/4 in (B0), so that we

may fix 8 = (1 — o £ 6)/2, where
0= /(o — 12 —4m. (67)

On the other hand, ., = uo +28 =1+ 6 and @, = a, + B(p — 1). We now consider the condition p > pcit, With peic
as in (26), which is equivalent to the right-hand side of (22). Replacing the expressions for yu, and ., we find

Ho+1-=0 €+,uo+f+1
272 p

(p—l)min{€+ }>ao+2. (68)

Therefore, as a consequence of Corollary [2.2] we may prove the following result for (30).

Corollary 5.1. Let ¢ > —1, y, € R, m < (o — 1)*/4, @, € R, and assume that p satisfies (68), where & is as in (67).
Then there exists € > 0 such that for any initial data

vieL', with|wnlp <e, (69)

there exists a unique global-in-time weak solution v € Ly ([t1, ), L?), to (30). Moreover, the solution to (30) satisfies
the estimate

+1

S 40 dy), (70)

Wl < C o) illy, with gl = 57l
where C > 0, is independent of t, and of the initial data, and d,(t) and d,(t) are logarithmic loss terms determined as
follows: eitherdy = 1if§ # 0 ordy = 1+log(1+1)if § = 0; either dy(t) = 1if2/p # F2, or dy(t) = 1+(log(1+1))'

+1 7’
l'fz _ (-1-6
p - t+1

Proor. The proof follows by applying Corollary 2.2 with i, = 1+ 6 and @, = @, +B(p — 1), where 8 = (1 — o +6)/2.
We stress that the condition y, > —¢ in Corollary [2.2]is satisfied, due to u, > 1 and € > —1.
Replacing v(t, x) = ## w(t, x), we may compute

1 £+1

potd . Cel4d | (41, L1
v, ey = & 1w, Nl < CF g lvilly =12 minl(+ 1S GHE 4(0) da () [l

and this concludes the proof.

Let £ = 0, o > 0, and @, > —2. Assuming p, + 1 — & > 0, that is, —u, < m < (uo — 1)*/4, we find that (68) is
equivalent to p > pir, where
22 + o)

—7 1+ Os o .
Lot 1-6 Psul ﬂa')}

Perit = Max {1 +

We stress that psy(1 + o, @) in the expression above is the same modified shifted Strauss exponent appearing in (9).
That is, the role played by the mass term m in the quantity  in (67) only influences the contribution to the critical
exponent coming from the Fujita-type exponent 1 + 2(2 + @)/ (uo + 1 — ).
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