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I hear it’s amazing when the famous purple stuffed worm in flap-jaw space with
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Introduction

In recent years, cosmology and astrophysics have entered a new era of multi-

messenger observations, where Gravitational Waves and electromagnetic signals

are studied together to provide a more comprehensive picture of the Universe.

In particular, gravitational waves (GWs) might offer new insights on the earliest

phases of evolution of the Universe and open a possible observational window on

the interplay between Quantum Mechanics and General Relativity, the so-called

Quantum Gravity. With the forthcoming advent of new generation GW antennas

it will be possible in principle to probe primordial cosmological models via primor-

dial Gravitational Waves (pGW) that are generated in the earliest epochs of the

Universe, and they evolve unaltered to our epoch, since gravitational waves couple

very weakly to matter, and might be able to shed light to cosmological epochs that

are currently not directly observable via electromagnetic (EM) signals.

Several classes of theoretical models predict the existence of a stochastic back-

ground of pGWs, each with distinct spectral features. Among the most widely

studied are inflationary models, where quantum fluctuations of the metric are am-

plified and stretched to cosmological scales [10–16] by a mechanism akin to the

one that generates Hawking radiation of black holes [17]. The mechanism respon-

sible for the “classicalization” of the quantum vacuum metric fluctuations which

is responsible for the generation of pGWs is the same as the one that generates

curvature perturbations, that are the seeds of late time structure formation in the

Universe. The latter is indirectly probed via Large Scale Structure (LSS) surveys

and via Cosmic Microwave Background (CMB) anisotropies, hinting that a näıve

quantization of the geometry is able to reproduce the observed two point corre-

lation function of the curvature power spectrum, and the existence of a quantum

mechanical description for the space-time geometry able to explain the macro-

scopic observations. The mechanism responsible for the inhomogeneities of our

observed Universe (galaxies, clusters,...) has its origin in the earliest epochs of the

1



Introduction 2

yet to be completely known evolution of the Universe, but the same mechanism

consistently generates also a Stochastic Gravitational Wave Background (SGWB)

that should be present today and in some primordial cosmological models, de-

tectable by future gravitational antennas.

With these premises, this thesis focuses on an alternative paradigm to the slow-

roll inflationary one [18], the so-called pre-Big Bang scenario [19–21] inspired by

string theory and its dualities (S and T -duality), that neatly connect expanding

and contracting geometries (T -duality), and links tensor (pGW) and scalar power

spectra (S-duality), providing qualitatively different predictions for the tensor

and scalar spectra with respect to standard inflationary cosmology. Disentangling

these signatures represents both a theoretical challenge and a promising observa-

tional target which may lead to some indirect evidence for string theory.

From the observational side, the next generation of ground- and space-based in-

terferometers, including LISA [22–24], the Einstein Telescope [25, 26], and DE-

CIGO [27–29] will greatly extend the accessible frequency range and forecasted

sensitivities, enhancing the prospects of directly probing the early Universe with

gravitational waves. Moreover, recent results from Pulsar Timing Array (IPTA)

col- laborations, including NANOGrav [30, 31], the Parkes PTA (PPTA) [32, 33],

the European PTA (EPTA) in partnership with the Indian PTA (InPTA) [34, 35],

and the Chinese PTA (CPTA) [36], have provided tantalizing hints of the presence

of a common-spectrum stochastic process, potentially consistent with a gravita-

tional wave background in the nanohertz frequency band. While astrophysical

sources, such as supermassive black hole binaries, offer a compelling explanation,

the possibility that this signal has a cosmological origin remains an exciting and

actively investigated hypothesis.

In this context, it becomes crucial to refine the theoretical predictions for primor-

dial gravitational wave spectra stemming from the pre-Big Bang scenario. The

thesis has two main focuses, the first more technical which aims to address the

bouncing transition from the pre-Big Bang epoch to a standard phase cosmological

evolution, where a full non-perturbative description of string theory, both in the

string length α′, and string coupling gs expansions, is required. The second focus

is what are the phenomenological consequences on the pGW spectrum produced

in this scenario.

The thesis is organized as follows:
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In Chapter I, a discussion on gravitational wave propagation in general non

vacuum background is given (partially based on [6]), this Chapter also serves to

clarify the conventions used throughout the thesis. For later application the neat

example of GW propagation in an FLRW geometry in the presence of viscous

fluids is presented.

In Chapter II, a brief review of the standard cosmological model is given, with

particular emphasis on the standard known flatness, horizon and curvature prob-

lems. Moreover the mechanism of amplification of tensor vacuum fluctuations in

primordial epochs is presented.

In Chapter III, a concise introduction to the effective action of the massless

multiplet of string theory is given and a basic introduction to the pre-Big Bang

scenario.

In Chapter IV [5], I show how a smooth bouncing transition from the Dila-

ton Driven phase (DDI) of string cosmology to a standard cosmological epoch is

achievable by implementing all order α′ corrections and a non-perturbative dilaton

potential.

In Chapter V [4], the phenomenological imprints on the SGWB of the “minimal”

pre-Big-Bang scenario is calculated and analyzed in light of the future gravitational

wave antennas (LISA, ET, DECIGO), showing that a detectable signal can be

produced in the forecasted working frequencies and sensitivities.

In Chapter VI [3], I show that the breaking of S-duality in the high-curvature

phase on the pre-Big Bang (called the string phase) can lead to pGW spectrum

compatible both with the observed PTA signal and with the future gravitational

antennas sensitivities.

In order to give a concrete realization of the S-duality breaking mechanism in terms

of viscosity, in Chapter VII [1] I analyze the effects of viscosity in isotropic but

not necessarily homogeneous cosmological space-time.

Finally in Chapter VIII [2] I show some physically motivated scenarios (in the

context of string cosmology) where a signal compatible with PTA is produced

using anisotropic cosmological fluids and viscous fluids.

In summary, this thesis aims to contribute to our understanding of the interplay

between string theory, cosmology, and gravitational-wave physics, with the hope
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that forthcoming observations will allow us to confront fundamental ideas about

the origin of our Universe with data for the first time.



Chapter 1

General Relativity and

Gravitational Wave propagation

in a generic curved space-time

In this section I will give a brief review of the main features of the Einstein’s theory

of gravitation, namely General Relativity (GR) and its formalism. Given that one

the main foci of this thesis will be the analysis of the tensorial perturbations on

a given generic curved background, this section will also discuss some basic, yet

relevant features concerning this topic. Part of the results of this Chapter can be

found in full details in [6].

Let us suppose that the space-time is described by a pseudo-Riemannian 4-dimensional

manifoldM4, characterized by a metric gµν , with signature (+,−,−,−), that con-
trols how the invariant interval is evaluated

ds2 = gµν(x)dx
µdxν , (1.1)

where the coordinates xµ, µ = 0, . . . , 3 are a parametrization ofM4 called “chart”

and the 0-th component is a time-like coordinate. One of the cornerstones of GR

consists of the general covariance principle. This states that physical laws must

retain the same form regardless of the coordinate system adopted to describe

them. From the technical viewpoint, if two different coordinate systems x and x′

are linked by

xµ → x′µ = fµ(x), (1.2)

5
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where the functions fµ are invertible, continuous, differentiable and with differen-

tiable inverse, namely diffeomorphisms, then theories must be formulated in terms

of geometrical objects that belong to the tensorial representation of the diffeomor-

phism group. In particular a geometric object T is represented by a contravariant

tensor of rank r (total number of indices) if under the action of a diffeomorphism,

transforms in the following way

T µν...(x)→ T ′µν...(x′) =
∂x′µ

∂xα
∂x′ν

∂xβ
. . . Tαβ...(x), (1.3)

where ∂x′µ

∂xα
is the Jacobian matrix of the given transformation. The dual represen-

tation of the same geometrical object T is called the covariant representation and

transforms as follows

Tµν...(x)→ T ′
µν...(x

′) =
∂xα

∂x′µ
∂xβ

∂x′ν
. . . Tαβ...(x), (1.4)

with ∂xα

∂x′µ
the inverse Jacobian transformation. The scalar products are performed

by “contracting” (summing over) pairs of covariant and contravariant indices

T µν...(x)Tµν...(x) = T ′µν...(x′)T ′
µν...(x

′). (1.5)

Moreover, also mixed forms (n,m) behaving as rank n tensors with respect to

the contravariant representation and as rank m covariant tensors are allowed, and

transform as follows

T ′µν...
ρσ...(x

′) =
∂x′µ

∂xα
∂x′ν

∂xβ
. . .

∂xλ

∂x′ρ
∂xγ

∂x′σ
. . . Tαβ...λγ...(x). (1.6)

It is important to remember that the tensorial representations are a subclass of

geometrical objects called tensorial densities that are characterized by two pa-

rameters, the rank r and the weight w. The transformation law for these objects

is given by

V µν...(x)→ V ′µν...(x′) =
∂x′µ

∂xα
∂x′ν

∂xβ
. . . V αβ...(x)

∣∣∣∣∂x′∂x

∣∣∣∣w, (1.7)

where
∣∣∂x′
∂x

∣∣ = det
(
∂x′

∂x

)
. The most relevant example of a tensorial density with

w = 1 is provided by the infinitesimal 4-dimensional volume element

d4x→ d4x′ = d4x

∣∣∣∣∂x′∂x

∣∣∣∣. (1.8)
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1.1 Metric, connection and the covariant deriva-

tive

The basic hypothesis of the Riemannian geometry is that the infinitesimal line

element ds2 is represented by a quadratic homogeneous form of the coordinates

which is also invariant under diffeomorphisms

ds′2 = ds2 ⇒ g′αβ(x
′)dx′αdx′β = gµν(x)dx

µdxν . (1.9)

A direct consequence of this requirement is the following transformation rule for

the metric

g′µν(x
′) =

∂xα

∂x′µ
∂xβ

∂x′ν
gαβ(x), (1.10)

thus the metric transforms as a rank 2 covariant tensor. Moreover it can be easily

shown that the determinant g = det(gµν) transforms as follows

g′ =

∣∣∣∣∂x′∂x

∣∣∣∣−2

g. (1.11)

It is crucial to notice that the determinant is negative, so that −g is positive, we

then have that √
−g′ =

√
−g
∣∣∣∣∂x′∂x

∣∣∣∣−1

, (1.12)

and the combination d4x
√
−g that defines the invariant volume element, trans-

forms as a scalar. Aside from ds2, all the scalar products must be invariant under

diffeomorphisms and can be defined using the metric tensor

Aµν...Bµν... ≡ Aµν...gµαgνβ . . . B
αβ... ≡ Aαβ...g

µαgνβ . . . Bµν . (1.13)

The main consequences are that the metric can raise and lower indices

Aα = gανA
ν Aµ = gµαAα , (1.14)

and from Aµ = gµνA
ν = gµνg

ναAα

gµνg
να = δαµ . (1.15)



Chapter 1 8

It is important to remember that the differential of a vector in this context does

not transform as a vector, in fact

Aµ =
∂xµ

∂x′ν
A′ν , (1.16)

differentiating both sides we get

dAµ =
∂xµ

∂x′ν
dA′ν +

∂2xµ

∂x′α∂x′ν
A′νdx′α. (1.17)

The second quantity (the one with double derivatives) is vanishing if the trans-

formation xµ(x′) is linear i.e. Lorentz transformations, and only in this case the

differential transforms as the vector itself. However in general it is required a new

definition of the differential that preserves the geometric nature of the differen-

tiated object, such that the differential of a vector transforms as a vector, the

differential of a tensor transforms as a tensor and so on. To this aim we introduce

the affine connection Γαβ
µ(x) that acts as a gauge field and define the covariant

differential D as

DAµ = dAµ + δAµ ≡ dAµ + Γαβ
µdxαAβ. (1.18)

We impose the covariant transformation property so that

DAµ =
∂xµ

∂x′ν
(DAν)′ ≡ ∂xµ

∂x′ν
(
dA′ν + Γ′

αβ
νdx′αA′β) . (1.19)

Using Eq. (1.18) in the latter, we are able to define the transformation law of the

affine connection

Γ′
αβ

µ =
∂x′µ

∂xγ
∂xλ

∂x′α
∂xρ

∂x′β
Γλρ

γ +
∂x′µ

∂xγ
∂2xγ

∂x′α∂x′β
. (1.20)

It is easy to notice that Γ does not transform as a tensor, but its antisymmetric

part does, namely Γ[αβ]
γ =

Γαβ
γ−Γβα

γ

2
≡ Q γ

αβ which is called the “torsion”. From

Eq. (1.18) we can now define the covariant derivative as

∇αA
µ = ∂αA

µ + Γαβ
µAβ, (1.21)

and

∇αAµ = ∂αAµ − Γαµ
νAν . (1.22)
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In general for a mixed tensor we obtain

∇αT
µν...
βγ... =∂αT

µν...
βγ... + Γαρ

µT ρν...βγ... + Γαρ
νT µρ...βγ... + . . .

− Γαβ
ρT µν...ργ... − Γαγ

ρT µν...βρ... − . . . .
(1.23)

To fix completely the geometric structure of the space-time we can impose two

constraints on the affine connection. The first one is the torsion-free condition,

which implies that the connection is symmetric in the first two indices

Γ[αβ]
γ = 0, (1.24)

and the second is the metricity condition

∇αgµν = ∂αgµν − Γαµ
ρgρν − Γαν

ρgµρ = 0. (1.25)

By circularly permuting the indices of the latter it can be proven that

Γµν
α ≡

{
α

µν

}
=

1

2
gαρ (∂µgνρ + ∂νgµρ − ∂ρgµν) , (1.26)

which defines the so-called Christoffel connection, and it will be used from now

on.

It will be useful for the next sections to give some remarks on the covariant diver-

gence, the covariant D’Alembertian, and the covariant Gauss theorem. First of all

let us evaluate the covariant divergence of a vector

∇µV
µ = ∂µV

µ + Γµα
µV α. (1.27)

By means of Eq. (1.26), we have

Γµα
µ ≡ 1

2
gµν∂αgµν . (1.28)

Moreover using the known relationship between the determinant and the trace

det(A) = eTr(ln(A)), (1.29)

it is easy to show that the differential of the determinant of the metric is

δ
√
−g = δ (−g)

2
√
−g

=

√
−g
2

gµνδ (gµν) = −
√
−g
2

gµνδ (g
µν) . (1.30)
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The last equality is obtained using δ (gµνgµν) = δ
(
δµµ
)

= δ(4) = 0. Using

Eq. (1.30) in Eq. (1.27) we finally arrive at

∇µV
µ = ∂µV

µ +
1√
−g
(
∂α
√
−g
)
V α =

1√
−g

∂α
(√
−gV α

)
. (1.31)

The evaluation of the covariant D’Alembertian is straightforward and yields

∇µ∇µψ =
1√
−g

∂µ
(√
−ggµν∂νψ

)
. (1.32)

To conclude we show how the Gauss theorem can be stated in this context. First of

all, as we have already stated previously, the invariant space-time volume element

is given by d4x
√
−g, so this is the correct measure to be used while stating the

Gauss’s theorem∫
Ω

d4x
√
−g∇µV

µ =

∫
Ω

d4x∂µ
(√
−gV µ

)
=

∫
∂Ω

dSµ
√
−gV µ, (1.33)

where Ω is a closed hypervolume in 3+1 dimensions bounded by an orientable

hypersurface ∂Ω, and dSµ is taken to be outgoing with respect to the same hyper-

surface.

1.2 Geodesic curves and the curvature tensors

Let us consider a curve in the space-timeM4, described by the parametric equation

xµ = ξµ (τ), where τ is a scalar (invariant under diffeomorphisms). The tangent

vector to the trajectory is expressed as usual as uµ = dξµ

dτ
. The covariant differential

is given by

Duµ = duµ + Γαβ
µdξαuβ, (1.34)

and the curve is called “self-parallel” or geodesic if Duµ = 0,

Duµ

dτ
=
duµ

dτ
+ Γαβ

µuαuβ = 0. (1.35)

It can be shown that this is the equation that describes the motion of a free

particle in a given space-time geometry, but for the sake of brevity we will avoid

to provide a proof for this statement. The geodesic equation can be rewritten in

the following way (the dot will denote the derivative with respect to the scalar
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parameter)

ξ̈µ + Γαβ
µξ̇αξ̇β = 0. (1.36)

It is crucial to notice that locally Γ can be set to 0, giving the Newton’s second law

for a free particle. The real effects of gravity can be calculated only taking into

account tidal forces, that act on extended bodies. To this aim let us consider two

nearby test particles with the trajectory described by ξµ (τ) and ξµ (τ) + ∆µ(τ),

where ∆µ(τ) is the displacement. Writing the geodesic equations for both and

subtracting, it is possible to obtain the so called equation of geodesic deviation

D2∆µ (τ)

dτ 2
= −∆νRναβ

µξ̇αξ̇β, (1.37)

where the Riemann curvature tensor is defined as

Rµνα
β = 2∂[µΓν]α

β + 2Γ[µ|ρ
βΓ|ν]α

ρ, (1.38)

where we use the following notation for the symmetric and antisymmetric part of

a tensor

C[µν] = Cµν−Cνµ
2

C(µν) = Cµν+Cνµ
2

.

(1.39)

The Riemann tensor can also be written as follows, for a generic vector Aβ

[∇µ,∇ν ]A
β = Rµνα

βAα. (1.40)

After all the technical definitions it is necessary to give some physical interpre-

tations about the basic assumptions of the Einstein formalism. First of all the

diffeomorphism invariance allows us to perform a local coordinate transformation

that is able to recast g′µν(x0) = ηµν , where ηµν is the usual Minkowskian metric.

Moreover since we have chosen Γ to be torsion-less, it can be seen from Eq. (1.20)

that the Christoffel connection does not transform as a tensor, so it is possible to

set it locally equal to 0. These two properties are the mathematical features that

encodes the property of gravity to be locally eliminable by a coordinate trans-

formation. On the other hand the Riemann tensor is able to highlight without

ambiguities the presence of gravity, because cannot be set locally to 0, so it is
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the geometric property of space-time that represents the physical effects due to

gravitational fields.

Properties of the Riemann tensor

From the definition given in Eq. (1.38) the following properties can be proven

Rµναβ = Rαβµν (1.41)

and

Rµναβ = −Rνµαβ = −Rµνβα = R[µν][αβ]. (1.42)

Moreover the Riemann tensor satisfies the two Bianchi identities:

1st Bianchi identity

R[µνα]
β = 0 (1.43)

2nd Bianchi identity

∇[λRµν]α
β = 0. (1.44)

By contracting the indices of the Riemann tensor it is possible to construct lower

rank tensors that still encodes the curvature properties of the space-time. We can

define the Ricci tensor

Rνα ≡ Rµνα
µ = Rαν (1.45)

and the Ricci scalar as

R ≡ gµνRµν . (1.46)

To conclude we can define the Einstein tensor

Gµν = Rµν −
1

2
gµνR (1.47)

that satisfies the Contracted Bianchi identity



Chapter 1 13

∇νG
µν = 0. (1.48)

This last equality is crucial to preserve the consistence of the Einstein field equa-

tions with the diffeomorphism invariance. Now we have all the necessary ingredi-

ents to find the equations governing gravity, namely the Einstein equations.

1.3 The Einstein equations and the second order

variation of the gravitational action

Throughout this thesis we will use ℏ = c = kb = 1 ⇒ λ2p = 8πG. The action is

given by

S = SEH + Sm + SY GH , (1.49)

where

SEH = − 1

2λ2p

∫
Ω

d4x
√
−gR (1.50)

and

Sm =

∫
Ω

d4x
√
−gLm (ψ,∇ψ, g) . (1.51)

The matter Lagrangian density Lm is obtained by the special relativity one with

the substitutions ∂µ → ∇µ and ηµν → gµν . The York-Gibbons-Hawking action

SY GH is required to compensate for the boundary terms that appear in SEH be-

cause it contains in addition to the standard kinetic terms ∼ (∂g)2, terms that

do not vanish on the boundary ∼ ∂2g. In order to recover the Einstein equations

from the action we will proceed with a standard variational technique, but we will

perform it up to the second order, in order to find the evolution equations for the

metric perturbations.

Let us define the full metric to be the superposition of a background and a per-

turbation on top of it

gµν → ḡµν = gµν + δgµν = gµν + hµν (1.52)
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and we impose the action to be stationary, namely δS = 0. First of all it is

convenient to apply the formalism of functional derivatives and expand the action

in Taylor series around the background metric gµν . Given an arbitrary function

A = A (g, ∂g, . . . ) ,we perform the metric expansion (1.52) so

A (ḡ, ∂ḡ, . . . ) = A (g, ∂g, . . . ) + δ(1)A+ δ(2)A+ . . . , (1.53)

where

δ(1)A =

(
δA

δḡµν

)
0

δgµν (1.54)

δ(2)A =
1

2

(
δ

δḡρσ

δA

δḡµν

)
0

δgρσδgµν , (1.55)

and the subscript “0” denotes the evaluation has to be done on the unperturbed

metric gµν . Moreover the functional derivative is defined in the common way

δA (g, ∂g, . . . )

δgµν
≡ ∂A

∂gµν
δgµν +

∂A

∂ (∂λgµν)
∂λδgµν + . . . , (1.56)

where we used the commutation property δ∂λgµν = ∂λδgµν . As a useful example

we give an evaluation of the functional derivatives of the contravariant metric

tensor A = ḡµν

δ(1)ḡµν =

(
δḡµν

δḡαβ

)
0

δgαβ =

(
δḡµν

δḡαβ

)
0

δgαβ = −gµλgνρ
(
δḡλρ
δḡαβ

)
0

δgαβ = −hµν

(1.57)

and

δ(2)ḡµν =
1

2

(
δ

δḡρσ

δḡµν

δḡαβ

)
0

δgρσδgαβ

=
1

2

(
gµρgασgνβ + gµαgνρgβσ

)
δgρσδgαβ = hµαhα

ν .

(1.58)

Using these last two equations in Eq. (1.53), we get
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ḡµν = gµν − hµν + hµαhα
ν + . . . , (1.59)

and it can be easily checked that Eq. (1.15) holds up to O (h3)

ḡαµḡ
µν = (gαµ + hαµ) (g

µν − hµν + hµαhα
ν) = δα

ν +O(h3). (1.60)

From now on we will neglect the boundary terms given by the York-Gibbons-

Hawking action, and we will focus only on the gravitational and matter action,

given that every non-vanishing boundary term is balanced. The action reads

S =
1

2λ2p

∫
Ω

d4x
√
−g
[
−R + 2λ2pLm

]
(1.61)

and its variation

δS = δ(1)S + δ(2)S + · · · = 1

2λ2p

∫
Ω

d4x δ(1)
[
−
√
−gR + 2λ2p

√
−gLM

]
+ δ(2)

[
−
√
−gR + 2λ2p

√
−gLm

]
+ · · · = 0

(1.62)

In the next two sections the two terms will be evaluated, following the arguments in

[6], showing how the first reproduces, as expected, the standard Einstein equations,

while the second is the actual action for the metric perturbations.

1.3.1 The 1st order variation of the gravitational action:

Einstein equations

Starting from Eq. (1.62) we are interested in the first term

δ(1)S =
1

2λ2p

∫
Ω

d4x δ(1)
[
−
√
−gR + 2λ2p

√
−gLm

]
, (1.63)

and we define the dynamical stress-energy tensor as

δ
√
−gLm
δgµν

≡ −1

2

√
−gT µν . (1.64)

Writing the Ricci scalar as in Eq. (1.46) and using Eqs. (1.30) and (1.64), the

variation of the action (1.63) becomes



Chapter 1 16

δ(1)S =
1

2λ2p

∫
Ω

d4x
√
−g
[(
Rµν − 1

2
gµνR− λ2pT µν

)
δgµν − gµνδ(1)Rµν

]
= 0.

(1.65)

The last term is the afore mentioned non-vanishing boundary term that is com-

pensated by an appropriate boundary action. To show this let us rewrite the term

δ(1)Rµν using the “contracted Palatini identity” [37]

δ(1)Rµν = ∇α

(
δ(1)Γµν

α
)
−∇µ

(
δ(1)Γαν

α
)

(1.66)

where the covariant derivative is performed with respect to the background metric

gµν . Moreover the explicit computation of δ(1)Γµν
α (see [6]) yields

δ(1)Γµν
α =

1

2
gαρ (∇µhνρ +∇νhµρ −∇ρhµν) . (1.67)

Inserting Eq. (1.66) in Eq. (1.65) and using the metricity condition (1.25) and the

covariant Gauss’s theorem

∫
Ω

d4x
√
−ggµνδ(1)Rµν =

∫
Ω

d4x
√
−g∇α

(
gµνδ(1)Γµν

α − gανδ(1)Γρν ρ
)

=

∫
∂Ω

dSα
√
−g
(
gµνδ(1)Γµν

α − gανδ(1)Γρν ρ
)
.

(1.68)

Aside from terms ∼ δg that vanish on the boundary, there are terms ∼ ∂δg that

are non-vanishing, but compensated by the boundary action SY GH . Finally we

can conclude that the first order stationary condition δ(1)S = 0 for the action

yields the famous Einstein equations

Rµν − 1

2
gµνR = λ2pT

µν . (1.69)

From this last equation another useful relation between the Ricci scalar and the

trace of the energy-momentum tensor T = gµνT
µν can be retrieved

λ2pT = −R (1.70)

Since we are interested in the cosmological applications of the Einstein theory, it

is worth to mention that in the Einstein-Hilbert action (1.50), it is possible to add
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a constant term Λ, usually referred as cosmological constant, that does not violate

the diffeomorphism invariance of the theory

SΛ = −
∫
Ω

d4x
√
−gΛ, (1.71)

whose variation leads to an additional term in Eq. (1.69) that becomes

Rµν − 1

2
gµνR = λ2p (T

µν + Λgµν) . (1.72)

It is worth to mention that the cosmological constant term is the currently ac-

cepted form of Dark Energy. To conclude let us state that the “contracted Bianchi

identity” Eq. (1.48) forces ∇νT
µν = 0 for consistency. This property is verified

if and only if the on-shell energy-momentum tensor is invariant under diffeomor-

phism.

1.3.2 The 2nd order variation of the gravitational action:

evolution of the metric perturbation and gravita-

tional waves

Let us now compute the second order variation of the action (1.62)

δ(2)S =
1

2λ2p

∫
Ω

d4xδ(2)
[
−
√
−gR + 2λ2p

√
−gLm

]
. (1.73)

From the definition of the second order expansion term from Eq. (1.55), the sta-

tionarity condition becomes

δ(2)S =
1

4λ2p

∫
Ω

d4x

[
δ

δḡρσ

δ

δḡµν

(
−
√
−gR + 2λ2p

√
−gLm

)]
0

δgρσδgµν = 0. (1.74)

We can exploit the results of the previous section, in particular Eq. (1.65) to

rewrite the last equation as
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δ(2)S =
1

4λ2p

∫
Ω

d4x

[
δ(1)

(√
−gRµν − 1

2

√
−ggµνR− λ2p

√
−gT µν

)]
δgµν

− 1

4λ2p

∫
Ω

d4x
[
δ(1)

(√
−ggµν

)
δ(1)Rµν + 2

√
−ggµνδ(2)Rµν

]
= 0.

(1.75)

In Ref.[6] we have shown that the last two terms cancel out because are equal

but with opposite signs. Factoring out δ(1)
(
gαµgβν

√
−g
)
we have as equation of

motion for the metric perturbations, the following

δ(1)
(
Rαβ −

1

2
gαβR

)
= λ2pδ

(1)Tαβ. (1.76)

The latter are exactly the perturbed Einstein equations (1.69). Eq. (1.76) can be

expanded and recast as

δ(1)Rαβ −
1

2
δ(1) (gαβg

µνRµν) = λ2pδ
(1)Tαβ ⇒

⇒ δ(1)Rαβ −
1

2
hαβR +

1

2
gαβh

µνRµν −
1

2
gαβg

µνδ(1)Rµν = λ2pδ
(1)Tαβ. (1.77)

To write explicitly all the terms in the last equation, we recall that from Eqs. (1.66)

and (1.67), the following identities can be easily checked

δ(1)Rαβ =
1

2

(
∇µ∇αhβ

µ +∇µ∇βhα
µ −∇2hαβ −∇α∇βh

)
(1.78)

and

gµνδ(1)Rµν = ∇µ∇νh
µν −∇2h, (1.79)

where we have set h = gµνδgµν = gµνhµν and the D’Alembert operator is ∇2 =

gµν∇µ∇ν . Moreover it is useful to rewrite the first two terms of Eq. (1.78) using

the commutation rule for the covariant derivatives on mixed tensors. The formula

can be obtained by exploiting the result in Eq. (1.40) and writing a generic mixed

tensor Cβ
ν = AβB

ν = gρβA
ρBν
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[∇µ,∇α]Cβ
ν = [∇µ,∇α] gρβA

ρBν = Bν [∇µ,∇α] gρβA
ρ + gρβA

ρ [∇µ,∇α]B
ν

= gρβ
(
Rµαδ

ρAδBν +Rµαδ
νAρBδ

)
= RµαδβC

δν +Rµαδ
νCβ

δ,

(1.80)

where we have used the metricity condition. We can write the first two terms in

Eq. (1.78) using the last equality and the properties (1.41) and (1.42) as

∇µ∇αhβ
µ+∇µ∇βhα

µ = ∇α∇µhβ
µ+∇β∇µhα

µ−2Rµαβνh
µν+Rανhβ

ν+Rνβhα
ν .

(1.81)

Finally after substituting Eqs. (1.78), (1.79) and (1.81) in (1.77), we find the

evolution equations for the metric perturbations in an arbitrary background metric

∇2hαβ + 2Rµαβνh
µν +Rhαβ − gαβhµνRµν − hα νRνβ − hβ νRνα −∇β∇µhα

µ+

−∇α∇µhβ
µ +∇α∇βh− gαβ

(
∇2h−∇µ∇νh

µν
)
= −2λ2pδ(1)Tαβ. (1.82)

For a vacuum geometry (Rµν = 0 = R, Tµν = 0 = δ(1)Tµν), Eq. (1.82) simplifies

significantly

∇2hαβ + 2Rµαβνh
µν = 0. (1.83)

However the main topic of this thesis is the analysis of the evolution of Gravi-

tational Waves (GW) in a cosmological scenario, where the geometry is not the

vacuum one. To this aim let us introduce the so called “TT gauge” conditions,

where TT stands for Transverse and Traceless

∇νh
µν = 0 h = gµνhµν = 0 . (1.84)

It is crucial to remember that the diffeomorphism invariance always allows for

additional constraints, but it is not guaranteed that these constraints can be im-

posed. Using Eq. (1.84) in (1.82) we are left with
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∇2hαβ + 2Rµαβνh
µν +Rhαβ − hα νRνβ − hβ νRνα = −2λ2pδ(1)Tαβ. (1.85)

Taking the trace of this last equation we find, for consistency with the gauge con-

ditions, that the following condition must be satisfied (this condition is necessary,

but not sufficient to impose the TT gauge)

2Rαβh
αβ = gαβλ2pδ

(1)Tαβ. (1.86)

Finally we can rewrite Eq. (1.85) in a simpler form, using the Einstein equations

∇2hαβ + 2Rµαβνh
µν = λ2p

(
hα

νTνβ + hβ
νTνα +

1

2
gαβg

µνδ(1)Tµν − 2δ(1)Tαβ

)
.

(1.87)

It is clear that GWs propagate differently in a general non-vacuum background

with respect to the vacuum one. As a useful example hereafter I am presenting the

science case of the propagation equation in an FLRW geometry in the presence

of a viscous fluid since this source will be taken into account in Chapter VI and

specialized in the string phase of the pre-Big Bang scenario.



Chapter 2

The Standard Model of

Cosmology

In this chapter I will give a brief review of the standard model of cosmology and

its assumptions. The so-called concordance model has been extremely successful

in describing our current observations of the Universe, but recent observations

seem to indicate that some problems are arising with the improvements of mea-

surements, such as the Hubble tension [38–44] and the recently possible evidence

from DESI of the time dependence of the Dark Energy equation of state [45].

First of all, the most relevant question that has to be asked is: why is a relativistic

theory of gravity needed in order to construct a model of the cosmos? It is known

that the Newtonian gravity can be successfully used to study the effects of gravity

from laboratory scales up to galactic distances, however this approximation fails

on length scales of the order of the Hubble radius RH = c/H0 ∼ 1028cm, which is

the maximum distance we are able to observe. Let us evaluate the massM within

a sphere of radius RH , defining the mean energy density today as ρ0 = ρ(t0)

M =
4π

3

ρ0
c2

(
c

H0

)3

. (2.1)

The absolute value of the Newtonian potential is given by

|ϕ| = GM

RH

=
4π

3

Gρ0
H2

0

. (2.2)

21
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The Newtonian approximation is valid as long as the gravitational potential energy

of a test mass is negligible with respect to its rest energy, namely

|ϕ|
c2
≪ 1, (2.3)

but using the current observed value of ρ0/c
2 ∼ 10−29g cm−3 and H0 ∼ 10−18s−1,

we get

|ϕ|
c2

=
4π

3

Gρ0
c2H2

0

∼ 1. (2.4)

The last result clearly underlines the necessity of using GR to build a cosmological

model, or of a modified version of it coming from string theory [46, 47] and its

higher curvature corrections [48–50], or f(R) models [51, 52], or others.

The main assumptions of the concordance model are the following:

1. The unique force that drives the evolution of the Universe on large scale is

gravity and it is correctly described by GR.

2. On large scales, the energy content of the Universe is homogeneous and

isotropic. On smaller scales, where inhomogeneities and anisotropies occur,

still homogeneity and isotropy are restored in a weaker statistical sense. This

allows us to describe the Universe as made of perturbations built on top of

a homogeneous and isotropic background, i.e. FLRW metric.

3. The matter sources of the gravitational field are non-interacting, barotropic

perfect fluids. The main components of the cosmological fluid are:

i) a pressureless fluid, also known as matter fluid, with equation of state

(EoS) p = 0,

ii) a radiation fluid with EoS p = ρ
3
and,

iii) the Dark Energy fluid, with EoS p = −ρ = −Λ, that is equivalent to the

cosmological constant of Eq. (1.72).

4. The radiation is in thermal equilibrium.

The third assumption will be dropped later in this thesis, allowing for dissipative

barotropic fluids as a source for the geometry. The dissipative properties will be

encoded in two parameters called the shear viscosity η and the bulk viscosity ζ,

as we shall see in the next sections.
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2.1 The Friedmann-Lemâıtre-Robertson-Walker

geometry

Let us begin by embedding a space-like N -dimensional hypersurface Σn with con-

stant curvature in a (N+1)+1-dimensional Minkowskian space, parametrized by

the coordinates XA. The line element in the (N+1)+1 dimensional manifold is

given by

ds2 = ηABdX
AdXB A,B = 0, 1, . . . , N + 1 , (2.5)

with the constraint

f(XA) = 0 ≡ δijX
iXj = 1

k
i, j = 1, . . . , N + 1. (2.6)

If k > 0 the equation describes a hypersphere with radius R2 = 1/k, conversely if

k < 0 it describes an N+1-dimensional hyperboloid. Our aim is to evaluate the

induced metric on the embedded manifold Σn. In order to do so we introduce the

“stereographic” coordinates, {xa, a = 1, . . . , N}

XA = δAa x
a A = 1, . . . , N

XN+1 = y.
(2.7)

From the condition Eq. (2.6), the N+1 coordinate is constrained to be

y2 = −δabxaxb +
1

k
, (2.8)

and differentiating

ydy = −δabxadxb, (2.9)

finally we get

dy2 = k
xaxbdx

adxb

1− kxaxa
. (2.10)

The induced line element on Σn is then
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ds2 = τABdX
AdXB = b2(t′)dt′2 − a2(t′)

[
δab +

kxaxb
1− kxcxc

]
dxadxb. (2.11)

The two functions b(t′), a(t′) can be inserted because they do not change the

symmetries of the spatial part of the metric and moreover can take into account the

expansion of the Universe. The symmetry group of the spatial part of this metric

is SO(N) and the translation group, so there exist in general N(N−1)
2

+N = N(N+1)
2

Killing vectors. A Killing vector ξµ is the generator of a transformation that leaves

the metric locally invariant, namely g′µν(x) = gµν(x).

Let us consider a space-time manifoldM4 with D = 4 dimensions and with space

sections that are 3-dimensional manifolds with constant curvature, thus maximally

symmetric. It can be written from Eq. (2.11) the following line element

ds2 = b2(t′)dt′2 − a2(t′)
[
|dx|2 + k (x · dx)

1− k|x|2

]
, (2.12)

or in spherical coordinates (x1 = r cosϕ sin θ, x2 = r sin θ sinϕ, x3 = r cos θ)

ds2 = b2(t′)dt′2 − a2(t′)
[

dr2

1− kr2
+ r2dΩ2

]

dΩ2 = dθ2 + sin2 θdϕ2. (2.13)

The coordinate system in which the line element assumes the expression in (2.12) is

called “comoving” because an initially static observer uµ = ( 1
b(t′)

,0) remains static

during the evolution. In other words a static observer has no relative motion with

respect to the coordinate system.

2.1.1 Synchronous and conformal gauge

The use of comoving coordinates to parametrize the FLRW geometry identifies the

comoving observers as privileged in this geometry and can be used to synchronize

clocks. We can parametrize the time coordinate to coincide with the proper time

of these observers

b2(t′)dt′2 = dt2. (2.14)
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This choice of coordinates is called the Synchronous gauge and the time coordinate

t, the cosmic time. In this frame the line element takes the form

ds2 = dt2 − a2(t)
[
|dx|2 + k (x · dx)

1− k|x|2

]
, (2.15)

or

ds2 = dt2 − a2(t)
[

dr2

1− kr2
+ r2dΩ2

]
. (2.16)

Another viable option that results to be particularly convenient when the curva-

ture is null (it happens to be negligible), is the so-called Conformal gauge. The

conformal time is defined by the following relation with the cosmic time

a(τ)dτ = dt⇒ τ =

∫ t

0

dt′

a(t′)
. (2.17)

Neglecting the curvature, the line element takes the form

ds2 = a2(τ)
[
dτ 2 − |dx|2

]
. (2.18)

Given the simple form, we will use the conformal time extensively throughout the

thesis.

2.1.2 Cosmological horizons

Another interesting kinematic effect due to the FLRW expanding geometry con-

cerns the possible presence of causal horizons. We first illustrate what aparticle

horizon is: let us consider a light-like signal emitted from the position r1 at a

cosmic time t1 and received at a position r = 0 at time t0, with t1 < t0. Since

ds2 = 0 and dΩ2 = 0, from Eq. (2.16) we arrive at

∫ r1

0

dr√
1− kr2

=

∫ t0

t1

dt′

a(t′)
. (2.19)

Suppose now that we can extend Eq. (2.19) to the earliest time in the past tmin

reachable along the manifold such that t1 → tmin. We then have that the corre-

sponding source at that time has proper distance given by
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Figure 2.1: Graphic interpretation of the particle horizon.

dp(t0) = a(t0)

∫ t

tmin

dt′

a(t′)
. (2.20)

If this distance is finite, we then say that the Universe admits a particle horizon.

Since this quantity regards light-like signals reaching the observer from the past,

this quantity can be intuitively thought as the radius of the past light-cone.

Another important horizon is called the event horizon. First of all let us imagine

that a signal is emitted today t0 from the position r2, and it propagates towards

the origin r = 0 and it reaches it at t = t2 > t0. The proper distance between the

receiver and the emitter at the time t0 is given by

d(t0) = a(t0)

∫ r2

0

dr√
1− kr2

= a(t0)

∫ t2

t0

dt′

a(t′)
. (2.21)

If we extend Eq. (2.21) to the maximum future time tmax reachable along the

manifold such that t2 → tmax, we have that the corresponding source at the time

t0 has proper distance given by

de(t0) = a(t0)

∫ tmax

t0

dt′

a(t′)
. (2.22)

To conclude this section, we observe that the presence of horizons depends on

a(t) (i.e. the energy content of the Universe) and on the temporal domain of the

manifold tmin < t < tmax.
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Figure 2.2: Graphic interpretation of the event horizon.

2.2 The material content of the Universe: the

ΛCDM model

As for now we have only described the geometry that is commonly used to describe

the Universe, but no mention of what material sources should be responsible for

its expansion has been presented. The main aim of this section will be to give a

brief review of the energy content that will allow us to determine the parameters

describing a FLRW geometry, namely the curvature k and the scale factor a(t).

According to this model, the Universe used to be warmer in the past, allowing for

thermonuclear reactions to take place that produced the elements that we observe

today (this process takes place at energy scales of the order of the MeV). Moreover

the expansion described by the FLRW geometry allows us to interpret in a natural

way the Cosmic Microwave Background (CMB) and the redshift that characterizes

the cosmological sources as a function of the distance (the Hubble law). Despite all

these outstanding results, the so-called ΛCDMmodel is far from being complete, as

it lacks an explanation for the isotropy of the CMB, increasing evidence points to

a large discrepancy of the value of the Hubble’s constant measured using different

techniques (the H0 tension), novel evidence is pointing towards a non-constant

Dark Energy source, and it predicts a singularity in the past (i.e. the geometry is

not geodesically complete).
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2.2.1 The Friedmann-Lemaitre-Robertson-Walker equations

To fully solve for the scale factor the Einstein field equations must be solved

Rµ
ν = λ2p

(
Tµ

ν − 1

2
δνµT

)
. (2.23)

In order to solve these equations, some assumptions must be made on the energy-

momentum tensor. In the ΛCDM model all the energy sources are modelled as

barotropic perfect fluids whose energy momentum tensor is given by

Tµν = (ρ+ p)uµuν − pgµν , (2.24)

where ρ = ρ(t) is the energy density, p = p(t) is the pressure and uµ is the velocity

field. A derivation of the above formula will be given in the section dedicated to

the relativistic fluid dynamics. To be consistent with the homogeneity assumption,

both the energy density and the pressure do not depend on the spatial coordinates.

The velocity field uµ is taken to be time-like, since it is taken to be comoving with

the geodesic of test-particles. We hence have to a physical observer that moves

inside the light cone of the fluid

gµνu
µuν = 1. (2.25)

This implies that the velocity field is given by uµ = (u0,0), with u0 = 1 as a

consequence of Eq. (2.25). Rising one of the indices, we can finally write

Tµ
ν = diag(ρ,−p,−p,−p) (2.26)

and

T = ρ− 3p. (2.27)

In order to find the Einstein equations, we still have to evaluate all the Christoffel

symbols of the metric (2.16) in order to compute the Ricci tensor. For the sake of

conciseness, we only report the non-null component of Rµ
ν [53, 54]
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R 0
0 = −3 ä

a
,

R j
i = −

(
ä

a
+ 2H2 + 2

k

a2

)
δji ,

R β
α = 0 if α ̸= β.

(2.28)

where

H(t) ≡ ȧ(t)

a(t)
(2.29)

is the Hubble parameter that plays a pivotal role in the dynamics of a FLRW

geometry.

The r.h.s. of Eq. (2.23) is readily written from Eqs. (2.26) and (2.27) as

T0
0 − 1

2
T =

1

2
(ρ+ 3p)

Ti
j − 1

2
Tδji = −

1

2
(ρ− p) δji

. (2.30)

The combination of Eqs. (2.30) and (2.28) yields the Friedmann equations

ä

a
= −

λ2p
6
(ρ+ 3p) (2.31)

ä

a
+ 2H2 + 2

k

a2
=
λ2p
2
(ρ− p) . (2.32)

Once the equation of state p = p(ρ) and the curvature k are known, the Fried-

mann equations can give the evolution of the energy density ρ(t) and of the scale

factor a(t). The two equations above can be rewritten eliminating the explicit

dependence upon ä
a
by using the relation Ḣ = ä

a
− H2. Doing so the Friedmann

equations take the more familiar form

H2 +
k

a2
=
λ2p
3
ρ (2.33)

and

2Ḣ + 3H2 +
k

a2
= −λ2pp. (2.34)
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A third equation has to be added to these two, the covariant conservation law

for the energy-momentum tensor, ∇νTµ
ν = 0, but this equation is not indepen-

dent from Eqs. (2.33) and (2.34). The spatial components of this equation are

identically satisfied while the 0-th component reads

ρ̇+ 3H (ρ+ p) = 0, (2.35)

which can be interpreted as the adiabatic evolution (TdS = dU + pdV = 0) for

a fluid in a comoving patch of volume V = L3a3, where L is a fixed coordinate

distance of the patch of Universe under consideration.

We end this section by rewriting the Friedmann equation in conformal time. From

Eq. (2.17) we have

H2 + k =
λ2p
3
ρa2, (2.36)

2H′ +H2 + k = −λ2ppa2 (2.37)

and

ρ′ + 3H (ρ+ p) = 0. (2.38)

, where we denote with “ ′ ” the derivative with respect to the conformal time and

H = a′/a.

2.2.2 The cosmological fluids

In the context of the standard cosmological model, all the fluids are perfect, non-

interacting and barotropic, namely the total energy density, the pressures and the

equations of state are given by the following identities

ρ =
∑
n

ρn p =
∑
n

pn pn = wnρn . (2.39)

The assumption that each fluid does not interact with another corresponds to the

fact that each component satisfies its own energy conservation law

ρ̇n + 3Hρn (1 + wn) = 0. (2.40)
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The solution to this equation is straightforward (after recalling the definition of

H) and reads

ρn = ρ0n

(
a

a0

)−3(1+wn)

. (2.41)

According to the last solution each fluid component of the mixture dilutes in a

different way, so in general there is always one component prevailing over the

others. Each of these stages takes the name of Cosmological Epoch. Moreover this

simplification allow us to solve the Friedmann equation (2.33) when the curvature

contribution k is negligible

(
da

dt

)2

=
λ2p
3

(
a

a0

)2−3(1+wn)

⇒ a(t) = a0

(
± t

t0

) 2
3(1+wn)

, (2.42)

where t0 is a fixed cosmic time and a0 = a(t0). It is customary to set t0 as the

cosmic time today, also known as the age of the universe and a0 = a(t0) = 1.

The ± appears because the Einstein equations are symmetric under time-reversal

transformations, but we will consider only the positive branch that represents an

expanding universe.

For completeness reasons we give the same solution in terms of the conformal time

τ because it will be useful later

a(τ) = a0

(
± τ
τ0

) 2
1+3wn

, (2.43)

where

τ0 =

∫ t0

0

dt′

a(t′)
. (2.44)

The matter fluid

The matter in the Universe is modelled after a pressureless perfect fluid with

EoS pm = 0 ⇒ wm = 0. It is important to stress that by matter we mean

every astrophysical object that is non-relativistic, including cold dark matter.

The simple reason behind this assumption is an observational fact, the matter
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we observe is non-relativistic. From the equation of a perfect gas in thermal

equilibrium we have

pV = NT, (2.45)

with kb = 1 and T the temperature. From statistical thermodynamics we know

that

T ∼ mv2, (2.46)

thus remembering the relation between the mass and the energy E = Mc2 with

M = Nm, Eq. (2.45) becomes

pm ∼ ρm
v2

c2
∼ 0, (2.47)

hence the assumption of a pressureless fluid.

For a matter dominated universe we can write how the scale factor evolves over

time using Eq. (2.42)

a(t) ∼ t
2
3 (2.48)

and in conformal time

a(τ) ∼ τ 2 (2.49)

To conclude, using Eq. (2.41) the matter fluid scales with the scale factor as

ρm = ρ0m

(
a

a0

)−3

(2.50)

The radiation fluid

The radiation contribution in the Universe is modelled with a traceless energy-

momentum tensor

Tµ
µ = 0. (2.51)
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Radiation epoch Matter epoch

Figure 2.3: Energy density evolution as a function of the scale factor for a
matter fluid wm = 0 and a radiation fluid wr =

1
3 .

By radiation we mean every massless particle (photons, gravitons) and every ultra-

relativistic massive particle like neutrinos. Eqs. (2.27) and (2.51) yield

pr =
ρr
3
⇒ wr =

1

3
(2.52)

Using the last equality in Eqs. (2.42) and (2.43) we can write the following ex-

pressions for the scale factor in cosmic time and conformal time in a radiation

dominated Universe

a(t) ∼ t
1
2 (2.53)

a(τ) ∼ τ (2.54)

To conclude, using Eq. (2.41) the radiation fluid scales with the scale factor as

ρr = ρ0r

(
a

a0

)−4

. (2.55)

As can be seen from Fig. (2.3) the Universe had been dominated by the radiation

fluid until the scale factor reached aeq. Only after this equality time matter energy

density starts to drive the cosmic expansion.
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The Λ fluid, Dark Energy or cosmological constant

Recent observations [55] have discovered that the Universe is undergoing an accel-

erate expansion. According to the matter plus radiation fluids, neither of the two

cosmological sources makes the Universe accelerate. In fact given a generic scale

factor a(t) ∼ t
2

3(1+wn) , we have that

ä

a
= − 2 (1 + 3wn)

9 (1 + wn)
2 t2

> 0, (2.56)

so to have an accelerated expansion, the condition wn < −1
3
must be met. Clearly

this condition is not fulfilled neither by the matter fluid wm = 0 nor the radiation

one wr =
1
3
. The observed value for this fluid component is wΛ ≈ −1, although

recent observations from DESI [45] suggest that the Dark Energy component might

be evolving as w = w0 + wa(1 − a), with w0 > −1 and wa < 0. Interestingly

enough the interpretation of this exotic component is not yet understood and

could be just the manifestation of one of the assumption of the cosmological model

being wrong. Some attempts have been carried out to interpret dark energy as

the quantum vacuum energy, however when doing the calculation, the theoretical

value is wrong by 120 orders of magnitude [56]! The current concordance model

assumes the presence of a dark energy as a cosmological constant component; in

the following a Λ dominated Universe will be studied. Nevertheless it is important

to stress that we are not living currently in a dark energy dominated universe, even

though its contribution is greater than the one from the matter fluid, their orders

of magnitude are comparable.

Given the particular value of wΛ = −1, all the already evaluated formulas for

the scale factor cannot be applied because every exponent diverges. The energy

momentum tensor for the cosmological constant is given by (ρΛ = Λ)

Tµ
ν = diag(Λ,Λ,Λ,Λ). (2.57)

Inserting p = −Λ into Eq. (2.35) yields an interesting property of this fluid, namely

it does not dilute over time

ρ̇Λ = 0⇒ ρΛ = Λ. (2.58)

The scale factor can be evaluated from Eq. (2.33) as
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Radiation Matter Dark Energy

Figure 2.4: Evolution of the scale factor throughout the standard phases of
the ΛCDM model

a(t) = a0e

√
λ2p
3
Λ(t−t0) ≡ a0e

HΛ(t−t0), (2.59)

where we have defined HΛ ≡
√

λ2p
3
Λ. To evaluate how the scale factor evolves in

terms of the conformal time we use Eq. (2.43)

a(τ) ∼ (−HΛτ)
−1 . (2.60)

The minus sign is necessary because a ∈ [0,+∞)⇒ τ ∈ (−∞, 0).

Final remarks on the ΛCDM model

We can conclude this section giving a summary about the full ΛCDM model. At

the beginning, the Universe was smaller and radiation dominated, as it expanded,

the matter energy density prevailed, leading to a subsequent matter domination

phase and recently, the Dark Energy contribution took over starting the exponen-

tial expansion.

It is crucial to remark that this model cannot account for a mechanism able to

explain the isotropy of the blackbody radiation of the CMB [57] that was generated

during the recombination era. Moreover it predicts an initial singularity, because

ρm, ρr and the curvature tensors and scalar diverge for t → 0. Although we do

not have a unique formulation for a Quantum Gravity theory, it is expected that

at such high curvature and high energies regimes, quantum behaviors should play

a crucial role, making the predictions of a “classical” theory of gravity such as GR

not reliable.
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2.3 The early Universe: the Inflation mechanism

In this section we will show some of the main problems at early times of the concor-

dance model and how an initial period of accelerated expansion called inflationary

period can solve them. Firstly we will provide a brief analysis of the possible scale

factors able to solve the problems linked to the early phases of the ΛCDM model

and then we will focus on two possible models, the de Sitter inflation and the more

realistic slow roll inflation.

2.3.1 The flatness problem

The flatness problem is a fine tuning problem that arises when we analyse how

the ratio between the spatial curvature and the space-time curvature evolve over

time. In an FLRW geometry the curvature parameter k is related to the square

of the inverse of the spatial curvature, namely k = 1
R2 . However we know that a

proper length scales as the scale factor, so we can introduce a proper length Lk(t)

that characterizes the radius of curvature

Lk(t) =

(
a2

|k|

) 1
2

. (2.61)

On the other hand, by direct computations of the curvatures of the FLRW geome-

try, it is possible to associate to the space-time curvature a proper length LH that

is related to the so-called Hubble radius

LH(t) = RH = |H|−1. (2.62)

If we consider the ratio of the two we have

r(t) =
LH
Lk
∼ spatial curvature

space− time curvature
, (2.63)

and its square coincides with the modulus of Ωk(t). The experimental result

suggest that today the spatial curvature is smaller than the space-time one, r0 ≲

0.1. Going back in the past and assuming a scale factor a(t) ∼ tα, with 0 < α < 1

(recalling that α = 1
2
radiation, α = 2

3
matter), we can evaluate Eq. (2.63)
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r(t) ∼ k

aH
∼ 1

ȧ
∼ t1−α −→

t→0
0. (2.64)

As a consequence the Universe was highly asymmetric during its early stages and

at the Planck time rp ≲ 10−31. This asymmetry should be understood as a spatial

curvature strongly suppressed with respect to the space-time one, giving rise to a

Fine-tuning problem. Starting from more “natural” conditions given by r ∼ 1, we

can suppress r to suitable values that are required to preserve the small value of r

observed today. The problem can be solved with a phase of accelerated expansion

a(t) ∼ tβ with β > 1, in fact in this case we have

r(t) ∼ t1−β −→
t→0
∞. (2.65)

A phase with this property is called inflationary because it corresponds to an

accelerated scale factor

H = ȧ
a
= β

t
> 0 ä

a
= β(β−1)

t2
> 0. (2.66)

2.3.2 The horizon problem

A more severe problem arises while analyzing the isotropy and the thermal equi-

librium of the CMB. According to the ΛCDM model not all the regions that we

are able to observe today were not causally connected in the past. How did they

thermalize without the possibility of information exchange? This conundrum is

called the Horizon problem, and it can be solved by an initial period of inflation

as well.

Let us begin by considering the region of space inside the particle horizon at time

t, in a FLRW geometry with scale factor a(t) ∼ tα, 0 < α < 1. By Eq. (2.20) we

get

dp(t) = a(t)

∫ t

0

dt′

a(t′)
=

t

1− α
=

α

1− α
H−1(t). (2.67)

On the other hand the radius of the trhee-dimensional sphere enclosed in the

particle horizon evolves as the scale factor ∼ tα. As a consequence we have that

the ratio of the particle horizon and the radius gets smaller as we go back in time



Chapter 2 38

Figure 2.5: Evolution of r(t) to solve the flatness and horizon problems.

horizon radius

radius space region
∼ H−1

a
∼ r(t) ∼ t1−α −→

t→0
0. (2.68)

The direct consequence is that the space accessible to our observations was bigger

than the particle horizon, so it contained regions separated by d > dp and so

causally disconnected. The problem once again can be solved by an initial period

of accelerated expansion a(t) ∼ tβ with β > 1, that allows for thermalization to

take place before the region becomes causally disconnected.

It is important to notice that a fluid with p < −ρ
3
could, at least in principle, resolve

also the initial singularity problem. A necessary condition (but not sufficient) for a

space-time manifold to be “geodesically complete” (without singularities) requires

that for each time-like or light-like geodesic the following constraint must be met

Rµνu
µuν < 0, uµuµ ≥ 0, (2.69)

where uµ is the 4-vector tangent to the geodesic curve. Using the Einstein field

equation to rewrite the Ricci tensor and the velocity field of a comoving fluid

uµu
µ = 1 and uµ = (1,0), Eq. (2.69) becomes

Tµνu
µuν − T

2
< 0. (2.70)

From the energy-momentum tensor of the perfect fluid Eqs. (2.26) and (2.27) we

have
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1

2
(ρ+ 3p) < 0⇒ p <

ρ

3
. (2.71)

Interestingly enough, the condition to have an accelerated expansion from Eq. (2.31)

is the same.

In the next section we will analyze all the possible scale factors that can solve the

problems at early time of the concordance model.

2.3.3 Inflationary kinematics

In the previous section we have seen that the early times problems of the ΛCDM

can solved by a decreasing r = 1
ȧ
factor.

As a first attempt, we can consider a power-law scale factor with β > 1

a ∼ tβ, β > 1

H =
β

t
> 0, 0 ≤ t < +∞

Ḣ = − β
t2
< 0,

ä

a
=
β(β − 1)

t2
> 0,

r(t) = t1−β,

(2.72)

This phase is characterized by an accelerated expansion, while the curvature is

decreasing since both the moduli of both H and Ḣ goes to 0 as t → +∞. These

models can have an initial singularity for t→ 0+.

The r parameter can be decreasing also for power law behaviors (with β < 0) but

with negative cosmic time, in particular

a ∼ (−t)β, β < 0,

H = − β

(−t)
> 0, −∞ < t < 0,

Ḣ = − β
t2
< 0,

ä

a
=
β(β − 1)

t2
> 0,

|r(t)| = (−t)1−β,

(2.73)
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In this case both H and Ḣ grow for t approaching 0 from the left, evolving towards

a final singularity for t → 0−. This inflationary scenario is called superinflation

because we have an accelerated expansion with an increasing curvature.

Finally the r factor can be decreasing even for a contracting universe, in particular

for (0 < β < 1)

a ∼ (−t)β, 0 < β < 1,

H = − β

(−t)
> 0, −∞ < t < 0,

Ḣ = − β
t2
< 0,

ä

a
=
β(β − 1)

t2
> 0,

|r(t)| = (−t)1−β.

(2.74)

Also in this case the curvature increases during the inflationary phase towards a

singularity in the limit t→ 0− and moreover there is an accelerated contraction.

For future practical applications it is convenient to express all these different scale

factors in conformal time

a(τ) ∼ (−τ)α, −∞ < α < +∞, −∞ < τ < 0. (2.75)

Our aim is to link the range of values β for the scale factors expressed in cosmic

time to the exponent α. For this reason we use the relation between the conformal

time and the cosmic time given in Eq. (2.17) (dt = a dτ) and integrate both sides

to obtain

− (1 + α) t ∼ (−τ)1+α , (2.76)

so

a ∼ (−τ)α ∼ [− (1 + α) t]β , β = α
1+α

. (2.77)

In the table we summarize all the possible models both in conformal time and

cosmic time with their exponents.
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Inflationary models Cosmic time a = |t|β Conformal time a = (−τ)α

Power law β > 1, t > 0 α < −1, τ < 0

De Sitter β = +∞, −∞ < t < +∞ α = −1, τ < 0

Superinflation β < 0, t < 0 −1 < α < 0, τ < 0

Accelerated contraction 0 < β < 1, t < 0 α > 0, τ < 0

Table 2.1: Four possible cases of inflationary kinematics.

In the next section we will analyze the simplest inflationary model which describes

a space-time with constant curvature, geodesically complete and regular, the de

Sitter model.

2.3.4 de-Sitter inflation

The simplest model of inflationary phase can be realised by taking as source a

perfect fluid that behaves like the cosmological constant (see Eq. (2.57)). Hence,

in order to obtain the EoS p = −ρ, we need to investigate whether there exists

any kind of (exotic) dynamical degree of freedom whose EoS is the one of Λ. The

system we are looking for is a self-interacting scalar field minimally coupled with

the geometry, whose lagrangian density is given by

Lm =
1

2
∇µϕ∇µϕ− V (ϕ), (2.78)

when frozen in the minimum of its potential. Given that the covariant derivatives

act on a scalar field we can write

∇µϕ∇µϕ = gµν∂µϕ∂νϕ. (2.79)

For completeness and later use let us write the whole action

S = − 1

2λ2p

∫
Ω

d4x
√
−gR +

∫
Ω

d4x
√
−g1

2
gµν∂µϕ∂νϕ− V (ϕ). (2.80)

We have to check if a scalar field in the minimum of its potential is able to solve

its equation of motion (EoM). The equation of motion for the field ϕ is given by

the usual Euler-Lagrange equations
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δS

δϕ
= 0, (2.81)

thus:

∂
√
−gLm
∂ϕ

− ∂µ
∂
√
−gLm
∂µϕ

= 0. (2.82)

An easy and direct calculation yields

∂µ
(√
−ggµν∂νϕ

)
+
√
−g∂V

∂ϕ
= 0, (2.83)

and using the definition of the D’Alembert operator in a curved space-time (1.32)

∇µ∇µϕ+
∂V

∂ϕ
= 0. (2.84)

If V (ϕ) has a minimum for ϕ = cost = ϕ0, we have
(
∂V
∂ϕ

)
ϕ=ϕ0

= 0 and it is a

solution of the equation of motion (2.84)

ϕ = ϕ0,

(
∂V

∂ϕ

)
ϕ=ϕ0

= 0, V (ϕ0) = Λinf, (2.85)

where Λinf is not the same as the cosmological constant! The last step is to evaluate

the energy-momentum tensor and verify that the constant solution reproduce the

one of a perfect fluid with coefficient w = −1. From Eq. (1.64) we get

Tµν =
2√
−g

δ
√
−gLm
δgµν

, (2.86)

and after evaluating the derivatives using Eq. (1.30), we are left with

Tµν =
2√
−g

[
−
√
−g
2

gµν

(
1

2
gαβ∂αϕ∂βϕ− V (ϕ)

)
+

√
−g
2

δαµδ
β
ν ∂αϕ∂βϕ

]

Tµν = ∂µϕ∂νϕ−
gµν
2

(∂ϕ)2 + gµνV (ϕ), (2.87)

where (∂ϕ)2 = gαβ∂αϕ∂βϕ = ∇α∇αϕ. Using Eq. (2.85) in the energy-momentum

tensor formula for a scalar field we arrive at
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Tµ
ν = V (ϕ0)δ

ν
µ = Λinfδ

ν
µ = diag (Λinf,Λinf,Λinf,Λinf) . (2.88)

The kinematic properties of the cosmic geometry have been already discussed for

this particular case when we were describing a cosmological constant dominated

Universe Eqs. (2.59) and (2.60). However we report once again the results in this

section because, although they are equal from the mathematical point of view,

their physical meaning is completely different. The dark energy contribution is

not equal to the de Sitter vacuum energy despite the fact we have used the same

letter (Λ) to refer to their energy densities,

a(t) = eHΛinf
t, HΛinf

=
(

Λinfλ
2
p

3

)1
2
,

H(t) = HΛinf
,

ä

a
= H2

Λinf
,

−∞ < t < +∞ (2.89)

with the line element given by

ds2 = dt2 − e2Λinf t|dx|2. (2.90)

In conformal time

a(τ) = − 1

HΛinf
τ
, HΛinf

=

(
Λinfλ

2
p

3

)1
2

,

H(τ) = −1

τ
,

a′′

a
=

1

τ 2
,

−∞ < τ < 0 (2.91)

with the line element in the conformal gauge

ds2 =
1

(HΛinf
τ)2
(
dτ 2 − |dx|2

)
. (2.92)

The main drawback of this inflationary scenario is the absence of a mechanism

to exit from the inflationary period. Once the scalar field, called the Inflaton

from now on, is in a minimum of its potential the inflationary period lasts forever.

Some efforts have been done to implement some kind of macroscopic tunneling

effect from a metastable state to a stable state at lower energy, but they were not

successful.
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2.3.5 Slow-roll inflation

A possible way out from the endless inflation previously described can be provided

by relaxing the stationarity condition for the Inflaton field. Supposing that the

field is “slow rolling” along a potential that is varying slowly ∂V
∂ϕ

= Vϕ ≈ 0, it

is possible to achieve a quasi-exponential expansion with decreasing curvature,

while resolving the problem of the inflation exit. The main aim of this section

is to describe the main features of a slow roll scenario in a spatially flat FLRW

metric and the evaluation of the scale factor a(t).

Let us begin with some assumptions, since we have an homogeneous background

metric, we assume the same property for the Inflaton field, namely

ϕ = ϕ(t). (2.93)

Moreover from Eq. (2.87) it is possible to write its energy-momentum tensor, that

is necessary in order to be able to write the Friedmann equations (Eqs. (2.33) and

(2.34)) and the EoM for the field (Eq. (2.84))

T0
0 = 1

2
ϕ̇2 + V Ti

j = −δji
(

1
2
ϕ̇2 − V

)
. (2.94)

The direct comparison with the energy-momentum tensor of a perfect fluid given

in Eq. (2.26) yields

ρ(t) = 1
2
ϕ̇2 + V p(t) = 1

2
ϕ̇2 − V . (2.95)

Having the expressions for the energy density and the pressure, we can substitute

into the Friedmann equations (Eqs. (2.33) and (2.34)) setting k = 0

3H2 = λ2p

(
1

2
ϕ̇2 + V

)
, (2.96)

and using the last equality together with (2.95) in (2.34):

2Ḣ = −λ2pϕ̇2. (2.97)
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This set of equations has to be completed with the EoM for the scalar field

Eq. (2.84), but unless ϕ̇ = 0 which implies the de Sitter inflation, the equation of

motion is not linearly independent from the Friedmann equations

∇µ∇µϕ+ Vϕ = 0⇒ gµν (∂µ∂ν − Γµν
α∂α)ϕ+ Vϕ = 0. (2.98)

From the homogeneity of the inflaton field and the Christoffel connection for a

spatially flat FLRW metric, the latter becomes

ϕ̈+ 3Hϕ̇+ Vϕ = 0. (2.99)

The slow roll conditions

Let us suppose that the Hubble parameter varies slowly with time. We can intro-

duce the slow parameter ε such that

ε = − Ḣ
H2 ≪ 1, ε̇ ≈ 0 . (2.100)

A direct double integration of the above Eq. (2.100) leads to

a(t) ∼ t
1
ε . (2.101)

It is not clear if this power behavior leads to a quasi-exponential expansion, but

writing the scale factor in conformal time using Eq. (2.17)

a(τ) ∼ (−τ)−
1

1−ε ∼ (−τ)−1−ε, (2.102)

it can be easily seen that for ε = 0 we retrieve the de Sitter solution (2.91) so an

exponential expansion in cosmic time.

To better characterize the slow roll phase, additional constraints must be imposed

on the Inflaton field. A slow evolution requires that the following conditions have

to be met

|Ḣ| ≪ H2, |ϕ̈| ≪ |Hϕ̇|, ϕ̇2 ≪ V . (2.103)
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Under these assumptions we can rewrite Eqs. (2.96) and (2.99) to link the slow

roll parameter ε to the properties that the potential has to satisfy

3H2 = λ2pV (2.104)

3Hϕ̇ = −Vϕ. (2.105)

If we differentiate the first equation by ϕ and divide by 3H2 we obtain

Hϕ

H
=

1

2

Vϕ
V
, (2.106)

and using the chain rule on the definition of ε (2.100) and Eqs. (2.104), (2.105)

and (2.106):

ε = − Ḣ

H2
= −Hϕ

H

ϕ̇

H
=

1

2

Vϕ
V

Vϕ
3H2

ε =
1

2λ2p

(
Vϕ
V

)2

. (2.107)

The kinematic request of ε ≪ 1 implies that the logarithmic derivative of the

potential with respect to the field must be far smaller than the Planck’s length!

Finally the request |ϕ̈| ≪ |Hϕ̇| gives rise to a second slow roll parameter denoted

with η

η = 1
λ2p

(
Vϕϕ
V

)
|η| ≪ 1 . (2.108)

The last equation states, similarly to Eq. (2.107) that the convexity of the poten-

tial, with respect to the potential itself is smaller than the square of the Planck

length.

Whether the nature of the primordial phase preceding the standard Hot Big Bang

(the onset of the standard radiation epoch), it is widely believed that the source of

the seeds of structure formation in our Universe should be traced back to quantum

vacuum fluctuation in this epoch. In the following I am going to present some of

the basic ingredients of Cosmological Perturbation Theory.
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2.4 Cosmological Perturbation Theory

An inflationary phase preceding the standard evolution of the cosmos is able to ex-

plain also the small anisotropies that we observe in the CMB and the galactic and

intergalactic structures formation. The origin and the growth of these fluctuations

requires some mechanism outside the standard model of cosmology. The answer

to this problem can be found in a classicalization mechanism of the primordial

quantum fluctuations of the matter and geometry that are amplified during the

inflationary epoch. Although it is possible to apply perturbation theory in order

to study the scalar, the vector and the tensorial primordial perturbations (pri-

mordial Gravitational Waves), to the aim of this thesis we will focus only on the

latter. However it is crucial to analyze in the first place the techniques required to

develop a full and consistent perturbation theory in cosmology. The main focus

of this section will be to evaluate the so-called power spectrum of the tensorial

perturbations.

Acknowledging that General Relativity is invariant under diffeomorphism, it is

necessary to underline that not every quantity we are able to define is identified

uniquely and without ambiguities. We are always allowed to do a gauge transfor-

mation (general coordinate transformation at fixed space-time point) in order to

impose additional constraints. The direct consequence of this feature (shared by

all gauge theories in general) is that only invariant objects can be identified with

measurable physical quantities.

First of all let us write the perturbed, spatially flat FLRW geometry in conformal

time

ḡµν (τ,x) = gµν (τ) + δgµν (τ,x) , (2.109)

where the unperturbed metric is given by

gµν = a2 (τ) ηµν , (2.110)

with ηµν = diag(1,−1,−1,−1). As we have already seen, the FLRW spatial part

of the geometry is invariant under SO(3), so we can decompose the perturbation in

irreducible representations of the group (this is a generalization of the Helmholtz

decomposition of a vector field). In general δgµν has 10 degrees of freedom, and

we can decompose the perturbation as follows:
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• δg00 = 2φ, that transforms as a scalar under SO(3);

• δgi0 = −2 (Vi + ∂iB) ,where Vi is a divergence-less vector (2 vector degrees

of freedom) and B is a scalar for a total of 3 degrees of freedom;

• δgij = −
[
−2ψδij + 2∂i∂jE + 2∂(iFj) − hij

]
, where ψ and E are two scalars,

Fj is a divergence-less vector (2 vector degrees of freedom) and hij is a

transverse (∂jh
ij = 0) and traceless (gijh

ij = 0) tensor (2 tensor degrees of

freedom), for a total of 6 degrees of freedom.

With this decomposition the perturbed metric takes the form

(gµν + δgµν) dx
µdxν = a2

(
1 + 2 φ

a2

)
dτ 2 − 2 (Vi + ∂iB) dxidτ

−
[
(a2 − 2ψ) δij + 2∂i∂jE + 2∂(iFj) − hij

]
dxidxj.

(2.111)

The scalar, vector and tensor metric perturbations satisfy evolution equations

which are decoupled at the first order, so they evolve independently. Moreover

in the particular model we are considering, where the sources are perfect fluids

and/or scalar fields 1, the tensor perturbations hij are not coupled directly with

the sources. These perturbations describe the relic gravitational waves background

that is amplified by the inflationary mechanism.

The perturbed scalar field is given by

ϕ(τ)→ ϕ (τ,x) = ϕ(τ) + δϕ (τ,x)

δϕ (τ,x) = χ,

(2.112)

whereas for the perfect fluid from Eq. (2.24) we have

Tµ
ν (τ)→ Tµ

ν (τ,x) = Tµ
ν (τ) + δTµ

ν (τ,x)

Tµ
ν (τ,x) = (δρ+ δp)uµu

ν + (ρ+ p) (δuµu
ν + uµδu

ν)− δpδνµ.
(2.113)

It is clear that each perturbation is either scalar (δρ, δp, χ, δu0) or vector (δui)

and it can be shown that they do not couple in the equation of motion with the

tensor perturbations hij, so it is enough to use the evolution equations Eq. (1.87)

1This is valid also for viscous fluids
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(notice that in that equation the symbol δT represents the energy momentum

tensor with the perturbed metric, not perturbed sources!). However if we were

interested in the scalar or vector perturbations it would be necessary to analyze

how each variable transforms under a gauge transformation and construct from

those new gauge invariant quantities called Bardeen potentials, and proceed with

a gauge fixing procedure on those.

2.4.1 The perturbed action for tensorial perturbations in

the TT gauge

Reproducing the calculations already present in [6] we have to compute the per-

turbative action for the tensorial perturbations. In Eq. (1.82) we wrote the EoM,

and it is easy to show that they come from the following action

δ(2)S = − 1

8λ2p

∫
Ω

d4x

[
∇2hαβ + 2Rσαβλh

σλ +Rhαβ − gαβhσλRσλ+

− hα σRσβ − hβ σRσα −∇β∇λhα
λ −∇α∇λhβ

λ +∇α∇βh+

− gαβ
(
∇2h−∇σ∇λh

σλ
)
− 2λ2pδ

(1)
∑
A

TAαβ

] (√
−ggµαgνβ

)
δgµν ,

(2.114)

where A denotes the two different background sources, namely the fluid which

may be also imperfect and the scalar field. Let us deal with the two contributions

separately and analyze under what circumstances the TT gauge conditions can be

applied. It is important to underline that the following arguments can be extended

to an arbitrary number of scalar field and perfect fluid sources.

The scalar field source

Let us recall that the energy-momentum tensor for a scalar field is given by

Eq. (2.78). Using the theoretical apparatus exposed in Chap. I, we can easily

write
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δ(1)Tαβ = δ(1)
[
∂αϕ∂βϕ− gαβ

(
1

2
gρσ∂ρϕ∂σϕ− V (ϕ)

)]

= hαβ

(
V (ϕ)− 1

2
∂µϕ∂

µϕ

)
+

1

2
gαβh

µν∂µϕ∂νϕ.

(2.115)

For consistency with the TT gauge conditions (∇ih
ij = 0, gijhij = 0, h0µ = 0)

given in Eq. (1.86) we have

hαβRαβ = λ2ph
αβ∂αϕ∂βϕ. (2.116)

Given that the background geometry is a spatially flat FLRW, Rij ∝ gij the LHS is

vanishing for the traceless condition. As a consequence ∂iϕ = 0, which represents

an homogeneous scalar source. Using these results we can write Eq. (2.115) as

follows

δ(1)Tαβ = −hαβ
(
1

2
ϕ̇2 − V (ϕ)

)
. (2.117)

We notice that the quantity in parenthesis is the pressure of the scalar field given

in Eq. (2.95) and, as we will see in the next subsection, the same is true for the

perfect fluid.

The perfect fluid source

Using the energy momentum tensor for a perfect fluid given in Eq. (2.24) we can

evaluate the first order perturbation in the metric as

δ(1)Tαβ = −phαβ +
1

2
(ρ+ p) gαβhµνu

µuν + (ρ+ p) (uαu
νhνβ + uβu

νhνα) , (2.118)

with the standard condition gµνu
µuν = 1. Using the consistency relation given in

Eq. (1.86) we obtain the following necessary condition for the TT gauge

hαβRαβ = 2λ2p (ρ+ p) (hµνu
µuν) . (2.119)

Again the l.h.s in a FLRW geometry is vanishing, and the consistency relation

can be satisfied by a dark fluid p = −ρ and/or by a comoving fluid uµ = (1,0).
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Taking a comoving fluid we can recast the first order perturbation of the energy

momentum tensor as

δ(1)Tαβ = −phαβ. (2.120)

The viscous fluid source

Using the energy momentum tensor of a viscous fluid

T vis
µν = (ρ+ p̄)uµuν − p̄gµν − 2ηV

(
u(µ|u

α∇αu|ν) −∇(µ|u|ν) +
1

3
(gµν − uµuν)∇au

α

)
(2.121)

where p̄ = p− ζ∇µu
µ is the effective pressure and ζ and ηV are the bulk and shear

viscosity respectively. Also in this case as long as the fluid is comoving the TT

gauge condition can be applied and we obtain

δ(1)T vis
αβ = −hαβ(p̄+ 2HηV ) + ηV ḣαβ. (2.122)

The perturbative action

Including an arbitrary number of comoving viscous sources with different viscosi-

ties, ideal fluid sources and scalar fields with different potentials, we get

∑
A

δ(1)TAαβ =
∑
i

δ(1)
(
T ideal
αβ

)
i
+
∑
j

δ(1)
(
T scalar
αβ

)
j
+
∑
k

δ(1)
(
T vis
αβ

)
k
, (2.123)

where the indices i, j, k run over the different sources of each kind contributing to

the total energy-momentum tensor. Using Eqs. (2.117), (2.120) and (2.122), the

last equality becomes

∑
A δ

(1)TAαβ = −hαβ
[∑

i pi +
∑

j

(
1
2
ϕ̇2
j − Vj(ϕj)

)
+
∑

k(pk − 3Hζk + 2Hηk)
]

+
∑

k ηVk ḣαβ.

(2.124)
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The last terms that we have to evaluate in the action given in Eq. (2.89) are

Rhαβ = −hαβλ2p

[∑
i

(ρi − 3pi) +
∑
j

(
ρϕj − 3pϕj

)
+
∑

ρk − 3(pk − 3Hζk)

]
,

(2.125)

and

hασRβ
σ = λ2p

(
− 1

2
hασδβ

σ

[∑
i

(ρi − 3pi) +
∑
j

(
ρϕj − 3pϕj

)

+
∑
k

(ρk − 3(pk − 3Hζk))

]
+ hασ

∑
A

TAβ
σ

)
,

(2.126)

where ρϕj =
1
2
ϕ̇2
j+Vj(ϕj) and pϕj =

1
2
ϕ̇2
j−Vj(ϕj). Inserting all the above quantities

in the action we arrive at

δ(2)S = − 1

8λ2p

∫
Ω

d4x

[
∇2hαβ + 2Rσαβλh

σλ

+ λ2phαβ

(
4
∑
k

ηk

)
H + 2λ2p

∑
k

ηVk ḣαβ

] (√
−ggµαgνβ

)
δgµν ,

(2.127)

which leads to the following evolution equation

∇2hαβ + 2Rσαβλh
σλ + λ2phαβ(4

∑
k

ηVk)H + 2λ2p
∑
k

ηVk ḣαβ = 0. (2.128)

The equation of motion for the gravitational waves is modified by the presence of

shear viscous fluids, via the sum of all their shear viscosities
∑

k ηVk ≡ ηV . Also the

bulk viscosity modifies the evolution of waves but in a more subtle way, because

the Hubble parameter H in Eq. (2.128) depends on it2. However as we have

already mentioned, we will neglect bulk viscous contributions to avoid changes in

the standard cosmological evolution phases.

To conclude this subsection we rewrite Eq. (2.128) for the mixed components

2The Friedmann equations in the presence of a bulk viscous fluid are formally the same upon
the substitution p→ p− 3Hζ.
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ḧi
j +
(
3H + 2ηλ2p

)
ḣi

j − (∂k)
2

a2
hi

j = 0, (2.129)

and in conformal time

h′′i
j +
(
2H + 2λ2p ηV a

)
h′i

j − (∂k)
2 hi

j = 0. (2.130)

By comparison with the equation without shear viscosity (ηV = 0), it is clear that

its presence becomes relevant when H ∼ λ2pηV . The viscous term introduces an

additional friction contribution that tends to attenuate the amplitude of the waves

during their evolution.

The quantum fluctuations

In order to be able to proceed with a standard quantization scheme for the tensor

perturbations, it is necessary to build a perturbative action for the field hαβ. To

this aim it is enough to notice that the following action reproduce the EoM (2.130)

δ(2)S =
1

8λ2p

∫
Ω

d3x dτ ã2
(
h′i

jh′j
i + hi

j∂2khj
i
)
, (2.131)

where
ã′

ã
= H + λ2pηV a, (2.132)

and hi
j has 6 degrees of freedom. Imposing the TT gauge conditions

∂jhi
j = 0 gijhij = 0 , (2.133)

we are left with only two of them. We can exploit this property to rewrite the

tensor perturbation as

hij =


h+ h× 0

h× −h+ 0

0 0 0

 = h+e
+
ij + h×e

×
ij. (2.134)

The + and × represent the two possible independent polarizations modes of a

wave propagating in the ẑ direction. Using the Pauli matrices, Eq. (2.134) can be
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rewritten as

hij = h+

(
σz 0

0 0

)
+ h×

(
σx 0

0 0

)
, (2.135)

and from the properties of the Pauli matrices it can be easily checked that

eAije
ij
B = 2δAB, A,B = +,×. (2.136)

Exploiting this decomposition, the action (2.131) can be recasted as (∂2k = ∇2)

δ(2)S =
1

4λ2p

∑
A=+,×

∫
Ω

d3x dτ ã2
(
h′Ah

′
A + hA∇2hA

)
= S+ + S×. (2.137)

To proceed to the quantization, it is mandatory to rewrite the action in a canonical

form, so to this aim let us introduce the canonical variable

vA = ξhA (2.138)

where

ξ =
ã√
2λp

(2.139)

is the so-called pump-field of the tensor perturbations. After this substitution the

action can be rewritten, up to a total derivative in the conformal time, as

δ(2)S =
1

2

∫
d3x dτ

(
v′2 + v∇2u+

ξ′′

ξ
v2
)

(2.140)

where we have dropped the polarization subscript because the following com-

putations will be valid for both the polarizations. The last action represents a

Klein-Gordon field with a non-constant mass term, whose equation of motion is

v′′ −
(
∇2 +

ξ′′

ξ

)
v = 0. (2.141)

This last equation is known as the Mukhanov-Sasaki equation.
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2.4.2 Mukhanov quantization and inflation driven classi-

calization

In this section we will define and evaluate the primordial Gravitational Waves

(pGW) power spectrum arising from the vacuum fluctuations during an inflation-

ary period without shear viscous sources (i.e. ã = a). In order to do so we will

start by quantizing the field v(τ,x). Going to the Fourier space, where the Fourier

transform is defined as

v (τ,x) =
1

(2π)3

∫ +∞

−∞
d3x eik·x vk (τ) , (2.142)

and assuming

a(τ) =

(
− τ
τI

)α
, (2.143)

Eq. (2.141) becomes

v′′k +

(
k2 − α (α− 1)

τ 2

)
vk = 0. (2.144)

The most general solution can be expressed in terms of Hankel’s functions of the

first and second kind (ν = 1
2
− α)

vk(τ) =
√
τ
[
AkH

(2)
ν (kτ) +BkH

(1)
ν (kτ)

]
. (2.145)

2.4.2.1 Canonical variable quantization

To determine the normalization constants, we must quantize the field and choose

a suitable vacuum state. Let us expand the canonical variable in terms of eigen-

functions of the Laplace operator ∇2ψk(x) = −k2ψk(x)

v(x, τ) =
1

(2π)3

∫
d3k vk(τ)ψk(x) (2.146)

where:

ψk(x) = ake
−ik·x + bke

ik·x (2.147)
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and vk(τ) satisfies Eq. (2.144). Since v(x, τ) is real, the following relation holds

true

v⋆k(τ)a
⋆
k = vk(τ)bk. (2.148)

Promoting the canonical variable to an operator, we have

v(x, τ) =
1

(2π)3

∫
d3k vk(τ)âke

−ik·x + v⋆k(τ)â
†
ke

ik·x. (2.149)

We want to interpret âk and â†k as creator and annihilation operators, so we

follow the canonical quantization scheme for a bosonic field, imposing the following

commutation relations [
âk, âk′

]
=
[
â†k, â

†
k′

]
= 0

[
âk, â

†
k′

]
= δ3 (k− k′) ,

(2.150)

moreover from the action Eq. (2.140) we obtain the conjugate field:

π(x, τ) =
∂L
∂v′

= v′ (x, τ) , (2.151)

and the equal time commutation relation of the field and its conjugate is

[v (x, τ) , π(x′, τ)] = iδ3 (x− x′) . (2.152)

Using Eq. (2.149), the commutation relations Eqs. (2.150) and imposing that the

last equality is fulfilled, we get the following normalization constraint

vk(τ)v
⋆′
k (τ)− v⋆k(τ)v′k(τ) = i. (2.153)

At this point, we introduce the Bunch-Davies vacuum. This is the state in the

Fock space which is annihilated by the operators âk, in the limit τ → −∞

âk|0⟩ = 0 ∀k (2.154)

and minimizes the vacuum energy

Evac =

∫
d3x ⟨0|Ĥ |0⟩, (2.155)
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where the Hamiltonian density is given by

Ĥ =
∂L
∂v′

v′ − L τ→−∞→ 1

2

(
v′2 + (∇v)2

)
. (2.156)

We want to find the expression of vk(τ) in order to minimize the vacuum energy.

First of all let us suppose that vk(τ) = vk(τ), substitute Eq. (2.149) in Eq. (2.155),

acting with the creation and annihilation operators, using the Fourier representa-

tion of the Dirac’s delta and performing the integration over the solid angle, we

arrive at

Evac =
1

(2π)2

∫ +∞

0

dk k2
(
|v′k|2 + k2|vk|2

)
. (2.157)

We use the following Ansatz

vk(τ) = rk(τ)e
iαk(τ) (2.158)

and we minimize the contribution given by each mode k to the energy. Inserting

the last equality in Eq. (2.153) yields

α′
k = −

1

2|rk|2
. (2.159)

We obtain

|v′k|2 + k2|vk|2 = |r′k|2 +
1

4|rk|2
+ k2|rk|2 (2.160)

and minimizing with respect to |rk| and |r′k| we arrive at
r′k = 0

rk =
1√
2k

αk = −kτ + const.

(2.161)

In conclusion, up to an arbitrary phase

vk(τ) =
1√
2k
e−ikτ . (2.162)
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Using the following asymptotic relations for the Hankel functions when ν is real

and for large values of |z|

H(1)
ν (z) ∼

√
2π

z
ei(z−ν

π
2
−π

4 )

H(2)
ν (z) ∼

√
2π

z
e−i(z−ν

π
2
−π

4 ),

(2.163)

we have, by comparing with the Bunch-Davies vacuum solution Eq. (2.161), with

the general solution given by Eq. (2.145), that

Ak =

√
π

4
,

Bk = 0.

(2.164)

Finally:

vk(τ) =

√
πτ

4
H(2)
ν (kτ). (2.165)

This last equation allows us to evaluate the pGW power spectrum produced during

the inflationary period.

2.5 The two point correlation function and the

pGW power spectrum

In this section we will evaluate the exact analytical form of the pGW power spec-

trum produced during an inflationary epoch. In order to do so we have to give

some preliminary definitions that are necessary to define the quantity of interest.

Given a field ϕ(x, τ), we define the two point correlation function as the equal

time expected value at different positions, where the averaging procedure can be

classical or quantum mechanical

ξϕ(r) = ⟨ϕ(x, τ)ϕ(x+ r, τ)⟩
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ξϕ(r) =
1

(2π)6

∫
d3x d3k d3k′ ei(k+k′)·x eik

′·rϕkϕk′

ξϕ(r) =
1

(2π)3

∫
d3k e−ik·r |ϕk|2, (2.166)

where ϕk is the Fourier transform of the the field ϕ(x, τ). Performing the integra-

tion over the solid angle, assuming that ϕk = ϕk and setting r = 0 we get

ξϕ(0) =

∫
d ln kPϕ(k) (2.167)

Pϕ(k) =
k3

2π2
|ϕk|2. (2.168)

For the two polarizations of the graviton, identifying ϕk = uk using Eq. (2.135)

and Eq. (2.136)

⟨hij(x, τ)hij(x, τ)⟩ =
8λ2p
a2

∫
d ln kPu(k), (2.169)

where we recall that the angular parenthesis represent the classical or quantum

mechanical expectation value. The last equation immediately implies that

Ph(k) =
4λ2p
a2

k3

π2
|vk|2. (2.170)

This last quantity is usually referred as the power spectrum.

To evaluate the power spectrum, we have to solve the evolution equation Eq. (2.144)

for the canonical variable. It can be seen that the evolution has two different

regimes

1. The oscillatory sub-horizon regime (k|τ | ≫ 1):

v′′k + k2vk = 0 (2.171)

vk(τ) = Cke
ikτ +Dke

−ikτ (2.172)

2. The super-horizon regime (k|τ | ≪ 1) for τex < τ < 0, where k|τex| ≈ 1

v′′k −
ξ′′

ξ
vk = 0, (2.173)
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vk(τ) = Ak ξ(τ) +Bk ξ(τ)

∫ τ 1

ξ2(τ ′)
dτ ′ ⇒

vk(τ) = Ak(−τ)α +Bk(−τ)1−α, (2.174)

with α ̸= 1
2
, otherwise the second term has a logarithmic behavior. Care must be

taken to interpret this result. Since the solution depends on α, we can distinguish

3 different behaviors

• If α < 0, we have a Universe in accelerated expansion and the first term

of Eq. (2.174) is always prevailing for τ → 0−. In this regime the GW

amplitude hk ∼ vk
ξ(τ)

approaches a constant value. Using Eqs. (2.138), (2.139)

and (2.143) we obtain

hk(τ) ∼ Ak +Bk(−τ)1−2α. (2.175)

It is clear that given this property, we are interested in the spectrum outside

the horizon, because the super-horizon modes stay constant also after the

subsequent phases of cosmological evolution until they re-enter.

• If 0 < α < 1, the background metric describes an accelerated contraction

and as τ → 0− we have that the leading term of Eq. (2.174) is the first if

0 < α < 1
2
, while it is the second if 1

2
< α < 1. In both cases the amplitude of

vk outside the horizon is decreasing but the density of the kinetic energy per

mode k of the tensorial perturbation, namely ah′ in the action Eq. (2.137)

is increasing and grows like (−τ)−α.

• If α > 1 the metric describes an accelerated contraction as well, and the dom-

inant term when τ → 0− is always the second. However both the canonical

variable (vk ∼ (−τ)1−α ) and the density of the kinetic energy per mode k

(ξh′ ∼ (−τ)−α) grow. This poses a serious problem because when the modes

re-enter the horizon, they can have a great energy contribution causing the

back-reaction of the tensorial perturbations to not be negligible and can be

of the same order of the other gravitational sources. As a consequence these

perturbations can disrupt the homogeneity and isotropy of the initial geom-

etry. For this reason we will not consider this inflationary scenarios from

now on.
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However as we have already seen while discussing all the possible inflationary

scenarios, the exponent of the scale factor can be in principle any power of the

conformal time.

In the super-horizon regime the Hankel function in Eq. (2.165) can be approxi-

mated as follows

H(2)
ν (kτ)

k|τ |≪1∼ p⋆ν (kτ)
ν + iqν (kτ)

−ν , (2.176)

p⋆ν = i
2−ν cos (πν) Γ(−ν)

π
+

2−ν

Γ(ν + 1)
, (2.177)

qν =
2νΓ(ν)

π
. (2.178)

For ν > 0 (α < 1
2
) and k|τ | → 0:

H(2)
ν (kτ) ∼ iqν (kτ)

−ν , (2.179)

where Γ(ν) is the Euler’s gamma function. Inserting these relations in Eq. (2.165)

and taking the squared modulus we arrive at

|vk|2 ∼
(πτ

4

)
|qν |2 (kτ)−2ν . (2.180)

Going back to Eq. (2.170) we get the pGW power spectrum

Ph(k) =
λ2p
a2
k2

π
|qν |2 (kτ)1−2ν . (2.181)

Defining the pivot wavenumber

kI ≡
1

τI
(2.182)

and substituting a =
(
− τ
τI

)α
, we finally arrive at

Ph(k) =
(λpkI)

2 |qν |2

π

(
k

kI

)2α+2

= AT

(
k

kI

)2α+2

. (2.183)

Spectra that exhibit a decreasing behavior with the wavenumber are called red-

tilted, and this is a general feature for all the inflationary models based on a power

inflation scale factor α < −1. On the other hand if the inflationary period is given
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by an accelerated contraction or by a superinflationary behavior α > −1, the

spectrum is blue-tilted (increasing with the wavenumber).

It is important to remark that inflationary models with α = 1
2
, naturally appear in

string theory [58–60], in the so-called pre-Big Bang scenario which we will discuss

in the next Chapter. In this limit case logarithmic corrections arise in Eq. (2.183)

aside from the expected tensorial index nT = 3, because the asymptotic expansion

Eq. (2.176) has a logarithmic behavior for ν = 0.
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String Theory and the Pre-Big

Bang scenario

In this chapter we provide only a brief orientation to the basic ingredients of string

theory and the pre–Big-Bang scenario. The discussion is neither self-contained nor

comprehensive and does not aim at a theoretical minimum; it simply fixes nota-

tion and highlights the few elements needed for the subsequent chapters. A more

thorough study of string theory can be found in the literature [61–67] and of the

pre-Big Bang scenario in [20, 68, 69].

3.1 The Bosonic String

We start by writing the action of a string propagating in a D-dimensional manifold

M. In analogy to the point particle case, where the action is proportional to the

line element spanned throughout the evolution (i.e. S = −m
∫
ds), in the case

of a string, its action is proportional to the world-sheet Σ area. Introducing two

coordinates ξa, a = 0, 1, with ξ0 = τ , with −∞ < τ < +∞ and ξ1 = σ with

0 ≤ σ ≤ π, the induced metric on the world-sheet hab, we have the Nambu-Goto

action

S =
1

2πα′

∫
Σ

d2ξ
√
−h, (3.1)

where hab = ∂aX
µ(ξ)∂bX

ν(ξ)ηµν , where ηµν is the Minkowski metric of the D-

dimensional manifoldM, also known as the “Target Space”, and 2πα′ = λ2s.

63
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This action can be brought into the Polyakov form, which is devoid of the square

root, by introducing an auxiliary field γab that represents the intrinsic metric of

the 2-dimensional manifold Σ

S =
1

4πα′

∫
d2ξ
√
−γγab∂aXµ∂bX

νηµν . (3.2)

The Polyakov action is manifestly invariant under conformal transformations of the

intrinsic metric γab → eψ(ξ)γab that does not change the combination
√
−γγab, and

under diffeomorphisms, hence one can use these two invariances to fix the intrinsic

world-sheet metric to be flat, i.e. γab = ηab. This fixing procedure however must

be performed after the E.O.M. for the intrinsic metric is evaluated, namely

Tab =
2√
−γ

δ(
√
−γL)
δγab

= 0 (3.3)

which leads to

Tab = ∂aX
µ∂bX

νηµν −
1

2
γabγ

ij∂iX
µ∂jX

νηµν = 0, (3.4)

while varying with respect to Xµ

∂a(
√
−γγab∂bXµ) = 0. (3.5)

Fixing the intrinsic metric to be flat and denoting with a dot the derivative with

respect to τ and a ′ the derivative with respect to σ, we are left with

Ẍµ −X ′′
µ = 0 (3.6)

and combining the Eqs. (3.4) we obtain the so-called Virasoro constraints

1

2

(
T00 + T10

)
=

1

4
ηµν
(
Ẋµ +X ′µ)(Ẋν +X ′ν) = 0,

1

2

(
T00 − T10

)
=

1

4
ηµν
(
Ẋµ −X ′µ)(Ẋν −X ′ν) = 0.

(3.7)

Introducing the light-cone coordinates

ξ± = τ ± σ, ∂± = ∂τ ± ∂σ,

τ =
1

2
(ξ+ + ξ−), σ =

1

2
(ξ+ − ξ−),

(3.8)
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we can rewrite the 2-dimensional wave equation and the Virasoro constraints as

∂+∂−X
µ = 0,

T++ = ∂+X
µ∂+Xµ = 0,

T−− = ∂−X
µ∂−Xµ = 0,

(3.9)

where the solution to the wave equation can always be written as a sum of left-

moving and right-moving waves,

Xµ(ξ) = Xµ
L(ξ

+) +Xµ
R(ξ

−). (3.10)

In this thesis we will focus on the closed string bosonic sector, so, to this aim, we

are going to study strings subject to the following boundary condition Xµ(τ, σ) =

Xµ(τ, σ + π).

3.1.1 The closed Bosonic String quantization

The solution for the right moving and left moving waves with periodic boundary

conditions expanded in Fourier modes is given by

Xµ
R(ξ

−) =
xµ0
2

+
α′

2
pµ ξ− + i

√
α′

2

∑
n̸=0

αµn
n
e−2inξ− ,

Xµ
L(ξ

+) =
xµ0
2

+
α′

2
pµ ξ+ + i

√
α′

2

∑
n̸=0

α̃µn
n
e−2inξ+ ,

(3.11)

where xµ0 and pµ represents the initial position and the momentum, respectively,

and αµ−n = (αµn)
⋆, α̃µ−n = (α̃µn)

⋆ for reality conditions of the coordinates Xµ. The

general solution is thus given by the sum of the latter, namely

Xµ(τ, σ) = xµ0 + α′pµτ + i

√
α′

2

∑
n̸=0

1

n
(αµne

2i nσ + α̃µne
−2i nσ)e−2inτ . (3.12)
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Now we impose the Virasoro constraints and in order to do so we introduce the

following functionals

Lm =
1

4πα′

∫ π

0

dσ T−− e
2im(τ−σ),

L̃m =
1

4πα′

∫ π

0

dσ T++ e
2im(τ+σ),

(3.13)

where again for reality conditions we have L⋆m = L−m and L̃⋆m = L̃−m. Introducing

αµ0 = pµ
√
α′/2 it easy to show using the orthonormality condition of the base

e2inσ/
√
π in L2[0, π] that the Virasoro functionals take the following form

Lm =
1

2

n=+∞∑
n=−∞

αµm−nαnµ, L̃m =
1

2

n=+∞∑
n=−∞

α̃µm−nα̃nµ, (3.14)

with the Virasoro constraints imposed by the conditions Lm = L̃m = 0.

We proceed now to present the results obtained in the canonical quantization

scheme, however we mention that there are several ways to quantize the string (e.g.

BRST, light-cone, covariant, ...). As usual the Fourier coefficients become creation

and annihilation operators (or equivalently we impose the commutation relations

at equal times for the fields Xµ and their conjugate momenta Πµ = Ẋµ/(2πα′)),

such that [Πµ(τ, σ′), Xν(τ, σ), ] = iηµνδ(σ − σ′) and all other commutators are 0.

Introducing the normalized operators αµm =
√
maµm, α

µ
−m = (αµm)

†, and the same

for the tilde operators, we have

[αµ−n, α
ν
m] = [α̃µ−n, α̃

ν
m] =

√
mηµνδn+m,0, [aµ†n , a

ν
m] = [ãµ†n , ã

ν
m] = ηµνδnm,

[P µ
CM, X

µ
CM] = iηµν ,

(3.15)

where Xµ
CM = 1/π

∫ π
0
dσXµ(τ, σ) and the same for P µ

CM. The vacuum state of the

Fock space is defined as the eigenstate of the momentum operator |0, p⟩ which is

annihilated by all annihilation operators

αµn|0, p⟩ = α̃µn|0, p⟩ = 0, ∀n > 0, (3.16)

while a generic state of the Fock space is generated by acting with creation oper-

ators

|n1,m1, . . . , p⟩ = (αµ−n)
n1(αµ−m)

m2 . . . |0, p⟩, (3.17)
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however, there are ghosts state such as a0m|0, p⟩ that must be removed via the

quantum Virasoro constraint, namely we consider only the subset of the Fock space

such that Lm|Ψ⟩ = L̃m|Ψ⟩ = 0. Using the usual normal ordering prescription,

where the annihilation operators are moved to the right, Lm = 1
2

∑
n : αµm−nαnµ :

we have that ordering ambiguities arise only for L0 (L̃0) because of the non-

vanishing commutator, so we impose (L0 − δ)|Ψ⟩ = (L̃0 − δ)|Ψ⟩ = 0, where δ is

determined by the normal ordering.

We assume the light-cone also in the target space manifold, Xµ = {X+, X−, X i},
with i = 1, . . . , D − 2 and X± = 1/

√
2(X0 ± XD−1). In this way the Virasoro

constraints can be linearized and we use the residual conformal gauge to assume

that the motion in the positive direction is translational, i.e. X+ = x+0 + 2α′p+τ .

In this way all the a+m = 0 = ã+m, m ̸= 0 and from the Virasoro constraints we can

express all the a−m (ã−m) in terms of the spatial modes aim (ãim). In this way we are

left with D − 2 transverse degrees of freedom.

Finally we note that the Hamiltonian is vanishing from the classical theory H =∫ π
0
dσẊµΠµ − L = 1/(2πα′)

∫ π
0
dσ (T++ + T−−) = 2(L0 + L̃0) = 0, so we have to

impose the Hamiltonian constraint (L0 + L̃0)|Ψ⟩ = 0 and (L0− L̃0)|Ψ⟩ = 0. From

Eq. (3.14), in the light-cone gauge and with the normal ordering, (we show the

calculation only for the right moving modes)1

L0 =
1

2

(
αµ0α0µ +

∑
n̸=0

: αµ−nαnµ :

)
=
α′

4
pµp

µ −N − D − 2

2

∑
n>0

n, (3.18)

where we defined as usual the number operator as N ≡
∑

n>0 α
i
nα

i
−n, and the

last term is given by the commutation relation of the annihilation and creation

operators. We now use an exponential regulator to express the last term

lim
ϵ→0

∑
n>0

ne−ϵn = − lim
ϵ→0

(
d

dϵ

∑
n>0

e−ϵn) = − lim
ϵ→0

d

dϵ

(
1− e−ϵ

)−1

= − lim
ϵ→0

d

dϵ

1

ϵ

(
1− ϵ

2
+
ϵ2

6
+O(ϵ3)

)−1

= − lim
ϵ→0

d

dϵ

1

ϵ

(
1 +

ϵ

2
+
ϵ2

12
+O(ϵ3)

)
= lim

ϵ→0

(
1

ϵ2
− 1

12
+O(ϵ)

)
,

(3.19)

1Recall that in the light-cone gauge the line element is ds2 = dX+dX− − dXidXi, hence
αµ
−nαnµ = α+

−nα
−
n − αi

−nα
i
n.
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hence by absorbing the infinite part in δ we have

L0 =
α′

4
pµp

µ −
(
N − D − 2

24

)
,

L̃0 =
α′

4
pµp

µ −
(
Ñ − D − 2

24

)
,

(3.20)

where Ñ ≡
∑

n>0 α̃
i
nα̃

i
−n, and from (L0− L̃0)|Ψ⟩ = 0 the level matching condition

N |Ψ⟩ = Ñ |Ψ⟩. Hence we can write the Hamiltonian constraint (pµp
µ =M2) as

H = 2(L0 + L̃0) =
α′

2
M2 −N − Ñ +

D − 2

12
= 0, (3.21)

which leads to the mass spectrum of the theory

M2 =
2

α′ (N + Ñ − D − 2

12
). (3.22)

Since the number operator is semi positive, we have that the vacuum of the theory

|p, 0, 0̃⟩ is tachyonic signaling quantum instabilities (although they are resolved

in superstring theory) and the first excited state (taking into account the level

matching condition) is |p, 1, 1̃⟩ = αµ−1α̃
ν
−1|p, 0, 0̃⟩, hence a tensor state. Taking

into account the Virasoro constraint generated by L1 (L̃1) and contracting with

the polarization tensor ϵµν we have

0 = L1|p, 1, 1̃⟩ =
1

2
ϵµν

n=+∞∑
n=−∞

: αγ1−nαnγ : α
µ
−1α̃

ν
−1|p, 0, 0̃⟩

= α̃ν−1α
γ
0ϵµν α1γα

µ
−1|p, 0, 0̃⟩ = α̃ν−1α

γ
0ϵµν [α1γ, α

µ
−1]|p, 0, 0̃⟩

= α̃ν−1α
µ
0 ϵµν |p, 0, 0̃⟩ =

√
α′

2
α̃ν−1p

µϵµν |p, 0, 0̃⟩ = 0,

(3.23)

hence a transverse momentum to the polarization tensor pµϵ
µν = 0. Since we have

D − 2 space-like degrees of freedom, this corresponds to a massless state in the

tensor representation of the so-called little group of SO(D − 2). From the mass

spectrum Eq. (3.22) (since N = Ñ = 1) we must fix D = Dc = 26 (in superstring

theory due to the introduction of world-sheet supersymmetry, this number is re-

duced to Dc = 10).

Finally the particle content of the theory can be extracted using standard irre-

ducible representation of SO(D − 2)

ϵij = hij +Bij +
ϕ

D − 2
δij, (3.24)
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hence a traceless symmetric field hµν , which is the graviton, an antisymmetric

tensor field Bµν , which is the Kalb-Ramond and the trace part ϕ which is the

Dilaton. Even though the result has been derived only in the bosonic string case,

the closed string massless spectrum of all formulations of (super)-string theory

contain this massless multiplet, which as we are going to see give rise to a modified

theory of gravity.

3.2 Massless multiplet effective action

Let us consider a string propagating in a general background generated by the

above mentioned fields, we have the following sigma model action

S = − 1

4πα′

∫
d2ξ
√
−γ
(
γab∂aX

µ∂bX
νgµν(X) + ϵab∂aX

µ∂bX
νBµν(X)

+
α′

2
(2)Rϕ(X)

)
,

(3.25)

where γab is the world sheet metric, (2)R is the 2-d Ricci scalar associated to the

metric and ϵab is the Levi-Civita symbol. Since the theory must retain the Weyl

invariance as already noted before, we have to require the vanishing of the beta

functions which fix the allowed backgrounds in which the conformal invariance is

preserved2, which at one-loop are [46]

βµν(g) = α′Rµν + α′∇µ∇νϕ−
α′

4
HµλκH

λκ
ν +O(α′2) = 0,

βµν(B) = −α
′

2
∇λϕHλµν +

α′

2
∇λHλµν +O(α′2) = 0,

β(ϕ) = −α′R− 2α′∇2ϕ+ α′∇µϕ∇µϕ+
α′

12
HµνλH

µνλ +O(α′2) = c,

(3.26)

where Hµνλ = 3∇[µBνλ] is the Kalb-Ramond field strength and Rµν is the Ricci

tensor associated to gµν and c is a constant (c ∼ (D − Dc)) . These equations

can be obtained by the following effective action which describes the evolution

of the graviton, the dilaton and the Kalb-Ramond in the so-called string frame

(S-frame), where the dilaton is not minimally coupled to the metric (assuming

2Conformal invariance fixes the background fields configuration
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D = Dc)

Seff = − 1

2λD−2
s

∫
dDx
√
−ge−ϕ(R + (∇ϕ)2 − 1

12
HµναH

µνα) +O(α′). (3.27)

In the context of string theory we have two kinds of perturbative expansions, one is

the higher-curvature expansion, namely α′ expansion where additional terms arise

from higher perturbation order in the bosonic string sigma model, (e.g. Eq. (8.1)),

the other is in increasing complexity of the world-sheet topology, the so-called

Genus expansion which is expressed in term of the string coupling g2s = e⟨ϕ⟩.

We conclude this section by remarking that upon a conformal rescaling of the

metric gSµν = gEµν

(
λs
λp

)2
e

2
D−2

ϕ, the action takes the Einstein-frame form

SEeff = − 1

2λD−2
p

∫
dDx

√
−gE

(
RE − 1

D − 2
(∇ϕ)2 − 1

12
e−

4
D−2

ϕH2
E

)
, (3.28)

where we have defined HE
µνλ =

(
λp
λs

)2
Hµνλ.

3.3 Compactification, Momentum Quantization,

and T-Duality

As discussed in the previous section, quantum consistency of bosonic string theory

requires a critical spacetime dimension. This raises the question of how extra

spatial dimensions beyond those observed can be reconciled with phenomenology.

A natural resolution is to assume that these extra dimensions are compact and

small, such that they remain unobservable at accessible energy scales.

As a simple example, let us consider a target-space of the formMD−1×S1, that is,

a (D−1)-dimensional Minkowski spacetime times a circle of radius R. Considering

a closed bosonic string propagating along S1, the momentum along the compact

dimension is quantized as

p =
n

R
, n ∈ Z.

In addition, the string can wrap the compact circle an integer number of times,

characterized by the winding numberm ∈ Z. The general solution of the equations
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of motion for the string coordinate Y along the compact direction is then

Y (τ, σ) = y0 +2α′ n

R
τ +2mRσ+ i

√
α′

2

∑
n̸=0

1

n

(
αµne

2inσ + α̃µne
−2inσ

)
e−2inτ . (3.29)

It is convenient to introduce the left- and right-moving momenta

pL =
1

2

(
n

R
+
mR

α′

)
, pR =

1

2

(
n

R
− mR

α′

)
, (3.30)

so that the solution (3.29) can be recast in the form

Y (τ, σ) = y0 + 2α′pL(τ + σ) + 2α′pR(τ − σ) + oscillations. (3.31)

The Virasoro constraints in D = 26 dimensions, after separating the internal

momenta pL, pR from the external momenta pµ, read

L0 =
α′

4
M2 − α′p2R −N + 1 = 0, L̃0 =

α′

4
M2 − α′p2L − Ñ + 1 = 0. (3.32)

From their sum we obtain the generalized mass-shell condition

α′

2
M2 =

α′

2

(
n2

R2
+m2R

2

α′2

)
+N + Ñ − 2, (3.33)

while from their difference we obtain the level-matching condition

N − Ñ + nm = 0. (3.34)

The resulting mass spectrum depends on the internal quantum numbers (n,m),

and is manifestly invariant under the T -duality transformation

R ←→ α′

R
, n ←→ m. (3.35)

This symmetry exchanges momentum and winding excitations, while leaving the

physical mass spectrum unchanged.

This symmetry will be later discussed in cosmological backgrounds where it will be

identified in the Scale Factor Duality (SFD) (ZD−1
2 symmetry of the scale factors)

and to O(d, d) symmetry in the presence of non-trivial Kalb-Ramond field.

As a final remark we notice that when R/α′ ≫ 1 the winding modes become heavy
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and hard to excite, while the opposite is true in the opposite limit R/α′ ≪ 1, the

momentum modes become irrelevant. The duality predicts the existence of a self-

dual radius, namely R ∼
√
α′ which is the minimum allowed extension for the

compact dimension.

3.4 S-duality

In this section we will briefly mention S-duality which is a strong weak coupling

duality that exchanges gs → g−1
s . As a simple example we are going to consider the

case of Heterotic superstrings in critical spatial dimensions d = 9. The effective

action of the theory compactified onM4 × T 6, with trivial moduli, Kaluza-Klein

vectors and scalars arising from the metric, with a 4D Kalb-Ramond 3 and at zero

order in the α′ expansion (neglecting the gauge fields of SO(32) or E8 × E8) and

in the Einstein-frame reads

S = −1

2

∫
d4x
√
−g
[
R− 1

2
(∇ϕ)2 − 1

12
e−2ϕHµναH

µνα
]
. (3.36)

Hµνα can be expressed in the formalism of differential forms as H = dB2, with

the Bianchi identity d2B2 = dH = 0. We promote the dynamical field to be Hµνα

and enforce the Bianchi identity

1

3!
ηµναβ∇µHναβ = 0, (3.37)

where ηµναβ = ϵµναβ√
−g is the Levi-Civita tensor, by introducing a lagrange multiplier

σ, we can ensure that the Bianchi identity is fulfilled by adding to the lagrangian

the term

Sσ = −1

2

∫
d4x
√
−gσ

[ 1
3!
ηµναβ∇µHναβ

]
= −1

2

∫
d4x
√
−g
[
− 1

3!
ηµναβHναβ∇µσ

]
,

(3.38)

where in the last line we used integration by parts. Varying with respect to Hµνα

the action S + Sσ, we find Hµνα = −e2ϕηµναβ∇βσ, where σ is the axionic dual of

the Kalb-Ramond. Finally inserting this relation into the action S + Sσ we find

that

S = −1

2

∫
d4x
√
−g
[
R− 1

2
(∇ϕ)2 − 1

2
e2ϕ(∇σ)2

]
. (3.39)

3Assuming a dependence for the K-R only on the ”external coordinate” x, we are imposing
triviality on 6 vectors Bµa(x) with a = 4 . . . 9 and 15 scalars Bab(x).
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We notice that the action Eq (3.39) has an SL(2, R)/U(1) structure, and so the two

fields can be combined into a single complex degree of freedom λ = σ+ ie−ϕ with

the SL(2, R) (SL(2, Z) quantum mechanically) symmetry acting like λ → aλ+b
cλ+d

with ad− bc = 1. In this case the action takes the simpler form

S = −1

2

∫
d4x
√
−g
[
R− 1

2Im(λ)2
∇µλ∇µλ̄

]
(3.40)

Starting with a configuration with constant axion σ = σi this symmetry allows a

weak-strong coupling duality for the peculiar values σi = −d/c, and c2 = 1 with

eϕ → e−ϕ. In general however we have that under the SL(2, R) group a theory

with small string coupling eϕ ≪ 1 can be transformed into a theory with large

coupling eϕ ∼ 1.
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3.5 The Pre-Big Bang scenario

As we have previously discussed the primordial cosmological problems may be

solved by a period of slow-roll inflation, but we also have shown that other al-

ternatives are possible with superinflation and accelerated contraction. There are

different possible physical mechanisms able to produce periods of superinflation

such as phantom scalar models (w < −1) in GR, and accelerated contraction

driven by stiff fluids w = 1 or Ekpyrotic model. The pre-Big Bang model is able

to bridge in some sense between those two pictures, since the primordial phase

can be seen as a superinflationary model in the string frame (S-frame), and an

accelerated contraction in the Einstein frame (E-frame).

The Pre Big-Bang scenario starts with the assumption that the universe emerges

from the perturbative vacuum of string theory, hence with vanishing coupling

ϕ → −∞ and curvature. In this regime string theory predicts the existence of a

massless multiplet of fields gµν , Bµν , and the dilaton field. Moreover it assumes a

trivial Kalb-Ramond field strength Hµνα = 0, which in the case of the 4-D theory

corresponds to a constant axion. In this context the action of the theory is simply

given by the gravi-dilaton sector

S = − 1

2λd−1
s

∫
dd+1x

√
−ge−ϕ(R + (∇ϕ)2). (3.41)

Assuming a Bianchi I background gµν = diag(N2, a2i δij), where N(t) is the lapse

function, and we have a different scale factor ai(t) for every spatial dimension

and there is no sum over the repeated indices. Introducing the shifted dilaton

ϕ̄ = ϕ −
∑d

i=1 ln(ai) we have that the evolution of the fields is governed by the

following equations (the lapse being fixed to 1 by a gauge choice)

˙̄ϕ2 −
∑
i

H2
i = 0, (3.42)

Ḣi −Hi
˙̄ϕ = 0, (3.43)

2 ¨̄ϕ− ˙̄ϕ2 −
∑
i

H2
i = 0. (3.44)

The theory possess a time reversal symmetry t → −t under which the equation

of motion are invariant and an additional Zd
2 scale factor duality Hi → −Hi (or

equivalently ai → a−1
i ) and ϕ̄ → ϕ̄ [70, 71]. This implies that given a solution
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Figure 3.1: Graphical schematics of duality related solutions with d-isotropic
spatial dimensions

{Hi(t),
˙̄ϕ(t)} we have a family of 4 solutions related by the Zd

2⊗Time Reversal sym-

metry, namely under time reversal {−Hi(−t),− ˙̄ϕ(−t)}, under Zd
2 {−Hi(t), ϕ̄(t)}

and under the combination of the two {Hi(−t),− ˙̄ϕ(−t)}. This is a crucial differ-

ence between the string theory Gravi-Dilaton theory and GR, where the Zd
2 sym-

metry is absent. It is important to notice that in the expanding pre-Big Bang phase

both the curvature and the dilaton grow, hence approaching a geometric singular-

ity and the breakdown of the genus 0 approximation of the effective theory, hence

higher-curvature corrections (α′) and dilaton coupling must be included to cor-

rectly describe the transition between the first branch and its Zd
2 ⊗Time Reversal

counterpart that are disconnected at the tree-level.

To quantitatively illustrate the model we assume an FLRW geometry. In this case

the solution to the Eqs. (3.42), (3.43) and (3.44) are (in the synchronous gauge)

a±(t) = t
± 1√

d , H±(t) = ±
1

t
√
d

ϕ̄(t) = − ln t, t > 0,

a±(−t) = (−t)±
1√
d , H±(t) = ±

1

t
√
d

ϕ̄(−t) = − ln(−t), t < 0,

(3.45)

and hence the dilaton is given by

ϕ±(±t) = ϕ̄(±t) + d ln
(
a±(±t)

)
=
(
±
√
d− 1

)
ln(±t).

It can be easily seen that the asymptotic trivial string vacuum is reached in the

asymptotic past t → −∞ by the solution a−(−t), which starts with vanishing
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curvature H → 0 and string curvature eϕ = gs → 0 and they both grow until they

reach a regime where non-perturbative effects become relevant both for the α′ ex-

pansion and the coupling expansion. As we shall see in Chapter 4, the inclusion of

a non-perturbative dilaton potential and all order α′ correction is able to trigger

a bouncing transition with a frozen dilaton and a constant (or decreasing) curva-

ture. This primordial phase of evolution from the string perturbative vacuum is

called Dilaton Driven Inflation phase (DDI) and may be followed as we are go-

ing to present in the following Chapters by an almost instant bouncing transition

or by a period of constant curvature and linear dilaton called the String-phase.

However this is a superinflationary solution in the S-frame but it corresponds to

an accelerated contraction in the string frame , indeed by applying the conformal

rescaling of the metric gSµν = gEµνe
2
d−1

ϕ, we have that the Einstein time is related

to the string time by

NEdtE = NSdtSe
− 1
d−1

ϕ, (3.46)

hence in the synchronous gauge tS = t
d−1

d+
√
d

E , while the scale factor becomes

aE(tE) = (−tE)
1
d , HE(tE) =

1

d tE
,

d2aE
dt2E

< 0, tE < 0, (3.47)

thus an accelerated contraction.

We are now going to present the most general solution in a Bianchi I geometry with

3 isotropic expanding dimensions and n contracting ones, gµν = diag(1,−a2δij,−b2mδmn).
Parametrizing the solution as a(t) ∼ (−t)β0 and bi(t) ∼ (−t)βm the solution is [68]

(expressed in conformal time dt = adτ)

a =

(
− τ
τ1

) β0
1−β0

, bm =

(
− τ
τ1

) βm
1−β0

,

ϕ =

∑
m βm + 3β0 − 1

1− β0
ln

(
− τ
τ1

)
, 3β2

0 +
∑
m

β2
m = 1, (3.48)

where τ1 is a reference time which may correspond to the end of the DDI phase.

3.5.1 Pre-Big Bang perturbation theory

We are now going to present the main results of perturbation theory in the pre-Big

Bang string model. A preliminary remark is due, we have seen that the behavior

of the background evolution depends on which frame one chooses to work with,
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however observables are frame invariant, hence the spectrum of both tensor and

scalar perturbations can be equivalently computed in both frames and they lead

to the same result.

We start by computing tensor perturbations hµν , assuming as in [68] that they

are independent of the n internal coordinates. At linear order we have that the

perturbations of the metric in the internal and external space, decouple, hence we

can focus on the 1+3 expanding subspace. The perturbed action after integrating

out the internal dimensions
∫
dny
√
−gn = Vn

∏
m bm is [68, 69, 72, 73]

δ(2)S =
1

2

∫
d3xdτa2

∏
m

bme
−ϕ(h′2 + h∇2h). (3.49)

From the standard theory of perturbations presented in the previous Chapter, we

have that the pump-field is ξh ∼ ae−ϕ/2
∏

m b
1/2
m , which is the same in both the

S-frame and E-frame. We notice that the pump field can be expressed in a neat

form as ξh ∼ ag−1
4 , where g4 = eϕ̄4/2 = e1/2(ϕ−

∑
m ln bm) is the 4-dimensional string

coupling. In the DDI phase the pump-field scales as a power of the conformal time

hence the standard results can be readily applied. From Eqs. (3.48) we have that

ξh ∼ (−τ)αh with

αh =
1

1− β0

[
β0 +

∑
i

βi
2
− 1

2
(
∑
i

βi + 3β0 − 1)
]
=

1

2
, (3.50)

regardless of the dynamics of the internal and external dimensions and of the

dilaton. As a consequence the resulting power spectrum is (up to logarithmic

corrections)

Ph ∼
(
H1

Mp

)2(
k

k1

)3

(3.51)

where H1 = k1/a
E
1 . The same result applies also for the dilaton perturbations

hence the dilaton cannot be responsible for the CMB anisotropies observed, both

in amplitude and spectral index, which is ns ≈ 0.9649 [38].

However there is another field that is responsible for the CMB anisotropies in the

PBB, the Kalb-Ramond axion. We have previosly seen that the Kalb-Ramond

field has an axionic dual that in the string frame can be expressed as

Hµνα =
eϕ√
−g

ϵµναβ∇βσ. (3.52)
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By perturbing the action up to the second order in δσ = χ, integrating out the

internal volume, and recalling that for our background σ = const, we have

δ(2)Sσ =
1

4

∫
d3xdτa2eϕ

∏
m

b−1
m (χ′2 + χ∇2χ), (3.53)

and the pump field is ξσ ∼ aeϕ/2
∏

m b
−1/2
m ∼ ag4. There is a duality relation

between the behaviors of the two pump fields which is a consequence of S-duality

symmetry, as a matter of fact the two differ from a weak-strong coupling inversion

g4 → 1/g4 [74]. Given the pump field, the pump field scales as ξσ ∼ (−τ)ασ where

ασ = 5β0−1
2(1−β0) spectral index of the axion two point correlation function is given by

ns = 3 + 2ασ = 2
1 + β0
1− β0

, (3.54)

so able to generate the desired observed spectrum. It is interesting to notice that

assuming that the n = 6 internal dimensions are contracting with the duality rela-

tion bm = a−1, so βm → −β0, we have that the Kasner-like condition Eqs. (3.48),

gives β0 = −1/3, hence ns = 1, so a perfect Harrison–Zel’dovich flat spectrum.

In the context of CMB anisotropies, the axion spectrum is typically dominant

and can act as a source of adiabatic curvature perturbations through the curva-

ton mechanism. After the bouncing transition, the axion field undergoes coherent

oscillations around the minimum of its non-perturbative potential. These oscilla-

tions endow the axion with the role of a curvaton [75], transferring its isocurvature

fluctuations into adiabatic curvature perturbations, while simultaneously acting

as a reheating field by decaying into radiation. Consequently, an axion-dominated

phase after the bounce provides a natural framework for the generation of the

observed adiabatic CMB perturbations. In this context the curvature power spec-

trum is related to the axion spectrum via

PRσ = f 2(σi)

(
H1

MP

)2(
k

k1

)nσ−1

, k < k1, (3.55)

where

f(σi) = c1
1

λpσi
+ c2 + λpσi, (3.56)

and σi is the non-trivial background value of the axion which emerged after the

inflationary epoch from the (non-perturbative) potential. The constants are de-

termined by numerical analysis [68] as c1 ∼ 0.25, c2 ∼ −0.01, c3 ∼ 0.13.
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3.6 O(d, d) invariance of Cosmological String Ac-

tion to all orders α′

We conclude this Chapter by introducing the generalized version of the SFD in

the presence of the Kalb-Ramond antisymmetric field. Hohm and Zwiebach [76]

provided a framework in which all the α′ corrections can be accounted for in string

cosmological backgrounds.

Assuming a time dependent string background

gµν =

(
n2(t) 0

0 −gij(t)

)
, Bµν =

(
0 0

0 bij(t)

)
, ϕ = ϕ(t) , (3.57)

and defining the following 2d× 2d matrices

H =

(
g−1 −g−1b

bg−1 g − bg−1b

)
, Dt ≡

1

n
∂t, ϕ̄ = ϕ− 1

2
ln(detg),

S = ηH =

(
bg−1 g − bg−1b

g−1 −g−1b

)
, η =

(
0 1

1 0

)
,

(3.58)

the effective string action can be rewritten as (we are integrating the d-spatial

dimensions)

S0 = −
λs
2

∫
dt ne−ϕ̄

[
(Dtϕ̄)2 + c1Tr((DtS)2)

]
, (3.59)

where c1 =
1
8
. The O(d, d) group is defined as Ω ∈ O(d, d) if ΩTηΩ = η, and from

η2 = 1 we have Ω−1 = ηΩTη. It can checked that both H and η ∈ O(d, d), and
S2 = 1. The action Eq. (3.59) is invariant under the following transformation

H → ΩTHΩ, ϕ̄→ ϕ̄, (3.60)

which in the case of bij = 0 and Ω = η, maps g → g−1, hence to SFD.

Hohm and Zwiebach demonstrated that the most general action to all order α′

preserving O(d, d) invariance can be written as even powers of traces of (DtS)2k,
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namely

S ≡ S0 +

∫
dt e−ϕ̄

(
α′ c2,0Tr

[
(DtS)4

]
+ α′2c3,0Tr

[
(DtS)6

]
+ α′3

[
c4,0Tr

[
(DtS)8

]
+ c4,1Tr

[
(DtS)4

]
Tr
[
(DtS)4

]]
+ α′4

[
c5,0Tr

[
(DtS)10

]
+ c5,1Tr

[
(DtS)6

]
Tr
[
(DtS)4

]]
+ α′5

[
c6,0Tr

[
(DtS)12

]
+ c6,1Tr

[
(DtS)8

]
Tr
[
(DtS)4

]
+ c6,2

(
Tr
[
(DtS)6

])2
+ c6,3

(
Tr
[
(DtS)4

])3]
+ · · ·

)
.

(3.61)

where the coefficients ck.m are prescribed by the string theory considered. In the

simplest case of no multitrace terms the equations of motion read

(Dtϕ̄)2 −
∞∑
k=1

α′ k−1(2k − 1)ck Tr
[
(DtS)2k

]
= 0,

Dt

(
e−ϕ̄

∞∑
k=1

α′ k−14k ck S(DtS)2k−1

)
= 0,

2D2
t ϕ̄− (Dtϕ̄)2 −

∞∑
k=1

α′ k−1ck Tr
[
(DtS)2k

]
= 0.

(3.62)

We conclude by giving the equation of motion in the simple case of an FLRW

metric n(t) = 1, gij = a2δij, bij = 0, which reads

˙̄ϕ2 +HF ′(H)− F (H) = 0, (3.63)

ḢF ′′(H)− ˙̄ϕF ′(H) = 0, (6.78)

2 ¨̄ϕ− ˙̄ϕ2 + F (H) = 0, (3.64)

where the function F (H) is defined as an infinite series of even powers of the

Hubble parameter

F (H) = 2d
∞∑
k=1

(−α′)k−1ck 2
2kH2k, (3.65)

with (· · · )′ denoting derivation with respect to H, and the coefficients ck are fixed

by the string theory at hand.
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From the string vacuum to FLRW

or de Sitter via α′ corrections

4.1 Introduction

It is well-known [19, 70, 77] that the tree-level equations of string cosmology in

d spatial dimensions, provided they possess d abelian isometries1, are invariant

under a continuous O(d, d) group of transformations involving the spatial parts

of the metric gµν and Kalb-Ramond tensor Bµν , as well as the dilaton ϕ. Such a

symmetry has been argued to hold only at tree level in the string loop expansion

but to all orders in the α′ expansion [79], a property that has been explicitly

checked up to O((α′)3) [80–82]. In the particular case in which Bµν is set to zero

(to which we limit our considerations in this paper), such a symmetry reduces

to a discrete Zd
2 scale-factor-duality (SFD) group together with time reversal T

[71, 83]. In the strictly isotropic case the symmetry is further reduced to the

four-dimensional group ZSFD
2 ⊗ ZT

2 .

In a recent impressive paper, Hohm and Zwiebach (HZ) [76] have shown that,

modulo field redefinitions and integrations by parts, the most general reduced

(i.e. just time-dependent) cosmological action takes a particularly simple and

manifestly O(d, d)-invariant form. For the case of an isotropic FLRW Universe

1The generalization to d′ abelian isometries with d′ < d has been discussed in [78].

81
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the HZ action depends on just a single even function F (H) of the Hubble param-

eter H(t). Further developments of the HZ approach have been given in several

subsequent papers [84? –92].

In a very recent paper two of us [93] have reformulated in a Hamiltonian-like

formalism (see Sect. 2 for more details) the HZ result, and have shown that

this allows to characterise in a simple way the conditions2 under which the field

equations lead to regular cosmologies smoothly connecting an initial phase of low-

energy pre-big bang evolution to its SFD⊗T -related post-big bang configuration.

Under these conditions, the solutions (that can be interpreted as a class of possible

“string vacua”) rather than breaking (say in the isotropic case) the original ZSFD
2 ⊗

ZT
2 symmetry down to nothing (which is the case at lowest order in α′, whereby

four distinct solutions are generated by the symmetry group [20]), are instead

invariant under a diagonal Z2 subgroup, connecting just pairs of duality-related

solutions. As a very special case it was easy to recover the regular bouncing

solution found by a trial and error procedure in [96, 97].

Resolving the curvature singularity separating the pre- and post-bounce phases

would remove, of course, one of the most important obstacles facing the pre-big

bang scenario. However, as widely discussed for instance in [21, 60], there are

obvious theoretical and phenomenological shortcomings with a naive cosmology

connecting the two SFD ⊗ T -related solutions.

One of these is related to the choice of initial conditions: in a typical pre-bounce

solution both curvature and string coupling (g2s = eϕ) grow. Let us recall, for

instance, that in a d-dimensional isotropic cosmology the initial time evolution of

the dilaton and of the Hubble parameter H is given by

ϕ ∼ −
(
1 +
√
d
)
ln(−t), H =

1√
d (−t)

, t→ −∞ , (4.1)

so that both coupling and curvature go to zero in the far past (t → −∞). This

led [98] to invoke a principle of “Asymptotic Past Triviality” governing the Uni-

verse’s initial conditions. Indeed, it was argued in [98] (see also [99]) that generic

(i.e. inhomogeneous and anisotropic) solutions becoming asymptotically trivial in

2These conditions include the requirement that the HZ function F (H), describing the α′-
corrected gravitational Lagrangian density, is non-analytic in the complex-H plane, as expected
[94] from the known coupling between massless and massive string modes. The importance of a
non-trivial branch-point structure in F (H) has also been stressed in a recent application of this
formalism to two-dimensional black holes [95].
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the far past would be affected, as time grows, by gravitational instabilities lead-

ing, chaotically, to the formation of different trapped surfaces in different parts

of the Universe, with a stochastic distribution of values for both curvature and

string-coupling and a singularity in the future. Inside each trapped surface the ge-

ometry would become increasingly “velocity dominated” (i.e. with sub-dominant

spatial gradients) as one approaches the singularity, and akin to the homogeneous

solutions we have discussed above for the pre-bounce phase.

Thus, in different parts of the Universe, different realisations of the pre-big bang

initial conditions will be effectively generated with a whole spectrum of small initial

curvatures and couplings3. Regions with sufficiently small initial curvature and

coupling would then lead to a long phase of dilaton-driven inflation, as described

by Eq. (4.1). In other words, the principle of Asymptotic Past Triviality justifies

our assumptions on the “initial” evolution of the homogeneous solutions, while

allowing a whole spectrum of initial data (such a principle, by the way, is also

needed for phenomenological reasons [100]). In this paper we will restrict our

attention to cosmologies satisfying this “Asymptotic Past Triviality” requirement.

Turning now to the late time duality-related solution, however, this would pose

serious problems if it could be trusted. In fact, at late times the dual solution to

(4.1) is given by:

ϕ ∼
(√

d− 1
)
ln(t), H =

1√
d t

, t→ +∞ , (4.2)

so that the curvature goes to zero also in the far future but the coupling, instead,

blows up. That means that, while we could trust the tree-level, low-curvature

approximation in the far past, we cannot do the same in the future even if a regular

bounce induced by the α′ corrections copes with the high-curvature intermediate

phase. Even if the coupling decreases during the short-lived bounce (as it indeed

happens in the solutions discussed in [93]), eventually it will increase without

limits implying that string loop corrections –and even non-pertubative effects–

will eventually come into play (when exactly depends of course on the initial

data).

3This is is due to the presence of two classical symmetries resulting in as many arbitrary
integration constants [98].
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These corrections break the duality symmetry, making the post-bounce evolution

quite unlike its pre-bounce counterpart. Two important consequences come im-

mediately to mind: i) the generation of a non-trivial dilaton potential, and ii)

the turning on of cosmological perturbations and particle production. A third

one, more typical of string theory, is the possible stabilization of the extra spa-

tial dimensions (in which strings necessarily live) and the isotropisation of our

three-dimensional space.

In this paper we move a first step in the direction of addressing these impor-

tant problems by considering, on top of the α′ corrections, the effects of a non-

perturbative dilaton potential V (ϕ). We shall discuss, via both numerical and

analytical methods, under which conditions these effects result in a stabilisation

of the dilaton and in new kinds of interesting cosmologies at late times. It should

be recalled, in this context, that the unavoidable presence of a non perturbative

potential in a scenario with growing dilaton, and its possible stabilisation effects

on both the curvature and the string coupling, were considered also in previous

papers (see e.g. [101–104] and references therein). In that case, however, the

higher order α′ corrections were missing, and the conclusion was that there was

no stable fixed point with frozen dilaton towards which a background starting from

the string vacuum could be attracted. Here we will show how such a conclusion

may change if we work with the HZ-modified string cosmology equations.

The rest of the paper is organized as follows: In Sect. 4.2 we generalize the ap-

proach of [93] by including a non vanishing dilaton potential. We will also make

more precise the meaning of the “Hamiltonian” reformulation introduced in [93]

by connecting it to the so-called Routhian approach to dynamical systems in clas-

sical mechanics [105]. In Sect. 4.3 we shall discuss, for the duality-invariant case

with V (ϕ) = 0, some general properties of regular isotropic bouncing solutions,

extending the results of [93] to more complicated evolutions, and arguing that they

all belong to the same topological class of background geometries. In Sect. 4.4,

we will consider the effects of a dilaton potential in the isotropic case. We first

discuss (Subsect. 4.4.1) the case of a potential with a local minimum V0 = 0 and

show that, under suitable initial conditions given in the regime of low-curvature

pre-big bang inflation, there are regular solutions which, after the bounce, asymp-

totically approach a FLRW attractor of matter-dominated type with a stabilized

dilaton. We then consider (Subsect. 4.4.2) the case of V0 > 0, in which similar

initial pre-big bang conditions lead again to late-time dilaton stabilisation, but
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with an associated geometry describing a de Sitter inflationary phase (in both the

String and Einstein frames because of dilaton’s stabilization). In Sect. 4.4.3 we

discuss the range of initial conditions compatible with these final attractors. In

Sect. 4.5 we extend our considerations to the anisotropic case showing that late

time attractors with a constant dilaton (and both V0 = 0 and V0 > 0), when

they exist, must be isotropic. Sect. 4.6 summarizes our results and offers some

concluding remarks. Finally, in Appendix A, we present an example of solution in

which the initial perturbative evolution ends up, at late times, in its time-reversed

counterpart.

4.2 Basic equations in a Routhian formalism

We shall write our equations in terms of the background fields defined in the so-

called String frame (see e.g. [21]), in which the O(d, d) symmetry is manifest.

Limiting ourselves to the gravi-dilaton system with time-dependent field variables

{ϕ, gµν} and a d-dimensional spatially flat (but possibly anisotropic) spatial metric,

we thus set ϕ = ϕ(t), g00 = N2(t), gij = −δij a2i (t), where ai = eβi .

In such a case, by using the convenient “shifted dilaton” variable, defined by

ϕ = ϕ−
∑
i

βi, (4.3)

the effective action for the string cosmology equations, including higher-curvature

string corrections to all orders in α′, as well as a non-perturbative dilaton potential

V (ϕ), can be written, slightly extending [76], as:

S ≡
∫
dtL = −1

2

∫
dtNe−ϕ

[
N−2 ϕ̇

2

+ F
(
N−1β̇i

)
+ 2 (α′)(d−1)/2V (ϕ)

]
,

F = −N−2
∑

β̇2
i +O(α′) + . . . , (4.4)

where the dot denotes time derivatives4. Here N−1β̇i = Hi is the ith-Hubble

parameter, and the function F (Hi) in the isotropic case reduces to the function

introduced in [76]: it can be written as an infinite (and not necessarily convergent)

4Note that, besides the presence of V , there is also an overall factor (−1/2) w.r.t. the action
used in Ref. [93].
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series of even powers of the Hubble parameter, and includes, in principle, the all-

order α′ corrections predicted by a given string model5. Note that, in order to

keep the usual dimensions for V , and to make it appear in the action with the

same dimensions as the kinetic terms, we have multiplied V by (α′)(d−1)/2. In

the following, when α′ is not explicitly written, we shall be using units in which

α′ = 1.

By varying the action (4.4) with respect to N , βi and ϕ, and defining fi = ∂F/∂Hi,

we obtain the following Euler-Lagrange equations in the cosmic-time gauge N = 1:

ϕ̇
2

= F−
∑
i

fiHi+2V, ḟi = fi ϕ̇+2
∂V

∂ϕ
, 2 ϕ̈ = −

∑
i

fiHi+2
∂V

∂ϕ
. (4.5)

To zeroth order in α′ one has F = −
∑
H2
i , and recovers the well known (see e.g.

[20, 21]) tree-level low-curvature string cosmology equations.

In such a context, for any given function F (Hi) we have a corresponding scenario

of string cosmology evolution. However, as shown in [93], the models characterized

by a regular bouncing transition, and describing a smooth evolution from the pre-

to the post-big bang phase, must correspond to non-holomorphic functions F (Hi)

that satisfy, on top, quite complicated equations. To select such models it is better

to work with the inverse functions Hi(fj), which gives the Hubble parameters Hi

as a power series in fj = ∂F/∂Hj.

To this purpose, as shown in [93], one can conveniently adopt a “partial Hamil-

tonian” approach to the action (4.4) (also known as Routhian approach in a clas-

sical mechanics context, see e.g. [105]), and perform a Legendre transformation

on just a subset of the original coordinates N, ϕ, βi, in our case on just the latter

d Lagrangian coordinates βi. Denoting by πi the momentum conjugate to βi one

defines:

πi =
∂L

∂β̇i
= −1

2
e−ϕ

∂F

∂Hi

= −1

2
e−ϕfi ≡ e−ϕzi, (4.6)

where we have introduced, for later use, the more useful rescaled momenta zi =

−fi/2. The associated Legendre transformation defines the so-called Routhian

5These are only known, unfortunately, at a relatively low order. In the spirit of the pre-big
bang scenario we have not included a string-scale-size “cosmological constant” which arises in
non critical dimensions (e.g. for d ̸= dc = 9 for the superstring) by simply assuming that (dc−d)
compact dimensions are flat and frozen at the string length scale.
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R(N, ϕ, πi)

R(N, ϕ, πi) =
∑
i

πi β̇i − L

= Ne−ϕ

[
1

2
N−2 ϕ̇

2

+
1

2

(
F −

∑
i

β̇i
∂F

∂β̇i

)
+ V

(
ϕ+

∑
i

βi

)]
,

∂R
∂πi

= β̇i , (4.7)

where the latter equation is to be used to express β̇i in terms of the πi. Introducing,

as in [93], a reduced “Hamiltonian” h(zi), the above two equations can be rewritten

as

R(N, ϕ, πi) = Ne−ϕ

[
1

2
N−2ϕ̇

2

+ h(zi) + V

(
ϕ+

∑
i

βi

)]
,

h(zi) ≡
1

2

(
F −

∑
i

β̇i
∂F

∂β̇i

)
=

1

2

∑
z2i +O(α′) + . . . ,

∂h

∂zi
= Hi . (4.8)

Note that the last equation for Hi = N−1β̇i basically inverts the functions fi =

fi(Hj), giving Hi = Hi(zj) = Hi(−1
2
fj).

Hence, in this new context, a given model is specified by the choice of h(zi) and of

V (ϕ), and equations (4.5) can be rewritten in Routhian language as a combination

of the Euler-Lagrange equations for N and ϕ and the Hamilton equations for βi,

πi, namely ∂R/∂πi = β̇i , ∂R/∂βi = −π̇i. Using (4.6), and after setting at the end

N = 1, these equations can be finally rewritten in terms of zi as:

ϕ̇
2

= 2h(zi) + 2V, żi = zi ϕ̇−
∂V

∂ϕ
, ϕ̈ =

∑
i

zi
∂h

∂zi
+
∂V

∂ϕ
, (4.9)

where, as usual, the first equation (the Hamiltonian constraint) together with the

second set imply the last equation. These are the equivalent of equations (4.5) in

the Routhian formalism.

Later in the paper we shall deal with cases in which some of the scale factors

coincide. In these cases it is more convenient to deal with just the subset of dis-

tinct scale factors. Let us consider, as the simplest example, the fully isotropic

case, βi = β. We can easily go over from a given model specified by the function

F
(
N−1β̇i

)
to the isotropic case by defining F

(
N−1β̇

)
≡ F

(
N−1β̇i = N−1β̇

)
.



Chapter 4 88

Note, however, that when going to the Routhian written in terms of the mo-

menta π congiugate to β, we get π =
∑d

i=1 πi → dπ1 (where we just picked one

representative πi). The relation:

H =
∂R
∂π

(4.10)

remains of course valid since it is an immediate consequence of the definition of

R. However, it is now more convenient (although not necessary) to define

z ≡ 1

d
eϕπ = − f

2d
, (4.11)

so that z and H coincide to leading order in the α′ expansion Equation (4.10) thus

becomes:

h(z) =
d

2
z2 +O(α′) + . . . ; H(z) =

1

d

∂h(z)

∂z
= z +O(α′) + . . . , (4.12)

which can be used, if necessary, to reconstruct h(z) from H(z). For later use let

us rewrite the Routhian equations (4.9) in the present case:

ϕ̇
2

= 2h(z) + 2V, ż = z ϕ̇− ∂V

∂ϕ
, ϕ̈ = z

∂h

∂z
+
∂V

∂ϕ
. (4.13)

Generalization of the above procedure to the case discussed in Sect. 4.5 in which

βi = β for i = 1, . . . , d and βi = β̃ for i = d + 1, . . . , d + n is straightforward.

The general equations (4.9), (4.13) will be the starting point of our subsequent

discussion.

4.3 More on regular isotropic bouncing solutions

with V ≡ 0

In this section we shall recall a few results concerning exact bouncing solutions

of Eqs. (4.13) with α′ corrections but without dilaton potential, and describing

the smooth evolution of a d+1-dimensional isotropic background from the initial

regime of Eq. (4.1) to the final, duality-related post-big bang regime of Eq. (4.2).

We will show, in particular, that the curvature bounce illustrated in [93] can be

implemented also in a generalised (and highly non-trivial) way like, for instance,
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through a phase of oscillating background curvature. However, all possible types of

bouncing backgrounds obtained in this context, irrespectively of their (possibly)

complicated kinematics, always belong to the same topological class in a sense

defined below.

Let us first recall that, as discussed in [93] for the V = 0 case, the possible

existence of regular bouncing solutions is controlled by the analytic properties of

the function h(z) and its associated “companion” in Eq. (4.12),H(z) = −H(−z) =
(1/d)(∂h/∂z). For a regular bounce to occur we must require that h(z), which

grows from zero to positive values for z ≪ 1, exhibits a second zero at z = z2 (and,

of course, also at z = −z2). Assuming h(z) to be continuous and differentiable,

this implies that H(z) itself vanishes at (at least) one point z0 < z2 and to have

local extrema at various points (z1, . . . ) in that interval.

Simple examples satisfying such conditions (like, for instance, h(z) ∼ (1/2)z2 [1− z2/2])
have been considered and discussed in [93]. There is also, however, the possibility

of more complicated models6 described by a function H(z) which has several ex-

trema (or zeros) in the range {0, |z2|}. Consider, for instance, the model described

by the following effective Hamiltonian:

h(z)

d
= 1− cos z − 2 ϵ

9 π2

[
1 +

(
z2

2
− 1

)
cos z − z sin z

]
, (4.14)

which gives, via (4.12)

H(z) = sin z

[
1 + ϵ

( z
3π

)2]
. (4.15)

By assuming ϵ < 0, and using the constraint ϕ̇ = ±
√
2h following from Eqs. (4.13)

without dilaton potential, we can then obtain the corresponding model of regular

bounce illustrated in the plane {ϕ̇(z),
√
dH(z)} by the parametric plot of Fig. 4.1.

The left panel of Fig. 4.1 is the plot of the curve H(z). The zeros of H correspond

to the values of z at which the curve intersects the horizontal axis, such as ±z0
positions of the points z0, the extrema of H to maxima and minima such as ±z1.
The shaded area subtended by the curve, for both the positive and the negative

range of z, vanishes, such that the points ±z2 marking the end of the shaded

6Some of these models can be excluded a priori by being impossible to realise in string theory.
These includes models in which, at intermediate times or near the bounce, the solution enters
the perturbative region in a way incompatible with the known perturbative effective action.
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Figure 4.1: Left: the blue curve is the function H(z) of Eq. (4.15) for d = 3
and ϵ = −0.5. Along a given branch, positive or negative, the total shaded
area subtended by the curve vanishes. Right: the red curve describes the
parametric plot of a numerical solution of Eqs. (4.13) for the previous H(z)
and for V (ϕ) = 0. The black dashed bisecting lines (satisfying the condition

ϕ̇ = ±
√
dH) represent the asymptotic regimes of initial low-energy expansion

from the string vacuum, and final, post-big bang, decelerated expansion.

region correspond to the intersection of the curve with the vertical axis. Also, the

contribution of ϵ introduces a modulation of the peaks which leads to a series of

alternated local minima and maxima.

This last property is present also in the parametric plot of the right panel, pro-

ducing a series of points where |H| reaches a local maximum or a zero (corre-

sponding to a transition from expansion to contraction or viceversa), even for ϕ̇

non-vanishing. The existence of these peculiar points leads to the “vortex-like”

red curve of Fig. 4.1. Note that the turning points of the parametric curves around

H = 0 and | ˙̄ϕ| ≃ 2.25 are smooth, even though they might look cusps: this is only

due to the overall size of the plot. It should be stressed, finally, that for ϵ→ 0 the

“bottom” of the red curve, corresponding to the point ϕ̇ = 0 which formally marks

the transition from the pre- to the post-big bang regime (i.e. from the right to the

left sector of the parametric plane), tends to approximate the origin from below,

H → 0−. In that case one would just recover an example of the cases mentioned
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in the previous footnote 6, as the solution would follow a low energy trajectory

incompatible with the perturbative string cosmology equations.

The given example clearly displays the possibility of regular bouncing scenarios

described by solutions which are always self-dual in the absence of a dilaton po-

tential, but which may be characterised by a high-energy string phase with rapidly

oscillating Hubble parameter, implying sudden (but smooth) transitions connect-

ing expanding ↔ contracting geometries.

Hence, in this general context, the word “bounce” in no way should be interpreted

as meaning a localised transition from initial contraction to final expansion. More

appropriately, with the word “bounce” we mainly refer in this paper to the absolute

value of the curvature scale, occurring during a possibly extended (in string units)

epoch needed to convert the initially accelerated, growing curvature expansion to

the final decelerated, decreasing curvature expansion.

The class of solutions compatible with this scenario in principle is large, and con-

trolled by the analytical properties of h(z) (whose correct expression should be

provided by string theory). However (in the absence of a dilaton potential), all

such solutions are topologically equivalent with respect to the following geomet-

ric property of the curve describing the given solution in the parametric plot of

Fig. 4.1: the vector connecting the origin to a point on the curve undergoes a

clockwise rotation of 3π/2 as one goes from the beginning to the end of the curve.

The same is true for solutions smoothly connecting a contracting initial phase

to the related final contracting one. The only difference is that the initial and

final parts of the curve lay in the bottom-left and bottom-right sectors of the

plane, respectively, and thus (as already noted in [93]) the rotation occurs in the

anticlockwise direction.

4.4 Regular isotropic bouncing solutions and dila-

ton stabilisation with V ̸= 0

As discussed in the introduction a tree-level string cosmology, even if it implements

a regular bounce, cannot be realistic. As a first step towards making the model

more realistic let us now include into the effective string cosmology equations the

contributions of a non-perturbative dilaton potential V (ϕ), which goes to zero in
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the small coupling limit g2s → 0 (t → −∞) with an instanton-like suppression of

the type V ∼ e−const/g2s , and which becomes non-negligible in the opposite large

time limit, thus breaking the duality symmetry and modifying the final, post-

bounce asymptotic configuration. We may expect, in this way, not only a modified

dilaton dynamics but also a modified final evolution of the cosmic geometry (no

longer necessarily duality-related to that of the initial low-energy solution).

We are interested, in particular, in a “realistic” post-bounce scenario with the

dilaton stabilized at a final constant value ϕ0 such that g2s(ϕ0) = eϕ01, and in

which the asymptotic solution can approach the phase of standard cosmological

evolution described by the Einstein gravitational dynamics (with no need of string

loops and/or α′ corrections). We shall thus consider an effective dilaton potential

which has a local minimum V = V0, needed to stabilise the dilaton, and which

can be parametrised in a phenomenological way (and in units α′ = 1) as follows:

V (ϕ) = Ae−B(ϕ)/β
[(
c2 −B(ϕ)

)2
+ δB(ϕ)

] [
1− q B−1(ϕ)

]
, (4.16)

where

B(ϕ) =
1 + α g2s
α g2s

=
1 + α eϕ

α eϕ
, (4.17)

and where A, c, α, β, δ and q are constant parameters controlling various features

of V .

In particular, A (together with c) controls the overall magnitude of the potential;

B is some kind of inverse ’t Hooft coupling, λ−1
t , in the weak coupling limit (with

α ∼ Nc, the number of colors) while it approaches from above a finite value, here

conventionally set to one, in the strong-bare-coupling limit7.

In the presence of a local minimum of V at ϕ = ϕm, the parameter δ controls

V0 ≡ V (ϕm) i.e. V0 is non-vanishing if and only if δ is non-vanishing (as illustrated

in Fig. 4.2). The position ϕm of the local minimum, if present, is mainly controlled

by c and α, while the parameter β mainly controls the height of the first potential

peak. Also, the asymptotic behaviour of V (ϕ) at large positive values of ϕ depends

7This is the idea of the dilaton runaway scenario [106] (see also [107, 108] for its possible
observable consequences) which is based on the assumption [109] that the limit ϕ → +∞ is
non singular and characterized by finite (and perhaps realistic) values for both the gauge and
gravitational coupling (in string units). However, our simple description of that regime (through
the relation between B and ϕ) is over-simplistic since it ignores the fact that loop corrections,
besides generating a non trivial potential, will also modify the whole kinetic part of the action
[106]. This, in turn, would make the passage from the S-frame to the E-frame more complicated
than in the perturbative regime.
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Figure 4.2: The red curves show an example of dilaton potential asymptot-
ically approaching the maximum at large ϕ values, and obtained from (4.16)
with q = 0. The black curves show an example of “runaway” potential, asymp-
totically going to zero for q = 1 and stabilising to a non-vanishing constant
value for 0 < q < 1. Solid curves are plotted with δ > 0, and are characterised
by a local minimum V0 > 0. Dotted curves correspond to the same potential
plotted however for δ = 0, and with a local minimum V0 = 0. All curves are
plotted for c = 2, α = 10. We have used A = 0.22, β = 3.5 for the red curves,

and A = 1, β = 2.5 for the black curves.

on the parameter q: for q ≤ 0 the potential approaches there its maximal constant

value; for 0 < q < 1 the potential approaches from above a non-vanishing positive

constant8. Finally, for q = 1 the potential is asymptotically vanishing thereby

realizing the so-called “dilaton runaway scenario” of [106] (see also [107, 108]).

Fig. 4.2 gives a simple qualitative illustration of the various possible cases.

The specific “shape” and the amplitude of the potential strongly depend on the

numerical values of the various phenomenological parameters, and the values used

in Fig. 4.2 have been chosen mainly for the purpose of a clear graphical illustration

of the possible differences. What is important to stress is that, depending on

the values of such parameters (and on the initial conditions which identify the

particular background whose evolution we are following from the asymptotic, low-

energy regime), the potential may significantly affect the background evolution

not only during the bounce, but also, and most important, in the final asymptotic

post-bouncing regime. In addition, as we shall see below, the dilaton’s evolution

is best understood in the E-frame, in which it behaves like a minimally coupled

scalar, while the potential in (4.16) refers to the S-frame. We stress again that the

well known connection between the two frames in the perturbative regime can be

8Such a constant is negative if q > 1, but since in this paper we are mainly interested in a
scenario where the dilaton growth is trapped by the potential (see below) without reaching the
large ϕ regime, it will be enough to concentrate our discussion on the range 0 ≤ q ≤ 1.
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strongly modified at large positive ϕ in the runaway scenario of [106]. This being

said we may expect, in general, three possible late-time dilaton evolutions.

The first case is the one in which the potential is unable to substantially modify the

overall dilaton evolution: the dilaton keeps monotonically growing both before and

after the bounce, and (with the appropriate model of α′ corrections) we recover a

regular transition from the expanding pre- to post-bang regime like in the cases

with no potential (see [93] and Sect. 4.3). This will typically happen if the overall

scale A of the potential is small enough as compared to the value of H and ϕ̇

when the dilaton is in the region of sizeable potential. Describing the late time

physics corresponding to that case is not simple and will depend on whether the

Einstein-frame potential falls asymptotically to zero, to a positive constant, or

even grows indefinitely. Since the passage to the E-frame is not simple at large

bare coupling, we shall postpone this case to some future work.

The second case is the one in which the potential is high enough to stop the

growth of dilaton, and the dilaton bounces back towards the small coupling regime,

monotonically approaching the asymptotic limit ϕ → −∞: in that case the final

background configuration after the bounce is exactly the time-reversed of the

initial one, thus implementing a (new type of) regular bounce from expanding

pre- to contracting post-bang regimes (see Appendix A).

Finally, the third (and phenomenologically most interesting) case is the one in

which the dilaton gets trapped in the local minimum of the potential. The rest of

this paper will be devoted to illustrate and discuss this last possibility, which has

three important consequences. With an appropriate choice of the parameters of

Eq. (4.16), the potential can produce i) the stabilisation of the dilaton at a final

asymptotic value ϕ = ϕ0 = const; ii) a final evolution of the metric of standard

type, corresponding to a dust-dominated FLRW geometry if V (ϕ0) = 0 or to a de

Sitter geometry if V (ϕ0) > 0; iii) the isotropisation of the final geometry if we start

from anisotropic initial conditions. The first and second effects will be studied in

this section, where we will concentrate on the case of an isotropic scenario. The

isotropisation phenomenon will be discussed in Sect. 4.5.
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4.4.1 FLRW attractors for a local minimum V0 = 0

For a first illustration of the dilaton stabilisation mechanism we will start con-

sidering an initially expanding (d + 1)-dimensional isotropic background geom-

etry, asymptotically evolving from the string perturbative vacuum according to

Eqs. (4.9), and a dilaton potential given by Eq. (4.16) with δ = 0 (such that

V = 0 at the local minimum ϕ = ϕm, see the dotted curves of Fig. 4.2).

Also, to stress the differences induced by the potential on the evolution of the

background geometry, let us directly present a numerical integration for the same

model of α′ corrections producing the regular bounce first derived in [96]. As shown

in [93], such a model provides a regular solution of the Lagrangian equations (4.5)

corresponding to the inverse HZ function H(f) given by

H(f) = − f

2 d
+ α′

(
f

2 d

)3

. (4.18)

Adopting the Hamiltonian formalism for isotropic backgrounds, and using in par-

ticular Eqs. (4.12) (recalling that in the isotropic case, z = −(f/2d)), we obtain

that the above model is described by the effective Hamiltonian9

h(z) =
d

2

(
z2 − α′ z

4

2

)
, (4.19)

where, unlike in the previous paper [93], we will use units in which α′ = 1.

Starting with this result, we can now easily provide a qualitative illustration of

the dilaton stabilisation (and of the related effects) produced by the potential by

performing a numerical integration of Eqs. (4.13), for any given model of potential

specified by the parameters of Eq. (4.16). We shall consider, to this purpose, a

simple example of runaway potential with q = 1, but the results we are present-

ing can be reproduced for other classes of potentials with 0 ≤ q < 1, and with

different asymptotic behaviour (see Fig. 4.2). It should be stressed, however, that

the value of q (and of other parameters) may be relevant to define the region of

initial conditions compatible with the attraction to the final regime with stabilised

dilaton, as we shall discuss in Sect. 4.4.3.

9The expression given in Eq. (4.19) matches, up to the first α′ correction, the expression of
F (H) for the heterotic string [82].
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Figure 4.3: The red curve describes the parametric plot of a numerical solution
of Eq. (4.9), with the potential (4.16) and the Hamiltonian (4.19). We have set
d = 3 and α′ = 1 for the Hamiltonian, A = 0.1, α = 10, β = 3, c = 2, δ = 0,
q = 1 for the potential, and ϕ = −3.5, z = 0.01 for the initial conditions. The
black dashed half-line corresponds to the initial trajectory evolving from the

string perturbative vacuum and described by Eq. (4.1).

We shall impose on our initial conditions, fixed in the region where the dilaton

potential (and the α′ corrections) are still negligible, to satisfy the low energy pre-

big bang equations ϕ̇ =
√
dH. The numerical solution we obtain, with appropriate

(small enough) values of the initial condition for ϕ and z, gives then the results

illustrated by the parametric plot of Fig. 4.3. As already stressed we have chosen a

potential with δ = 0 and q = 1, and the numerical values of the other parameters

are specified in the caption of the figure.

Note that we find again a regular bounce, described by a smooth curve turning

clockwise in the plane of the figure (as repeatedly stressed in [93]). With respect

to the case without potential, however, the curve describes a “deformed heart-

like” path (no longer symmetric with respect to the vertical axes), and we have

two types of deformations. A first deformation occurs in the pre-bounce regime

(the upper right quadrant of the figure), where the effects of the potential first

come into play (together with those of the α′ corrections). The physically more

significant deformation occurs however in the final, post-bounce regime (upper left

quadrant), corresponding to a drastic change of the dilaton dynamics because of
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Figure 4.4: Time evolution of H (red curve) and ϕ (black curve) for the
same numerical solution of Fig. 4.3. The black dashed curve describes the
(unbounded) growth of the Hubble parameter for the low-energy pre-big bang

solution of Eq. (4.1).

its trapping in the potential minimum. The produced result is an oscillating final

regime, as shown in Fig. 4.3.

The final asymptotic effect of dilaton stabilisation and background oscillations

can be explicitly illustrated also by plotting the time behaviour of the numerical

solution for H(t) and ϕ(t). The result, shown in Fig. 4.4, again emphasises the

differences between the initial and final regimes which (because of the potential)

are no longer duality related.

The dilaton stabilisation and oscillation effects are even more evident if we consider

the parametric plot of H = H(ϕ), or its 3d-version (i.e. the same parametric plot

expanded as a function of time). Limiting our attention to the final, post-bounce

regime we obtain the results shown, respectively, by the left and right sectors

of Fig. 4.5. They clearly show that the oscillating background approaches an

oscillating regime where the dilaton asymptotically reaches a final (constant, non

vanishing) value ϕ0 < 0, and the Hubble parameter is asymptotically decreasing

to zero.

To obtain a more precise information on the type of final geometry and show,

in particular, that it describes a phase of standard (FLRW type) evolution (and

not a post-big bang evolution of the string cosmology type), it is convenient to

discuss the analytical solutions of Eq. (4.13) in the late-time regime where the

final asymptotic value of the dilaton ϕ0 coincides with the position of the local

minimum ϕ0 = ϕm, the trapped dilaton is oscillating around ϕm, and the potential
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Figure 4.5: Left: two dimensional parametric plot of H = H(ϕ). Right: its
three-dimensional version with explicit time evolution, H(t) = H[ϕ(t)], for the
numerical solution of Fig. 4.3. In the three-dimensional plot the variablesH and
ϕ have been multiplied by 103 for a better graphic illustration of the damped

oscillations regime.

can be approximated in functional form as:

V (ϕ) ≃ 1

2
m2 (ϕ− ϕm)2 . (4.20)

If the potential (4.16) has a local minimum, and if δ = 0, then the minimum

V0 = 0 is located at ϕm = − ln[α(c2 − 1)]. In such a case, by expanding V (ϕ) up

to second order around ϕm, we can also find the value of m2 in terms of the other

parameters, and we obtain m2 = (2A/c2)(c2 − q)(c2 − 1)2 exp(−c2/β).

We also note that, at late enough times (depending on the given initial condi-

tions), the curvature scale is small enough (in units α′) so that the higher order

α′ corrections can be neglected. With these approximations, the equations (4.13)

can be rewritten as (
ϕ̇− dH

)2
= dH2 +m2 (ϕ− ϕm)2 ,

Ḣ = H
(
ϕ̇− dH

)
−m2 (ϕ− ϕm) ,

ϕ̈ = d Ḣ + dH2 +m2 (ϕ− ϕm) . (4.21)
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Looking for oscillating solutions, compatible with the asymptotic limit ϕ = ϕ0 =

ϕm and H = 0 for t→ +∞, we set:

ϕ(t)− ϕ0 ≃
M

tγ
sin(ωt+ θ) (4.22)

(where θ is an arbitrary phase parameter), and we find that the above equations

(4.21) are satisfied, to leading order in 1/tγ, provided that γ = 1, ω = m
√
d− 1,

and

H(t) =
1

t

Mω√
d (d− 1)

[
1 +
√
d cos(ωt+ θ)

]
. (4.23)

Finally, by expanding our solution for small values of M and Ṁ/Mω, we find

at the first sub-leading order that Mω ≃ 2(d − 1)/
√
d, and that our asymptotic

solution can be written as:

ϕ(t) = ϕ0 +
2(d− 1)

t ω
√
d

sin(ωt+ θ),

H(t) =
2

t d

[
1 +
√
d cos(ωt+ θ)

]
. (4.24)

We have checked that the percent difference between these analytical expressions

and the previously presented numerical solutions is very small (≲ 10−7) at large

times.

Note that the time-averaged behaviour of the geometry gives ⟨H⟩ ≃ (2/d)t−1,

corresponding to a scale factor a(t) ∼ t2/d, which exactly reproduces the time

evolution of a standard, dust-dominated, FLRW cosmology. The role of the effec-

tive dust fluid, in this case, is played by the oscillating dilaton, which produces a

phase of final post-bounce evolution very similar to the dust-like phase of post-big

bang evolution dominated by the oscillations of the Kalb-Ramond axion (see e.g.

[110, 111]).

What may look surprising, however, is that the oscillations in (4.24) have a large

and constant amplitude (relative to the non-oscillating term) forcing H(t) take

both positive and negative values10. This is due to the fact that, as already

mentioned, the dilaton does not behave in the string frame as a minimally coupled

scalar. On the other hand, we might have expected that the stabilisation of the

dilaton leads to the asymptotic identification of the S and E-frames.

10We are grateful to Robert Brandenberger and Jerome Quintin for having raised this point.
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The computation of the E-frame Hubble parameter (see e.g. [60]) gives, from

Eq. (4.24) (and in terms of the S-frame cosmic time t):

HE(t) = eϕ/(d−1)

(
H − ϕ̇

d− 1

)
≡ 2

t d
eϕ/(d−1) . (4.25)

We find again the dust-like behaviour, HE ∼ (2/d)t−1, but this time with very

small and damped oscillations due to the presence of ϕ(t) in the exponential

factor. For ϕ → const, the E-frame time coordinate is simply given by tE =

t exp[−ϕ/(d− 1)], and one exactly recovers dust dominated evolutionHE = 2/(tE d).

In other words, even if the dilaton has damped oscillations, the passage to the Ein-

stein frame is important for it to behave like a genuine minimally-coupled massive

scalar.

Let us finally discuss, for the above given potential, the range of initial conditions

compatible with the scenario we have discussed, i.e. the trapping of the dilaton

in the V0 = 0 minimum and the final associated regime of standard (dust-like)

cosmic evolution. In particular, we would like to find out whether or not such

initial conditions are highly fine-tuned.

In the isotropic case (see Sect. 4.5 for the extension to anisotropic cosmologies)

the initial conditions consist of giving ϕ, ϕ̇ and H at some initial time t0 in the

far past. However, for any given model (i.e. for a given h and V ) the Hamiltonian

constraint (i.e. the first of Eqs. (4.13)) can be used to fix the initial value of

ϕ̇ in terms of the other two. Furthermore, assuming that the evolution starts

at sufficiently small coupling eϕ, where V is absolutely negligible, the second of

Eqs. (4.13) implies the conservation law e−ϕz = κ−1, namely:

eϕ = κ z(ad) ∼ κz(
√
dH)

√
d ∼ κ (

√
dH)1+

√
d ∼ κ (

√
d z)1+

√
d , (4.26)

with κ a constant and the various approximate relations becoming exact in the

t → −∞ limit. This means that changing κ does change the initial conditions.

Instead, changing ϕ and H (or z) while keeping κ fixed, amounts physically to the

same initial conditions simply referred to a shifted initial time. In other words,

we expect the basin of attraction to the FLRW late time solution to be one-

dimensional. It is given by some interval(s) in κ, a physical quantity given by a

suitable combination of the coupling constant and curvature that remains constant

during the very early time evolution. See in particular sect. 4.4.3 for a discussion
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of the basin of attraction towards a final regime of stabilised dilaton, decreasing

curvature and decelerated expansion illustrated in this subsection.

4.4.2 de Sitter attractors for a local minimum V0 > 0

Another interesting cosmological scenario, still describing a regular bouncing evo-

lution from the string perturbative vacuum but approaching a different final con-

figuration, can be obtained with a slight modification of the dilaton potential used

in the previous section.

Starting again with the general form (4.16) of V (ϕ), but including also the con-

tribution of a (small) non-vanishing parameter δ, one finds that, in the pres-

ence of a local minimum, the latter is still approximately located for small δ at

ϕ = ϕm ≃ − ln[α(c2 − 1)] (as illustrated in Fig. 4.2), but the associated po-

tential energy is in general non-vanishing. In the limit δ ≪ 1, by computing

the potential at the above minimum to first order in δ , we obtain in particular

V0 = V (ϕm) ≃ Aδ(c2 − q) exp(−c2/β).

Such a difference is important because the local minimum responsible for the

dilaton stabilisation mechanism also controls the asymptotic value of the post-

bounce Hubble parameter, and for δ > 0, V0 > 0 one finds that the background

geometry approaches a final phase of standard de Sitter evolution. In that case, as

we shall see, the final value ϕ0 of the dilaton no longer coincides with the position

of the local minimum, i.e. ϕ0 ̸= ϕm.

In order to illustrate the qualitative aspects of this modified scenario it may be ap-

propriate to present, first of all, the results of a numerical integration of Eqs. (4.13)

using for h(z) exactly the same model of α′ corrections as in the previous sec-

tion 4.4.1, and specified by Eq. (4.19). In such a way all differences are only due

to the modified potential, and in particular to the new contribution of a parameter

δ ̸= 0.

We shall impose initial conditions satisfying as before the low-energy pre-big bang

dynamics, specified (for t → −∞) by the constraint ϕ̇ =
√
dH. The numerical

integration of Eqs. (4.13) with the particular value δ = 0.04 then gives the result

illustrated in Fig. 4.6. The left sector shows again a regular curvature bounce

from the pre- to the post-big bang regime, similar to the case considered in the

previous section and illustrated in Fig. 4.3. The differences from that case are all



Chapter 4 102

expanding pre-bb

-1.0 -0.5 0.5 1.0 1.5 ϕ


-2

-1

1

d H

-3.55 -3.50 -3.45 -3.40 -3.35 -3.30
ϕ

-0.05

0.00

0.05

0.10

0.15

d H

Figure 4.6: Left: the red curve describes the parametric plot of a numerical
solution of Eq. (4.13), with the potential (4.16) and the Hamiltonian (4.19)
(with α′ = 1 and d = 3). Differently from the previous figures we have set
δ = 0.04 ̸= 0 to have a non-vanishing V0 at the local minimum, and β = 1,
A = 1 (to simplify the graphics). All the other parameters are the same as
in the figures of Sect. 4.4.1: α = 10, c = 2, q = 1, and the initial conditions
are z = 0.01 and ϕ = −3.65. The black dashed half line describes the initial
trajectory evolving from the string perturbative vacuum, as in Fig. 4.3. Right:
Parametric plot H = H(ϕ) for the same numerical solution, in the asymptotic

range of large positive times.

concentrated in the final post-bounce regime (upper-left quadrant), showing that

now the background oscillations due to the stabilisation of the trapped dilaton are

no longer approaching the origin of the axes {ϕ̇ = 0, H = 0}, but a new asymptotic

(de Sitter) limit with H = H0 = const, and H0 > 0.

These oscillations around the new final attractor {ϕ0, H0} are more clearly shown

if we concentrate our graphic analysis on the post-bounce region of large positive

times, as illustrated by the parametric plot H = H(ϕ) presented in the right sector

of Fig. 4.6, where we have used the previous numerical solution in the range t > 0.

The final value of H0 is controlled by the value of the parameter δ in the dilaton

potential, and for δ → 0 one recovers the FLRW scenario with H → 0 discussed in

the previous section (see Fig. 4.5). For our illustrative purpose we have plotted a

numerical solution with δ = 0.04, but it should be stressed that, for small enough

δ, the curvature scale H0 of the final de Sitter regime can be fixed at values

arbitrarily smaller than the string scale (H0 ≪ λ−1
s ), thus avoiding the need of
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taking into account α′ corrections for an analytical description of this regime11.

Another important difference from the case with δ = 0 (not so evident, even if we

compare the right plot of Fig. 4.6 with the similar one of Fig. 4.5), is that the final

value of the stabilised dilaton, ϕ = ϕ0, no longer coincides with the minimum of

the potential, ϕ = ϕm = − ln[α(c2 − 1)]. A better illustration of this effect can

be obtained by plotting the time evolution of H(t) and ϕ(t), shown in Fig. 4.7.

The first plot shows that the final value of H0 is non-vanishing, while the second

plot clearly shows the difference between the stabilised value ϕ0 and the position

of the local minimum ϕm.
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Figure 4.7: Time evolution of H(t) and ϕ(t) for the same numerical solution
of Fig. 4.6. The final asymptotic regime is characterised by a constant value of

H0 > 0 and a constant dilaton ϕ0 ̸= ϕm.

For an analytical discussion of this scenario in the final asymptotic regime and,

in particular, for a physical interpretation of the difference between ϕ0 and ϕm,

let us now consider Eqs. (4.13) in the large time limit where we can neglect α′

corrections. By evaluating such equations at the final attractor position, where

ϕ = ϕ0, H = H0, ϕ̇ = 0 = Ḣ, we than obtain the conditions

dH2
0 = −

(
∂V

∂ϕ

)
ϕ0

, d (d− 1)H2
0 = 2V (ϕ0). (4.27)

11In any case, the value of H0, and then of δ, cannot be too high (δ ≪ 1), otherwise it is
unlikely for the dilaton to be trapped in a final stabilised configuration.
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They clearly show that i) for a non-vanishing value of H0 the final stabilised

dilaton ϕ0 cannot be localised at the potential minimum ϕm (where ∂V/∂ϕ = 0);

conversely, ii) if the final attractor coincides with the minimum position, ϕ0 =

ϕm, then we cannot avoid the final regime of standard evolution with decreasing

curvature and a final value H0 = 0 (consistently with the second equation (4.27)

and with the fact that, as discussed in Sect. 4.4.1, in such a case the potential at

the minimum is vanishing, V0 ≡ V (ϕ0) = V (ϕm) = 0).

Combining the two equations (4.27) we also obtain a condition on ϕ0 which can

be written as [
∂

∂ϕ

(
V e

2ϕ
d−1

)]
ϕ=ϕ0

= 0, (4.28)

showing that the stabilised value ϕ0 corresponds to the minimum of an “effective”

potential Ṽ ∼ V exp [2ϕ/(d− 1)]. Interestingly enough, and consistently with the

scenario of a stabilised dilaton, Ṽ (ϕ) is nothing else that the dilaton potential for

the action (4.4) written in the E-frame (see e.g. [60]). This is, as in the case

of V0 = 0, a consequence of the dilaton being a minimally coupled scalar only

in the E-frame. We stress that the above effective potential contains an explicit

dependence on the number of spatial dimensions, and this, as already noticed,

may affect the late-time post-bounce evolution of the gravi-dilaton background.

The difference between ϕ0 and ϕm can be analytically estimated (again, in the

asymptotic regime of low enough curvature scales corresponding to V0 ≪ 1, δ ≪ 1)

by perturbatively expanding the potential around the minimum as

V (ϕ) = V0 +
m2

2
(ϕ− ϕm)2 . (4.29)

By inserting this expression into the condition (4.28), and solving for ϕ0, we obtain

(to first order in V0/m
2)

ϕ0 ≃ ϕm −
2V0

m2(d− 1)
+O

(
V 2
0

m4

)
. (4.30)

On the other hand we recall that for our potential (4.16), and for small values of

δ, we have V0 ≃ Aδ(c2− q) exp(−c2/β). By computing m2 = (∂2V/∂ϕ2)ϕ=ϕm , and

expanding the ratio V0/m
2 in powers of δ we obtain

V0
m2

= δ
c2

2 (c2 − 1)2
+O(δ2), (4.31)
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so that for δ ≪ 1 we have also V0/m
2 ≪ 1. In this approximation we can then

obtain an analytical estimate of the de Sitter curvature scale H0 in terms of V0

and we find, from Eqs. (4.27), (4.30):

H0 ≃
[

2V0
d (d− 1)

]1/2 [
1 +O

(
V0
m2

)]
. (4.32)

The range of initial conditions compatible with a final attractor corresponding to

a stabilised dilaton and a final de Sitter geometry will be discussed in Sect. 4.4.3.

The only difference from the previous case is that δ ̸= 0 and V0 ̸= 0.

4.4.3 A numerical study of the initial conditions

Here we provide a numerical study of the initial conditions that are necessary

for reaching a post-bounce phase with a stabilised dilaton. To this purpose we

restrict ourselves to the approach presented at the end of Sect. 4.16 with the

potential given in Eqs. (4.16) and (4.17) in which, we recall, we have set α′ = 1.

We also limit the discussion to the case d = 3 although similar conclusions hold

for generic d.

For the numerical code we set the initial conditions at zin = 0.01 and have checked

that, as long as zin ≪ 1, the results are independent of zin provided we keep κ

fixed. We will then discuss how the allowed range of κ compatible with a stabilised

dilaton varies as a function of A, β and q while keeping fixed values for the other

parameters i.e. α = 10, c = 2 and δ = 0.01. Concerning this last choice, we

anticipate that the attraction basins do not appreciably change if δ = 0, so that

the same discussion can be applied also to the case V0 = 0, corresponding to the

FLRW post-bouncing phase of Sect. 4.4.1. On the other hand, if δ is so large

that the local minimum has a height comparable to the peaks of V , the basin of

attraction can be considerably reduced.

Our first results are shown in Fig. 4.8, where we have considered the runaway

potential with q = 1 and varied β and A. The range of κ leading to a stabilised

dilaton is illustrated by the blue regions reported in the figure, showing that the

lower the magnitude of the potential, the larger is the basin of attraction.

In particular, for A = 0.01, κ may vary of about two orders of magnitude when

β = 3. This roughly corresponds to an initial amplitude of the dilaton in the
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Figure 4.8: The blue regions represent the basins of attraction for a post-
bounce phase with stabilised dilaton, with the initial condition z = 0.01 and
κ ranging as a function of β. We have adopted a dilaton potential (4.16) with
V0 > 0 and fixed the parameters of the potential to be α = 10, c = 2, δ = 0.01
and q = 1. The magnitude of the potential, controlled by A, varies from smaller

(left) to higher (right) values.

range ϕ ∈ [−15,−9.5]. This range drops dramatically to ϕ ∈ [−14.6,−13.6] when
A increases to 0.5. This case also exhibits a shift of the peak value of β to the

lower value β = 2.

To give an alternative discussion, in Fig. 4.9 we have set β = 3 and varied κ as a

function of A and q, exploring then the basin of attraction for different behaviours

of the potential in the limit ϕ → +∞. Independently of the value of A, the

general trend is that a larger range of κ is achieved when the runaway potential

tends to vanish at ϕ = +∞. On the contrary, the range of κ is suppressed when

the potential in the same limit reaches its maximum.

Let us finally note that, for d = 3, if the initial value of κ is outside the allowed

range of Fig. 4.9 then the dilaton cannot be stabilised, it “bounces back” to

−∞, and the final background evolution asymptotically corresponds to the time

reversed of the initial one (i.e. to the second one of the three cases mentioned in

Sect. 4.4, and illustrated in more detail in Appendix A). This happens because

for d = 3 the (naively computed) effective potential in the E-frame never goes

to zero as ϕ → +∞. However, for higher values of d, or for different choices of

the potential, the situation can be different and there are two possibilities for a

non-stabilized dilaton: the dilaton runaway scenario (with growing dilaton both

before and after the bounce) corresponding to the first case of Sect. 4.4, and the

previous case of a bouncing dilaton.
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Figure 4.9: The blue regions represent the basins of attraction of the post-
bounce phase with a stabilised dilaton with initial condition z = 0.01 and κ
ranging as a function of q. We have adopted the dilaton potential (4.16) with
V0 > 0 and fixed the parameters of the potential to be α = 10, c = 2, δ = 0.01
and β = 3. The magnitude of the potential controlled by A varies from smaller

(left) to higher (right) values.

This is illustrated in Fig. 4.10, where we have varied the number of spatial di-

mensions keeping fixed A = 0.1 and with all other parameters fixed at the same

values as in Fig. 4.9. The red regions, appearing for d > 3 and lying outside

the attraction basin, correspond to initial conditions leading to a final unbounded

growth of the dilaton.

Figure 4.10: The same as Fig. 4.9, but we have fixed A = 0.1 and varied
the number of spatial dimensions. The blue regions represent the basins of at-
traction of the post-bounce phase with a stabilised dilaton. The red regions
correspond to initial conditions leading to a post bounce phase with unbounded
growth of the dilaton. In the white regions, the final post bounce phase corre-

sponds to the time reversal of the initial one.



Chapter 4 108

4.5 Dilaton stabilisation and isotropisation by α′

corrections and V ̸= 0

In this Section we consider the case of a generically anisotropic initial (pre-

bouncing) cosmology described by a Bianchi-I type metric, and address the ques-

tion of whether, in the presence of a potential, it can also admit late time attractors

with a stabilised dilaton. Furthermore, we can ask whether such attractors, when

they exist, are isotropic. This is, of course, an important question since we do not

want to fine-tune the initial conditions to be isotropic: like in the standard infla-

tionary scenario we would like initial anisotropy to be washed out at late times.

We remind the reader that the low-curvature Kasner-like solutions of string cos-

mology do not have such a property: the ratio between the initial shear and the

volume-expansion rate remains essentially constant in the lowest-order solutions

[112].

Taking into account α′ corrections and a dilaton potential the situation can change.

We know that, in principle, there are multi-trace terms in the original HZ action

(and consequently in our “Hamiltonian” h(zi)). Such terms, by coupling different

Hi’s can mimic effective “viscosity terms”, which are known to be able to wash

out (or limit the growth of) the initial anisotropies (see e.g. [113] and references

therein). However, we have not made yet a systematic study of this possibility,

also because such multi-trace terms are supposed to emerge only at order α′4 (or

higher) in the curvature expansion [76]. Fortunately, late-time isotropisation of an

initial anisotropic metric can also occur as a result of the presence of V (ϕ) alone,

which induces a non-linear dependence upon
∑
βi.

It is known, in fact, that the presence of homogeneous and isotropic sources (like,

for instance, the effective radiation fluid describing the back-reaction of the am-

plified perturbations) may lead to a final asymptotic regime of isotropic expansion

even starting from an initial regime with both expanding and contracting dimen-

sions (see e.g. [114]). In our context the role of the homogeneous source can be

played by the potential energy of the stabilised dilaton, and the implementation

of such an isotropisation mechanism only requires starting from initial conditions

compatible with the final stabilising attractor (see the discussion at the end of

this section). In particular, the following simple result can be obtained from the

relevant equations (4.9):
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Whenever there is a late-time attractor with constant ϕ and zi the at-

tractor must be isotropic, i.e zi = z = z0, and consequently Hi = H = H0.

The proof is simple: If ϕ = ϕ0 = const then ϕ̇ = −
∑

iHi and the last two

Eqs. (4.9) become, in the attractor limit,(∑
j

Hj

)
zi +

∂V

∂ϕ
= 0 ;

∑
i

ziHi +
∂V

∂ϕ
= 0 . (4.33)

The first set of equations tells us already that zi, at the attractor, is independent

of i, which is consistent with the last equation and gives

d z0H0 = −
(
∂V

∂ϕ

)
ϕ=ϕ0

. (4.34)

Then the first of Eqs. (4.9) gives the further constraint:

d2H2
0 = 2 (h)zi=z0 + 2V (ϕ0). (4.35)

The system of equations (4.34), (4.35) (equivalent to the previous Eqs. (4.27) if

the attraction point is located in the low-energy regime) is not over-constrained,

and typically admits a finite number of solutions for ϕ0 and z0, and thus for H0,

once h(zi) is given.

The existence of such attractors is confirmed by a numerical study of Eqs. (4.9).

Under a suitable choice of the potential and of the initial conditions one can find

indeed regular solutions described, in the parametric plane {ϕ̇, Hi}, by smooth

curves (like those of Figures 4.3, 4.6), connecting the initial anisotropic configu-

ration to the same final fixed point attractor. Let us give immediately an explicit

example for an anisotropic, Bianchi-I type gravi-dilaton background whose dy-

namical evolution is controlled by this simple, α′-corrected, effective Hamiltonian:

h(zi) =
1

2

∑
i

z2i − c2
α′

8

∑
i

z4i . (4.36)

For c2 = 2, and in the isotropic d-dimensional limit, we recover the Hamiltonian

(4.19) used in the numerical examples of the previous sections. We also note that

(after taking into account the overall factor −1/2 of difference in the definition of

h) this model of Hamiltonian exactly coincides with the model of anisotropic α′
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corrections presented in Ref.[93] but without the multi-trace term considered in

that paper.

For a better graphical illustration of the numerical solution it is convenient to

consider a potential with a non-vanishing local minimum V0 > 0, so that the final

isotropic attraction point in the {ϕ̇, H} plane is different from the origin. We will

thus consider a potential of the “runaway” type with δ = 0.01, and with all the the

same values of the other parameters as those used in the plot of Fig. 4.6 (except

for the numerical values A = 0.1 and β = 3). Also, we shall work with a d + n-

dimensional space, where d dimensions are expanding with scale factor a1 and n

dimensions are expanding with scale factor a2, imposing, as initial conditions at

t→ −∞, Hi → 0, that the solution satisfies the low-energy pre-big bang equation

dH2
1 + nH2

2 = ϕ̇
2

, with H1 ̸= H2 and H1 > 0 , H2 > 0. In this limit, the solution

can be explicitly written as [? ]

ai ∼ (−t)−γi , γi > 0,
∑

γ2i = 1, Hi =
γi
t
, ϕ ∼ −

(∑
γi + 1

)
ln(−t),
(4.37)

and we can define a constant κ, as in Sect. 4.4.1, which controls the initial condi-

tions and is determined by the initial values of ϕ, H1 and H2 as follows:

κ = eϕ
[
dH1 + nH2√

d+ n

]−(1+d γ1+nγ2)

∼ eϕ
[
d z1 + n z2√

d+ n

]−(1+d γ1+nγ2)

, (4.38)

where the last equality holds in the limit t → −∞, in analogy with what dis-

cussed in the isotropic case. The initial anisotropy is imposed by choosing γ1 =√
(1− n ϵ)/(d+ n) and γ2 =

√
(1 + d ϵ)/(d+ n), satisfying, for any ϵ, the Kasner

condition of (4.37) i.e. dγ21 + nγ22 = 1.

The numerical results are illustrated in Fig. 4.11 for d = 1 and n = 2 (however,

the results is qualitatively the same for different choices of d and n, for instance

d = 3 and n = 6). As clearly shown in the figure, in spite of the very different

(largely anisotropic) behaviour of the d and n spatial dimensions both before and

during the bounce, after the bounce they all converge (after an oscillating epoch)

to the same attraction point, controlled by the dilaton trapped in the potential

minimum. Note that the two parametric curves for H1 and H2 plotted in the

left sector of Fig. 4.11 are not topologically equivalent in the sense explained at

the end of Sect. 4.3, as one is turning clockwise, the other anti-clockwise, in the
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Figure 4.11: Left: parametric plot of a numerical solution of Eqs. (4.9) with
the potential (4.16) and the Hamiltonian (4.36), written for c2 = 2, α′ = 1. We
have assumed an anisotropic configuration with d coordinates with momentum
z1 and n coordinates with momentum z2. The red curve describes the evolution
of the d Hubble parameters H1, the black curve of the n Hubble parameters
H2. The initial anisotropy is specified by ϵ = 0.3 and we have chosen an initial
parameter (see Eq. (4.38)) κ = 0.073. Finally, we have set d = 1, n = 2, and
used the following numerical values for the potential: A = 0.1, α = 10, β = 3,
c = 2, δ = 0.01, q = 1. Right: parametric plot of H1(ϕ) (red curve) and H2(ϕ)
(black curve) for the same numerical solution, in the asymptotic range of large
positive times. The attraction point is localized at H0 ≃ 0.016, ϕ0 ≃ −3.4,

according to Eqs. (4.30)–(4.32).

parametric plane {ϕ̇, H}. This difference from the solutions of Sect. 4.3 is due to

the presence of the dilaton potential.

The final oscillations, as well as the isotropic convergence towards the same final

attractor {ϕ0, H0}, are clearly displayed if we restrict the parametric plots to the

large time limit, obtaining the behaviour of H1(ϕ) and H2(ϕ) illustrated in the

right sector of Fig. 4.11. Given the numerical values of the potential parameters,

and using Eqs. (4.30)–(4.32), we can easily compute the coordinates ϕ0, H0 of the

attraction point, and check that they coincide with the result shown in the figure.

Let us now discuss the basin of attraction for this class of anisotropic backgrounds

following the same discussion presented in Sect. 4.4.3. To this purpose we will use

of the definition of κ of Eq. (4.38) to study the initial conditions in the parametric

plane {ϵ, κ}. For what concerns the potential, following the results obtained in

the isotropic case, we will consider the illustrative example with A = 0.01, α = 10,

β = 3, c = 2 and δ = 0.01, choosing d = 1 and n = 2 for the geometrical shear.

This limit ϵ to range from 0 (isotropic limit) to 0.5 (highest anisotropy) in order
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for the γi’s to be real. The results we obtain are shown in Fig. 4.12 for the cases

q = 0 and q = 1.

Figure 4.12: The blue regions represent the basins of attraction of the post-
bounce phase with a stabilised dilaton and spatial isotropisation in the paramet-
ric plane {ϵ, κ} in 1+2 dimensions. Here we have adopted the dilaton potential
(4.16) with V0 > 0 and fixed the parameters of the potential to be A = 0.01,
α = 10, c = 2, δ = 0.01 and β = 3. We show the separate results for q = 0

(left) and q = 1 (right).

In both cases the basin of attraction remains quite stable, regardless of the ampli-

tude of the initial geometrical shear. The case of a potential reaching its maximum

at ϕ = +∞ (q = 0) looks quite intriguing, since in this case a shift towards slightly

higher and multi-valued regions of κ emerges. However, the overall permitted am-

plitude of κ is quite insensitive to the degree of initial anisotropy: hence, the

mechanism proposed to get a suitable post-bounce phase with a stabilised dila-

tion looks pretty robust to guarantee also a final isotropisation, regardless of the

amplitude of the anisotropy in the pre-bounce perturbative vacuum.

4.6 Summary and outlook

Let us start by summarizing the main results of this paper. We started by making

more precise and general the reformulation given in [93] of the Hohm-Zwiebach

approach to “classical” (i.e at lowest order in the string loop expansion but at all



Chapter 4 113

orders in α′) string cosmology. We did this by appealing to the Routhian formu-

lation of dynamical systems in which part of the degrees of freedom are treated

in a Hamiltonian approach (through the standard Legendre transform) while the

rest of the variables is kept at the Lagrangian level. This approach is known to

be most useful when some of the former degrees of freedom are cyclic variables

leading to corresponding conservation laws. This is precisely the situation for the

d scale-factors of a Bianchi I cosmology to which the HZ treatments applies. We

have also stressed that, in this case, when the Hamiltonian of the system obeys the

conditions spelled out in [93], the regular bouncing solutions preserve a subgroup

of the SFD⊗T global symmetry, unlike the lowest-order singular ones that break

it spontaneously. These regular solutions can be classified as being “self-dual”.

We have then added to the Lagrangian a non-perturbative, local dilaton poten-

tial. In this case, having assumed the principle of “Asymptotic Past Triviality”

formulated in [98], the above-mentioned conservation laws are still valid in the

asymptotic past but are explicitly broken as soon as the potential starts to be felt.

As a result we are still able to give the initial data in terms of the asymptotically

conserved quantities.

After having specified the potential in terms of a few parameters we have studied

numerically, and in certain simple situations analytically, the evolution of the

system at late times. The main results of this analysis can be summarized as

follows:

• The presence of the potential (always taken not exceeding V of order one in

string units) does not seem to affect the existence or non-existence of regular

bounces: this seems to depend essentially only on the form of the kinetic

part of the Hamiltonian as discussed in [93]. Nonetheless, the potential can

affect the cosmological evolution both during and, even more dramatically,

after the bounce.

• For choices of the Hamiltonian leading to a regular bounce, the late-time

cosmology is determined by the shape of the potential and by the initial

conditions. Several cases are possible, not all equally interesting for physics.

• In the isotropic case we have seen three possible behaviors at late time: i)

the dilaton can go through the potential barriers and ends up again in the

same dual asymptotic solution as the one encoutered in the V = 0 case; ii)
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it can be “reflected” by the potential and go back to −∞ (see Appendix A

for details), in which case the final cosmology is just the time-reversal of the

initial one; iii) finally, and most interesting, the dilaton can be stabilized

at the minimum of an effective potential Ṽ (not necessarily identical to the

given V ) and the late time evolution is either a matter-dominated FLRW

decelerating cosmology, or a de-Sitter like accelerated expansion, depending

on the value of the potential at the minimum.

• For anisotropic initial conditions the situation is similar with an extra wel-

come feature: whenever the dilaton is stabilized at late times, the attractor

is isotropic so that the regular bounce, with the help of the potential, washes

out any initial anisotropy.

For the future, several interesting questions remain to be addressed:

• To implement in these scenarios a stabilizing mechanism for the internal

compact dimensions (assumed to satisfy the usual T -duality symmetries).

• To add the Kalb-Ramond Bµν field (possibly in its axionic dual form) in

order to exploit the full O(d, d) symmetry of the HZ action. We recall that

the axion plays an important role in the traditional pre-big bang scenario

via the curvaton mechanism [110, 111]. It is not clear whether, in this new

context, such a mechanism is still needed (see below).

• Computing perturbations in these new scenarios is an important but non

trivial problem since it requires to break the abelian isometries of the ho-

mogeneous solutions. On the other hand, bouncing scenarios, unlike ordi-

nary inflation, do not suffer from a transplanckian problem (see e.g. [115])

so that initial conditions can be given in the perturbative, asymptotically

trivial, regime. In particular, if the final attractor is de-Sitter-like (as in

Sect. (4.4.2)), we may expect various branches in the spectrum of abiabatic

scalar and tensor perturbation (neglecting the isocurvature axionic perturba-

tions discussed in [110, 111]): perturbations going out of the horizon during

the initial perturbative phase of dilaton-driven inflation (leading to a steep

blue spectrum [21]), those coming from the (relatively short) high curvature

bounce and, finally, perturbations generated by the final frozen dilaton de

Sitter phase and expected to be nearly scale-invariant.
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At a more conceptual level we wish to emphasize again the two most important

open issues:

1. Can the Lagrangians, Hamiltonians, or Routhians that implement a regular

bounce correspond to the dimensional reduction of some general covariant action to

the case of an homogeneous background with d abelian isometries? Constructing

such an action, at least perturbatively in the spatial gradients, would be also most

important phenomenologically, in particular for the study of perturbations.

2. This whole approach is deeply routed in the duality symmetries of string theory

but we are still lacking tools for finding out whether the particular duality-invariant

models that looks phenomenologically promising do follow from any specific con-

sistent string theory.
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pGW Spectrum from a minimal

pre-Big Bang scenario

This Chapter reports the result we obtained in [4], not including other primordial

scenarios which are not discussed in this thesis.

5.1 Introduction

Gravitational waves (GWs) are one of the newest and most exciting windows

into the workings of gravity. Thanks to the observation of GWs from binary

systems by the LIGO-Virgo-KAGRA (LVK) network of ground-based interferom-

eters [116, 117], and of a gravitational-wave background (GWB) Ωgw(f) ∼ f 2/3

of possibly astrophysical origin in the International Pulsar Timing Array (IPTA)

[30, 32, 35, 36, 118–120], we have acquired a better understanding of the physics

of neutron stars and black-hole binaries, as well as of the behavior of the gravita-

tional force near these compact objects and of its propagation across cosmological

distances. Both LVK and third-generation instruments such as the Laser Interfer-

ometer Space Antenna (LISA) [22–24, 121], Einstein Telescope (ET) [25, 26] and

DECIGO [27–29] will be able to further probe Einstein’s theory and its extensions

to modified gravity and quantum gravity [122–138].

The detection of a relic primordial GWB [139–141] would be a momentous oppor-

tunity to look into the early universe and the gravitational interaction in extreme

curvature or energy regimes. At the level of fundamental physics it is not easy to

117
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construct robust cosmological models embedded in realistic scenarios of modified

or quantum gravity, and even less so to obtain one such model predicting an ob-

servable signal without invoking an ad hoc matter field dynamics. With a first,

rapid scan of the literature we may find five candidates attempting to fulfill these

characteristics, heterogeneous in terms of robustness and predictive power [133]:

nonlocal Starobinsky inflation [142, 143], Brandenberger–Ho non-commutative in-

flation [144, 145], the S-brane ekpyrotic universe [146–148], string-gas cosmology

[87, 149–153] and multi-fractional inflation [154]. However, only the last four

are possibly able to produce a detectable signal and only crossing the DECIGO

sensitivity curve in the most optimistic cases. A sixth model of quantum grav-

ity, nonlocal and non-minimally coupled with radiation, appeared afterwards with

similar characteristics [136]. Recently, however, a more detailed exploration of the

landscape of quantum and string cosmologies [24] singled out a model with a signal

potentially reaching LISA and the Einstein Telescope, the pre-Big Bng scenario.

The pre-Big Bang model evolving from the string perturbative vacuum, proposed

long ago [20, 21, 69, 155] on the grounds of the string cosmological equations,

which enjoy T -duality [71] and may be characterized by a non-singular bounce

thanks to all-orders (higher-curvature) α′ corrections [5, 93]. This model is based

on the modified gravitational dynamics uniquely fixed, in principle, by the string

unification of all fundamental interactions, at all energy scales including their

quantum limit; however, it also contains phenomenological aspects concerning the

(presently unknown) details of the dilaton dynamics in the strong coupling regime.

In any case, the model above is one among the very few in quantum gravity pos-

sibly able to produce a GWB, arising from the vacuum fluctuations of the metric

tensor, with high enough amplitude in the frequency range of third-generation de-

tectors. The model is characterized by an initial phase of growing curvature scale

(described by a contracting kinematics with the metric of the Einstein frame), pre-

ceding the final decelerated expansion and passing through a non-singular bounce

of spacetime curvature. The presence of accelerated contraction (ȧ < 0, ä < 0,

Ḣ < 0) or of super-inflationary expansion (ȧ > 0, ä > 0, Ḣ > 0) in different metric

frames is responsible for a strong blue tilt in the primordial tensor spectrum (i.e.,

growing with the frequency).

For the model an approximate GWB profile is known (first computed in [72, 73,

156, 157] and recently discussed in [155]). The GWB , however, has not been

studied systematically so far, and the question of whether its signal can reach

LISA, ET or DECIGO remains open. It is the purpose of this Chapter to give an
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answer to these questions and to complement the analysis of [133] done for other

models of quantum gravity with a blue primordial tensor spectrum.

We find that within the theoretically allowed parameter space, the GWB of the

pre-Big Bang model reaches the LISA and ET observational window while re-

specting present bounds. In all plots, we use the latest ET sensitivity curve for

a single 10 km triangular interferometer with a signal-to-noise ratio 1 and a one-

year observation run [26, 158]. To the best of our knowledge, the pre Big-Bang

model and those studied in [133] are the only ones motivated by quantum grav-

ity and generating a detectable GWB directly from the primordial tensor sector.

Recently, another bouncing model was proposed where curvature perturbations

evolving through a bounce can trigger the formation of primordial black holes and

also induce a GWB signal with high amplitude crossing also the LISA and ET

windows [159]. However, we do not consider scalar-induced GWBs here.

5.1.1 Basic formulæ

Primordial GWs can be described by a small set of quantities and observables,

independently of the underlying model. We denote the primordial tensor and

scalar spectra as, respectively, Pt(k) and Ps(k), where k is the comoving wave-

number. From here, one calculates the tensor-to-scalar ratio at any given pivot

scale k = k∗,

r :=
Pt

Ps

, (5.1)

as well as the tensor and scalar spectral indices

nt :=
d lnPt(k)

d ln k
, ns − 1 :=

d lnPs(k)

d ln k
. (5.2)

The current estimate for the scalar amplitude is Ps(k∗) ≈ 2.1×10−9 at the cosmic

microwave background (CMB) scale k∗ = 0.05Mpc−1 [160], while ns = 0.9649 ±
0.0042 at 68% confidence level at the same pivot scale, assuming dns/d ln k = 0

[161, 162]. The upper bound on (5.1) is r(k∗) < 0.036 at the same scale at 95%

confidence level [163].

In general, the amplitude of the GWB is defined as

Ωgw(k, τ0) =
1

ρcrit(τ0)

dρk(τ0)

d ln k
, (5.3)
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where τ0 is the present value of the conformal time τ , defined in terms of the

cosmic time t as τ :=
∫
dt/a(t), where a(t) is the scale factor, ρcrit = 3M2

PlH
2 is

the critical density, M2
Pl = (8πG)−1 is the reduced Planck mass and ρk(τ0) is the

energy density of the k-th Fourier mode of tensor perturbations amplified by the

given model of the early universe and evaluated at the present time τ0. For GWs

generated by tensor perturbations, the GWB spectral shape can be recast as

Ωgw(f) =
k2

12a20H
2
0

Pt(k) T 2(k, τ0)
∣∣∣
k=2πf

, (5.4)

where f = k/(2π) is the GW frequency measured in Hz, a0 is the scale factor

today (a0 = 1), H0 is the value of the Hubble parameter today and T (k, τ0) is

the transfer function encoding how the primordial spectrum evolved after horizon

crossing until today [164–166]. The expressions below are valid for any model

where observable perturbations have re-entered the horizon in the past, either

because they were originally generated inside the horizon and were later expelled

out (e.g., by inflation), or because they were generated outside the horizon in the

first place.

5.2 Minimal pre-Big Bang pGW spectrum

A possible example of primordial tensor perturbations peaked at high frequencies,

with a strongly blue-tilted low-frequency regime of spectrum, is provided by the

so-called Pre-Big-Bang (PBB) scenario [20, 21], based on the scale-factor duality

of the string cosmology equations [71]. Such symmetry is a peculiar property of

string theory, and is a crucial ingredient not only to fix the slope of the primordial

spectrum [72, 156, 157] but also, as confirmed by recent results [5, 93], to imple-

ment a smooth transition from the initial growing curvature (PBB) regime to the

standard regime of decreasing curvature evolution. According to this model, the

evolution of our Universe, characterized by decelerated expansion (at intermedi-

ate times), decreasing temperature and curvature, weak gravitational coupling,

should be preceded in time by an almost specularly symmetric phase of accel-

erated expansion, increasing curvature, increasing density and temperature and

growing coupling. Such a dual counterpart of the present one describes a “pre-big-

bang” evolution from a flat, cold, empty initial state with negligible interactions

to a final high-curvature, high-energy, explosive bounce, marking the transition to
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the more standard cosmological regime (see, e.g., [167] for a recent non-technical

introduction, and [60] for a more detailed and complete discussion).

Here we recall the derivation of the associated GWB in a self-contained way. We

shall introduce the spectral energy density of the relic GW radiation present today

inside our cosmic horizon, and produced by a simple model of PBB scenario which

satisfies all present observational constraints and depends on four constant param-

eters (see also [155]). Two of these parameters control the inflationary growth of

the scale factor and of the string coupling in the high-energy regime preceding the

bounce; the other ones control the beginning and the end of the axion-dominated

phase occurring after the curvature bounce. We recall that the presence of a

dust-like phase dominated by the oscillations of the Kalb–Ramond axion is in

general needed in the PBB scenario to obtain (via the curvaton mechanism) a flat

spectrum of scalar metric perturbations [110, 111].

At present, the first two parameters are largely arbitrary, while the other two may

vary in a rather small range of values. We stress, however, that the dependence of

the amplitude of the GWB on the full set of the above four parameters is given and

discussed, for the first time, in this paper. We have neglected a possible further

parameter, the effective propagation speed of tensor perturbations during the high

curvature string phase, as it seems to have small effects on the energy density of

the GW spectrum.1

Let us now compute the spectral energy density in critical units of the GWB,

eq. (5.3) with k0 ⩽ k ⩽ k1, in such a way that all modes k of eq. (5.3) satisfy the

condition kτ0 >∼ 1 (i.e., they are all inside our present Hubble horizon, k >∼ k0 =

τ−1
0 ). The highest mode k1 = τ−1

1 is the maximum amplified frequency crossing

the horizon just at the end of the phase of PBB inflation. Higher frequency modes

(k ≫ k1) can, in principle, be included into Eq. (5.3), but their amplitude is

exponentially suppressed [169–171] and their contribution to Ωgw is negligible.

For the explicit computation of Ωgw, two comments must be made.

The first is that, even if we are working in general with a higher-dimensional space-

time manifold (an unavoidable choice in the string theory context), we are mainly

interested in the tensor perturbations of the four-dimensional metric, δgµν = hµν ,

assuming that the extra spatial dimensions are today compactified with frozen

1On the contrary, the effective sound speed of scalar curvature perturbations and of axion
perturbations is important for the production of primordial black holes, as discussed, e.g., in
[168] for the PBB scenario.
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dynamics. However, this does not mean that we are neglecting the possible effects

of the higher-dimensional geometry during its initial, non-trivial evolution: in-

deed, all such higher-dimensional contributions will be included into the canonical

equation which controls the dynamics of hµν [21, 60, 155].

The second point is that, as usual, we are interested in the contributions to Ωgw

arising from the cosmological amplification of the quantum vacuum fluctuations

of the metric tensor. This implies that we can describe the amplification of tensor

perturbations as a quantum (or semi-classical) field-theory process of production

of pairs of gravitons from the initial vacuum state (see, e.g., [60]) and we can write,

for each mode k, the differential energy density of the amplified perturbations as

follows:

dρk(τ0) = 2k ⟨nk(τ0)⟩
d3k

(2π)3
=
k4

π2
⟨nk(τ0)⟩ d ln k , (5.5)

where 2 is the number of polarization states and ⟨nk(τ0)⟩ the number density of

produced gravitons at the final epoch τ0. The last equality follows from assuming

an isotropic final distribution.

To obtain ⟨nk⟩ and then Ωgw, we need now to solve the evolution equation for the

Fourier component of the (Mukhanov-Sasaki) canonical variable, vk(τ), defined by

putting in canonical form the quadratic action for the tensor fluctuation mode hk

[12]:

v′′k +

(
k2 − ξ′′

ξ

)
vk = 0 . (5.6)

Here a prime denotes differentiation with respect to the conformal time, vk = ξhk

and ξ(τ) is the so-called “pump field” which controls, according to the above

equation, the dynamics of the perturbation modes in the given background.

In the model we are considering, the background may be approximated as a se-

quence of various cosmic phases, and in each of them the pump field ξ is charac-

terized by a simple power-law behavior. In particular, in the initial PBB regime

−∞ < τ ⩽ −τ1, starting asymptotically from the string perturbative vacuum and

approaching the curvature bounce at τ = −τ1, we have two different phases with

the following (canonically normalized) pump field behavior [155]:

ξ ∼ MPl√
2
(−τ)1/2, τ < −τs ; ξ ∼ MPl√

2
(−τ)β−1, −τs < τ < −τ1 .

(5.7)
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The parameter β describes the high-energy growth of the dilaton and the dynamics

of the internal dimensions, while the time scale τs is a free parameter which marks

the transition from the low-energy initial phase to a possible late-time attractor,

where spacetime curvature stays frozen at the value controlled by the fundamental

string mass scale [172]. In both phases, the evolution of the pump field takes into

account not only, as usual, the inflationary growth of the scale factor but also

the additional string-theory effects [21, 60], such as the dynamics of the extra

dimensions and the growth of the string coupling controlled by the scalar dilaton

field (see also [73, 172]).

In the subsequent post-bouncing regime −τ1 < τ ⩽ τ0, the cosmic evolution is

decelerated and we may have in principle three phases with the following pump-

field behavior [155]:

ξ ∼ MPl√
2
τ, −τ1 < τ < τσ; ξ ∼ MPl√

2
τ 2, τσ < τ < τd; ξ ∼ MPl√

2
τ, τd < τ < τeq.

(5.8)

Here we are assuming that the extra-dimensional geometry and the string cou-

pling (i.e., the dilaton) are frozen after the bounce, so that the pump field simply

coincides with the scale factor. Here, again, we have two free parameters: the time

scale τσ, marking the beginning of the dust-like phase dominated by the axion os-

cillations, and the time scale τd, marking the epoch of axion decay associated with

the conventional reheating (source of the CMB radiation that we are presently

observing) and corresponding to the beginning of the standard post-big-bang evo-

lution2.

As discussed in previous papers [110, 111, 155], instead of τσ and τd we can con-

veniently use as parameters the corresponding curvature scales Hσ := H(τσ) and

Hd := H(τd) which can be expressed in terms of the (unknown) mass m of the

Kalb–Ramond axion and of its initial amplitude σi after the bounce:

Hσ ≃ m

(
σi
MPl

)4

, Hd ≃ m

(
m

MPl

)2

. (5.9)

For a consistent model, the allowed values of the parameters m and σi must satisfy

the scale hierarchy MPl >∼ H1 >∼ Hσ >∼ Hd. In addition, we have the obvious

2There is also the final matter-dominated phase completing the cosmic evolution from the
equality epoch τeq down to the present epoch τ0. However, such a phase only affects the very low
frequency modes k < keq = τ−1

eq , whose amplitude is so small (because of the strongly blue-tilted
spectrum) to be fully negligible for this thesis.
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condition Hd > HN , where HN ∼ (1Mev)2/MPl is the nucleosynthesis scale of the

standard cosmological scenario.

Given the full model of background evolution from the initial state at τ → −∞
down to the present epoch τ0, and given the power-law behavior of ξ in the var-

ious phases, we can now work in the so-called “sudden approximation” [170] by

imposing on the pump field to be continuous at the transitions scales, and solving,

in each phase, the canonical equation (5.6). We recall that, in general, for a pump

field given by ξ = (MPl/
√
2)|τ/τ1|α, the exact solution for hk obtained from (5.6)

can be written in terms of the first- and second-kind Hankel functions, H
(1)
ν , H

(2)
ν ,

as

hk(τ) =
vk
ξ

=

(
2τ1
M2

Pl

) 1
2
∣∣∣∣ ττ1
∣∣∣∣ν [A+(k)H

(2)
ν (kτ) + A−(k)H

(1)
ν (kτ)

]
, (5.10)

where ν = −α + 1/2. The complete solution for hk(τ), describing its evolution

from −∞ to τ0, is then obtained by solving the canonical equation in the various

phases and matching hk and h′k at the transition scales.

In our model, in particular, we have four transitions (at τs, τ1, τσ, τd), which

means five different phases of background evolution (see eqs. (5.7) and (5.8)),

which implies five different solutions like (5.10), and thus ten different coefficients

A±(k) to be determined at the various epochs. The continuity of hk and h′k only

gives eight conditions. The two remaining conditions are obtained by imposing on

the canonical variable to initially describe a positive-frequency mode normalized

to the quantum fluctuations of the Bunch–Davies vacuum, namely, by imposing

vk = (1/
√
2k) exp(−ikτ) for τ → −∞: this implies (using the large-argument

limit of the Hankel functions [60]) A− = 0 and A+ =
√
π/4 for the solution

describing perturbations in the initial regime τ → −∞.

With such a canonical normalization, the sought value of the number density

⟨nk(τ0)⟩ of produced gravitons is then automatically obtained from the coefficient

A−(k) of the first-kind Hankel function describing the perturbation mode hk(τ) in

the final regime τ → +∞ (actually, for our purpose, in the limit τ → τ0). More

precisely, one finds (see, e.g., [60])

⟨nk(τ0)⟩ =
4

π
|A−(k)|τ=τ0 . (5.11)
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By performing the above computation and varying k in the allowed frequency

range we find that there are, in principle, four different branches of the energy

density spectrum (5.3), (5.5), depending on the epochs of horizon crossing of the

various modes. Noting that the axion-dominated phase is expected to occur soon

after the bounce, in order to have a short duration with respect to the preceding

high-curvature string phase (namely, τd/τσ ≪ τ1/τs) we may consistently assume

that all modes re-entering the horizon before, during, or soon after the axion phase

are amplified modes leaving the horizon during the high-curvature string phase.

This means, in other words, that we can work with the following hierarchy of

wave-number scales: k1 ⩾ kσ ⩾ kd > ks, where ki := τ−1
i is the limiting frequency

of a mode crossing the horizon at the transition epoch τi.

To obtain the explicit (parameter-dependent) form of the GWB, it is useful to

first compute the frequency ratios of the four scales ki. We note that in our model

there are two phases of radiation-dominated evolution (i.e., a ∼ τ ∼ H−1/2) for

−τ1 < τ < τσ and for τ > τd, one phase of matter-dominated evolution (i.e.,

a ∼ τ 2 ∼ H−2/3) for τσ < τ < τd, and one phase where the string frame scale

factor undergoes a de Sitter-like evolution (i.e., a ∼ |τ |−1) for −τs < τ < −τ1. By
defining the convenient parameters

zs :=
τs
τ1

=
k1
ks
, zσ :=

τσ
τ1

=
k1
kσ
, zd :=

τd
τ1

=
k1
kd
, (5.12)

controlling the time extension of the pre-bouncing high curvature regime and of

the two post-bouncing, non-standard phases, we find3 (using eq. (5.9))

zσ =
k1
kσ

=
H1a1
Hσaσ

=

(
H1

Hσ

) 1
2

≃
(
H1

MPl

) 1
2
(
m

MPl

)− 1
2
(
σi
MPl

)−2

,

zd
zσ

=
kσ
kd

=
Hσaσ
Hdad

=

(
Hσ

Hd

) 1
3

≃
(
m

MPl

)− 2
3
(
σi
MPl

) 4
3

,

zs
zd

=
kd
ks

=
kd
k1

k1
ks

= zs
Hd

H1

ad
aσ

aσ
a1
≃ zs

(
H1

MPl

)− 1
2
(
m

MPl

) 7
6
(
σi
MPl

) 2
3

. (5.13)

3Conventions: we denote with ω the usual (time-dependent) proper frequency evolving in
time like the inverse scale factor, ω(t) ≡ k/a(t). Hence, the proper frequency crossing the
horizon at the given time t1, ω1 = H1 = H(t1), and evaluated at a general time t, is given by
ω1(t) = H(t1)a(t1)/a(t) ≡ H1a1/a. The time-dependent scale factor obviously disappears in the
ratios of two frequency scales so that, for instance, ω1/ωσ = H1a1/Hσaσ = k1/kσ.
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By inverting the above relations we can also express σi and m in terms of H1 and

of the parameters zs, zσ and zd as follows:

σi
MPl

≃
(
H1

MPl

) 1
6

z
1
4
d z

− 7
12

σ ,
m

MPl

≃
(
H1

MPl

) 1
3

z−1
d z

1
3
σ . (5.14)

Let us now give an example of full computation of the spectral distribution (5.3)

for the highest frequency branch of the spectrum (kσ < k < k1) and for a generic

epoch τ (late enough, however, to have all such modes inside the horizon, kτ ≫ 1).

To this purpose, let us express the energy density of the perturbations in terms

of their (time-dependent) proper frequency ω scaling in time like the inverse scale

factor, ω(τ) = k/a(τ). From eqs. (5.3) and (5.5), we obtain

Ωgw(k, τ) =
ω4

π2ρcrit(τ)
⟨nω(τ)⟩ , kσ < k < k1. (5.15)

The modes we are considering are amplified by the pump field (5.7) of the high-

curvature string phase, and the canonical equations (5.10), (5.11) then give [60]

⟨nω(τ)⟩ ≃
(
ω

ω1

)−1−|3−2β|

=

(
k

k1

)−1−|3−2β|

. (5.16)

Also, it is convenient to express the critical density ρcrit in terms of the critical

fraction of radiation energy density, Ωr = ρr/ρcrit, so that, referring to radiation

produced at the axion-decay scale, we have

ρcrit(τ) =
ρr(τ)

Ωr(τ)
=

3M2
PlHd

Ωr(τ)

(ad
a

)4
. (5.17)

Finally, for each mode of proper frequency ω(τ) we can express its ω4 contribution

to eq. (5.15) as

ω4 =

(
k

a

)4

=

(
k

k1

)4(
H1a1
a

)4

. (5.18)

Combining all these results and using eq. (5.9) we then find, for the considered

band of frequency,

Ωgw(k, τ) =
Ωr(τ)

Ωr0

ΩPBB

(
k

k1

)3−|3−2β|

, kσ < k < k1, τ > τd, (5.19)

where Ωr0 ≡ Ωr(τ0) ≈ 4.15 × 10−5h−2 is the present critical fraction of radiation

energy density (including neutrinos) and we have defined the constant (parameter
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dependent) dimensionless amplitude

ΩPBB := Ωr0

(
H1

MPl

)2(
mMPl

σ2
i

)4/3

= Ωr0

(
H1

MPl

)2(
zσ
zd

)2

. (5.20)

For simplicity we have absorbed all numerical factors of order of unity into the

unknown scale H1. Obviously, the result (5.19) is also valid if applied in particular

to the present epoch τ = τ0, with Ωr(τ) = Ωr0.

By following the same procedure for the other (lower frequency) branches of the

spectrum, and turning to the more conventional frequency variable4 f = k/(2π),

we obtain that the full GWB can be written synthetically as

Ωgw(f) =



ΩPBB

(
f

f1

)3−|3−2β|

, fσ <∼ f <∼ f1

Ωgw(f1)

(
fσ
f1

)3−|3−2β|(
f

fσ

)1−|3−2β|

, fd <∼ f <∼ fσ

Ωgw(fσ)

(
fd
fσ

)1−|3−2β|(
f

fd

)3−|3−2β|

, fs <∼ f <∼ fd

Ωgw(fd)

(
fs
fd

)3−|3−2β|(
f

fs

)3

, f <∼ fs

(5.21)

where the three ratios of frequency scales fσ/f1, fd/fσ, fs/fd can be expressed

in terms of the parameters zs, zσ, zd (or m, σi, H1) according to eq. (5.13).

We may note, for a better explanation of the above spectrum, that the higher

frequency regime with interval f ϵ [fσ, f1] concerns modes which exit the horizon in

the string phase and re-enter in an early radiation-dominated phase, while modes

with f ϵ [fd, fσ] exit in the string phase but re-enter in a matter-dominated phase:

hence the transfer function is different and yields the additional f−2 spectral factor

for β ≈ 0. Also, modes with f ϵ [fs, fd] exit the horizon in the same phase as

before and re-enter in the standard big-bang radiation phase. Finally, the lowest

frequency modes f < fs with the strongly blue spectrum Ω ∼ f 3 exit the horizon

in a low-energy phase which is stiff and contracting in the Einstein frame, with

pump field ξ(τ) ∼ (−τ)1/2. Very simple plots for the time evolution of the effective

4Note that the initial normalisation of the spectrum to the quantum fluctuations of the
vacuum, leading to the results (5.11), (5.15), is performed as usual in units ℏ = 1. Hence,
ω = 2πf .
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horizon, illustrating how modes belonging to different spectral regimes may cross

(in and out) the horizon, can be found, for instance, in [58, 60].

It is also important to note that, for f > f1, the spectrum is exponentially sup-

pressed as Ωgw(f) = ΩPBB exp{[−(f − f1)/f1}], so that a smooth interpolation of

all the branches can be given by the following expression proven in Appendix B:

Ωgw(f) = ΩPBB f
3
(
f 2 + f 2

s

)− |3−2β|
2
(
f 2 + f 2

d

)−1 (
f 2 + f 2

σ

) (
f 2 + f 2

1

) |3−2β|−3
2

× exp

{(
− f
f1

+ arctan
f

f1

)}
. (5.22)

The smoothing of the piecewise profile (5.21) does not change the underlying

scenario because the transition epochs from one phase to another are of very

short, negligible duration compared with the time extension of such phases.

There are now two important points to be stressed. The first is that the overall

GWB, and in particular the peak amplitude, is controlled not only by the bouncing

curvature scale H1 but also by the parameters m and σi and, thus, by the details

of the post-bounce evolution. This implies, in particular, that the amplitude

may result strongly suppressed with respect to the natural value fixed by the

fundamental string mass scale Ms, even for the highest frequency modes crossing

the horizon at such scale.

The second point concerns the number of parameters controlling the shape of the

spectrum. There are four time (or curvature) scales and one dimensionless number,

the power β of the pump field in the string phase; see (5.7). However, these five

parameters must satisfy an important phenomenological condition. The PBB

scenario we are considering, in fact, besides producing relic GW radiation must

also produce a suitable large-scale background of scalar curvature perturbations

with a nearly flat spectrum, in order to be compatible with CMB observations.

This is known to be possible via the curvaton mechanism [75, 173, 174] triggered

by the Kalb–Ramond axion [110, 111], but this imposes constraints on the previous

spectral parameters [155]. In particular, the primordial scalar amplitude Ps(k∗)

and spectral index ns must be in agreement with the observational results reported

below (5.2). By imposing such conditions on the scalar perturbations produced

by the PBB model we are considering, whose spectrum is controlled by the same

set of parameters as the GWB of (5.21) or its smooth version (5.22), we can then

eliminate one of the previous five parameters and fix, for instance, the transition
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scale H1 as a function of zs, β, m, σi and of the two observables Ps(k∗) and ns.

This is done in Appendix C.1, where we conclude that the parameter space of the

model is

{β, zs, zd, zσ} . (5.23)

Without assuming any prior on these parameters, one can plot (5.22) and find

some general trends. For instance, the larger β, the smaller the amplitude, so

that, in practice, only values of β near zero generate a detectable signal. Also, as

the parameter zd increases, the spectral shape is squeezed and the peak becomes

narrower but neither its frequency nor its amplitude vary appreciably. On the

other hand, the parameter zσ changes the shape but not much the frequency peak

or the amplitude, while the parameter zs which affects both the range and the

amplitude of the intermediate plateau or slope.

However, the four parameters (5.23) do obey a non-trivial set of theoretical priors

determined in Appendix C.2. Within this space, in Appendix C.2.1 we circum-

scribe the region in the parameter space where the peak amplitude of the GWB is

maximized. This happens for β = 0, σi = MPl, zσ determined by eq. (C.13) and

the values of zs and zd shown in Fig. 5.1.

Any given set of parameters zs, zd, zσ satisfying eq. (C.13) together with all other

constraints, and implementing the additional limiting condition log10(H1/MPl) ≈
−3.29, produces a GWB with a peak of maximum intensity Ωmax

gw ∼ 10−11−10−10

(eq. (C.15)). For phenomenological reasons, however, we are interested not only

in the maximal amplitude but also in the maximal extension in frequency (in

particular, towards small frequencies) of the allowed spectral region. This last

property can be easily obtained by choosing, among all possible combinations

of parameters producing the maximal amplitude, the combination selecting the

maximal allowed value of zs (i.e., zs ≈ 1022.3), together with the corresponding

minimal value of zd (i.e., zd ≈ 102.19), together with the associated minimal value

of zσ (i.e., zσ ≈ 1, according to eq. (C.13)).

The GWB (5.22) with the above numerical values of the parameters (satisfying

σi = MPl) and with β = 0 provides the border of the shaded area in Fig. 5.2

within which the primordial GWB of pre-big-bang cosmology with maximal peak

amplitude falls. Such region respects known constraints obtained from the ob-

servations of millisecond pulsars [175], which imply Ωgw <∼ 10−8 at a frequency

scale f ∼ 10−8 Hz. It is also consistent with large-scale CMB constraints on the



Chapter 5 130

0 5 10 15 20 25

0

5

10

15

log10 zs

lo
g 1
0
z d

Figure 5.1: The shaded area shows the allowed region in the (log10 zs, log10 zd)
plane for the limiting case β = 0 and σi = MPl, which maximizes the peak
amplitude of the primordial GWB. The maximal allowed intensity is reached for
parameter values lying on the dashed straight line marking the right border of
the region, corresponding to log10(H1/MPl) ≈ −3.29, as explained in Appendix

C.2.1.

tensor spectrum. In the frequency range of IPTA, the maximal GWB amplitude

is smaller than the signal detected [30, 32, 35, 36, 119] and is therefore consistent

with those observations.

For an illustrative purpose, in Fig. 5.2 we have also plotted a few examples of

GWBs produced by different sets of parameters satisfying all required constraints.

The plotted spectra maximize neither the peak amplitude nor the extension in

frequency but they are well inside the border of the allowed region and they can

still produce a detectable signal within the LISA and the ET frequency range.
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Figure 5.2: The shaded area is the maximal allowed region for the GWB (5.22)
extended in the low-frequency range, with all its parameters satisfying the self-
consistency constraints (C.7)–(C.11). We have also plotted four possible spectra
corresponding to different sets of parameters giving rise to different kinematic
details of the phases of earlier, non-standard cosmic evolution, preceding and

following the curvature bounce.

5.3 Discussion

In this Chapter, we have studied the tensor-produced primordial GWB in the

pre-Big Bang scenario [20, 21, 69, 155]. The model strikes a balance between

observability in the high-frequency range and observational. We found that its

primordial GWB has a convex shape with an intermediate flat plateau. The

parameter space of the model is tightly constrained theoretically but it still gives

enough phenomenological freedom, to the point that this GWB can comfortably

fall within the sensitivity window of both LISA and ET. When the parameter β is

close to zero, in this range of frequencies the GWB of this model is a single power

law

Ωgw(f) ∼ fngw , ngw = 2 + nt ≃ 3− |3− 2β| ≈ 0 . (5.24)
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When zd grows, the signal becomes a broken power law,

Ωgw(f) ∼

{
fngw,1 , f ≪ f̄

fngw,2 , f ≫ f̄
, (5.25)

where the slopes depend on where the transition scale f̄ lies in the model’s scales

hierarchy and on whether the intermediate plateau is extended enough:

f̄ = fd : ngw,1 ≃ 3− |3− 2β| ≈ 0 , ngw,2 ≃ 1− |3− 2β| ≈ −2 ,

f̄ = fs : ngw,1 ≈ 3 , ngw,2 ≃ 3− |3− 2β| ≈ 0 , (5.26)

f̄ = fs ≃ fd : ngw,1 ≈ 3 , ngw,2 ≃ 1− |3− 2β| ≈ −2 .

Both the single- and the broken-power-law shapes (5.24) and (5.26) fit the two

simplest templates commonly used for inflationary models [176] and they could be

submitted to the same type of analysis performed in [177] as well as to a discussion

on degeneracies and model selection when compared with alternative candidates

with similar spectral shapes.

In general, the higher the signal-to-noise ratio, the smaller the error on the param-

eters of the spectral shape, as has been verified for a variety of cases [138, 176, 177].

Thus, for the PBB model one would be able to identify the corner of the parameter

space such that the tilt or tilts of the GWB (and, thus, β) would be determined

with an accuracy of, say, 1% by LISA and ET in their respective observability

window.

In the case of the broken power law, the sharper the transition from one slope to

the other with respect to the sensitivity curve the more difficult the determination

of the parameters, due to the fact that the binning of the data introduces a certain

level of coarse graining of short-range features [178]. We do not expect to have this

problem for the PBB model, since the aforementioned transition is gentle enough

(Fig. 5.2). These and other aspects of the PBB model (like, for instance, the

possible contributions of shear and bulk viscosity arising at high-energies which

will be accounted for in Chapter VIII.
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Constraints on the Pre-Big Bang

scenario from a cosmological

interpretation of the NANOGrav

data

6.1 Introduction

There is an exciting possibility that the signal observed by multiple Pulsar Tim-

ing Array (IPTA) collaborations, including NANOGrav [30, 31], the Parkes PTA

(PPTA) [32, 33], the European PTA (EPTA) in partnership with the Indian PTA

(InPTA) [34, 35], and the Chinese PTA (CPTA)[36], can be interpreted as the

first detection of a cosmological stochastic gravity-wave (GW) background.

In particular, in a very recent paper [179] the NANOGrav 15-year data set has

been compared with the possible amplitude and frequency scale of the relic GW

spectrum predicted long ago in the context of the pre-big bang (PBB) scenario [20,

21, 180, 181], and thus used to constrain the related string cosmology parameters1.

1We recall that the PBB scenario is deeply rooted in the duality symmetries of the tree-
level cosmological string equations [19, 70, 71, 74, 77, 79], which also constrain theoretically its
parameters.
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The results presented in [179] are certainly interesting, but they seem to disagree

with another recent analysis of the primordial spectrum of relic pre-big bang gravi-

tons [4]. In fact, let us recall that the data fit presented in [179] is based on a

string cosmology GW spectrum Ωgw(f) with two different frequency branches. In

the low-frequency branch, Ωgw scales as f 3 up to a transition frequency fs, char-

acteristic of string theory and marking the onset of the high-curvature regime.

Beyond fs, the spectrum retains a power-law form but with a different exponent:

specifically, Ωgw ∼ fα, where α < 3.

The data fit presented in [179] indicates that, for frequencies fs <∼ f <∼ 10−6 Hz, the

high frequency spectrum is nearly flat or slightly decreasing and that the spectral

amplitude satisfies

Ωgw(fs) ≃ 2.9+5.4
−2.3 × 10−8, fs ≃ (1.2± 0.6)× 10−8Hz. (6.1)

Such a spectral amplitude is outside the allowed region of the plane {f,Ωgw},
determined in [4] on the grounds of a phenomenologically complete model of pre-

big bang evolution.

The main purpose of this paper is twofold. First of all we will explain in Sect.

6.2 why the two discussions of the pre-big bang spectrum presented in [179] and

[4] lead to different results, even if both are correct within their own assumptions.

Second, we will suggest in Sect. 6.3 how the minimal scenario used in [4] could be

generalized to accommodate the production of a relic signal that is also consistent

with the data fit presented in (6.1). Finally, Sect. 6.4 will be devoted to some

concluding remarks.

6.2 A phenomenologically viable minimal Pre-

Big Bang scenario

The first point to be stressed is that the relic GW spectrum discussed in [179] refers

to a preliminary and very simple example of pre-big bang spectrum presented in

various old papers [59, 72, 156, 157]. Such a spectrum, however, may be regarded

as incomplete as it does not include all frequency branches arising in a realistic

and phenomenologically viable string model of the early Universe.
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A viable inflationary scenario must indeed predict, besides the relic GW back-

ground, also a related spectrum of adiabatic scalar curvature perturbations able

to explain the observed large scale anisotropy. This has been shown to be possible

[74, 110, 111] (see also [60] for a more complete review) thanks to the contribution

of the string Kalb-Ramond axion field acting as a curvaton [75, 174], and produc-

ing a cosmic phase of axion dominated oscillations. The inclusion of this important

aspect in the scenario modifies however the standard post-bouncing evolution and

this, in its turn, may affect the sub-horizon propagation of tensor perturbation

modes after their re-entry, thus producing additional frequency branches with dif-

ferent spectral indices in today’s observed GW spectrum (see e.g. [4, 155, 168] for

recent quantitative discussions of such an effect).

The pre-big bang model used in [179] does not take into account this crucial

ingredient determining the final observed GW spectrum, and thus neglects the

important associated constraints. Such an ingredient, on the contrary, is properly

accounted for in the spectrum analyzed in [4]. As a result, the corresponding,

more tightly constrained spectral region does not overlap with the region of the

IPTA signal (see, in particular, Fig. 4 of [4]). It should be stressed, however,

that the spectral model considered in [4] is based on a complete but “minimal”

example of pre-big bang scenario. It corresponds to the simplest description of

a complete bouncing evolution from the string perturbative vacuum down to the

present epoch, in agreement with all string theory constraints (see e.g. [5] for an

exact string model of bounce), but is also based on ad hoc assumptions chosen to

minimise the number of unknown parameters. It may be useful to recall here, in

view of its generalisation to be presented in the next section, the basic aspects of

such a minimal scenario.

First of all it must include, for its completeness, at least two different pre-bouncing

phases as well as other two post-bouncing phases, occurring before the reheating

epoch marking the beginning of standard cosmology. Starting from initial con-

ditions asymptotically approaching the flat perturbative vacuum with vanishing

Hubble parameter, H → 0, such a scenario is thus characterized by four different

Hubble scales: Hs, marking the beginning of the string high-curvature regime;

H1, corresponding to the bouncing from accelerated to decelerated, decreasing

curvature expansion; Hσ, marking the beginning of the dust-like phase dominated

by the oscillating axion; and Hd, associated to the axion decay that triggers the
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reheating and the beginning of the standard radiation-dominated era. Obviously,

Hs <∼ H1 <∼ MPl, H1 >∼ Hσ > Hd >∼ HN , (6.2)

where HN ≃ (1MeV)2/MPl is the scale of standard nucleosynthesis, and MPl ≡
(8πG)−

1
2 ≃ 2 × 1018 GeV is the (reduced) Planck mass scale. We also recall, for

later use, that Hσ and Hd can be expressed in terms of the axion mass m and of

the initial, post-bouncing axion amplitude σi as follows [60, 110, 111]:

Hσ ≃ m

(
σi
MPl

)4

, Hd ≃ m

(
m

MPl

)2

. (6.3)

The axion field starts oscillating at a scale H ≃ m, hence the condition that the

axion is oscillating when it becomes dominant (required for the curvaton mecha-

nism to be efficient) implies m >∼ Hσ, namely2 σi <∼ MPl.

The amplification of metric perturbations, in this scenario, is thus characterised

by four typical frequency scales: fs, f1, fσ, fd, where fs is the proper frequency of a

mode crossing the horizon at the beginning of the string phase, f1 is the maximal

amplified frequency, while fσ and fd are the frequency of modes re-entering the

horizon, respectively, at the beginning and conclusion of the axion-dominated

era. It follows, automatically, that f1 >∼ fσ > fd, while fs satisfies fs <∼ f1, but

its particular value is free, in principle, with respect to the values of fσ and fd.

We shall assume here, as in [4, 155, 168, 182], that fs is smaller than the other

frequencies typical of the pre-big bang scenario, but larger than the frequencies

constrained by the CMB data, i.e. the pivot frequency scale f∗ ≃ 0.05Mpc−1, and

the typical frequency of Large Scale Structure (LSS) observations, fLSS ≃ 60 f∗.

Hence, the model we shall consider here will be characterised by the following

hierarchy of frequency scales:

f∗ < fLSS <∼ fs <∼ fd < fσ <∼ f1. (6.4)

Given an inflationary scenario with four typical frequency scales, the amplified

spectrum of Fourier modes of tensor perturbations, hk, will be characterised in

general by four different spectral branches to be computed by solving, for each

2This is effectively the case if, as expected, the axion potential is periodic with a periodicity
smaller than MPl.
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mode k, the canonical perturbation equation

v′′k +

(
k2 − ξ′′h

ξh

)
vk = 0. (6.5)

Here vk = ξh(τ)hk is the (Mukhanov-Sasaki) variable [12] for which the effective

action for the tensor field hk takes the standard canonical form, the (background

dependent) variable ξh(τ) is the so-called pump field controlling the GW dynamics

in the various cosmic phases, and a prime denotes differentiation with respect to

the conformal time τ . It should be recalled that the Fourier parameter k for a mode

re-entering the horizon at a given time t in the post-bouncing epochs described

by a standard FLRW metric background, is related to the proper frequency of

that mode observed at the present time t0, i.e. f(t0), by f(t0) = ω(t0)/2π, where

ω(t0) = k/a(t0) = H(t)a(t)/a(t0).

In order to solve Eq. (6.5) and obtain the GW spectrum, we need the explicit

behaviour of the pump field for tensor perturbations in the various cosmic phases.

The answer is simple for the low-curvature (low energy) regimes, where we can

use the tree-level string cosmology equations. Assuming, as in [4, 155, 168, 182],

to start with a ten-dimensional gravi-dilaton string background with 3 expanding

dimensions with scale factor a, and 6 contracting spatial dimensions with scale

factors bi, which asymptotically evolves from the perturbative vacuum at τ → −∞
up to the string scale (i.e. for 0 ⩽ H ⩽ Hs), we then find for the tensor pump

field the simple form

ξh(τ) ∼ ag−1
4 = a

(
6∏
i=1

bi

)1/2

e−ϕ/2, (6.6)

where ϕ is the dilaton and g4 is the effective (time-dependent) 4-dimensional string

coupling. It is well known [183, 184] that this uniquely fixes the power law be-

haviour of ξ to be ξh(τ) ∼ (−τ)1/2.

The answer is simple also in the post-bouncing regime if we assume that in our

minimal scenario, at all epochs fromH1 down to the present epochH0, the internal

dimensions as well as the dilaton, controlling the string coupling, are already

stabilised at the string scale. In that case the tensor pump field simply coincides

with the scale factor a(τ) describing decelerated, decreasing curvature expansion.

In the radiation-dominated phases, occurring from H1 to Hσ and for Hd ⩾ H ⩾

Heq, where Heq is the equality scale, the pump field is then given by ξh(τ) ∼ τ ,
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while for the dust-like phases, i.e. for Hσ > H > Hd and H < Heq we have, as

usual, ξh(τ) ∼ τ 2.

Finally, for the pump field of the high-curvature string phase, i.e. for H ranging

from Hs to H1, we can still use a parametrization based on a power-law behaviour,

but we have to take into account the effects of higher order string α′ corrections, as

well as other possible high energy effects typical of string theory. In the minimal

scenario considered in [4, 155, 168, 182] it has been assumed ξh(τ) ∼ (−τ)−1+β,

where the factor (−τ)−1 corresponds to having frozen the string-frame curvature

at the string scale3 and, β is a positive parameter describing the rate of growth

of the four-dimensional string coupling g4 (a combined effect of the dilaton and

internal volume time-dependence, see Eq. (6.6)) according to:

β ≡ d log g4
d log a

; 0 <∼ β < 3. (6.7)

Here the lower limit is required for a monotonically growing coupling, while the

upper limit is to avoid quantum background instabilities [185]. The idea of the

scenario is that g4 starts very small at the beginning of the string phase and

becomes of O(1) at its end.

It is important to stress that the same parameter β, in this scenario, also ap-

pears (with the opposite sign) in the axion pump field ξσ governing the amplifi-

cation of the axion fluctuation during the string phase, which takes in fact the

form ξσ(τ) ∼ (−τ)−1−β, according to the S-duality symmetry of string theory

[74]. Hence, the same parameter β appears in the primordial spectrum Ps(f) of

scalar curvature perturbations produced via the curvaton mechanism, and thus

contributes to the important constraint following from the standard normalisa-

tion of the scalar spectrum at the CMB pivot scale (see e.g. [162]), which implies

[4, 155, 168, 182]

Ps(f∗) ≡ 2.1× 10−9 ≃ T 2(σi)

2π2

(
H1

MPl

)2(
fs
f1

)3−|3+2β|(
f∗
fs

)ns−1

, (6.8)

and which provides a stringent constraint on all the parameters. Here ns ≃ 0.965 is

the scalar spectral index, and T (σi) is the transfer function connecting the ampli-

tude of axion and scalar curvature perturbations, which can be written (according

3Attractors of this type have been discussed in [172].
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to a numerical integration of the perturbation equations [111]) as

T (σi) ≃ 0.13

(
σi
MPl

)
+ 0.25

(
MPl

σi

)
− 0.01. (6.9)

Summing up and imposing all above mentioned constraints (given by Eqs. (6.7),

(6.8), plus the hierarchy of scales (6.4), plus the condition σi ⩽MPl), it turns out

that the allowed amplitude of the relic GW spectrum for this minimal scenario

(see [4]) cannot reproduce the results (6.1) obtained with the fit of the NANOGrav

data set (unless we allow β < 0, which is however inconsistent with the physical

interpretation of this parameter, see Eq. (6.7)). We have checked that the same

result is obtained even if we assume higher (and in principle allowed) values of

the frequency fs, changing the hierarchy of Eq. (6.4) and choosing, for instance,

fd <∼ fs < fσ, or fσ <∼ fs <∼ f1.

6.3 A non-minimal Pre-Big Bang scenario

6.3.1 Parametrization of the non-minimal model and re-

lated constraints

The minimal scenario of the previous section takes into account two typical effects

of the high-curvature string phase: the late-time attractor and the growth of the

dilaton. But there are in principle other possible high-energy string theory effects

like, for instance, the production of a dense gas of primordial, string-size, black

holes or “string holes” [186–188]. Such effects can modify not only the background

evolution but also, and in a different way, the propagation of different types of

perturbations like tensor-metric [6] and axion-field perturbations.

It seems appropriate, therefore, to consider also a more general, non-minimal phe-

nomenological scenario where, during the high-curvature string phase, the tensor

and axion pump fields (ξh and ξσ) can still be described by a power-law behaviour

but with two new parameters, in principle unrelated to β and also to each other
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(in case S-duality is broken). We can parametrize them as follows:

ξh ∼ (−τ)−1+β+γ ≡ (−τ)−1+βh ;

ξσ ∼ (−τ)−1−β+δ ≡ (−τ)−1+βσ ;

βσ =− βh + ϵ, ϵ ≡ δ + γ .

(6.10)

We have ϵ = 0 if the S-duality assumed in the minimal scenario is still valid, while

we recover the previous scenario if both γ and δ are vanishing. Let us then present

the modified spectrum, and the related constraints, for the non-minimal case with

γ ̸= 0 and δ ̸= 0.

Assuming the same hierarchy of frequency scales as before (given by Eq. (6.4)),

solving Eq. (6.5) in the various phases (with the new tensor pump field), match-

ing the solutions, and computing the final, presently observed GW spectral energy

density expressed in units of critical density ρc, i.e. ΩGW(k, t0) = ρ−1
c (t0)dρk(t0)/d ln k,

we obtain (besides a negligible contribution for f > f1):

Ωgw(f, t0)

Ωgw(f1, t0)
=



(
f

f1

)3−|3−2βh|

, fσ <∼ f <∼ f1

(
fσ
f1

)3−|3−2βh|( f

fσ

)1−|3−2βh|

, fd <∼ f <∼ fσ

(
fσ
f1

)3−|3−2βh|(fd
fσ

)1−|3−2βh|( f
fd

)3−|3−2βh|

, fs <∼ f <∼ fd

(
fσ
f1

)3−|3−2βh|(fd
fσ

)1−|3−2βh|(fs
fd

)3−|3−2βh|( f
fs

)3

, f <∼ fs .

(6.11)

Note the difference from the results of [4] due to the new parameter γ (or rather

βh).

In order to discuss the various phenomenological constraints it is useful to work,

as in [4], with the following frequency ratios

zs =
f1
fs
, zd =

f1
fd
, zσ =

f1
fσ
, zs >∼ zd > zσ >∼ 1. (6.12)
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In terms of such variables, the end-point amplitude of the spectrum is given by

[4]:

Ωgw(f1, t0) = Ωr(t0)

(
H1

MPl

)2(
zσ
zd

)2

, (6.13)

where Ωr(t0) ∼ 10−4 is the present critical fraction of radiation energy density

(including neutrinos), and we have neglected a possible suppression of ΩGW(f1, t0)

due to significant late entropy production [157]. Also, the typical axion parameters

σi and m, controlling the post-bouncing scales Hσ and Hd according to Eq. (6.3),

can be written as:

m

MPl

≃
(
H1

MPl

)1/3

z−1
d z1/3σ ,

σi
MPl

≃
(
H1

MPl

)1/6

z
1/4
d z−7/12

σ . (6.14)

The constraints to be imposed on this scenario can now be explicitly written (in

base 10 logarithmic form, useful for later applications) as follows. The condition

σi <∼ MPl becomes:

log

(
H1

MPl

)
+

3

2
log zd <∼

7

2
log zσ. (6.15)

The condition Hd >∼ HN becomes:

log

(
H1

MPl

)
− 3 log zd + log zσ >∼ log

(
HN

MPl

)
≈ −42− log 4 . (6.16)

The condition fLSS < fs (see Appendix B.2 of [4]) becomes:

log zs <∼ 26− log 9 +
1

2
log

(
H1

MPl

)
+

1

2
(log zσ − log zd) . (6.17)

The phenomenological normalization (6.8), generalized to the non-minimal sce-

nario, leads to a condition which also include the new parameter δ (or ϵ, see Eq.

(6.10)):

log

(
H1

MPl

)
=

2

5− ns

{
log

[
4.2π2

T 2(σi)

]
− 9 + (1− ns)(log 1.5− 27)

+ (4− ns − |3 + 2(βh − ϵ)|) log zs

+
ns − 1

2
(log zσ − log zd)

}
<∼ 0,

(6.18)

where the inequality on the right hand side has been imposed according to Eq.

(6.2).
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All the constraints listed up to now are to be always applied, in general, for the in-

ternal as well as for the phenomenological consistency of the non-minimal scenario

that we are considering. But let us now introduce a further, more constraining

ingredient, by imposing on the lowest energy branch of our non-minimal spectrum

(6.11) to exactly satisfy the numerical values of Eq. (6.1), to be in agreement with

the data fit of [179]. From the first condition of Eq. (6.1) we then obtain

2 log

(
H1

MPl

)
≃ −4 + log 2.9 + (3− |3− 2βh|) log zs, (6.19)

while the second condition of Eq. (6.1) gives

1

2
log

(
H1

MPl

)
≃ −19 + log 1.93 + log zs +

1

2
(log zd − log zσ) , (6.20)

that makes the inequality of Eq. (6.17) automatically satisfied. In such a context

one should note that the amplitude ΩGW(fs) of Eq. (6.1), reached by the spectrum

at a relatively low frequency scale fs ∼ 10−8 Hz, is quite close to the experimental

upper bound recently imposed by the data of the LIGO-Virgo-KAGRA (LVK)

network [116], which provides the condition:

Ωgw(fLVK) < 4.12× 10−8, fLVK ≃ 35.4Hz . (6.21)

Taking into account that our spectrum (6.11) may be flat, or even increasing, for

f > fs, it follows that we should add to the list of our constraints also the above

condition, suitably imposed on the whole range of spectral frequencies larger than

fs.

In addition, since the string phase should be characterized by a curvature scale of

order the string mass scaleMS, we should in principle restrict the ratio (H1/MPl) to

lie in the canonical range 10−2−10−1. Nonetheless, in order to consider also some

more exotic possibilities and/or to consistently take into account the approximate

definition of some of our parameters, we will enlarge our parameter space to include

the wider range:

−3 <∼ log

(
H1

MPl

)
<∼ − 1. (6.22)

Finally, we should also take into account the possibility that, in the non-minimal

scenario we are considering, the modified axion parameter βσ is small enough but

positive, thus describing a spectrum of induced scalar-curvature perturbations

which is growing at high frequency. In that case the lowest frequency branch
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f <∼ fs of the scalar spectrum has then the same behaviour reported in Eq. (6.8)

(with β obviously replaced by −βσ), while for f >∼ fs we find [110, 111]

Ps(f) ≃
T 2(σi)

2π2

(
H1

MPl

)2(
f

f1

)3−|3−2βσ |

, fs <∼ f <∼ f1. (6.23)

In such a case we have to impose a further constraint, needed for the self-consistency

of our scenario: the condition of negligible backreaction of the produced perturba-

tions on the assumed model of background evolution, Ps(f) <∼ 1,which, imposed

at the peak values of the scalar spectrum, gives the condition:

log
T (σi)√
2π2

+ log

(
H1

MPl

)
<∼ 0. (6.24)

By using our previous result σi <∼ MPl we can also rewrite the above condition in

simplified form as H1 <∼ σi.

The question is now: is it possible to find a set of parameters {βh, βσ, zs, zd, zσ, σi,m,H1}
satisfying all physical and model-dependent constraints of the non-minimal sce-

nario, Eqs. (6.7), (6.12), (6.15), (6.16), (6.17), (6.18), (6.21), and compatible with

the two conditions (6.19), (6.20) obtained from the analysis of the NANOGrav

data, plus the additional conditions (6.22), (6.24)?

6.3.2 Allowed region in parameter space

The total number of parameters of our non-minimal (yet simple) model is quite

large. The whole set consists ofH1,m, σi, zs, zd, zσ and the two spectral parameters

βh and βσ. However, they are not all independent. After several attempts, we have

found the best way to present our results to be as follows.

We first choose a value for σi. Recalling that, before a non-perturbative axion

potential is generated, any value of σi (modulo its periodicity O(MPl)) is equally

probable, we could sample, for instance, the values σi/MPl = 1, 0.5, 0.1. Although

much smaller values of σi may correspond to considerable fine-tuning of initial

conditions, we will allow for the more generous range:

10−3/2 <∼
σi
MPl

<∼ 1. (6.25)
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In any case, as we shall see, an order-of-magnitude change in σi has only a modest

effect on the allowed ranges for the other parameters.

Once σi is given, there are enough equations (i.e. (6.14), (6.18), (6.19), (6.20)) to

determine all the remaining physical parameters in terms of the two spectral ones,

βh and βσ. Therefore, the constraints (6.22),(6.25), (6.15), (6.16),(6.17) define

a (hopefully non empty) region in an easily plotted {βh, βσ} plane, that will be

illustrated in Fig. 6.1.

The two missing constraints are the ones given by LVK bound (6.21) and by the

absence of strong back-reaction effects (6.24). It is easy to check that this lat-

ter constraint is automatically satisfied in the region already defined (indeed, for

H1/MPl <∼ 0.1, it only requires σi/MPl > 0.01). On the other hand, the LVK

bound can be non trivial (depending on the sign of βh), and cuts off some corner

of parameter space as we shall discuss in a moment. Within the resulting allowed

region, each point represents a consistent spectrum of gravitational and scalar per-

turbations that can be readily drawn as we shall see in the next subsection. Inside

the allowed region we can draw contour lines along which each of the remaining

parameters (H1,m, zs, zd, zσ) takes constant values (so-called level curves). Luck-

ily, one finds that zs (the total duration of the string phase in red-shift space) is

only a function of the combination βσ − βh. This explains why it is convenient to

plot our parameter space in the two-dimensional plane spanned by the coordinates

{βh, βσ − βh}, as we have done in Fig. 6.1.

Two further simplifications occur when solving our equations, at least for 3−2βσ >
0 (which turns out to be largely satisfied by our constraints). These are apparent

in the explicit solutions given in Eqs. (D.1) in the Appendix D. The first is that

the level-curves of H1/Mp are straight lines coming from the origin βσ = βh = 0.

The second is that the level curves of m/MPl, zs/zd, zs/zσ are all the same (they

are given by the straight lines originating from the point βσ = βh = 2). That also

means that, for a given σi/MPl and m/MPl, the two ratios zs/zd and zs/zsg can

be determined. For the convenience of the reader we also give in the Appendix D

these explicit relations.

After the above discussion it is now straightforward to describe the properties the

allowed region of parameter space shown in the four panels of Fig. 6.1, correspond-

ing to the four choices log(σi/MPl) = 0,−1/2,−1,−3/2. We stress immediately

that the region has a trapezoidal shape except for a small “tooth” on the lower
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right side. This is precisely the extra constraint due to the LVK bound on Ωgw,

physically due to the fact that the value of Ωgw(fs) imposed to fit the NANOGrav

data is close to the upper limit of LVK; thus, for a positive βh, it is not trivial to

avoid a clash between the two constraints.

In each panel the σi-dependent correspondence between βσ − βh and zs is clearly

displaced. The level curves for log(H1/MPl) = −1,−2,−3 are the nearly vertical

straight lines. To these we add the line (dotted in red) representing the condition

ϵ = 0, i.e. βσ = −βh, and corresponding to models satisfying the S-duality

symmetry. In the duality-symmetric case the corresponding value of log(H1/MPl)

is a mildly varying function of σi and is indicated in the accompanying Table. It

varies between −2.60 and −3.20 for our chosen interval of σi and is within the

allowed region for σi/MPl > 0.1, a value with 90% probability of being realized

assuming uniform priors for the parameters distribution.
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Figure 6.1: The shaded blue region represents the allowed parameter space.
The condition ϵ = 0 (red dashed line) defines the duality region, where
βh = −βσ. Vertical black lines correspond to variations in the parameter
log (H1/Mp), while horizontal dashed gray lines represent the parameter log zS .
The dashed black lines, marking the curve zs = zd, delineate the upper bound-
ary of the allowed region. Oblique curves illustrate variations in log (m/Mp),
log (zs/zd), log (zs/zσ), and log (zd/zσ), as explained in the legend. The colored

dots correspond to the GW spectra reported in Fig. 6.2.
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Finally, the nearly horizontal lines are the common level curves for the remaining

quantities m/MPl, zs/zd, zs/zσ whose corresponding values are also given again in

each Table (together with their trivial combination zd/zσ). It may be useful to

note, also, that relaxing the lower limit (6.22) of H1 has the effect of allowing

higher and higher values of βσ, as well as lower and lower (negative) values of βh.

The same effect on the parameter βσ is obtained if we relax the lower limit (6.25)

on the axion amplitude σi; in that case, however, the related effects on βh are

much smaller and, in any case, the allowed range of βh does not increase, but it

tends to sligthly decrease.

Such properties are important to understand the variation in shape of the GW

spectrum under a given variation of its parameters, to be illustrated in the next

Sect. 6.3.3 where we will present some examples of GW spectra coming from the

various regions of Fig. 6.1. In the final subsection 6.3.4 we will also present, for

completeness, the associated power spectra of induced scalar curvature perturba-

tions, leaving to future works the study of their possible implications .

6.3.3 Typical spectra for non-minimal models consistent

with a fit of the NANOGrav data

Given the allowed values of the parameters defined in the previous subsection,

we can now easily illustrate the possible spectral distribution of the relic GW

background (6.11) in the various frequency branches. In spite of the rather small

and compact size of the allowed region of parameter space there is a wide range

of possible spectra that, we have illustrated in Fig. 6.2 in order to compare their

shape with the expected sensitivity of present and near future GW detectors.

We have plotted the spectra using a smooth interpolation between the various

branches4, following the method previously introduced in [4] (in particular, in

Appendix B).

For our illustrative purpose we have plotted in the {f,Ωgw} plane a few spectra

which are all compatible with the bounds of Fig. 6.1 but which describe distinct

physical configurations, such as different extensions of a large spectral amplitude

towards the high frequency range (the red and orange curves), or the possibility of

4The smoothing of the piecewise profile (6.11) does not change the underlying scenario because
the transition epochs from one phase to another are of negligible duration compared with the
time extension of such phases.
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Figure 6.2: Possible examples of relic primordial GW spectrum produced in
the context of a non-minimal model of pre-big bang evolution satisfying all
present phenomenological constraints, and consistent with the data fit reported
in Eq. (6.1) (the red dot localised inside the black circle). The corresponding
values of their parameters are shown in Table 6.1. Also shown are the expected
sensitivity of SKA, LISA, ET, DECIGO (the regions inside the dashed curves),
and the upper bounds (the grey shaded areas) imposed by the present results
of the LVK network and by the standard nucleosynthesis. The blue and cyan
curves are example of spectra compatible with S-duality symmetry, while the
red, magenta and orange curves are obtained if such a symmetry is violated in
the high-curvature string phase. The yellow shaded region describes the allowed

spectral region for fs < f < 10−6 Hz suggested by the results of [179].

a growing behaviour for modes with f > fs, amplified during the high-curvature

string phase (the magenta curve).

We have also included, for comparison, examples with a similar spectral behaviour

but produced by models preserving the S-duality symmetry, and thus charac-

terised by a parameter ϵ = 0 (the blue and cyan curves). It may be interesting to

note that, for all duality invariant models, the high-frequency spectral branches

with f > fs must be characterised by a decreasing behaviour, given the negative

allowed range of βh < 0 along the red dotted lines ϵ = 0 (see Fig. 6.1). The precise

numerical values of all the parameters for the five plotted spectra are listed in

Table 6.1.

In any case, it should be noted that all spectra have their lowest-frequency branch

well inside the expected sensitivity of the Square Kilometer Array (SKA) [189]
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collaboration and that, for most of the spectra, the peak value turns out to be

localised just in correspondence of the value reported in Eq. (6.1) and obtained

from International Pulsar Timing Array (IPTA) collaboration (IPTA) [119], as

illustrated in the figure. Note also that the high-frequency behaviour of the spec-

trum may by compatible (in agreement with the results of [4]) with the expected

sensitivity range of near-future detectors, represented by the regions inside the

dashed curves of Fig. 6.2: in particular those of LISA [24], ET [26], DECIGO [29]

and SKA [189]. Marginally, also with the expected sensitivity of Advanced LIGO

[117]. In addition, all the plotted spectra are automatically compatible with the

well known bound on the standard big bang nucleosinthesys (BBN) [157], which

requires Ωgw < 2.2×10−6 in a very wide frequency range f >∼ 10−8 Hz, and which

is illustrated by the shaded grey area of Fig. 6.2.

log zs log zd log zσ ϵ βh log σi
MP

log H1

MP
log m

MP

15.89 9.44 5.32 0.19 0.02 −1.00 −1.53 −8.18
16.98 4.88 3.28 0.14 −0.01 −1.00 −1.85 −4.41
14.14 10.48 4.65 −0.03 −0.08 −0.50 −2.97 −10.30
15.70 4.74 1.29 0 −0.05 0.00 −2.60 −10.40
15.46 6.68 2.93 0 −0.06 −0.50 −2.80 −9.10

Table 6.1: Numerical values of the parameters for the spectra plotted in
Fig. 6.2

Finally, it may be interesting to check that the allowed spectra of our non-minimal

model are compatible not only with the normalisation (6.1) of the spectral ampli-

tude, but also with the power-law behaviour fα suggested at the 90% confidence

level by the data fit of [179] in the frequency range fs <∼ f <∼ 10−6 Hz, with a

power roughly given by −0.66 <∼ α <∼ 0.18. The corresponding allowed region

for the spectrum is illustrated by the yellow shaded area of Fig. 6.2, well consis-

tent with the allowed spectra of the non-minimal models both with and without

S-duality symmetry.

6.3.4 Remarks on the spectrum of scalar curvature per-

turbations

To complete our presentation of the main physical aspects of the non-minimal

scenario, introduced in order to support a possible cosmological interpretation of

the IPTA signal, it may be useful to briefly illustrate also the properties of the
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primordial spectrum of adiabatic scalar curvature perturbations produced by the

axion through the curvaton mechanism [75, 110, 111, 174], and associated to the

relic GW spectrum discussed before.

Let us recall, to this purpose, that in the minimal pre-big bang scenario the

(superhorizon) scalar spectrum of metric perturbations Ps(f) at the axion decay

time τd is simply proportional to the primordial axion perturbation spectrum

Pσ(f) at all perturbation scales, i.e. Ps ∼ T 2Pσ, where T is given by Eq. (6.9).

Also, in the minimal scenario, the low frequency branch of the scalar spectrum

(f < fs) has a slightly decreasing power-law behaviour in agreement with the

observed CMB anisotropy, i.e. Ps(f) ∼ fns−1. For the high frequency modes,

leaving the horizon during the high energy string phase (fs < f < f1), the power-

law behaviour is determined by the same parameter β (but with the opposite sign)

controlling the growth of tensor perturbations, so that Ps(f) ∼ f−2β. Since β > 0

it turns out, for the minimal scenario, that the intensity of the scalar spectrum

is always decreasing with frequency, and it becomes fully negligible in the high

frequency limit.

In the context of the non-minimal scenario that we are considering here the situ-

ation is quite similar, but with only one (crucial) difference: the two parameters

controlling the pump field evolution and the spectral distribution, in the case of

tensor perturbations (βh) and of axion/scalar perturbations (βσ), are in general

different and in principle unrelated, βσ = −βh + ϵ, see Eq. (6.10). However, they

are strongly constrained by the whole set of theoretical as well as phenomeno-

logical conditions discussed in Sects. 3.1, 3.2. It turns out, in particular, that

the allowed values of βσ are always positive, and small enough so that the high

frequency branch of the scalar perturbation spectrum, according to Eq. (6.22), is

always growing in frequency as Ps(f) ∼ f 2βσ , βσ > 0.

Note that, unlike the GW spectrum, the axion and (as a consequence) the cur-

vature power spectrum do not have breaks in the slope at fd and fσ. This is

because axion perturbations re-entering the horizon during the axion-dominated

phase are already non relativistic (since f/(2π) ∼ H < m) as discussed in detail

in Appendix A of [111].

This important physical difference between the minimal and non-minimal scenario

is emphasized in Fig. 6.3. We have plotted, for the non-minimal scenario, the pri-

mordial spectra of scalar perturbations exactly corresponding to the GW spectra
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Figure 6.3: The five spectra of scalar perturbations associated with the five
GW spectra of the non-minimal models illustrated in Fig. 6.2 and Table 6.1
(with the same colors).The change of slope correspond to the frequency fs ob-
tained from the fit of the NANOGrav data. Note that, contrary to the case of

the GW spectrum, the scalar spectrum is always growing for f > fs.

illustrated in Fig. 6.2, and with the colors exactly corresponding to the list of

five different models reported in Table 6.1. Note that the change of slope, for all

spectra, obviously correspond to the frequency fs reported in Eq. (6.1) and ob-

tained with the fit of the NANOGrav data (the corresponding spectral amplitude

is different, of course, as it describes primordial scalar perturbations).

It should be stressed, finally, that such a class of scalar spectra is well compatible

with present phenomenological bounds (see e.g. [190], [191]), and may have inter-

esting applications on the possible production of primordial black holes (PBH), as

we are planning to discuss in a future paper.

6.4 Outlook

The conclusion of this paper is that the interpretation of the IPTA signal [30–

33, 35, 36] as due to a stochastic background of relic gravitons produced in a string

model of pre-big bang evolution, as suggested in [179] on the ground of a simple

but phenomenologically incomplete GW spectrum, and referred in particular to a

fit of the NANOGrav 15-year data set, may still be valid, and consistent with all
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constraints, if based on GW spectra obtained from more general, “non-minimal”

string cosmology scenarios.

In this paper we have followed the results of [179], and we assumed ab initio that

the frequency obtained with the fit of the NANOGrav data can be identified with

the frequency fs of the transition from the dilaton to the string-curvature phase

(see Eq. (6.1)). One could ask what happens if fs is left as another parameter

of the model to be best-fitted to the data. While we are convinced that choosing

fs ≫ fPTA ≈ 1.2× 10−8Hz would not be able to reproduce observations (because

of the fast drop of the spectrum below fs) it is not clear to what extent the case

fs < fPTA can be ruled out. We could ask, also, to what extent the results of

this paper may change if, instead of starting from the fit of Eq. (6.1), one would

attempt a global fit of the complete set of IPTA data. Answering these questions

would amount to finding out to what extent our non-minimal model is fine-tuned.

We will give a possible string-theoretical interpretation of the approximately flat

GW spectra which seems to be needed just above fs, if we want to attribute the

IPTA signal to a cosmological scenario of this type in Chapter 8.



Chapter 7

Viscosity in Isotropic

Cosmological Backgrounds in

General Relativity and

Scalar-Tensor Gravity

In this Chapter I will present some of the results obtained in [1] which are func-

tional to the analysis of Gravitational Wave propagation in the presence of shear

viscous fluids during the string phase in the pre-Big Bang scenario. In particular

I will show that in a general class of homogeneous but not isotropic space-time

(which includes the FLRW case), comoving shear viscous fluids do not alter the

background geometry evolution. This result is valid both in the Einstein frame

and in the Jordan frame and some useful transformations will be derived for the

dissipative coefficients of a viscous fluid when changing frame.

7.1 Introduction

In the last years the study of the gravitational and electromagnetic luminosity

distance has been considered, because it is an excellent test for general relativity,

in which the two distances are equal in Friedmann-Lamâıtre-Robertson-Walker

(FLRW) backgrounds [127, 192–205]. In relation to this topic, in a recent paper

153
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[206], the authors expand on our previous results [6, 8, 207] on the ratio be-

tween the gravitational wave luminosity distance and electromagnetic luminosity

distance in a viscous dark matter cosmological model in Einstein and Starobin-

sky gravity [208–211]. They claim that the presence of shear viscous fluids in

Starobinsky gravity is able to change the electromagnetic luminosity distance dEML ,

and they perform cosmological parameter estimation using Supernova Ia, Cosmic

Chronometers and Gamma Ray Bursts with two types of evolution for the shear

viscosity ηV .

However we find that the very first assumption on the influence of the shear vis-

cosity on the background evolution contradicts our previous results obtained in

[8], where we claimed that in a standard FLRW cosmology, shear viscosity does

not modify the Friedmann equations and, leads to a luminosity distance for elec-

tromagnetic waves unaltered by its presence. This feature is preserved also in

modified gravity theories, such as F (R) gravity and in the Gravi-Dilaton sector

coming from String Theory.

The motivation for this Chapter is to point out from general geometrical arguments

that the time component of the divergence of the stress-energy tensor ∇µT
µν , re-

gardless of the gravitational theory under exam, cannot be affected by the presence

of anisotropic stresses (that is the case for comoving viscous fluids), for a larger

class of isotropic but non-homogeneous space-time that includes the FLRW case

(Sect. 7.2), both in the Einstein Frame and in the Jordan Frame (Sect. 7.3)

[212–215], where we show how viscous coefficients and the continuity equation

transform under conformal rescaling. These results are useful for a comprehensive

understanding of the final Chapter 8.

7.2 The continuity equation in a class of isotropic

geometries

In this section we demonstrate that regardless of the gravitational theory under

study, the covariant derivative of the stress-energy tensor for a comoving dissi-

pative fluid, in a particular class of isotropic, but non-homogeneous space-time

is independent from the shear viscosity. We work in the Eckart reference frame,
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where the 4-velocity is taken to be parallel to the particle flux and heat trans-

fer is manifest. The 4-velocity can be expressed as uµ(x) and it is a time-like

vector uµu
µ = 1. We can decompose the energy-momentum tensor in terms of

projections parallel and perpendicular to uµ by defining the following projector

hµν = gµν − uµuν , with the properties hµνh
µν = 3, hµαh

αν = δνµ and orthogonal

to the 4-velocity, hµνu
ν = 0. In this frame we identify the energy density ρ, the

pressure p, the bulk pressure Π, the heat flux qµ and the anisotropic stress πµν

(which is related to the shear viscosity), as follows [216]

ρ = Tµνu
µuν ,

p+Π = −1

3
Tµνh

µν ,

qµ = hµ
λuνTνλ,

πµν = T⟨µν⟩,

(7.1)

where the angular parenthesis denote symmetric and traceless part of the tensor

projected on the space-like sub-space orthogonal to uµ, namely

A⟨µν⟩ =
(
hµ

(α|hν
|β) − 1

3
hµνh

αβ
)
Aαβ, (7.2)

where we denote the usual symmetrization in round bracketsB(µν) ≡ 1
2
(Bµν +Bνµ).

With this typical conventions, the stress-energy tensor can be written as

Tµν = ρuµuν − (p+Π)hµν + 2u(µqν) + πµν . (7.3)

The geometrical meaning of each term is now manifest, every term in the stress-

energy tensor is decomposed in the basis defined by the projector tensor hµν , the

4-velocity uµuν and the vectorial part obtained by projecting the stress-energy

tensor on hµ
λuα. Most importantly the anisotropic stress is the part of the stress-

energy tensor, orthogonal to uµ and traceless, so uµπµν = 0 = hµνπµν and for this

reason it is the source of the modification in the evolution equation of transverse

and traceless tensor perturbations [6].

We also recall that the bulk pressure Π and the anisotropic stress πµν are related

via the bulk (ζ ⩾ 0) and shear (ηV ⩾ 0) viscosity to the expansion rate Θ and

shear tensor σµν respectively, by the following relations

Π ≡ −ζΘ = −ζhαµ∇αu
µ = −ζ∇αu

α,

πµν ≡ 2ηV σµν = 2ηV h
α
⟨µ|∇αu|ν⟩ = 2ηV∇⟨µ|u|ν⟩,

(7.4)
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where in the last two equalities we used uµ∇νu
µ = 0 and, the last term in the

previous expression is the traceless and orthogonal to uµ part of the strain-rate

tensor ∇µuν . After some algebraic manipulation the stress-energy tensor can be

expressed as

Tµν =ρuµuν − (p− ζ∇αu
α)hµν + 2u(µqν)

−ηV
(
uµu

α∇αuν + uνu
α∇αuµ −∇µuν −∇νuµ +

2

3
hµν∇αu

α
)
,

(7.5)

in concordance with [6, 8, 206]. Now we are going to compute the divergence

of Eq. (7.5). In order to have the energy continuity equation, we evaluate the

projection of the divergence of the stress-energy tensor on the 4-velocity, uµ∇νT
µν .

Using the following identities

uµq
µ = 0, ∇µh

µν = −uνΘ, uµ∇νq
µ = −qµ∇νuµ, (7.6)

and the orthogonality relations, we have

uµ∇ν(ρu
µuν) = uν∇νρ+ ρΘ,

uµ∇ν [(p+Π)hµν ] = −(p+Π)Θ,

uµ∇ν(2q
(µuν)) = ∇νq

ν − uνqµ∇νuµ,

uµ∇νπ
µν = ηV

[
− (∇νu

α)(∇αu
ν)− (∇αuν)(∇αu

ν)

+ uνuα(∇νuµ)(∇αu
µ) +

2

3
Θ2
]

= −2ηV σ2,

(7.7)

where in the last equality we have defined σ2 ≡ σµνσ
µν . Finally using Eqs. (7.7)

we find

uµ∇νT
µν = uν∇νρ+ (ρ+ p+Π)Θ +∇νq

ν − uνqµ∇νuµ − 2ηV σ
2. (7.8)

The question whether or not the shear viscosity can enter the energy equation is

now a matter of evaluating the shear tensor for a given geodesic in a given space-

time.

For the sake of generality we do not assume homogeneity for our background geom-

etry, namely we use a rotationally invariant (isotropic) metric in the synchronous

gauge, with line element given by:

ds2 = dt2 − e2λ(t,r)
(
A(r)2dr2 +B(r)2dΩ2

2

)
, (7.9)
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with dΩ2
2 = dθ2 + sin2(θ)dϕ2. The reason behind this choice is to prove, as long

as the fluid is comoving, that shear viscosity cannot enter into the expression

uµ∇νT
µν in more generic space-time that are isotropic but not homogeneous. We

would also like to stress, that for the metric given in Eq. (7.9), a comoving observer,

uµ = (1, 0, 0, 0) is also geodesic, uµ∇µu
ν = Γ00

ν = 0, so we will assume that our

fluid is comoving with the geometry itself.

Under the assumption of comoving fluid it is straightforward to evaluate the shear

tensor

σµν = ∇(µuν) − u(µ|uα∇αu|ν) −
1

3
hµν∇λu

λ

= ∇(µuν) −
1

3
hµν∇λu

λ,
(7.10)

where in the last line we used the geodesic equations. The 0 − µ component of

Eq. (7.10) is vanishing because of the orthogonality conditions σµ0 = uνσµν = 0,

while the i− j components are given by

σij = −Γij 0 − 1

3
gijΓλ0

λ. (7.11)

Defining ∂0λ(t, r) ≡ H(t, r), we have Γij
0 = −H(t, r)gij and Γλ0

λ = 3H(t, r), so

σij = 0 and we conclude that the shear tensor is vanishing and so σ2 = 0. We

generically proved that the gravitational equations of a yet to be specified gravita-

tional theory, cannot be affected by the presence of a shear viscous contribution,

as long as the background fluid source is comoving.1. As a consequence the back-

ground evolution is not affected by its presence and, so are null geodesics, implying

that also the luminosity distance is independent on the shear viscosity. It is easy

to check that upon the following identifications, e2λ(t,r) → a2(t), A(r)2 → 1
1−kr2

and B(r)2 → r2, the line element Eq. (7.9) is the standard FLRW one. The im-

mediate consequence is that no shear contribution can be present in the energy

equation, nor in the background evolution equations, hence it cannot affect the

background geometry evolution.

For completeness we evaluate Eq. (7.8) for a comoving fluid in the space-time given

by Eq. (7.9), including possible heat flux, qµ ̸= 0. Due to the choice of the metric

and the comoving fluid, the only component of the heat flux that is non trivial is

q1. This statement can be understood using the orthogonality qµuµ = 0, which

implies q0 = 0 and, the Einstein (F (R)) equations. Assuming F (R) = R+αf(R),

1Assuming that the gravitational equations are in the form Lµν = λ2
pTµν , where the tensor

Lµν is intended to be containing the geometrical information of the theory (e.g. Lµν = Gµν in
General Relativity)
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denoting with fR ≡ df(R)
dR

and defining

Aµν ≡ fRRµν + gµν
(
∇2fR −

1

2
f
)
−∇µ∇νfR, (7.12)

we can write the Einstein (F (R)) equations as

Gµν + αAµν = λ2pTµν , (7.13)

where Gµν is the Einstein tensor Gµν ≡ Rµν− 1
2
gµνR and α is a constant. The only

off diagonal terms in these equations are the one given by the 0−1 component and

they can be sourced only by the term q1u0 in the stress-energy tensor. The other

off-diagonal terms are vanishing on the left hand side of Eq. (7.13) and enforce

qµ = (0, q1, 0, 0)
2. Denoting with a dot the derivative with respect to t and with a

′ the derivative with respect to r, we find that Eq. (7.8) reduces to

uµ∇νT
µν = ρ̇+ q′1 + 3H(t, r) [ρ+ p− 3ζH(t, r)]

+ 3λ′(t, r)q1 +
(A′(r)

A(r)
+ 2

B′(r)

B(r)

)
q1.

(7.14)

Assuming, ζ = 0, qµ = 0, a dust dark matter p = 0, and an FLRW geometry,

namely H(t, r) = H(t), recalling that as consequence of the Bianchi identities,

both in Einstein and Starobinsky theories the divergence of the left hand side of

Eq. (7.13) is vanishing [207], we recover from Eq. (7.14) the standard continuity

equation

uµ∇νT
µν = ρ̇+ 3H(t)(ρ+ p) = 0. (7.15)

We emphasize that no shear viscous contributions are present. However, if we

allow the presence of a non trivial bulk viscosity ζ ̸= 0, but retaining the FLRW

geometry we find from Eq. (7.14) the well known result

uµ∇νT
µν = ρ̇+ 3H(t)

[
ρ+ p− 3ζH(t)

]
= 0. (7.16)

We note that the analysis has been carried out without assuming any specific

gravitational theory, and as a general feature, even for the broader class of isotropic

geometries considered in Eq. (7.9), the covariant divergence of the stress-energy

tensor projected along the comoving 4-velocity does not include contributions from

2The presence in General Relativity (α = 0) of a trivial heat flux qµ = 0, would imply
G01 = −2∂rH(t, r) = 0, and would enforce the separability eλ(t,r) = a(t)C(r). The factor C(r)
can be absorbed by a redefinition of the functions A(r) and B(r) leading to a more restricted
space-time than the one in Eq. (7.9).
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anisotropic stress.

In F (R) and String gravity, this conclusion remains valid even when reformulating

the theory in the so-called Einstein frame: no shear contributions appear in the

continuity equation. However, additional terms can arise on the right-hand side of

Eq. (7.15) due to the conformal rescaling of the metric gJµν = eψgEµν . These include

terms like 2ρψ̇ in the Jordan frame or ψ̇
2
(ρ− 3p) in the Einstein frame, depending

on the comoving frame adopted. While these terms may resemble the structure

of viscous contributions, their form is not arbitrary: they must be consistent with

the Friedmann equations and the dynamics of a minimally coupled scalar field

with potential Ṽ (ψ) = RF ′(R)−F (R)
F ′(R)2

and ψ = − lnF ′. In the next section, we will

derive the continuity equation for a dissipative fluid in both frames for the general

isotropic space-time given in Eq. (7.9).

7.3 Conformal rescaling and the continuity equa-

tion: absence of shear viscous contributions

in general isotropic space-time

In this section, we provide a detailed derivation to support our claim that the

modification of the continuity equation under conformal rescaling is not associ-

ated with shear viscosity effects. Although modifications of the continuity equation

arise naturally in the Einstein frame (EF) when matter is non-minimally coupled

via the conformal factor, they cannot be interpreted as contributions from shear

viscosity. This holds regardless of the specific gravitational theory considered, as

long as the Einstein frame exists. One can foresee without any explicit computa-

tion that based solely on geometrical arguments, a conformal rescaling can alter

“volume changing” terms, but not deformation terms such as the shear tensor

for the very nature of conformal transformations, since they are volume changing

and angle preserving. It is worth noting that in the Jordan frame, where con-

formal rescaling is not active, such modifications do not occur. Even going from

the Jordan frame (JF) to the Einstein frame (EF), shear viscosity only couples to

the shear tensor, that is vanishing in both frames when an FLRW space-time is

assumed, or the more general class considered in Eq. (7.9). In the following we

are going to give a detailed analysis of this statement.
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Starting with a minimally coupled dissipative fluid in the JF we perform a confor-

mal transformation in the form gJµν → eψgEµν , without specifying the gravitational

theory under exam. For instance the conformal factor ψ can be identified as the

dilaton field ϕ when going from the so called String frame to the Einstein frame

while dealing with the effective tree-level action of the bosonic massless multiplet

of string theory in 4-dimensions

SSstring ∼ −
∫
d4x
√
−gSe−ϕ(RS + (∇ϕ)2 − 1

12
HµναH

µνα) + SSm(g
S
µν , ...), (7.17)

that after conformal rescaling gSµν → eϕgEµν becomes

SEstring ∼ −
∫
d4x
√
−gE(RE−1

2
(∇ϕ)2− 1

12
e−2ϕHµναH

µνα)+SEm(g
E
µνe

ϕ, ...). (7.18)

In F (R) gravity the action can be recasted in a scalar-tensor form via the intro-

duction of a Lagrange mulptiplier χ = F ′(R)

SJ = − 1

2λ2P

∫
d4x
√
−gJ(χR− V (χ)) + Sm(g

J
µν , ...), (7.19)

where V (χ) = RF ′(R)−F (R). A conformal rescaling of the metric and neglecting

total derivatives leads to

SE = − 1

2λ2P

∫
d4x
√
−gEe2ψ

[
e−ψχ(RE−3

2
(∇ψ)2)−V (χ)

]
+Sm(g

E
µνe

ψ, ...). (7.20)

Fixing ψ = − lnχ we end up with the following action

SE = − 1

2λ2P

∫
d4x
√
−gE(RE − 3

2
(∇ψ)2 − Ṽ (ψ)

]
+ Sm(g

E
µνe

ψ, ...), (7.21)

where Ṽ (ψ) = RF ′(R)−F (R)
F ′(R)2

. We emphasize that an exponential pre-factor arise in

the matter lagrangian which couples non trivially the new scalar degree of freedom

ψ to matter, namely

SEm ∼
∫
d4x
√
−gEe2ψLJ(gEµνeψ, ...). (7.22)

This is the starting point of our analysis. We start with a minimally coupled fluid

in the JF and under conformal rescaling we will derive the continuity equation

in the EF, without specifying the particular theory under exam, (as long as a

conformal rescaling can bring the original theory action to an Einsteinian form).
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We will show that also in this case, even if additional terms arise in the case of

Starobinsky gravity, they do not couple to the shear tensor in the isotropic metric

considered in Eq. (7.9), hence in the FLRW case.

The general transformation for the energy-momentum tensor can be evaluated

by varying the matter action in the JF with respect to its metric and applying

the conformal transformation (we evaluate the transformation in general d + 1

dimensions)

δgJSm ≡
1

2

∫
dd+1x

√
|gJ |T Jµνδg

µν
J =

1

2

∫
dd+1x

√
|gE|e

d−1
2
ψT Jµνδg

µν
E ,

δgESm ≡
1

2

∫
dd+1x

√
|gE|TEµνδg

µν
E , (7.23)

so by comparing the last two lines we get

T Jµν = e−
d−1
2
ψ TEµν . (7.24)

In the following we are going to assume that, as in F (R) theories, the stress-energy

tensor is conserved in the JF 3, and we are going to evaluate the divergence on

both sides. We recall that the Christoffel connection transforms as follows

ΓJµν
α = ΓEµν

α + Cµν α, Cµν α ≡
1

2

(
δαν ∂µψ + δαµ∂νψ − gEµνg

αρ
E ∂ρψ

)
. (7.25)

Using the continuity equation in the JF we obtain the following identity in the EF

0 = ∇µT
µν
J = ∇E

µ

(
e−

d+3
2
ψT µνE

)
+ Cµα µe−

d+3
2
ψTανE + Cµα νe−

d+3
2
ψT µαE , (7.26)

where we defined ∇E
µA

αν... ≡ ∂µA
αν... + ΓEµρ

µAρν... + . . . . A straight forward eval-

uation leads using Eqs. (7.25) to the conservation equation in the EF as

∇E
µ T

µν
E =

TE
2
∂νψ, (7.27)

where TE = gEµνT
µν
E is the trace of the stress-energy tensor in the Einstein frame.

Following the geometrical definitions given in Eqs. (7.1) and demanding that

uJµu
µ
J = 1 = uEµ u

µ
E, so that uµJ = e−

ψ
2 uµE, h

J
µν = gJµν − uJµuJν = eψhEµν we find

ΠJ = e−
ψ
2 ΠE, ΠE ≡ −ζJ

(
ΘE +

d

2
uµE∂µψ

)
, ΘE ≡ ∇E

µ u
µ
E, (7.28)

3this is not the case for the effective theory coming from string theory when there is a dilatonic
charge δϕSm = − 1

2

∫
dd+1x

√
|g|σδϕ ̸= 0.
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and recalling the definition of the angular parenthesis given in Eq. (7.2) (in d

dimensions)

A⟨µν⟩ =
(
hµ

(α|hν
|β) − 1

d
hµνh

αβ
)
Aαβ, (7.29)

we find for the anisotropic stress

πJµν = 2ηJV σ
J
µν = 2ηJV e

ψ
2 σEµν

σEµν ≡ ∇E
⟨µu

E
ν⟩,

(7.30)

and finally qJµ = qEµ e
− d

2
ψ. Using Eq. (7.3) we are now able to evaluate the stress-

energy tensor in the E-frame using Eqs. (7.28) and (7.30) and inverting the relation

(7.24)

TEµν = ρEuEµ u
E
ν −

[
pE − ζE

(
ΘE +

d

2
uµE∂µψ

)]
hEµν + 2uE(µq

E
ν) + 2ηEV σ

E
µν (7.31)

where we defined the following transformations laws from the JF to the EF

ρE ≡ e
d+1
2
ψρJ , pE ≡ e

d+1
2
ψpJ , ζE ≡ e

d
2
ψζJ , ηEV ≡ e

d
2
ψηJV . (7.32)

The divergence in the EF of the stress-energy tensor follows the same relations of

Eqs. (7.7)

uEµ∇E
ν (ρ

EuµEu
ν
E) = uνE∇E

ν ρ
E + ρEΘE,

uEµ∇E
ν [(p

E +ΠE)hµνE ] = −(pE +ΠE)ΘE,

uEµ∇E
ν (2q

(µ
E u

ν)
E ) = ∇

E
ν q

ν
E − uνEq

µ
E∇

E
ν u

E
µ ,

uEµ∇E
ν π

µν
E = −2ηEV σ2

E,

(7.33)

and the trace of Eq. (7.31) reads

TE = ρE − d(pE +ΠE) = ρE − dpE + dζEΘE +
d2

2
uµE∂µψ. (7.34)

Projecting on the four velocity the right hand side of Eq. (7.27) we finally obtain

the continuity equation in the EF

uνE∇E
ν ρ

E + (ρE + pE +ΠE)ΘE − uµE∂µψ

2

[
ρE − d(pE +ΠE)

]
+∇E

ν q
ν
E − uνEq

µ
E∇

E
ν u

E
µ − 2ηEV σ

2
E = 0.

(7.35)

This equation justifies the expectations we exposed at the beginning, the confor-

mal rescaling cannot affect the shear part of the stress-energy tensor if the stress
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tensor is vanishing in one frame, due to Eq. (7.30). To fully conclude our argument

we have to specify a background metric and the motion of our background fluid.

Two possibilities now arise, the fluid is geodesic in the EF, or the fluid is geodesic

in the JF. It is widely known that a geodesic fluid in the JF, under conformal

rescaling is not geodesic in the EF in general and vice versa, and only a radia-

tion fluid stays geodesics (i.e. conformal transformations preserve the light-like

geodesics), so we are going to analyze both cases. As will become evident, modifi-

cations of the continuity equation consistent with shear viscosity do not naturally

arise from the conformal structure, regardless of the frame considered.

7.3.1 Geodesic fluid in the Jordan Frame

Although one can go through an explicit derivation of the shear tensor in the EF,

this is not necessary, since we have already proven that for the general class of

space-time Eq. (7.9), 0 = πJµν = 2ηJV σ
J
µν , but making use of the transformations

in Eqs. (7.30), also σEµν = 0, hence σ2
E = 0 and no shear viscous contributions are

present in the continuity equation (7.35) also in the EF. Being valid for the general

case of Eq. (7.9), it still holds for the particular case of FLRW. This result says

that even from a phenomenological standpoint, the correction to the conservation

equation due to the conformal rescaling, does not involve shear viscosity. We recall

that physical observables such as the luminosity distance are frame independent

[217–219], so no matter the frame, the observed luminosity distance is not affected

by which frame one decide to work with. From the geodesic condition in the

JF uνJ∇J
ν (u

µ
J) = 0 we have that uνE∇E

ν (u
µ
E) = 1

2
(∂µψ − uµEu

ν
E∂νψ) and from the

comoving condition in the Jordan frame (we are fixing d = 3 from now on), we have

uµE = e
ψ
2 (1, 0, 0, 0). From qEµ u

µ
E = 0 we have qE0 = 0, and moreover we know that

the Einstein equations can be written as Gµν = λ2PT
tot
µν , where T

tot
µν = Tψµν + T fluidµν ,

where the stress-energy tensor for ψ corresponds to the one of a scalar field with

potential Ṽ (ψ). From the symmetries of the metric under study, we know that

also in the EF, where the metric is gEµν = e−ψgJµν , the only off-diagonal non-

vanishing components of the Einstein tensor are the 0− 1, hence qµE = (0, q1E, 0, 0)

and ψ = ψ(t, r). Using for the JF metric the one given in Eq. (7.9), we get the
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continuity equation as

ρ̇E + 3H(t, r)(ρE + pE − 3ζEH(t, r)e−ψ)

− 2ρEψ̇ + e−
ψ
2

[
q′1E + q1E

(
A′

A
+ 2

B′

B
+ 3λ′ − 3

2
ψ′
)]

= 0.
(7.36)

In the FLRW limit for dust fluid, where ψ = ψ(t) and with vanishing bulk viscosity

we get

ρ̇E + 3H(ρE + pE)− 2ρEψ̇ = 0. (7.37)

This confirms our initial statement: in the Einstein frame, corrections induced by

conformal transformations are constrained and cannot reintroduce shear contri-

butions.

7.3.2 Geodesic fluid in the Einstein Frame

For this case we assume that the line element in the Einstein frame is the one

given by Eq. (7.9) and that the fluid is comoving uµE = (1, 0, 0, 0), hence geodesic

in the EF. For the same reasons given in the previous subsection, also in this case,

the shear tensor vanishes identically, ruling out any shear-viscous contribution to

the conservation equation. In this case the continuity equation reads

ρ̇E + 3H(t, r)
[
ρE + pE − 3H(t, r)e−

3
2
ψζE

]
− ψ̇

2

(
ρE − 3pE − 3

2
e−

3
2
ψζEψ̇

)
+ q1E

(
A′

A
+ 2

B′

B
+ 3λ′

)
= 0,

(7.38)

and finally in the FLRW limit and for vanishing bulk viscosity we recover

ρ̇E + 3H
(
ρE + pE

)
− ψ̇

2

(
ρE − 3pE

)
= 0. (7.39)

The same conclusions as in the case of a fluid comoving in the JF can be drawn

also in this case.
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7.4 Outlook

In this Chapter, we have shown that shear viscosity does not influence the back-

ground dynamics of isotropic cosmological models, as long as the fluid is comoving

and geodesic. Our analysis relies on general geometric arguments valid for a broad

class of isotropic (but not necessarily homogeneous) metrics, and the result holds

independently of the gravitational theory under consideration. In particular, we

verified that in both General Relativity and F (R) gravity including Starobinsky

model the shear tensor vanishes identically for comoving fluids in these back-

grounds, implying that anisotropic stresses do not enter the continuity equation.

We extended this result to both Jordan and Einstein frames, showing that con-

formal transformations do not introduce shear-dependent terms into the diver-

gence of the stress-energy tensorwhen starting from a shear-free configuration.

This supports the conclusion that shear viscosity cannot alter the evolution of

the Hubble parameter, and thus cannot affect the electromagnetic luminosity dis-

tance in FLRW, which depends only on the background geometry via the Hubble

parameter.

Overall, while our results do not exclude the possibility that shear viscosity plays

a role in more complex or perturbed settings (e.g. tensor modes as we are going

to discuss in the next Chapter), they suggest that constraints on shear viscosity

cannot be reliably extracted from background observables.
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A simple example of

“non-minimal” Pre-Big Bang

scenario

8.1 Introduction

In a recent paper [3] we have discussed the possible interpretation of the sig-

nal detected by the multiple Pulsar Timing Array (IPTA) collaborations, includ-

ing NANOGrav [30, 31], the Parkes PTA (PPTA) [32, 33], the European PTA

(EPTA) in partnership with the Indian PTA (InPTA) [34, 35], and the Chinese

PTA (CPTA)[36], as due to a stochastic background of relic primordial gravity-

wave (GW) radiation produced in the context of the Pre-Big Bang (PBB) scenario

[20, 21, 180, 181, 220], based on the duality symmetries of the string cosmology

equations [19, 70, 71, 77, 79].

Such an interpretation, as discussed in [3], is impossible for the GW spectrum

produced by the so-called “minimal” version of such a scenario (see e.g. [4, 155]),

as it requires appropriate modification of the GW spectrum amplified during the

high-curvature string phase. The aim of this paper is to provide a simple but

physically motivated example of how such modifications could be implemented

in the context of a “non-minimal” model of PBB evolution still described by the

standard string cosmology equations.

167



Chapter 8 168

Let us start by recalling the basic elements of the minimal PBB scenario [20, 85,

220]: the cosmological evolution starts asymptotically from the string perturbative

vacuum and, after a low-energy phase of growing curvature and growing dilaton,

reaches a high-energy phase with string-scale curvature, preceding the bounce and

the beginning of the standard, decreasing curvature, frozen dilaton, post-big bang

evolution. The high-energy string phase of the minimal scenario, in particular,

is described by an epoch in which the curvature of the internal and external

dimensions is nearly constant at the string scale, and the effective string coupling,

controlling the string loop corrections, is growing (according to the explicit model

first discussed in [172]).

Let us try to preserve the above-mentioned properties of the string phase also in

the modified version of the non-minimal scenario. To this purpose we recall that

the string phase of the minimal scenario is described by a fixed-point solution

of the vacuum gravi-dilaton equations, including higher-curvature corrections to

first order in the string α′ expansion [172]. Therefore, we will modify such a

scenario by only adding to the background dynamics the contribution of non trivial

(high-energy) effective matter sources; and we will ask whether, depending on the

properties of these sources, the amplified tensor and axion perturbations may be

characterized by spectral powers different from those of the minimal model, so as

to satisfy the constraints discussed in [3] needed to produce the signal detected

by the IPTA collaboration. Finally, we will describe the matter sources as a

higher-dimensional fluid (as usual in the context of homogeneous cosmologies),

with possibly anisotropic pressure (in case of a different dynamics for internal

and external spatial dimensions), and with possibly intrinsic shear viscosity (to

produce a scenario with broken S-duality symmetry [74]).

We have found, with explicit calculations, that there are various models of sources

able to produce the required scenario. For the illustrative purpose of this paper,

and for the sake of brevity, we shall mainly concentrate our discussion on three

cases: i) radiation, described by fluid sources with traceless stress tensor; ii) gas

of primordial unstable strings [221, 222], described by fluid sources with equation

of state, in an isotropic D-dimensional geometry, given by p/ρ = −1/(D − 1);

iii) gas of string holes (i.e. string-size black holes) [186–188, 223, 224], described

by fluid sources whose pressure p is related to the dilaton charge σ, in the string

frame (S-frame), by p = σ/2. We have chosen these three examples because we
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may naturally expect the presence of these type of sources in the high-curvature

regime of the string phase.

Finally, let us anticipate here a result which, in our opinion, is probably one of the

most interesting ones of this paper: the new allowed background solutions describ-

ing the string phase, and satisfying the required constrains needed for a successful

non-minimal scenario, may be characterized by spatial dimensions evolving with

an effective Hubble parameter of opposite sign to that of the initial asymptotic

regime. For instance, by an external space which is contracting at constant curva-

ture (or even flat), instead of being expanding. Note that this is not an unphysical

result (as it might seem at first glance) but, on the contrary, an interesting (and

in principle expected) result, since it describes just the same type of kinematics

of the high-curvature phase obtained in the context of regular and self-dual string

models of bounces (see e.g. [5, 93, 96]).

The paper is organised as follows. In Sect. 8.2 we introduce the background dy-

namics and its perturbations for our model of high-curvature, non-vacuum string

phase. In Sect. 8.3 we present and discuss, for the chosen examples of fluid sources,

their effects on the dynamics of the string phase, the resulting modification of the

perturbation spectra,and their behaviour in the spectral plane to be compatible

with the PTA signal. We also consider examples of viscous sources, producing

non-minimal models with broken S-duality symmetry [74]. Sec. 8.4 is devoted

to our concluding remarks. The explicit form of the modified background equa-

tions is reported in App. E, and the canonical evolution of axion perturbations,

including first-order, higher-curvature corrections, is presented in App. E.1. The

main details of the non-minimal GW spectrum, and the theoretical, phenomeno-

logical and self-consistency constraints to be imposed for its compatibility with

the detected PTA signal, are finally summarised in App. E.2.

8.2 A non-vacuum string phase: background and

perturbation equations

Let us start with the S-frame action used to describe the string phase in the

context of the minimal PBB scenario [172], and obtained to first order in α′ from

the two-loop sigma model through a field redefinition (see e.g. [50]) which gives an

action without higher-than-second derivatives in the corresponding equations of
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motion. By including the string antisymmetric tensor1 Bµν = −Bνµ, and adding

the source contribution described by the matter action Sm, the total action, in a

general D-dimensional space-time geometry, is then given by

S = Sm −
1

2λD−2
s

∫
dDx
√
−ge−ϕ

[
R + ∂ϕ2 − 1

12
H2
ABC − α′α0

(
R2
GB −∇ϕ4

)
−α′a0H

2
ABC

(
1

12
gMNRMN +

5

4
∇ϕ2

)
− α′a0H

MABHNAB

(
RM

N −∇Mϕ∇Nϕ
)

−α′a0

(
1

24
HMNLH

N
RAHS

MAHRSL − 1

8
HMRLHN

RLHMSAHN
SA

)
+
1

2
α′a0RABCDH

ABMHCD
M

]
. (8.1)

Here λ2s ≡ 2πα′ is the string length parameter, ϕ is the dilaton, HABC = ∂ABBC +

∂BBCA + ∂CBAB, where B is the NS-NS two-form (related in four dimension to

the so-called Kalb-Ramond axion), and a0 is a numerical parameter depending

on the given type of string model: in particular, a0 = 1/4 for the bosonic string,

and a0 = 1/8 for the heterotic superstring. Finally, R2
GB is the Gauss-Bonnet

quadratic curvature invariant, and capital latin indices run from 0 to D − 1.

8.2.1 Background dynamics of the string phase

Consider a higher-dimensional geometry of Bianchi-I type, describing the product

of two isotropic subspaces with d = 3 (external) and n (internal) dimensions,

represented (using the cosmic time t) by the metric

gAB = diag (gµν , γmn) = diag (1,−a2δij,−b2δmn),

a = eβ(t), b = eγ(t),

(8.2)

where Greek indices run from 0 to 3, Latin indices i, j from 1 to 3, Latin indices

m,n from 4 to 4 + n, capital Latin indices from 0 to D − 1 = 3 + n.

By assuming that the background value of the Kalb-Ramond strength tensor is

vanishing (HABC = 0) we find, for the given class of geometric backgrounds,

that the action (8.1) reduces to the following effective action for the variables

1This background field is an essential ingredient for a phenomenologically complete scenario
able to produce the today observed spectrum of scalar metric perturbations [74].
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{N, ϕ, β, γ}:

S =Sm −
1

2λD−1
s

∫
dt

N
e3β+nγ−ϕ

{[
ϕ̇2 + 6β̇2 + n(n− 1)γ̇2 + 6nβ̇γ̇ − 6β̇ϕ̇− 2nγ̇ϕ̇

]
−α

′a0
N3

[
c2γ̇

4 + c3ϕ̇β̇
3 + c4γ̇

3(ϕ̇− 3β̇)− ϕ̇4 + c5β̇γ̇
2(ϕ̇− β̇) + c3nγ̇β̇

2(3ϕ̇− β̇)
]}

,

(8.3)

where N2 = g00 is the so-called lapse function, and where:

c2 = −
n

3
(n−1)(n−2)(n−3), c4 =

4n

3
(n−1)(n−2), c5 = 12n(n−1) (8.4)

(we are using the same notations as in [172]).

As already mentioned we shall use a fluid model of sources, possibly coupled to the

dilaton, with possibly different external (p) and internal (q) pressure (in agreement

with the spatial anisotropy of the metric (8.2)), and with the possible presence

of intrinsic shear viscosity ηV . The variation of the matter action with respect to

the metric and to the dilaton then gives the so-called dilaton charge σ and the

canonical stress tensor, defined as usual by

σ

2
= − 1√

−g
δSm
δϕ

, TAB = − 2√
−g

δSm
δgAB

. (8.5)

The stress tensor, taking into account the particular spatial structure of the met-

ric (8.2) describing the direct product of 3-d and n-d isotropic subspaces, and

including (in the standard form) the shear viscosity contribution, can be written

covariantly as follows:

TAB = (ρ+ p̃)uAuB − p̃gAB +(q̃ − p̃) vAvB − ηV
[
u(A|u

M∇Mu|B) −∇(AuB)

]
(8.6)

(round brackets denote symmetrisation). Here uA and vA are, respectively, time-

like and space-like vectors satisfying the conditions uAu
A = 1, vAv

A = −n (see e.g.

[225, 226] for the formal description of anisotropic fluid sources in the special case

of D = 1+3 dimensions). Finally, the tilde symbol over the internal and external

pressures denotes as usual the possible presence of the shear viscosity contribution

ηV as follows:

p̃ = p+
2

3 + n
ηV∇Au

A, q̃ = q +
2

3 + n
ηV∇Au

A. (8.7)

An explicit computation for the background metric of Eq. (8.2), performed in
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the comoving gauge where uAu
B = δ0A δ

B
0 and vAv

B = −δmA δBn δnm, then gives the

following modified components of the source stress tensor:

T 0
0 = ρ, T ji = −δji

[
p+

2ηV
3 + n

n(γ̇ − β̇)
]
, T nm = −δnm

[
q +

2ηV
3 + n

3(β̇ − γ̇)
]

(8.8)

(note that in the limit of an isotropic geometry, β̇ = γ̇, there are no contributions

of the shear viscosity to the stress tensor and to the background equations, as

expected [6]). We shall assume, in the following, that the non-viscous components

of the source satisfy the perfect fluid equation of state, namely namely:

p = w1ρ, q = w2ρ,
σ

2
= w3ρ, (8.9)

with wi = const.

The explicit equations governing the dynamics of the string phase are now obtained

by varying the gravi-dilaton part of the action (8.3) with respect N, β, γ, ϕ, and by

adding the associated contribution of the fluid sources. After the variation we set

N = 1 (cosmic time gauge), and we look, as in the minimal model, for background

solutions with constant curvature and with a dilaton which is linearly evolving

with respect to the cosmic time coordinate. Namely, we impose ȧ/a = β̇ = const,

ḃ/b = γ̇ = const, ϕ̇ = const, where the dot denotes cosmic time derivative. The

explicit form of the resulting equations, including the fluid source contribution

parametrised as in Eqs. (8.8), (8.9), is reported in Appendix E. It can be easily

checked that the sources, to be consistent with the given type of background

solutions, must satisfy the conditions

λD−1
s eϕρ ≡ C = const, λD−2

s ηV e
ϕ ≡ HV = cost. (8.10)

(see Eqs. (E.1)–(E.4)).

The equations reported in Appendix E are a system of four algebraic equations for

the unknown constants β̇, γ̇, ϕ̇, C,HV , w1, w2, w3, and we shall look for non trivial

solutions for appropriate fluid models. In the absence of sources only three of

the above equations are independent and, in the particular limit of an isotropic

geometry, β̇ = γ̇, one can recover the known solutions of the minimal model

presented in [172]. In that case, however, we cannot satisfy the conditions required

to produce a GW spectrum compatible with the PTA signal.
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For an explicit formulation of the required conditions let us now introduce a few

details on the evolution of axion and tensor perturbations in the chosen model of

string-phase background.

8.2.2 Axion perturbations with α′ corrections

Let us report here the basic results needed to compute the axion spectrum (which

is a crucial ingredient, for the PPB scenario, to produce the today observed back-

ground of isocurvature scalar metric perturbations via the curvaton mechanism

[60, 74, 110, 111]).

We will assume that the matter sources are not directly coupled to the Kalb-

Ramond field, so that the resulting axion-perturbation equation will be exactly

the same as that of the minimal scenario. However, we will explicitly take into

account the possible contribution of the α′ corrections typical of the string phase2,

and present indeed in the action (8.1).

Let us start with the action (8.1), consider the first order perturbations of the

Kalb-Ramond field strength, HABC → HABC + δHABC , assume that the zeroth-

order background contribution is vanishing, HABC = 0, and compute from (8.1)

the effective action quadratic in the perturbation δHABC . We are interested,

in particular, in the dynamics of the pseudo-scalar Kalb-Ramond axion field χ,

i.e. the spacetime dual of the four-dimensional component of the Kalb-Ramond

perturbations. It is defined by

δHµνα =
eϕ√
|γ|

ϵµναβ√
−g
∇βχ ≡ eϕηµναβ∂βχ, (8.11)

where µ, ν, ... = 0, 1, 2, 3, ηµναβ is the four-dimensional totally antisymmetric ten-

sor, and eϕ = eϕ/
√
|γ| = eϕ/bn ≡ g24 is the square of the effective four-dimensional

string coupling.

We shall now perturb the action (8.1) according to Eq. (8.11) up to terms of

quadratic order (∂χ)2 and, by taking into account that χ = χ(t, xi), we shall use

the Fourier component of the axion perturbation χk, such that ∇2χk = ∂i∂
iχk =

−k2χk. By introducing the conformal-time coordinate τ such that dt = adτ , and

2This is a point which, to the best of our knowledge, has never been taken into account for
the axion in previous papers.
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factorising the volume integral
∫
dny over the internal spatial dimensions, we then

obtain the following quadratic perturbed action for χk:

δHS = − 1

2λ2s

∫
dτ
[
z2(τ)χ′2

k − k2χ2
ky

2(τ)
]
. (8.12)

Here a prime denotes differentiation with respect to the conformal time, and z

and y are functions of time depending on the background fields (see Appendix

E.1 for an explicit computation and a general definition of these functions). From

the action (8.12) we can immediately obtain the equation of motion for the axion

perturbation χk:

χ′′ + 2
z′

z
χ′ + k2

y2

z2
χ = 0, (8.13)

and the corresponding evolution equation for the canonical variable vk = zχk

which diagonalises the kinetic term of the action (8.12):

v′′k + k2vk − Vk(τ)vk = 0, Vk(τ) =
z′′

z
− k2

z2
(
y2 − z2

)
. (8.14)

Let us now take into account that our background describing the string phase is

characterized by constant values of the parameters β̇, γ̇, ϕ̇ controlling the curvature

and the dilaton dynamics. In such a case it turns out that the two functions z and

y are proportional (see their explicit expression in Appendix E.1), and are given

by

z = α1ξσ, y = α2ξσ, ξσ = a b−n/2eϕ/2, (8.15)

where α1, α2 are numerical constants of order one. The canonical equation (8.14)

determining the axion spectrum thus reduces to

v′′k +

(
k2c2s −

ξ′′σ
ξσ

)
vk = 0, (8.16)

where ξσ is the so-called axion pump field, and cs = α2/α1 ∼ 1 is the effective

“sound velocity” of the axion fluctuations (see e.g. [168, 182] for the possible

physical consequences of a speed cs ̸= 1).

The primordial axion spectrum amplified by this model of string phase has thus a
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spectral index determined (according to standard cosmological perturbation the-

ory [12, 60]) by the power-law evolution of the pump field ξσ, expressed in confor-

mal time. For the background we are considering we have, in cosmic time,

ξσ = a b−n/2eϕ/2 ∼ eβ̇t e−nγ̇t/2 eϕ̇t/2, (8.17)

for −∞ < t < +∞. Hence, in conformal time where a ∼ (−β̇τ)−1,

ξσ ∼ (−β̇τ)−1+βσ , βσ =
1

2β̇

(
nγ̇ − ϕ̇

)
, (8.18)

where τ < 0 for β̇ > 0 and τ > 0 for β̇ < 0.

It should be noted that the canonical equation (8.16) determining the axion spec-

trum only contains second derivatives with respect to the conformal time, and is

invariant with respect to the change of coordinates τ → −τ . The definition of

the pump field parameter βσ is thus valid quite independently of the sign of β̇,

controlling the external-space kinematics (i.e. constant-curvature expansion for

β̇ > 0, constant-curvature contraction for β̇ < 0).

8.2.3 Tensor perturbations including viscosity

For tensor metric perturbations the procedure is the same as the previous one

used for axion perturbations. We start with the action (8.1) and consider the

first order perturbation δgAB = hAB of the metric tensor, expanding the metric

as gAB → gAB + δgAB, and computing the perturbed action up to terms of order

h2. Assuming as before that the background value of the Kalb-Ramond strength

tensor is vanishing (HABC = 0), we shall concentrate on perturbations propagating

in the d = 3 external space, hij = hij(t, xi), and satisfying the usual transverse-

traceless (TT) condition: ∂jhi
j = 0 = hi

i. Let us first assume that there is no

shear viscosity in the matters sources. The only contributions to the perturbed

action come then from the gravi-dilaton part of the action, and in particular from

the terms of Eq. (8.1) not containing the Kalb-Ramond field: the results are

known, as already computed in previous papers [73].

For the purpose of this paper it will be enough to recall that the quadratic per-

turbed action for the Fourier components of tensor perturbations, hk, is formally

of the same type as in the axion case, Eq. (8.12), and that we obtain exactly the



Chapter 8 176

same type of Eqs. (8.13), (8.14) for the propagation of hk and of its corresponding

canonical variable, vk = zhk. The only difference is that the effective pump fields

z and y, for the tensor modes, are different functions of the background variables

a, b, ϕ (see e.g. [73]).

However, in the special case of a background with constant values of β̇, γ̇, ϕ̇ it

turns out again that the two functions z and y are proportional, and thus define

a unique pump field ξh for tensor perturbations, in a way similar to Eq. (8.15).

One obtains, in particular:

z ∼ y ∼ ξh ∼ a bn/2e−ϕ/2. (8.19)

The canonical equation, determining the tensor propagation spectrum, then takes

the form

v′′k +

(
k2c2s −

ξ′′h
ξh

)
vk = 0 (8.20)

(where again cs ∼ 1, but its precise value is in general different from that of the

corresponding parameter of axion perturbations).

Like in the axion case, we can express the tensor pump field in conformal time,

and we obtain:

ξh ∼ eβ̇t enγ̇t/2 e−ϕ̇t/2 ∼ (−τ)−1+βh , βh =
1

2β̇

(
ϕ̇− nγ̇

)
= −βσ, (8.21)

valid as before for both expanding space, β̇ > 0 with τ < 0, and contracting space,

β̇ < 0 with τ > 0. We note that the obtained relation βh = −βσ is an expected

consequence of the S-duality symmetry [74] satisfied by the model of string phase

that we are considering.

The S-duality symmetry could be broken, however, if we would like to consider a

fluid source with non-vanishing shear viscosity. Such an additional“non-minimal”

ingredient is not necessarily required, as we shall see, to obtain a scenario compat-

ible with the fit of the PTA data; however, it may be interesting (and useful) to

sketch here the basic effects of shear viscosity on tensor perturbations, also in view

of the possibility that future detections of relic GW backgrounds, corresponding to

unexpected amplitude in unexpected frequency ranges, might be better explained

by a spectrum produced in the context of models with broken S-duality symmetry.
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Indeed, let us recall that the shear viscosity of the sources, unlike bulk viscosity,

directly affects the propagation of tensor perturbations, and can thus induce sig-

nificant modifications of their spectrum. We refer to [6] for an introduction to this

effect, and for its detailed discussion. Here we only report the modified form of

the evolution equation for the Fourier components of the 3-d tensor perturbation

modes hk, in the TT gauge, explicitly written in the same string phase as before

(we put for simplicity cs = 1), and modified by the presence of a non-vanishing

shear viscosity:

h′′k + 2

(
ξ′h
ξh

+ aHV

)
h′k + k2hk = 0. (8.22)

Here ξh is the tensor pump field of Eqs. (8.19), (8.21), and HV is the parameter

depending on the shear viscosity and on the dilaton already defined in Eq. (8.10).

Note that the explicit form of Eq. (8.22) and, in particular, the presence of

the dilaton in the viscosity contribution represented by HV , is due to the direct

rescaling of the tensor perturbation equation with viscosity from the Einstein

frame used in [6] to the String frame, used in this paper (see e.g. [60? ] for the

details of the transformations between the two frames, in an arbitrary number

of dimensions). It should be stressed, finally, that for the constant-curvature

background that we are considering, the parameter HV is constant (see instead [8]

for an example of time-dependent HV in more general background geometries).

According to Eq. (8.22), the presence of shear viscosity defines a new effective

tensor pump field ξ̃h such that

ξ̃′h

ξ̃h
=
ξ′h
ξh

+ aHV , (8.23)

and a new “viscous” canonical variable v = ξ̃hhk. satisfying the generalised equa-

tion

v′′k +

(
k2 − ξ̃′′h

ξ̃h

)
vk = 0. (8.24)

We can easily find the power-law behaviour of the new, viscous pump field ξ̃h in

conformal time from Eq. (8.23). Putting ξ̃h ∼ (−β̇τ)K , and solving for K, we

obtain

ξ̃h(τ) ∼ (−β̇τ)−1+β̃h , β̃h =
1

2β̇

(
ϕ̇− nγ̇ − 2HV

)
= −βσ −

HV

β̇
. (8.25)
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As before, the above result for ξ̃h is valid for both expanding (β̇ > 0, τ < 0) or

contracting (β̇ < 0, τ > 0) external 3-d space.

We note, finally that S-duality is explicitly broken (β̃h ̸= −βσ, compare with Eq.

(8.21)), because shear viscosity affects the tensor pump field and the tensor per-

turbation spectrum, but not the corresponding parameters of axion perturbations,

which are left unchanged. It follows that the phenomenological parameter con-

trolling the S-duality violation, defined as ϵ ≡ βσ + β̃h in our previous paper [3],

turns out to be directly related to the viscosity of the sources as ϵ = −HV /β̇.

8.3 Examples of physical models compatible with

the PTA signal

Looking at the allowed region of the spectral parameter space presented in [3] it

should be noted, first of all, that the conditions to be satisfied by the variables

β̇, γ̇, ϕ̇, HV , . . . , characterising the chosen background model, are significantly af-

fected by the presence or absence of the S-duality symmetry.

Let us recall, in fact, that the overall shape of the today-observed relic GW spec-

trum is determined not only by the spectral tilt (controlled by βh) of the modes

amplified during the string phase, but also by many other model-dependent de-

tails such as the duration of the pre-bouncing evolution, the bouncing energy

scale, the durations of the post-bouncing axion-dominated regime and so on (see

Appendix E.2). Hence, for any given couple of values of βh, βσ, their localisation

inside or outside the allowed region of a PTA-compatible spectrum also depends

on the variation range of all the other parameters (as illustrated in particular by

Fig. 1 of ref. [3])). The overall allowed region must of course satisfy, in addi-

tion, all existing phenomenological constraints such as the bounds imposed by Big

Bang nucleosynthesis [157], by the CMB observations [162], by the present data

of the LKV network [116] and so on. All such conditions have been summarised

in Appendix E.2, but see [3] for an explicit and detailed discussion.

It follows, in particular, that when the two pump-field parameters βh, βσ are di-

rectly related by S-duality, and if we apply on one of them the needed constraints,

the other one is also automatically constrained. Conversely, when duality is bro-

ken and the two parameters are independent, there is no automatic transmission
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of constraints, and the allowed range of the two parameters is larger. In the first

(S-dual) case where βh = −βσ it turns out, from the results of [3], that the GW

spectral parameter for a scenario compatible with the PTA signal must be confined

inside the (rather small) range

−0.09 <∼ βh <∼ − 0.05. (8.26)

In the second (S-duality broken) case, like for instance the viscous model of the

previous section (with β̃h ̸= −βσ) one finds instead that the spectral parameters

must satisfy two independent conditions:

−0.08 <∼ β̃h <∼ 0.05, 0.10 <∼ βσ − β̃h <∼ 0.21. (8.27)

In spite of these rather strong conditions, we have found various possible exam-

ples of fluid sources, with and without dilatonic charge, with and without viscosity,

producing a spectrum of tensor and axion perturbations determined by the pump

field parameters satisfying the conditions (8.26) or (8.27). In the following sub-

sections we shall present a detailed illustration of simple and physically motivated

models of fluid sources compatible with the mentioned constraints, and useful to

illustrate the typical properties of the non-minimal scenario.

Let us notice, to this purpose, that the above conditions (8.26), (8.27) provide

constraints on the values of β̇, γ̇, ϕ̇ (and possibly HV ) obtained by solving the

background equations (E.1)–(E.4), and describing a particular example of string

phase kinematics. The string phase describes an epoch of pre-bouncing evolution,

and thus it is naturally associated to a growing string loop parameter, ϕ̇ > 0. In

such a context, it would seem natural to expect also an expanding external space

with β̇ > 0, and contracting (or frozen) internal dimensions with γ̇ ⩽ 0.

As already mentioned, however, this is not necessarily the case, as explicitly shown

by the regular, exact (to all orders in α′) and self-dual models of bounce [5, 93, 96].

In that case, indeed, the high curvature regime tends to be characterized by a sign

of the effective Hubble parameter which is exactly the opposite of the sign typical

of the asymptotic (initial or final) regimes: namely, a sign which corresponds to a

contracting (or even flat) external space, β̇ ⩽ 0, and/or to an expanding internal

space, γ̇ > 0. In the same way, those models also suggests the possibility of

a high-curvature pre-bouncing regime with decreasing dilaton ϕ̇ < 0: in such a
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case, however, the self-consistency of the PBB scenario requires a growth of the

effective four-dimensional string coupling g4 ∼ eϕ/2b−n/2, namely ġ4 > 0, which

implies ϕ̇ > nγ̇.

In the following subsections we will thus consider examples of background solutions

satisfying the conditions (8.26) or (8.27) without imposing constraints, a priori,

on the sign of β̇, γ̇, ϕ̇.

8.3.1 Anisotropic fluid sources without viscosity: S-dual

GW spectrum

The simplest and most natural example of source physically compatible with the

high-energy string phase is probably that of radiation, represented by a perfect

fluid with traceless stress tensor, i.e. satisfying the condition 3w1 + nw2 = 1 (see

Eqs. (8.8), (8.9)). It might represent the possible effects of the backreaction due

to the amplified perturbations, and it could even correspond to an isotropic spatial

distribution throughout the entire (external and internal) space, with equation of

state p = ρ/(3 + n), namely with w1 = w2 = 1/(3 + n). Assuming that there

is no viscosity we have no breaking of the S-duality for the GW spectrum, and

we may look for solutions of the background equations (E.1)–(E.4) (with ηV = 0)

satisfying the stronger condition (8.26), where βh is defined by Eq. (8.21).

In the isotropic case we have checked that there are solution with βh varying in the

whole allowed range (8.26). However, they need a non-vanishing dilaton charge,

and are characterized by numerical values of the parameter w3 which do not seem

to have any clear interpretation in terms of physical models of sources.

To this purpose, let us briefly discuss how the dilaton charge density σ could be

physically introduced for the (possibly anisotropic) fluid model of source that we

are considering. First of all we note that the the canonical stress tensor (8.6),

without viscosity, can be easily derived from the following effective action,

Sm = −1

2

∫
d4+nx

√
−g
[
((ρ+ p) gAB u

AuB + (q − p) gAB vAvB − (ρ+ 3p)− n(p− q)
]
,

(8.28)

which generalises to our higher-dimensional metric (8.2) the action for an isotropic

fluid given in [227]. By applying the canonical definition (8.5) and specifying, after
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the variation, the vectors uA and vA in the comoving gauge, we obtain indeed the

previous results (8.8), (8.9) with ηV = 0.

Suppose now we introduce for this model of fluid the coupling to the dilaton,

according to the standard string coupling expansion: namely by multiplying the

Lagrangian of the action (8.28) by ekϕ, where k = −1 for the small coupling limit

of the tree-level contribution, k = 0 for the one-loop contribution, and so on. We

then obtain a dilaton-dependent action Sm(ϕ) with the same form of Eq. (8.28),

but with rescaled fluid variables:

ρ→ ρ(ϕ) = ekϕρ, p→ p(ϕ) = ekϕp, q → q(ϕ) = ekϕq. (8.29)

In that case, the canonical definition of the dilaton charge (see Eq. (8.5)) imme-

diately gives
σ

2
= −kp = −kw1ρ ≡ w3ρ. (8.30)

At the tree-level, in particular, we have w3 = w1. We shall now consider three

simple examples of sources.

• Radiation-like sources

Coming back to our radiation-like model of source, and considering the anisotropic

case which satisfies the condition 3w1+nw2 = 1, we are now physically motivated

to look for solutions with no dilaton charge, w3 = 0, or with tree-level charge,

w3 = w1. In both cases we find that there are non-trivial solutions to Eqs. (E.1)–

(E.4), for the four variables C, β̇, γ̇, ϕ̇, and with C > 0, for any given value of βh

in the range (8.26).

If we assume w3 = 0 we find that the solutions are characterized by opposite

values of the sign of β̇ and γ̇. However, if we want to obtain a growing dilaton and

4-dimensional string coupling, ϕ̇ > 0, ġ4 > 0, then we are left with the case β̇ < 0

and γ̇ > 0, namely (as anticipated) with a solution describing contracting external

space and expanding internal space, just in agreement with the high-curvature

kinematics of the previously mentioned regular bouncing scenarios [5, 93, 96]. We

have checked that the above properties hold for arbitrary numbers n of internal

dimensions. If we choose, for instance, the typical superstring value n = 6, and
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the particular (allowed) value βh = −0.06 for the spectral parameter, we obtain

βh = −0.06, C ≃ 2.20, β̇ ≃ −0.063, γ̇ ≃ 0.30, ϕ̇ ≃ 1.80, ġ4 > 0.

(8.31)

If we assume instead w3 = w1 (tree-level dilaton charge), we find for the allowed

solutions that β̇ and γ̇ must have the same sign, while ϕ̇ and ġ4 the opposite

one: and if we choose, in particular, a growing dilaton, ϕ̇ > 0, we obtain that the

external and internal space must be expanding, β̇ > 0, γ̇ > 0, while ġ4 < 0. The

opposite is true if we choose ϕ̇ < 0. For the typical value n = 6, and, again, for

βh = −0.06, we obtain, for instance:

βh = −0.06, C ≃ 0.020, β̇ ≃ 0.037, γ̇ ≃ 0.23, ϕ̇ ≃ 1.39, ġ4 < 0.

(8.32)

• Unstable strings

Another possible example of source, also typical of the high-curvature string phase,

may correspond to the presence of a stochastic distribution of primordial unstable

strings [221, 222], described by a gas which in the isotropic D-dimensional case

is characterized by the averaged equation of state p = −ρ/(D − 1), i.e. by w1 =

w2 = −1/(3+n). In such a case we can find background solutions compatible with

the condition (8.26) but, like in the case of isotropic radiation, the needed value of

the dilaton charge seems to have no direct physical interpretation. In particular,

there are no solutions with a value of w3 which is nonvanishing and compatible

with the model of coupling described by Eq. (8.30).

However, for an anisotropic distribution of unstable strings (without viscosity)

whose stress tensor, of the type (8.9), satisfies the generalised condition 3w1 +

nw2 = −1, the results are different. There are indeed background solutions com-

patible with the range of Eq. (8.26), and sourced by anisotropic unstable strings

with tree-level dilaton charge: namely by a fluid with w2 = −(1 + 3w1)/n and

w3 = w1. The properties of such solutions are very similar to those of the pre-

viously obtained solutions sourced by a charged radiation fluid: indeed, we have

again β̇ > 0, γ̇ > 0, ϕ̇ > 0, ġ4 < 0 (like in Eq. (8.32)). Interestingly enough,

we recall that the presence of a fully expanding (external and internal) space,

in this case, is not an optional (or casual) property of the obtained geometry,

but an unavoidable result needed for the consistency of the unstable-string model
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[221, 222]. To give here an example of explicit solution we can choose, as before,

n = 6, βh = −0.06, and we find

βh = −0.06, C ≃ 0.017, β̇ ≃ 0.036, γ̇ ≃ 0.23, ϕ̇ ≃ 1.37, ġ4 < 0.

(8.33)
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• String-hole gas

Let us finally consider a third example of fluid source, which is probably the most

natural and physically motivated one possibly present in the string phase: the

so-called string holes gas (SHG), namely a spatially isotropic distribution of high-

energy, string-size black holes, typically formed when the curvature reaches the

string scale (see eg. [186, 187, 223]). The isotropy gives p = q, and the string hole

condition implies, in the String frame, p = σ/2. Hence w1 = w2 = w3.

We can then consider the particular case wi = −1, which also corresponds to

a very simple (and possibly interesting) physical interpretation of the source in

terms of an exponential dilaton potential. Indeed, let us start with the following

matter action Sm,

Sm = −
∫
dDx
√
−g V0e−ϕ, V0 = const, (8.34)

and apply the previous canonical definitions of the stress tensor and of the dilatonic

charge. We immediately obtain

TA
B = δBA V0 e

−ϕ,
σ

2
= −V0 e−ϕ, (8.35)

which implies, using the fluid model of Eq. (8.9), w1 = w2 = w3 = −1.

Quite independently of its possible interpretation, even in this case we obtain non-

trivial solutions of Eqs. (E.1)–(E.4), with ηV = 0, for any value of βh compatible

with Eq. (8.26), and for arbitrary values of n. Again we find that a growing dila-

ton, ϕ̇ > 0, must be associated to an expanding (internal and external) geometry,

β̇ > 0, γ̇ > 0, but, in this case, even the four-dimension string coupling turns out

to be growing, ġ4 > 0. For the case n = 6 and βh = −0.06 we obtain, for instance,

βh = −0.06, C ≃ 0.009, β̇ ≃ 0.035, γ̇ ≃ 0.22, ϕ̇ ≃ 1.33, ġ4 > 0.

(8.36)

All the previous examples of backgrounds, sourced by isotropic or anisotropic high-

energy fluids, with or without dilaton charge, and without viscosity, are able to

produce a GW spectrum (and an associated, S−duality-related axion spectrum)

which, in the frequency band amplified by the string phase, has a spectral power

controlled by the parameter βh satisfying the condition (8.26). See Appendix E.2

for the explicit form of the spectral energy density ΩGW (f) written in terms of
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Figure 8.1: Examples of GW spectra produced by non-minimal but still S-
dual models, with a string phase described by the background solutions of Sect.
8.3.1. All plotted spectra satisfy the constraints of Appendix E.2, but with
different values of βh and σi/MPl. In particular: the red spectrum corresponds
to βh = −0.05 and σi/MPl = 1; the blue spectrum corresponds to βh = −0.058
and log(σi/MPl) = −1/2; the orange spectrum corresponds to βh = −0.073 and
log(σi/MPl) = −1/2. Also shown is a typical S-dual spectrum with βh = −0.064
and log(σi/MPl) = −1/2 (the magenta plotted curve), providing an explicit
example of how this class of models, beside explaining the already detected
signal, could also produce signals in the sensitivity range of future detectors

such as LISA, ET and DECIGO.

βh and of the other parameters. Of course, as previously mentioned, the today

observed GW spectrum, and in particular a spectrum responsible of the detected

PTA signal, must satisfy many other phenomenological and model-dependent con-

straints reported in Appendix E.2 and discussed in details in [3]. We have shown in

Fig. 8.1 a few example of such spectra compatible with all the imposed constraints,

and chosen in such a way as to qualitatively represent the possibly allowed larger

amplitude (the red plotted curve), the possibly allowed higher frequency extension

(the blue plotted curve), and the limiting case in which the string phase ends with

a bouncing transition just after the horizon-exit of the modes producing the PTA

signal (the orange plotted curve).

In that figure ΩGW = fdρGW/(ρcdf) is the spectral energy density in units of

critical energy density ρc, f is the today observed proper frequency of the wave

modes, and the IPTA signal (with ΩGW ≃ 2.9×10−8, f ≃ 1.2×10−8Hz) is denoted
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by the red dot localised inside the black circle. The low-energy spectrum amplified

before the beginning of the string phase (f < fs) has a steep power-law growth,

ΩGW ∼ f 3, represented by the steep solid line (common to all the plotted spectra)

reaching the red dot at f = fs.

We have also inserted into the figure the expected sensitivities of near-future GW

detectors like SKA [189], LISA [24], ET [26], DECIGO [29] (corresponding to the

regions of the spectral plane inside the black dashed curves). It may be interesting

to note that the spectra predicted by these examples of non-minimal models are

possibly well inside the expected experimental sensitivities. Finally, the grey-

shaded area describes the upper bounds presently imposed by the LKV network

[116] and by Big Bang nucleosynthesis [157]

8.3.2 Viscosity and broken S-duality

To give an example of non-minimal pre-big bang scenario with broken S-duality

symmetry we shall now assume that the fluid source contributing to the dynamics

of the high-curvature string phase has a non-vanishing shear viscosity, ηV ̸= 0, as

explicitly taken into account in Sect. 8.2.1 (see in particular Eqs. (8.6), (8.8)).

This may typically happen at high curvature, and has been recently discussed,

in particular, for the SHG case [113] (but the presence of viscosity can affect, of

course, also other models of sources). In such a case the slope of the high-frequency

GW spectrum, controlled by β̃h, would be modified as discussed in Sect. 8.2.3,

while the slope of the associated axion spectrum, controlled by βσ, would keep

unchanged: one would then obtain β̃h ̸= −βσ and ϵ = βσ + β̃h ̸= 0, according to

Eq. (8.25). We have, in particular, two possibilities.

The first one is a string phase with an isotropic geometry, β̇ = γ̇. In that case the

shear viscosity does not contribute to the background solution [6] (see Eq. (8.8))

but only to the evolution of tensor perturbations. Hence, the shear parameter HV

is in principle free, and can be modeled ad hoc to try to satisfy the two conditions

(8.27), once the background values of β̇ = γ̇, ϕ̇ and C are given.

The second one refers, as before, to an anisotropic geometry, β̇ ̸= γ̇. In that case

the viscosity explicitly appears in the stress tensor (see again Eq. (8.8)), hence it

also contributes to the background equations of motion, and it is no longer a free

parameter but it turns out to be fixed by the given chosen solution.
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Considering the second, more general possibility we have explicitly checked that

allowed S-duality breaking solutions, giving a non-minimal spectrum compatible

with all constraints, can be obtained by adding the shear-viscosity contribution

to any one of the three types of fluid sources considered in the previous section

(radiation, unstable strings, SHG). However, the corresponding allowed values of

βσ, β̃h do not necessarily cover the whole range of values defined by Eqs. (8.27)

for all types of sources.

For brevity, we present here a single, straightforward example involving a fluid

source that describes anisotropic radiation with shear viscosity and no dilaton

charge: a fluid source with equation of state 3w1 + nw2 = 1, and w3 = 0. We

choose this model, in particular, to emphasise the main possible difference with

the S−dual examples of the previous section: namely, a GW spectrum with a

blue (i.e. growing) spectral behaviour in the string phase, which requires β̃h > 0

(see the spectral distribution (E.11)). Indeed, for the other two previous examples

(string holes and unstable strings) there are no allowed background solutions with

this property, even assuming that their viscosity is non-vanishing.

Assuming as before n = 6 we can take, for instance, β̃h = 0.01, βσ − β̃h = 0.14,

just to use values located around the middle of the allowed region (8.27), and we

then obtain

β̃h = 0.01, βσ − β̃h = 0.14, C ≃ 2.20, HV ≃ 0.009,

β̇ ≃ −0.06, γ̇ ≃ 0.30, ϕ̇ ≃ 1.81.
(8.37)

It should be noted that for such solution (but also for solutions corresponding to

different values of the spectral parameters) the dilaton is growing (as expected),

and, just like in the previous examples without viscosity, the solutions again de-

scribe a string phase with contracting external space and expanding internal space

(β̇ < 0, γ̇ > 0), just as predicted by the high-curvature kinematics of the regular

bouncing scenarios [5, 93, 96].

Given the above values of the spectral parameters, and taking into account all

spectral constraints reported in Appendix E.2, we are only left (as in the previ-

ous duality-invariant case) with the freedom of shifting the value of the axion-

parameter σi/MPl using, for instance, the allowed variation range assumed in [3].

We obtain in this way a corresponding allowed region for the GW spectrum of

this non-minimal, non-dual model illustrated by the pink shaded area of Fig. 8.2,
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Figure 8.2: The allowed region (the pink shaded area) spanned by the GW
spectra produced by a string phase described by the solution (8.37). The two
limiting GW spectra, represented by the red and blue curves, are both violating
the standard S−duality symmetry with the same symmetry breaking parameter,
ϵ = 0.16. However, the red curve corresponds to log(σi/MPl) = −0.81, the blue

one corresponds to log(σi/MPl) = −0.49.

and limited by the spectrum with minimal (the blue curve) and maximal (the

red curve) extension of a string phase producing a slightly growing spectrum with

spectral parameter β̃h = 0.01.

It should be stressed, finally, that the plotted spectra and the corresponding al-

lowed region are only a very simple example of a non-dual and non-minimal model

based on high-curvature background equations modified by the presence of viscous,

anisotropic, radiation-like sources. By no means they are to be regarded as de-

scribing the general predictions of a non-minimal scenario with duality-broken

symmetry. Such a general discussion is outside the object of this short paper, and

will be possibly discussed in future works.
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8.4 Outlook

In this paper we have presented, for the first time (we believe) in the literature

of theoretical cosmology, two new results: i) the explicit computation of the per-

turbation equation for the Kalb-Ramond axion field including higher-curvature

corrections to first order in α′; and ii) the explicit contribution of shear viscosity

to the tensor metric perturbations of the gravi-dilaton equations written in the

String frame.

We have used such results to discuss examples of high-curvature, non-vacuum,

non-minimal pre-big bang models giving a spectral distribution of relic stochastic

gravitons, ΩGW (f), which may be the source of the signal recently detected by the

IPTA collaboration. We have shown, also, that the GW distribution of the con-

sidered models, in the spectral plane {f,ΩGW (f)}, may have an intensity possibly

detectable even in the higher-frequency sensitivity window of the so-called third

generation GW antennas, such as LISA, ET and DECIGO.

Finally, we have presented a mechanism able to break the string theory S-duality

relating the primordial graviton and axion spectra. The breaking may be induced

by the intrinsic presence of shear viscosity in the fluid sources contributing to

the dynamics of the high-curvature string phase, and it could be important to

interpret (and explain) possible future signals of relic GW backgrounds detected

with unexpected amplitude in atypical (high-energy) frequency ranges.





Conclusions

In this thesis we have investigated the dynamics and observational consequences

of pre–Big Bang (PBB) cosmology, a string motivated alternative to inflation.

The central aim was to understand how higher-curvature corrections and string

dualities affect the possibility of obtaining a smooth cosmological bounce and of

generating a primordial gravitational wave background that can be confronted

with present and future observations.

At the theoretical level, we have worked within the Hohm–Zwiebach framework,

which incorporates the gravi–dilaton system to all orders in α′ at tree level in the

string coupling. By reformulating the dynamics in terms of the Routhian and

focusing on homogeneous Bianchi-I configurations, we showed that this effective

action admits non-singular, “self-dual” bouncing solutions. These solutions evade

the curvature singularity that appears at lowest order, and in particular they

connect pre-bounce and post-bounce branches in a way consistent with scale factor

duality. The result provides a realization of the bounce in string cosmology.

We then explored how the addition of a non-perturbative dilaton potential modi-

fies this picture. Importantly, the existence of regular bounces is controlled mainly

by the reduced hamiltonian, but the late-time fate of the dilaton may differ ac-

cording to the initial conditions. Depending on the shape of the potential and on

initial conditions, the system can rejoin the dual of the vacuum branch, reflecting

back to weak coupling, or stabilize at a finite value, thereby leading either to decel-

erated FLRW expansion or to an accelerated phase reminiscent of de Sitter space.

Moreover, we found that isotropization is a robust feature: even starting from

anisotropic initial conditions, the evolution drives the system toward isotropy.

On the phenomenological side, we considered the production of primordial gravi-

tational waves in minimal PBB model that includes the axion curvaton mechanism
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required to generate adiabatic scalar perturbations and a constant curvature lin-

ear dilaton string phase. Once the post-bounce axion-dominated phase is properly

taken into account, the resulting amplitude in the nanohertz range falls short of

explaining the signal suggested by NANOGrav and the IPTA. This mismatch

demonstrates that the minimal, S-duality-symmetric PBB scenario cannot repro-

duce the PTA data. Nonetheless, this minimal setup is far from unobservable:

it still predicts detectable pGW signals well within the forecasted sensitivities of

LISA, DECIGO, and ET. This shows that even the most conservative version of

PBB cosmology offers falsifiable predictions for the next generation of detectors.

The situation changes if one allows for a non-minimal high-curvature string phase

that breaks S-duality. In particular, we considered the effect of anisotropic sources

and viscous stresses, which provide a concrete way of breaking S-duality. While in

isotropic cosmologies shear viscosity does not affect the background dynamics we

have shown that it contributes to the propagation of tensor modes. This makes it

a natural mechanism to decouple the axion and graviton spectra and to enlarge

the range of viable predictions. Within this generalized framework, it is possible

to reconcile the PBB scenario with the PTA signal while remaining consistent with

all the cosmological bounds.

From an observational perspective, the non-minimal PBB scenarios explored here

is testable. Not only it can account for the nanohertz-band hints reported by PTA

collaborations, but is also generically predict an excess of gravitational wave power

in the milli- and deca-hertz ranges, which fall within the reach of forthcoming

detectors such as LISA, the Einstein Telescope, and DECIGO. This multi-band

signature provides a criterion to test string cosmology.

In conclusion, this work has shown that the pre–Big Bang scenario, with and

without modest departures from exact dualities, can not only achieve a smooth

non-singular bounce but also yield a spectrum of primordial gravitational waves

that is both compatible with present PTA hints and testable by the next generation

of detectors. The near future of gravitational wave cosmology thus holds the

potential to confirm or exclude concrete realizations of string-motivated early-

universe dynamics.



Appendix A

From expanding pre-big bang to

contracting post-big bang

As discussed in Sect. 4.4, one of the possible effects of the potential (4.16) is that of

producing an effective potential barrier which stops the growth of the dilaton and

“reflects back” the dilaton towards the large negative values of the perturbative

string vacuum.

Such an effect, combined with the curvature regularisation due to the α′ correc-

tions, leads to a new interesting type of bouncing scenario where the final back-

ground is no longer described by the duality-transformed initial solution (indeed,

duality is broken by the presence of the potential), but it nevertheless corresponds

to the time-reversed version of the initial solution. Hence, if we start with an ini-

tial (isotropic, (d+1)-dimensional) pre-big bang configuration describing growing

dilaton, growing curvature, and accelerated expansion (ȧ > 0, ä > 0, t→ −∞,):

a ∼ (−t)−1/
√
d, H =

1√
d (−t)

> 0, ϕ ∼ −
(
1 +
√
d
)
ln(−t), ϕ̇ =

√
dH > 0,

(A.1)

(see also Eq. (4.1)), we end up with a post-bounce configuration asymptotically

describing decreasing dilaton, decreasing curvature, and decelerated contraction

(ȧ < 0, ä > 0, t→ +∞):

a ∼ (t)−1/
√
d, H = − 1√

d (t)
< 0, ϕ ∼ −

(
1 +
√
d
)
ln(t), ϕ̇ =

√
dH < 0, .

(A.2)
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Figure A.1: Left: parametric plot obtained with a numerical solution of
Eq. (4.13) with the potential (4.16) and the Hamiltonian (4.19). We have
set d = 3, α′ = 1 for the Hamiltonian, A = 1/3, α = 10, β = 3, c = 2,
δ = 0.01, q = 1 for the potential, and κ = 0.0075 for the initial conditions
at t = −200. The black dashed bisecting line describes the initial evolution
(A.1) expanding from the perturbative regime (upper-right quadrant), and the
final time-reversed contracting evolution (A.2) (lower-left quadrant). Right:
time evolution of the dilaton according to a numerical integration of (4.13) per-

formed with the same parameters and the same initial conditions.

A simple illustration of this scenario can be provided by a numerical integration

of Eqs. (4.13) with appropriate values of the initial conditions, which in our case

are controlled by the parameter κ of Eq. (4.26), defined at large negative times by

κ = eϕ
(√

dH
)−(1+

√
d)

. According to Eq. (A.1) this parameter goes to a constant

for t → −∞. Such a constant depends on the initial value of the dilaton and, as

discussed in Sect. 4.4.1, it is equivalent (but more convenient) to specify initially

the value κ rather than that of ϕ. For initial values of κ small enough with

respect to the parameters controlling the height of the potential, the numerical

integration gives the results reported in Fig. A.1 (see the caption for the used

numerical values).

In the left panel we have the parametric plot describing a smooth, regular transi-

tion from the initial configuration (A.1) to the final configuration (A.2). The cor-

responding evolution of the dilaton, which reaches a maximum and then bounces

back to the asymptotically perturbative regime, is shown in the right panel of

the figure. Note that the red curve describing the parametric evolution of H(ϕ̇)

starts and ends at the origin, is still turning clockwise in the parametric plane,
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but it is not topologically equivalent to the curves given in the plots of Sect. 4.3

and Sect. 4.4.1, (always associated with a final expanding regime). Indeed, in the

parametric plot of of Fig. A.1 the vector connecting the origin to a point on the

red curve undergoes a clockwise rotation of π (and not 3π/2) as one goes from the

beginning to the end of the curve.
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Smooth interpolation of a broken

power law

Suppose we have a piecewise continuous function f(x) : R+ → R+ such that, in

each interval, its behaviour is given by a power law f(x) ∼ xm. Then, we can

define a sequence of exponents m1,m2, . . . and interval extrema x1,2, x2,3, . . . such

that xi,i+1 < xi+1,i+2. The derivative of the logarithm of the function with respect

to the logarithm of its argument is simply given by

d ln f(x)

d lnx
= m1+(m2−m1)Θ(lnx−lnx1,2)+(m3−m2)Θ(lnx−lnx2,3)+. . . , (B.1)

where Θ is the Heaviside step function: Θ(y) = 1 for y ⩾ 0 and Θ(y) = 0

otherwise. Let us approximate the Heaviside function with a logistic function:

Θ(y − y0) ≃
1

1 + e−l(y−y0)
, (B.2)

where l is a positive constant and the greater l the better the approximation.

Substituting the latter into (B.1) and defining a different l for each Θ, we have in

compact form

d ln f(x)

d lnx
= m1 +

N−1∑
i=1

mi+1 −mi

1 + ( x
xi,i+1

)−li+1
. (B.3)
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We can moreover rewrite the last equality with respect to the x-derivative as

d ln f(x)

dx
=
m1

x
+

N−1∑
i=1

mi+1 −mi

x

1

1 + ( x
xi,i+1

)−li+1
. (B.4)

Integrating the last expression, we obtain

ln f(x) = lnA+ ln(xm1) +
N−1∑
i=1

ln
(
xli+1 + x

li+1

i,i+1

)(mi+1−mi)/li+1

,

where A is a constant, and finally

f(x) = Axm1

N−1∏
i=1

(
xli+1 + x

li+1

i,i+1

)(mi+1−mi)/li+1

= Axm1
(
xl2 + xl21,2

)(m2−m1)/l2 (
xl3 + xl32,3

)(m3−m2)/l3 × . . . . (B.5)

If we wish to introduce an exponential cut-off for x > xN,N+1 such that f(x) ∼
exp[−(x− xN,N+1)/xN,N+1], then we have to add to (B.1) an additional contribu-

tion given by (−x/xN,N+1−mN+1)Θ(lnx−lnxN,N+1). Let us denote xN,N+1 ≡ xM

and lN+1 ≡ l. Following the same steps as before, one finds upon integration and

exponentiation that

f(x) = Axm1

N−1∏
i=1

(
xli+1 + x

li+1

i,i+1

)(mi+1−mi)/li+1 (
xl + xlM

)−mN+1/l

× exp

[
−(x/xM)1+l 2F1(1, 1 + 1/l, 2 + 1/l, −(x/xM)l)

1 + l

]
, (B.6)

where 2F1(a, b, c, z) is the Gauss hypergeometric function. Translating into the

general language we introduced before for the power spectrum of (5.21), we have

m1 = 3, m2 = 3 − |3− 2β|, m3 = 1 − |3− 2β| , m4 = 3 − |3− 2β|, x1,2 = fs,

x2,3 = fd and x3,4 = fσ and xM = f1, so that (setting li = l for all i)

Ωsmooth
GW (f) = Af 3

(
f l + f ls

)− |3−2β|
l
(
f l + f ld

)− 2
l
(
f l + f lσ

) 2
l

×
(
f l + f l1

) |3−2β|−3
l F(f, f1, l) , (B.7)
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where we defined the function F(f, f1, l) as the exponential cutoff appearing in

the last line of (B.6). Setting l = 2, we obtain (5.22):

Ωsmooth
gw (f) = Af 3

(
f 2 + f 2

s

)− |3−2β|
2
(
f 2 + f 2

d

)−1 (
f 2 + f 2

σ

) (
f 2 + f 2

1

) |3−2β|−3
2

× exp

{(
− f
f1

+ arctan
f

f1

)}
. (B.8)

The integration constant A is fixed to match the asymptotic behaviour in the limit

f → 0 with the explicit formula given in (5.21),

Ωgw(f)
f→0
≃ ΩPBB (fσ)

2(fd)
−2(fs)

−|3−2β|(f1)
|3−2β|−3f 3, (B.9)

while for the smooth interpolation (B.8)

Ωsmooth
gw (f)

f→0
≃ A (fσ)

2(fd)
−2(fs)

−|3−2β|(f1)
|3−2β|−3f 3, (B.10)

which yields A = ΩPBB.





Appendix C

Parameter space of the PBB

model

In this appendix, we show that the parameter space of the PBBmodel is {β, zs, zd, zσ}
(section C.1) and we discuss the theoretical priors on these parameters (section

C.2). We also determine the region in parameter space for which the promordial

GWB amplitude is maximized (section C.2.1). In view of a numerical implemen-

tation of these conditions and to emphasize orders of magnitude, it may be useful

to work with base-10 logarithmic expressions.

C.1 Reducing the number of parameters

First, we show that the transition scale H1 is not independent and can be fixed

by the other parameters,

H1 = H1(β, zs, zd, zσ) . (C.1)

By using previous results [74, 155], obtained under the natural assumption that the

pivot scale belongs to the low-frequency band of the scalar spectrum (i.e., k∗ < ks),

the condition on H1 following from the normalization of the scalar spectrum can

be written as

(
H1

MPl

) 5−ns
2

=
2π2

T 2(σi)
Ps(k∗) z

1−ns−2β
s

[(
H∗

MPl

)− 1
2
(
mMPl

σ2
i

) 1
3

]ns−1

=
2π2

T 2(σi)
Ps(k∗) z

1−ns−2β
s

(
H∗

MPl

zd
zσ

)−ns−1
2

, (C.2)
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where we have recast m and σi according to (5.14), H∗ is the curvature scale

at the epoch in which the pivot mode k∗ re-enters the horizon and T (σi) is the

transfer function connecting the amplitude of the primordial axion fluctuations

to the final amplitude of the scalar curvature modes of metric perturbations. A

numerical integration of the scalar perturbation equations gives the simple result

[59]

T (σi) ≃ 0.13
σi
MPl

+ 0.25
MPl

σi
− 0.01 , (C.3)

where σi can be expressed in terms of the z parameters as in (5.14). To obtain H∗,

we can conveniently refer to the equilibrium scale by noting that k∗ ≃ 5keq. This

implies H
1/2
∗ ≃ 5H

1/2
eq . On the other hand, it is known that the Hubble parameter

at radiation-matter equality is given by Heq ≃ 1.6× 105H0 ≈ 9.5× 10−56MPl. We

thus obtain (
H∗

MPl

)1/2

≈ 1.5× 10−27 . (C.4)

Now we can then express the normalization (C.2) in terms of the four parameters

{β, zs, zd, zσ} (and of known experimental numbers) as follows:

log10

(
H1

MPl

)
=

2

5− ns

{
log10

[
4.2π2

T 2(σi)

]
− 9 + (1− ns)(log10 1.5− 27)

+ (1− ns − 2β) log10 zs +
ns − 1

2
(log10 zσ − log10 zd)

}
,(C.5)

where we have used Ps(k∗) = 2.1 × 10−9. It should be noted that T 2(σi) also

contains H1 through (5.14) but the solution for H1 can always be numerically

obtained, in general, for any given set of values of the four independent parameters.

Finally, the other important quantity appearing in the GWB (5.21) is today’s

value of the highest amplified frequency mode f1, which is given by

f1 =
ω1(τ0)

2π
=
H1a1
2πa0

=
H1

2π

a1
aσ

aσ
ad

ad
aeq

aeq
a0
≃ H1

2π

(
Hσ

H1

) 1
2
(
Hd

Hσ

) 2
3
(
Heq

Hd

) 1
2
(
H0

Heq

) 2
3

=

=
H

1
2
1

2π

(
zσ
zd

) 1
2 H

2
3
0

H
1
6
eq

≃ 3.9× 1011

2π

(
H1

MPl

) 1
2
(
zσ
zd

) 1
2

Hz . (C.6)
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C.2 Theoretical priors

Having thus determined that the parameter space is {β, zs, zd, zσ}, let us now turn

to the priors we can impose on it theoretically.

A first condition concerns the parameter β controlling the power-law behaviour

of the primordial GW spectrum at high frequencies, which is constrained to be in

the range

0 ⩽ β < 3 . (C.7)

The lower limit is due to the assumption of growing string coupling (needed to

implement a smooth bouncing transition [5, 93, 172]), while the upper limit has

to be imposed to avoid background instabilities [185].

We have then a number of constraints following from the (already mentioned)

hierarchy of the transition frequency scales, which must satisfy the conditions

f1 ≳ fσ > fd > fs. They imply

1 ≲ zσ < zd < zs . (C.8)

In addition, for an efficient implementation of the curvaton mechanism based on

the oscillations of the Kalb–Ramond axion, the axion background field must be

oscillating when it becomes dominant (at the curvature scale Hσ). From the axion

dynamical equations, one finds [110, 111] that the oscillating regime starts at the

scale Hm ≃ m. This leads to the condition Hm ⩾ Hσ, which implies σi ⩽MPl and

which, by using Eq. (5.14), can be written in logarithmic form as

log10

(
H1

MPl

)
+

3

2
log10 zd −

7

2
log10 zσ ⩽ 0 . (C.9)

Also, to be consistent with the established results of the post-inflationary scenario,

we may expect that the reheating produced by the axion decay at the scale Hd,

and marking the beginning of the standard cosmological evolution, occurs before

the BBN scale, Hbbn ≃ (1MeV)2/MPl. This implies Hd > Hbbn from which, using

eqs. (5.9) and (5.14), we have the constraint

log10

(
H1

MPl

)
− 3 log10 zd + log10 zσ > −42− log10 4 , (C.10)

where we have used MPl ≈ 2× 1018 GeV.
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Finally, the conditions concerning the scalar perturbation spectrum must be im-

posed not only at the pivot frequency scale k∗ but also, in principle, to all fre-

quency scales included into the multipole expansion of the CMB anisotropy, and

constrained by observational data. This means, in other words, that also the

highest frequency modes klss presently constrained by large scale structure (LSS)

observations must be below the lowest frequency branch of the axion perturbation

spectrum [74, 155], and this implies klss < ks, where klss ∼ 3Mpc−1 ≈ 60 k∗,

namely H
1/2
lss ≃ 60H

1/2
∗ . The condition klss/ks = (klss/k1)zs < 1 then leads to yet

another constraint that can be written as follows. Since

k1
klss

=
H1a1
Hlssalss

=
H1

Hlss

a1
aσ

aσ
ad

ad
alss
≃ H1

Hlss

(
Hσ

H1

) 1
2
(
Hd

Hσ

) 2
3
(
Hlss

Hd

) 1
2

=

(
H1

MPl

) 1
2
(
H∗

MPl

)− 1
2
(
H∗

Hlss

) 1
2
(
Hσ

Hd

)− 1
6

,

from eqs. (5.9) and (5.14) we get Hσ/Hd = (zd/zσ)
3 and from (C.4) we obtain

log10 zs < 26− log10 9 +
1

2
log10

(
H1

MPl

)
+

1

2
(log10 zσ − log10 zd) . (C.11)

C.2.1 Maximizing the signal

Given the condition (C.5) on H1/MPl, the amplitude and the frequency distribu-

tion of the GWB (5.21) or (5.22) are fully determined by β, zs, zd, zσ. These four

parameters are not completely free, as they must satisfy a non-trivial set of self-

consistency conditions (Appendix C.2). Taking into account these constraints on

the parameters, we can determine the maximal allowed region for the PBB signal

in the spectral plane (Ωgw, f). Let us first notice that, thanks to the condition

(C.7), the GWB (5.22) may be possibly decreasing only in the frequency branch

fd ⩽ f ⩽ fσ. The peak of the spectrum may thus be located either at f1 or at fd,

with corresponding amplitudes

Ωgw(f1) = Ωr0

(
H1

MPl

)2(
zσ
zd

)2

, Ωgw(fd) = Ωr0

(
H1

MPl

)2

z
|3−2β|−3
d . (C.12)

In the first case, given the constraints (C.8), the maximal amplitude can be reached

for the limiting values zd ≃ zσ, which imply however Hd ≃ Hσ: hence, in that

case, the axion starts decaying as soon as it becomes dominant, and there is not

enough time for an efficient curvaton mechanism. Also, in that case, the maximal
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amplitude would correspond to a frequency range f ∼ f1, in general too high for

the sensitivity of present detectors.

In the second case with the peak at fd, given again the constraints (C.7) and (C.8),

the maximal amplitude can be obtained either in the limit zd ≃ zσ → 1 or in the

limit β → 0. Discarding the first possibility (for the same reasons as before), in

order to find the allowed region for the GW signal of maximal intensity we will

thus concentrate on the limiting case β = 0 which, as we will see, automatically

leads to a peak located in frequency ranges possibly accessible to third-generation

detectors.

It should be noted, in addition, that the limiting amplitude reached at fd for β = 0

is only controlled by the ratio H1/MPl, whose maximal allowed value is bounded

by the constraints (C.9): hence, the amplitude of the GWB approaches its allowed

maximum in the limit in which the condition (C.9) is saturated by the equality

log10 zσ =
2

7
log10

(
H1

MPl

)
+

3

7
log10 zd . (C.13)

This result has two important consequences.

First of all, by using eq. (5.14), we can check that the above condition is equiva-

lent to the condition σi =MPl, and this uniquely fixes the transfer function (C.3)

leading to the constant numerical value T 2 ≈ 0.137. Second, by inserting into the

above condition the general expression (C.5) for H1, and solving for the variable

log10 zσ, we can eliminate zσ everywhere and confine our discussion of the max-

imum allowed spectrum to a two-dimensional parameter space spanned by the

variables {log10 zs, log10 zd}, with β = 0, zσ given by eq. (C.13) and H1 given by

log10

(
H1

MPl

)
≃ 14

37− 9ns

[
log10

(
4.2π2

0.137

)
− 9 + (1− ns)(log10 1.5− 27)

+ (1− ns) log10 zs +
2

7
(1− ns) log10 zd

]
. (C.14)

We can now easily impose all constraints (C.8)–(C.11) and evaluate, in such a

context, both the allowed region of parameter space and the maximal allowed

value of the peak amplitude. It turns out (see Fig. 5.1), that the maximal value of

eq. (C.14) compatible with the given constraints corresponds to log10(H1/MPl) ≈
−3.29, so that the expected maximum intensity of the primordial GWB is given
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by

Ωmax
gw = Ωr0

(
H1

MPl

)2

≈ 10−10.6 . (C.15)

The allowed values of the parameters compatible with this maximal intensity

(and with the imposed constraints) are in the range 18.7 <∼ log10 zs <∼ 22.3 and

2.19 <∼ log10 zd <∼ 14.9, as shown in Fig. 5.1. The corresponding value of zσ is

given by eq. (C.13) and lies in the range 0 <∼ log10 zσ <∼ 5.5.
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Appendix D

In this appendix we provide some useful explicit relations that can be found by

solving the set of equations (6.14), (6.18), (6.19), (6.20).

The first set of relations (6.14), (6.18) gives the five quantities H1,m, zs, zd, zσ in

terms of σi/MPl, βh and βσ:

log zs =−
K

(βσ − βh)
;

log
H1

MPl

=
C

2
− Kβh

(βσ − βh)
;

log
zs
zσ

=
3

2
B − 5

8
C + 3 log

(
σi
MPl

)
− 5

4

K(2− βh)
(βσ − βh)

;

log
zd
zσ

=− 2B +
1

2
C +

K(2− βh)
(βσ − βh)

;

log
m

MPl

=3B − 3

4
C + 2 log

(
σi
MPl

)
− 3

2

K(2− βh)
(βσ − βh)

,

(D.1)

where we have defined the following (in general σi/MPl-dependent) quantities:

K

(
σi
MPl

)
=

1

2

[
A

(
σi
MPl

)
− C + (ns − 1)B

]
,

A = log

(
4.2π2

T 2(σi)

)
− 9 + (1− ns)(log 1.5− 27) ,

207
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B = log

(
2πfs

H
1
2
0 M

1
2
Pl

)
− 1

6
log

(
H0

Heq

)
= log

(
2πfs

3.9× 1011

)
,

C = log
Ωgw(fs)

Ωr(t0)
= −4 + log 2.9 . (D.2)

Eqs. (D.1) show that the two ratios zs/zσ, zs/zd (and therefore also zd/zσ) can be

expressed in terms of σi/MPl, m/MPl, and other known constants. More explicitly

we find:

log

(
zs
zd

)
=

3

2
log

(
m

MPl

)
+

1

6
log

(
H0

Heq

)
+ log

(
H

1
2
0 M

1
2
Pl

2πfs

)

=
3

2
log

(
m

MPl

)
+ log

(
3.9× 1011

2πfs

)
, (D.3)

log

(
zs
zσ

)
=

5

6
log

(
m

MPl

)
+

4

3
log

(
σi
MPl

)
+

1

6
log

(
H0

Heq

)
+ log

(
H

1
2
0 M

1
2
Pl

2πfs

)

=
5

6
log

(
m

MPl

)
+

4

3
log

(
σi
MPl

)
+ log

(
3.9× 1011

2πfs

)
, (D.4)

log

(
zd
zσ

)
=

4

3
log

(
σi
MPl

)
− 2

3
log

(
m

MPl

)
, (D.5)

where Heq = 1.6× 105H0 = 9.5× 10−56MPl and MPl ≈ 2× 1018GeV.
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Field equations for the

non-minimal, non-vacuum string

phase

Here we give explicitly the equations controlling the time evolution of the string

phase background, describing the chosen model of non-minimal PBB scenario.

Let us start with the action (8.3), and with the sources described by Eqs. (8.5)–

(8.9). We vary the action with respect to N, β, γ, ϕ and, after the variation, we

put N = 1 (cosmic time gauge), and β̈ = 0, γ̈ = 0, ϕ̈ = 0 (to obtain a constant

spacetime curvature and a linearly evolving dilaton, as in the minimal case). We

then obtain, respectively, the following four algebraic equations:

ϕ̇2 + 6β̇2 + n(n− 1)γ̇2 + 6nβ̇γ̇ − 6β̇ϕ̇− 2nγ̇ϕ̇−

−3α′a0

[
c2γ̇

4 + 8ϕ̇β̇3 + c4γ̇
3(ϕ̇− 3β̇)− ϕ̇4 + c5β̇γ̇

2(ϕ̇− β̇) + 8nγ̇β̇2(3ϕ̇− β̇)
]
=

= 2λD−1
s eϕρ, (E.1)

−ϕ̇2 − 6β̇2 + 4β̇ϕ̇+ 2nγ̇(ϕ̇− 2β̇)− n(n+ 1)γ̇2

−α′a0

[
8ϕ̇2β̇2 − 16ϕ̇β̇3 − ϕ̇4

]
− α′a0γ̇

4(c2 + nc4) +
n

3
c5α

′a0γ̇
3(ϕ̇− 2β̇)

+α′a0γ̇
2

[
−β̇2(c5 + 8n2) + β̇ϕ̇

(
2

3
c5 + 16n2

)
− c5

3
ϕ̇2

]
+ 8nα′a0γ̇

[
5β̇2ϕ̇− 2β̇3 − 2β̇ϕ̇2

]
=

= 2λD−1
s eϕ

[
w1ρ+

2ηV
3 + n

n

λs
(γ̇ − β̇)

]
, (E.2)
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−n2(n− 1)γ̇2 − 6n(n− 1)γ̇β̇ + 2n(n− 1)γ̇ϕ̇+ 6nβ̇ϕ̇− nϕ̇2 − 12nβ̇2

+α′a03nc2γ̇
4 + α′a02γ̇

3(ϕ̇− 3β̇)(nc4 − 2c2) + α′a0γ̇
2
[
nc5β̇(ϕ̇− β̇)− 3c4(ϕ̇− 3β̇)2

]
+α′a0γ̇

[
c5(ϕ̇− β̇)(6β̇2 − 2ϕ̇β̇)

]
− α′a0n

[
−72ϕ̇β̇3 − ϕ̇4 + 24β̇2(ϕ̇2 + β̇2)

]
=

= 2nλD−1
s eϕ

[
w2ρ+

2ηV
3 + n

3

λs
(β̇ − γ̇)

]
, (E.3)

ϕ̇2 + 12β̇2 − 6β̇ϕ̇+ n(n+ 1)γ̇2 + 2nγ̇(3β̇ − ϕ̇) + α′a0

[
24β̇4 + 3ϕ̇4 − 12β̇ϕ̇3

]
+α′a0

[
γ̇4(c2 + nc4) + γ̇3nc5β̇ + γ̇2β̇2(2c5 + 24n2) + nγ̇(72β̇3 − 4ϕ̇3)

]
=

= −2w3λ
D−1
s eϕρ. (E.4)

For all the applications of this paper we shall use the convention α′a0 = 1/4

(bosonic string model in units α′ = 1 and heterotic superstrings in units α′ = 2),

and we shall define the constants C and HV , related to the energy density and

viscosity of the matter sources as well as to the dilaton, as specified in Eq. (8.10).

E.1 Axion perturbations in the string phase back-

ground

Let us start with the α′-corrected action (8.1), and perturb the NS-NS two-form

B by putting HABC → HABC + δHABC , where δH is defined in terms of the Kalb-

Ramond axion χ according to Eq. (8.11). Let us assume that χ = χ(t, xi), that

the zeroth-order Kalb-Ramond background is vanishing (HABC = 0), and that the

matter action Sm is decoupled from B. Working with the explicit form (8.2) of

the metric tensor, but using the convenient conformal time coordinate τ defined

by dt = adτ , we then obtain the following quadratic perturbed action

δHS = − 1

2λ2s

∫
dτ a2b−neϕ [A(τ)∂µχ∂

µχ+Bµν(τ)∂µχ∂νχ] , (E.5)

where

A =
1

2

[
1 + α′α0

(
gMNRAMN

A + 4gµνRAµν
A + 2gµνRαµν

α + 11∇ϕ2
)]
,

Bµν = 2α′a0
(
∂µϕ∂νϕ−RAµν

A −Rαµν
α
)
. (E.6)
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Note that in the above equations we have explicitly written the coefficients α′a0

for a clear identification of the high-curvature α′ contributions. We also recall that

capital Latin indices run from 0 to D − 1, Greek indices from 0 to 3. Finally, it

should be noted that the three Ricci tensorsRAMN
A, RAµν

A andRαµν
α, appearing

in Eq. (E.6), are in general all different, as they contain different contributions of

the internal and external geometry. We have, for our metric (8.2):

Rα00
α = −3(β̈ + β̇2), Rαij

α = −gij(β̈ + 3β̇2),

RA00
A = −3(β̈ + β̇2)− n(γ̈ + γ̇2), RAij

A = −gij(β̈ + 3β̇2 + nγ̇β̇),

RAmn
A = −gmn(γ̈ + nγ̇2 + 3β̇γ̇).

(E.7)

For a more explicit form of the action (E.5) controlling the axion dynamics we

need, in particular, the functions A,B00, Bij. By using Eqs. (E.6), (E.7) we find

that the effective action for the Fourier components χk of the axion perturbations

can be put in the form of Eq. (8.12) with

z2(τ) = a2b−neϕf1(τ), y2(τ) = a2b−neϕf2(τ), (E.8)

where

f1(τ) =
1

2

[
15

2
ϕ̇2 − 9β̈ − nγ̈ − 30β̇2 − n

2
(n+ 1)γ̇2 − 9nγ̇β̇

]
,

f2(τ) =
1

2

[
11

2
ϕ̇2 − 17β̈ − 3nγ̈ − 30β̇2 − n

2
(n+ 5)γ̇2 − 7nγ̇β̇

]
. (E.9)

Finally, for the particular background we are considering, we have to impose β̈ =

0 = γ̈. In this limit f1 and f2 are constant (f1 = α2
1, f2 = α2

2), the two pump fields

z and y become proportional as anticipated in Eqs. (8.15), and the final canonical

equation for the axion perturbations takes the form (8.16), with

c2s =

(
α1

α2

)2

= 1 +
2

α2
2

(
ϕ̇2 + nγ̇2 − 2nγ̇β̇

)
. (E.10)
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E.2 The non-minimal relic GW spectrum and

the associated constraints

We briefly report here, for the reader’s convenience, the explicit form of the relic

GW spectrum obtained in the context of a non-minimal pre-big bang scenario, and

the phenomenological and theoretical constraints to be imposed for the consistent

interpretation of such a spectrum as a possible source of the observed PTA signal.

The today observable energy density of this spectrum ΩGW (f, t0) = ρc(t0)
−1dρGW (t0)/(d ln f),

given in units of critical energy density ρc(t0), has in general four high-frequency

branches corresponding to modes living the horizon in the initial dilaton-driven

phase or in the string phase, and re-entering the horizon in the dust-like phase

dominated by the oscillations of the axion background or in the standard radiation

era. It can be parametrised as follows [4, 155, 179]:

Ωgw(f, t0)

Ωgw(f1, t0)
=



(
f

f1

)3−|3−2βh|

, fσ <∼ f <∼ f1

(
fσ
f1

)3−|3−2βh|( f

fσ

)1−|3−2βh|

, fd <∼ f <∼ fσ

(
fσ
f1

)3−|3−2βh|(fd
fσ

)1−|3−2βh|( f
fd

)3−|3−2βh|

, fs <∼ f <∼ fd

(
fσ
f1

)3−|3−2βh|(fd
fσ

)1−|3−2βh|(fs
fd

)3−|3−2βh|( f
fs

)3

, f <∼ fs .

(E.11)

Here

Ωgw(f1, t0) = Ωr(t0)

(
H1

MPl

)2(
fd
fσ

)2

, (E.12)

where Ωr(t0) ∼ 10−4 is the present critical fraction of radiation energy density

(including neutrinos), and H1 (in units of Planck mass MPl) is the curvature

“bouncing scale” marking the transition to the decelerated post-inflationary evo-

lution. The spectral parameter βh is the same as given in Eq. (8.21); obviously, in

the presence of viscosity (HV ̸= 0), it has to be replaced by the generalised param-

eter β̃h of Eq. (8.25). Finally, fs, f1, fσ, fd are transition frequency scales marking,

respectively, the beginning and the end of the string phase, and the beginning and
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the end of the post-bouncing, axion-dominated regime. They are related to the

physical parameters represented the bouncing scale H1, the initial value σi of the

post-bouncing axion background, and the mass m of the oscillating axion, and

can be conveniently expressed in terms of the dimensionless parameters zs, zd, zσ

as follows:

zs =
f1
fs
, zd =

f1
fd
, zσ =

f1
fσ
, zs >∼ zd > zσ >∼ 1. (E.13)

Let us now give the full list of constraints to be imposed on the spectral distribution

(E.11) and on its parameters.

First of all, in order to reproduce the PTA signal, we shall assume that [179]

Ωgw(fs, t0) ≃ 2.9× 10−8, fs ≃ 1.2× 10−8Hz. (E.14)

Since the (non-dual) spectrum may be growing in the string phase, f > fs, we

have thus to take into account also the experimental upper bound on the spectrum

imposed by recent data of the LIGO-Virgo-KAGRA (LVK) network [116], namely:

Ωgw(fLVK) < 4.12× 10−8, fLVK ≃ 35.4Hz . (E.15)

From the theoretical side, on the other hand, we have constraints on the values of

the physical parameters H1, σi,m which control, respectively, the high-curvature

bouncing scale, the scale Hσ ∼ m(σi/Mp)4 of the dust-like axion-dominated oscil-

lations, and the axion-decay scale Hd ∼ (m/MPl)
2. Here we adopt, in particular,

the same constraints used in [179]:

10−3 <∼
H1

MPl

<∼ 10−1, 10−3/2 <∼
σi
MPl

<∼ 1, (E.16)

which, by expressing σi and m in terms of the parameters zi of Eq. (E.13),

m

MPl

≃
(
H1

MPl

)1/3

z−1
d z1/3σ ,

σi
MPl

≃
(
H1

MPl

)1/6

z
1/4
d z−7/12

σ , (E.17)

provide strong constraints on the possible spectral distribution.

There are further important constraints arising from the self-consistency of the
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considered pre-big bang scenario, and from its consistency with standard cosmo-

logical phenomenology. In particular: the axion decay scaleHd must be larger than

the scale HN ∼ (1Mev)2/MPl of standard nucleosynthesis. Also, the typical fre-

quency scale of fLSS of Large Scale Structures, related to the pivot frequency scale

f∗ ≃ 0.05Mpc−1 by fLSS ≃ 60f∗, must be smaller than the spectral scale fs mark-

ing the beginning of the string phase: namely, f∗ < fLSS <∼ fs. Finally, the normal-

isation of the scalar spectrum at the pivot scale, written in terms of the observed

scalar spectral index ns ≃ 0.965 and of the scalar amplitude Ps(f∗) ≃ 2.1× 10−9,

gives a phenomenological condition which automatically fixes H1 in terms of all

the other spectral parameters.

All the above-mentioned constraints have been explicitly written (in a convenient

logarithmic form) and applied to the parameters of the GW spectrum (E.11), for

a general (dual and non-dual) non-minimal scenario, in previous papers (see in

particular [179] for an updated discussion). The resulting allowed regions of the

spectral parameters has been used in this paper to select the explicit examples of

non-minimal models and the related spectra presented in Sects. 8.3.1, 8.3.2.
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