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ABSTRACT

In this paper, we establish a large deviation principle for the entropy production rate of possible non-stationary, centered stable Gauss—Markov
chains, verifying the Gallavotti-Cohen symmetry. We reach this goal by developing a large deviation theory for quasi-Toeplitz quadratic
functionals of multivariate centered stable Gauss—Markov chains, which differ from a perfect Toeplitz form by the addition of quadratic
boundary terms.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0096315

I. INTRODUCTION

Let on a probability space (Q, %, P) be given a sequence {X, },>1 of random variables taking values in a Polish space X. For any inte-
ger N > 1, let yfy := P[(X1,...,Xn) €] and uy := P[(Xns. .., X)) € -] be the probability measures on the Borel o-field 2( X™) induced by
the direct process and the reverse process, respectively. The entropy production rate up to time N is the real random variable on (Q, 7, P)
defined by

1 du; _
ﬁ ln[dzg (X],...,XN)] lfﬂx] < Un>
+00 otherwise.

eN =

The entropy production rate turns out to be a natural measure of irreversibility since ey = 0 for all N > 1 if and only if the sequence { X, }n>1
is reversible, namely, if and only if (X, . .., X1) is distributed as (X1, . . ., Xn') for every N. The use of the entropy production rate to quantify
the irreversibility of a stochastic process was proposed by Kurchan' and in more generality by Lebowitz, Spohn, and Maes,”” who extended
the seminal work by Gallavotti and Cohen® in the context of deterministic dynamical systems. Since then, the entropy production rate has
become a basic topic in non-equilibrium statistical physics.”'* The entropy production rate came out with a supposed symmetry associated
with its large fluctuations, which, in fact, was discovered by Gallavotti and Cohen* prompted by results of computer simulations.'* They
dubbed this symmetry a “fluctuation theorem.” The appropriate formalism for describing the large fluctuations of the entropy production
rate is large deviation theory.'”'® The entropy production rate ey is said to satisfy a large deviation principle with the rate function I if there
exists a function I with compact level sets such that for each Borel set B ¢ R,

1 1
_J,relg{l(w)} < li{\lnTglfﬁ In Pley € B] < linj\}igp N In Pley € B] < ‘g‘é{l(w)}’
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where B° and B are the interior and the closure of 3, respectively. The “fluctuation theorem” refers to a property of the function I. The rate
function I is said to satisfy the Gallavotti-Cohen symmetry if for all w € R,

I(~w) = I(w) +w.

It has been pomted out that the Gallavotti-Cohen symmetry is an intrinsic property of I, which is met whenever ey satisfies a large deviation
principle.” '’

In this paper, we investigate the large fluctuations of the entropy production rate and the Gallavotti-Cohen symmetry for a possible
non-stationary, centered stable Gauss—Markov chain {X, } »>1 valued in X := R? with any dimension d > 1. Thus, we assume that there exists
a drift matrix S € R™? with spectral radius p(S) < 1 such that

X1 = SX + Gn (1.1)

forall n > 1, with {G, },»1 being a sequence of i.i.d. standard Gaussian random vectors valued in RY and independent of X;. We suppose that
X is a Gaussian random vector with mean zero and general positive-definite covariance matrix %,. The process {X, } 1 is stationary if and
onlyif T, = Iy 1= Y00 SF(ST)*, and it is reversible if and only if § is symmetric and £, = %.'” Stability corresponds to the hypothesis p(S) < 1,
which implies that X actually exists.

The large deviation principle for the entropy production rate and the Gallavotti-Cohen symmetry have been rigorously established for
finite-state Markov chains with discrete and continuous time.”'® The same has been done for multivariate stationary Ornstein-Uhlenbeck
processes with normal drift matrix,"” ' i.e., with a drift matrix that commutes with its adjoint, and for a model of heat conduction through
a chain of anharmonic oscillators coupled to two reservoirs at different temperatures.”” The mathematical tool underlying these works is the
Girtner-Ellis theorem, ' and the lack of a large deviation principle for the entropy production rate of more general stochastic processes
is due to non-satisfiability of the hypotheses of that theorem. An attempt to overcome the limitations of the Gértner-Ellis theorem has been
done for stationary diffusion processes, for which a large deviation principle for the entropy production rate has been obtained in the limit of
vanishing noise by resorting to the classical Freidlin-Wentzell theory.”” The autoregressive model (1.1) we consider basically is the discrete-
time version of a d-dimensional centered Ornstein—-Uhlenbeck process. The main contribution of our work stems from the fact that we do not
assume that the drift matrix S is normal or that the chain is stationary. This generality prevents the use of the Gartner-Ellis theorem to get at a
large deviation principle for the entropy production rate ex. The way we go around this key point is to regard ey as a quadratic functional and
to establish a large deviation principle for the class of quadratic functionals to which the entropy production rate belongs via a time-dependent
change of probability measure. We need such a general principle to also tackle a problem of large fluctuations in an active matter model.”* The
following lemma provides the explicit expression of ex for the model (1.1) as a quadratic form. The simple proof is reported in Appendix A.
We denote by (-, -) the standard inner product of RY.

Lemma 1.1. Let {X,}n»1 be a d-dimensional centered Gauss—-Markov chain with drift matrix S and initial positive-definite covariance Z,.
Foreach N > 1,

N
Ney = %(Xl, (I-2"-8"8)X:) + %(XN, (2" +8"S-D)Xy) + ; (X, (S=8") X1 ).

Lemma 1.1 shows that the entropy production Ney of the process { X, } 4>1 is a particular instance of a quasi-Toeplitz quadratic functional
Wy having the form

1 N 1
Wy X1,LX1 EZ (X, UXn) + 2 (Xo V1) E(XN,RXN), (1.2)
n=1 n=2

with L, U, V, and R being four matrices in R**? with L, U, and R symmetric. In fact, Wy turns out to be Ney when L := I - 2;' = 88, U := 0,
V:=8§-S",and R:= 2;" + 8'S — I. The circumstance to be stressed is that the problem of the entropy production rate leads to perturb a
perfect Toeplitz structure, defined by the matrices U and V, through the addition of the quadratic boundary terms (X;, LX) and (X, RXn)
in such a way that the coefficient matrix of Wy differs from a block tridiagonal Toeplitz matrix by the first and last diagonal blocks. This
circumstance required new large deviation principles for quadratic forms of Gauss-Markov chains to be developed and to be added to the
literature on large deviations for Gaussian processes. Similar to ey, we say that Wy /N satisfies a large deviation principle with the rate function
I if there exists a function I with compact level sets such that for each Borel set B ¢ R,

1nf {I(w)} < llmlnf— In P[M S B] <limsup — ln IP’[ L ] < —inf {I(w)}.
N N N weB

Ntoo
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Large deviation principles for Gaussian processes have been an active field of research since the pioneering works by Donsker and Varadhan®
and Bryc and Dembo”® on the large fluctuations of empirical measures for stationary Gaussian processes. The focus soon moved to large devi-
ations of quadratic functionals,””** which, in general, cannot be tackled by a direct application of the Gértner-Ellis theorem since steepness
of the asymptotic cumulant generating function is not guaranteed. The asymptotic cumulant generating function does not contain apparently
the whole information on the large deviation property of the process: there is a loss of information passing to the limit. For Toeplitz quadratic
forms of stationary centered Gaussian sequences, large deviation principles are now well-established,” " as well as some moderate deviation
principles.”” These results have been obtained by a sharp study of the spectrum of a product of two Toeplitz matrices. For stationary centered
Gaussian sequences, large deviations have been also characterized for special Hermitian quadratic forms™””* and a sample path large devia-
tion principle has been deduced for the squares of the process.”* Despite this progress, there are no general results to deal with non-stationary
Gaussian sequences and perturbations of Toeplitz quadratic functionals, which pose very specific problems.
The typical value v of Wy /N in the large N limit is described by the following law of large numbers, which is verified in Appendix B:

Proposition 1.1. Let {Xu }ns1 be a d-dimensional centered Gauss—-Markov chain with drift matrix S and stationary covariance Zs. Then,

lim YN _ 1 [ (U+V'S+8V)%]=v P-as
Ntoo N 2

The typical value v does not depend on the initial condition and on the boundary perturbations. On the contrary, we shall see that
non-stationarity and quadratic boundary terms, which are intimately related for Gauss—-Markov chains, can affect deviations of quadratic
functionals from the mean and shape rate functions. This is not surprising since squares of Gaussian random variables have an exponential,
rather than super-exponential, tail probability. Researchers have already come across this issue. In fact, the maximum likelihood estimator
and the Yule-Walker estimator for the drift parameter of a one-dimensional autoregressive stable process satisfy large deviation principles
with different rate functions.”” These two estimators are connected to quadratic functionals that differ exactly by a quadratic boundary term.
A similar phenomenology holds for the continuous-time counterpart, i.e., the Ornstein-Uhlenbeck process.”> Coming closer to statistical
physics, quadratic boundary perturbations of the entropy production rate for Ornstein—-Uhlenbeck processes with normal drift matrix have
been considered to account for the heat dissipation rate of a network of thermally driven harmonic oscillators.”

The remainder of this paper is organized as follows: In Sec. I A, we present the main results of this work: a large deviation principle for
quadratic functionals of type (1.2) in the context of multivariate centered stable Gauss—Markov chains and the Gallavotti-Cohen symmetry
of the entropy production rate function. In Sec. I B, we apply the theory to the very special class of stable Gauss—Markov chains with normal
drift matrix, making contact with previous results. Section I provides the proof of the large deviation principle for the quadratic functionals.
Section I1I reports the proof of the Gallavotti-Cohen symmetry of the entropy production rate function.

A. Main results

From now on, we regard R? as a subset of C*, and we denote by (-,-) the standard inner product of C¢. We write A > 0 to specify a
positive-definite Hermitian matrix A € C**¢,

Fix matrices S, Zo, L, U, V, and R in R™? with p(S) <1,%, > 0,and L, U, and R symmetric. According to (1.1) and (1.2), they define a
centered stable Gauss-Markov chain {X, },>1 and a quadratic functional Wy for each N > 1. For every A € R and 6 € [0, 277], we make use of
S, U, and V to construct the Hermitian matrix,

Fy(0) := (1 - STeie)(I - Se*ie) - )L(U +ve ¥y VTe“’) e x4, (1.3)
and we set
.o . [ (zE(0)z)
= f f{ =271 14
fr= b ;zgod{ ) (14
z#

As f) bounds the spectrum of Fy(6) from below for all 6, if f, > 0, then the functions that map 0 € [0,27] in Indet F;(6) and F;'(6) are
well-defined and continuous. Thus, for each A € R such that f; > 0, we can introduce the integrals

15:G0:01 #7202 Jequedaq €0

2
o(1) = —if In det F,(0) d6 (15)
4 Jo
and
1 rzr —inf
®y(n) = E/o E(8)e " dp (1.6)
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with n € Z. We point out that the set of A for which f) > 0 is an interval since f is concave with respect to A. It will turn out that ¢ (1) is the
value at A of the cumulant generating function of Wy in the large N limit: limyyoo (1/N) In E[¢*"¥] = ¢(1). In order to specify the effective
domain of the asymptotic cumulant generating function, we need the following technical lemma, whose proof is reported in Sec. I1:

Lemma 1.2. Let A € R be such that f) > 0. The following conclusions hold:
1. Hy:=I+(S+AV)®)(1) e C™ is invertible, and the matrix

L):=3"+8"S—MU+L) - (ST + AV D (0)Hy (S +AV) e C?

is Hermitian;
2. Kyi=I+®(1)(S+AV) e C™? is invertible, and the matrix

Ry:=1-A(U+R) = (S+AV)K; @, (0)(ST +AVT) e ¢4

is Hermitian.

Lemma 1.2 states that the matrices £, and R, are well-defined and Hermitian when A € R satisfies fy > 0. It makes then sense to consider
the extended real numbers,

A-:=inf(AeR : f, >0, £, >0, and R, > 0} 1.7)

and

Avi=sup{AeR : f, >0, £, >0, and R, > 0}. (1.8)

We are now in the position to present the first main result of this paper, which establishes a large deviation principle for Wy/N and is proved
in Sec. II via a time-dependent change of measure.

Theorem 1.1. The following conclusions hold:

1. A~ <0 <A and the convex function I that maps w € R in I(w) := sup,.; . y{wA — ¢(1)} has compact level sets;
2. the quadratic functional Wx /N associated with the stable Gauss—-Markov chain {X, }n>1 satisfies a large deviation principle with the rate
function I.

Theorem 1.1 outperforms the Gértner-Ellis theorem, which requires that the asymptotic cumulant generating function exists and defines
an essentially smooth, lower semicontinuous function.'”' In Sec. 11, we shall prove that limyteo (1/N)In E[¢*"¥] = (1) if A € (A-,A+)
and limyteo (1/N) In E[e"""] = +00 if 1 ¢ (A, 1+ ). We shall also verify that the function ¢ that maps A € (A_,A;) in ¢(1) is convex and
differentiable so that the limits limy;_ @(A) =: ¢, limyy, ¢(A) =: @4, limyyn_ ¢"(A) =: d—, and limyyy, ¢’(1) =: d+ exist. If even the limit
limytoo (1/N) In E[¢*""] existed for all A € R and defined a lower semicontinuous function as demanded by the Gértner—Ellis theorem, what
is generally missing to guarantee essentially smoothness of the asymptotic cumulant generating function is the steepness of ¢, i.e., the property
that d_ = —oo if \_ > —oco and dy = +o0 if A1 < +00. The lack of steepness produces affine stretches in the graph of the rate function. In fact,
if A > —co and d- > —oo, then I(w) = wA- — ¢_ for all w < d_. Note that ¢_ is finite in this case since p(1) < ¢(0) + ¢'(1)A = ¢’ (1)A for all
A € (A-,A+) by convexity, which gives ¢_ < d_A- by sending A to A_. Similarly, I(w) = wl, — ¢, forallw > d, with ¢__ finite if 1, < +0c0 and
dy < +oo.

Although the initial condition X, and the quadratic boundary perturbations represented by L and R cannot affect the typical value of
W /N in the large N limit, nor the value of ¢(1), they enter the rate function I. In fact, according to Lemma 1.2, the matrices %, L, and R
participate in determining the boundary points A- and A, of the effective domain of the asymptotic cumulant generating function via £, and
R,. The matrices Z,, L, and R play a relevant role when the effective domain (1-, 1. ) turns out to be smaller than the primary domain of A's
for which f) > 0 and an irrelevant role otherwise. As the function ¢ is not steep whenever the effective domain is smaller than the primary
one, if X, L, and R entail a reduction in domain size, then the graph of the rate function necessarily exhibits some affine stretch. The following
example involving a quadratic functional of a one-dimensional stable Gauss—Markov chain, which allows explicit calculations, demonstrates
the role of the initial condition and of the boundary perturbations:

Example 1.1. Fix a € R such that |a| < 1 and consider the one-dimensional autoregressive model X,4+1 = aX, + G, for n > 1. The large
fluctuations of the quadratic functional Wy := (1/2) XN, X2 have been already characterized for the non-stationary case X, := 0°° and for the
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stationary centered case corresponding to £, = Zs := (1 — a*)™1.28 We can use our theory to investigate centered non-stationary situations with
general initial variance 2o > 0. In this example S := a, L:= 0, U := 1, V := 0, and R := 0. For all A and 6, we find

Fi(8) =1+a" -1 —2a cos 0

sothat fy=1+a*—=A—=2lal. If fi > 0,i.e, A < As := (1 —|a|)% then easy calculations based on Lemma 1.2 yield

n1+a2—)t+\/(1+a2—/1)2—(2a)2

1
(1) :—51 2

P @ —1-X1++/(1+a> 1) - (2a)?
[ 2 >

and

B 1-a>-A++/(1+a?-21)? - (2a)2 -0

R
A 2

The function ¢ is steep over the primary domain (—o0, ;). According to (1.7) and (1.8), when Zo = Zs, we have L) = Ry > 0 for all A < A; so that
Ao =—o00, Ay = A, and

100 ifw<o,
H(w) = L(w) := 1+/1+ (4aw)?
(1+a2)w—%\/1+(4aw)2+%ln%(aw) ifw>0.
a

The rate function I; does not exhibit any affine stretch. In general, we find - = —oo and Ay = A if ;' > 1 —|a| and A- = —c0 and A+ = (=,
—1+a%)/(1-20) <Asif 251 < 1= |al. In the former case, ¢ is steep, whereas steepness is missing in the latter case where d+ = ¢’ (1) < +00.
While I = I, when 2;" 2 1 — |al, in the case %, < 1 — |al, the rate function reads

L(w) if w<d,,
I(w) =
'LUA+ — P+ if w > d+.

Suppose now that £, = s and consider the boundary perturbation bX% with b € R so that Wy = (1/2)¥N_, X2 + (b/2)X%. In this case
S:=a,L:=0,U:=1,V:=0,andR:=b. While f) and (L) are the same as before, for A < A, we have

1-a’-A++\/(1+a>-1)2 - (2a)? -0

L) 5

and

_ 1-a>-1+/(1+a?-1)2-(2a)? B

Ra 5

bl

The boundary perturbation plays an irrelevant role if =1 < b < |a|/(1 - |a|), to whichA- = —o0, A = A, and I = I, correspond. If instead b < -1
or b > |a|/(1 - |a|), then the boundary perturbation comes into play. Specifically, b < —1 entails A\~ = 1/(b+ 1) — a*/b and A+ = A;. Steepness of
the asymptotic cumulant generating function is missed in this case as d— = ¢’ (A_) > —oco and

wAi- - fw<d,
I(w) =
I(w) ifw>d_.

Similarly, b > |a|/(1 - |a|) gives A= = =00, v = 1/(b+1) —a*[b < A, dy = ¢'(A+) < +00, and

I(w) if w<d,,
I(w) =
why —py  fw>d;.

15:G0:01 #7202 Jequedaq €0

J. Math. Phys. 64, 023302 (2023); doi: 10.1063/5.0096315 64, 023302-5
© Author(s) 2023


https://scitation.org/journal/jmp

Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp

As Wy/N=eyforallN>1,whenL:=1-3;' =§7S,U:=0,V:=5-S",and R := Z;! + §7S - I, Theorem 1.1 immediately shows that
the entropy production rate ey satisfies a large deviation principle. The Hermitian matrix F) (0) corresponding to ey reads for each A € R and
0 €[0,2n],

Fi(0) = (1-8Te)(1-8¢7) +2i(s - §T) sin 0
=1+8'S—(S+8")cos 0+i(24+1)(S—S")sin 6. (1.9)

The second main result of this paper, whose proof is reported in Sec. I1I, confirms the Gallavotti-Cohen symmetry. This symmetry comes
from the manifest relationship F_)_;(6) = F, (27 - 0).

Theorem 1.2. The following conclusions hold:

1. the entropy production rate ex of the stable Gauss—Markov chain {X,}us1 satisfies a large deviation principle with the convex rate
function I
2. Ao=-A—land I(-w) =I(w) +w forallw € R.

If the drift matrix S is symmetric and £, = X, then the process {X, }.>1 is reversible and ey = 0 for all N > 1. The following example
shows that there is entropy production when § is symmetric but {Xj, } 1 is not stationary:

Example 1.2. Assume that the drift matrix S is symmetric. We have 2 = (I — $*)™', and formula (1.9) gives Fy(8) = (I - Se'®) (I - Se™")
for every A and 6. One can easily verify that fy = [1 - p(S)]* >0 and ¢(A) = 0 for all A € R. Starting from the identity (I - Se*®)™ = 1.,
Sk e**0 45 p(S) < 1, one can then deduce that for all A € R,

Ly=Ro1=A+1)z," -zl

Fix 2, > 0 different from X and set A := (5 — 20)(Zs + Z,) ™' We claim that the spectral radius p(A) of A is strictly positive and that

1 1
As = 2[—1 + p(A)]. (1.10)

The entropy production rate satisfies a large deviation principle with the rate function

I(w):{wl_ if w<O0,

To prove (1.10), let A € R™ be an invertible matrix such that (1/2)(Z;" + =;') = AA" and set B:= (1/2)A™ (2, = =) (A7) ™. The matrix
A exists since Zs > 0 and 2, > 0, and the spectral radius p(B) of the symmetric matrix B is strictly positive since 2, # Zs. Similarity transforma-
tions show that p(B) = p(A). We have L) = A[I+ (2A + 1)B]JAT > 0 and R) = A[I - (20 + 1)B]AT > 0 if and only if |21 + 1|p(B) < 1. Thus,
(214 + 1)p(B) = +1.

Theorem 1.2 characterizes the entropy production rate of general stable, Gaussian autoregressive sequences. It might also be the basis for
complementing the literature on multivariate Ornstein-Uhlenbeck processes'’ *' with a large deviation principle for the entropy production
rate under non-normal drift matrices. According to Ref. 8, the entropy production rate of an Ornstein—-Uhlenbeck process can be expressed
in terms of a stochastic integral of the process, thanks to a continuous-time analogous of Lemma 1.1. As the Ornstein-Uhlenbeck process
observed at equispaced times is a Gaussian discrete-time autoregressive model, after discretization of the stochastic integral, the entropy
production rate of an Ornstein-Uhlenbeck process becomes the entropy production rate of a Gaussian autoregressive sequence. If the
latter is an exponentially good approximation'® of the former, then a large deviation principle for the entropy production rate of an
Ornstein-Uhlenbeck process with non-normal drift matrix can be deduced by our general theory through a limit procedure. Work is in
progress along this line.

B. Entropy production with a normal drift matrix

Analyzing the role of the conditions £; > 0 and R, > 0 in determining those A € R for which limyjeo (1/N)In E[¢*"¥] = (1) is a
difficult task. We stress that the satisfiability of these conditions shapes the effective domain (A, 1) of the asymptotic cumulant generating
function of Wx. Now, our interest is in the entropy production Wy := Ney. Computer simulations suggest that in the stationary case X, = X,
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the Hermitian matrices £) and R, associated with Ney are automatically positive-definite for the values of A that satisfy the primary constraint
f > 0. If this is true in general, then we will conclude that A_ = inf{A e R: f} > 0} and A4 = sup{A € R: f; > 0} when %, = %,. While we leave
this general problem as an open question, we verify the conjecture A = inf{A e R: f) > 0} and A4 = sup{A € R: f) > 0} for a stationary stable
Gauss-Markov chain {X, }»>1 with normal drift matrix S. Then, here we assume that STS = SS". This case is very special because it allows for
explicit results. We recall that large deviation principles have been recently established for the entropy production rate of stationary stable
Ornstein-Uhlenbeck processes with the normal drift matrix.'”*' In particular, Budhiraja et al.”! exhibited the rate function explicitly, posing
the question of whether the same could have been done for the discrete-time autoregressive model. Our work gives an affirmative answer to
their question, and indeed, we provide a large deviation principle for any drift matrix.

Dealing with a normal drift matrix in the problem of entropy production basically means dealing with a diagonal drift matrix. In fact,
normality of S implies that there exists a unitary matrix T € C**? such that ST~ and TS'T™! = (I'ST")* are both diagonal. Let . + i, be the
kth element of the diagonal of ST, with a and f, real numbers, and notice that the stability hypothesis p(S) < 1 requires that a +Bi < las
a + i, obviously is an eigenvalue of S. We suppose that 8, # 0 for some k in order to not to fall again in the class of symmetric drift matrices.
According to (1.9), TFy (6)I'" is diagonal for all A € R and 6 € [0, 27], and the kth element of the diagonal of TF) (8)I'"! reads

1+ ag + Bt — 20 cos 0—2B(2A + 1) sin 0= (1 +of + B )[1 - 0 cos( - 9)],

with
) i + (21 +1)2B2 S0
G T g T
and
9 := arctan (ﬁk 2B )
(07

We omit to indicate the dependence of g, and 9 on A for simplicity. We have

fr=,inf min{(1+ak +E)[1- 0 cos(0-90)]} = min {(1+ o+ B)(1- )}

so that the condition f} > 0 on A becomes max;<x<a{0;} < 1. If max;<x<4{0;} < 1, then we find from (1.5) that
o(1) = _72 f In{(1+ 0} +B7)[1 - 0 cos(6-9)]}do

= / ln(lfokcosG)d(?ffZln(1+ak+/3k)
47Tk1

d 1++/1-0? d
——EZIHJ—%ZIn(I+ai+ﬁi)
k=1

2

For each 1 € Z, the matrix T, (n)I" defined by (1.6) is diagonal with the kth diagonal element equal to

1 e "dp B ek ifz’f cos(n0)do
2ndo (1+a2+P2)[1-0p cos(0-9)] 1+a2+p22nmJo 1-0 cos 6

[n]
1 e—insk 1—\/1—0i
1+af + 7 /1—0i Ok '

Under the constraint max;<<;{0;} < 1, the matrices £, and R, associated by Lemma 1.2 with L :=1 - s -8"S, U:=0,V:=5-§", and
R:=3,1 + 87S - I can be written as

15:G0:01 #7202 Jequedaq €0

Li=(A+1)(E" -2 + My (1.11)

and
Ry=ME -2 + My, (1.12)
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where TM;T™! € C“ is diagonal with the kth diagonal element given by

- -f 1+a+B
5 + 5 1-90;>0. (1.13)

To obtain (1.11) and (1.12), we have used the facts that Z; = (I - SST)™" and that TZ;'T™" is diagonal with the kth diagonal entry equal to
1 - o« — ;. Importantly, the Hermitian matrix M, is positive-definite as demonstrated by (1.13).

If the chain { X, } s»1 is stationary, i.e., if £, = 2, then £, = M, and R, = M, are automatically positive-definite when max; <4{0;} < 1,
namely, when f) > 0. Thus, the conjecture A- = inf{A e R: f} >0} and A, = sup{A € R: f) > 0} for a stationary stable Gauss—-Markov chain
is true if the drift matrix is normal. Furthermore, in this case, A- and A, are the smallest and the largest values of A for which maxlsksd{ok} =1,

which are explicitly given by the formulas
1+a2 +f2)2 - 4a?
Ay == 77+m1n ( ak A ) rt
1<k<d 16/)’k

Ao=-do— L

and

Note that A, is finite since we are supposing that 8, # 0 for some k. With such A and A, the function ¢ turns out to be steep in (A= A4).
Thus, for each w € R, there exists a unique A € (A-, 1) such that w = ¢'(1) and, as a consequence,

I(w) = wA - g(1).

Basically, this is the result found by Budhiraja et al.’! for the continuous-time model.

To conclude, let us briefly discuss what happens when the chain {X, },»1 is not stationary, i.e., when %, # 2. If £, > 0 and R, > 0 for
all A € (=10 — 1,A,), then A+ = A, and A— = —A, — 1, as before, and the function ¢ is steep in (A-,A+). We have £) > 0 and R, > 0 for all
Ae(=do—1A0)if £y, =R_),-1 >0and Ry, = L_),_; > 0 as formulas (1.11) and (1.12) show that the functions that map A in (z, £)z) and
(z,R,z) are concave for any given z € C?. If, on the contrary, there exists A € (~A, — 1,A,) such that £; # 0 or R # 0, then A4 < A, and
A-=-As —1> -1, — 1. For example, this occurs for £, = oI with a sufficiently small ¢ > 0. In this case, ¢ is not steep in (A, A, ), and the rate
function at w € R has the value

wA- — @_ ifw<d-,
I(w)=§wA-9()) ifd<w<d,,
WAy — @4 ifw>dy,

where, regarding the case d— < w < d., A is the unique real number in (A-, . ) that satisfies w = ¢’(1). Breaking stationarity can then involve
affine stretches in the graph of the entropy production rate function.

Il. PROOF OF LEMMA 1.2 AND THEOREM 1.1

In this section, we prove Theorem 1.1, which states the large deviation principle for the quadratic functional Wy defined by (1.2). The
Proof of Theorem 1.1 is based on a time-dependent change of measure and requires at first to study the asymptotics of the cumulant generating
function of Wy as N goes to infinity. In turn, this asks for investigation of Hermitian block tridiagonal quasi-Toeplitz matrices that differ from
Hermitian block tridiagonal Toeplitz matrices by the first and last diagonal blocks. In Sec. IT A, we introduce these matrices and characterize
their positive definiteness property and their determinant. Section II B uses the theory of Sec. IT A to compute the scaled cumulant generating
function of Wy in the large N limit. The upper large deviation bound for closed sets is proved in Sec. IT C. Finally, the lower large deviation
bound for open sets is established in Sec. II D. Along the way, we shall also verify Lemma 1.2.

As we have already said, we regard R as a subset of C?. We denote by (-, -) the standard inner product of C* and by | - | the induced norm.
If{=({,....¢y) and z = (z1,...,2y) are two vectors in (C?)", with N being a positive integer, we understand that ({,z) := ¥, (¢, 24)
and ||z|? := &N (zn, 20) = XN, ||z || For positive integers M and N, BLyy is the set of complex block matrices with M x N square blocks
of size d. For any A € BLy,y, ||A|| is the operator norm of A induced by the norm of (C4)V,

A
Al = sup {“ Z“}
2 K

z#0

15:G0:01 #7202 Jequedaq €0
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Given a Hermitian matrix A € BLy,n, we denote by r(A) the infimum of the Rayleigh quotient of A, that is, the smallest eigenvalue of A,

. (z,AzZ)
0= 155

z#0
If a Hermitian matrix A € BLy,n is positive-definite, we write A > 0. We have A > 0 if and only if 7(A) > 0.

A. On Hermitian block tridiagonal quasi-Toeplitz matrices

The coefficient matrix of the quadratic functional Wy is an element from a sequence of Hermitian block tridiagonal matrices in the
following class:

Definition 2.1. A sequence of matrices {Qy N>1, With Qy € BLn+2,N+2 for each N, is a Hermitian block tridiagonal quasi-Toeplitz (HQT)
matrix sequence if there exist four square matrices A, D, B, and E of size d, with A, D, and B Hermitian, such that for all N > 1,

A Ef

E D

S)
z
[

D E
E B

In this section, we characterize asymptotic positive definiteness and asymptotic determinants of matrices from a HQT matrix sequence,
postponing the most technical proofs in the Appendixes C-G. We stress that a HQT matrix sequence is bounded in the following sense, which
is demonstrated in Appendix C:

Lemma 2.1. Let {Qy}n=1 be a HQT matrix sequence with A, D, B, and E as in the above definition. Then, for each N > 1,

lan | < V2 AJ2 + 3| D] + 2| B|* + 6| E|>
In order to deal with a HQT matrix sequence {Qy }n>1, it is convenient to isolate the bulk matrix Ty € BLy,y of Qy defined by
D Ef
Ty i= o ) (2.1)
E D

The bulk matrix Ty is a Hermitian block tridiagonal Toeplitz matrix, which allows Qy to be written as

A E'ct o
Qv=|cE Tv R'E| (2.2)
0 ER B
where
1
0
C:= € BLn,1 (23)
0
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and

R:= (0 .0 1) € BLiy. (2.4)
When Ty is invertible, we introduce the boundary matrix Sy € BL,, of Qy defined by

. A-Ec'Ty'cE -EfciTRE" 25
N = . .
—ERTy'CE  B-ERTY'R'E

Manifestly, Sy is a Hermitian matrix. The following lemma relates the positive definiteness and the determinant of Qy to those of the bulk
matrix Ty and the boundary matrix Sy. The proof is reported in Appendix D.

Lemma 2.2. Let {Qy }n>1 be a HQT matrix sequence with bulk matrices Ty and boundary matrices S. The following conclusions hold for
any N > 1:

1. if r(Qu) > q for some real number q > 0, then r(Tn) > q (which implies that Ty is invertible) and r(Sn) > g;
2. if Tz > O (which implies that Ty is invertible) and Sy > O, then Qy > 0 and

In det Qy =In det Ty + In det Sn.

We now examine the bulk matrices. For each 6 € [0,27], let F(6) € C**/ be a Hermitian matrix defined by
F(0) := Ee ™ + D+ Efe”,

with D and E being the matrices that identify the bulk matrix Ty of Qy. In the theory of block Toeplitz matrices,’® the function F that maps 6
in F(0) is called the symbol of the matrices Ty. We shall equally call F the symbol of Ty or the symbol of Qy. The blocks of Ty are related to
the Fourier coefficients of the symbol F. In fact, forall N > 1, { = ({1,...,{v) € ((Cd)N, andz = (z1,...,2n) € ((Cd)N, we have

_ J 1 o i(m=n)6 IR ] N & ing
(O Tvz) = 3 Z((M,Efo F(0)e d@zn>— Efo <n2::1(ne F(O) Yz o 26)

m=1n=1

The following lemma describes the positive definiteness and the determinant of the bulk matrices Ty. The proof is provided in Appendix E.
We stress that if infge(o 2, {7(F(6))} > 0, then the function that associates 6 € [0,27] with In det F(0) is well-defined and continuous.

Lemma 2.3. Let Ty be the bulk matrices of a HQT matrix sequence with symbol F. The following conclusions hold:

1. if there exists a diverging sequence {Ny }»o of positive integers such that r(Tn,) > t for all k > 0 with some t € R, then r(Tn) > t for all
N2>1;

2. r(Tn) >t for all N > 1 with some t € R if and only if infgejo,{r(F(0))} > ;

3. if infpejon {r(F(0))} > 0, then

2m
lim — In det Ty = — [ n det F(6) de.
Ntoo N 2w Jo

The analysis of the boundary matrices Sy is based on the possibility to determine a limit boundary matrix when N is sent to infinity. This
is done by the following lemma, which is proved in Appendix F. Let A, D, B, and E be as in Definition 2.1. Set for each n € Z,

2 .
o(n) = i fo " (0)e " de,

which is a well-defined matrix under the hypothesis infgejo ., {r(F(6))} > 0.

15:G0:01 #7202 Jequedaq €0
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Lemma 2.4. Let Sy be the boundary matrices of a HQT matrix sequence with symbol F. Assume that infpe(o 2, {r(F(60))} > 0. The following
conclusions hold:

1. H:=I-E®(1)eC™ and K := I - ®(1)E € C™ are invertible;

2. the limit limynteo SN = Seo exists and Seo = (f 703) with Hermitian matrices £ and R defined, respectively, by

L:=A-E'®0)HE

and
R := B— EK ' ®(0)E'.

We call Seo the limit boundary matrix of the HQT matrix sequence {Qy }n»>1. Putting the pieces together in the following proposition,
we finally solve the positive definiteness and the determinants of the matrices Qy in the large N limit.

0

Proposition 2.1. Let {Qn}n=1 be a HQT matrix sequence with symbol F and limit boundary matrix Seo = (f R

infgejo. 27 {r(F(6))} >0, L > 0, and R > 0. Then, Qy > O for all sufficiently large N and

)‘ Assume that

. 1 1 2n
lim - 1n det Qy = 5~ fo In det F(6) d6.
Proof. According to Lemma 2.3, the hypothesis infge 2, {r(F(6))} > 0 gives Ty > O forall N > 1 and
. 1 1 2m
lim — In det Ty = — f In det F(6) d6.
Ntoo N 21 Jo

It also shows that limyjeo SN = Seo exists by Lemma 2.4. Since Soo > O by hypothesis, the boundary matrices Sy are positive definite for all
sufficiently large N. It follows by Lemma 2.2 that Qy > O for all sufficiently large N and that

1 1 1 1 o
1}]1Trgloﬁ In det Qy = I!JITI({ION In det Ty + Illlgloﬁ In det Sy = gfo In det F(6)d6.

]
B. The cumulant generating function of Wy

Let us move to the stable Gauss—Markov chain {X, },>1 and the quadratic functional Wy. According to (1.1), for each N > 1, the law of
(X1,...,Xn+2) is the multivariate Gaussian distribution that at x = (x1,...,xy+2) € (RY)N*? has probability density,

e—%(x,E;,lx) 7%()(1,2;1&) N+2 1

V (2m) N+ det Ty ) V(2m) det 2, E V(2n)d

=St |?

We see that the inverse Z;,l of the covariance matrix Ey of (Xi,. .., Xn+2) is the real symmetric block tridiagonal matrix in BLy+2,n+2 given
by
stes’s -s"
-S I1+S8'S
DI ,
1+8's -§T
-S I

and we have det =y = det Z,. Together with 25, we introduce the real symmetric block tridiagonal matrix My € BLy+2,n+2 defined by
Uu+L V'

\%4 U

u v’
V U+R
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The matrix My allows us to express the quadratic functional Wy, as (1/2)(X,MyX) with X := (X1,...,Xn+2). The cumulant generat-

ing function of Wy is the function that maps A € R in (1/N)In E[¢'""]
integrals:

. We start with the following elementary result involving Gaussian

Lemma 2.5. Foreach N >1and) € R,

1 1 _ P
n ]E[emw] _ -5 Indet %~ ln det (8 —AMy) i 2y - AMy > 0,

+00 otherwise.

We aim to investigate the asymptotics of the cumulant generating function. According to Definition 2.1, the matrices Qy := 2§ — AMy
€ BLy+2,n+2 with some A € R form a HQT matrix sequence. Explicitly, we have A:= 2, +S'S-A(U+L), D:=1+S'S-AU, B:=1-1
(U +R),and E := =S — AV. The symbol F, of this HQT matrix sequence reads

Fr(0) = ~(S+AV)e ™ +1+8"S - AU~ (ST +AV")e"
= (1 - sTe“’)(I— Se*ie) —)L(U+ Ve + VTe“’)

for every 6 € [0,27]. It is exactly the matrix (1.3). According to (1.4), the real number f) is related to Rayleigh quotients of the symbol F,
by infpefo21{r(F1(0))} = fi. Lemma 2.4 proves the technical Lemma 1.2, and the matrices £, and R, defined by Lemma 1.2 enter the limit

boundary matrix of {Qy }Nz1: Seo = (COA 73 ) By combining Lemma 2.5 with Proposition 2.1, we get that if f; > 0, £, > 0,and R, > 0, then
A

1 AWy _7Lf2” .
lim = 1n E[e ]_ o ), I det Fi(6)d6 = 9(1), 2.7)

with ¢(A) being the integral already defined in (1.5). We want to prove here that the set
A={leR : f,>0, £, >0, andR, >0} (2.8)

is an interval. Formulas (1.7) and (1.8) states that A = inf{A} and A+ = sup{A}. To begin with, we need the following bound for r(Z3'),
which is based on the hypothesis that the spectral radius p(S) of S is smaller than 1 and is proved in Appendix G:

Lemma 2.6. There exists a real number ¢ > 0 such that r(25') > o for all N > 1.
The following lemma shows that A is a convex set, and hence, it is an interval:

Lemma 2.7. The following limits exist and are finite:

lim inf {Wiﬂd}: £
Ntoo Ze(Cd)N-ﬂ <Z’ZN z)

z#0
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. <Z, MNZ) }
lim sup {77 =&,
Nieo iy ((525'2) | 7
z#0

IfdeA thenAé_<land A, <1.IfAeRissuchthat \_ <land Al <1, then)eA.

Proof. Fix a real number A, and set

liminf sup {Ao M =&,
S ze((Cd)N*z (Z) ZN Z)
z#0

The limit &, is finite since |My| < C for every N > 1 with some constant C < +oo by Lemma 2.1 and (z,25'z) > 0(z,z) and for all N > 1 and
z € (C)N*2 by Lemma 2.6. Let us show that

M
limsup sup {Ao(zﬁz)} <&, (2.9)
Ntoo ZE(Cd)N+Z <Z> ZN Z>
z+0

By choosing A, = —1 and A, = 1, this proves that the following limits exist and are finite:

, M
lim inf | 2MNEL_ e
Ntoo ze(cd)N+2 (Z’ZN Z)

z+0

and

M
I!]iTm sup {&27_1\12)} =&,
had ze(C)N+ <Z, N Z)

z#0

Pick an arbitrary real number & > £, and e > 0 such that &, + 2¢ < £&. Consider the HQT matrix sequence {Qy }n»1 with Qy := £Z3
— AoMy € BLn+2,n+2 for all N > 1. By definition of &, there exists a diverging sequence {Nj }x»o of positive integers with the property that for
all kand z € (C*)N+2,

(2 Mn2) < (£ - €) (2,55 2).

It follows that r(Qy, ) > er(25}) > €0 > 0 for any k > 0. Then, part 1 of Lemma 2.2 tells us that r(Ty, ) > €0 and r(Sy,) > eo for all k, with Ty
being the bulk matrix of Qy and Sy being its boundary matrix. As a consequence, parts 1 and 2 of Lemma 2.3 give r(Tn) > €0 for every N > 1
and r(F(0)) > eo for all 0 € [0, 27], with F being the symbol of the Hermitian block Toeplitz matrices Ty. This way, Lemma 2.4 shows that
limytoo SN = Seo exists and is well-defined. Since r(Sy, ) > eo for all k, we have r(Se ) > €0 so that r(Sy) > 0 for all sufficiently large N. In
conclusion, we find that both Ty > 0 and Sy > O for all sufficiently large N, and part 2 of Lemma 2.2 ensures us that Qy > O for all such N.
This means that

(z,Qn2) = (2, (fZ;,l - )LUMN)Z) >0 (2.10)

for all sufficiently large N and z € (C*)N*2. It follows that

, M
limsup sup {Ag {z.Myz) _I\IZ> } <,
Ntoo  e(cdyN+ (Z,ZN Z)
z#0

which demonstrates (2.9), thanks to the arbitrariness of € > .
Let us demonstrate now the connection between the set A and the number &_ and &, . Fix A € A and consider the HQT matrix sequence
{Qu}nz1 with matrices Qy := Zy' — AMy. We already know that this HQT matrix sequence has symbol F; and limit boundary matrix
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0
This shows that

Seo = ([’A 7% ) Since f) > 0, £) > 0, and R, > 0 by hypothesis, we have Qy > O for all sufficiently large N according to Proposition 2.1.
A

_— (z,Mnz)

—— >0
(2,2y'2)

for all sufficiently large N and z € (C?)™*2. Thus, by taking the infimum over z, we have

1-1 sup {L’ Mwz) } >0

-1
ze(CHN?2 <Z> 2N Z)
z+#0

if A > 0 and

v -1
@y | (2. 2y'2)
z#0

1-A inf {WNZ)}>0

if A < 0. By sending N to infinity, we realize that A, < 1if A > 0, which also gives A{_ < 1as&_ <, ,and thatA{_ < 1if A < 0, which also gives
AL <1

Conversely, if A € R is such that \§_ < 1 and A{, < 1, then there exists € > 0 such that 1 — A{_ > 2e and 1 — A&, > 2e. This yields that for
all sufficiently large N and z € (C*)N*2,

(2.23'z) - Mz, Myz) 2 €(z,21'2).

This way, 7(Qy) = er(Z§') > o for all sufficiently large N, where Qy := Z§' — AMy, and Lemma 2.1 has been invoked. It follows from
Lemma 2.2 that r(Ty) > €0 and r(Sn) > €0 for all sufficiently large N so that infge(o2.1{7(F1(0))} > €0 by Lemma 2.3 and (S« ) > €0 by

Lemma 2.4 with Seo = (th 7% ) Thus, f) >0, £) > 0,and Ry > 0 so that A € A. m|
A

The limit (2.7) together with the fact that A is an interval finally give the following important result. We stress that A contains an open
neighborhood of the origin, as it is manifest by Lemma 2.7, so that \- <0 < A4.
Proposition 2.2. Foralll € (A-,A4),

. 1 awy _L 2
lim - 1n B[] = 4ﬂf0 In det F(8) dé.

The function (] that maps any Ae (/17, /\+) in
(] A) = _71 2” In det F)(6) do
( ) ' 4 Jo et A( )

is convex. A rapid way to demonstrate this fact is to observe that ¢ is the limit of a sequence of convex functions by Proposition 2.2. The
function ¢ is also differentiable since the F) () is differentiable with respect to A for each 0 € [0,27]. The asymptotic theory of sequences of
convex functions (see Ref. 39, Theorem 24.5) gives that for all A € (A_,A,),

. 1d AWn] _ 7
#&Nﬁlnﬂ[e |=¢'). (2.11)

Limit (2.11) will serve us to verify the lower large deviation bound. Other notable consequences of convexity are that the limits limy ) ¢(1)
=: g_andlimyy), ¢(1) =: ¢, exist (see Ref. 39, Theorem 7.5) and that ¢” is non-decreasing in such a way that also the limits limy,_ ¢" (1) =: d-
and limyyy, ¢' () =: d. exist.

Remark 2.1. In Sec. I A, we have claimed that limyyeo (1/N) In E[e*"V] = 400 if A ¢ (A-,A4) = A. Although we do not need this limit to
prove a large deviation principle, we can verify it as follows. Assume, for instance, that A+ < +oo and pick A > A+ > 0. It must be A{, > 1 since, on
the contrary, \§_ < Aé, < 1and A € A as a consequence according to Lemma 2.7. Fix N > 1, and let A € BLy+2,n+2 be a real invertible matrix such
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that Tn = AAT, which exists because Zy > 0. Denoting by my, . .., M2 the eigenvalues of the real symmetric matrix ATMyA € BLy+oN+2, We
have

.
&y = max{mi,...,m(ys2ya} = sup {(Z’ANII\’A‘Z)}_ su {(AZ’MI\’AZ)}

ze(CHN+2 (Z; Z) ze(CHN*? (Z, Z)
z#0 z#0
~ ap { (z,MnZz) } ~ ap { (z,MnZz) }
Ze(chyN (A™lz,A71z) e (chyN (&25'2) |
z#0 z#0

Thus, Lemma 2.7 tells us that the number Ay, approaches A, > 1 at large N so that 1 — Aéy, < 0 if N exceeds a threshold value N,. This shows
that the matrix 2§ — AMy = (A7) (1 = AATMNA)A™! is not positive-definite for N > No. Lemma 2.5 concludes the proof.

C. The upper large deviation bound

In this section, we prove the upper large deviation bound for closed sets. We start with some standard results from the theory of large
deviations that we shall use to prove both the upper large deviation bound and the lower large deviation bound. For each # € (A-,A;) and
N > 1, let P, x be the probability measure on (€, .%) defined by the exponential change of measure,

quN eﬂwN
= . 2.12
dp E[env] (212)
Let ¢, be the function that maps any A € R in
. 1 AWy
A) :=limsup —In E,n[e" "™ | (2.13)
¢n(1) nSup nN[ ]

Since 0 € (A-,A+), we have Pon =P for all N > 1 and ¢,(1) = () for all 1 € (A-,A+), with ¢ being the convex differentiable function
introduced at the end of Sec. 11 B. Moreover, if A € R is such that A + 7 € (A-, 1, ), then

) 1 E[e(Mﬂ)WN]
¢r(A) = llrETgp N TR P(A+1) = (1) < +oo.

It follows that the function ¢, is finite and differentiable in an open neighborhood of the origin with ¢,(0) = ¢’ (n). The following lemma
states an upper large deviation bound with respect to the measure IP; y. We recall that the Fenchel-Legendre transform I of ¢, is the convex
function that associates w € R with

I(w) = sup {wA - 9,(1)}.

Lemma 2.8. Fix n € (A_,Ay). The following conclusions hold:

1. the Fenchel-Legendre transform I, of ¢, has compact level sets;
2. foreach closed set F C R,

lim sup % In IP’,%N[% € ]"] < —inff{Iﬂ(w)};

Ntoo
3. foreach € > 0, there exists k > 0 such that for all sufficiently large N,

kN

wi '
Pl | - )

Ze]gef

Proof. I, is lower semicontinuous as any Fenchel-Legendre transform (see Ref. 39, Theorem 12.2). Due to lower semicontinuity, the level
sets of I;; are closed. In order to prove part 1, it remains to verify that they are bounded. As the function ¢, is finite in an open neighborhood

of the origin, there exists § > 0 such that ¢, (§) < +o0 and ¢, (=8) < +oo. If I;(w) < a, for given real numbers w and a, then wé — ¢, (9)
<Iy(w) < aand —wd — ¢, (=8) < Iy(w) < a by definition, that is, —[a + ¢, (-6)]/0 <w < [a + ¢, (8)]/0.
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Part 2 is a standard result from large deviation theory (see Ref. 15, Theorem 2.3.6 and Exercise 2.3.25). In a nutshell, the upper large
deviation bound for compact sets is a manipulation of the Chernoff bound and holds without any assumption on the function ¢, . Extension
to all closed sets is made possible by finiteness of ¢, in an open neighborhood of the origin, which entails exponential tightness.

As far as part 3 is concerned, in light of part 2, it suffices to demonstrate that

inf ){Iq(v)} >0 (2.14)

vé(w—ew+e

for each € > 0, with w := ¢'(5). To begin with, let us observe that I,(v) > 0 if v # w. On the contrary, if I,(v) = 0, then for all A in a
neighborhood of the origin, we would have ¢(A + 1) — ¢(1) = ¢, (1) > vA by definition of I;;(v). This would imply v = ¢’ (1) = w, which
contradicts the hypothesis v # w. We can now verify (2.14). Pick € > 0 and notice that the set A := {v e R:I,(v) <1} is compact by part
LIf (w-ew+e) nA=0, then inf¢-guwre{ly(v)} > 1. If (w-ew+e) NA+f, then there exists v« € (w— 6w +¢)° NA such
that I,(v) > I,(v+) for all ve (w—ew+e€)" NA and, hence, for all v ¢ (w—e,w +¢), as I, is a lower semicontinuous function and
(w - ew+¢€)° N Aisacompact set. On the other hand, we have I,;(v«) > 0 since v« # w. ]

Lemma 2.8 gives the following upper large deviation bound for the quadratic functionals Wy of the stable Gauss—Markov processes
{Xn}nZIZ

Proposition 2.3. The following conclusions hold:
1. the convex function I that maps w € R in I(w) := supy, 5, ,{wA — (1)} has compact level sets;
2. foreach closed set F c R,
. 1 W ] .
1 —InP|— e F|<—-inf{I .
imsup 5 In [ N € inf {I(w)}

Proof. I1is the Fenchel-Legendre transform of the function that associates A € (A-,A;) with ¢(1) and A ¢ (A-, 1+ ) with +oo. Then, part
1 is proved in the same way of part 1 of Lemma 2.8. Part 2 follows from part 2 of Lemma 2.8 with # = 0 as Io(w) := sup,p{wA — go(1)}
> supycy i,y iwd — (1)} = I(w) for every w € R. ]

D. The lower large deviation bound

In this section, we prove the lower large deviation bound for open sets, namely, that for each open set G C R,
o1 Wn .
hmgfw In P[F € g] > 7715162{1(10)},
where I is the function that maps w € Rin I(w) := sup,; , ){wA - ¢(1)}. This is tantamount to state that for allw e Rand ¢ > 0,

| Wn
hﬁg}fﬁln P[T € (w—8,w+6)] > —I(w). (2.15)

We start with the following lower bound based on Lemma 2.8:
Lemma 2.9. Fix w € R and assume that there exists n € (A=, A1) such that w = ¢'(n). Then, for every § > 0,
1 Wi
hf,ﬁ},{}fﬁln P[WN e(w-06w+ 6)] > ¢(n) —wy.

Proof. Let Py and ¢, be the probability measure (2.12) and the function (2.13), respectively. Fix § > 0 and pick € € (0,9). The fact that
Wy — Nwn — Neln| < 0if Wy/N € (w — e,w + €) gives for each N > 1,

M _ —Nwn—Neln| nWy
P[ N € (w S, w +8):| e Ele 1]{%e(w—e,w#—e)}

— ¢~ Nwn=Nelt| }E[e”w”] PW’NH% - w‘ < e],

15:G0:01 #7202 Jequedaq €0
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and part 3 of Lemma 2.8 shows that
Wi
I}]iTr?o P”’NHWN fw‘ < e] =1
Thus, by invoking Proposition 2.2, we obtain
1
hi%if}fﬁ In P[% e(w-8w+ 6)] > ¢(n) —wn — €yl

The lemma follows from here by sending € to 0. O

Lemma 2.9 allows us to demonstrate the lower large deviation bound (2.15) for w in the closure (d_,d.) of (d-,d:), where
d_:=limy;;_¢'(A) and ds :=limyyy, @' (1) as in Sec. IT B. Note that convexity and differentiability of ¢ yield (1) > ¢(1) + ¢'(17) (A — 1)
for every A and 7 in (A—,A+) so that I(w) = wy — ¢(7) if w = ¢'(n) for some 5 € (A-,A+). Since d_ < ¢’(0) < d; as ¢ is non-decreasing,
if d_ = d., then (d_,d.) contains only ¢’(0) and bound (2.15) directly follows from Lemma 2.9 with 5 = 0. If d_ < dy and w € (d-,d.),
then there exists 7 € (A-,A;) such that w = ¢’(#), and bound (2.15) follows again from Lemma 2.9 with such #. If d_ < d; < +o0, then
(d-,d,) contains d., and we tackle the case w = d as follows: Fix § > 0. There exist v € (d_, d. ) arbitrarily close to w and e > 0 such that
(v-ev+e€) < (w- 08w+ ). This way, since (2.15) holds for v, we find

lim infl InP
Nteo N

[& € (wf&wwt(?)] > liminfiln P[M € (vfe,v+e)] > -I(v).
N Nteo N N

From here, we get bound (2.15) for w = d by sending v to w and by observing that limy+, I(v) = I(w) by convexity and lower semicontinuity
of I (see Ref. 39, Corollary 7.5.1). Similar arguments can be used to solve the case —co < d_ <dy andw =d_.

In order to complete the proof of the lower large deviation bound (2.15), it remains to address the case d4 < +oco and w > d., as well
as the case d_ > —oco and w < d_. They are similar so that we discuss in detail the former only, omitting the proof of the latter. Assume that
d; < +oo and fix w > d;. We claim that the case A+ = +oo0 is trivial so that we also suppose A+ < +oco. In fact, convexity and differentiability of
¢ combined with ¢(0) = 0 give p(1) < Ag’(1) forall A € (A_, ;). It follows that I(w) > wA — (1) > A{w — ¢’ (1)] for all A € (A, A+). Thus,
if .+ = +oo0, then we realize that I(w) = +oo by sending A to A, as limyyy, ¢'(A) = di < w, and the lower bound (2.15) is trivial. Observe that
if .+ < +o00 and d < +oo, then limy, p(A) =: ¢4+ < +o0 as (1) < Ag’(A) forall X € (A-, A+ ). Since the function that associates A € (A-, 1)
with wA — ¢(1) is increasing under the hypothesis w > d, we have I(w) := sup.(, ; {wd - (1)} = wAs — @s.

The idea to prove (2.15) for w > d+ and A4 < +oo is to make a change of measure like in Lemma 2.9, but this time the parameter #
must depend on the time N. Let us introduce such parameter. Pick N > 1. Since the covariance matrix Zy € BLy+2,n+2 is symmetric positive-
definite, there exists a real invertible matrix A € BLy4an+2 such that Xy = AAT. Like in Remark 2.1, let my, . .. , M(N+2)a be the eigenvalues of
the real symmetric matrix ATMNA € BLy4an+2 and observe that

(z,ATMyAZ) }

& i=max{mi,...,msya} = sup { (z,2)

ZG(CJ)N“
z#0
= sup { (z,Mn2) }: sup {(z,MNz)}
ey (B (AT)TATZ) | cipve [ (225 2)
z#0 z#0

Similarly,

. ) (7, Mnz)
e ey = f (z.37) [
mln{ml rn(N+2)d} Ze(g})wn{ (z, 2;,12)
z#0

We have limyteo £y = &, by Lemma 2.7, whereas min{m;, . .., m(y42)4} approaches &_ atlarge N. Lemma 2.7 also gives £, > 0 since A < +00
by hypothesis. Indeed, £, < 0 would entail that the set A contains all positive real numbers. Lemma 2.5 and the fact that det £y = det £, show
that if | — AATMyA > 0, namely, if 1 —Am; > 0 for I =1,..., (N + 2)d, then

1 (N+2)d
In B[] =~ In det (1-2ATMyA) = =2 37 In(1 - Am)). (2.16)
I=1

15:G0:01 #7202 Jequedaq €0
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We claim that for all sufficiently large N, there exists 77, € (0, &) such that

1 (N+2)d m

2(N +2) ; 1—nnmy

= w. (2.17)

Note that &y >0 for all sufficiently large N as limytoo &y = &, > 0. In fact, identity (2.16) in combination with (2.11) yields that

[2(N+2)]™ Zg“)dml approaches ¢'(0) < d+ < w when N is sent to infinity. Thus, for all sufficiently large N, the continuous function that

maps A € [0,&y) in [2(N + 2)]_1Z;ﬁ+2)dm1(1 —Am;)”" increases from a value smaller than w at A = 0 to +oo at A = & so that there exists
a unique #,, satisfying (2.17). We must have limyyco 77y = A+. On the contrary, there would exist € > 0 and a diverging sequence {Nj } o of

positive integers such that #n, < A4 — e for all k > 0. Then, for every k,

1 (Ni+2)d

YT AN +2)

m 1 (Nx+2)d

< dd
1 — YN .My - Z(Nk+2) I

1- (A —e)my’

=1 =1

By sending & to infinity and by combining (2.16) with (2.11), from here, we would get w < ¢’ (A+ — €) < d., which contradicts the assumption
w > d+. Another property of 7, is that

lim inf L In E[e""'WN“] > @4 (2.18)

Nteo N +2
In order to verify this bound, fix A € (0,1, ) and bear in mind that #,; > A for all sufficiently large N as limytoo #7y = A+ so that

—In(1-#nymy) > —In(1 = Amy) + (yn = A) min{0, my, . .. ,m(N+2)d}

for every I and sufficiently large N. Then, for all sufficiently large N, we have

! InE[e™"¥] = —L(Nf)d In(1 - nymy)
N+2 2(N+2) H
> _L(Nf)d In(1 - Amy) + (ny = A)dmin{0,my, ..., m12)a}
2(N +2) 0

_ 1 V+2 .
“N+2 In E[elwA ] +(ny = A)dmin{0, my, ..., Mm(N42)a}-

By sending N to infinity and by recalling that min{m;, ..., m.24} approaches &_ in this limit, Proposition 2.2 shows that

PR 1 N Wit2 :
h%g}fN > In E[e” ]> @A) + (A4 =1)dmin{0,£_},
which demonstrates (2.18) once A is sent A4.

We now move to bound (2.15) and put #,, into context. Fix § > 0 and pick e € (0,8). For all sufficiently large N, #,, is positive as
limytoo 1y = A+, and we have

HD[M e (w-0,w+ 5)] > ¢ N+ (wHe)ny E[e'm Vne2q Wyas ]
N+2 Te(w-cwto)}
— w+e) N NWNs2 W,
= ¢ (N (wte)n; IE[e” Wi ]]in,mz[ ﬁ “w< €]’

where Py, n+2 is the probability measure (2.12) associated with fn- This bound, together with (2.18), yields

1 4%
ling(i)Elen P[TN € (w—&w+6):| > @ —why — €Ay

+ lim inf
Nteo N +2

ln PWN-I\HZ[

Wn+2 | ]
—w| <€l
N+2
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This way, as wA+ — ¢, = I(w), we get at the lower large deviation bound (2.15) from here if we can prove that

Whn+2

N+2

lim lim inf
€l0 Ntoo N +2

In ]P}WN,N.;.2|: —w

< e] =0. (2.19)

Verifying (2.19) is our last task. To this aim, we resort to the following result, which was introduced by Bryc and Dembo (see Ref. 28, Lemma 2)
to deal with a similar problem:

Lemma 2.10. If {Z;}»1 is a sequence of i.i.d. random variables with mean zero, finite second moment, and positive probability density
function at 0 with respect to a probability measure P, then for each € > 0, there exists p > 0 such that the following property holds:

d

Let {Y;}»1 be a sequence of independent standard Gaussian random variables with respect to a probability measure P. Lemma 2.10
ensures that for each € > 0, there exists p > 0 with the property that

i
for any numerical sequence {a;};»; such that Y5, |a| < 1, with £_ being the number introduced by Lemma 2.7. We make use of property
(2.20) to prove (2.19). Since the real symmetric matrix | — 11NAT MNA € BLy+2,n+2 has positive eigenvalues 1 — AN - 1 = My Miyds if we
build a diagonal matrix D with \/1 - yymy,.. ., /1 = INM(n+12)a on the diagonal, then | - HNATMNA = OTD?O with an orthogonal matrix
O € BLn+2,n+2. This way, if we write W42 = (1/2)(X, MyX) with X := (Xi,...,Xn+2), then standard manipulations of Gaussian integrals
yield for all k € (R*)N*2,

Z aIZI

I>1

<€]2p

for any numerical sequence {a;} 5, such that ¥ 5, |a| < 1.

> ai(Yi -1)

1>1

< |sp (2.20)
1+ |w| +3dé-|

E[ei((AT)_lOTDk,X)+%qN(X,MNX)]

i(,DOA™'Xx) 7 _
Em\v,NJrZ[e ] - E[E%”N(X’MNX)]
_ eﬁ((AT)"OTDk(E,Q‘anMN)"(AT)"OTDk)
_ e—%(OTDk,(I—qNATMNA)"OTDk) = o3tk

This formula states that the characteristic function of the random vector Y := DOA™' X with respect to the probability measure Py N4z is
the characteristic function of (N + 2)d independent standard Gaussian random variables. Thus, the components Y7, ..., Y (n+2)a of Y are
independent standard Gaussian random variables with respect to the probability measure P, n+2. It follows from (2.20) that for each € > 0,
there exists p > 0 with the property that

(N+2)d

> a(Yi-1)

I=1

€ ] >p (2.21)

]P> ! - -
"“'N”[ S 1wl + 3dE |

(N+2)d

for all N > 1 and real numbers ay, . . ., 42)a Such that 3~

|as] < 1. Let us observe now that

1 (N+2)d

1 1 _ _
Wis2 = 2 (X, MyX) = E(oTD 'y,ATMyAO DY) = =

m
! le
2 4 l-nvmy

This identity combined with (2.17) shows that for all € > 0 and sufficiently large N,

15:G0:01 #7202 Jequedaq €0

Wiia (N+2)d 5 €
P —wl<e|=P alY;y -1)|< ———— |, 2.22
””'N“[ N+2 ] N2 Z} (Vi =1) < lw] + 3d|E_| (222)
where for/=1,...,(N +2)d, we have set
1 my
a = .
TN+ 2)(1+ |w] + 3d|E_]) 1 - pumy
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(N+2)d

We have 37}

|a)| < 1 for all sufficiently large N. In fact, since

| my

< —2min{0,my,...,m
- P - P { 1 (N+2)d}

for every I, by invoking (2.17) and by recalling that min{m;, ..., m2a} approaches &_ at large N, for all sufficiently large N, we find

(N+2)d (N+2)d |mll

(1+ |w[ +3d[§-|) |a| =
; 2(N +2) ; 1-nnmy
(N+2)d
1 m .
< -2d 0,mi,...,
2ANTD) z; rp— min{0, m M(N+2)d )}
<w+ 2d|min{m1, e ,m<N+2)d}| < |w| +3d[E_|.

In conclusion, by comparing (2.22) with (2.21), we realize that for each € > 0, there exists p > 0 such that

WN+2
N+2

—w

Pyy.N+2 [

<€]2p

for all sufficiently large N. This bound proves (2.19).

lll. PROOF OF THEOREM 1.2

We know that the entropy production Ney is the quadratic functional Wy corresponding to the matrices L := I - Z;' - §7S, U := 0,
V:i=8-S", and R:= 2;1 +8"S—1I. Part 1 of the theorem then follows from Theorem 1.1 with the rate function I that maps w € R in
SUPr (1)) {wA = ¢(1)}. It remains to verify the Gallavotti-Cohen symmetry stated by part 2.

Formula (1.9) shows that the Hermitian matrices F(6) associated with the entropy production satisfy F_,_;(6) = Fy (27 - 0) for all
A eRand 6 € [0,27]. According to (1.4) and (1.5), this identity immediately gives f_,_; = f} for any A and ¢(-A — 1) = ¢(A) for any A such
that f_)_; = fi > 0. We shall show in a moment that A_ = —A, — 1. It follows that for every w € R,

I(-w) —w= sup {w(-A-1)-9A)}

Ae(A_AL)
= sup  {wr-g(-A-1)} = sup {wd-9(1)}=I(w),
Ae(=Ay—1,-A_—1) Ae(A_Ay)

which demonstrates the Gallavotti-Cohen symmetry for 1.

Let us verify that A- = -1, — 1. Recalling that A_ = inf{A} and A, = sup{A}, with A being the set defined by (2.8), it suffices to prove
that —A — 1 € A whenever A € A. Fix A € A. Then, f_,_; = f; > 0, which implies that the matrices ®_,_; (n) given by (1.6) and H_)_;, K_,_1,
L_)-1,and R_,_; introduced by Lemma 1.2 are well-defined. The identity F_,_,(6) = F) (2 — 0) shows that ®_,_,(n) = ®)(-n) = d)j{(n)
for all n € Z. The latter entails that H_,_; and K, are related by the law

Hoo =I1+[(A+1)8" = AS]0__1 (1) =T+ [(A +1)S" - As]@l (1) = K].
This law induces a relationship between the matrices £_)_; and R,. In fact,

Lo =M+ DI-AE"+878) = [(A+1)S=AST]@_1_1 (0)H L, [ (X + 1)S™ - AS]
= A+ DI-ME," +878) = [(A+ 1) - AST |0, (0) (K ) T[(A + 1)S™ - As],

which, by taking adjoint on both the sides and by bearing in mind that £, is Hermitian, yields
Lo =+ DI-MZ"+878) = [(A+1)S - AST]K; ' (0)[ (A + 1)ST = AS] = Ry

Since R, > 0 by hypothesis, we obtain £_,_; > 0. By similar arguments, we find that K)_; = HI and R_)_; = £, > 0. In conclusion, f_,_; >0,
L_j_1>0,and R_j_; > 0sothat -1 - 1€ A.
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APPENDIX A: PROOF OF LEMMA 1.1

Fix N > 1. Let uyy := P[(X,...,Xn) € -] and py := P[(Xn,. .., X)) € -] be the probability measures on the Borel sets of (R?)" induced
by the Gauss-Markov chain {Xj }4s1. According to (1.1), uf and uy are the multivariate Gaussian distributions that have densities

dut -1 nZa) N 1 — L=, |12
ﬂ(xb‘”)xN) _ e 1—[ 5 10 =Sxu—1 |
dr \/(Zn)d det X, n=2 \/(277)d
and
dun duy R N
—(X1,...,XN) = XN>...>X1) = R
5 (a N) == (e 1) \/(2n)ddet§lgr132 V(@2m)?

with respect to the Lebesgue measure £. Thus, f; < uy < £, and standard results about measure theory*’ give for all (x1,...,xy) € (RY)Y,

du; duf; duy
ln[d“l:g(xl,“.,xN)] =ln[c‘[;é\](xl,...,xN)/‘gé\l(xl,...,xN)

1 _ 1 _ N
= E(xl, (I-2,"-8"S)x;) + E(xN, (' +8TS=Dan) + > (2 (S= ST )xnm1 ).

n=.

[N

APPENDIX B: PROOF OF PROPOSITION 1.1

Clearly, we have

fjm X011

Jim =0 P-as (B1)

The Markov sequence {X,},>1 is a positive Harris recurrent chain (see Ref. 37, Proposition 12.5.1). Its invariant distribution is a Gaussian
distribution with mean zero and covariance matrix . Thus, the law of large numbers for Markov chains (see Ref. 37, Theorem 17.1.7) gives

1 1 —Lx3zx
lim — > (X, AX,) = 7/ (x, Ax) e R tr[AZ] P- as.
Nteo N /5 V(2m)4 det 2 IR
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for each matrix A € R4, In turn, this limit implies

XN, AX
fim KX)o g
Ntoo
This way, we get
1N
lim — > (X,, UX,) = tr[UZ] P- as. (B2)
Nteo N n=1
and
XN, RX,
lim (X RX) _ 0 P-as. (B3)
In addition, the Markov sequence { Y, },>1 with Y; := (}? ) and Y, := (X;’l) for n > 2 is a positive Harris recurrent chain (see Ref. 37,
1 n
Proposition 12.5.1). In fact, it satisfies
Yo1 = Yu+ Gn
S I
for n > 1, with the spectral radius of (2 ;) being p(S) < 1 and the matrices (2 i) and ((1)) forming a controllable pair. The invariant
distribution of the chain {Y, },>1 is a Gaussian distribution with mean zero and covariance matrix (sf; EES) Then, we can appeal to the law

of large numbers for Markov chains (see Ref. 37, Theorem 17.1.7) once more to obtain

N

1 1
I}]lTI})lONVZ;(Xn,VXn_l) = Etr[(vTS+sTv)zs] P- as. (B4)

Limits (B1-B4) prove the proposition.

APPENDIX C: PROOF OF LEMMA 2.1

ForallN>1landz = (z1,...,2N42) € ((Cd)N”,we have
, Lo A : ) )
lonz|? = HAz1 +E z2H 3 HEZ,H +Dzy + E anH + | Eznat + Banea|
n=2

N+1
2 2 2
< (lAllz ] + [EHz)" + 3. (ENzn-1]l + 1D Izall + 1ENIzas1 1) + (IE 251 + [ Bl 2n+2])

n=2

N+1
2 2 2 2 2 2 2 2 2 2 2 2 2 2
20PN + 2B |22l + 33 (IEN lzu-t” + IDI Nzal® + 1EI* |2na1]*) + 2| EI* [ 2vs1 | + 2]B] |2ns2]

n=2

2 2 2 2 2
< (2141 +3IDJ* +21B]" + 6| E[*) ||

APPENDIX D: PROOF OF LEMMA 2.2

Fix N > 1. Assume that there exists g > 0 such that (z,Qyz) > q(z,z) for all z € (C*)"*2. Bearing in mind (2.2) and by writing z as
(a,t1,...,tn,b) with s := (a,b) € ((C"l)2 and t:=(t,...,tn) € ((Cd)N, this condition reads

(a,Aa) + 2(t,CEa) + (t,Tnt) + 2(b, ERt) + (b, Bb) > q{a,a) + q(t,t) + q(b, b).
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This way, by setting a := 0 and b := 0, we find (£, Tnt) > g(t,t) for any ¢ € (C*)N. This shows, in particular, that Ty is invertible. By setting
t:= —Ty'CEa - Ty'RTETb, we obtain

(a, (A - ETCTT;,‘cE)a) —2(a, E'c'T'RYETD) + (b, (B - ERT;]IRTET)ZJ) > q(a,a) + q(b, b),

that is, (s, Sns) > g(s,s) for all s € (C?)%. Part 1 is thus verified.
As far as part 2 is concerned, if Ty is invertible, then we can write down the identity

A-EfctTiicE o -EfciTiiriE
Qu=L 0 ™~ 0 L, (D1)
—ERTy'CE 0 B-ERTY'R'E

with
I 0] 0
. ~1 —1 1T
L:= TN CE | Ty R E € BLN+2,N+2-
0 0] I

Since det L = 1, it follows by permutations of rows and columns that

A-E'cITylcE o —EfciTRTE"
detQy = det 0 TN 0
~ERTN'CE 0  B-ERTN'RTE

T~ 0 0
=det| 0 A-E'clty'cE  -E'c'Ty'R'E" | = det Ty - det Sn.
0 —ERTY'CE  B-ERTA'R'E

Moreover, given z € (C*)N*2, by writing Lz = (a, t1,. . ., tn, b) with s := (a,b) € (C?)?and t := (t1,. .., tx) € (C*)Y, we realize from (D1) that
(z,Qnz) = (£, Tnt) + (s,Sns). Thus, if Ty > 0, Sy > 0, and z # 0, then we have (z, Qyz) > 0 since L is invertible.

APPENDIX E: PROOF OF LEMMA 2.3

Part 1 is immediate since r(Ty) is non-increasing with respect to N. In fact, given any z = (z1,...,2n) € (C?)Y, by setting ¢
= (21, . .,2n,0) € (CHNTL we see that r(Ty+1)(z,2) = r(Tn+1){($0) < (¢ Tn+1C) = (2, Twz). Part 3 is nothing but the Szegd theorem for
the determinant of Hermitian block Toeplitz matrices (see Ref. 38, Theorem 7). Let us focus on part 2. Assume that r(Ty) > ¢ for all N > 1
and pick a positive continuous function ¢ with period 27 and a vector u € C?. Due to the assumed properties of ¢, there exists a sequence
{PN}Nzo of trigonometric polynomials that converges uniformly to , /@, with p, having degree N (see Ref. 40, Theorem 4.25). Write p,;(6) as

ij:,N CN),,e_i N+, for 1 = 1,...,2N + 1 in (2.6), we obtain

" for each N and 6. Since r(Tan+1) > £, by setting {,, = z, := cNN-n+1€

1 2n 2 1 27 [2N+1 _ind 2N+1 —ing
o [ E@ k@) a8 (3w r0) Y ) ao

2N+1 1 2w 5
—(oTwnz) 2 Y (zn,zn)=t(u,u)5/0- POY
n=1

for all N > 0. By sending N to infinity, we get
L 7 0 0)do L 7 0) do.
2 /0 (u, F(O)u) ¢(0) d6 > t{u, u) 2 ‘/0 0(6) do.

The arbitrariness of ¢ and u shows that (z, F(6)z) > t(z,z) for all € [0,27] and z € C“.
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Conversely, if r(F(8)) > t for every 0 € [0,27], then by invoking (2.6) again, we can write for all N > 1 and z = (z1,. . .,2zx) € (C)Y,

t o2 | N i N s N
(z,Tnz) > —/ <Z 2:€" > z4e ‘"9> d0 =1ty (zu,zn).
2m Jo =1 =1 n=1

APPENDIX F: PROOF OF LEMMA 2.4

Suppose for a moment that the matrix H is invertible. Then, the matrix K is proved to be invertible by contradiction. In fact, if K is not
invertible, then there exists a vector u € C* different from 0 such that Ku = [I - ®(1)E]u = 0. We must have Eu # 0, otherwise u = 0. Since
HE = EK, we get HEu = 0 with Eu # 0, which contradicts the assumption that H is invertible.

Let us demonstrate now that the matrix H is invertible. This will prove part 1 of the lemma. We proceed by contradiction. Suppose that
there exists a vector u € C* different from 0 such that Hu = 0. Pick an arbitrary integer N > 3,and for n = 1,..., N, consider the vectors

2 .
Zn = O(1 - n)u = if F(0)e " ag .
2m Jo

We have z; # 0 since @(0) is invertible. We claim that

Z1 D21 + EJrZZ 0
2 Ez; + Dz + ET23 0
DY B : = : . (F1)
ZN-1 EZNfz + DZNfl + ETZN 0
ZN Ezy_1 + Dzn ~E'®(-N)u

Indeed, forn =2,...,N — 1, we have

g 107 o i(n-
—f [Ee +D+E'e 9]F 1(9)6( D940 4
2 Jo

1 2m . _
= —/ e 0, = 0
2m Jo

Ez,_1 + Dz, + Efznﬂ =

and

F _lfz” + 0] -1
Dz +E'zy = — D+E'e’|F (0)dou
! ? 2m Jo [ ] ()

_ 1
T om

fozn[F(e) ~Ee " |F7(0) dOu = [1 - EO(1)Ju = Hu =0,

Finally, we see that

_ 1 i -1 i(N-1)0
EzN,1+DzN7%f0 [£e7 + D]F~ (0)e"¥ a0 u

1

2
_ b ot 0] -1 i(N-1)6 N
- zﬂfo [£(0) - E'e”[F ()" dhu = ~E'0(~N)u

Due to (F1), it follows from (2.6) with { = z = (z1, ..., zy) € (C*)N and the hypothesis ¢ := infgejo.2n {r(F(6))} > 0 that
N
—<EJT(D(1 - N)u,ETCD(—N)u> =(2,Tnz) 2 1Y (zn2n) > t{z1,21).
n=1

This bound is absurd since z; # 0 and limyteo @(=N) = 0 by the Riemann-Lebesgue lemma.
Let us move to part 2. As infpe[o 2 {r(F(0))} > 0, Ty is invertible by Lemma 2.3, and we can set

G
TwC=]| : (F2)
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and
RTY = (R1 RN)- (F3)

The matrices C and R were defined in (2.3) and (2.4), respectively. We have CTT;,1 C=Cjand RT{VI R = Ry, which, on the one hand, show that
C; and Ry are Hermitian and, on the other hand, allow us to write

A-E'CiE  -E'RIE'

SN = .
~ECNE  B-ERyE'
Let us verify that C, approaches the matrix ®(0)H " and Ry approaches the matrix K'®(0) when N is sent to infinity, whereas Cy and R,
approach 0. These facts prove part 2 of the lemma.

To begin with, we observe that since H and K are non-singular and limyje. ®(£N) = 0 by the Riemann-Lebesgue lemma, the matrix

H ~-®(N)E
Z:= € Bly (F4)
~®(-N)E! K

is invertible if N > N, with N, > 2 being a sufficiently large integer. Pick N > N,. By multiplying (F2) by Ty on the left and (F3) by Ty on the
right, we explicitly have

DCi +E'C =1 forn =1,
ECyo1 +DCy +E'Cuur =0 forn=2,...,N-1, (F5)
ECy_1+DCy =0 forn=N

and
DRI +E'Rl =0 forn =1,
ER' ,+DRI+E'R =0 forn=2,...,N-1, (F6)
ER,_ +DR} =1 forn=N.

By multiplying the nth equation in (F5) by ¢ "% and then by carrying out the sum over n, we get
N o Y _ ;

F(G)Z Cne_m =Je Y+ ETcl 4 ECNe—l(N-H) i
n=1

which gives forn=1,...,N,

1 mo_ i(n— in i(n—N—-
Cp = 7f F 1(9)[1e< D04 B e + ECye ™™V 1>9]d6
2m Jo
=®(1-n) +®(-n)E'C, + (N - n+ 1)ECy. (F7)
Similarly, (F6) shows that forn =1,...,N,
R} = ©(N - n) + ©(-n)E'R] + ®(N - n+ 1)ER]. (F8)

At this point, by setting 7 := 1 and n := N in (F7) and by recalling that C; = C{, we realize that

cl (0
() [ *@ )
cv) \o(1-N)
with Z being the matrix defined in (F4). It follows that
cl (0)
1 o1
o ¢(1-N)
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as Z is invertible for N > N,. Similarly, (E8) for n := 1 and n := N and the fact that RL = Ry yield

e

RI) e -1)
Ry @(0)
This way, the Riemann-Lebesgue lemma entails that C, approaches ®(0)H " and Ry approaches K~'®(0) when N is sent to infinity, whereas
Cy and R; approach 0.
APPENDIX G: PROOF OF LEMMA 2.6

As the spectral radius p(S) of S is smaller than 1 by hypothesis, Gelfand’s formula for spectral radii gives limtoo | S" ||i =p(S) < 1.
Then, there exist s € (0,1) and a positive constant ¢ such that ||S"|| < ¢s” for all n > 0. Let us show that the lemma holds with ¢ :=[1
Ar(Z51](1 - 5)2c72, which is positive since, obviously, #(£;') > 0. Fix N > 1 and, to begin with, observe that

_ . ,Z Zl> + ZN+2HZn SZn_l ”2
r(Sy') = inf {2
( N ) zs((Cd)N“{ N+ (Zn:zn)

z#0

2 N+2 2
T {zln + 202 Jen - e }

‘ N+2
ze(Ch)N+? (zn) zn)
z#0

vV

Since for any z = (z1, ..., zn+2) € (C*)N*2, there exists { = ({1, .., {n+2) € (C)N*? such that z, = ¥, §"¥{ for each n, this bound yields

r(ZX,I) >1A r(Z_ ) inf { NHH(” I }
- ’ fe(ChHN+? ZN+ZZ}1 IZk I(Sn h(h:sn k(k)
{#0

At this point, it suffices to invoke the Cauchy-Schwarz inequality to conclude that for every { = ({i,. .., {vs2) € (CHN*2,

N+2 N+2 n

Sn h(h,sn k(k S Z Z Zn: ”Sn_h(h” ”Sn_k(k”

1 n=1 h=1k=1

N+2 n
A

M:
M:

n=1 h=1

Il
bl
Il

IN
o
[}

9

1 h=1k=
N+2

> i S + 1)

n=1 h=1k=

N+2
Z e

n

—_

IN
SRR
X
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