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Abstract. The kinetic and potential energies for the damped wave equation

u′′ + 2Bu′ +A2u = 0 (DWE)

are defined by
K(t) = ‖u′(t)‖2, P (t) = ‖Au(t)‖2,

where A,B are suitable commuting selfadjoint operators. Asymptotic equipar-
tition of energy means

lim
t→∞

K(t)

P (t)
= 1 (AEE)

for all (finite energy) non-zero solutions of (DWE). The main result of this
paper is the proof of a result analogous to (AEE) for a nonautonomous version
of (DWE).

1. Introduction. Denote by R+ = [0,+∞) and by (H, 〈·, ·〉) a complex Hilbert
space. Let A = A∗ ≥ 0 be an injective selfadjoint operator onH. The corresponding
initial value problem for the wave equation is

u′′ +A2u(t) = 0, u(0) = f, u′(0) = g, (1)

where f ∈ D(A) and g ∈ H. Let u ∈ C2(R,H) be a D(A) valued strong solution
(which corresponds to f ∈ D(A2) and g ∈ D(A)). Let us introduce the vector
variable

U =

(

Au
u′

)

(2)
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which satisfies the first order differential equation

U ′(t) =

(

0 A
−A 0

)

U(t) =: MU(t)

where

M =

(

0 A
−A 0

)

= A

(

0 I
−I 0

)

= −M∗

on H2 = H⊕H. The functional calculus for selfadjoint operators allows us to show
(see [7])

etM =

(

cos(tA) sin(tA)
− sin(tA) cos(tA)

)

.

This can be verified by differentiating both sides with respect to t. It is easily seen
that {etM : t ∈ R} is a (C0) unitary group on H2, and thus the total energy

E(t) = K(t) + P (t) := ||u′(t)||2 + ||Au(t)||2 (3)

is conserved for all strong solutions u ∈ C2(R,H) which correspond to f ∈ D(A2)
and g ∈ D(A) in (1). The same is true for all mild solutions which correspond to
{

etM
(

Af
g

)

: t ∈ R

}

for f ∈ D(A) and g ∈ H. Here K(t) [resp. P (t)] represents

the kinetic [resp. potential] energy, and E(t) = E(0) is the total energy which is
conserved.

Equipartition of energy, i.e.,

lim
t→±∞

K(t) = lim
t→±∞

P (t) =
E

2

(with E = E(0)) for all finite energy mild solutions holds iff

< eitAh, k >→ 0

as t → ±∞ for all h, k ∈ H. By the Riemann-Lebesgue Lemma, a sufficient condi-
tion for this condition to hold is that A is spectrally absolutely continuous (SAC).
In order to define this, we write

A =

∫

[0,∞)

λdE(λ)

by the spectral theorem using a resolution of the identity. Then A is SAC means
that the bounded monotone function

λ → ‖E(λ)f‖2

is absolutely continuous on [0,∞] (with limits 0 at 0 and ‖f‖2 at ∞) for all f ∈ H.
This was proved in [5, 6].

The unique mild solution to (1) can be written by d’Alembert’s formula as

u(t) = eitAF + e−itAG

where
F, G ∈ D(A), f ∈ D(A), g ∈ H,

AF =
1

2
(Af − ig), AG =

1

2
(Af + ig),

f = F +G, g = i(AF −AG).

Then
K(t) = ‖u′(t)‖2 = ‖eitAAF − e−itAAG‖2,

P (t) = ‖Au(t)‖2 = ‖eitAAF + e−itAAG‖2.
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The law of cosines together with unitarity of eitA implies

E(t) = K(t) + P (t) = 2(‖AF‖2 + ‖AG‖2) = E(0),

and

K(t)− P (t) = −4Re < e2itAAF,AG > .

Thus energy is conserved, and energy is asymptotically equipartioned iff

K(t)− P (t) → 0 as t → ±∞

for all F, G ∈ D(A). In the SAC case, the Riemann-Lebesgue Lemma gives the
conclusion. The factorization

0 =
( d2

dt2
−A2

)

u =
( d

dt
−A

)( d

dt
+A

)

u

leads to the d’Alembert formula

u(t) = eitAAF + e−itAAG

since

N

[

( d

dt
−A

)( d

dt
+A

)

]

= N
( d

dt
−A

)

+N
( d

dt
+A

)

.

This uses the fact that the space-time operators in parenthesis are injective and
commute. Here N denotes the null space. Thus {e±itAh : t ∈ R} enables us to find
the general mild solution of

u′ = ±iAu, u(0) = h,

as h varies. Care must be used in finding a nonautonomous version of the preceding.

2. The nonautonomous framework. Let B = B∗ on H. Then u(t) = eitBh is
the unique mild solution of

u′ − iBu = 0, u(0) = h

as h ∈ H varies. Moreover, by the Spectral Theorem,

B = U0MbU
−1
0

where U0 : H → L2 = L2(Ω,Σ, µ) is unitary from H to some concrete complex L2

space, b : Ω → R is Σ-measurable and

(Mbg)(w) = b(w)g(w)

for g ∈ D(Mb) = {g ∈ L2(Ω,Σ, µ) : gb ∈ L2}. If {B(t) : t ∈ R} is a family of
commuting selfadjoint operators on H, then

B(t) = U0Mb(t)U
−1
0

for U0, L
2 as above and for b(t) : Ω → R, Σ-measurable for all t ∈ R. For simplicity,

we will restrict to nonnegative time, t ≥ 0.
In [4] the authors consider the nonautonomous wave equation

u′′ +A2(t)u(t) = 0, u(0) = f, u′(0) = g. (4)

In particular, they assume the following about A = A(t).
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HYP 1. Let A = {A(t) : t ∈ R+} be a family of nonnegative selfadjoint operators
acting on H such that the domains

D0 := D(A(t)), D1 := D(A2(t))

are both independent of t. Moreover, the commutator [A(t), A(s)] = A(t)A(s) −
A(s)A(t) = 0 in the sense that the bounded operators eiσA(s) and eiτA(t) commute
for all t, s, τ, σ ∈ R+. Further, assume that

A(·)f ∈ C1(R+,H)

for all f ∈ D0, and there exists a bounded function k1 ∈ C([0,∞),R) with k1(t) ≥
ε > 0 such that

||A(t)f || ≤ k1(t)||A(0)f ||, (5)

for all f ∈ D0 and all t ∈ R+.

Note that (5) implies that 0 ∈ ρ(A(t)) holds either for all t ∈ R+ or for no t ∈ R+.
By assuming HYP 1 one gains some useful properties which follow by the Spectral

Theorem. Let us define

C(t) :=

∫ t

0

A(s)ds, (6)

and then A = A(t) is unitarily equivalent to a multiplication operator, i.e., A(t) =
U0Ma(t)U

−1
0 . Hence, one has

C(t) = U0M∫
t

0
a(s)dsU

−1
0 . (7)

In particular, we may view a(t) : Ω → (0,∞) as a(t, ω) with a(·, ·) : R+ × Ω →
(0,∞). By HYP 1 and an old theorem of J. L. Doob [3], without loss of generality
we may assume a(·, ·) is jointly measurable on R+×Ω in the (Borel sets ×Σ) sense.
Note that here each a(t, ·) is defined on Ω \ Nt where µ(Nt) = 0 for each t ∈ R+.
There are uncountably many null sets Nt, but Doob’s theorem says that this is
not a problem; they can be chosen so that a(t, ω) is jointly measurable and certain
integrals over R+ × Ω will exist.

Another form of the Spectral Theorem says that, due to the commuting hypoth-
esis in HYP 1, there is a function

F : R+ × (0,∞) → (0,∞) (8)

such that for each t ∈ R+,

F (t, A(0)) = A(t); (9)

moreover, F (t, x) is a C1-function of t ∈ R+ for each fixed x.
Now using (6) and (7), we have

C(t) = U0MP (t)U
−1
0

where

P (t) =

∫ t

0

a(s)ds.

Also, by (8) and (9), for t ∈ R+, we find

C(t) = G(t, A(0))

where

G(t, x) =

∫ t

0

F (s, x)ds.
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Now, let F1, F2 ∈ D1 and t ≥ 0. Let

w(t) := eiC(t)F1 + e−iC(t)F2, (10)

w̃(t) := eiC(t)F1 − e−iC(t)F2. (11)

Suppressing the argument t, we get

w′ = iAeiCF1 − iAe−iCF2

and

w′′ = eiC(iA′ −A2)F1 + e−iC(−iA′ −A2)F2.

A similar calculation gives

w̃′′ = eiC(iA′ −A2)F1 − e−iC(−iA′ −A2)F2.

It follows that
(

w
w̃

)′′

(t) =

(

−A(t)2 iA′(t)
iA′(t) −A(t)2

)(

w
w̃

)

(t) =: Q(t)

(

w
w̃

)

(t). (12)

We can rewrite this as

W ′′ = QW

where W =

(

w
w̃

)

and

Q(t) = −A(t)2 + iA′(t)

(

0 I
I 0

)

where A(t)2 is identified with A(t)2
(

I 0
0 I

)

for convenience.

Several conclusions follow. In the autonomous case Q = −A2, and each com-

ponent Au, u′ of U =

(

Au
u′

)

satisfies the same wave equation v′′ + A2v = 0. But

in the nonautonomous case, the two components w and w̃ of W satisfy different
equations, namely

w′′ +A2w = iA′w̃

w̃′′ +A2w̃ = iA′w.

In other words,

z±(t) = e±iB(t)f±

for f± ∈ D1 satisfies

z′′± +A2z± = ±iA′z±

and these are different second order single equations. Furthermore, Q(t) is normal

but not selfadjoint because the imaginary part, A′

(

0 I
I 0

)

, is nonzero.

So the relevant second order equation here that is wellposed is a second order
system in H or, equivalently, a second order equation in H2. For this system well-
posedness was proved in [4]. Asymptotic equipartition of energy can be considered
here even though the equation does not conserve energy.
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3. The nonautonomous undamped system. We consider the system

W ′′(t) = Q(t)W (t)

in H2, where

Q(t) = −A(t)2 + iA′(t)

(

0 I
I 0

)

.

As mentioned before, in the autonomous case, A′ ≡ 0 and both w and w̃ satisfy

u′′ +A2u = 0.

But when A depends in a nontrivial way on t, neither w nor w̃ satisfies a single
second order equation. Still the pair

W =

(

w
w̃

)

does satisfy a second order equation generated by the evolution operator family
{Z(t, s) : t ≥ s ≥ 0} which can be described as follows. Now W ′′ = QW implies

W̃ ′ :=

(

W
W ′

)′

=

(

0 I
Q 0

)(

W
W ′

)

=: Q̃

(

W
W ′

)

= Q̃W̃ .

Let

Z(t, s) =

∫ t

s

Q̃(τ) dτ.

Then

W̃ (t) = Z(t, s)W̃ (s)

for t ≥ s ≥ 0 and Z(t, s) is not unitary because Q̃ is normal but not skewadjoint
for each t ∈ R+.

Under the assumptions HYP 1 the authors in [4] proved the following wellposed-
ness result.

Theorem 3.1. (Wellposedness Theorem) [4] Let HYP1 hold. Then the problem

d2W

dt2
(t) = Q(t)W (t), W (0) = H1, W

′(0) = H2

with H1, H2 ∈ D2
1 has a unique strong solution in C2(R+,H

2) of the form

W (t) =

(

w(t)
w̃(t)

)

where

w(t) = eiC(t)F1 + e−iC(t)F2, w̃(t) = eiC(t)F1 − e−iC(t)F2,

H1 =

(

F1 + F2

F1 − F2

)

, H2 = iA(0)

(

F1 − F2

F1 + F2

)

.

Here C(t) is defined in (6), F1, F2 are as in Section 2, and each component of
1
2 ((iA(0))−1H2 +H1) is F1, and each component of − 1

2 (iA(0)
−1H2 −H1) is F1.

The point is that solutions are built from linear combinations of eiC(t)F1 and
e−iC(t)F2, which is the spirit of a nonautonomous d’Alembert’s formula.

In [4] the authors considered the “partial” energies

E1(t) := ||w′(t)||2, E2(t) := ||w̃′(t)||2, (13)



EQUIPARTITION OF ENERGY FOR DAMPED WAVE EQUATIONS 7

E3(t) := ||A(t)w(t)||2, E4(t) := ||A(t)w̃(t)||2. (14)

They introduced the following additional assumptions for A = A(t).

HYP 2. Assume HYP 1 holds and that the function k1 of HYP 1 satisfies

0 < ε1 ≤ k1(t) ≤
1

ε1
for some ε1 > 0 and all t ∈ R+. Assume that for every f ∈ D0,

A′(·)f ∈ L1(R+,H).

It follows that

A(t)f =

∫ t

0

A′(s)fds+A(0)f →

∫ ∞

0

A′(s)fds+A(0)f =: A(∞)f

as t → ∞, for all f ∈ D0, and we further assume
∫ ∞

0

||A(t)f −A(∞)f ||dt < ∞

for all f ∈ D0 and that A(∞) (which is symmetric) is selfadjoint, spectrally abso-
lutely continuous (SAC) and HYP 1 holds for {A(t) : t ∈ [0,∞]}.

Finally they made the following assumption on F = F (t, x) defined in (9).

HYP 3. Recall from HYP 1 and HYP 2 that

A(t) = F (t, A(0))

for 0 ≤ t ≤ ∞ for a function F = F (t, x)

F : [0,∞]× (0,∞) → (0,∞).

We assume F ∈ C1([0,∞]× (0,∞)).

Under these assumptions one can prove the following result (see [4]).

Theorem 3.2 (Asymptotic Equipartition of Energy). Assume HYP 1, HYP 2 and
HYP 3. Then A(t) is spectrally absolutely continuous for 0 ≤ t ≤ ∞. For all finite
energy solutions, as t → ∞,

2Ej(t) → ||A(∞)F1||
2 + ||A(∞)F2||

2 for j = 1, 2, 3, 4,

for the partial energies of (13), where F1, F2 are as in Theorem 3.1.

Now that we have established the context for the nonautonomous undamped
wave equation, we introduce damping.

In Section 4 we introduce damping in the autonomous case. The new results
begin in Section 5.

4. The damped autonomous wave equation. The idea of passing from ana-
lyzing

u′′ +A2
1u = 0 (15)

to analyzing
u′′ + 2Bu+A2

2u = 0 (16)

is to let v(t) = e−tBu(t) when u is a (strong) solution of (15). Here A1, A2, B are
commuting selfadjoint operators with A1, A2 injective. A straightforward calcula-
tion shows that

v′′ + 2Bv′ + (A2
1 −B2)v
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holds, i.e., (16) holds with A2
2 = A2

1 − B2 and A2
2 is nonnegative (or positive) if

B2 ≤ A2
1 (or B2 < A2

1).
We can write (16) as a system

V ′ = MV

for

V =

(

A2v
v′

)

,

where

M =

(

0 A2

−A2 −2B

)

.

Consider the simple example of M =

(

0 1
−1 −2

)

. Then M∗ =

(

0 −1
1 −2

)

and

MM∗ =

(

1 −2
−2 5

)

6= M∗M =

(

1 2
2 5

)

.

Thus V ′ = M(t)V is a nonautonomous system with noncommuting operators
{M(t)} where B(t) 6= 0. So the Spectral Theorem cannot be applied. Instead
we rely on a generalized d’Alembert formula. First we treat the autonomous case.

Solve
u′′ + 2B +A2u = 0 (17)

with A,B commuting selfadjoint operators with B ≥ 0. Then we obtain

u(t) = eitC+f+ + e−itC−f− (18)

where C± satisfy
C2 + 2BC +A2C = 0,

which leads to
C± = −B ± (B2 −A2)

1
2 .

Our convention for square roots is as follows. If F = F ∗ ≥ 0, then F
1
2 is the unique

nonnegative selfadjoint square root of F . Otherwise, F can be written uniquely as
F = F+ − F− where

F =

∫

R

λ dE(λ), F+ =

∫

[0,∞)

λ dE(λ) ≥ 0, F− =

∫

(−∞,0)

λ dE(λ) ≥ 0,

and we define

F
1
2 := F

1
2

+ + i(−F−)
1
2 .

Now (18) makes sense and gives solutions of (16) with A2 = A1. This is the general
solution if 0 is not an eigenvalue of B2−A2 (in the latter case teitC+h is also a mild
solution for some nonzero h ∈ H).

Our strategy for the nonautonomous case is to study

v±(t) = R±(t)f+ ±R−(t)f−

for t ≥ s ≥ 0 where

R±(t) = ei
∫

t

s
S±(r) dr

with
S±(r) = −B(r)± (B(r)2 −D(r)2)

1
2 , D2(r) = A(r)2 −B(r)2.

Then, writing v = v+ and ṽ = v−, V =

(

v
ṽ

)

will satisfy an undamped nonau-

tonomous wave equation in H ⊕ H, that is, a second order wave equation in the
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form of a 2× 2 system. This can be treated using the methods developed in [4] and
this leads to our asymptotic equipartition of energy results for the damped 2 × 2
nonautonomous wave equation system.

5. The damped nonautonomous wave equation. We consider the abstract
nonautonomous wave equation with a damping term of the type

u′′ + 2B(t)u′ +A(t)2u = 0. (19)

where A = A(t) satisfies the assumptions HYP 1 - HYP 3. We make the following
assumptions on B = B(t).

HYP 4. Let B = {B(t) : t ∈ [0,∞)} be a family of nonnegative selfadjoint operators
acting on H such that for all t ∈ R+, the domain D2 := D(B(t)) is independent of
t and

D2 ⊃ D((A(t))
1
2
−δ1) for all t ∈ R+ and some δ1 > 0.

For all f ∈ D2, B(·)f ∈ C2(R+,H), and B′(t) is symmetric for all t ∈ R+. More-
over, assume that for each t ∈ [0,∞) and f ∈ D2 one has

||(B(t) +B′(t))f || ≥ k1(t)||(B(0) +B′(0))f ||,

where the function k1 = k1(t) was introduced in the assumptions HYP 1, HYP 2.
Finally, suppose that for all C1, C2 ∈ A ∪ B, C1 commutes with C2 in the sense
that

[(λI − C1)
−1, (µI − C2)

−1] = 0, for all λ, µ ∈ C \ R,

or equivalently,

[eisC1 , eitC2 ] = 0, for all s, t ∈ R+.

HYP 5. For all f ∈ D2, assume

B′(·)f ∈ L1(R+,H), B′′(·)f ∈ L1(R+,H).

and, as t → ∞,

B(t)f =

∫ t

0

B′(s)fds+B(0)f →

∫ ∞

0

B′(s)fds+B(0)f =: B(∞)f,

B′(t)f =

∫ t

0

B′′(s)fds+B′(0)f →

∫ ∞

0

B′′(s)fds+B′(0)f = 0. (20)

Moreover assume that B(∞) (which is symmetric) is selfadjoint, spectrally abso-
lutely continuous (SAC) and HYP 4 holds for {B(t) : t ∈ [0,∞]}.

Define the new operator D = D(t) = D(t)∗ ≥ 0 by

D(t)2 := A(t)2 −B(t)2 −B′(t),

and suppose that there exists δ > 0 such that for all t ∈ [0,∞)

D(t)2 := A(t)2 −B(t)2 −B′(t) ≥ δ2I.

In fact, we need only to assume this for t sufficiently large.

Remark 1. Let us observe that if we define

Q±(t) := e±
∫

t

s
B(r)dr (21)

for s ∈ R+, then u is a solution of (DWE) if and only if v := Q+(t)u is a solution
of

vtt +D(t)2v = 0. (22)
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Note that v̂(t) := Q−(t)u satisfies a different differential equation. Indeed it satisfies

v̂tt + D̂(t)2v̂ = 0

where D̂(t)2 = A(t)2 −B(t)2 +B′(t) ≥ δ2I, for t large enough. In the autonomous
case, when (DWE) becomes

utt + 2But +A2u = 0, (23)

for u a solution of (23),

v(t) := etBu(t)

satisfies

vtt +D2v = 0, (24)

where D2 = A2 −B2, and we assume D2 ≥ δ2I for some δ > 0.

As a consequence of assumptions HYP 1, HYP 2, HYP 4 and HYP 5 the operator
D(t) satisfies the assumptions HYP 1 and HYP 2. Then

D′(·)f ∈ L1(R+,H)

and

D(t)f =

∫ t

0

D′(s)fds+D(0)f →

∫ ∞

0

D′(s)fds+D(0)f =: D(∞)f. (25)

Moreover by the Spectral Theorem we know that, due to the commuting hypothesis
in HYP 4, there is a function

H : R+ × (0,∞) → (0,∞) (26)

such that for each t ∈ R+,

H(t,D(0)) = D(t); (27)

moreover H(t, x) is a C1-function of t ∈ R+ for each fixed x.
We make the following additional assumptions on D = D(t).

HYP 6. We assume that
∫ ∞

0

||D(t)f −D(∞)f ||dt < ∞

for all f ∈ D0, where D(∞) is defined in (25); moreover we suppose that D(∞)
(which is symmetric) is selfadjoint, spectrally absolutely continuous (SAC) and HYP
1 holds for {D(t) : t ∈ [0,∞]} and k1 as in HYP 1. In addition, we suppose that
the function H = H(t, x) defined in (27) belongs to C1([0,∞]× (0,∞)).

Remark 2. Consider a spectral representation where all the commuting (essen-
tially) selfadjoint operators A(t), B(t), B′(t) are multiplication operators on L2 =
L2(Λ,Σ, µ) by a(t, λ), b(t, λ), d

dt
b(t, λ) and in which f ∈ D(A(0)2) is represented by

f̂ : Λ → C. Then there is a unitary operator U : H → L2 such that

U−1c(t)U = C(t) for C = A, B, B′, and
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c = a, b, d
dt
b are real functions on Λ acting as multiplication operators, and f̂ = Uf .

Then

||D(t)f −D(∞)f ||

= ||(A(t)2 −B(t)2 −B′(t))
1
2 f − (A(∞)2 −B(∞)2)

1
2 f ||

= ||(a(t)2 − b(t)2 −
d

dt
b(t))

1
2 f̂ − (a(∞)2 − b(∞)2)

1
2 f̂ ||L2 ≤ ct−1−ε

provided ε > 0 and

|a(t)− a(∞)|, |b(t)− b(∞)|,
∣

∣

∣

d

dt
b(t)

∣

∣

∣
≤ Kt−1−ε a.e.

for some constants ε > 0, k > 0, and c = c(k, ε) is independent of f .
Besides B(t)f → B(∞)f we are assuming B′(t) → 0 in the sense that

〈B′(t)2f, f〉 → 0,

as t → ∞ for each f ∈ D(A(0)2) = D1. The above proof can be slightly modified
to establish the sufficiency of the following slightly more general condition: there
exists ω ∈ L1(1,∞) such that

||A(t)f −A(∞)f ||, ||B(t)f −B(∞)f ||, ||B′(t)f || ≤ ||f ||D0
ω(t)

for all t ≥ 1 and all f ∈ D0.

Note that (22) is the equation dealt with in [4], the first paper on asymptotic
equipartition of energy for nonautonomous wave equations (related to but different
from (DWE)).
The autonomous case is solved by the appropriate d’Alembert formula. We use this
strategy to deal with the nonautonomous case.

To that end, let F1, F2 ∈ D2, s, t ∈ R+ with s fixed. Define

R±(t) := e±i
∫

t

s
D(r)dr, (28)

v(t) := R+(t)F1 +R−(t)F2, (29)

ṽ(t) := R+(t)F1 −R−(t)F2. (30)

Neither v and ṽ solve (22) in general. But in the autonomous case one has

v(t) = eitDF1 + e−itDF2,

and
ṽ(t) = eitDF1 − e−itDF2

both satisfy (24).
We have

v′(t) = iD(t)R+(t)F1 − iD(t)R−(t)F2

and
v′′(t) = R+(t)(iD

′(t)−D(t)2)F1 +R−(t)(−iD′(t)−D(t)2)F2.

A similar calculation gives

ṽ′′(t) = R+(t)(iD
′(t)−D(t)2)F1 −R−(t)(−iD′(t)−D(t)2)F2.

It follows that
(

v
ṽ

)′′

(t) =

(

−D(t)2 iD′(t)
iD′(t) −D(t)2

)(

v
ṽ

)

(t). (31)

Note that since D(·) satisfies HYP 1, by Theorem 3.1 the initial value problem for
(31) is wellposed.
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For any t ∈ R+ define

k(t) : = ||D(t)R+(t)F1||
2 + ||D(t)R−(t)F2||

2

= ||D(t)F1||
2 + ||D(t)F2||

2 ≥ δ2(||F1||
2 + ||F2||

2).

We introduce the kinetic and potential energies, KV , KṼ and PV , PṼ , for

V (t) =

(

v
ṽ

)

(t), V̂ (t) =

(

ṽ
v

)

(t) t ∈ [0,∞],

defined by

KV (t) := ||v′(t)||2 = k(t)− 2Re〈D(t)R+(t)F1, D(t)R−(t)F2〉,

KV̂ (t) := ||ṽ′(t)||2 = k(t) + 2Re〈D(t)R+(t)F1, D(t)R−(t)F2〉,

PV (t) := ||D(t)v(t)||2 = k(t) + 2Re〈D(t)R+(t)F1, D(t)R−(t)F2〉,

PV̂ (t) := ||D(t)ṽ(t)||2 = k(t)− 2Re〈D(t)R+(t)F1, D(t)R−(t)F2〉.

Notice that KV (t) = PV̂ (t) and KV̂ (t) = PV (t). Thus for problem (22) one has

K(t) = P (t) (32)

for all t ∈ [0,∞], where K(t) = KV (t) + KV̂ (t) is the total kinetic energy and
P (t) = PV (t) + PV̂ (t) is the total potential energy.

By Theorem 3.2 we have that

lim
t→∞

KV (t)

PV (t)
= 1 = lim

t→∞

KV̂ (t)

PV̂ (t)
(33)

for all finite energy solutions corresponding to (F1, F2) 6= (0, 0) if and only if

lim
t→∞

Re〈R+(t)F1, R−(t)F2〉 = 0 (34)

for such (F1, F2). The condition (34) follows by the Riemann-Lebesgue lemma, by
assuming HYP 6 (see [5]).

Recall the following elementary result (see [8]).

Lemma 5.1. Let t0 ∈ R̃ := R ∪ {−∞,+∞}, and let f, g, h, l1, l2 be real functions
defined in a neighborhood of t0, with g, l2 > 0 and h, l1 ≥ 0 such that

lim
t→t0

f(t) + l1(t)− l2(t)

g(t)
= 1.

Then

lim
t→t0

f(t) + h(t) + l1(t)

g(t) + h(t) + l2(t)
= 1.

Proof. The proof follows by the following computation.
∣

∣

∣

∣

f(t) + h(t) + l1(t)

g(t) + h(t) + l2(t)
− 1

∣

∣

∣

∣

=
g(t)

g(t) + h(t) + l2(t)

∣

∣

∣

∣

f(t)

g(t)
+

h(t) + l1(t)− (g(t) + h(t) + l2(t))

g(t)

∣

∣

∣

∣

≤

∣

∣

∣

∣

f(t) + l1(t)− l2(t)

g(t)
− 1

∣

∣

∣

∣

→ 0 as t → t0.
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Observe that from (31) it follows that

V ′′(t) =

(

−D(t)2 iD′(t)
iD′(t) −D(t)2

)

V (t), t ∈ R+. (35)

Now define

q(t) := Q−(t)v, q̃(t) := Q−(t)ṽ.

Thus,

q′(t) =iD(t)q̃ −B(t)q, (36)

q̃′(t) =iD(t)q −B(t)q̃. (37)

Consequently we find

q′′(t) = (iD′(t)− 2iB(t)D(t))q̃ − (D(t)2 −B(t)2 +B′(t))q

and
q̃′′(t) = (iD′(t)− 2iB(t)D(t))q − (D(t)2 −B(t)2 +B′(t))q̃.

Thus we get
(

q
q̃

)′′

(t) =

(

−D(t)2 +B(t)2 −B′(t) iD′(t)− 2iD(t)B(t)
iD′(t)− 2iD(t)B(t) −D(t)2 +B(t)2 −B′(t)

)(

q
q̃

)

(t).

Let us introduce the “partial” energies

E1(t) = ||Q+(t)q
′||2, E2(t) = ||Q+(t)q̃

′||2, E3(t) = ||Q+(t)A(t)q||2,

E4(t) = ||Q+(t)A(t)q̃||
2,

with t ∈ R+.

Remark 3. The definition of Ej(t), 1 ≤ j ≤ 4 includes the “operator weight
function” Q+(t). In case

B(t) = b > 0,

the weight Q(t) = e(t−s)b can be factored outside of the norm and thus disappears
in the ratio

K̃(t)

P̃ (t)
,

where K̃(t) = E1(t) + E2(t) is the kinetic energy and P̃ (t) = E3(t) + E4(t) is
the potential energy. But if we defined the various energies Ej(t), j ∈ {1, 2, 3, 4},
without using the factor Q(t), we would be unable to prove the desired asymptotic
equipartition of energy results.

Using (36) and (37) we find

E1(t) = ||v′(t)||2 + ||B(t)v||2 − 2Re〈v′, B(t)v〉,

E2(t) = ||ṽ′(t)||2 + ||B(t)ṽ||2 − 2Re〈ṽ′, B(t)ṽ〉,

E3(t) = ||D(t)v||2 + ||B(t)v||2 + 〈B′(t)v, v〉,

E4(t) = ||D(t)ṽ||2 + ||B(t)ṽ||2 + 〈B′(t)ṽ, ṽ〉.

We are now able to prove our main result.

Theorem 5.2. Assume that all the assumptions HYP 1-HYP 6 hold. Then for all
finite energy solutions, one has

lim
t→∞

E1(t)

E3(t)
= 1, lim

t→∞

E2(t)

E4(t)
= 1.
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Proof. We have that

lim
t→∞

E1(t)

E3(t)
= lim

t→∞

KV (t) + ||B(t)v||2 − 2Re〈v′, B(t)v〉

PV (t) + ||B(t)v||2 + 〈B′(t)v, v〉
, (38)

and

lim
t→∞

E2(t)

E4(t)
= lim

t→∞

KV̂ (t) + ||B(t)ṽ||2 − 2Re〈ṽ′, B(t)ṽ〉

PV̂ (t) + ||B(t)ṽ)||2 + 〈B′(t)ṽ, ṽ〉
. (39)

The proof follows from (33). In fact

〈B′(t)v, v〉 → 0 as t → ∞

due to condition (20) in HYP 5. Moreover,

〈v′, B(t)v〉 = 〈iD(t)R+(t)F1 − iD(t)R−(t)F2, B(t)R+(t)F1 +B(t)R−(t)F2〉

= 〈iD(t)F1, B(t)F1〉 − 〈iD(t)F2, B(t)F2〉

+ 〈iD(t)R+(t)F1, B(t)R−(t)F2〉 − 〈iD(t)R−(t)F2, B(t)R+(t)F1〉. (40)

The real parts of the first two terms in (40) are equal to 0. Indeed, since J(t) :=
D(t)B(t) is selfadjoint for all t ∈ [0,∞], we have

〈D(t)h,B(t)h〉 = 〈J(t)h, h〉 ∈ R for each h ∈ D1.

Moreover we have

〈iD(t)R+(t)F1, B(t)R−(t)F2〉 = 〈e2i
∫

t

s
D(τ)dτh, k〉,

for some h, k ∈ H. By [5] the expression

〈e2i
∫

t

s
D(τ)dτh, k〉

tends to 0 as t → ∞ for all h, k ∈ H iff

〈eitD(∞)h, k〉 → 0

as t → ∞ for such h, k ∈ H (since
∫ t

s
D(τ)dτ = t( 1

t
)
∫ t

s
D(τ)dτ and

(

1
t

∫ t

s
D(τ)dτ

)

f
tends to D(∞)f for all f ∈ D0), iff

〈eitD(∞)h, h〉 → 0

as t → ∞ for all h ∈ H.
By HYP 6 we have that D(∞) is spectrally absolutely continuous. Thus by the

Spectral Theorem,

D(∞) =

∫ ∞

0

λdE(λ),

and

〈eitD(∞)h, h〉 =

∫ ∞

0

eitλd(||Eλh||
2) =

∫ ∞

0

eitλgh(λ)dλ → 0

as t → ∞, where gh ∈ L1(R, dλ) is the associated density, which exists because
D(∞) is spectrally absolutely continuous. Then the Riemann-Lebesgue lemma
yields the conclusion. The same reasoning can be applied to prove that the last
term in (40) tends to 0. This completes the proof of Theorem 5.2.
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6. Some examples. LetH = L2(Rn), D0 = Hα(Rn), D2 = H2θ(Rn), where 0 < α
and 0 ≤ θ < α/2. Consider the selfadjoint operators (see [7])

Aα(t) = (I − a(t)2∆)
α

2 , Bθ(t) = b(t)(−∆)θ, (41)

defined respectively on D(Aα(t)) = D0 and D(Bθ(t)) = D2. The corresponding
operator D(t) is

D(t) = ((I − a(t)2∆)α − b(t)2(−∆)2θ − b′(t)(−∆)θ)
1
2 ,

defined on D0.
Concerning a = a(t) and b = b(t) we make four assumptions:

• a(t) is positive, nonincreasing on R+ and

0 < a(∞) := lim
t→∞

a(t).

• a ∈ C1(R+), and (a− a(∞)), a′ ∈ L1(R+).
• b is positive and nonincreasing and b(t) < a(t)2 on R+.

Moreover, c(t) :=
∫∞

t
|b′(s)| ds ∈ L1(R+).

• b ∈ C2(R+), b
′, b′′ ∈ L1(R+) ∩ L∞(R+) (and hence b′(t) → 0 as t → ∞).

Under these hypotheses, the operators Aα(t) and Bθ(t) satisfy the HYP 1 through
HYP 6. Here are the proofs.

(HYP 1). The selfadjoint operator Aα(t) is positive, bounded below by
(I − a(∞)2∆)

α

2 and bounded above by Lα := (I − a(0)2∆)
α

2 . Thus there is a
constant C1 > 0 such that

1

C1
||Lαf ||

2
L2 ≤ ||Aα(t)f ||

2
L2 ≤ C1||Lαf ||

2
L2 , (42)

for any t ∈ R+ and all f ∈ D0. Also, HYP 1 is satisfied for k1 = 1 since a(t)
is nonincreasing.

(HYP 2). For all f ∈ D0 we have

Aα(τ)f −Aα(∞)f = −

∫ ∞

τ

A′

α(t)f dt,

A′

α(t)f =
α

2
Aα−2(t)(−2a(t)a′(t)∆)f ; (43)

then since HYP 1 holds for the operator Aα−2, we get

||A′

α(t)f ||L2 ≤
√

C1 αa(0)(−a′(t))||Lα−2∆f ||L2 .

Due to our assumption a′ ∈ L1(R+), for every f ∈ D0 we find A′
α(·)f ∈

L1(R+, L
2(Rn)) and

||Aα(t)f −Aα(∞)f ||L2 ≤
√

C1 αa(0)(a(t)− a(∞))||Lα−2∆f ||L2 ;

since we are assuming that a− a(∞) belongs to L1(R+) we conclude
∫ ∞

0

||A(t)f −A(∞)f ||L2 dt < ∞

for any f ∈ D0. Hence HYP 2 follows.
(HYP 3). To show

Aα(t) = Fα(t, Aα(0)),
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it is enough to show this for α = 2, since I ≤ Aα(t) = A2(t)
α

2 , for α > 0.

Since A2(t) = I − a(t)2∆, set F̃2(t, z) = 1 + a(t)2z for t, z ≥ 0. Then,

F̃2(t, z)− 1 = (F̃2(0, z)− 1)
a(t)2

a(0)2
;

so

F̃2(t, z) = F̃2(0, z)
a(t)2

a(0)2
−

a(t)2

a(0)2
+ 1,

and hence

A2(t) = F̃2(t,−∆) = F̃2(0,−∆)
a(t)2

a(0)2
−

a(t)2

a(0)2
+ 1 =: F2(t, A2(0)).

Consequently

Aα(t) = A2(t)
α

2 = (F2(t, Aα(0)
2
α )

α

2 =: Fα(t, Aα(0));

whence

Fα(t, z) = F2(t, z
2
α )

α

2

for t ≥ 0, z ≥ 1. The regularity of F2 (and hence of Fα) follows from the
assumed regularity of Aα, since the regularity of Fα(t, z) follows from that of
F2(t, z) for (t, z) ∈ [0,∞)× [1,∞).

(HYP 4). Since θ < α/2 the canonical embedding of Hα(Rn) into H2θ(Rn) is con-
tinuous. Thus, HYP 4 follows easily from our hypotheses.

(HYP 5). This follows from the verification of HYP 4 together with the assumption
that b′, b′′ ∈ L1(R+).

(HYP 6). Our assumptions imply that D(t) is a positive selfadjoint operator with
domain D0 for all t ∈ [0,∞]. By the closed graph theorem and the uniform
continuity of all the coefficients, there is a positive constant M such that

1

M
||D(0)f ||L2 ≤ ‖D(t)f‖L2 ≤ M ||D(0)f ||L2

holds for all f ∈ D0 and for all t ∈ [0,∞]. By the Heinz inequality (see [9]),
for each s ∈ (0, 1), D(D(t)s) = H2αs(Rn) and

1

Ms
||D(0)sf ||L2 ≤ ||D(t)sf ||L2 ≤ Ms||D(0)sf ||L2 ,

for all f ∈ D(D(0)s) and all t ∈ [0,∞].
The rest of the proof of HYP 6 is like the verification of HYP 1. We can

safely omit further details.

The equations discussed above

∂2u

∂t2
+Bθ(t)

∂u

∂t
+Aα(t)u = 0

are all pseudo differential equations. To get a partial differential equation we must
choose α to be an integer satisfying α ≥ 1 unless θ = 0, the generalized telegraph
equation case. This follows from our assumptions θ < α/2. The lowest order PDE
for which θ > 0 corresponds to (α, θ) = (6, 1), namely

∂2u

∂t2
− b(t)

∂

∂t
(∆u) + (1− a(t)2∆)3u = 0.

The details involved in establishing wellposedness of the initial value problem for
these equations involve checking HYP 1 - HYP 6 for these cases. This is similar to,
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but easier than the verification of HYP 1 - HYP 6 in the Aα case. We omit these
calculations.

The interest in studying this kind of example comes from the literature. In fact
in the last years several authors investigated asymptotic estimates of the solution
to some Cauchy problems associated to models in the form

utt −A2(t)u+ 2B(t)ut = 0,

where the differential operators A(t) and B(t) are eventually constant with respect
to t and involve fractional powers of the Laplace operator. Then they applied these
estimates to get global existence results for the Cauchy problem associated to the
corresponding nonlinear problem, with nonlinearity ±|u|p−1u or |ut|

p−1ut (see for
example [1] and [2]).
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