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Abstract: In this paper we study the following nonlinear fractional Hartree (or Choquard-Pekar) equation
(—=A¥u+ pu=(,+FW)F'(w) in RN, (*) where y >0, s€(0,1), N>2, a € (0,N), I, ~ ﬁ is the Riesz
potential, and F is a general subcritical nonlinearity. The goal is to prove existence of multiple (radially sym-
metric) solutions u € H*(RY), by assuming F odd or even: we consider both the case x > 0 fixed and the case
Javu? = m > 0 prescribed. Here we also simplify some arguments developed for s = 1 (S. Cingolani, M. Gallo,
and K. Tanaka, “Multiple solutions for the nonlinear Choquard equation with even or odd nonlinearities,” Calc.
Var. Partial Differ. Equ., vol. 61, no. 68, p. 34, 2022). A key point in the proof is given by the research of suitable
multidimensional odd paths, which was done in the local case by Berestycki and Lions (H. Berestycki and P-L.
Lions, “Nonlinear scalar field equations II: existence of infinitely many solutions,” Arch. Ration. Mech. Anal., vol.
82, no. 4, pp. 347-375, 1983); for (*) the nonlocalities play indeed a special role. In particular, some properties of
these paths are needed in the asymptotic study (as u varies) of the mountain pass values of the unconstrained
problem, then exploited to describe the geometry of the constrained problem and detect infinitely many nor-
malized solutions for any m > 0. The found solutions satisfy in addition a Pohozaev identity: in this paper we
further investigate the validity of this identity for solutions of doubly nonlocal equations under a C!-regularity.

Keywords: fractional Laplacian; nonlinear Choquard Pekar equation; double nonlocality; normalized solutions;
infinitely many solutions; Pohozaev identity

AMS Subject Classification: 35A01; 35A15; 35B06; 35B38; 35D30; 35]15; 35]J20; 35]61; 35Q40; 35Q55; 35Q60; 35Q70;
35Q75; 35Q85; 35Q92; 35R09; 35R11; 45K05; 47G10; 47]30; 49]35; 58E05; 58]J05

1 Introduction

Given a nonlinearity F € C'(R, R) and set f :=F’, we are interested to seek for multiple solutions of the nonlocal
system
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1D

(=A¥u+pu=¢fw) inR",
(-A)**p =Fu) inRY,

where N > 2,5 € (0,1) and a € (0, N). In literature this system has several physical motivations and it is usually
called fractional Schrédinger—Newton system.

By solving the second equation of (1.1) through the Riesz-Poisson kernel I, and substituting ¢ in the first,
we come up with the single equation

(—A¥u + pu = [,*FW)fw) in RY, 1.2)

which is also known as fractional Hartree (or Choquard-Pekar) equation.

Applications of (1.2) can be found in quantum chemistry [1]-[3] (see also [4] for some orbital stability
results): here (1.2) appears in the study of the mean field limit of weakly interacting multi-particle systems. In
particular the equation applies to the study of graphene [5], where the nonlocal nonlinearity describes the short
time interactions between particles. Doubly nonlocal equations appear also in the dynamics of populations [6].

One of the main applications anyway arises in the study of exotic stars: minimization properties related
to (1.2) play indeed a fundamental role in the mathematical description of the dynamics of pseudorelativistic
boson stars and their gravitational collapse, as well as the evolution of attractive fermionic systems, such as
white dwarf stars [7]-[16]. In fact, the nonlocality of the operator is expression of the relativistic velocity of the
particles, while the nonlocal source describes the mutual interaction of the particles in the same body. Here the
study of the ground states to (1.2) gives information on the size of the critical initial conditions for the solutions of
the corresponding pseudorelativistic equation, where a critical value is given by the Chandrasekhar [17] limiting
mass. In particular, when s = IN= 3, =2 and f(u) = u, we obtain [18]-[20].

i:
V—Au+ uu= <

*u2> u inR3. (1.3)
4r|x|

We recall that equation (1.3), in the case of non-relativistic Laplacian —A, was elaborated in 1954 by Pekar
[21] (see also [22]), and subsequently considered as a physical model by many authors [23]-[27]; the fractional
Laplacian operator was instead introduced by Feynman [28] in 1948 (see also [29]).

Remark 1.1 In(13) f(6) = |6|" 26 withr = 2is L*-critical: in this paper, when dealing with the mass-constrained
problem, we essentially address the subcritical case r € (g, 2) (see condition (CF3) below), but we believe that
this result, together with the developed minimax tools, can be a first step towards the study of the L?-mass critical
(and supercritical) case, since for these problems the minimization approach is generally not well posed.

If u is a solution of (1.2), then the wave function y(x, t) = e**‘u(x) is a solitary wave of the time-dependent
equation (when, for example, f(y) = g(ly]) or f(y) = g(ly )y, and similarly F)

iy, = (—APy — (I,*F(y)) f(y) in RY x (0, +o0). (1.4)

The study of standing waves of (1.4) has been pursed in two main directions, which opened two different
challenging research fields.

A first topic regards the search for solutions of (1.2) with a prescribed frequency u and free mass, the so-
called unconstrained problem. The second line of investigation of the problem (1.2) consists of prescribing the
mass m > 0 of u, thus conserved by y in time

/lu/(x, Hfdx=m Vtelo0,+o0),
IR3

and letting the frequency u to be free. Such problem is usually said constrained problem, and its study is also
strictly related to the dynamical properties of the solutions of (1.4) [30].
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For the unconstrained problem, the first investigations on the existence of solutions when s = 1 go back to
[31]-[36]; variational methods were also employed to derive existence and qualitative results of standing wave
solutions for more generic values of & € (0, N) and of pure power nonlinearities F(c) = ~|c|? by Moroz and
Van Schaftingen [37] (see also [38]), and then generalized for doubly nonlocal equations in the papers [39] by
D’Avenia, Siciliano and Squassina. In particular the authors in [39] considered the special model

(—AYu+ pu = (Ixul?)ulP*u in RY, (1.5)

and they proved that (1.5) has solutions if

#'_N+a
2=

N+a _..

=2 1
N-—2s ‘os (.6)

<p<

When dealing with variational (and regular) solutions, they proved that range (1.6) is optimal. Other results can
be found in [40] for general superlinear nonlinearities, in [41] for the non-autonomous case, in [42] for critical
case, in [43] for zero mass case.

Recently in [44] the authors considered the problem (1.2) when F is a Berestycki-Lions [45] type function
under the following general assumptions, extending to the fractional case what has been done by Moroz and
Van Schaftingen [46]

(F1) FeC'(R,R);
(F2) there exists C > 0 such that, for every o € R,

o f@)] < (1o + o1 );

(F3)

F(o) _

=0, F(o) _

lim =0;
650 |g|2§ ’

o
o—>+00 |O'| a,s

(F4) F #0, that is, there exists o, € R, o, # 0 such that F(o,) # 0.
In particular they prove the existence of a Pohozaev minimum, which is equivalently proved to have a
mountain pass structure, satisfying the Pohozev identity [44, Theorem 1.1]. Further qualitative properties,
such as regularity, summability, positivity and asymptotic decay, have been then investigated in [44], [47],
[48] (see also [49]).
The assumptions (F1)-(F4), which rely essentially only on the growth of the nonlinearity at zero and
at infinity — not including regularity, homogeneity, Ambrosetti-Rabinowitz-type or monotonicity condi-
tions — can be considered, from a variational point of view, almost optimal. They include for instance the
most common power type functions f(¢) ~ |6|?~o, f(c) ~ |c|?, but also combined powers represent-
ing cooperation f(c) ~ |¢|P~lc + |6|% 0, f(6) ~ |6|? + |6|? and competition f(c) ~ |6|P'c — |6|T 0,
flo) ~ |o|P — |o|4, as well as asymptotically linear sources f(c) ~ 1;’;, flo) ~ 1'%':2 typical of saturation
effects arising in nonlinear optics [50], [51], and many others.
The existence of an infinite number of standing wave solutions to (1.5) was faced by [39] (while previ-
ous results for s = 1 go back to [52], [53]): here the homogeneity of the source plays a crucial role, and
similar ideas have been applied for s =1 in [54], [55] in presence of more general sources satisfying
Ambrosetti-Rabinowitz type conditions. We highlight that all the abovementioned papers work with odd
nonlinearities f.
It remains open the existence of infinitely many radially symmetric solutions for the nonlinear frac-
tional Choquard equation (1.2) under the optimal assumptions (F1)-(F4) and symmetric conditions on
the nonlocal source term (I, = F(w))f(w), that is

(F5) Fisodd or even.
Differently from existence [44], the symmetry of F is crucial for the multiplicity of solutions. Here we
assume F to be odd or even, which guarantees the evenness of the energy functional associated to (1.2).
Contrary to the source-local case [56]—[59], where the nonlinear term is usually assumed odd, for nonlocal




4 = S Cingolani et al.: Infinitely many solutions for fractional Hartree equations DE GRUYTER

sources we emphasize that both the cases F odd and even are meaningful (see also [60] where (F5) is
assumed to achieve existence of a single nonradial solution).

By virtue of [61], radially symmetric solutions to (1.8) can be searched as critical points of the
C'-functional J,: HS(RY) > R

J,,(u):=%/|(—A)S/2u|2dx+ g/uzdx— %/(IG*F(u))F(u)dx,
RY RY

RN

where H5(R") denotes the fractional Sobolev space of radially symmetric functions. We establish thus the
following result.

Theorem 1.2. Suppose N > 2, « € (0,N), s € (0,1) and u > 0 be fixed. Assume that (F1)—(F5) hold. Then there
exist countably many radial solutions (u,), of (1.2) which satisfy the Pohozaev identity

N ; 23/|(—A)S/2u|2 + %,u/uz _ N-ZFG/(IG*F(M))FW) =0. @7
RN RN RY

Moreover we have
J,W,) = +co  asn— +oo.

Our multiplicity result is the counterpart of what done in [56] (for N > 3, see also [62] for N = 2) in the local case
with odd nonlinearities and extend the existence result in [39].

Due to the generality of the source, in order to get compactness, we use a variant of the Palais—Smale condi-
tion [58], [63], which takes into account the Pohozaev identity, through which we prove a suitable deformation
theorem in an augmented space [64], and eventually we use the genus tool to get infinitely many minimax
solutions.

In order to implement minimax arguments, anyway, a key point is the construction of multidimensional
odd paths. When f satisfies some Ambrosetti-Rabinowitz condition (i.e., F can be estimated from below by
an homogeneous function |o|?), the construction of such a path classically relies on the equivalence of the
H5-norm and the LP-norm on finite dimensional subspaces of H*(RY). When such condition is no longer avail-
able, a finer construction is needed: in the celebrated paper [56] Berestycki and Lions build this path for a local
problem by exploiting an inductive process based on piecewise affine functions.

In our nonlocal case, in order to prove the existence of multiple solutions, unlike the elaborated approach
of [56] we can obtain the existence of a multidimensional odd path by exploiting the positivity of the Riesz
potential functional. This gives also a simplified approach, differently from what was presented in [65]. See
anyway Remark 1.5 below for some comments.

We move now to study the constrained case, which appears more delicate. The existence of L2-normalized
solutions was investigated when F(c) = %lalp in [66], [67] (see also [4] where some Ambrosetti-Rabinowitz

conditions are assumed and [68] where scattering properties are investigated for L>-supercritical evolutive
problems). More recently, the authors in [69] obtained existence of a solution u € H:(R") to

(=AYu+ yu= I, *FW)f@w) inRY,

/uzdx =m, u>0, (1.8)
RN

assuming that F satisfies (F1), (F4) and it is L2-subcritical, namely

(CF2) there exists C > 0 such that, for every ¢ € R,

lo flo)] < C(|a|2ﬁ + |g|2?.s>;
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(CF3)
1im £ — o, Fo) _,,
-0 |O'|2'1 o—+00 |O'| .5
where
om . N+a+2s
a,s ‘

N

When s = 1, multiplicity of radial standing wave solutions to (1.8) with prescribed L2-norm has been faced
for powers again by Lions in [53] (see also [70] for the planar logarithmic Choquard equation). As regards instead
the case of general nonlinearities f, recently Bartsch et al. [71] obtained the existence of infinitely many solu-
tions of (1.8) by assuming that f is an odd function which satisfies monotonicity and Ambrosetti-Rabinowitz
conditions; here the authors in [71] rely on concentration-compactness arguments, together with the use of a
stretched functional. When s € (0, 1) some results have been achieved in [72] in presence of local perturbations,
and in [73] for the supercritical case. In this paper we address the case of general f, when monotonicity and
Ambrosetti-Rabinowitz type conditions do not hold, or f is not odd.

A typical approach is to characterize solutions to (1.8) as critical points of the C'-functional £: HY(RM) - R

cw=1 / AP dx - 1 / (I +F@)F dx,
RN RV

constrained on the sphere

Spi= ueHﬁ(RNn/uzdx:m ,
RN

and find here a minimum of this functional (whenever bounded). On the other hand, this approach requires
much attention in order to control the tails of the functions. That is why, in the spirit of [58], we work instead
with a Lagrangian formulation of the nonlocal problem (1.8). We highlight the advantage of this method, that
can be suitably adapted to derive multiplicity results of normalized solutions in several different frameworks,
and does not require boundedness of the functional on the L2-ball.

Through this formulation we prove the following result.

Theorem 1.3. Suppose N > 2, a € (0,N), s € (0,1) and (F1)-(CF2)—(CF3)—-(F4)—(F5).
(i) For any k € N there exists m; > 0 such that for every m > my, the problem (1.8) has at least k pairs of
nontrivial, distinct, radially symmetric solutions (u,,, +Uy,),—1. > Which satisfy the Pohozaev identity (1.7).
(i) Assume in addition an L*-subcritical growth also at zero, i.e.
(CF4)

lim FO = 4 oo
o—0 |6| a,s
additionally, if F is odd, assume that there exists 6, > 0 such that F has a constant sign in (0, 5,1 and

F(oh)
o€(0,5,1, heo,1] F(0)

< +o00; 1.9

for example, this is satisfied if |F| is assumed non-decreasing in [0, 6,].
Then m;, = 0 for each k € N, that is for any m > 0 the problem (1.8) has countably many pairs of
solutions (u,, +u,), satisfying the Pohozaev identity (1.7). Moreover L(u,) < 0, n € N and we have

L(u,) >0 asn— +oo.
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Remark 1.4. We comment condition (1.9). Set

F(ch)

M:=
o€(0,5,], helo,] F(0)

< 400

we have, when |F| is non-decreasing, M = 1. As a nontrivial example one can consider § € (2§,23"5> and F
oscillating near zero between |¢|? and 2|c|#, so that M < 2; for instance the odd extension of

F(o):=0ﬂ<2+sin<%)) aso — 0.

If instead F oscillates (not strictly) between |o|” and |o|%2, with 2% < g, < f, <2/, then M = +o0; thus for
instance the odd extension of

F(c):=ch (1 + sin(%)) +ch (1 - sin(%)) aso — 0F
is not covered by (1.9).

As mentioned before, in the spirit of [57], [65], [69], the approach to the proof of this result relies on some
Lagrangian formulation, developed on a Pohozaev mountain geometry and a Palais—Smale—Pohozaev compact-
ness condition: this setting allows to detect a minimax structure on a product space and thus the existence of
infinitely many solutions.

Ofkey importance here is the asymptotic analysis of the mountain pass values of the unconstrained problem
(as 4 — 07 and y — +o0). To this aim, again, a delicate issue is the construction of suitable multidimensional
odd paths. To prove the existence of multiple solutions for m > 0 (point (i) of Theorem 1.3) we can apply the
same arguments of Theorem 1.2. A similar approach can be implemented also to gain existence of infinitely
many solutions for any m > 0 when F is even (first part of point (ii) of Theorem 1.3), since in this case F can be
assumed nonnegative in a neighborhood of the origin. See anyway Remark 1.5 below.

A quite delicate issue, instead, comes up when F is odd and m > 0 is arbitrary. As in [65], differently from
[57], [58], we need to implement a new approach to gain the existence of an admissible odd path which satisfies
some finer condition. Such a path is built by using suitable annuli: the interactions, produced by the Riesz poten-
tial, between the characteristic functions of these annuli have to be specifically investigated, and some sharp
estimates for the Riesz potential [74] are here used to this goal. The power a € (0, N) describes the strength of
this interaction, and it reveals to be stronger when « is small, i.e. « € (0, 1].

Remark 1.5. We highlight that the easier approach for building a multidimensional path, based on the positivity
of the Riesz kernel (Proposition 2.3), cannot generally be applied to more generally frameworks (also if F is even);
for examples, when dealing with kernels K = K(x, y) which does not make the functional

g / / K(x, y)gx)g(y)dxdy
RN RN
positive (e.g., K(x,y) sign-changing): some examples are given by K(x,y) =log(|x —y]), K, y)=
(iIa X8, F1 ;(B§>(x —y) for some a, # € (0,N), but also K(x, y) = = n this case, the approach here

Ixilyl
developed, based on suitable annuli, might instead be adapted. This is an interesting line of research for the

future.
Finally, in this paper we deal with the Pohozaev identity, which essentially says that
d
@JM(U('/QB))WZO =0.

This identity may be useful in different occasions: nonexistence results, information on multipliers, semiclassical
analysis (see [75]), and so on. We note that in Theorems 1.2 and 1.3 we find solutions satisfying the Pohozaev
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identity; however, it is not known whether this identity holds for all weak solutions or not. When f is a power,
such identity has been proved [39, equation (6.1)]: in this case the solutions are indeed C?, which is a key point
in the proof. In this paper, in the spirit of [76] and [77], we show this identity by asking only a C'-regularity; we
highlight that in the proof we avoid the use of the s-harmonic extension. We get thus the following result.

Theorem 1.6. Letu € HS(RY) N L®(RY) be a weak solution of (1.2), and assume (F1)-(F2). Assume moreover f €
0, o

Ciot (R) folr some o € (0,1] and one of the following:

- S€ [i’ 1),

- SE€E [i, %), a€(l1—-2s,N)ando € (%,1],
- se (0,%),05 €(0,2) andc € (1—2s,1].

Then u € C¥(RY) for some y € (max{0,2s — 1},1), and u satisfies the Pohozaev identity (1.7), or equivalently

ulf -+ 3 K\l — Dw) = 0

as

where D) := [ (I, *F(W)F(u). The result in particular applies to nonnegative weak solutions u € H*(RY) of (1.2).

The paper is organized as follows. In Section 2 we recall some facts about the fractional Laplacian and the
Riesz potential. Section 3 is dedicated to the construction of different multidimensional paths, both with a simple
approach and a more refined approach, suitable for existence of infinitely many normalized solutions. Then
these refined paths are exploited in some asymptotic analysis in Section 4, and these results are then applied
to achieve multiplicity results in Section 5. Finally, in Section 6, we prove a Pohozaev identity for the fractional
Choquard equation.

2 Preliminaries

Set, for u € L2(RY) with |£|*F(u) € L*(RN), the fractional Laplacian [78]
(=AYu=F (PP
when u is regular enough, we can write

u(x) — u(y)

(—A)ux) = Cy PV Ix — y|V+%s

dy, xeRN

" c 43F(N-;25)
wnere Ns+— R3]

> 0. We set the homogeneous fractional Sobolev space
D**(RY):= {u measurable | (-A)*?u € L2(R")}

and the fractional Sobolev space
H(RY):=L*®R") n DSA(RV)

2
endowed with [|ull% := [lull5 + ”(—A)S/ 2””2' An equivalent form of the seminorm is given by

W CNS//'U(X) uQ)|® dxdy=||(—A)S/2u||2.
2

HS(RN) * |x y|N+Zs

RN RN

Consider moreover the subspace of radially symmetric functions
HRY):={u e H*R") | ut) = u(|x|)}

and recall that H¥(R") & LP(RY) for every p € [2,27], and HS(RY) - LP(RY) for every p € (2,27).
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A sufficient condition in order to have (—A)*u well defined pointwise is given by [79, Proposition 2.4] (see

also [80, Proposition 2.15] and [76, Lemma 2.4]). We use the notation

CV(IRN) = C[VLV—[V](RN)
and Lip(R") := C*'(R"), and similarly C] (RY), Lipj,.(R"), C{(RY) and Lip (RY).
Proposition 2.1. Let s € (0,1). Assume

[ux)|

(1 + |X|)N+23
[RN

dx < o0;

e.g, u € (L' + L*)(RN). Assume moreover u € C; (R") for somey > 2s. Then

_ . u(x) — u(y)
(—A)Su(X)—CN,sllj}} / mdy
RY\B, (0

_ Cys [2u0) —ulx +y) —ulx — ) d
- 2 |y|N+Zs Ly
RN

(2.10)

forevery x € RN, and in this case we have (—A)u € C(RY). Moreover the last integral is absolutely convergent.

Proof. We check only the absolute convergence. Indeed, let x € RN and R > 2|x| + 1. Notice that, for |y| > R, we

have, for |y| > R,
IX+yl >yl —Ix| =R —Ix| > x| +1
and x+yl+1
Xty
X+yl— x| > ===
byl =l > Z 2

thus

/lZu(x)—u(x+y) u(x — y)|dy< 2|u(x)|dy+/|u(x+y)|dy+/|u(x—y)|

|y|N+25 |y|N+Zs I |N+Zs I |N+Zs
By By
Iu(Z)I
<2lulx
| ()l/l |N+Zs /(lzl |X|)N+Zs
\x|+l
u(z)
< ColuQO)] + 22 + X+ Wdz < .
Bl

Letnows € < ) Then, beingu € C0 Y(RN) for some y > 2s,

[2u(x) — ulx + y) — ulx — y)| 1 .
/ i Ry 20 | sty < oo
By

R

notice that a similarly argument shows also that the first integral of the Proposition’s claim does
principal value, being absolute convergent.

If instead s € [%,1), then, being u € Clll;i(lRN ) for some y > 2s —1, for each x,y € R¥ ther
o(x,y) € (0,1) such that

not need the

e exists o =
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/|2u(x)—u(x +y)—u(x—y)|dy=/|Vu(x+6y) y—Vulx-oy)- y|

|y|N+Zs |y|N+Zs
20
———dy < .
N+2s—y—1
) Lyl
Joining the pieces, we have the claim. O
Set then the Riesz potential
CN
Ia(x) = |X|N7za

(=«
where Cy , := M > 0, and define

znﬂ.N/zl—*(%>
D,(g,h): / U *gh = / / lg(X)h|(]3))a

The following theorem ensures the well posedness of the Riesz potential (see [81, Theorem 4.3] and [82,
pages 61-62]).

Proposition 2.2. (Hardy-Littlewood-Sobolev inequality) Let & € (0, N).
— Let g be a measurable function. Then I, = g is finite almost everywhere if and only if

|g0)]
A+ [xph-«
[RN

dx < 0. (211

In particular; 1, « g is well defined if g € L, (RY) N L"(B5) for some R > 0 and somer € 1, %). Moreover; if
(2.11) does not hold, thenI, = g§ = co.
- Letre|l, %). Then the map

g € L'RY) o I xg € Lia (RY)
is continuous. In particular, since the operator is linear,
g, — g weakly in L'(RY) = I xg, — I,+g weakly in Lv-a (RY).

— Letr,t € (1,4+00) be such that + N;“ Then there exists a constant C = C(N, a,r,t) > 0 such that

|D, (g, 0| < Cligll, IRl

forall g € I'(RN) and h € LY(RN).

We observe the following: if g € S [83, Lemma 5.1.2] orif @ € <0, %) andg € Lo (RM) [81, Corollary 5.10]
then we have

D,(g.8) = / (I,xg)gdx = / F(I,xg)F(g)dé

RN RN
= [rapir@re - "éfﬁ' aé >
RN RN

This shows that
& D,(g.8)
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is a positive bilinear form. A more general result can be adapted from @ = 2 [81, Theorem 9.8] to a generic
a € (0,N) as follows.

Proposition 2.3. [81] Let g: RY — R measurable be such that

D,(1gl,181) < 0.

Then
D,(g,8)>0

and the above quantity is zero if and only if g = 0 almost everywhere. In particular the following representation
holds

+oo

D,(g. 8= / (-1 / |h(t-)xg|*dxdt > 0
RN

0

for a whatever nonnegative, radially symmetric h & C®(RY) normalized in such a way that
Cc
fFe e () (©dt = Cy .

We state now the standard convergences for the nonlinear Choquard terms in the case of a subcritical
growth. Hereafter we use < to indicate less or equal up to a constant.

Proposition 2.4. Assume (F1) and (F2).
- Letu, — uin H(RY). Then for any ¢ € H*(RY) we have

/(Ia*F(un))f(un)(p - /(Ia *F(u)) f(u)e.
RN RN
- Assume in addition (F3). Let u, — u in H3(RY). Then

/(Ia*F(un))F(un)—»/(IQ*F(u))F(u)
[RN

[RN
and

/ (I, #F () fatu, — / (I+F@) fa.
[RN

RN

Proof. Let u, — u in H5(RY), then (up to a subsequence) u, — u in Ll’; C([R{N ) for p € [1,2}), and a.e. pointwise.
2N
By assumptions F(u,) is bounded in L+ (RY) and F(u,) -~ Fw) in L} (RY)for q € [1, NZ—J’L). Thus F(u,) = F(w) in

Liva (RM). By some standard topological argument, the convergence holds for the whole sequence.
Moreover, by Proposition 2.2 we gain

L#F(u,) — I*F@) in L= (RY). 2.12)
Let now @ € CX(RY), and set Q:=supp(e). Since u, — u in LP(Q) for each p € [2,2}), we have (by the

LP-dominated convergence theorem) f(u,) — f(u) in LP(Q2) for each p € [1, %). Letp e <;—L, aﬂg) be what-

_ N+a,
=N

actually in L+ (RN). Thus, joining with (2.12),

ever and let g be such that % + % since @ € L1(Q) for such g, we have f(u,)@ — f(ue in LN% (), and

/(Ia*F(un))f(un)(p—»/(Ia*F(u))f(u)(p Vo € CX(RY).
RN

RN
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We want to extend the relation to ¢ € H*(RY). Indeed

| (F) fde| S [P o el 2

[RN

2f—1
< [l e

28 =1
N + |||un| *s (p”ﬂ
N+a N+a

< [l

a+2s

atls
o 01l + |11 575
a

#_ 2 -1
<l Nl + [l el S el

since u, are equibounded in L%(R") N L% (RY). Being the estimate uniform in n, we obtain the claim by density.
N+a
Assume now (F3). Let G(t) := (F(t))ﬁ. By the assumptions we have

N+a
2N

0G0 _ 1}151 <F(t)) 0, 1im GO _ lti%l < F(t) >m o

=0 |[t|? [t|% tooo [t]% [t|%es

Thus, by [84, Lemma 2.4] we gain G(u,) — G(w) in LY(R"), which means F(u,) — F(u) in Lita (RM). In particular,
by Proposition 2.2 we obtain
I*F(u,) — I,*F@W) in Li-<(RN).

Thus we get the first claim. Moreover, arguing as before we get f(u,)u, — f(Wuin Liwa (RM), and this concludes
the proof. O

Remark 2.5. We observe that, by substituting F with —F, there is no loss of generality in assuming
F(oy) > 0 for some o, # 0

in (F4) (o, can be chosen positive if, for example, (F5) holds) and

tim £9) = 4o
o—0t |0'| «,s

in (CF4). Thus, for the remaining part of the paper, we assume this positivity on the right-hand side of zero.

3 Multidimensional annuli-shaped paths: even and odd
nonlinearities

. P 2 P .
We briefly denote by q the lower-critical exponent Zﬁ and by p the L*-critical exponent 272, i.e.

N+a

N+a+2s
N’ ’

e o# _
q.—Za— N

=2 =
To avoid problems with the boundary of R, , we write from now on (see [69] for a different approach)
u =et €(0,4+x), AER.

We also set
DW) :=D,(Fu), Fw) = / (I *F(W)F(w) dx.
RN
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Using Proposition 2.2 and (F1)—(F2), we notice that D is continuous on L*(RY) n L% (RY), where 2F = % is the
Sobolev critical exponent, and thus continuous on H? (RM); notice that if we assume (CF2), then D is continuous

also on L*(RY) N L2 re (RY),
To deal with the unconstrained problem, we further define the C'-functional J: R X HS(RN) - R by setting

T00:= 8] - D + %llull%, (A1) € R X HSRY). (3.13)
For a fixed A € R, u € H3(R") is critical point of 7 (4, -) if and only if u solves (weakly)
(—=AYu+etu= (I*FW)fm) in R". (3.14)
In this Section we study the geometry of

u € HRY) » J(4,u) ER,

for a fixed 4 € R. We introduce a sequence of minimax values a,(4), n € N*: these values play important roles
to find multiple solutions for the constrained problem (Theorem 1.3) as well as for the unconstrained problem
(Theorem 1.2).

For n € N* and 4 € R we introduce the set of paths

I,(D):={y € CD,, HXR")) | y odd, J (4, Yop,) < 0},
where D, :={x € R" | |x| <1}, and the minimax values

a,(4):= . épjbggg T4, 7).

For n > 2 the nonemptiness of I',(1) has to be checked; for n = 1 we refer to [46, claim 1 of Proposition 2.1].
Classically, in the local framework this fact was proved in [56] by constructing inductively piecewise affine paths.
This construction does not fit the nonlocality interaction given by the Choquard term, thus we need another
approach.

Proposition 3.1. Assume (F1)-(F4) and F(x0,) # 0. Let n € N* and A € R. Then I',(A) # @, thus a,(A) is well
defined. Moreover; a,(A) > 0 and it is increasing with respect to A and n.

Proof. Start observing that the polyhedron
X, = {t =(t,....t,) | max |t] = 1}
i=1,...,n
is homeomorphic to dD, (we pass from the L* to the L norm). Let us fix e,, ... e, € C>(RYN), each of them

between 0 and 1, radially symmetric, equal to one in some annulus 4;, and such that their supports are mutually
disjoint. Then set y: X, — H3(RY) by

n
yO):=0y ) tig;x) (3.15)
i=1
for every t = (t;, ... ,t,) € X, and x € RY. The map y is clearly odd and continuous. Moreover every t € X,

has at least a nontrivial component |¢;| = 1, thus we have F(y(t)(x)) = F(oyt;e;(x)) = F(+0,) # 0 on A;, hence
F(y(®) # 0. By Proposition 2.3 we have

D) >0 foreachte X,
Since Doy: X, — R is continuous, and X, is compact, we obtain

min D(y())=:C > 0,
tex,
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ie.
Dy@®)>C>0 foreachteZ,

Call moreover M := maxy ||y ||z,. € R. By scaling, we obtain

T O/0) = —”( A)S/Zy(t)u +—||y(t)||2 —D(y(t))
9N—25 gNel 9N+a
< 7 5 M — 5 C<0

for some # = 6 > 0. Thus we consider 7 :=y(-)(-/6*): 0D, — HS(R"). Finally we extend j to D, by
7= < ¢ >
7=y H

for every t € D, \ {0}, and 7(0) := 0. Therefore 7 € I',,(1) # 0.
What remains to prove is the monotonicity and positivity of a,(4). Since D,, C D,,, we may regard for
Y € Iﬁn+1u’)’
Yp, € I'n(A).

Thus we have a,(4) < a,4(4). Since J (4, u) is monotone in 4, we also have the monotonicity with respect to 4.
The positivity of a,(4) is instead essentially obtained in [46]. Thus

a,(A) > a;(4) > 0.
O

In the proof of Proposition 3.1 we hardly relied on the positivity of the Riesz potential functional given in
Proposition 2.3, to obtain the existence of path y: D, — H(RV) and a C > 0 such that

D) >C>0 foreach& e db,. (3.16)

Anyway, no good information on C are given by this approach.
A useful estimate in order to get infinitely many solutions for any m > 0, when (CF4) holds, is the one which
relates D(y(0-)) to F(6o,) (see Lemma 3.5 and Section 4), that is

D(Oy(&) > C(F(+00,))* for each & € D, and § € [0,1] (3.17)

for some uniform C > 0. When F is nonnegative in a neighborhood of the origin (which is the case of F even and
(CF4)), then one can easily build a suitable y which satisfies (3.17).

Proposition 3.2. Assume (F1)-(F4). Assume moreover that F is nonnegative in some [—c, 0], F(+0,) # 0. Let
n € N* and A € R. Then the path y € I',(4) defined in (3.15) satisfies (3.17).

Proof. Assume the notation of the proof of Proposition 3.1. For each t € %, there exists |t | = 1, thus, by exploit-
ing that 8o t,e;(x) € [—0, 0,] for each x € R, we obtain

D(y(01) = / / I,(x— y)F(@o-OZte(x)> (90’02tjej(x)>dxdy

RN RN i=1 j=1
22//1 (X — Y)F (00,te,(0))F (0ot je;(x)) dxdy
i=1 j=1 RN RN

> //Ia(x — Y)F (6o t;e, () F (Oo,tie () dxdy

RN RN
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> (F(+00,))* / / I,0x — y) dxdy

Ap Ay
which is the claim. O

When F is odd but not trivial around the origin (thus it cannot be here nonnegative) it seems not an easy
task to build a y € I',,(4) satisfying (3.17); indeed some estimate from below on

/ / L -y FOrOIFOrO) 4\
(F@oy)

RN RN

uniform for 8 — 0 seems required; this is related to quotients of the type Hol with ¢ € (0,00] and h € [0, 1].

This is essentially the meaning of condition (1.9). e

To deal with this case we need a deep understanding of the Riesz potential on radial functions. We thus
give now a different construction for a y € I',(A): this procedure might be investigated also for more general
Choquard-type equations, where different kernels (possibly sign-changing) appear.

We start by recalling a result contained in [74, Theorem 1] (see also [85, Lemma 6.3] and references therein).

Theorem 3.3. [74] Let a € (0,N) and u € LY(RY) N L®(RN) be radial. Then I, = u is radial and

(o)

I u)(r) = / F, (;>p°’_1u(p) dp (3.18)
0

where F is positive and it satisfies, for some constants Cy g, Cy o, CIN, @) > 0,

F(t) > Cyy ast—0, F,(0)t""" > Cy, as7—+o0

" F@ v,y ast—1 (3.19)
G,(7) ’ ’ '
with
1 ifa € @,N),
G,(8):=1|log|z —=1|| ifa=1, (3.20)
|t —1%7! ifa €(0,1).

For a proof of Proposition 3.1, we prepare some notation and some estimates. We introduce the annuli
AR N :={xeRY | x| € [R—h,R+Nl}, xR h;):=yumn

foranyR> h > 0.
By applying Theorem 3.3 to u(|x|) = y(1, h; |x|) and arguing as in [65, Lemma 1] (see also [49]), we obtain

// I,x=y) YR, h;x) y (R, h; y)dxdy = RN+"-/ ILx—y)y (1, %;x)x <1, Z;y) dxdy
RY xRN RY xRN
h 2
RN+”<R> ifa € 1,N),
2
N<RN+1<1};> |log%| ifa =1, (3.21)
h 1+a
RN+"’<R> ifa €(0,1).
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For R > 2, we set the thickness of the annuli as

_ N-2ta

2 ifa € (1,N),

N-1

hg:=qR"z (log O™* ifa=1,

N-1

R e ifa €(0,1),

so that a uniform bound for (3.21) is gained.
We show how to use these annuli to build a continuous odd map in L*(RY) N L% (RY). By a regularization
argument, we will obtain a refined path in I',(4).

Proof of Proposition 3.1. (refined). In correspondence to o,, we will construct now a y € I',,(4); this path will
moreover satisfy maxecp 17l < 0.
Step 1: Construction of an odd path in L.

For n > 2 we consider again the polyhedron

z, = {t: (t, ..., t) | max |t;| = 1}.
i=1,...,n

For a large R > 1, which we will choose later, we define

7R®O00:= )" sgn(t) x (R, |t;|hgi; X): £, = L'(RY)
i=1

where r € [1, +o0]. Here we regard )((Ri, 0; x) = 0. We have

Dlogyr(®) = Y F(sgn(t)og)F(sgn(t;)o)-

ij
: // 10— )7 (B, [t1hgrs %) 7 (R 16 g y) dxcly:
RN xRN

We note that
(i) Foranyt=(t,...,t,) € X, there exists at least one ¢, such that |, | = 1.
(i) By [65, Lemma 1],

F(iao)z// L0 — )y (R¥, hye; x) y (R¥, s y) dxdy > C,.
RV XRY
(i) By (@) and (id),
Z F(iao)zﬂ L0 — ) x (R, hyi; X) x (R, hyi3 y) dxdy > C,.
i=1 RN xRN

(iv) Ifi# j, by[65, Lemma 2],

// L0 — y) x (R, hgi; X) x (R, hyy;x) dxdy — 0 as R — oo.
RVxRY

By (i)—(iv), we have for sufficiently large R > 1,
D(oyyr®) >C>0 forallte X, (3.22)

In what follows we fix R > 1 so that (3.22) holds.
Step 2: Construction of an odd path in H;.
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For0 < h < Rand e > 0, we set

1 if x € AR, h),
YR A X):=31— %dist(x,A(R, h)), if dist(x, A(R, h)) € (0, &),
0 otherwise.

Here we regard A(R, 0) = {x € R¥| |x| = R}. We note that
2R, h;) € HSRY) for e >0,
2R h;)— yRh;) inL'RY) ase—0 forallr e[l c0),
supp x, (R', hyi; -) N suppy, (R), hgy;-) =@  for i # j for e small.

We set y, p € C(Z,, H3(RY)) as

n

Yer®:= Y sgnt) . (R, 1tilhg; ), tEEZ, (3.23)

i=1

By (3.22) and the continuity of D on L%(R¥) N L% (RY), we have for £ > 0 small
Dioor x®>C>0 foralltex,
Since N
2
T u-/0) = %HN‘ZH(—A)S/ZUHZ + 0" ullf %QN”D(LL),

we have for large 0 > 1
T4, 007 x0(/0) <0 forall t € X, ~ oD,

Considering D, = {ht | h € [0,1],t € ¥, } and extending oy z(1)(-/0) to D, by
7(ht) := hoyy, z(6)(-/6),
finally we obtain a path 7 € T, (4). O

Remark 3.4. Even without assuming the positivity of F (see Proposition 3.2), we notice that the construction of
an odd map in L" gets easier when F is an even function. Indeed there is no negative contribution given by the
mixed interactions. We give only an outline of the proof, highlighting that in this case we do not need to use the
fine Theorem 3.3 given by [74].

Define for everyi=1,...,nand h € [-1,1] the annuli

Ai(h):={x € R | |x| € [2ni — |h|,2ni + |h|]},
and by y,  its indicator function. For every t = (¢, ..., t,) € X, we have that A;(t)), ..., A,(t,) are disjoint.
Moreover, if t; = 0, then meas(4,(t;)) = 0. Thus we define a continuous, odd map by
n
YO0 = sgnt) 1a,6)0: Z, = LXRY) N LA RY).
i=1

Since F is even, we obtain

D(oyy(0) = Z I, (¢ = Y)F(0o3gn(t) x4,y XNDF (038N ) Y4 ¢ y (V) dXdy
L ae)xA,(t))
= (Flop)" Y, I,(x — y)dxdy > (F(op))’C > 0,

b ade)xa e
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where C does not depend on the specific t. The regularization to a H-path can be done as in the general case (or
by mollification), as well as the extension to D,,.

We are ready now to show that y,,: X, — H5(R"), defined in (3.23), has the desired property (3.17).

Lemma 3.5. Assume (F1)-(F5), and F > 0 in some (0, 6,]. If F is odd, additionally assume (1.9). Then there exists
a constant A > 0 independent of ¢ € (0, 6,] and t € X, such that

D072, (0) 2 3 (F@)) A+ o)) as & 0.
Here 0(1) is a quantity which goes to 0 as € — 0 uniformlyint € £, and ¢ € (0, 6,].

Proof. We prove Lemma 3.5 in two steps.
Stepl:Fort € X, set

a;(0):= // Lx = )y (R, |t hge: x) x (R, |t| hgi y) dxdy.
RV xRN

Then for sufficiently large R > 0, we have
n n
A= tlenzf<; a; () — ; a,»]-(t)> > 0. (3.24)
This fact follows from [65, Lemmas 1 and 2]. We fix R >> 1 so that (3.24) holds.

Step 2: D(oyg (1)) > ;F(0)*Aas e — 0.
We note that for £ > 0 small

supp , (R', [t;1hgs; ) N supp y, (R/, |t;|hgss-) =@ fori#j.
Thus we have
D(oyg, () = Z // I,(x — Y)F(o sgn(t) x, (R', |t;| hgis X))F(o sgn(t)) . (R', |t hgs y)) dxdy
ij RN xRN

= Y By(c.0). (3.25)
0

We consider cases i = j and i # j separately.
First we focus on the case i = j. For both even and odd F we have

By(o,t) = // I,0x = Y)F(o sgn(t) x, (R, |t;| hg:; X))F (o sgn(t) x, (R’, |t hgi; y)) dxdy
RN xRN
= // L,(x — Y)F(o x, (R, |t} hgi; X))F(o x. (R, 1t hgi3 y)) dxdy
RV xRN

> // I,0c — Y)F(o y (R, |t;|hgi; X))F (o (R7, |t;] i y)) dxdy
RVXRN
= F(o)a,(0), (3.26)

where we used the positivity of F and the monotonicity of the integral. Next we consider the case i # j for even
F.Since F(o) > 0 for o € [—6,, 6,] we obtain

Bijj(c,) >0 forallte X, (3.27)
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Finally we consider the case i # j for odd F. Since |F(c)| = F(|o|) for 6 € [—0,, 6]
Bjo,t) = // I,(x = Y)F(o sgn(t) x, (R', |t;| hgis X))F (o sgn(t ) . (R', |t;| hgs3 y)) dxdy
RV xRN
—//N NIa(x — Y)F(o g, (R, |t;|hgi; X))F (o x, (R), |t hgs y)) dxdy. (3.28)
RVXR

Setting
Ci(t,€):={x | dist(x, A(R', |t;|hz:)) € (0,€)}

we have

Xe (R, 1t hgi;x) € (0,1 for x € Ci(t;, ),
Xe (R 1t hgis X) = (R [t hgis x) - for x & C(t;, €),

meas(Ci(t;,€)) > 0 as € — 0, uniformlyint € X,.

Thus for r € [1, o0) and o € (0, 6]

r

F(G/ye R |t|hR‘ ) )((Ri’ltilhRi;')

I

1 r '
< ‘F( )F(UJ(E(Rl |t;1hgisx))| dx
Ci(t,,6) (3.29)
_ |[F(oh)] o
= (}{2[%)1(] Fo)| > meas(C;(t;, €))

—0 asé&— 0 uniformlyin ¢t e X,.

Here we use the fact that max F‘( < C, which follows from the local almost-monotonicity assumption in
(CF4). We note that (3.29) implies, explomng again (CF4)
1 . .
—2// I,x — Y)F(o x, (R, |t;|hgi: X))F(o x, (R, |t]-|hRj;y)) dxdy — a;;(0)
F(G) RV xRN

-0 ase—0. (3.30)

By (3.28) and (3.30),
Byj(o,t) > —F(0)*(a;(t) + o(1)) as & — 0. (331

Thus, it follows from (3.25)-(3.27) and (3.31) that

D(oyg () > F (6)2<Z a;(t) — Za,- j+ o(l))

i=1 i#]

> 5F (6)*(A + o(1)).

[y

This concludes the proof. 1

4 Asymptotic analysis of mountain pass values

In this Section we give some Kkey estimates on the asymptotic behaviour of a,(4) as 4 - +oo.
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Proposition 4.1. Assume (F1)-(F4) and let n € N*.
()  If (CF3) holds, thenlim,_, % = +co.
(i) If(CF4) holds, thenlim, %% =,

e

Part (i) of Proposition 4.1 can be found in [69, Lemma 1], once observed that a,(u) > a,(u) for each n € N*,
We deal now with the proof of (ii) of Proposition 4.1. We highlight that, when F is even, the proof can be
simplified (see [57] and Proposition 3.2).
The proof will be based on the key Lemma 3.5. We start noticing that, by (CF4) and Remark 2.5, for some
09 >0
F(o) >0 for ¢ € (0, 6],

which implies
(i) when Fiseven, F(o) > 0forall o € [-6,, 6,1 \{0};
(i) whenFisodd, F(c) < 0forall o € [-d,0).

By (CF4), we also note that there exists L, > 0 with L, — +oc0 as ¢ — 0" such that

F(r)>L,z? forall r €[0,0] (4.32)
Proof of (ii) of Proposition 4.1. We write u = e” here. For 6, € (0, 5,] and u > 0, we consider the map
oteD, s aaOyR,E(t)(. /,r%) € HSRY). 4.33)

We have by Lemma 3.5 (since ¢ is fixed, we write A instead of A + o(1))

N
7.

#‘1:/(#, MoyR,g(t)(/#‘%)) = %u‘%(aoo)zH(—A)S/ZyR,E(t)”i + %;r
2 2 1 _»
@00 |70, O], = 547 Doy, (O)
< %#_%(660)2||7/R,5(t)||; - iy_%”F(aoo)ZA.
Thus for ¢ smalland ¢ =1

J(u,aoyR,E(t)(-/u‘%)) <0 fortex,,

which implies that (4.33) is a path in I", (). Moreover by (4.32)

pla,(w) < max M_lj(/"""om(t)('/”_%>>

c€l0,1], te3,,

2 1 _x
gt PF(o0,)’A
1

2 _N 2 p
b o) s

1 v 2
< max -—u ?2(00 ” t
cel01], teZHZM (660) yR’E( )

1 _» )
< max -u z(oo ” ¢
06[0,1],te2n2“ (600)"|\vre®

< Co'09

where

C, := sup <1T“y (t)’2 —1L ATI’)EIR.
oy 2 Re HS 4%

>0, tEX,

Thus we have
lim supy~a, (1) < C,;,.
u—0+

Since C, — 0 as o — 0, we have (ii) of Proposition 4.1. O
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5 Existence of multiple solutions

5.1 The Pohozaev mountain

In this Section we start studying the Lagrangian formulation, applying the previous asymptotic estimates to a
Pohozaev geometry. We consider the functional Z™: R X H:(R") — R defined by

A
(A= %”(—A)S/zuHi - %D(u) + S (I -m), (4w € R XH®RY. (5.34)

It is immediate that, for any (4,u) € R X Hf(IRN ), I™(A,u) = J(A,u) — %m Under some additional condition
(see Section 6 and [39]) every critical point satisfies the Pohozaev identity (1.7). Inspired by this relation, we also
introduce the Pohozaev functional 7: R X H5(RY) — R by setting

_N-12s

Pl )= [|(=A)2u))% —

N2 0w+ Tetlul, (hw € RXHRY). (5.35)

We consider the action of G:=7Z, on R", n € N*, and on R X Hﬁ(IRN ), given by

(£, €EGXR"— ££ €R",

1, A,uw € GX (RXHRY)) — (4, 2u) € R X HXR").

We notice that, under the assumption (F5), I™, J and P are invariant under this action, i.e. they are even in
u. In addition, we observe by the Principle of Symmetric Criticality of Palais [61] that every critical point of 7™
restricted to R X HS(R") is actually a critical point of 7™ on the whole R X H5(RY).

Moreover we consider the Pohozaev set

Q:={(LweRXHRY) | P(4,u) >0} U{(4,0)]| 1 €R};

under the assumption (F5), Q is symmetric with respect to the axis {(4,0) | 4 € R}. We start showing the
following property, due to the fact that D(w) = o(||ul%;) as u — 0.

Lemma 5.1. We have
{(4,0)| A € R} C int(Q). (5.36)

Proof. By
|F(o)| S [t17 + [P
where ¢ = *% and p = N+T“+2 < 2:.Thus
IFQI v S IHul Ul 2v + [ulPll 2 = (lull] + lullb,, -
N+a N+a N+a =28

N+a

Therefore by Proposition 2.2 and Young’s inequality we have

N+a

2
/ I+ F@DIFW| dx S IF@)*y S <||u||§ + ||u||2’N,,>
[RN N+a

2 2 2 2
S lully + llully, < Nl + lull?
N+a

thus
2 2 2
P, u) S llullgs — llullzh — llull >0

for ||u|;s small, u # 0. O
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By (5.36) we obtain
0Q={(4w e RXHR") | PA,u) =0, uz0}

and we call 0Q2 Pohozaev mountain, on which 7™ has height bounded from below (Proposition 5.2) and which
separates zones where 7™ is small (Proposition 5.3), as we see next. We observe that dQ2 # @, for instance by [46,
Theorems 1 and 3].

Proposition 5.2. Assume (F1)-(F4) and (F5). We have the following properties.
@ JUA,w>0foral(i,u) € Q.

i) JA,w = a(A) > 0forall (A, u) € 0Q.

(iii) Assume (CF3). For any m > 0, we set

y)
E™:= inf I™A,u), and B™:=inf <a1(ﬂ) - em>.
(AWEIQ AER 2

Then E™ > B™ > —c0.

Proof. We notice that for all (4, u) € Q

2
e ||u||2 >0

Jhwz J0w - 2hY 242 Ay f 4

N+a 2N+a 20N + )

and thus (i) follows. As regards (iii): the fact that E™ > B™ is a direct consequence of (ii), while the fact that
B™ > —o0 comes from Proposition 4.1 (i).

Focus now on point (ii): this comes from the fact that for each A the mountain pass level a,(4) coincides
with the ground state energy level (see [86, Section 4.2] and [44, Proposition 3.3] for details). Differently, without
exploiting the existence result for the unconstrained problem, we argue as follows (see [49, Remark 3.4.3]):lety €
I'(4); by definition of I'; (1) and by point (i) there exists t* such that y (t*) € 0Q and y(¢*) # 0, thus P(4, y (t*)) = 0.
This means that

a+2s

JA,yt) = N+ a)

N I

el = [l

2(N + @) |Hs

thus
a(d) 2 inf (lul
ue(©0Q),

where (0Q), := {u e H; RM\{0} | P4, w) = O}. Since, by (5.36), (0€2), is far from the line (4, 0), we obtain that
the right-hand side is strictly positive, which is the claim. [

From now on we assume (CF3) to give sense to the quantity B™. In view of Proposition 5.2 (iii), we set for
m> 0andn € N*

M:={0 € C(D,,R X HI(RY)) | © is G — equivariant, 7™(@(0)) < B™ — 1,
Olop, € Q, I"(O|yp,) <B™ -1}

and
b= 1nf - supZ(O(9);
néeD
we point out that asking ® = (8,,0,) € I'}’ to be G-equivariant means that ©, is even and ©, is odd, and in
particular ®,(0) = 0 which implies ®(0) € Q. Arguing as in [57], [65] we obtain the following.

Proposition 5.3. Assume (F1)-(F2)-(CF3)—(F4)—(F5). We have the following properties.
(i) Foranym > 0andn € N*, we have Fr’f’ + @ and

m — -
bl < a,(A) et 2
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for each A € R. Moreover; b increases with respect to n.
(ii) For any k € N* there exists m;, > 0, namely given by
e (4)
m, :=2inf 22,
kK™ %er et
such that for m > my,
b,’f<0 forn=1,2,... ,k

Moreover, my_ is increasing with respect to k.
(iii) If(CF4) holds, then my = 0 for each k € N*. That is, for each m > 0 we have

b <0  forallne N

Corollary 5.4. For any m > 0, we have
B" =E™ =b[",

Le. the first minimax value b{" equals the Pohozaev minimum E™ on the product space.

5.2 The Palais-Smale-Pohozaev condition
For every b € R we set
K™ :={(4,u) € RXHSRY) | I™(A,u) = b, DI™(A,u) = 0, P(A,u) = 0}.

We notice that, assuming (F5), Kf "™ is invariant under the G-action.

As already observed, under (F1)-(F2) it is not known if d,I™(4, u) = 0 implies P(4, u) = 0, thus it seems
hard to recognize the compactness of K" := {(ﬂ, u) € R X H(RN) | I™(A,u) = b, DI™A,w) = 0} (through the
standard Palais—Smale condition) without the additional condition 7(A, u) = 0.

Inspired by [58], [63], [87], we make use of the Palais—Smale—-Pohozaev condition, a weaker compactness
condition that takes into account the scaling properties of 7™ through the Pohozaev functional 7. Through this
tool we will show that Kf "™ is compact when b < 0.

We thus have the following result, which can be found in [69, Theorem 3].

Proposition 5.5. Assume (F1)-(CF2)—(CF3) and let b < 0. Then I™ satisfies the the Palais—Smale—Pohozaev con-
dition at level b (shortly the (PSP), condition), that is every (4,,u,), C R X H:(R") satisfying

™4, u,) — b, (5.37)

0,1™(A,,u,) — 0, (5.38)

0u T Ay )| grsceryye = O» (5.39)
(HS®Y))

P4, u,) — 0. (5.40)

has a strongly convergent subsequence in R X H5(RY).
As a consequence, Kf ™N(R X {0}) =@ and Kf ™ is compact.

We emphasize that Ké”m is not compact, since we can consider an unbounded sequence (4,, 0) with 4, —
—0o0.

Proof of Theorem 1.3. Once obtained the (PSP) condition, one can argue as in [57], [58], [65]. We construct a
deformation flow for 7™ through a deformation of an augmented functional

H™@O, A, u):=T™(A, ue™?"))
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on a Hilbert manifold M:=R X R X H}(R N) with a suitable metric. Applying genus arguments we can find
multiple solutions. We refer to [57], [58], [65] for details. O

Proof of Theorem 1.2. Theorem 1.2 can obtained as a byproduct of the techniques developed for Theorem 1.3.
See [65, Section 5] for details. O

6 The Pohozaev identity

In [39, equation (6.1)], in presence of power nonlinearities, it is proved that every weak solution u is C? and thus
satisfies the Pohozaev identity (1.7).

Here we want to extend the identity to more general nonlinearities and to more general solutions u € C'.
We consider the following assumption:
(F6) f e CIOO’Z(R) for some ¢ € (0,1].

From [44, Theorem 1.2 and Proposition 4.9] and [47, Section 3.1] (see also [49, Section 4.4.5]) we have the following
regularity results.

Proposition 6.1. ([44], [47], [49]) Assume that (F1)-(F2) hold. Let u € H*(RY) be a weak solution of (1.2). Then
(1) ifuis nonnegative or limsup,_, 'flfy—"l)' < oo, thenu € L®(RY).
Let now u € HS(RY) N L®(RYN) be a weak solution of (1.2). Then
(i) u e LYRY) N HB(RY); in particular, Fw) € LMRY) N L®(RN);
(iii) ifs € (0, ], thenu € C*7(RY) for any y € (0,251 N (0, 1);
(iv) ifse (%, 1), then u € C7(RY) for any y € (0,2s —1).
Assume (F6) in addition. Then
W) ifseo, %) and o :=min{2sc,a} <1—2s, thenu € C®(RN) for every y € (0, w + 2s1 N (0,1);
(i) ifse [i, %) and @ :=min{2sc,a} >1—2s, thenu € C*7(RN) for everyy € (0, + 2s — 11N (0,1);
(vil) ifse [%,1) and w:=min{c,a} <2 —2s, thenu € C(RY) for any y € (0, w + 2s — 11 N (0, 1);
(viii) ifs € (;,) and :=min{o,a} > 2 - 2s thenu € C>***4RN);
and moreover
(ix) ifa<2andc >1-2s,thenu € C*(RN) for everyy € (0,1).
Finally assume f € C'(R). Then
® ifse (%, 1), then u € C>7(RN) for every y € (0,2s — 1).

In particular, we have the following.

Corollary 6.2. Assume that (F1)-(F2) hold. Let u € H¥(RY) N L®(RN) be a weak solution of (1.2). Assume in addi-
tion one of the following

- seq.,

- s= % and (F6),

- s€l}, ;) a € —2sN) and (F6) with o € (52,1],

- s€(0, 5), a € (0,2) and (F6) witho € (1 — 2s, 1].

Thenu € C¥7(RN) for somey € (0,1). If s € (%, 1) and (F6) holds too, then we can choose y € (2s —1,1).

Under a pointwise well posedness of the fractional Laplacian, and the existence of a weak gradient, we
obtain the following integration by parts rule, inspired by [88, Lemma 4.2].

Proposition 6.3. Let s € (0,1). Let u € D**(RY) N €} (RY) N Lipy, (RY) for some y > 2s, and assume (2.10). Let
moreover X € CX(RY, RN) be a vector field, and define, for x,y € RY, x # y,
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(divX)) () + (divX))(Y) N +25 (X(X) — X)) - (x — )
2 2 Ix—yl?

KLy, y):=

the fractional divergence kernel related to X. Then it holds

Cus [ [ 1u0) = U fos —_/_ Su(Vu - X) dx;
X / s 0y = = [ (AYuVu- 0 dx
RN RN

noticed that the left-hand side is the weighted Gagliardo seminorm with weight K3, set

Cus [u00) — u(y)?
2 |X _y|N+Zs

G, y):=

we can write
(G K5 )LZ(RZN) —((=AYuVy, X)LZ([RN)'

Proof. For the proof, we follow the lines of [77] (see also [89]). We start noticing that, being u € D>*(RY), by the
assumptions we have
G e I'R™), K5 €L®®R™)

so that the product is summable. By Dominated Convergence theorem, the symmetry of the kernel, and the
Fubini theorem, we obtain

= ] B

CNs ) |X y|N+23
[x=y|>¢
o [uG) —u* ( 5 _ x—=y) -X(x)
= lim // e <d1v(X)(x) o+ 290 2 >dxdy
Ix=yl>e

i [uc) —u* [ 5 _ (x—y) - X(x)
= ll—{})l / 7|x—y|N+ZS <d1V(X)(X) (N+Zs)7|x_y|2 >dx dy.
RY | RV\B, (y)

Exploiting that, for x #y, V"W =—-(N+ Zs)m, and the Divergence theorem (possible because

€ CARM\B,(y)) and u € Lip,,(RY) C W-(supp(X)), see [90, Theorem 4.6])

|- y|N+Zs

=0 |x

oG )=ty f | (VR0 v 29D Yaelay
N,s |X )’I |
RY | RM\B, (y)

= lim / luC) — u(y)|2divx<

=0

X
s o

RY | RVM\B, (y)

— o on _ LX)
= 2lim / )~ w0 - H0 o d jay

RN | RVM\B, (y)

. _ 2 X(X) o X-y
tig /| )= = ot oy
RN\ 0B, (y)
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. u(x) — u(y)

RY| RM\B, (y)

+lim o / / [u() — u)PXX) - (x — y)do ) [dy.

es0 N2+
RN | 0B.(y)

= —2liml, + hmE

=0

here we split the limits since we will prove the existence of both.

For the first integral, we notice that x = fx\ 5 ) 'ﬁf’”ylx%' [Vux) - X09|dy < C,|lull | Vu) - X(x)| € LY(RY)
so that we can apply Fubini theorem, then we perform a symmetrization substitution and apply again Fubini
theorem, and finally Dominated Convergence theorem (since y > 240=UH)2Ux=)) = 11(RN) by Proposition 2.1),

|y|N+Zs
obtaining

Cyliml, = Cy lim // 00 = UO) Gy (x) - x(0dxdy

-0 |N+Zs
Px=yl>e
_ Cys 2u(x) — u(x + y) — ulx — y)
) l—»o // Iy Vu(x) - X(x)dxdy
lyI>e

= 11_%1 Vulx) - X(x) % / 2u0) = u()l(yTN{ZS_ ux—y )dy dx

RN RM\B,(0)
= /Vu - X(=AYu
RN

For the second integral, notice that the set {(x, y) € R¥ | x € supp(X), |x — y| = €} is bounded. Thus the
integrand (being bounded) is summable, which allows us to implement the Fubini theorem and obtain, by
exploiting also a symmetrization argument,

(N +29)E, = ﬁ // [ux) — u)*XX) - (x — y)do () X dy
Ix=yl=¢

= e / Uk — u()HXC) — X3) - (x — do () X dy.

Ix—yl|=¢

If supp(X) C Bg(0), then out of the set
Ap.:={(x,y) € Bg(0) X BR(0) | |x — y| = €}
the integrand is null. Thus, being u € Lip,, (RY) (actually it is sufficient u € C?o’f(RN ) for some 6 > s) and X €
Lip(RY, RN), we get
1
Eg S W/ |X —y|4dO'(X) X dy
AR,E

=€ —N-2s+3 mZN—l (AR,E )

Observed that myy_4(Ag ) S my(Bg)my_(0B,) ~ €V, we obtain E, $ e+ - 0. Joining the pieces, we reach
the claim. O
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Corollary 6.4. In the assumptions of Proposition 6.3, let G € C'(RY) with G(u) € L'(R") and
(—A¥u=gw inRY
in the pointwise sense, where G' = g. Then

Cus [ [ 100 —uQIP . - [vew.
2 / Ix — y|[V+%s Ky (x, y)dxdy = VG(u) - X dx
RV RV RN

= / G(u) div(X)dx,
[RN
ie.
(G5 K)oy = (G, dvOD) vy,

We deal now with the Riesz kernel, right-hand side of the equation.

Proposition 6.5. Let @ € (0, N) and H € Lip,,.(RY) N L*(RY) be such that

(Ix|H))|H| € L\RY), I,*H)|VH| €L} (R").

loc

Let moreover X € C\(RY, R) be a vector field and set, for x,y € RV, x # y,

—e o (dvE0) 00 + (dvED) () N — @ (X0) — X(y) - (x — y)
K, x,y):= 5 5 |X—y|2 .
Then .
/ / L,(x = YHOOHY)K,  (x, y)dxdy = — / (I,*H)VH - X dx,
RN RN RN
i.e. set
Ry, y):=1,(x — YHMX)H(y)
we have

(Rs K. )LZ(RZN) = —(U*H)VH,X) gy
Proof. We proceed as in the proof of Proposition 6.3. We start noticing that
RS € LIRY), Kp' € L°RY)
by the assumptions, so that the product is summable. Thus

(Rg.ky?) |, =lim / / Loc— y)H(X)H(y)<diV(X)(X)—(N—a)

LRY) Ix — y|*
RN RM\B,(y)

Since H € Lip,, (RY) C W (supp(X)), we have

1 (e 72 - L 1 :
o (R, K )LZ(RZN)_ lim / / =y HOIVHO) - X00d fdy
RY | RV\B, (y)

+ lim s / / HOHX00 - (x — y)do (0 |dy.

RN\ 0B.(y)

x—=y)-X()

DE GRUYTER

>dx dy.
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= — lim/I, + limE,.
£ =0

For I, we notice that (I *|H|)|VH||X| € LY(RY), thus (x, y) ~ L,(x — WHY)VH(X) - X(x) € L'(R*) and we
can apply (twice) Fubini theorem; moreover I,(x — -)H € LY(RY), and we can apply Dominated Convergence
theorem. Hence we obtain

Cya lir(rjllg = 11151 [/ I,x — yYHY)VH(X) - X(x)dxdy

Ix=y|>¢

= 11151 / VH(X) - X(x) / I,(x — Y)H(y)dy [dx
RN

RM\B, (x)

=/VH(X)~X(X) 11151 / I,(x — y)H(y)dy |dx

RM RN\B, (x)

= / VH(X) - X (I;H).
RN

We can write E, instead as
Eo = e / HOHW)X() — X() - (x — y)do(x) X dy,

[x—yl=¢

If supp(X) C By(0), set Age'= {(x,y) € Bg(0) X Bx(0) | |x — y| = €} and observed that H € L®(RY), we obtain

E 3 ﬁ/ |x —y|2d0'(x) xXdy = 5_N+a+lm2N—1(AR,g) Se" =0,
AR,E

being @ > 0. This concludes the proof. O

Theorem 6.6. Let s € (0,1) and « € (0,N) and assume that (F1)-(F2) hold. Let u € HS(RM) N C’ (R¥) N

loc
Lip,,(RMN) for some y > 2s, be a pointwise solution of (1.2). Then u satisfies the Pohozaev identity (1.7).

Proof. We apply Proposition 6.3 and Proposition 6.5 with H = F(u); notice that the assumptions on u and F imply
o

the needed conditions on H (in particular we highlight that f(u) € L;"** (R")). Thus, for a generic X € C}(R"N,R")

we obtain

( Z’IC;)LZ(RZN) = _((_A)su Vu’X)Lz([R{N)

/l(u Vu, X)LZ(RN) - ((Ia *F(u))f(u) Vuax)LZ(RN)

5 (V0).X) ) = (U #FQ)VF@.X)

= _Ha2ai o K
=5 (u ,le(X))Lz(RN) + (le(u)’]CXz )LZ(RZN)'

In particular, we apply the result to
X,X):=¢@,(0)x

where @, is a cut-off function with ¢, = 1in B,(0), supp(@,,) C B,,41(0), |@,]|, = 1and |x||V¢,(X)| < C for each
x € RY and n € N; for instance, defined such ¢,, we can set @, :=@,(-/n) and obtain

X1V @001 = 1x/n] [V, 0/m] < [|IX]1V 100 || -
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In particular, x — x¢,(x) is equi-Lipschitz. Noticed that div(X,) = N, + V¢, - x we gain

S S
(g“’ ]CXn )LZ(RZN)

_ CN,S/ |[u) — u(y)|? <N(<pn(x) + (p"(y))>dxdy

2 |X — y|N+Zs 2
RN RN
_ CN,s/ [uC) — u)|* (N + 25 (@,00x — @,(MY) - x = y) dxdy
2 Ix =y 2 Ix =yl
RN RV
Cns [ut) —uP (V00 - x+ Ve, () - y
2 |X _ y|N+Zs 2 dXdy
RN RV
Cys u) —u|? (, N+2s\ _N-—2s_,
” x — y|V+& (N 2 )‘ 7 W
RN RV
where we used ¢, — 1, Vg, — 0 and Dominated Convergence theorem. Similarly
Ry Ky @) = / / I(x— y)F(u(x))F(u(y))(N _N-qa )dxdy
RN RN
_N ;“ ® / (I %Fw) Fw.
RN

and N
3 (1, AV EED) 1y = o Nl

Joining the pieces, we have the claim.

Proof of Theorem 1.6. The theorem is a consequence of Corollary 6.2 and Theorem 6.6.

DE GRUYTER

O

O

Remark 6.7. We comment the name of K,’;. Indeed, up to a multiplicative constant, we have, for any g € (0,1)

and X € Lip (RN, RN), by [91, equations (2.9¢) and (2.11)] (see also [92])

Ky diviX(y) N+2s [| f&xo0-xo0- -y
//lx y|N+/3 1 _/ /|X y|N+ﬁ 1d dx — 2 / |X—y|N+ﬂ+1 dy dx

R¥N\RY

=(IN+p-1 / div? () 00dx — N%ZS / div? (X)00dx

=(N+2f-2— Zs)/divﬂ(X);

KS
/ / - ;TNfz S =W-2) / div’(X).
[RN

in particular

We refer also to [77, Chapter 3] where IC§( is seen as the derivative of a suitable family of deformations.
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