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Abstract: In this paper we study the following nonlinear fractional Hartree (or Choquard-Pekar) equation

(−Δ)su+ 𝜇u = (I𝛼∗F(u))F′(u) in ℝN , (∗) where 𝜇 > 0, s ∈ (0, 1), N ≥ 2, 𝛼 ∈ (0,N), I𝛼 ∼ 1|x|N−𝛼 is the Riesz

potential, and F is a general subcritical nonlinearity. The goal is to prove existence of multiple (radially sym-

metric) solutions u ∈ Hs(ℝN ), by assuming F odd or even: we consider both the case 𝜇 > 0 fixed and the case

∫ℝN u2 = m > 0 prescribed. Here we also simplify some arguments developed for s = 1 (S. Cingolani, M. Gallo,

and K. Tanaka, “Multiple solutions for the nonlinear Choquard equation with even or odd nonlinearities,” Calc.

Var. Partial Differ. Equ., vol. 61, no. 68, p. 34, 2022). A key point in the proof is given by the research of suitable

multidimensional odd paths, which was done in the local case by Berestycki and Lions (H. Berestycki and P.-L.

Lions, “Nonlinear scalar field equations II: existence of infinitely many solutions,” Arch. Ration. Mech. Anal., vol.

82, no. 4, pp. 347–375, 1983); for (∗) the nonlocalities play indeed a special role. In particular, some properties of

these paths are needed in the asymptotic study (as 𝜇 varies) of the mountain pass values of the unconstrained

problem, then exploited to describe the geometry of the constrained problem and detect infinitely many nor-

malized solutions for any m > 0. The found solutions satisfy in addition a Pohozaev identity: in this paper we

further investigate the validity of this identity for solutions of doubly nonlocal equations under a C1-regularity.

Keywords: fractional Laplacian; nonlinear Choquard Pekar equation; double nonlocality; normalized solutions;

infinitely many solutions; Pohozaev identity
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1 Introduction

Given a nonlinearity F ∈ C1(ℝ,ℝ) and set f := F′, we are interested to seek formultiple solutions of the nonlocal

system
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{
(−Δ)su+ 𝜇u = 𝜙 f (u) in ℝN ,

(−Δ)𝛼∕2𝜙 = F(u) in ℝN ,
(1.1)

whereN ≥ 2, s ∈ (0, 1) and 𝛼 ∈ (0,N). In literature this system has several physical motivations and it is usually

called fractional Schrödinger–Newton system.

By solving the second equation of (1.1) through the Riesz-Poisson kernel I𝛼 , and substituting 𝜙 in the first,

we come up with the single equation

(−Δ)su+ 𝜇u = (I𝛼∗F(u)) f (u) in ℝN , (1.2)

which is also known as fractional Hartree (or Choquard-Pekar) equation.

Applications of (1.2) can be found in quantum chemistry [1]–[3] (see also [4] for some orbital stability

results): here (1.2) appears in the study of the mean field limit of weakly interacting multi-particle systems. In

particular the equation applies to the study of graphene [5], where the nonlocal nonlinearity describes the short

time interactions between particles. Doubly nonlocal equations appear also in the dynamics of populations [6].

One of the main applications anyway arises in the study of exotic stars: minimization properties related

to (1.2) play indeed a fundamental role in the mathematical description of the dynamics of pseudorelativistic

boson stars and their gravitational collapse, as well as the evolution of attractive fermionic systems, such as

white dwarf stars [7]–[16]. In fact, the nonlocality of the operator is expression of the relativistic velocity of the

particles, while the nonlocal source describes the mutual interaction of the particles in the same body. Here the

study of the ground states to (1.2) gives information on the size of the critical initial conditions for the solutions of

the corresponding pseudorelativistic equation, where a critical value is given by the Chandrasekhar [17] limiting

mass. In particular, when s = 1

2
, N = 3, 𝛼 = 2 and f (u) = u, we obtain [18]–[20].

√
−Δu+ 𝜇u =

(
1

4𝜋|x|∗u2
)
u in ℝ3. (1.3)

We recall that equation (1.3), in the case of non-relativistic Laplacian −Δ, was elaborated in 1954 by Pekar
[21] (see also [22]), and subsequently considered as a physical model by many authors [23]–[27]; the fractional

Laplacian operator was instead introduced by Feynman [28] in 1948 (see also [29]).

Remark 1.1 In (1.3) f (𝜎) = |𝜎|r−2𝜎with r = 2 isL2-critical: in this paper,whendealingwith themass-constrained

problem, we essentially address the subcritical case r ∈ (
5

3
, 2) (see condition (CF3) below), but we believe that

this result, togetherwith the developedminimax tools, can be a first step towards the study of the L2-mass critical

(and supercritical) case, since for these problems the minimization approach is generally not well posed.

If u is a solution of (1.2), then the wave function 𝜓 (x, t) = ei𝜇tu(x) is a solitary wave of the time-dependent

equation (when, for example, f (𝜓 ) = g(|𝜓 |) or f (𝜓 ) = g(|𝜓 |)𝜓 , and similarly F)
i𝜓t = (−Δ)s𝜓 −

(
I𝛼∗F(𝜓 )

)
f (𝜓 ) in ℝN × (0,+∞). (1.4)

The study of standing waves of (1.4) has been pursed in two main directions, which opened two different

challenging research fields.

A first topic regards the search for solutions of (1.2) with a prescribed frequency 𝜇 and free mass, the so-

called unconstrained problem. The second line of investigation of the problem (1.2) consists of prescribing the

massm > 0 of u, thus conserved by 𝜓 in time

∫
ℝ3

|𝜓 (x, t)|2 dx = m ∀ t ∈ [0,+∞),

and letting the frequency 𝜇 to be free. Such problem is usually said constrained problem, and its study is also

strictly related to the dynamical properties of the solutions of (1.4) [30].
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For the unconstrained problem, the first investigations on the existence of solutions when s = 1 go back to

[31]–[36]; variational methods were also employed to derive existence and qualitative results of standing wave

solutions for more generic values of 𝛼 ∈ (0,N) and of pure power nonlinearities F(𝜎) = 1

p
|𝜎| p by Moroz and

Van Schaftingen [37] (see also [38]), and then generalized for doubly nonlocal equations in the papers [39] by

D’Avenia, Siciliano and Squassina. In particular the authors in [39] considered the special model

(−Δ)su+ 𝜇u =
(
I𝛼∗|u| p)|u| p−2u in ℝN , (1.5)

and they proved that (1.5) has solutions if

2#
𝛼
:= N + 𝛼

N
< p <

N + 𝛼
N − 2s

=: 2∗
𝛼,s
. (1.6)

When dealing with variational (and regular) solutions, they proved that range (1.6) is optimal. Other results can

be found in [40] for general superlinear nonlinearities, in [41] for the non-autonomous case, in [42] for critical

case, in [43] for zero mass case.

Recently in [44] the authors considered the problem (1.2) when F is a Berestycki-Lions [45] type function

under the following general assumptions, extending to the fractional case what has been done by Moroz and

Van Schaftingen [46]

(F1) F ∈ C1(ℝ,ℝ);
(F2) there exists C > 0 such that, for every 𝜎 ∈ ℝ,

|𝜎 f (𝜎)| ≤ C
(|𝜎|2#𝛼 + |𝜎|2∗𝛼,s);

(F3)

lim
𝜎→0

F(𝜎)|𝜎|2#𝛼 = 0, lim
𝜎→+∞

F(𝜎)|𝜎|2∗𝛼,s = 0;

(F4) F ≢ 0, that is, there exists 𝜎0 ∈ ℝ, 𝜎0 ≠ 0 such that F(𝜎0) ≠ 0.

In particular they prove the existence of a Pohozaev minimum, which is equivalently proved to have a

mountain pass structure, satisfying the Pohozev identity [44, Theorem 1.1]. Further qualitative properties,

such as regularity, summability, positivity and asymptotic decay, have been then investigated in [44], [47],

[48] (see also [49]).

The assumptions (F1)–(F4), which rely essentially only on the growth of the nonlinearity at zero and

at infinity – not including regularity, homogeneity, Ambrosetti-Rabinowitz-type or monotonicity condi-

tions – can be considered, from a variational point of view, almost optimal. They include for instance the

most common power type functions f (𝜎) ∼ |𝜎|p−1𝜎, f (𝜎) ∼ |𝜎|p, but also combined powers represent-
ing cooperation f (𝜎) ∼ |𝜎|p−1𝜎 + |𝜎|q−1𝜎, f (𝜎) ∼ |𝜎|p + |𝜎|q and competition f (𝜎) ∼ |𝜎|p−1𝜎 − |𝜎|q−1𝜎,
f (𝜎) ∼ |𝜎|p − |𝜎|q, as well as asymptotically linear sources f (𝜎) ∼ 𝜎3

1+𝜎2 , f (𝜎) ∼
|𝜎|3
1+𝜎2 typical of saturation

effects arising in nonlinear optics [50], [51], and many others.

The existence of an infinite number of standing wave solutions to (1.5) was faced by [39] (while previ-

ous results for s = 1 go back to [52], [53]): here the homogeneity of the source plays a crucial role, and

similar ideas have been applied for s = 1 in [54], [55] in presence of more general sources satisfying

Ambrosetti-Rabinowitz type conditions. We highlight that all the abovementioned papers work with odd

nonlinearities f .

It remains open the existence of infinitely many radially symmetric solutions for the nonlinear frac-

tional Choquard equation (1.2) under the optimal assumptions (F1)–(F4) and symmetric conditions on

the nonlocal source term (I𝛼 ∗ F(u)) f (u), that is

(F5) F is odd or even.

Differently from existence [44], the symmetry of F is crucial for the multiplicity of solutions. Here we

assume F to be odd or even, which guarantees the evenness of the energy functional associated to (1.2).

Contrary to the source-local case [56]–[59], where the nonlinear term is usually assumed odd, for nonlocal
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sources we emphasize that both the cases F odd and even are meaningful (see also [60] where (F5) is

assumed to achieve existence of a single nonradial solution).

By virtue of [61], radially symmetric solutions to (1.8) can be searched as critical points of the

C1-functional 𝜇 :Hs
r
(ℝN )→ ℝ

𝜇(u) := 1

2∫
ℝN

|(−Δ)s∕2u|2 dx + 𝜇

2 ∫
ℝN

u2 dx − 1

2∫
ℝN

(I𝛼∗F(u))F(u) dx,

whereHs
r
(ℝN ) denotes the fractional Sobolev space of radially symmetric functions. We establish thus the

following result.

Theorem 1.2. Suppose N ≥ 2, 𝛼 ∈ (0,N), s ∈ (0, 1) and 𝜇 > 0 be fixed. Assume that (F1)–(F5) hold. Then there

exist countably many radial solutions (un)n of (1.2) which satisfy the Pohozaev identity

N − 2s

2 ∫
ℝN

|(−Δ)s∕2u|2 + N

2
𝜇∫

ℝN

u2 − N + 𝛼
2 ∫

ℝN

(
I𝛼∗F(u)

)
F(u) = 0. (1.7)

Moreover we have

𝜇(un)→ +∞ as n→ +∞.

Ourmultiplicity result is the counterpart of what done in [56] (forN ≥ 3, see also [62] forN = 2) in the local case

with odd nonlinearities and extend the existence result in [39].

Due to the generality of the source, in order to get compactness, we use a variant of the Palais–Smale condi-

tion [58], [63], which takes into account the Pohozaev identity, through which we prove a suitable deformation

theorem in an augmented space [64], and eventually we use the genus tool to get infinitely many minimax

solutions.

In order to implement minimax arguments, anyway, a key point is the construction of multidimensional

odd paths. When f satisfies some Ambrosetti-Rabinowitz condition (i.e., F can be estimated from below by

an homogeneous function |𝜎|p), the construction of such a path classically relies on the equivalence of the

Hs-norm and the Lp-norm on finite dimensional subspaces of Hs(ℝN ). When such condition is no longer avail-

able, a finer construction is needed: in the celebrated paper [56] Berestycki and Lions build this path for a local

problem by exploiting an inductive process based on piecewise affine functions.

In our nonlocal case, in order to prove the existence of multiple solutions, unlike the elaborated approach

of [56] we can obtain the existence of a multidimensional odd path by exploiting the positivity of the Riesz

potential functional. This gives also a simplified approach, differently from what was presented in [65]. See

anyway Remark 1.5 below for some comments.

We move now to study the constrained case, which appears more delicate. The existence of L2-normalized

solutions was investigated when F(𝜎) = 1

p
|𝜎| p in [66], [67] (see also [4] where some Ambrosetti-Rabinowitz

conditions are assumed and [68] where scattering properties are investigated for L2-supercritical evolutive

problems). More recently, the authors in [69] obtained existence of a solution u ∈ Hs
r
(ℝN ) to

⎧⎪⎪⎨⎪⎪⎩
(−Δ)su+ 𝜇u = (I𝛼∗F(u)) f (u) in ℝN ,

∫
ℝN

u2dx = m, 𝜇 > 0,
(1.8)

assuming that F satisfies (F1), (F4) and it is L2-subcritical, namely

(CF2) there exists C > 0 such that, for every 𝜎 ∈ ℝ,

|𝜎 f (𝜎)| ≤ C
(|𝜎|2#𝛼 + |𝜎|2m𝛼,s);
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(CF3)

lim
𝜎→0

F(𝜎)|𝜎|2#𝛼 = 0, lim
𝜎→+∞

F(𝜎)|𝜎|2m𝛼,s = 0,

where

2m
𝛼,s

:= N + 𝛼 + 2s

N
.

When s = 1, multiplicity of radial standing wave solutions to (1.8) with prescribed L2-norm has been faced

for powers again by Lions in [53] (see also [70] for the planar logarithmic Choquard equation). As regards instead

the case of general nonlinearities f , recently Bartsch et al. [71] obtained the existence of infinitely many solu-

tions of (1.8) by assuming that f is an odd function which satisfies monotonicity and Ambrosetti-Rabinowitz

conditions; here the authors in [71] rely on concentration-compactness arguments, together with the use of a

stretched functional. When s ∈ (0, 1) some results have been achieved in [72] in presence of local perturbations,

and in [73] for the supercritical case. In this paper we address the case of general f , when monotonicity and

Ambrosetti-Rabinowitz type conditions do not hold, or f is not odd.

A typical approach is to characterize solutions to (1.8) as critical points of the C1-functional :Hs
r
(ℝN )→ ℝ

(u) := 1

2∫
ℝN

|(−Δ)s∕2u|2 dx − 1

2∫
ℝN

(I𝛼∗F(u))F(u) dx,

constrained on the sphere

m :=
⎧⎪⎨⎪⎩u ∈ Hs

r
(ℝN ) ∣ ∫

ℝN

u2 dx = m

⎫⎪⎬⎪⎭,
and find here a minimum of this functional (whenever bounded). On the other hand, this approach requires

much attention in order to control the tails of the functions. That is why, in the spirit of [58], we work instead

with a Lagrangian formulation of the nonlocal problem (1.8). We highlight the advantage of this method, that

can be suitably adapted to derive multiplicity results of normalized solutions in several different frameworks,

and does not require boundedness of the functional on the L2-ball.

Through this formulation we prove the following result.

Theorem 1.3. Suppose N ≥ 2, 𝛼 ∈ (0,N), s ∈ (0, 1) and (F1)–(CF2)–(CF3)–(F4)–(F5).

(i) For any k ∈ ℕ there exists mk ≥ 0 such that for every m > mk, the problem (1.8) has at least k pairs of

nontrivial, distinct, radially symmetric solutions (𝜇n,±un)n=1…k, which satisfy the Pohozaev identity (1.7).

(ii) Assume in addition an L2-subcritical growth also at zero, i.e.

(CF4)

lim
𝜎→0

|F(𝜎)||𝜎|2m𝛼,s = +∞;

additionally, if F is odd, assume that there exists 𝛿0 > 0 such that F has a constant sign in (0, 𝛿0] and

sup
𝜎∈(0,𝛿0], h∈[0,1]

F(𝜎h)

F(𝜎)
< +∞; (1.9)

for example, this is satisfied if |F| is assumed non-decreasing in [0, 𝛿0].
Then mk = 0 for each k ∈ ℕ, that is for any m > 0 the problem (1.8) has countably many pairs of

solutions (𝜇n,±un)n satisfying the Pohozaev identity (1.7). Moreover (un) < 0, n ∈ ℕ and we have

(un)→ 0 as n→ +∞.
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Remark 1.4. We comment condition (1.9). Set

M := sup
𝜎∈(0,𝛿0], h∈[0,1]

F(𝜎h)

F(𝜎)
< +∞

we have, when |F| is non-decreasing, M = 1. As a nontrivial example one can consider 𝛽 ∈
(
2#
𝛼
, 2m
𝛼,s

)
and F

oscillating near zero between |𝜎|𝛽 and 2|𝜎|𝛽 , so thatM ≤ 2; for instance the odd extension of

F(𝜎) :=𝜎𝛽
(
2+ sin

(
1

𝜎

))
as 𝜎 → 0+.

If instead F oscillates (not strictly) between |𝜎|𝛽1 and |𝜎|𝛽2 , with 2#
𝛼
< 𝛽1 < 𝛽2 < 2m

𝛼,s
, then M = +∞; thus for

instance the odd extension of

F(𝜎) :=𝜎𝛽1
(
1+ sin

(
1

𝜎

))
+ 𝜎𝛽2

(
1− sin

(
1

𝜎

))
as 𝜎 → 0+

is not covered by (1.9).

As mentioned before, in the spirit of [57], [65], [69], the approach to the proof of this result relies on some

Lagrangian formulation, developed on a Pohozaevmountain geometry and a Palais–Smale–Pohozaev compact-

ness condition: this setting allows to detect a minimax structure on a product space and thus the existence of

infinitely many solutions.

Of key importance here is the asymptotic analysis of themountain pass values of the unconstrained problem

(as 𝜇→ 0+ and 𝜇→+∞). To this aim, again, a delicate issue is the construction of suitable multidimensional

odd paths. To prove the existence of multiple solutions for m≫ 0 (point (i) of Theorem 1.3) we can apply the

same arguments of Theorem 1.2. A similar approach can be implemented also to gain existence of infinitely

many solutions for any m > 0 when F is even (first part of point (ii) of Theorem 1.3), since in this case F can be

assumed nonnegative in a neighborhood of the origin. See anyway Remark 1.5 below.

A quite delicate issue, instead, comes up when F is odd and m > 0 is arbitrary. As in [65], differently from

[57], [58], we need to implement a new approach to gain the existence of an admissible odd path which satisfies

some finer condition. Such a path is built by using suitable annuli: the interactions, produced by the Riesz poten-

tial, between the characteristic functions of these annuli have to be specifically investigated, and some sharp

estimates for the Riesz potential [74] are here used to this goal. The power 𝛼 ∈ (0,N) describes the strength of

this interaction, and it reveals to be stronger when 𝛼 is small, i.e. 𝛼 ∈ (0, 1].

Remark 1.5. Wehighlight that the easier approach for building amultidimensional path, based on the positivity

of the Riesz kernel (Proposition 2.3), cannot generally be applied tomore generally frameworks (also if F is even);

for examples, when dealing with kernels K = K(x, y) which does not make the functional

g ↦ ∫
ℝN

∫
ℝN

K(x, y)g(x)g(y)dxdy

positive (e.g., K(x, y) sign-changing): some examples are given by K(x, y) = log(|x − y|), K(x, y) =(
±I𝛼𝜒B1 ∓ I𝛽𝜒Bc

1

)
(x − y) for some 𝛼, 𝛽 ∈ (0,N), but also K(x, y) = ‖x|−|y‖|x‖y| . In this case, the approach here

developed, based on suitable annuli, might instead be adapted. This is an interesting line of research for the

future.

Finally, in this paper we deal with the Pohozaev identity, which essentially says that

d

d𝜃
𝜇(u(⋅∕e𝜃))|𝜃=0 = 0.

This identitymaybeuseful in different occasions: nonexistence results, information onmultipliers, semiclassical

analysis (see [75]), and so on. We note that in Theorems 1.2 and 1.3 we find solutions satisfying the Pohozaev
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identity; however, it is not known whether this identity holds for all weak solutions or not. When f is a power,

such identity has been proved [39, equation (6.1)]: in this case the solutions are indeed C2, which is a key point

in the proof. In this paper, in the spirit of [76] and [77], we show this identity by asking only a C1-regularity; we

highlight that in the proof we avoid the use of the s-harmonic extension. We get thus the following result.

Theorem 1.6. Let u ∈ Hs(ℝN ) ∩ L∞(ℝN ) be a weak solution of (1.2), and assume (F1)–(F2). Assumemoreover f ∈
C0,𝜎
loc
(ℝ) for some 𝜎 ∈ (0, 1] and one of the following:

– s ∈ [ 1
2
, 1),

– s ∈ [
1

4
,
1

2
), 𝛼 ∈ (1− 2s,N) and 𝜎 ∈ (

1−2s
2s
, 1],

– s ∈ (0,
1

2
), 𝛼 ∈ (0, 2) and 𝜎 ∈ (1− 2s, 1].

Then u ∈ C1,𝛾 (ℝN ) for some 𝛾 ∈ (max{0, 2s− 1}, 1), and u satisfies the Pohozaev identity (1.7), or equivalently
1

2∗
𝛼,s

‖(−Δ)s∕2u‖2
2
+ 𝜇

2#
𝛼

‖u‖2
2
−(u) = 0

where(u) := ∫ℝN (I𝛼∗F(u))F(u). The result in particular applies to nonnegativeweak solutions u ∈ Hs(ℝN ) of (1.2).

The paper is organized as follows. In Section 2 we recall some facts about the fractional Laplacian and the

Riesz potential. Section 3 is dedicated to the construction of differentmultidimensional paths, bothwith a simple

approach and a more refined approach, suitable for existence of infinitely many normalized solutions. Then

these refined paths are exploited in some asymptotic analysis in Section 4, and these results are then applied

to achieve multiplicity results in Section 5. Finally, in Section 6, we prove a Pohozaev identity for the fractional

Choquard equation.

2 Preliminaries

Set, for u ∈ L2(ℝN ) with |𝜉|2s (u) ∈ L2(ℝN ), the fractional Laplacian [78]

(−Δ)su :=−1(|𝜉|2s (u));
when u is regular enough, we can write

(−Δ)su(x) = CN,sPV∫
ℝN

u(x)− u(y)|x − y|N+2s dy, x ∈ ℝN

where CN,s :=
4sΓ

(
N+2s
2

)
𝜋N∕2|Γ(−s)| > 0. We set the homogeneous fractional Sobolev space

Ds,2(ℝN ) :=
{
u measurable ∣ (−Δ)s∕2u ∈ L2(ℝN )

}
and the fractional Sobolev space

Hs(ℝN ) := L2(ℝN ) ∩ Ds,2(ℝN )

endowed with ‖u‖2
Hs := ‖u‖2

2
+ ‖‖‖(−Δ)s∕2u‖‖‖22. An equivalent form of the seminorm is given by

[u]2
Hs(ℝN )

:= CN,s
2 ∫

ℝN

∫
ℝN

|u(x)− u(y)|2|x − y|N+2s dxdy = ‖‖‖(−Δ)s∕2u‖‖‖22.
Consider moreover the subspace of radially symmetric functions

Hs
r
(ℝN ) :=

{
u ∈ Hs(ℝN ) ∣ u(x) = u(|x|)}

and recall that Hs(ℝN ) ↪ Lp(ℝN ) for every p ∈
[
2, 2∗

s

]
, and Hs

r
(ℝN ) ↪↪ Lp(ℝN ) for every p ∈

(
2, 2∗

s

)
.
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A sufficient condition in order to have (−Δ)su well defined pointwise is given by [79, Proposition 2.4] (see
also [80, Proposition 2.15] and [76, Lemma 2.4]). We use the notation

C𝛾 (ℝN ) := C[𝛾],𝛾−[𝛾](ℝN )

and Lip(ℝN ) := C0,1(ℝN ), and similarly C
𝛾

loc
(ℝN ), Liploc(ℝN ), C

𝛾
c (ℝN ) and Lipc(ℝN ).

Proposition 2.1. Let s ∈ (0, 1). Assume

∫
ℝN

|u(x)|
(1+ |x|)N+2s dx <∞; (2.10)

e.g., u ∈ (L1 + L∞)(ℝN ). Assume moreover u ∈ C
𝛾

loc
(ℝN ) for some 𝛾 > 2s. Then

(−Δ)su(x) = CN,s lim
𝜀→0 ∫

ℝN∖B𝜀(x)

u(x)− u(y)|x − y|N+2s dy
= CN,s

2 ∫
ℝN

2u(x)− u(x + y)− u(x − y)|y|N+2s dy

for every x ∈ ℝN, and in this case we have (−Δ)su ∈ C(ℝN ). Moreover the last integral is absolutely convergent.

Proof. We check only the absolute convergence. Indeed, let x ∈ ℝN and R > 2|x|+ 1. Notice that, for |y| ≥ R, we

have, for |y| ≥ R, |x + y| ≥ |y|− |x| ≥ R− |x| > |x|+ 1

and |x + y|− |x| ≥ |x + y|+ 1|x|+ 2

thus

∫
Bc
R

|2u(x)− u(x + y)− u(x − y)||y|N+2s dy ≤ ∫
Bc
R

2|u(x)||y|N+2s dy+ ∫
Bc
R

|u(x + y)||y|N+2s dy+ ∫
Bc
R

|u(x − y)||y|N+2s dy

≤ 2|u(x)|∫
Bc
R

1|y|N+2s dy+ 2 ∫
Bc|x|+1

|u(z)|
(|z|− |x|)N+2s dz

≤ CR|u(x)|+ 2(2+ |x|)N+2s ∫
Bc|x|+1

|u(z)|
(|z|+ 1)N+2s

dz <∞.

Let now s ∈
(
0,

1

2

)
. Then, being u ∈ C

0,𝛾

loc
(ℝN ) for some 𝛾 > 2s,

∫
BR

|2u(x)− u(x + y)− u(x − y)||y|N+2s dy ≤ 2C∫
BR

1|y|N+2s−𝛾 dy <∞;

notice that a similarly argument shows also that the first integral of the Proposition’s claim does not need the

principal value, being absolute convergent.

If instead s ∈ [
1

2
, 1), then, being u ∈ C

1,𝛾

loc
(ℝN ) for some 𝛾 > 2s− 1, for each x, y ∈ ℝN there exists 𝜎 =

𝜎(x, y) ∈ (0, 1) such that
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∫
BR

|2u(x)− u(x + y)− u(x − y)||y|N+2s dy = ∫
BR

|∇u(x + 𝜎y) ⋅ y−∇u(x − 𝜎y) ⋅ y||y|N+2s dy

≤ ∫
BR

2𝜎|y|N+2s−𝛾−1 dy <∞.

Joining the pieces, we have the claim. □

Set then the Riesz potential

I𝛼(x) :=
CN,𝛼|x|N−𝛼

where CN,𝛼 :=
Γ
(
N−𝛼
2

)
2𝛼𝜋N∕2Γ

(
𝛼

2

) > 0, and define

𝛼(g, h) :=∫
ℝN

(I𝛼∗g)h = ∫
ℝN

∫
ℝN

g(x)h(y)|x − y|N−𝛼 dxdy.
The following theorem ensures the well posedness of the Riesz potential (see [81, Theorem 4.3] and [82,

pages 61–62]).

Proposition 2.2. (Hardy-Littlewood-Sobolev inequality) Let 𝛼 ∈ (0,N).

– Let g be a measurable function. Then I𝛼 ∗ g is finite almost everywhere if and only if

∫
ℝN

|g(x)|
(1+ |x|)N−𝛼 dx <∞. (2.11)

In particular, I𝛼 ∗ g is well defined if g ∈ L1
loc
(ℝN ) ∩ Lr

(
Bc
R

)
for some R ≥ 0 and some r ∈ [1,

N

𝛼
). Moreover, if

(2.11) does not hold, then I𝛼 ∗ g ≡ ∞.

– Let r ∈ [1,
N

𝛼
). Then the map

g ∈ Lr(ℝN ) ↦ I𝛼∗g ∈ L
Nr

N−𝛼r (ℝN )

is continuous. In particular, since the operator is linear,

gn ⇀ g weakly in Lr(ℝN ) ⇒ I𝛼∗gn ⇀ I𝛼∗g weakly in L
Nr

N−𝛼r (ℝN ).

– Let r, t ∈ (1,+∞) be such that 1

r
+ 1

t
= N+𝛼

N
. Then there exists a constant C = C(N, 𝛼, r, t) > 0 such that

||𝛼(g, h)
|| ≤ C‖g‖r‖h‖t

for all g ∈ Lr(ℝN ) and h ∈ Lt(ℝN ).

We observe the following: if g ∈  [83, Lemma 5.1.2] or if 𝛼 ∈
(
0,

N

2

)
and g ∈ L

2N

N+2𝛼 (ℝN ) [81, Corollary 5.10]

then we have

𝛼(g, g) = ∫
ℝN

(
I𝛼∗g

)
gdx = ∫

ℝN

(
I𝛼∗g

) (g)d𝜉
= ∫

ℝN

 (I𝛼)| (g)|2d𝜉 = ∫
ℝN

| (g)|2|𝜉|𝛼 d𝜉 ≥ 0

This shows that

g ↦ 𝛼(g, g)
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is a positive bilinear form. A more general result can be adapted from 𝛼 = 2 [81, Theorem 9.8] to a generic

𝛼 ∈ (0,N) as follows.

Proposition 2.3. [81] Let g:ℝN → ℝmeasurable be such that

𝛼(|g|, |g|) <∞.

Then

𝛼(g, g) ≥ 0

and the above quantity is zero if and only if g ≡ 0 almost everywhere. In particular the following representation

holds

𝛼(g, g) =
+∞

∫
0

t2N−𝛼−1∫
ℝN

|h(t⋅)∗g|2dxdt ≥ 0

for a whatever nonnegative, radially symmetric h ∈ C∞
c
(ℝN ) normalized in such a way that

∫ +∞
0

tN−𝛼−1(h∗h)(t)dt = CN,𝛼 .

We state now the standard convergences for the nonlinear Choquard terms in the case of a subcritical

growth. Hereafter we use ≲ to indicate less or equal up to a constant.

Proposition 2.4. Assume (F1) and (F2).

– Let un ⇀ u in Hs(ℝN ). Then for any 𝜑 ∈ Hs(ℝN ) we have

∫
ℝN

(
I𝛼∗F(un)

)
f (un)𝜑→ ∫

ℝN

(
I𝛼∗F(u)

)
f (u)𝜑.

– Assume in addition (F3). Let un ⇀ u in Hs
r
(ℝN ). Then

∫
ℝN

(
I𝛼∗F(un)

)
F(un)→ ∫

ℝN

(
I𝛼∗F(u)

)
F(u)

and

∫
ℝN

(
I𝛼∗F(un)

)
f (un)un → ∫

ℝN

(
I𝛼∗F(u)

)
f (u)u.

Proof. Let un ⇀ u in Hs(ℝN ), then (up to a subsequence) un → u in L
p

loc
(ℝN ) for p ∈ [1, 2∗

s
), and a.e. pointwise.

By assumptions F(un) is bounded in L
2N

N+𝛼 (ℝN ) and F(un)→ F(u) in L
q

loc
(ℝN ) for q ∈ [1,

2N

N+𝛼 ). Thus F(un) ⇀ F(u) in

L
2N

N+𝛼 (ℝN ). By some standard topological argument, the convergence holds for the whole sequence.

Moreover, by Proposition 2.2 we gain

I𝛼∗F(un) ⇀ I𝛼∗F(u) in L
2N

N−𝛼 (ℝN ). (2.12)

Let now 𝜑 ∈ C∞
c
(ℝN ), and set Ω := supp(𝜑). Since un → u in Lp(Ω) for each p ∈ [2, 2∗

s
), we have (by the

Lp-dominated convergence theorem) f (un)→ f (u) in Lp(Ω) for each p ∈ [1, 2N

𝛼+2s ). Let p ∈
(

2N

N+𝛼 ,
2N

𝛼+2s

)
be what-

ever and let q be such that
1

p
+ 1

q
= N+𝛼

2N
; since 𝜑 ∈ Lq(Ω) for such q, we have f (un)𝜑→ f (u)𝜑 in L

2N

N+𝛼 (Ω), and

actually in L
2N

N+𝛼 (ℝN ). Thus, joining with (2.12),

∫
ℝN

(
I𝛼∗F(un)

)
f (un)𝜑→ ∫

ℝN

(
I𝛼∗F(u)

)
f (u)𝜑 ∀𝜑 ∈ C∞

c
(ℝN ).
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We want to extend the relation to 𝜑 ∈ Hs(ℝN ). Indeed|||||||∫ℝN

(
I𝛼∗F(un)

)
f (un)𝜑

||||||| ≲ ‖‖F(un)‖‖ 2N

N+𝛼
‖‖ f (un)𝜑‖‖ 2N

N+𝛼

≲
‖‖‖|un|2#𝛼−1𝜑‖‖‖ 2N

N+𝛼

+ ‖‖‖|un|2∗𝛼,s−1𝜑‖‖‖ 2N

N+𝛼

≤ ‖‖‖|un| 𝛼N ‖‖‖ 2N

𝛼

‖𝜑‖2 + ‖‖‖|un| 𝛼+2sN−2s
‖‖‖ 2N

𝛼+2s

‖𝜑‖2∗s
≤ ‖‖un‖‖2#𝛼−12

‖𝜑‖Hs + ‖‖un‖‖2∗𝛼,s−12∗s
‖𝜑‖Hs ≲ ‖𝜑‖Hs ,

since un are equibounded in L
2(ℝN ) ∩ L2

∗
s (ℝN ). Being the estimate uniform in n, we obtain the claim by density.

Assume now (F3). Let G(t) := (F(t))
N+𝛼
2N . By the assumptions we have

lim
t→0

G(t)|t|2 = lim
t→0

(
F(t)|t|2#𝛼

) N+𝛼
2N

= 0, lim
t→∞

G(t)|t|2∗s = lim
t→0

(
F(t)|t|2∗𝛼,s

) N+𝛼
2N

= 0.

Thus, by [84, Lemma 2.4] we gain G(un)→ G(u) in L1(ℝN ), which means F(un)→ F(u) in L
2N

N+𝛼 (ℝN ). In particular,

by Proposition 2.2 we obtain

I𝛼∗F(un)→ I𝛼∗F(u) in L
2N

N−𝛼 (ℝN ).

Thus we get the first claim. Moreover, arguing as before we get f (un)un ⇀ f (u)u in L
2N

N+𝛼 (ℝN ), and this concludes

the proof. □

Remark 2.5. We observe that, by substituting F with −F, there is no loss of generality in assuming

F(𝜎0) > 0 for some 𝜎0 ≠ 0

in (F4) (𝜎0 can be chosen positive if, for example, (F5) holds) and

lim
𝜎→0+

F(𝜎)|𝜎|2m𝛼,s = +∞

in (CF4). Thus, for the remaining part of the paper, we assume this positivity on the right-hand side of zero.

3 Multidimensional annuli-shaped paths: even and odd

nonlinearities

We briefly denote by q the lower-critical exponent 2#
𝛼
and by p the L2-critical exponent 2m

𝛼,s
, i.e.

q := 2#
𝛼
= N + 𝛼

N
, p := 2m

𝛼,s
= N + 𝛼 + 2s

N
.

To avoid problems with the boundary of ℝ+, we write from now on (see [69] for a different approach)

𝜇 ≡ e𝜆 ∈ (0,+∞), 𝜆 ∈ ℝ.

We also set

(u) :=𝛼(F(u), F(u)) = ∫
ℝN

(I𝛼∗F(u))F(u) dx.
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Using Proposition 2.2 and (F1)–(F2), we notice that is continuous on L2(ℝN ) ∩ L2
∗
s (ℝN ), where 2∗

s
= 2N

N−2s is the

Sobolev critical exponent, and thus continuous on Hs
r
(ℝN ); notice that if we assume (CF2), then is continuous

also on L2(ℝN ) ∩ L2+
4s

N+𝛼 (ℝN ).

To deal with the unconstrained problem, we further define the C1-functional  :ℝ × Hs
r
(ℝN )→ ℝ by setting

 (𝜆, u) := 1

2

‖‖‖(−Δ)s∕2u‖‖‖22 − 1

2
(u)+ e𝜆

2
‖u‖2

2
, (𝜆, u) ∈ ℝ × Hs

r
(ℝN ). (3.13)

For a fixed 𝜆 ∈ ℝ, u ∈ Hs
r
(ℝN ) is critical point of  (𝜆, ⋅) if and only if u solves (weakly)

(−Δ)su+ e𝜆u = (I𝛼∗F(u)) f (u) in ℝN. (3.14)

In this Section we study the geometry of

u ∈ Hs
r
(ℝN ) ↦  (𝜆, u) ∈ ℝ,

for a fixed 𝜆 ∈ ℝ. We introduce a sequence of minimax values an(𝜆), n ∈ ℕ∗: these values play important roles

to find multiple solutions for the constrained problem (Theorem 1.3) as well as for the unconstrained problem

(Theorem 1.2).

For n ∈ ℕ∗ and 𝜆 ∈ ℝ we introduce the set of paths

Γn(𝜆) :=
{
𝛾 ∈ C(Dn,H

s
r
(ℝN )) ∣ 𝛾 odd,  (𝜆, 𝛾|𝜕Dn ) < 0

}
,

where Dn :={x ∈ ℝn ∣ |x| ≤ 1}, and the minimax values

an(𝜆) := inf
𝛾∈Γn(𝜆)

sup
𝜉∈Dn

 (𝜆, 𝛾(𝜉)).

For n ≥ 2 the nonemptiness of Γn(𝜆) has to be checked; for n = 1 we refer to [46, claim 1 of Proposition 2.1].

Classically, in the local framework this fact was proved in [56] by constructing inductively piecewise affine paths.

This construction does not fit the nonlocality interaction given by the Choquard term, thus we need another

approach.

Proposition 3.1. Assume (F1)–(F4) and F(±𝜎0) ≠ 0. Let n ∈ ℕ∗ and 𝜆 ∈ ℝ. Then Γn(𝜆) ≠ ∅, thus an(𝜆) is well
defined. Moreover, an(𝜆) > 0 and it is increasing with respect to 𝜆 and n.

Proof. Start observing that the polyhedron

Σn :=
{
t = (t1,… , tn) ∣ max

i=1,…,n
|ti| = 1

}
is homeomorphic to 𝜕Dn (we pass from the L2 to the L∞ norm). Let us fix e1,… , en ∈ C∞

c
(ℝN ), each of them

between 0 and 1, radially symmetric, equal to one in some annulus Ai, and such that their supports are mutually

disjoint. Then set 𝛾 :Σn → Hs
r
(ℝN ) by

𝛾(t)(x) :=𝜎0
n∑
i=1

tiei(x) (3.15)

for every t = (t1,… , tn) ∈ Σn and x ∈ ℝN . The map 𝛾 is clearly odd and continuous. Moreover every t ∈ Σn

has at least a nontrivial component |ti| = 1, thus we have F(𝛾(t)(x)) = F(𝜎0tiei(x)) = F(±𝜎0) ≠ 0 on Ai, hence

F(𝛾(t)) ≢ 0. By Proposition 2.3 we have

(𝛾(t)) > 0 for each t ∈ Σn.

Since⚬ 𝛾 :Σn → ℝ is continuous, and Σn is compact, we obtain

min
t∈Σn

(𝛾(t))=:C > 0,
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i.e.

(𝛾(t)) ≥ C > 0 for each t ∈ Σn.

Call moreoverM :=maxΣn
‖𝛾‖2

Hs ∈ ℝ. By scaling, we obtain

𝜆(𝛾(t)(⋅∕𝜃)) = 𝜃N−2s

2

‖‖‖(−Δ)s∕2𝛾(t)‖‖‖22 + 𝜃Ne𝜆

2
‖𝛾(t)‖2

2
− 𝜃N+𝛼

2
(𝛾(t))

≤ 𝜃N−2s

2
M + 𝜃Ne𝜆

2
M − 𝜃N+𝛼

2
C < 0

for some 𝜃 = 𝜃∗ ≫ 0. Thus we consider 𝛾̃ := 𝛾(⋅)(⋅∕𝜃∗): 𝜕Dn → Hs
r
(ℝN ). Finally we extend 𝛾̃ to Dn by

𝛾̃(𝜉) := |𝜉|𝛾( 𝜉|𝜉|
)

for every t ∈ Dn ∖{0}, and 𝛾̃(0) := 0. Therefore 𝛾̃ ∈ Γn(𝜆) ≠ ∅.
What remains to prove is the monotonicity and positivity of an(𝜆). Since Dn ⊂ Dn+1, we may regard for

𝛾 ∈ Γn+1(𝜆),

𝛾|Dn ∈ Γn(𝜆).

Thus we have an(𝜆) ≤ an+1(𝜆). Since  (𝜆, u) is monotone in 𝜆, we also have the monotonicity with respect to 𝜆.
The positivity of a1(𝜆) is instead essentially obtained in [46]. Thus

an(𝜆) ≥ a1(𝜆) > 0.
□

In the proof of Proposition 3.1 we hardly relied on the positivity of the Riesz potential functional given in

Proposition 2.3, to obtain the existence of path 𝛾 :Dn → Hs
r
(ℝN ) and a C > 0 such that

(𝛾(𝜉)) ≥ C > 0 for each 𝜉 ∈ 𝜕Dn. (3.16)

Anyway, no good information on C are given by this approach.

A useful estimate in order to get infinitely many solutions for anym > 0, when (CF4) holds, is the one which

relates(𝛾(𝜃⋅)) to F(𝜃𝜎0) (see Lemma 3.5 and Section 4), that is
(𝜃𝛾(𝜉)) ≥ C(F(±𝜃𝜎0))2 for each 𝜉 ∈ 𝜕Dn and 𝜃 ∈ [0, 1] (3.17)

for some uniform C > 0. When F is nonnegative in a neighborhood of the origin (which is the case of F even and

(CF4)), then one can easily build a suitable 𝛾 which satisfies (3.17).

Proposition 3.2. Assume (F1)–(F4). Assume moreover that F is nonnegative in some [−𝜎0, 𝜎0], F(±𝜎0) ≠ 0. Let

n ∈ ℕ∗ and 𝜆 ∈ ℝ. Then the path 𝛾 ∈ Γn(𝜆) defined in (3.15) satisfies (3.17).

Proof. Assume the notation of the proof of Proposition 3.1. For each t ∈ Σn, there exists |tk| = 1, thus, by exploit-

ing that 𝜃𝜎0tiei(x) ∈ [−𝜎0, 𝜎0] for each x ∈ ℝN , we obtain

(𝛾(𝜃t)) = ∫
ℝN

∫
ℝN

I𝛼(x − y)F

(
𝜃𝜎0

n∑
i=1

tiei(x)

)
F

(
𝜃𝜎0

n∑
j=1

t je j(x)

)
dxdy

=
n∑
i=1

n∑
j=1 ∫

ℝN

∫
ℝN

I𝛼(x − y)F
(
𝜃𝜎0tiei(x)

)
F
(
𝜃𝜎0t je j(x)

)
dxdy

≥ ∫
ℝN

∫
ℝN

I𝛼(x − y)F
(
𝜃𝜎0tkek(x)

)
F
(
𝜃𝜎0tkek(y)

)
dxdy
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≥ (
F(±𝜃𝜎0)

)2
∫
Ak

∫
Ak

I𝛼(x − y) dxdy

which is the claim. □

When F is odd but not trivial around the origin (thus it cannot be here nonnegative) it seems not an easy

task to build a 𝛾 ∈ Γn(𝜆) satisfying (3.17); indeed some estimate from below on

∫
ℝN

∫
ℝN

I𝛼(x − y)
F
(
𝜃𝛾(𝜉)(x)

)
F
(
𝜃𝛾(𝜉)(y)

)(
F(𝜃𝜎0)

)2 dxdy

uniform for 𝜃→ 0 seems required; this is related to quotients of the type
F(𝜎h)

F(𝜎)
with 𝜎 ∈ (0, 𝜎0] and h ∈ [0, 1].

This is essentially the meaning of condition (1.9).

To deal with this case we need a deep understanding of the Riesz potential on radial functions. We thus

give now a different construction for a 𝛾 ∈ Γn(𝜆): this procedure might be investigated also for more general

Choquard-type equations, where different kernels (possibly sign-changing) appear.

We start by recalling a result contained in [74, Theorem 1] (see also [85, Lemma 6.3] and references therein).

Theorem 3.3. [74] Let 𝛼 ∈ (0,N) and u ∈ L1(ℝN ) ∩ L∞(ℝN ) be radial. Then I𝛼 ∗ u is radial and

(I𝛼∗u)(r) =
∞

∫
0

F𝛼

(
r

𝜌

)
𝜌𝛼−1u(𝜌) d𝜌 (3.18)

where F𝛼 is positive and it satisfies, for some constants CN,0, CN,∞, C(N, 𝛼) > 0,

F𝛼(𝜏)→ CN,0 as 𝜏 → 0, F𝛼(𝜏)𝜏
N−𝛼 → CN,∞ as 𝜏 → +∞

and
F𝛼(𝜏)

G𝛼(𝜏)
→ C(N, 𝛼) as 𝜏 → 1, (3.19)

with

G𝛼(s) :=

⎧⎪⎪⎨⎪⎪⎩
1 if 𝛼 ∈ (1,N),

| log |𝜏 − 1|| if 𝛼 = 1,

|𝜏 − 1|𝛼−1 if 𝛼 ∈ (0, 1).

(3.20)

For a proof of Proposition 3.1, we prepare some notation and some estimates. We introduce the annuli

A(R, h) :=
{
x ∈ ℝN ∣ |x| ∈ [R− h,R+ h]

}
, 𝜒 (R, h; ⋅) :=𝜒A(R,h)

for any R≫ h > 0.

By applying Theorem 3.3 to u(|x|) ≡ 𝜒 (1, h; |x|) and arguing as in [65, Lemma 1] (see also [49]), we obtain
∬ℝN×ℝN

I𝛼(x − y)𝜒 (R, h; x)𝜒 (R, h; y) dxdy = RN+𝛼∬ℝN×ℝN

I𝛼(x − y)𝜒

(
1,
h

R
; x

)
𝜒

(
1,
h

R
; y

)
dxdy

∼

⎧⎪⎪⎪⎨⎪⎪⎪⎩

RN+𝛼
(
h

R

)2

if 𝛼 ∈ (1,N),

RN+1
(
h

R

)2| log h
R
| if 𝛼 = 1,

RN+𝛼
(
h

R

)1+𝛼
if 𝛼 ∈ (0, 1).

(3.21)
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For R ≥ 2, we set the thickness of the annuli as

hR :=

⎧⎪⎪⎨⎪⎪⎩
R−

N−2+𝛼
2 if 𝛼 ∈ (1,N),

R−
N−1
2 (log R)−1∕2 if 𝛼 = 1,

R−
N−1
1+𝛼 if 𝛼 ∈ (0, 1),

so that a uniform bound for (3.21) is gained.

We show how to use these annuli to build a continuous odd map in L2(ℝN ) ∩ L2
∗
s (ℝN ). By a regularization

argument, we will obtain a refined path in Γn(𝜆).

Proof of Proposition 3.1. (refined). In correspondence to 𝜎0, we will construct now a 𝛾 ∈ Γn(𝜆); this path will

moreover satisfy max𝜉∈Dn‖𝛾(𝜉)‖∞ ≤ 𝜎0.
Step 1: Construction of an odd path in Lr.

For n ≥ 2 we consider again the polyhedron

Σn =
{
t = (t1,… , tn) ∣ max

i=1,…,n
|ti| = 1

}
.

For a large R≫ 1, which we will choose later, we define

𝛾R(t)(x) :=
n∑
i=1

sgn(ti)𝜒
(
Ri, |ti|hRi ; x): Σn → Lr(ℝN )

where r ∈ [1,+∞]. Here we regard 𝜒 (Ri, 0; x) ≡ 0. We have

(𝜎0𝛾R(t)) =
∑
i, j

F(sgn(ti)𝜎0)F(sgn(t j)𝜎0)⋅

⋅∬ℝN×ℝN

I𝛼(x − y)𝜒
(
Ri, |ti|hRi ; x)𝜒(

Ri, |t j|hRi ; y) dxdy.
We note that

(i) For any t = (t1,… , tn) ∈ Σn, there exists at least one tk such that |tk| = 1.

(ii) By [65, Lemma 1],

F(±𝜎0)2∬ℝN×ℝN

I𝛼(x − y)𝜒
(
Rk, hRk ; x

)
𝜒
(
Rk, hRk ; y

)
dxdy ≥ C0.

(iii) By (i) and (ii),
n∑
i=1

F(±𝜎0)2∬ℝN×ℝN

I𝛼(x − y)𝜒
(
Ri, hRi ; x

)
𝜒
(
Ri, hRi ; y

)
dxdy ≥ C0.

(iv) If i ≠ j, by [65, Lemma 2],

∬ℝN×ℝN

I𝛼(x − y)𝜒
(
Ri, hRi ; x

)
𝜒
(
Rj, hR j ; x

)
dxdy→ 0 as R→∞.

By (i)–(iv), we have for sufficiently large R≫ 1,

(𝜎0𝛾R(t)) ≥ C > 0 for all t ∈ Σn. (3.22)

In what follows we fix R≫ 1 so that (3.22) holds.

Step 2: Construction of an odd path in Hs
r
.
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For 0 ≤ h≪ R and 𝜀 > 0, we set

𝜒𝜀(R, h; x) :=

⎧⎪⎪⎨⎪⎪⎩
1 if x ∈ A(R, h),

1− 1

𝜀
dist(x,A(R, h)), if dist(x,A(R, h)) ∈ (0, 𝜀),

0 otherwise.

Here we regard A(R, 0) = {x ∈ ℝN | |x| = R}.We note that

𝜒𝜀(R, h; ⋅) ∈ Hs
r
(ℝN ) for 𝜀 > 0,

𝜒𝜀(R, h; ⋅)→ 𝜒 (R, h; ⋅) in Lr(ℝN ) as 𝜀→ 0 for all r ∈ [1,∞),

supp𝜒𝜀
(
Ri, hRi ; ⋅

)
∩ supp𝜒𝜀

(
Rj, hR j ; ⋅

)
= ∅ for i ≠ j for 𝜀 small.

We set 𝛾𝜀,R ∈ C(Σn,H
s
r
(ℝN )) as

𝛾𝜀,R(t) :=
n∑
i=1

sgn(ti)𝜒𝜀
(
Ri, |ti|hRi ; ⋅), t ∈ Σn. (3.23)

By (3.22) and the continuity of on L2(ℝN ) ∩ L2
∗
s (ℝN ), we have for 𝜀 > 0 small

(𝜎0𝛾𝜀,R(t)) ≥ C > 0 for all t ∈ Σn.

Since

 (𝜆, u(⋅∕𝜃)) = 1

2
𝜃N−2

‖‖‖(−Δ)s∕2u‖‖‖22 + e𝜆

2
𝜃N‖u‖2

2
− 1

2
𝜃N+𝛼(u),

we have for large 𝜃 ≫ 1

 (𝜆, 𝜎0𝛾𝜀,R(t)(⋅∕𝜃)) < 0 for all t ∈ Σn ≈ 𝜕Dn.

Considering Dn ≡ {ht ∣ h ∈ [0, 1], t ∈ Σn} and extending 𝜎0𝛾𝜀,R(t)(⋅∕𝜃) to Dn by

𝛾̃(ht) := h𝜎0𝛾𝜀,R(t)(⋅∕𝜃),

finally we obtain a path 𝛾̃ ∈ Γn(𝜆). □

Remark 3.4. Even without assuming the positivity of F (see Proposition 3.2), we notice that the construction of

an odd map in Lr gets easier when F is an even function. Indeed there is no negative contribution given by the

mixed interactions. We give only an outline of the proof, highlighting that in this case we do not need to use the

fine Theorem 3.3 given by [74].

Define for every i = 1,… , n and h ∈ [−1, 1] the annuli

Ai(h) :=
{
x ∈ ℝN ∣ |x| ∈ [2ni− |h|, 2ni+ |h|]},

and by 𝜒Ai(h) its indicator function. For every t = (t1,… , tn) ∈ Σn we have that A1(t1),… ,An(tn) are disjoint.

Moreover, if ti = 0, then meas(Ai(ti)) = 0. Thus we define a continuous, odd map by

𝛾(t)(x) :=
n∑
i=1

sgn(ti)𝜒Ai(ti)(x): Σn → L2(ℝN ) ∩ L2
∗
s (ℝN ).

Since F is even, we obtain

(𝜎0𝛾(t)) =
∑
i, j

∬
Ai(ti)×A j(t j)

I𝛼(x − y)F(𝜎0sgn(ti)𝜒Ai(ti)(x))F(𝜎0sgn(t j)𝜒A j(t j)
(y)) dxdy

=
(
F(𝜎0)

)2∑
i, j

∬
Ai(ti)×A j(t j)

I𝛼(x − y) dxdy ≥ (
F(𝜎0)

)2
C > 0,
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where C does not depend on the specific t. The regularization to aHs
r
-path can be done as in the general case (or

by mollification), as well as the extension to Dn.

We are ready now to show that 𝛾R,𝜀: Σn → Hs
r
(ℝN ), defined in (3.23), has the desired property (3.17).

Lemma 3.5. Assume (F1)–(F5), and F > 0 in some (0, 𝛿0]. If F is odd, additionally assume (1.9). Then there exists

a constant A > 0 independent of 𝜎 ∈ (0, 𝛿0] and t ∈ Σn such that

(𝜎𝛾R,𝜀(t)) ≥ 1

2

(
F(𝜎)

)2
(A+ o(1)) as 𝜀→ 0.

Here o(1) is a quantity which goes to 0 as 𝜀→ 0 uniformly in t ∈ Σn and 𝜎 ∈ (0, 𝛿0].

Proof. We prove Lemma 3.5 in two steps.

Step 1: For t ∈ Σn, set

ai j(t) :=∬ℝN×ℝN

I𝛼(x − y)𝜒
(
Ri, |ti|hRi ; x)𝜒(

Rj, |t j|hR j ; y
)
dxdy.

Then for sufficiently large R > 0, we have

A := inf
t∈Σn

(
n∑
i=1

aii(t)−
n∑
i≠ j

ai j(t)

)
> 0. (3.24)

This fact follows from [65, Lemmas 1 and 2]. We fix R≫ 1 so that (3.24) holds.

Step 2:(𝜎𝛾R,𝜀(t)) ≥ 1

2
F(𝜎)2A as 𝜀→ 0.

We note that for 𝜀 > 0 small

supp𝜒𝜀
(
Ri, |ti|hRi ; ⋅) ∩ supp𝜒𝜀

(
Rj, |t j|hR j ; ⋅

)
= ∅ for i ≠ j.

Thus we have

(𝜎𝛾R,𝜀(t)) =
∑
i, j
∬ℝN×ℝN

I𝛼(x − y)F(𝜎 sgn(ti)𝜒𝜀
(
Ri, |ti|hRi ; x))F(𝜎 sgn(t j)𝜒𝜀(Rj, |t j|hR j ; y

)
) dxdy

=:
∑
i, j

Bi j(𝜎, t). (3.25)

We consider cases i = j and i ≠ j separately.

First we focus on the case i = j. For both even and odd F we have

Bii(𝜎, t) = ∬ℝN×ℝN

I𝛼(x − y)F(𝜎 sgn(ti)𝜒𝜀
(
Ri, |ti|hRi ; x))F(𝜎 sgn(ti)𝜒𝜀(Rj, |ti|hRi ; y)) dxdy

= ∬ℝN×ℝN

I𝛼(x − y)F(𝜎𝜒𝜀
(
Ri, |ti|hRi ; x))F(𝜎𝜒𝜀(Rj, |ti|hRi ; y)) dxdy

≥ ∬ℝN×ℝN

I𝛼(x − y)F(𝜎𝜒
(
Ri, |ti|hRi ; x))F(𝜎𝜒(

Rj, |ti|hRi ; y)) dxdy
= F(𝜎)2aii(t), (3.26)

where we used the positivity of F and the monotonicity of the integral. Next we consider the case i ≠ j for even

F. Since F(𝜎) ≥ 0 for 𝜎 ∈ [−𝛿0, 𝛿0] we obtain

Bi j(𝜎, t) ≥ 0 for all t ∈ Σn. (3.27)
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Finally we consider the case i ≠ j for odd F. Since |F(𝜎)| = F(|𝜎|) for 𝜎 ∈ [−𝛿0, 𝛿0]

Bi j(𝜎, t) = ∬ℝN×ℝN

I𝛼(x − y)F(𝜎 sgn(ti)𝜒𝜀
(
Ri, |ti|hRi ; x))F(𝜎 sgn(t j)𝜒𝜀(Rj, |t j|hR j ; y

)
) dxdy

≥ −∬ℝN×ℝN

I𝛼(x − y)F(𝜎𝜒𝜀
(
Ri, |ti|hRi ; x))F(𝜎𝜒𝜀(Rj, |t j|hR j ; y

)
) dxdy. (3.28)

Setting

Ci(t, 𝜀) :=
{
x ∣ dist(x,A

(
Ri, |ti|hRi)) ∈ (0, 𝜀)

}
we have

𝜒𝜀
(
Ri, |ti|hRi ; x) ∈ (0, 1) for x ∈ Ci(ti, 𝜀),

𝜒𝜀
(
Ri, |ti|hRi ; x) = 𝜒(

Ri, |ti|hRi ; x) for x ∉ Ci(ti, 𝜀),

meas(Ci(ti, 𝜀))→ 0 as 𝜀→ 0, uniformly in t ∈ Σn.

Thus for r ∈ [1,∞) and 𝜎 ∈ (0, 𝛿]

‖‖‖‖ 1

F(𝜎)
F(𝜎𝜒𝜀

(
Ri, |ti|hRi ; ⋅))− 𝜒(

Ri, |ti|hRi ; ⋅)‖‖‖‖rr
≤ ∫

Ci(ti,𝜀)

|||| 1

F(𝜎)
F(𝜎𝜒𝜀

(
Ri, |ti|hRi ; x))||||r dx

=
(
max
h∈[0,1]

|F(𝜎h)||F(𝜎)|
)r

meas(Ci(ti, 𝜀))

→ 0 as 𝜀→ 0 uniformly in t ∈ Σn.

(3.29)

Here we use the fact that maxh∈[0,1]
F(𝜎h)

F(𝜎)
≤ C, which follows from the local almost-monotonicity assumption in

(CF4). We note that (3.29) implies, exploiting again (CF4)

|||| 1

F(𝜎)2∬ℝN×ℝN

I𝛼(x − y)F(𝜎𝜒𝜀
(
Ri, |ti|hRi ; x))F(𝜎𝜒𝜀(Rj, |t j|hR j ; y

)
) dxdy− ai j(t)

||||
→ 0 as 𝜀→ 0. (3.30)

By (3.28) and (3.30),

Bi j(𝜎, t) ≥ −F(𝜎)2(ai j(t)+ o(1)) as 𝜀→ 0. (3.31)

Thus, it follows from (3.25)–(3.27) and (3.31) that

(𝜎𝛾R,𝜀(t)) ≥ F(𝜎)2

(
n∑
i=1

aii(t)−
∑
i≠ j
ai j + o(1)

)
≥ 1

2
F(𝜎)2(A+ o(1)).

This concludes the proof. □

4 Asymptotic analysis of mountain pass values

In this Section we give some key estimates on the asymptotic behaviour of an(𝜆) as 𝜆→ ±∞.
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Proposition 4.1. Assume (F1)–(F4) and let n ∈ ℕ∗.

(i) If (CF3) holds, then lim𝜆→+∞
an(𝜆)

e𝜆
= +∞.

(ii) If (CF4) holds, then lim𝜆→−∞
an(𝜆)

e𝜆
= 0.

Part (i) of Proposition 4.1 can be found in [69, Lemma 1], once observed that an(𝜇) ≥ a1(𝜇) for each n ∈ ℕ∗.

We deal now with the proof of (ii) of Proposition 4.1. We highlight that, when F is even, the proof can be

simplified (see [57] and Proposition 3.2).

The proof will be based on the key Lemma 3.5. We start noticing that, by (CF4) and Remark 2.5, for some

𝛿0 > 0

F(𝜎) > 0 for 𝜎 ∈ (0, 𝛿0],

which implies

(i) when F is even, F(𝜎) > 0 for all 𝜎 ∈ [−𝛿0, 𝛿0] ∖{0};
(ii) when F is odd, F(𝜎) < 0 for all 𝜎 ∈ [−𝛿0, 0).

By (CF4), we also note that there exists L𝜎 > 0 with L𝜎 →+∞ as 𝜎 → 0+ such that

F(𝜏) ≥ L𝜎𝜏
p for all 𝜏 ∈ [0, 𝜎]. (4.32)

Proof of (ii) of Proposition 4.1. We write 𝜇 ≡ e𝜆 here. For 𝜎0 ∈ (0, 𝛿0] and 𝜇 > 0, we consider the map

𝜎t ∈ Dn ↦ 𝜎𝜎0𝛾R,𝜀(t)
(
⋅∕𝜇− 1

2

)
∈ Hs

r
(ℝN ). (4.33)

We have by Lemma 3.5 (since 𝜀 is fixed, we write A instead of A+ o(1))

𝜇−1 (
𝜇, 𝜎𝜎0𝛾R,𝜀(t)

(
⋅∕𝜇− 1

2

))
= 1

2
𝜇− N

2 (𝜎𝜎0)
2‖‖‖(−Δ)s∕2𝛾R,𝜀(t)‖‖‖22 + 1

2
𝜇− N

2 ·

· (𝜎𝜎0)2
‖‖‖𝛾R,𝜀(t)‖‖‖22 − 1

2
𝜇− N

2
p(𝜎𝜎0𝛾R,𝜀(t))

≤ 1

2
𝜇− N

2 (𝜎𝜎0)
2‖‖‖𝛾R,𝜀(t)‖‖‖2Hs

− 1

4
𝜇− N

2
pF(𝜎𝜎0)

2A.

Thus for 𝜇 small and 𝜎 = 1

 (
𝜇, 𝜎0𝛾R,𝜀(t)

(
⋅∕𝜇− 1

2

))
< 0 for t ∈ Σn,

which implies that (4.33) is a path in Γn(𝜇). Moreover by (4.32)

𝜇−1an(𝜇) ≤ max
𝜎∈[0,1], t∈Σn

𝜇−1 (
𝜇, 𝜎𝜎0𝛾R,𝜀(t)

(
⋅∕𝜇− 1

2

))
≤ max
𝜎∈[0,1], t∈Σn

1

2
𝜇− N

2 (𝜎𝜎0)
2‖‖‖𝛾R,𝜀(t)‖‖‖2Hs

− 1

4
𝜇− N

2
pF(𝜎𝜎0)

2A

≤ max
𝜎∈[0,1], t∈Σn

1

2
𝜇− N

2 (𝜎𝜎0)
2‖‖‖𝛾R,𝜀(t)‖‖‖2Hs

− 1

4
L𝜎0

(
𝜇− N

2 (𝜎𝜎0)
2
) p

A

≤ C𝜎0 ,

where

C𝜎0 := sup
𝜏≥0, t∈Σn

(
1

2
𝜏
‖‖‖𝛾R,𝜀(t)‖‖‖2Hs

− 1

4
L𝜎0A𝜏

p

)
∈ ℝ.

Thus we have

lim sup
𝜇→0+

𝜇−1an(𝜇) ≤ C𝜎0 .

Since C𝜎0 → 0 as 𝜎0 → 0, we have (ii) of Proposition 4.1. □
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5 Existence of multiple solutions

5.1 The Pohozaev mountain

In this Section we start studying the Lagrangian formulation, applying the previous asymptotic estimates to a

Pohozaev geometry. We consider the functional m:ℝ × Hs
r
(ℝN )→ ℝ defined by

m(𝜆, u) := 1

2

‖‖‖(−Δ)s∕2u‖‖‖22 − 1

2
(u)+ e𝜆

2

(‖u‖2
2
−m

)
, (𝜆, u) ∈ ℝ × Hs

r
(ℝN ). (5.34)

It is immediate that, for any (𝜆, u) ∈ ℝ × Hs
r
(ℝN ), m(𝜆, u) =  (𝜆, u)− e𝜆

2
m. Under some additional condition

(see Section 6 and [39]) every critical point satisfies the Pohozaev identity (1.7). Inspired by this relation, we also

introduce the Pohozaev functional  :ℝ × Hs
r
(ℝN )→ ℝ by setting

(𝜆, u) := N − 2s

2
‖(−Δ)s∕2u‖2

2
− N + 𝛼

2
(u)+ N

2
e𝜆‖u‖2

2
, (𝜆, u) ∈ ℝ × Hs

r
(ℝN ). (5.35)

We consider the action of 𝔾 :=ℤ2 on ℝn, n ∈ ℕ∗, and on ℝ × Hs
r
(ℝN ), given by

(±1, 𝜉) ∈ 𝔾 ×ℝn ↦ ±𝜉 ∈ ℝn,

(±1, 𝜆, u) ∈ 𝔾 ×
(
ℝ × Hs

r
(ℝN )

)
↦ (𝜆,±u) ∈ ℝ × Hs

r
(ℝN ).

We notice that, under the assumption (F5), m,  and  are invariant under this action, i.e. they are even in

u. In addition, we observe by the Principle of Symmetric Criticality of Palais [61] that every critical point of m

restricted to ℝ × Hs
r
(ℝN ) is actually a critical point of m on the whole ℝ × Hs(ℝN ).

Moreover we consider the Pohozaev set

Ω :=
{
(𝜆, u) ∈ ℝ × Hs

r
(ℝN ) ∣ (𝜆, u) > 0

}
∪ {(𝜆, 0) ∣ 𝜆 ∈ ℝ};

under the assumption (F5), Ω is symmetric with respect to the axis {(𝜆, 0) ∣ 𝜆 ∈ ℝ}. We start showing the

following property, due to the fact that(u) = o
(‖u‖2

Hs

)
as u→ 0.

Lemma 5.1. We have

{(𝜆, 0) ∣ 𝜆 ∈ ℝ} ⊂ int(Ω). (5.36)

Proof. By |F(𝜎)| ≲ |t|q + |t| p
where q = N+𝛼

N
and p = N+𝛼+2

N
< 2∗

s
. Thus

‖F(u)‖ 2N

N+𝛼
≲ ‖|u|q‖ 2N

N+𝛼
+ ‖|u| p‖ 2N

N+𝛼
= ‖u‖q

2
+ ‖u‖ p

2N p

N+𝛼
.

Therefore by Proposition 2.2 and Young’s inequality we have

∫
ℝN

(I𝛼∗|F(u)|)|F(u)| dx ≲ ‖F(u)‖22N
N+𝛼

≲

(‖u‖q
2
+ ‖u‖ p

2N p

N+𝛼

)2

≲ ‖u‖2q
2
+ ‖u‖2 p

2N p

N+𝛼
≤ ‖u‖2q

Hs + ‖u‖2 p
Hs

thus

(𝜆, u) ≲ ‖u‖2
Hs − ‖u‖2q

Hs − ‖u‖2 p
Hs > 0

for ‖u‖Hs small, u ≠ 0. □
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By (5.36) we obtain

𝜕Ω =
{
(𝜆, u) ∈ ℝ × Hs

r
(ℝN ) ∣ (𝜆, u) = 0, u ≢ 0

}
and we call 𝜕Ω Pohozaev mountain, on which m has height bounded from below (Proposition 5.2) and which

separates zones where m is small (Proposition 5.3), as we see next. We observe that 𝜕Ω ≠ ∅, for instance by [46,
Theorems 1 and 3].

Proposition 5.2. Assume (F1)–(F4) and (F5). We have the following properties.

(i)  (𝜆, u) ≥ 0 for all (𝜆, u) ∈ Ω.
(ii)  (𝜆, u) ≥ a1(𝜆) > 0 for all (𝜆, u) ∈ 𝜕Ω.
(iii) Assume (CF3). For any m > 0, we set

Em := inf
(𝜆,u)∈𝜕Ω

m(𝜆, u), and Bm := inf
𝜆∈ℝ

(
a1(𝜆)−

e𝜆

2
m

)
.

Then Em ≥ Bm > −∞.

Proof. We notice that for all (𝜆, u) ∈ Ω

 (𝜆, u) ≥  (𝜆, u)− (𝜆, u)
N + 𝛼 = 𝛼 + 2

2(N + 𝛼)
‖‖‖(−Δ)s∕2u‖‖‖22 + 𝛼

2(N + 𝛼)e
𝜆‖u‖2

2
≥ 0

and thus (i) follows. As regards (iii): the fact that Em ≥ Bm is a direct consequence of (ii), while the fact that

Bm > −∞ comes from Proposition 4.1 (i).

Focus now on point (ii): this comes from the fact that for each 𝜆 the mountain pass level a1(𝜆) coincides

with the ground state energy level (see [86, Section 4.2] and [44, Proposition 3.3] for details). Differently, without

exploiting the existence result for theunconstrainedproblem,weargue as follows (see [49, Remark 3.4.3]): let 𝛾 ∈
Γ(𝜆); by definition ofΓ1(𝜆) and by point (i) there exists t

∗ such that 𝛾(t∗) ∈ 𝜕Ω and 𝛾(t∗) ≠ 0, thus(𝜆, 𝛾(t∗)) = 0.

This means that

 (𝜆, 𝛾(t∗)) = 𝛼 + 2s

2(N + 𝛼)
‖‖‖(−Δ)s∕2𝛾(t∗)‖‖‖22 + 𝛼𝜇

2(N + 𝛼)
‖‖𝛾(t∗)‖‖22 ≃ ‖‖𝛾(t∗)‖‖2Hs

thus

a(𝜆) ≳ inf
u∈(𝜕Ω)𝜆

‖u‖2
Hs

where (𝜕Ω)𝜆 :=
{
u ∈ Hs

r
(ℝN )∖{0} ∣ (𝜆, u) = 0

}
. Since, by (5.36), (𝜕Ω)𝜆 is far from the line (𝜆, 0), we obtain that

the right-hand side is strictly positive, which is the claim. □

From now on we assume (CF3) to give sense to the quantity Bm. In view of Proposition 5.2 (iii), we set for

m > 0 and n ∈ ℕ∗

Γm
n
:=

{
Θ ∈ C(Dn,ℝ × Hs

r
(ℝN )) ∣ Θ is 𝔾− equivariant, m(Θ(0)) ≤ Bm − 1,

Θ|𝜕Dn ∉ Ω, m(Θ|𝜕Dn ) ≤ Bm − 1
}

and

bm
n
:= inf

Θ∈Γm
n

sup
𝜉∈Dn

(Θ(𝜉));
we point out that asking Θ = (Θ1,Θ2) ∈ Γm

n
to be 𝔾-equivariant means that Θ1 is even and Θ2 is odd, and in

particularΘ2(0) = 0 which impliesΘ(0) ∈ Ω. Arguing as in [57], [65] we obtain the following.

Proposition 5.3. Assume (F1)–(F2)–(CF3)–(F4)–(F5). We have the following properties.

(i) For any m > 0 and n ∈ ℕ∗, we have Γm
n
≠ ∅ and

bm
n
≤ an(𝜆)− e𝜆

m

2
,
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for each 𝜆 ∈ ℝ. Moreover, bm
n
increases with respect to n.

(ii) For any k ∈ ℕ∗ there exists mk ≥ 0, namely given by

mk := 2 inf
𝜆∈ℝ

ak(𝜆)

e𝜆
,

such that for m > mk

bm
n
< 0 for n = 1, 2,… , k.

Moreover, mk is increasing with respect to k.

(iii) If (CF4) holds, then mk = 0 for each k ∈ ℕ∗. That is, for each m > 0 we have

bm
n
< 0 for all n ∈ ℕ∗.

Corollary 5.4. For any m > 0, we have

Bm = Em = bm
1
,

i.e. the first minimax value bm
1
equals the Pohozaev minimum Em on the product space.

5.2 The Palais–Smale–Pohozaev condition

For every b ∈ ℝ we set

KP,m

b
:=

{
(𝜆, u) ∈ ℝ × Hs

r
(ℝN ) ∣ m(𝜆, u) = b, Dm(𝜆, u) = 0, (𝜆, u) = 0

}
.

We notice that, assuming (F5), KP,m

b
is invariant under the 𝔾-action.

As already observed, under (F1)–(F2) it is not known if 𝜕um(𝜆, u) = 0 implies (𝜆, u) = 0, thus it seems

hard to recognize the compactness of Km
b
:=

{
(𝜆, u) ∈ ℝ × Hs

r
(ℝN ) ∣ m(𝜆, u) = b, Dm(𝜆, u) = 0

}
(through the

standard Palais–Smale condition) without the additional condition (𝜆, u) = 0.

Inspired by [58], [63], [87], we make use of the Palais–Smale–Pohozaev condition, a weaker compactness

condition that takes into account the scaling properties of m through the Pohozaev functional  . Through this
tool we will show that KP,m

b
is compact when b < 0.

We thus have the following result, which can be found in [69, Theorem 3].

Proposition 5.5. Assume (F1)–(CF2)–(CF3) and let b < 0. Then m satisfies the the Palais–Smale–Pohozaev con-

dition at level b (shortly the (PSP)b condition), that is every (𝜆n, un)n ⊂ ℝ × Hs
r
(ℝN ) satisfying

m(𝜆n, un)→ b, (5.37)

𝜕𝜆m(𝜆n, un)→ 0, (5.38)

‖‖𝜕um(𝜆n, un)
‖‖(Hs

r
(ℝN ))∗ → 0, (5.39)

(𝜆n, un)→ 0. (5.40)

has a strongly convergent subsequence in ℝ × Hs
r
(ℝN ).

As a consequence, KP,m

b
∩ (ℝ × {0}) = ∅ and KP,m

b
is compact.

We emphasize that KP,m

0
is not compact, since we can consider an unbounded sequence (𝜆n, 0) with 𝜆n →

−∞.

Proof of Theorem 1.3. Once obtained the (PSP) condition, one can argue as in [57], [58], [65]. We construct a

deformation flow for m through a deformation of an augmented functional

m(𝜃, 𝜆, u) :=m(𝜆, u(e−𝜃⋅))
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on a Hilbert manifold M :=ℝ ×ℝ × Hs
r
(ℝ N) with a suitable metric. Applying genus arguments we can find

multiple solutions. We refer to [57], [58], [65] for details. □

Proof of Theorem 1.2. Theorem 1.2 can obtained as a byproduct of the techniques developed for Theorem 1.3.

See [65, Section 5] for details. □

6 The Pohozaev identity

In [39, equation (6.1)], in presence of power nonlinearities, it is proved that every weak solution u is C2 and thus

satisfies the Pohozaev identity (1.7).

Here we want to extend the identity to more general nonlinearities and to more general solutions u ∈ C1.

We consider the following assumption:

(F6) f ∈ C0,𝜎
loc
(ℝ) for some 𝜎 ∈ (0, 1].

From [44, Theorem 1.2 andProposition 4.9] and [47, Section 3.1] (see also [49, Section 4.4.5])wehave the following

regularity results.

Proposition 6.1. ([44], [47], [49]) Assume that (F1)–(F2) hold. Let u ∈ Hs(ℝN ) be a weak solution of (1.2). Then

(i) if u is nonnegative or lim sup𝜎→0
| f (𝜎)||𝜎| <∞, then u ∈ L∞(ℝN ).

Let now u ∈ Hs(ℝN ) ∩ L∞(ℝN ) be a weak solution of (1.2). Then

(ii) u ∈ L1(ℝN ) ∩ H2s(ℝN ); in particular, F(u) ∈ L1(ℝN ) ∩ L∞(ℝN );

(iii) if s ∈ (0,
1

2
], then u ∈ C0,𝛾 (ℝN ) for any 𝛾 ∈ (0, 2s] ∩ (0, 1);

(iv) if s ∈ (
1

2
, 1), then u ∈ C1,𝛾 (ℝN ) for any 𝛾 ∈ (0, 2s− 1).

Assume (F6) in addition. Then

(v) if s ∈ (0,
1

2
) and 𝜔 :=min{2s𝜎, 𝛼} ≤ 1− 2s, then u ∈ C0,𝛾 (ℝN ) for every 𝛾 ∈ (0, 𝜔+ 2s] ∩ (0, 1);

(vi) if s ∈ [
1

4
,
1

2
) and 𝜔 :=min{2s𝜎, 𝛼} > 1− 2s, then u ∈ C1,𝛾 (ℝN ) for every 𝛾 ∈ (0, 𝜔+ 2s− 1] ∩ (0, 1);

(vii) if s ∈ [
1

2
, 1) and 𝜔 :=min{𝜎, 𝛼} ≤ 2− 2s, then u ∈ C1,𝛾 (ℝN ) for any 𝛾 ∈ (0, 𝜔+ 2s− 1] ∩ (0, 1);

(viii) if s ∈ (
1

2
, 1) and 𝜔 :=min{𝜎, 𝛼} > 2− 2s then u ∈ C2,𝜔+2s−2(ℝN );

and moreover

(ix) if 𝛼 < 2 and 𝜎 > 1− 2s, then u ∈ C1,𝛾 (ℝN ) for every 𝛾 ∈ (0, 1).

Finally assume f ∈ C1(ℝ). Then
(x) if s ∈ (

1

2
, 1), then u ∈ C2,𝛾 (ℝN ) for every 𝛾 ∈ (0, 2s− 1).

In particular, we have the following.

Corollary 6.2. Assume that (F1)–(F2) hold. Let u ∈ Hs(ℝN ) ∩ L∞(ℝN ) be a weak solution of (1.2). Assume in addi-

tion one of the following

– s ∈ (
1

2
, 1),

– s = 1

2
and (F6),

– s ∈ [ 1
4
,
1

2
), 𝛼 ∈ (1− 2s,N) and (F6) with 𝜎 ∈ ( 1−2s

2s
, 1],

– s ∈ (0,
1

2
), 𝛼 ∈ (0, 2) and (F6) with 𝜎 ∈ (1− 2s, 1].

Then u ∈ C1,𝛾 (ℝN ) for some 𝛾 ∈ (0, 1). If s ∈ (
1

2
, 1) and (F6) holds too, then we can choose 𝛾 ∈ (2s− 1, 1).

Under a pointwise well posedness of the fractional Laplacian, and the existence of a weak gradient, we

obtain the following integration by parts rule, inspired by [88, Lemma 4.2].

Proposition 6.3. Let s ∈ (0, 1). Let u ∈ Ds,2(ℝN ) ∩ C
𝛾

loc
(ℝN ) ∩ Liploc(ℝN ) for some 𝛾 > 2s, and assume (2.10). Let

moreover X ∈ C1
c
(ℝN ,ℝN ) be a vector field, and define, for x, y ∈ ℝN, x ≠ y,
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s
X
(x, y) :=

(
div(X)

)
(x)+

(
div(X)

)
(y)

2
− N + 2s

2

(X(x)− X(y)) ⋅ (x − y)|x − y|2
the fractional divergence kernel related to X. Then it holds

CN,s
2 ∫

ℝN

∫
ℝN

|u(x)− u(y)|2|x − y|N+2s s
X
(x, y)dxdy = −∫

ℝN

(−Δ)su (∇u ⋅ X) dx;

noticed that the left-hand side is the weighted Gagliardo seminorm with weights
X
, set

s
u
(x, y) := CN,s

2

|u(x)− u(y)|2|x − y|N+2s
we can write (s

u
,s

X

)
L2(ℝ2N )

= −
(
(−Δ)su∇u,X

)
L2(ℝN )

.

Proof. For the proof, we follow the lines of [77] (see also [89]). We start noticing that, being u ∈ Ds,2(ℝN ), by the

assumptions we have

s
u
∈ L1(ℝ2N ), s

X
∈ L∞(ℝ2N )

so that the product is summable. By Dominated Convergence theorem, the symmetry of the kernel, and the

Fubini theorem, we obtain

2

CN,s

(s
u
,s

X

)
L2(ℝ2N )

= lim
𝜀→0 ∬|x−y|>𝜀

|u(x)− u(y)|2|x − y|N+2s s
X
(x, y)dxdy

= lim
𝜀→0 ∬|x−y|>𝜀

|u(x)− u(y)|2|x − y|N+2s
(
div(X)(x)− (N + 2s)

(x − y) ⋅ X(x)|x − y|2
)
dxdy

= lim
𝜀→0∫

ℝN

⎛⎜⎜⎜⎝ ∫
ℝN∖B𝜀(y)

|u(x)− u(y)|2|x − y|N+2s
(
div(X)(x)− (N + 2s)

(x − y) ⋅ X(x)|x − y|2
)
dx

⎞⎟⎟⎟⎠dy.
Exploiting that, for x ≠ y, ∇x

1|x−y|N+2s = −(N + 2s)
x−y|x−y|N+2s+2 , and the Divergence theorem (possible because

X|⋅−y|N+2s ∈ C1
c
(ℝN∖B𝜀(y)) and u ∈ Liploc(ℝN ) ⊂ W 1,∞(supp(X)), see [90, Theorem 4.6])

2

CN,s

(s
u
,s

X

)
L2(ℝ2N )

= lim
𝜀→0∫

ℝN

⎛⎜⎜⎜⎝ ∫
ℝN∖B𝜀(y)

|u(x)− u(y)|2( div(X)(x)|x − y|N+2s − (N + 2s)
(x − y) ⋅ X(x)|x − y|N+2s+2

)
dx

⎞⎟⎟⎟⎠dy

= lim
𝜀→0∫

ℝN

⎛⎜⎜⎜⎝ ∫
ℝN∖B𝜀(y)

|u(x)− u(y)|2divx( X|x − y|N+2s
)
(x)dx

⎞⎟⎟⎟⎠dy

= −2 lim
𝜀→0∫

ℝN

⎛⎜⎜⎜⎝ ∫
ℝN∖B𝜀(y)

(u(x)− u(y))∇u(x) ⋅ X(x)|x − y|N+2s dx
⎞⎟⎟⎟⎠dy

+ lim
𝜀→0∫

ℝN

⎛⎜⎜⎜⎝ ∫
𝜕B𝜀(y)

|u(x)− u(y)|2 X(x)|x − y|N+2s ⋅ x − y|x − y|d𝜎(x)
⎞⎟⎟⎟⎠dy
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= −2 lim
𝜀→0∫

ℝN

⎛⎜⎜⎜⎝ ∫
ℝN∖B𝜀(y)

u(x)− u(y)|x − y|N+2s∇u(x) ⋅ X(x)dx
⎞⎟⎟⎟⎠dy

+ lim
𝜀→0

1

𝜀N+2s+1 ∫
ℝN

⎛⎜⎜⎜⎝ ∫
𝜕B𝜀(y)

|u(x)− u(y)|2X(x) ⋅ (x − y)d𝜎(x)

⎞⎟⎟⎟⎠dy.
=: − 2 lim

𝜀→0
I𝜀 + lim

𝜀→0
E𝜀;

here we split the limits since we will prove the existence of both.

For the first integral, we notice that x ↦ ∫ℝN∖B𝜀(x)
|u(x)−u(y)||x−y|N+2s |∇u(x) ⋅ X(x)|dy ≤ C𝜀‖u‖∞|∇u(x) ⋅ X(x)| ∈ L1(ℝN )

so that we can apply Fubini theorem, then we perform a symmetrization substitution and apply again Fubini

theorem, andfinallyDominated Convergence theorem (since y ↦ 2u(x)−u(x+y)−u(x−y)|y|N+2s ∈ L1(ℝN ) by Proposition 2.1),

obtaining

CN,s lim
𝜀→0

I𝜀 = CN,s lim
𝜀→0 ∬|x−y|>𝜀

u(x)− u(y)|x − y|N+2s∇u(x) ⋅ X(x)dxdy
= CN,s

2
lim
𝜀→0 ∬|y|>𝜀

2u(x)− u(x + y)− u(x − y)|y|N+2s ∇u(x) ⋅ X(x)dxdy

= lim
𝜀→0∫

ℝN

∇u(x) ⋅ X(x)
⎛⎜⎜⎜⎝
CN,s
2 ∫

ℝN∖B𝜀(0)

2u(x)− u(x + y)− u(x − y)|y|N+2s dy

⎞⎟⎟⎟⎠dx
= ∫

ℝN

∇u ⋅ X(−Δ)su.

For the second integral, notice that the set {(x, y) ∈ ℝ2N ∣ x ∈ supp(X), |x − y| = 𝜀} is bounded. Thus the
integrand (being bounded) is summable, which allows us to implement the Fubini theorem and obtain, by

exploiting also a symmetrization argument,

(N + 2s)E𝜀 =
1

𝜀N+2s+1 ∬|x−y|=𝜀
|u(x)− u(y)|2X(x) ⋅ (x − y)d𝜎(x) × dy

= 1

2𝜀N+2s+1 ∬|x−y|=𝜀
|u(x)− u(y)|2(X(x)− X(y)) ⋅ (x − y)d𝜎(x) × dy.

If supp(X) ⊂ BR(0), then out of the set

AR,𝜀 :={(x, y) ∈ BR(0) × BR(0) ∣ |x − y| = 𝜀}
the integrand is null. Thus, being u ∈ Liploc(ℝN ) (actually it is sufficient u ∈ C0,𝜃

loc
(ℝN ) for some 𝜃 > s) and X ∈

Lip(ℝN ,ℝN ), we get

E𝜀 ≲
1

𝜀N+2s+1∬
AR,𝜀

|x − y|4d𝜎(x) × dy

= 𝜀−N−2s+3m2N−1(AR,𝜀).

Observed thatm2N−1(AR,𝜀) ≲ mN (BR)mN−1(𝜕B𝜀) ∼ 𝜀N−1, we obtain E𝜀 ≲ 𝜀−2s+2 → 0. Joining the pieces, we reach

the claim. □
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Corollary 6.4. In the assumptions of Proposition 6.3, let G ∈ C1(ℝN ) with G(u) ∈ L1(ℝN ) and

(−Δ)su = g(u) in ℝN

in the pointwise sense, where G′ = g. Then

CN,s
2 ∫

ℝN

∫
ℝN

|u(x)− u(y)|2|x − y|N+2s s
X
(x, y)dxdy = −∫

ℝN

∇G(u) ⋅ X dx

= ∫
ℝN

G(u) div(X)dx,

i.e. (s
u
,s

X

)
L2(ℝ2N )

= (G(u), div(X))L2(ℝN ).

We deal now with the Riesz kernel, right-hand side of the equation.

Proposition 6.5. Let 𝛼 ∈ (0,N) and H ∈ Liploc(ℝN ) ∩ L∞(ℝN ) be such that

(I𝛼∗|H|)|H| ∈ L1(ℝN ), (I𝛼∗|H|)|∇H| ∈ L1
loc
(ℝN ).

Let moreover X ∈ C1
c
(ℝN ,ℝN ) be a vector field and set, for x, y ∈ ℝN, x ≠ y,

− 𝛼

2

X
(x, y) :=

(
div(X)

)
(x)+

(
div(X)

)
(y)

2
− N − 𝛼

2

(X(x)− X(y)) ⋅ (x − y)|x − y|2 .

Then

∫
ℝN

∫
ℝN

I𝛼(x − y)H(x)H(y)− 𝛼

2

X
(x, y)dxdy = −∫

ℝN

(
I𝛼∗H

)
∇H ⋅ X dx,

i.e. set

𝛼
H
(x, y) := I𝛼(x − y)H(x)H(y)

we have (𝛼
H
,− 𝛼

2

X

)
L2(ℝ2N )

= −
(
(I𝛼∗H)∇H,X

)
L2(ℝN )

.

Proof. We proceed as in the proof of Proposition 6.3. We start noticing that

𝛼
H
∈ L1(ℝ2N ), − 𝛼

2

X
∈ L∞(ℝ2N )

by the assumptions, so that the product is summable. Thus

(𝛼
H
,− 𝛼

2

X

)
L2(ℝ2N )

= lim
𝜀→0∫

ℝN

⎛⎜⎜⎜⎝ ∫
ℝN∖B𝜀(y)

I𝛼(x − y)H(x)H(y)

(
div(X)(x)− (N − 𝛼) (x − y) ⋅ X(x)|x − y|2

)
dx

⎞⎟⎟⎟⎠dy.
Since H ∈ Liploc(ℝN ) ⊂ W 1,∞(supp(X)), we have

1

CN,𝛼

(𝛼
H
,− 𝛼

2

X

)
L2(ℝ2N )

= − lim
𝜀→0∫

ℝN

⎛⎜⎜⎜⎝ ∫
ℝN∖B𝜀(y)

1|x − y|N−𝛼H(y)∇H(x) ⋅ X(x)dx
⎞⎟⎟⎟⎠dy

+ lim
𝜀→0

1

𝜀N−𝛼+1 ∫
ℝN

⎛⎜⎜⎜⎝ ∫
𝜕B𝜀(y)

H(x)H(y)X(x) ⋅ (x − y)d𝜎(x)

⎞⎟⎟⎟⎠dy.
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=: − lim
𝜀→0

I𝜀 + lim
𝜀→0

E𝜀.

For I𝜀 we notice that (I𝛼∗|H|)|∇H||X| ∈ L1(ℝN ), thus (x, y) ↦ I𝛼(x − y)H(y)∇H(x) ⋅ X(x) ∈ L1(ℝ2N ) and we

can apply (twice) Fubini theorem; moreover I𝛼(x − ⋅)H ∈ L1(ℝN ), and we can apply Dominated Convergence

theorem. Hence we obtain

CN,𝛼 lim
𝜀→0

I𝜀 = lim
𝜀→0 ∬|x−y|>𝜀

I𝛼(x − y)H(y)∇H(x) ⋅ X(x)dxdy

= lim
𝜀→0∫

ℝN

∇H(x) ⋅ X(x)
⎛⎜⎜⎜⎝ ∫
ℝN∖B𝜀(x)

I𝛼(x − y)H(y)dy

⎞⎟⎟⎟⎠dx

= ∫
ℝN

∇H(x) ⋅ X(x)
⎛⎜⎜⎜⎝ lim𝜀→0 ∫

ℝN∖B𝜀(x)

I𝛼(x − y)H(y)dy

⎞⎟⎟⎟⎠dx
= ∫

ℝN

∇H(x) ⋅ X (I𝛼∗H).

We can write E𝜀 instead as

E𝜀 =
1

2𝜀N−𝛼+1 ∬|x−y|=𝜀
H(x)H(y)(X(x)− X(y)) ⋅ (x − y)d𝜎(x) × dy.

If supp(X) ⊂ BR(0), set AR,𝜀 :={(x, y) ∈ BR(0) × BR(0) ∣ |x − y| = 𝜀} and observed that H ∈ L∞(ℝN ), we obtain

E𝜀 ≲
1

𝜀N−𝛼+1∬
AR,𝜀

|x − y|2d𝜎(x) × dy = 𝜀−N+𝛼+1m2N−1(AR,𝜀) ≲ 𝜀
𝛼 → 0,

being 𝛼 > 0. This concludes the proof. □

Theorem 6.6. Let s ∈ (0, 1) and 𝛼 ∈ (0,N) and assume that (F1)–(F2) hold. Let u ∈ Hs(ℝN ) ∩ C
𝛾

loc
(ℝN ) ∩

Liploc(ℝN ) for some 𝛾 > 2s, be a pointwise solution of (1.2). Then u satisfies the Pohozaev identity (1.7).

Proof. Weapply Proposition 6.3 and Proposition 6.5withH = F(u); notice that the assumptions on u and F imply

the needed conditions onH (in particularwe highlight that f (u) ∈ L
2N

N+𝛼
loc

(ℝN )). Thus, for a genericX ∈ C1
c
(ℝN ,ℝN )

we obtain (s
u
,s

X

)
L2(ℝ2N )

= −
(
(−Δ)su∇u,X

)
L2(ℝN )

= 𝜇(u∇u,X)L2(ℝN ) −
(
(I𝛼∗F(u)) f (u)∇u,X

)
L2(ℝN )

= 𝜇

2

(
∇(u2),X

)
L2(ℝN )

−
(
(I𝛼∗F(u))∇F(u),X

)
L2(ℝN )

= −𝜇
2

(
u2, div(X)

)
L2(ℝN )

+
(𝛼

F(u)
,− 𝛼

2

X

)
L2(ℝ2N )

.

In particular, we apply the result to

Xn(x) :=𝜑n(x) x

where𝜑n is a cut-off function with𝜑n ≡ 1 in Bn(0), supp(𝜑n) ⊂ Bn+1(0), ‖‖𝜑n
‖‖∞ = 1 and |x||∇𝜑n(x)| ≤ C for each

x ∈ ℝN and n ∈ ℕ; for instance, defined such 𝜑1, we can set 𝜑n :=𝜑1(⋅∕n) and obtain|x||∇𝜑n(x)| = |x∕n||∇𝜑1(x∕n)| ≤ ‖‖|x||∇𝜑1(x)|‖‖∞.
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In particular, x ↦ x𝜑n(x) is equi-Lipschitz. Noticed that div(Xn) = N𝜑n +∇𝜑n ⋅ x we gain(s
u
,s

Xn

)
L2(ℝ2N )

= CN,s
2 ∫

ℝN

∫
ℝN

|u(x)− u(y)|2|x − y|N+2s
(
N(𝜑n(x)+ 𝜑n(y))

2

)
dxdy

− CN,s
2 ∫

ℝN

∫
ℝN

|u(x)− u(y)|2|x − y|N+2s
(
N + 2s

2

(𝜑n(x) x − 𝜑n(y)y) ⋅ (x − y)|x − y|2
)
dxdy

+ CN,s
2 ∫

ℝN

∫
ℝN

|u(x)− u(y)|2|x − y|N+2s
(
∇𝜑n(x) ⋅ x +∇𝜑n(y) ⋅ y

2

)
dxdy

→
CN,s
2 ∫

ℝN

∫
ℝN

|u(x)− u(y)|2|x − y|N+2s (
N − N + 2s

2

)
= N − 2s

2
[u]2ℝN

where we used 𝜑n → 1,∇𝜑n → 0 and Dominated Convergence theorem. Similarly

(𝛼
F(u)
,𝛼

Xn
)L2(ℝ2N ) → ∫

ℝN

∫
ℝN

I𝛼(x − y)F(u(x))F(u(y))
(
N − N − 𝛼

2

)
dxdy

= N + 𝛼
2 ∫

ℝN

(
I𝛼∗F(u)

)
F(u).

and
𝜇

2

(
u2, div(Xn)

)
L2(ℝN )

→ 𝜇
N

2
‖u‖2

2
.

Joining the pieces, we have the claim. □

Proof of Theorem 1.6. The theorem is a consequence of Corollary 6.2 and Theorem 6.6. □

Remark 6.7. We comment the name of s
X
. Indeed, up to a multiplicative constant, we have, for any 𝛽 ∈ (0, 1)

and X ∈ Lipc(ℝN ,ℝN ), by [91, equations (2.9c) and (2.11)] (see also [92])

∫
ℝN

∫
ℝN

s
X
(x, y)|x − y|N+𝛽−1 = ∫

ℝN

⎛⎜⎜⎝∫ℝN

div(X(y))|x − y|N+𝛽−1 dy⎞⎟⎟⎠dx − N + 2s

2 ∫
ℝN

⎛⎜⎜⎝∫ℝN

(X(x)− X(y)) ⋅ (x − y)|x − y|N+𝛽+1 dy

⎞⎟⎟⎠dx
= (N + 𝛽 − 1)∫

ℝN

div𝛽 (X)(x)dx − N + 2s

2 ∫
ℝN

div𝛽 (X)(x)dx

= (N + 2𝛽 − 2− 2s)∫
ℝN

div𝛽 (X);

in particular

∫
ℝN

∫
ℝN

s
X
(x, y)|x − y|N+s−1 = (N − 2)∫

ℝN

divs(X).

We refer also to [77, Chapter 3] wheres
X
is seen as the derivative of a suitable family of deformations.
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