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Abstract

We derive a new existence result for a class of N-Laplacian problems where the classical N-Laplacian is
replaced by an operator which admits some coefficients depending on the solution itself. Even if such coeffi-
cients make the variational approach more difficult, a suitable supercritical growth for the nonlinear term is
allowed. Our proof, which exploits the interaction between two different norms, is based on a weak version
of the Cerami—Palais—Smale condition and a proper decomposition of the ambient space. Then, a suitable
generalization of the Ambrosetti-Rabinowitz Mountain Pass Theorem allows us to establish the existence of
at least one nontrivial bounded solution.
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1. Introduction

A classical N-Laplacian problem is

~Anu = h(u) " inQ,
(1.1)
u =0 on 02,

with © open bounded domain in RY, N > 2 and Ayu = div(|Vu|Y~2Vu) standard N-Laplacian operator,
where «, v > 0 are given constants and h : R — R is a continuous function which has a “subexponential”

growth at infinity, i.e., which is so that
h(t)

1m s
[t] =00 edltl

=0 Vo > 0.

It is well known that this problem is governed by the Trudinger—Moser inequality

sup / eonul™ gy < +00, (1.2)
ueWOl'N(Q) Q
lull vy <1
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where Wol’N(Q) is the usual Sobolev space with norm |Jul y = ([, [Vu|" dz) 1/N, ay = ijlv/g_l), WN_1
is the area of the unit sphere in RV and N’ = N/(N — 1) is the Holder conjugate of N (see Trudinger [I5]
and Moser [14]), so has a subcritical growth if v < N’ while critical if v = N'.

Existence of solutions of problem in both the subcritical and the critical case has been widely studied
in the literature (see, e.g., [11, 2, 5] [6] [7, [8, [0, 10, 6] and references therein). On the other hand, several
physical phenomena, for example in the theory of superfluid film and in dissipative quantum mechanics, are
described by equations where the principal part is a model of —div [(Ao(z) + A(x) |ufP*) [Vu[P~2 Vu] (for
more details, see [I3] and references therein) and some existence results have been obtained for nonlinear
terms with a suitable supercritical growth when such a coefficient appears (see [4]).

Thus, in the present paper, we prove the existence of weak bounded solutions to the quasilinear problem
—div [(Ao(z) + A(z) [u|V*) [Vu|V =2 Vu]  + s A(z) [uV*72 u [VulY

= h(u) elul” in Q, (1.3)

u=20 on 01,

where s > 1/N is a constant and the coeflicients Ay, A € L>°(Q) are strictly positive and far away from zero,
while the continuous function h(u) has a subexponential growth at infinity and satisfies suitable estimates
together with the primitive of the nonlinear term (for the complete statement, see Theorem [2.5]).

In our proof, we use a variational approach which is strongly affected by the presence of the coefficient
Ao(z) + A(z) [u[V*. In fact, in order to find weak solutions of (.3)), the “natural” functional E(u), defined
in , is not smooth in the classical Sobolev space VVO1 N(Q) and, in order to overcome such a problem, a
suitable variational principle is stated but in the intersection space X = Wy ™ (€2) N L>(Q) (see Proposition
2.6). Unluckily, in such a setting we cannot apply directly an existence result such as the classical Ambrosetti—
Rabinowitz theorem. Indeed, X is not reflexive and our functional may not satisfy the Palais—Smale condition,
or its Cerami’s variant, as some of its Palais-Smale sequences may converge in VVO1 N(Q) but not in L> ().
These problems are solved by considering the interplay of two different norms on the Banach space X: we
have to weaken the definition of Palais—Smale condition (see Definition , which can be proved for our
functional E(u) in X just making use of the reflexivity of W, '™ (Q) (see Proposition [3.4), and use it for
stating a generalized version of the Mountain Pass Theorem (see Theorem .

Anyway, even if the term |u|V® in the coefficient makes the variational approach more difficult, it can
allow the nonlinear term to be supercritical as it makes “stronger” the principal part.

Thus, here, the novelty with respect to previous papers, is not only the presence of a coefficient but also

that problem (|1.3) has weak solutions for 0 < v < (s + 1)N’, which includes also the supercritical range
N <~y < (s+1)N".

2. Preliminaries

Firstly, let us point out the abstract setting we deal with.



Let (X, ]|-|x) be a Banach space with dual space (X', ||-||x/) and consider another Banach space (W, ||-||w)

such that X — W continuously, i.e. X C W and a constant oy > 0 exists such that
lullw < oo |lullx for all w € X.

Let J: X C W — R be a C! functional and, taking ¢ € R, we recall that a sequence (u,), C X is a

Cerami—Palais—Smale sequence for J at level ¢, briefly (C'PS).—sequence, if

lim J(u,)=c and 113-1 |l dJ (un)|| x (1 + ||un | x) = 0.

n—-+oo

As (CPS). sequences may exist which are unbounded in || - ||x but converge with respect to | - [|w, we
have to weaken the classical Cerami—Palais—Smale condition in a suitable way according to the ideas already

developed in previous papers (see, e.g., [3]).

Definition 2.1. The functional J satisfies the weak Cerami-Palais—Smale condition at level ¢ (¢ € R), briefly

(wCPS). condition, if for every (CPS).—sequence (uy)n, a point u € X exists, such that
(i) liIJIrl llun, —ullw =0  (up to subsequences),

n—-+0oo
(ii)) J(u) =¢, dJ(u) =0.

If J satisfies the (wCPS). condition at each level ¢ € I, I real interval, we say that J satisfies the (wCPS)

condition in 1.

Definition allows us to state the following generalization of the Ambrosetti-Rabinowitz Mountain Pass
Theorem (see [4, Theorem 2.3]).

Theorem 2.2. Let J € C}(X,R) be such that J(0) = 0 and the (wCPS) condition holds in Ry. Moreover,

assume that there exist a continuous map £ : X — R, some constants rg, 09 > 0, and a point u € X such that
(i) £(0)=0 and lu) > |lullw  for allu € X;
(1) ue X, Lu)=ro = J(u) > 005

(i51) ||@|lw > ro and J(u) < 0.

Then, J has a Mountain Pass critical point u* € X such that J(u*) > gg.

Now, we are able to give the set of hypotheses we need for our problem. In particular, from now on we

assume that Q C RY is an open bounded domain, N > 2, and we denote by:
o L"(£2) the Lebesgue space with norm |ul, = ([, |u\7"dx)l/r if 1 <r < +oo;

e L>°(Q) the space of Lebesgue-measurable and essentially bounded functions u : @ — R with norm

oo = ess sup [u];
Q



° WO1 N() the classical Sobolev space with norm

lully = [Vuly = ( / |Vu|Ndz) :
Q

e |D| the usual N-dimensional Lebesgue measure of a measurable set D C RY;
e ¢; any strictly positive constant arising during computations.
Furthermore, as pointed out in Section [I} we denote by:
e wy_1 the area of the unit sphere in RV
e ay =N wllv/y;/_l) the best constant for the Trudinger—Moser inequality;

e N’'=N/(N —1) the Holder conjugate of N.

In problem (1.3)), let us suppose that the exponents s, a and v are such that

- 1
s> —
N

and also
a >0, 0<y<(s+1)N".
Moreover, assume that the coefficients Ag : @ — R and A : Q — R are such that:
(h1) Ao, A € L*™(Q) and a constant o > 0 exists such that
Ao(z) > ap and A(z) > ag for a.a. x € Q.

On the other hand, for function h : R — R and the related primitive

t
G(t) = / h(v)e?*" du,
0
which is well defined if h(t) is continuous and v > 0, we consider the following conditions:
(h2) h € C(R,R) is such that

h(t)
ol

=0 Vo>0,

1
[t]|—=+o0

and some constants 9, o1, o2 > 0 and a power 0 < g < N(s+1) exist such that
N(s+1)(1+0)G(t) — t h(t) e < o1|t|7+ 0y forall t € R;
(g1) some constants o3, o4 > 0 and a power 7 > N(s + 1) exist such that
G(t) > os]t|”" —o4 forall t € R;

(g92) some constants o, v > 0 exist such that

G(t) < (MN?‘O - o) Nt <,

where A1 denotes the first eigenvalue of —Ap in Wol’N (©) and ag is as in (hy).

(2.3)



Remark 2.3. If conditions (2.1]) and (h;) are verified, then
1
Alz,t,6) = + (Ao(@) + Aa) |t V)€Y

is a C'~Carathéodory function on 2 x R x RY such that for a.e. z € Q and all (¢,£) € R x RY we have that

%(x,t,o:sA(x)lthS*QtlslN and  VeA(z,1,€) € = NA(z,,€)
with also

VeA(t,6) €2 ao(L+ )N and S ,6) = sA@) e 20,

Hence, the hypotheses (Ho)—(Hs) and (H7) in [4] are all satisfied.
Example 2.4. Possible examples of function h(t) which satisfy all the previous assumptions are

[t|"—2¢ ifr>N

he(t) =
60‘t|N72t if r = N but with 0 < ﬂo < Aag.

In fact, taking G,(t) as in (2.3) with h(t) = h,(t), in both cases assumption (hg) is satisfied as v > 0 and
direct computations imply that
G (t)
im ——— =0,
[t|—>+o0 thy(t)eltl”

while (g1) follows from well known properties of the exponential map and (gz) is a direct consequence of

G, (t) . . Gy(t)  Bo .
=0 if N | = — th A1Qg.
|t\H—I>10 [tV wr=>A, |t\H—I>10 [tV N M Bo < Mo

Now, we are ready to state our main existence result.

Theorem 2.5. Let us suppose that the exponents s, a and ~ are such that (2.1) and (2.2]) hold and assume
that the hypotheses (h1), (ha), (91) and (g2) are satisfied, too. Then, problem (1.3) possesses at least one

bounded nontrivial weak solution.

Our aim is investigating the existence of weak solutions of problem (1.3)) by means of the abstract varia-
tional tools introduced at the beginning of this section and which involve two different Banach spaces. Thus,

as first Banach space we consider

X = wWyN(Q)nL®(Q) (2.6)
endowed with the intersection norm
lullx = llully +[uloo,  weX,
while as second Banach space we consider
W =Wy ™(Q)  with [Juflw = [|u]x-
Clearly, it is X — Wol’N(Q) continuously with |Ju||xy < |Ju||x for all uw € X. Moreover, since

IV([ul*u)|¥ = (s+ DN JulV* |Vu|Y  ae. in Q, (2.7)



for every u € X we have that
/ V(jul*w)[Ydz = (s+1)Y / N [Vu[Ndz < (s + DN [ulX* lully < (s + DY lul{EH
Q Q
which implies
lulully < (s +1) Jlull5™

and |ul* u € Wy (), too.

So, if conditions and (h) are verified and if v > 0 and h(¢) is a continuous map, then the functional

1
B) = - / (Ao(x) + A()[u]N*) | VuNdz — / Glu)de (2.8)
Q Q

is well defined for all u € X with G(u) as in (2.3)). Or better, if taking any u,v € X, we consider the Gateaux

derivative of the functional E in u along the direction v given by
(dE(u),v) = / (Ao(2) + A(2)|uN*)|Vu| N "2Vu - Vo dz
Q
+s/ Al |ulV 20 v [Vu|Nde — /h(u)eo‘m'wv dx,
Q Q
the following regularity result holds.

Proposition 2.6. Assume that (2.1) and (h1) are verified and lety > 0 and h € C(R,R). Then, if (un)n C X,
u € X are such that

lun —ullw = 0, w, — uae in if n — 400
and M > 0 exists so that |uy|ec < M for alln € N,
then
E(up) = E(u) and || dE(un) —dE(u)||x =0 if n— +oo.

Hence, E : X — R is a C* functional with Fréchet derivative defined as in (2.9).

Proof. The proof follows from [4, Proposition 3.2] by means of Remark (2.3) and the Lebesgue’s Dominated

Convergence Theorem. O

3. The weak Cerami—Palais—Smale condition

The main purpose of this section is showing that the functional E(u), defined as in (2.8)), complies with
Definition on the Banach space X in ([2.6). To this aim, we introduce some crucial lemmas.
Firstly, we note that from the classical Trudinger—Moser inequality (|1.2) and equality (2.7)) in X we obtain
a variant of Trudinger—Moser inequality but dealing with the Banach space X:
Ky = sup /e“Nlu‘(SH)N dz < +oo. (3.1)
ueX Q

llul*ulln <1

Such an estimate allows us to obtain the following lemma which is useful in our setting.



Lemma 3.1. If power v is such that (2.2]) holds, then

Kg:= sup / Al dr < 400 for every 8> 0. (3.2)
ueX Q
[l v <1

Moreover, if (un)n C X is such that
Nununlln < ex  foralln € N (3.3)
or some constant ¢, > 0, then for every 8 > 0 a constant k}, = k%(c*) > 0 exists such that
B B

/eB|“"de < ki foralln € N. (3.4)
Q

Proof. Let 8 > 0 be fixed. Then, since (2.2]) implies p = (S%DN/ > 1, from the Young inequality applied to

such a power, for any £ > 0 a constant C. = C:(f) > 0 exists such that
Bt < elt|5TIN £ ¢, for all t € R. (3.5)
Thus, if u € X is such that [[|ul*ulx < 1, taking e = ay in (3.5), from we obtain that
/ Pl dy < / e“”|“|(5+1)NI+C°‘N dr < %~ Ky
Q Q

which implies (3.2]).
Now, let (un), C X be such that (3.3) holds and, without loss of generality, we assume that u, # 0 for all

n € N, so that we can put

w. — |t |*un
" [wn]5un v

with ||w, ||y = 1. Thus, denoting

an
EN ‘= —7
N’

and taking ¢ = ey in (3.5)), from (3.3]) and direct computations it follows that
/ Alunl’qy < / GEN‘H“"P“"”%/ fn |V +Cey dx < e%w / eaN‘w"lN/dx
Q Q Q
which, together with (1.2]), implies (3.4]). O

Now, in order to consider the supercritical growth, we need the following application of the Rellich Em-

bedding Theorem.
Lemma 3.2. Taking p= N and s > 0, let (u,), C X be a sequence such that
(/ (1 + |un V%) |Vun|Ndx> is bounded.

Q n

Then, u € Wol’N(Q) exists such that |u|*u € Wol’N(Q), too, and, up to subsequences, if n — +o0o we have
w, — u weakly in Wy (),
[tn*un — |ul®u weakly in Wol’N(Q),
Uy —> U a.e. in €,

Up — u strongly in L"(Q) for 1 <r < +oo.



Proof. For the proof, it is enough reasoning as in [4, Lemma 3.8] but with p* = 4o0. O

The last technical lemma we recall is necessary for proving the boundedness of the weak limit in WO1 N(Q)

of a (CPS)-sequence (for the proof, see [II, Theorem I1.5.1]).

Lemma 3.3. Take v € Wol’N(Q) and assume that Ly > 0 and ko € N exist such that

N/r m
/ |Vo|Ndz < Ly / (v — k) dx + Lo Y K"
Qf QF

S for all k> ko,

@

k =1

o OF ) 7 .
with Q7 = {z € Q:v(z) > k}, wherer, m, l;, &; (i € {1,...,m}), are such that
1<r<+4o0, >0 N<I[; <+o0.

Then, ess supq v is bounded from above by a positive constant which can be chosen so that it depends only on
|Q, N, r, Lo, ko, m, €;, l; and |v|L1(Qk+ )
(0]

Now, we are able to prove that our functional E(u) satisfies the weak Cerami-Palais-Smale condition.

Proposition 3.4. Under assumptions (2.1)), (2.2)), (h1), (h2) and (g1), the functional E : X — R as in (2.8))
satisfies the (wWCPS) condition in R.

Proof. Let ¢ € R and let (u,), C X be a (CPS), sequence, i.e.
E(up) — ¢ and  ||[dE(uy)||x (1 + [|unllx) = 0 asn— +oo. (3.10)

For simplicity, our proof is divided in several steps; more precisely, we will prove that:

1. (4n)n is bounded in Wol’N(Q), or to be more precise, that

(/ (1+ |unNs)|Vun|Ndx> is bounded; (3.11)
Q n

hence, also (|||t [*un|| 5 )n is bounded in Wy '™ (Q) and u € Wy ™ (Q) exists such that |u]5u € W, (),
too, and, up to subsequences, the limits (3.6)—(3.9) hold;
2. u e L>®(Q);

3. if k > |u|oo + 1 is large enough, then (Tj(uy))n is a Palais—Smale sequence at level ¢, that is
[dE(Ty(un))llx — 0 (3.12)

and

E(Ty(un)) — ¢, (3.13)

where T}, : R — R is defined as

t i<k
- (3.14)

kit if |t >k



4. || Trun — ul|y — 0, and then ||u, — u||y — 0, too;
5. E(u) = c and dE(u) = 0.

We use the notation (e,), for any infinitesimal sequence depending only on (u,), and (¢x.), when the

infinitesimal sequence depends also on a constant k.
Step 1. Taking 6 > 0 as in (2.5)), from [2.8)), [2.9), (3.10), (k1), (2.5) and direct computations it follows that
N(s+1)(1+0d)c+e, =N(s+1)(1+8)E(u,) — (dE(un), un)

>(s+1)8 ag /(1 + [un | V) |V, |V da
Q

+ /Q (unh(Un)ealunl” —N(s+1)(1+ S)G(un)>dl' (3.15)

>(s+1)5 a /(1+|un|Ns)|Vun\Ndm—al/ |z — oo]92).
Q Q

Then, if without loss of generality we suppose ¢ > 1+ s, from the Sobolev Embedding Theorem and direct

computations we have that

9
/ |un|?da < crlfun]*un |5
Q

hence, since ¢ < N(s + 1), from (3.15) we conclude that (3.11) is satisfied and then, from Lemma a

function u € VVO1 N(Q) exists which satisfies all the requirements in Step 1.

Step 2. Arguing by contradiction, assume that u ¢ L>(Q); hence, either

ess supu = +00 (3.16)
Q
or
ess sup(—u) = +o0. (3.17)
Q

For example, suppose that (3.16]) holds and for any fixed k € N we define the function

0 ift <k
Rit= ) . (3.18)
t—k ift>k
Now, taking any § > 0 such that the limit in (2.4)) is verified, a radius Ry > 0 exists such that
Ih(t)] < if |t > Ry, (3.19)
Thus, taking any integer £ > Ry, from (3.16)) we have that
Q5] >0, with  QF = {2 €Q: u(z) > k}. (3.20)

So, if we take k = k**! in definition (3-18)), from (3.7) it follows that

R (lunl*un) = Ry (Julu)  weakly in Wy ()



which implies, by the sequentially weakly lower semicontinuity of || - || 5, that

/ |VusTHNde < lim inf/ |Vust | N, (3.21)
Qz n—+o0o Qj;,k
where the set ) defined in (3.20) is such that

Qf ={zeQ: |[ufu> kT (3.22)

and also

Q:k ={r € Q: u,(x) >k} issuch that Q:k ={recQ: |u,*u, >k}

On the other hand, from definition (3.18) with k = k, we have that (R u,), C X and |Rfun|x < |luallx,
while from ([3.9) we obtain
Riu, — Rfu strongly in L?(Q); (3.23)

hence, (3.10) gives
(dE(un), B up)| — 0. (3.24)

From ([3.24) together with (3.20]), it follows that n; € N exists such that
(dE (un), B un)| < Q| for all n > ny. (3.25)

We note that, from (2.3)), (2.9)), definition (3.18)) and hypothesis (h1) we have that (2.7) and direct computa-

tions give
<dE(un),R,jun> = /+ (Ao(x) + A(x)|un V)| Vu, |V dx
Q

n,k
+ s/ A() [un |V 2 U (uy, — )|V, |[Nde — / h(un)ea|“"|7R$undx
b, Q

vV

ao/ |t |V | V| N dr — /h(un)ea‘“”lﬂ/Rzundx
b, Q
Qo

- m/gﬁ IV (uytH)[Nde — /Qh(un)ea‘""mRzundx,
n,k

which, together with (3.25)), gives

J

From definition (3.18) with & = k > R; which implies Rfu, =0ae. in Q\ Q;k, we have that estimate

IV (us™)Nde < M (Q+ +/ (uy, )e® " R4, dx) for alln > n (3.26)
n = o k 0 n k Yn = Tk .

+
n,k

(13.19) and Cauchy—Schwarz inequality imply

/Qh(un)eo‘lunlvR,i'und:c

< / )| B ] e d < / @l | Rby, | de

+
Qe

1/2 1/2 1/2
S / |Rzun‘2d$ (/ 62(Oé+5)un"fdx) S s (/ |Rzun|2dl_> ,
Q;k Q Q

10

n,k



as (fQ e2(a+5)|“”|7d:r)n is bounded by the statement in Step 1 and Lemmawith B =2(a+4). Thus, back
to (3.26]), we obtain

/+
Qn,k

Passing to the limit in (3.27)), from (3.21)) and (3.23) we have that

1/2
/ IV (u )| Nda < 3 <Q,j| + </ |Rgun2dz> ) , (3.28)
QF Q

where again from definition (3.18)) with k =k and direct computations it results

1/2 1/2
(/QR;uanx) < (/m |u|2daz> -k, (3.29)

k

1/2
IV(usNde < c3 (|QZ| + </ |R$un2d:t> ) for all n > ny. (3.27)
Q

Therefore, as in Qz itis 1 <k < u, then v2 < ¢2NG+D iy Qz and from ([3.29) it follows that (3.28)) turns

I,

k

into

1/2
V(Y Nde < ez | |18+ kY2 + (/ (us+1)2Ndx> . (3.30)
Q‘F

k
At last, if we set v = |u|*u, with v € Wol’N(Q)7 since (3.22) implies Qf = {z € Q : v(z) > k*'}, then from
(3-30) we obtain that

1/2
/ \VolNdz < es [ |51+ k|52 + (/ 1)2Nd£E> ,
Qf Qf

k

where, by direct computations, it is

1/2
/ 02V dx
Thy

IN

1/2
4 (/ (U _ ks+1)2NdCL'+ k2N(S+1)Q;€F>
o

N/2N
ca </+(U _ ks+1)2N> + k‘(s+1)N |Q;-‘1/2
Q

Hence, summing up, since 1 < k < kG+tDN we obtain

IN

N/2N
/ ‘V’U|Nd$ < ¢ </ (’U _ ks+1)2N> + k(s+1)N|Qz| + k(s+1)N|QZ_|1/2 ,
QF QF

k

and then Lemmaapplies to function v but taking any & > RT‘H and then in all the previous computations
k such that k = kst and r = 2N, m=2,1; =l = N, e; = 1 and g5 = 1/2.

Similar arguments allow us to exclude also and then it has to be u € L>®(Q).

Step 3. The proof of this step is essentially as in Step 3 of [3| Proposition 4.6], but, for completeness and
also for pointing out the different assumptions we need, here we give some details.

Firstly, consider R; > 0 so that (3.19) holds, and from assumption (g1) a radius Ry > 0 exists such that

G(t) >0 if || > R.. (3.31)

11



Then, fix any integer k such that k > max{R;, R, |t|eo} + 1 and define the “remainder” of the truncation

function in (3.14]) as

0 if |t| <k
Rit=t—-Tit = . (3.32)
t—kp if [t >k
For the choice of k we have that it is
Tiru=u and Rru=20 a.e. in ),
then from (3.6), (3.8)) and (3.9) it follows that Tyu, — u weakly in Wol’N(Q),
Ryu, — 0 strongly in L*(Q), (3.33)
| k] — 0 with Q,p:={ze€Q: |u,(z)| > k}. (3.34)

Furthermore, by definition, it is | Rxun||x < ||un|lx, then (3.10) implies
(dE(up), Rgun) — 0
which gives

en = (dE(uy,), Rpu,) = /Q (Ao () + A(2)|un V) | Vun |N do

k 5
+ S/ A(x)|un |V (1— ) |V, |Nde — /h(un)ea‘“"l Ryupdz,
Qe |Un| Q
where from the definition in (3.34) and assumption (hq) it is

/ Az)|un |V (1— k) |V, |[Ndz > 0,
Qn ke

U |

while from definition (3.32)), estimate (3.19) and Cauchy—Schwarz inequality we obtain that

/ h(un)eammRkunda:
Q

< [ e R fde < [ et Ry, i
Qn,k,

Qn,k
N ; ;
< (/ 20 +a)lunl dx) (/ |Rkun|2dx> < ¢ (/ |Rkun|2dac>
Q Q Q

by the statement in Step 1 and Lemma with 8 = 2(a + 6). Thus, summing up, from (3.33) and (hy) we
have that
en > / (Ao(@) + A@)un¥*) Ve N dz > ag / (1 + [un V)| Vun|Vdz > 0
Qn,k Qn,k
which implies

/Q (Ao(z) + A(@)|un|V*)|Vu, |Ndz — 0, (3.35)

and also

/ \Vau,|Ndz — 0, e, |Ryun|n — 0, (3.36)
Qn ks
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and

/ [ |V |V, | Nde — 0. (3.37)
Qn,k

Now, in order to prove (3.12), take v € X such that ||v]|x = 1, whence, |v|» < 1, ||v||x < 1. Direct
computations and definition (3.14]) allow us to prove that
(dE(Truy),v) = (dE(up),v) — / (Ao(z) + A(2)|un V) Vun N 2V, - Vo dr
Qi

—$ A Jun [N 2y, v [V, N de —I—/
Qi Qi

where from ([3.10) we have that

Rty )veltnl” dg — eo*” / h(up)v dz,
Qo ke

[(dE(uy),v)| < |[dE(un)||x’ = €, uniformly with respect to v € X such that ||v]|x =1,

while, since |v|o < 1, from (3.19), Cauchy—Schwarz inequality and, again, Lemma we obtain

/ Ry, )ve®unl” dg:
Qi

< [ et < [ g,
Qi ke Qo

IN

1/2
1, 5 [Y? ( / e2<5+a)luﬂdm) < cr| Q]2
Q

and also from (hs) it results

S C8|Qn,k‘~

/ h(up)v dx
Qn ks

Moreover, since for a.e. © € Q% it is 1 < k < |uy|, being |v]oo < 1, from (hy) it follows that

/ A(2) [V Uy, v |V, |[Nde
Qn ke

< Al / iV V|V,
k

n,

while, being ||v||xy < 1, from (h;) and Holder inequality we have that

/ Ao(z) |Vun N 2V, - Vv d
Qn ke

< \Ao|oo/ |Vun\N_1|Vv| dx
k

n,

N—1
N

| Ao|se (/ |Vun|Nd:c) :
Qn,k

hence, summing up, from (3.34)), (3.36) and (3.37)) we obtain that

IN

HdE(Txun),v)| < €kn+ / A(x)|un|Ns|Vun\N_2Vun -V dx
Qi

with ey, — 0 uniformly with respect to v € X such that ||v]|x = 1.
At last, reasoning as in the proof of Step 3in [3| Proposition 4.6], by means of the test functions gozn = vRZun,
with R:t as in (3.18]) with k =k, and Pr.m = V) un, where we define

0 if t>—k

Rlzt = )
t+k ift<—k
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and with careful estimates based on ([3.19) and Lemma we are able to prove also that

A(2) [un |V Vun N 72 Vu, - Vo dz
Qi

< Ek,ns

with ey, — 0 uniformly with respect to v € X such that ||v||x = 1, which completes the proof of (3.12).
Now, in order to prove (3.13)), from direct computations we have that

1
E(Tyuyn) = E(uy) — N (Ao(x) + A(@)|un V)|V, |V dx + / G(up)dx — / G(Truy,)dz,
Qn i Qnk Qn i
where ([3.35)) implies
E(Tyun) = E(up) + €pn + / G(up)dx — / G(Tyxuy,)dx. (3.38)
Qi Qi

We note that |Txu,|e0 < k for all n € N and the continuity of G(t) implies that

S Cg |Qn,k‘,

/ G(Trup)dz
Qn ke
while, being k& > Ra, from (3.31]) and assumption (2.5) it follows that

0 < G(un) < ¢ (un h(uy) elunl” 4 o1lunl? + 02) for a.e. x € Q, 1,

where, again, from (3.19)), Cauchy—Schwarz inequality, Lemma (13.9) and direct computations we obtain
1/2 1/2
|l ban)le s < ( / e2<5+a>“n”dx) ( / |un|2dx> < ena 2
Qn,k Q Qn,k

/ |un|qu S C12 |Qn,k|1/2~
Qn,k

Thus, (3.13]) follows by using all the previous estimates in (3.38]) together with (3.10) and (3.34]).

Step 4. It is enough arguing as in the proof of the corresponding step in [3, Proposition 4.6].

and also

Step 5. The proof follows from the previous steps by applying Proposition [2.6] to the uniformly bounded

sequence (Tiuy, ), as we obtain that
E(Tyu,) = E(u), ||dE(Txu,) —dE(u)|x — 0

and (3.12) and ({3.13)) hold. O

4. The Mountain Pass geometry

In this section we show that the functional E defined in ([2.8)) satisfies the Mountain Pass geometry which
is required for applying the abstract Theorem
Firstly, let us recall that Ay > 0, the first eigenvalue of —Ay in I/VO1 (), is achieved by a unique (up to

constants) function @1 € Wy (€) such that

01> 0, / lo1|Vdx =1 and / Vi1 |Ndz = M\ (4.1)
Q Q
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(see, e.g., [12]); furthermore, it is also p1 € L>°(), hence ¢; € X, and

/Q lulNdx < )\il/Q|Vu|Ndx for all u € W™ (Q). (4.2)
Now, we define
ls(u) := (/Q(l + |u|Ns)|Vu|Ndx) N for all u € X. (4.3)
Clearly, the map ¢5 : X — R is continuous with ¢;(0) = 0 and from it is such that
L) 2 lully, ) 2 —llfuly forallue X, (4.4)

Proposition 4.1. If the hypotheses of Theorem [2.5 hold, then a constant ro > 0 exists such that

inf  E(u) > 0.
Ls(u)=ro

Proof. From assumption (2.4) a radius Ry > 0 exists such that (3.19) holds. Without loss of generaly, we
can suppose R; > max{r, 1} with v so that condition (g2) holds. Then, by applying the estimates (2.5)) and
(3-19) and choosing a power 81 > 0 so that ¢+ 51 > N + 1, we have that

G(t) < e [t] |h(®)] e +colt]t +c5 < er [N fco|t|THA eyt NFY if |t > Ry, (4.5)
while the continuity of G(¢) and direct computations imply that

G(t) < mex IG(t)] < cq [tNTH ifv < Jt| < Ry (4.6)
t[<Ry

Hence, without loss of generality assuming ’\1—]\?0 — o0 > 0 in (g2), summing up estimates (4.5, (4.6) and
hypothesis (g2) it follows that

A v
Gt) < ( E\?O —U) [N + ey [N FLe@FOT Lo eo|t9P 4 e5|t|NFL for all t € R

which implies

A v
/G(u)dm < < L0 —0> /|u\Nd:v+cl /|u\N+1e(6+a)‘“| dx—I—CQ/ |u|q+’61dx—|—c5/ |u|NTtda (4.7)
Q N Q Q Q Q

for all u € X.
We note that, for all u € X such that f4(u) < ;11, from Cauchy—Schwarz inequality, (3.2) with § = 2(5 4+ «),

Sobolev Embedding Theorem and (4.4)), we obtain

1/2 1/2
/ u| N el gz < </ |u|2(N+1)dx> (/ ez(Ha)lulvdSU) < cllul T,
Q Q Q

so, by using (4.2) and (4.4) in (4.7), from direct computations it follows that

/Q Glu)ds < (?V - ;’1) ()Y + er (6] + + e[l (w)] ™+ (4.8)
Thus, combining with definitions and and hypothesis (h;), and taking fs(u) = 79 with
ro < SJ%l, we have that
E(u) > )%rév — et~ csrg"_ﬁl
and, as ¢ + f1 > N, the desired result follows from taking rg > 0 sufficiently small. O

15



Proposition 4.2. If o1 € X is as in (4.1]), then we have that
E(ty1) » —00  as t — +oo.

Proof. From (2.8), hypotheses (h1) and (g1), the properties of ¢ in (4.1)) and also (2.7)), for all ¢ > 0 we have
that

1
Blter) = [ (Ao(o) + A@)ltea¥) Ve[ Vs - [ Giter)do
Q Q
< ert" M + etV [loy P || — 03?57/ p1dz + cs.
Q
Thus, since by assumption 7 > N(s+ 1), as t — +0o we obtain the desired result. O

Theorem [2.4. By considering the function £4(u) as in (4.3), from Propositions and we have that
Theorem applies to functional E in ([2.8)) and a mountain pass nontrivial critical point of E on X exists. [
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