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Abstract

In this paper, we prove some blow-up results for the semilinear wave equation in generalized Einstein-
de Sitter spacetime by using an iteration argument and we derive upper bound estimates for the lifespan.
In particular, we will focus on the critical cases which require the employment of a slicing procedure in
the iterative mechanism. Furthermore, in order to deal with the main critical case, we will introduce
a non-autonomous and parameter dependent Cauchy problem for a linear ODE of second order, whose
explicit solution will be determined by applying the theory of special functions.
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1 Introduction

In the last four decades, the proof of the Strauss conjecture concerning the critical exponent of the initial value
problem for the semilinear wave equation with power nonlinearity required the effort of many mathematicians

worldwide. Nowadays, we know that the critical exponent for the Cauchy problem

v — Av =1|v|P  z€R™ ¢>0,
v(0,2) =evg(x) =z €R",
v (0,2) = evi(x) =z €R",

is the so — called Strauss exponent psi,(n) (cf. [19, 20, 16, 17, 35, 34, 50, 24, 15, 48, 51]), that is, the positive

root, of the quadratic equation

(n—1)p* —(n+1)p—-2=0.

We are also interested in not only the critical exponent but also lifespan, the maximal existence time of the
solution, when the global in time existence cannot be expected. See the introduction of [18] for the complete

picture of the lifespan estimates for the classical semilinear wave equation with power nonlinearity.

While the situation is completely understood in the Euclidean case with flat metric on R", in the last
years several papers have been devoted to study the semilinear wave equation in the spacetime Rf" equipped
with different Lorentzian metrics. The semilinear wave equation in Schwarzschild has been investigated in
[2, 25, 23, 22] in the 1+ 3 dimensional case. Moreover, the wave (or Klein-Gordon) equation in de Sitter and
anti — de Sitter spacetimes have been investigated in the linear and semilinear case in [41, 45, 42, 13, 7, 9] and
[8, 44, 46, 47], respectively. Finally, the wave equation in Einstein — de Sitter spacetime has been considered
in [10, 11, 14]|. In this paper, we shall examine the semilinear wave equation with power nonlinearity in
a generalized Einstein — de Sitter spacetime. More precisely, let us consider the semilinear equation with

singular coefficients

ou —t 2 Ap+ 2t g = o],

where k& € [0,1) and p > 1. We call this model the semilinear wave equation in a generalized EdeS spacetime
since for k = 2/3 and n = 3 Equation (1) is the semilinear wave equation in Einstein — de Sitter (EdeS)

spacetime with power nonlinearity.
In [14, Theorem 1.3] the authors proved that for

1 < p <max{po(n,k),pi(n, k)}



a local in time solution to the corresponding Cauchy problem (with initial data prescribed at the initial time
t = 1) blows up in finite time, provided that the initial data fulfill certain integral sign conditions. Here
po(n, k) is the positive root of the quadratic equation

(1=kn+1)p*—(1—kn+3+2k)p—2(1—k)=0, (2)

while

2

3)
Furthermore, in [14] it is also shown that, for the semilinear wave equation in EdeS spacetime, the blow — up
is the effect of the semilinear term. For this reason we shall focus our analysis on the effect of the nonlinear
term, prescribing the Cauchy data at the initial time ¢t = 1.

Performing the transformation u = tp, (1) becomes equivalent to the following semilinear equation for u

gy — t 2K Au = 1P |ulP. (4)

In this paper, we investigate the blow — up dynamic for (4) and, in particular, we will focus on the upper
bound estimates for the lifespan and on the treatment of the critical case p = max{po(n, k), p1(n, k)}. More
precisely, in the next sections we are going to provide a complete picture of the upper bound estimates for
the lifespan of local in time solutions to (4) when 1 < p < max{po(n, k), p1(n,k)}.

In the subcritical case, we employ a Kato — type lemma on the blow — up dynamic for a second order
ordinary differential inequality. On the other hand, in the critical case an iteration argument combined with
a slicing procedure is applied. More particularly, for p = po(n, k) we adapt the approach from [38, 39| to the
time — dependent semilinear model (4).

1.1 Notations

Throughout the paper we will employ the following notations: ¢ (t) = % denotes a distance function

produced by the speed of propagation ay(t) = t~*. while the amplitude of the light cone is given by the
function

Ap(t) = /1 7R = ¢ (t) — or(1); (5)

the ball with radius R around the origin is denoted Bp; f < ¢ means that there exists a positive constant
C such that f < Cg and, similarly, for f 2 ¢; I, and K, denote the modified Bessel function of first and
second kind of order v, respectively; finally,

12k + VA2 — 4k + 38

N (k) 50— R

(6)

denotes the threshold for the spatial dimension in determining the dominant exponent between pg(n, k)
and p1(n, k) (more specifically, po(n, k) > p1(n,k) if and only if n > N(k), while po(n, k) < pi(n,k) for
n < N(k)).

1.2 Main results

The main results of this work are the following blow — up results that combined together provide a full
picture of the critical case p = max{pg(n, k), p1(n, k)} for the Cauchy problem

uy —t Ay =t PluP x e R, t e (1,7),
u(l,x) = eup(x) xR, (7)
us(l,z) = euy(x) r e R,

where p > 1, € > 0 is a parameter describing the size of initial data and k € [0, 1).

Before stating the main results, let us introduce the notion of energy solution to the semilinear Cauchy
problem (7).

Definition 1.1. Let ug € H'(R") and u; € L*(R™). We say that

uweB([1,7),H' (R")ne ([1,T), L*(R™)) N L},

loc

([1,T) x R™)



is an energy solution to (7) on [1,7) if u fulfills u(1, ) = eup in H'(R™) and the integral relation

n

) Opu(t, 2)(t,x) de — 5/ up(a)(l, z) dae — /1 /n (Opu(s, 2)hs (s, ) — s 2 Vu(s, z) - Vi(s,z))dzds

R
/:/nslp|u(s,:c)|p1/)(s,:c)dxds (8)

for any ¢ € €3°([1,T) x R™) and any ¢ € (1,T).

We point out that performing a further step of integration by parts in (8), we find the integral relation
/ (Opu(t, )p(t, x) — u(t, x)s(t, ))dz — 5/ (ur(z)y(1, ) — ug(2)Ys(1, z))dx
Rn R‘n,
t t
[ o) o) - s avs ) deds = [ S apusadeds )
1 Jrn 1 Jrn

for any ¢ € €5°([1,T7) x R") and any t € (1,7T).

Remark 1. Let us stress that if the Cauchy data are compactly supported, say suppu; C Bgr for j = 0,1
and for some R > 0, then, for any ¢ € (1,T) a local solution u to (7) satisfies the support condition

Suppu(ta ) C BR+Ak(t)a

where Ay, is defined by (5). Therefore, in Definition 1.1 we may also consider test functions which are not
compactly supported, namely, ¢ € € ([1,T) x R").

Theorem 1.2. Let n € N* such that n > N(k) and p = po(n,k). Let us assume that ug € H*(R™) and
uy € L*(R™) are nonnegative, nontrivial and compactly supported functions with supports contained in Br
for some R > 0. Let

uweB([1,T7),H' (R")ne' ([1,T), L*(R™)) N L},

loc

([1,T) x R™)

be an energy solution to (7) according to Definition 1.1 with lifespan T = T(e) and satisfying the support
condition supp u(t,-) C Ba,+r for anyt € (1,T).

Then, there exists a positive constant g = £o(ug, u1,n,p, k, R) such that for any ¢ € (0,e0] the energy
solution u blows up in finite time. Moreover, the upper bound estimate for the lifespan

T(e) < exp (Cgfp(pﬂ))

holds, where the constant C > 0 is independent of e.

Theorem 1.3. Let n € N* such that n < N(k) and p = p1(n, k). Let us assume that ug € H*(R™) and
uy € L2(R™) are nonnegative, nontrivial and compactly supported functions with supports contained in Bg
for some R > 0. Let

uweB([1,T7), H (R") NG ([1,T), L*(R™)) N L}

loc

(1.7) x B")

be an energy solution to (7) according to Definition 1.1 with lifespan T = T(e) and satisfying the support
condition suppu(t,-) C Ba, +r for anyt € (1,T).

Then, there exists a positive constant g = £o(ug,u1,n,p, k, R) such that for any e € (0,e0] the energy
solution u blows up in finite time. Moreover, the upper bound estimate for the lifespan

T(e) < exp (CE_(”_U)

holds, where the constant C' > 0 is independent of €.

The remaining part of the paper is organized as follows: in Section 2 we prove Theorem 1.2 by using the
approach introduced in [38]; then, in Section 3 we provide a complete overview on upper bound estimates
for the subcritical case (cf. Proposition 3.2), while in Section 4 we show the proof of Theorem 1.3; finally,
in Appendix A we provide a different proof of Proposition 2.1 in the special case of Einstein — de Sitter
spacetime.



2 Semilinear wave equation in EdeS spacetime: 1st critical case

Our goal is to prove a blow — up result in the critical case p = po(n, k), where po(n, k) is the greatest root
of the quadratic equation

(25 + ofty) ' = (2 + ) o -1 =0 o

The approach that we will follow is based on the technique introduced in [38] and subsequently applied
to different wave models (cf. [39, 31, 32, 21, 3, 4]).

We are going to introduce a time — dependent functional that depends on a local in time solution to (7)
and to study its blow — up dynamic. In particular, the blow — up result will be obtained by applying the
so — called slicing procedure in an iteration argument to show a sequence of lower bound estimates for the
above mentioned functional.

The section is organized as follows: in Section 2.1 we determine a pair of auxiliary functions which have
a fundamental role in the definition of the time — dependent functional and in the determination of the
iteration frame, while in Section 2.2 we establish some fundamental estimates for these functions; then, in
Section 2.3 we establish the iteration frame for the functional and, finally, in Section 2.4 we prove the blow
— up result by using an iteration procedure.

2.1 Auxiliary functions

In this section, we are going to introduce two auxiliary functions (see ¢, and 7, below) analogously to the
corresponding functions introduced in [38], which represent, in turn, a generalization of the solution to the
classical free wave equation given in [51]. Those auxiliary functions are defined by using the remarkable
function

. fsn,l e*“do, ifn>2,
T) = 11
o {coshx ifn=1 (11)

introduced in [48]. Let us recall briefly the main properties of this function: ¢ is a positive and smooth

function that satisfies Ap = ¢ and asymptotically behaves like |z|’%e|x| as |x| — oo up to a positive
multiplicative constant.

In order to introduce the definition of the auxiliary functions, let us begin by determining the solutions
yi =y;i(t,s; N\ k), j € {0,1}, of the non-autonomous, parameter-dependent, ordinary Cauchy problems

02y (t, s; N k) — N2t 2Ry (t, 830, k) =0, t>s,
atyj(sa S5 >\7 k) = 51ja

where §;; denotes the Kronecker delta, s > 1 is the initial time and A > 0 is a real parameter.

Let us recall that we denote by ¢ (t) = % a primitive of the speed of propagation a(t) = t~* for the

wave equation in (7). In order to find a system of independent solutions to

d%y _
57 N2tk =0 (13)

we perform first a change of variables. Let 7 = 7(¢t; A\, k) = A@(t). Since

2 2
dy _ ey Ty o dy ok dy

dt dr’ dt? dr? dr’

then, y solves (13) if and only if it solves

d%y k dy
—J__ 2 ry=0. 14
T i—kar Y (14)
Next, we carry out the transformation y(7) = 77w(7) with v = ﬁ Therefore, y solves (14) if and only
if w solves the modified Bessel equation of order v
d? d
20 S0 (VP +7)w=0, (15)

dr? dr



where we applied the straightforward relations

dy ve1 , dw d%y
= v’ rw(T) + 7 o 2

d d?
=v(v— 1)7”7210 + 21/7'”71—10 + 77 w

dr dr?’

If we employ as independent solutions to (15) the modified Bessel function of first and second kind of order
v, denoted, respectively, by I, (7) and K, (7), then, the pair of functions

Vo(t; A k) = 771,(7) = (Agk (1)) "L (Adx (1)),
Vilt; A k) = 177K (1) = (A (1)) Ky (A (1))
is a basis of the space of solutions to (13).

Proposition 2.1. The functions

Yot 550, k) = A (t/5)"2 di(s) [Lo—1 (Adi(5)) Ko (Adr (1)) + K1 (A () T (A (1)) ] (16)
yit, ss A k) = (1= k) (st)2 [Ky (Apr(5)) L (A (1)) — T (A (5)) Ko (A (1))], (17)

solve the Cauchy problems (12) for j = 0 and j = 1, respectively, where v = 1/(2(1—k)), ¢x(t) = t'=%/(1—k)
and 1, K, denote the modified Bessel function of order v of the first and second kind, respectively.

Proof. We have seen that Vp, V4 form a system of independent solutions to (13). Therefore, we may express
the solutions of (12) as linear combinations of Vp, V7 as follows:

yi(t, ss A k) = a;(s; X\ B)Vo(t; A\ k) 4+ b, (s; A\, k) Vi(t; A k) (18)

for suitable coefficients a;(s; A, k), b;(s; A\, k), j € {0,1}. Using the initial conditions 9}y, (s, s; A\, k) = 6;;, we
find the system

Vo(s; A k) Vi(s; A\ k) ap(s; M k) ar(s;\ k) _g
OVo(s; k) BVa(s; k) bo(s; \, k AN A

where T denotes the identity matrix. So, in order to determine the coefficients in (18), we have to calculate
explicitly the inverse matrix

Volss k) Vilssak) \ 0 _ 2 aVi(siA k) —Vi(si\ k)
(8,510/0(5;)\,@ atvl(s;)‘ak)) = (W0, V)52 ) (&Vo(sp\,k) Vo(s; A\, k) )’ (19)

where W (Vp, V1) is the Wronskian of Vp, V5. Clearly, we need to express in a more suitable way 9 (Vp, V4).
Let us calculate the ¢ — derivative of Vj, Vi. Recalling that ¢y (t) = t'=%/(1 — k) and v = 1/(2(1 — k)), it
results

0Vo(t; A, k) = v(A (1))~ A () T (Adne (1)) + (Adw (1)) T, (Adk (1)) A ()
= 5:(A0k (1)) L (AGk (1)) + (Ag ()" (AG% (1)) T, (Ak (1))

and, analogously,

Vit N k) = 5 (A ()" Ko (A (1)) + (A (1)) (A (1)) K, (A (8)).
Consequently, we can express W (Vp, V1) as follows:
W (Vo, Vi) (t; A, k) = (Adre(1)* (A (1)) [KL, (Ar (1)) T (A (£)) — I, (Ao (1)) Ko (A (8))]
= (Apk (1))* (A ()W (L, Ko ) A1 (1)) = —(Adie (1) * ™ (A (1))
= =X ((0)* TG (1) = — A,

where ¢, = (1 — k)k/ (1=k) and in the third equality we used the value of the Wronskian of I,,, K,
1
W, K, )(z) =1,(2)0.K,(2) — 0.1, (2)K,(2) = -

Let us underline that W (Vp, V1)(¢; A, k) does not actually depend on ¢, due to the absence of the first order
term in (13).
Plugging the previous representation of W (Vp, V1) in (19), we get

ap(s; M k) ar(s; A k) e OaVi(s; N k) =Vi(s;\ k)
bo(s; N\ k) bi(ss\k) )~ 7k —9Vo(s; \ k) Vo(si\ k)



Let us begin by proving (16). Using the above representation of ao(s; A, k), bo(s; A, k) in (18), we obtain
Yolt, 550, k) = A2 {0,V (s A, k)VA (85 A, k) — 9:Vi (s A, k) Vo (85 A, k) }
= A2 (Ak(5))” (AP (t>)”{ [25 T (Adn(s)) + (Adi(5)) I, (Adn ()| Ko (A (¢
= [2: Ku(Ar(s)) + (Adh(5)) K, (Adne(8)) | L (A (¢ ))}

W
= ci(Br(s)on (t))” (25) " {1 (Adw () Ku Ak (1)) — Ko (Ad(s)) L (A (1)) }
+ cx A (D (5) P (1)) 0 () {1, (A (5)) K (A (1)) — K7, (Adre () T (A (1)) }-

Applying the recursive relations for the derivatives of the modified Bessel functions

01, v
(5= =L L) + 1 (),
0K, v

o) = — 2K, () ~ Koo o),

to the last relation, we arrive at

o(t: 51 k) = ex(on()66(1))" | (29)7" = ZHS ] {10 (Abu() Ko (A1) — Ko (M () T (A (1))}
=0
+ e A0k ()80 (1)) S () {T—1 (A (5)) Ko (A (1)) + Kum1 (Adi(s)) L (Aw (1)) §
= crM(@n ()0 ()" Dl (5) {To—1 (AP (5)) Ko (A (£)) + Ko -1 (A (5)) L (A (1))} (20)
Since cx(¢r(s)dn (1) d,(s) = (1 — k)~ (st)/2s7% = (t/5)1/2¢1(s), (20) yields immediately (16). Let us

prove now the representation (17). Plugging the above determined expressions for aj(s; A, k), b1(s; A, k) in
(18), we have

Y1 (t s 0 k) = A2 {Vi(s; A, )V (1 A, k) — Vo(si A B)VA (6 A, k) )
= A (Adk(9))” (Adr (1) {Ko (Apk (5)) I (Ak () — Lo (Adi () Ki (A (1)) }
= cx(Pr(s)on (1)) {Ku( A(bk( ) LAk () — L(Adr(s)) Ky (A (1))} (21)

Thus, using cx (dx () (t))” = (st)'/2/(1 — k), from (21) follows (17). This concludes the proof. O

Remark 2. In the special case k = 2/3, yo(t, s; A\, k) and y1(¢, s; \, k) can be expressed in terms of elementary
functions. Indeed by using the explicit representations
2 zcosh z —sinh 2z

2 sinh z
;(Z)\/;Wa Is(2) = pEyE )
T e ? e *(z+1)
<Z):£m’ K@ =yg—m

we can derive the following representations

T

=

£\ /3 1 '

yo(t, 53, 2/3) = (;) cosh (3)\(t1/3 . 51/3)) ETWE sinh (3)\(151/3 _ 51/3))’ (22)

2/ = [ S0 Lo (A2 — 619) 4 b (179 — %) b (3 (P2 — %)), (23)
1\by oy Ay A 9)\3 3)\2 -

Actually, in this case it is possible to derive the representations of yo(t, s; A, 2/3), y1(¢, s; A, 2/3) by reducing
(13) to a confluent hypergeometric equation instead of a modified Bessel equation. For a detailed proof see
Appendix A.

Lemma 2.2. Let yg, y1 be the functions defined in (16) and (17), respectively. Then, the following identities
are satisfied for anyt > s > 1

%(LS,)\) k) = 7y0(t75;>\5 k)? (24)
S

82yl
0s2

(t, ;M k) — 2572k (¢, 5: 0, k) = 0. (25)



Remark 3. As the operator (02 — A%t~2¥) is formally self-adjoint, in particular (24) and (25) tell us that y;
solves also the adjoint problem to (13) with final conditions (0, —1).

Proof. Let us introduce the pair of independent solutions to (13)
ZO(ta Av k) = yo(tv 1’ Av k)a
21t N k) =yi(t, 1\ k).
By standard computations, we may show the representations
yo(t, s; N k) = 21 (s; N, k)zo(t; N, k) — 2 (s 0, k)21 (5 A\ k),
y1(t, 850 k) = zo(s; N, k)z1 (8 A k) — 21(83 A, k) z0(6; A k).

In particular, we used that the Wronskian of z, z1 is identically 1. First we prove (24). Differentiating the
second one of the previous representations with respect to s and then using the first one, we get immediately

Jy
a—;(t, s; A k) = 20(ss A k)21 (8 0 k) — 2 (s M K)z0 (85 A\ k) = —yo(t, 3 A, k).

Since zp, z1 are solutions of (13), then,

82
TIL 4 sy 0 k) = 20 (ss M B)za (M k) — 2/ (53 0 k)20t A, &)

0s?
= A257 2k 20 (s; N B) 21 (B 0 ) — 25720 20 (550 k) zo(8 N, k) = N2s™ 2y (1, s; 0, k).
So, we prove (25) as well. O

Proposition 2.3. Let ug € H'(R") and u; € L*(R™) be functions such that suppu; C Br for j = 0,1
and for some R > 0 and let A > 0 be a parameter. Let u be a local in time energy solution to (7) on [1,T)
according to Definition 1.1. Then, the following integral identity is satisfied for any t € [1,T)

/n u(t,x)ox(z)de = eyo(t, 1; A, k)/ uo(x)ga,\(x)dersyl(t,1;)\,k)/ up(z)pa(x) da

n n

t
—|—/ sl_pyl(t,s;)\, k)/ |u(s, z)|[Pox(x) deds, (26)
1 n

where py(x) = @(Ax) and ¢ is defined by (11).

Proof. Since we assumed wug, u1 compactly supported, we may consider a test function ¢» € €>°([1,7) x R™)
in Definition 1.1 according to Remark 1. Therefore, we consider (s, z) = y1(¢, s; A, k)oa(x) (here t, A can
be counsidered fixed parameters). Hence, ¥ satisfies

U(t,x) = yi(t, N k)ox(x) =0, bs(t,x) = Osyr(t, t; N, k)ox(x) = —yo(t, t; A, k)ox(z) = —pa(x),
(1, ) = yi(t, ;N k)oa(z), Ys(1,2) = Osyn (8, L; N K)o () = —yo(t, 1; A, k)pa(z),

and
Yss(s,x) — siQkAi/)(s,:c) = (8§y1(t, s;A k) — )\2572ky1(t, 85 A, k)) ox(z) =0,

where we used (24), (25) and the property Ay = ¢.
Hence, employing this % in (9), we find immediately (26). O

Proposition 2.4. Let yo, y1 be the functions defined in (16) and (17), respectively. Then, the following
estimates are satisfied for anyt > s > 1

Yo(t, 0, k) > cosh (A(dk(t) — dk(s))), (27)
inh (A t) —
n (ﬁ, si A, k?) > (St)g Sin ( ((bk (}\) ¢k(5))) ) (28)
Proof. The proof of the inequalities (27) and (28) is based on the following minimum type principle:
let w = w(t, s; A\, k) be a solution of the Cauchy problem
02w — N2t~k = h, fort>s>1, (29)
w(s) = wp, drw(s) = wy,



where h = h(t, s; A\, k) is a continuous function; if h > 0 and wo = wy; = 0 (i.e. w is a supersolution of the
homogeneous problem with trivial initial conditions), then, w(t, s; \, k) = 0 for any t > s.

In order to prove this minimum principle, we apply the continuous dependence on initial conditions (note
that for ¢ > 1 the function t—2* is smooth). Indeed, if we denote by w, the solution to (29) with wy =€ > 0
and w; = 0, then, w, solves the integral equation

(ts)\k—e—i—// we (o, ;A k) 4+ h(o, s; A, k))do dr.

By contradiction, one can prove easily that wc(¢,s;\, k) > 0 for any ¢t > s. Hence, by the continuous
dependence on initial data, letting e — 0, we find that w(¢, s; A, k) > 0 for any ¢t > s.

Note that if wp,w; > 0 and wg + w1 > 0, then, the positivity of w follows straightforwardly from the
corresponding integral equation via a contradiction argument, rather than working with the family {w}eso.
Nevertheless, in what follows we consider exactly the limit case wy = w; = 0, for this reason the previous
digression was necessary.

Let us prove the validity of (28). We denote by w; = w1 (¢, s; \, k) the function on the right — hand side
of (28). Tt is easy to see that wy (s, s; A\, k) =0 and dyw (s, s; A\, k) = 1. Moreover,

Opwn(t, ;A k) = A~1sE |5 (5 = 1) 652 sinh (A(@x(8) — 61(5))) + kt5 " cosh (M6x (1) — 64())) Adh (1)
+ 1% sinh (A(@x(£) — ¢r(5))) (A (£))% + £2 cosh (A(gx () — ¢k(8)))k¢§£(t)}
— Alsh [g (= 1) ¢5~2sinh (A(Gx(t) — di(s))) + t5 sinh (A(k () — ¢k(s)>)(xf’c)2}
< A7 (st) % sinh (M6u () — 6u())) ()2 = A2 (1, 5, k).

Therefore, y; — wy is a supersolution of (29) with A = 0 and wg = w; = 0. Thus, applying the minimum
principle we have that (y1 —w1)(¢, s; A\, k) > 0 for any ¢t > s, that is, we showed (28).

In a completely analogous way, one can prove (27), repeating the previous argument based on the min-
imum principle with wo(t, s; A, k) = cosh (A(¢x(t) — ¢x(s))) in place of wy(t,s; A, k) and yo in place of yi,
respectively. O

After the preliminary results that we have proved so far in this section, we can now introduce the definition
of the following auziliary function

Ao
ol s 2 k) = /0 e AR cosh (Mg (1) — dr(5))) 9 (2)AT A, (30)
. Ao sinh (A(¢x(t) — dr(s)))
oo k) = (s)¥2 [ e AARD+R) Y

where ¢ > —1, \g > 0 is a fixed parameter and Ay is defined by (5).

Remark 4. For k = 0 the functions &, and 7, coincide with the corresponding ones given in [38], provided
of course that we shift the initial time in the Cauchy problem from 0 to 1.

Combining the results from Propositions 2.3 and 2.4, we may finally derive a fundamental inequality,
whose role will be crucial in the next sections in order to prove the blow — up result.

Corollary 2.5. Let ug € H'(R") and uy € L*(R™) such that suppu; C Bg for j = 0,1 and for some R > 0.
Let u be a local in time energy solution to (7) on [1,T) according to Definition 1.1. Let ¢ > —1 and let
Eq(t, s,z k),mq(t, s, 27 k) be the functions defined by (30) and (31), respectively. Then,

/n u(t,z) &gt t,zy k) de > E/n uo(z) &q(t, 1,z k) do + ¢ (Pr(t) — d)k(l))/ ui(x) ng(t, s, x; k) de

n

+ [ @) =07 [ fuls.a) Pyt s k) dods (32)
foranyt € [1,T).

Proof. Combining (26) and the lower bound estimates (27), (28), we find

/n u(t, z)px(z) do = € cosh (A(¢r(t) — dr(1))) / uo(x)pa(x) da

Rn

+etEA " sinh (M(¢r (1) — o1 (1)) /Rn uy(z)pa(z) d
+/1 slfp(st)gx\flsinh()\((bk(t)—qﬁk(s)))/ lu(s, 2)|Pox(z) da ds.

n



Multiplying both sides of the previous identity by e~*(Ax()+R)\a integrating with respect to A over [0, Ag]
and applying Fubini’s theorem, we get (32). O
2.2 Properties of the auxiliary functions

In this section, we determine some lower and upper bound estimates for the auxiliary functions £,, 7, under
suitable assumptions on gq.
Let us begin with the lower bound estimates

Lemma 2.6. Let n > 1 and Ao > 0. If we assume q > —1, then, fort = s > 1 and |z| < Ak(s) + R the
following lower bound estimates hold:

Here By, By are positive constants depending only on Ao, q, R,k and we employ the notation (y) = 3 + |s|.

Proof. We follow the main ideas of the proof of Lemma 3.1 in [38]. Since
()= "2 el S () < (Jal) =72 el (35)
holds for any 2 € R™, we can find a constant B = B(\g, R, k) > 0 independent of A and s such that

B < inf inf e MAGFR) & (1),
A 22 <AL(s)+R
N [ captiry g Gy ] 17IS AR )

Let us begin with (33). Shrinking the domain of integration in (30) to [m, % and applying the
previous inequality, we get

2X0/(Ak(s))

§q(t s,z k) > //\ e e MO =ARED cosh (M (¢ () — dr(5)))e AR 4 ()X dX
0 kS
220 /(A (5))
> BA i e MARM=A() cosh (A(¢r () — dr(s))) AT dA
0 k\S
220/(Ak(s))
= B/2/ (1 +e_2/\(¢k(t)—¢k(s))) A
Ao/(Aw(s))
2o/(Ax(e) g+l _ 1))\t
> B/2/ ye gy = B2 A Ay (5)) -1,
o/ (Ar(s)) 2q+1)

We prove now (34). Repeating similar steps as before, we arrive at

2X00/(Ak(s)) ; _
77q(1% s, T k) > (St)g / e o~ MAR(D) = Ak (s)) sinh ()‘((bk (t) Pk (S))) ef)\(Ak(s)JrR)(P)\(x)/\q d\
Mo/ (Ax(s) Mk (t) = o1 (s))

. /2)\0/(Ak(3)> 1 — e~ 2M2k(t) =k (s))
A

> B(st)2 LRGP
’ o/ (Ax(s)) br(t) — dr(s)

92X P () —dp (s) s
> E( t)g 1—e 7707 (ARG) 200 /(Ak(s)) NEPN
Z 5\8 ¢ P
() = (s)  Jxosansn
—92) P (D) =dp ()
_ B -DA (st)% (Ag(s)) "1 l—e ™" &
2q Bk (t) — Pr(s)

The previous inequality implies (34), provided that

oy k(D=6 ()
1 — o Ao AL )

Ok (t) — dr(s)

holds. Let us prove this last inequality. For ¢x(t) — ¢x(s) = 75 (Ak(s)), we have

> (Akt) ™!

_ Pp (1) —dp (s)
1_e 2)\07“%(5)) > 1_671



and, consequently,

_ P (t)— b (s)
1 — o 20T AL

Pk(t) — dr(s)

On the other hand, in the case ¢y (t) — Pr(s) < ﬁ(Ak(s», employing the inequality 1 —e™ > /2 for
o € 10,1}, we find immediately

> (1) — () T = Ap(®) " = (A1)

oy k(D=6 ()
1 — o Mo AL ) Mo Mo

o) —ons) ()~ (AxD)
So, also the proof of (34) is completed. O

Next we prove an upper bound estimate in the special case s = t.

Lemma 2.7. Letn > 1 and \g > 0. If we assume q > (n — 3)/2, then, fort > 1 and |z| < Ar(t) + R the
following upper bound estimate holds:

Eq(tt, w1 k) < BalA(8) ™% (Ag(t) — [a]) = . (36)

Here By is a positive constant depending only on o, q, R,k and (y) denotes the same function as in the
statement of Lemma 2.6.

Proof. We follow the proof of Lemma 3.1 (iii) in [38]. Applying (35), we get
Ao Ao I
Gltitzik) = [ e O @S [T (el e MOy gy,
0 0
Let us consider separately two different cases. If |x| < (Ax(¢) + R)/2, then,

A A
éq(t,t,x;k)</ Oe*A<Ak<t>+Rflfl>Aqu</ " e MALD+R) /233 g
0 0

< (Ap(t) + R)7! /OO e 2ptdp S (Ak(t) + R) 71T S (Aw() 7!

0
n—3

< (A1) 5T (Ap(t) — |2y "7 0.

In particular, in the last estimate we used the inequality (Ag(t) —|z|) < (Ag(t)), which follows trivially from
|[Ak(t) — |z|| < Ak(t) for x| < Ak(t) and from (Ag(t) — |z|) <1 for Ag(t) < |z| < (Ar(t) + R)/2.
On the other hand, for || > (Ax(t) + R)/2, we may estimate

— AO n—
§q(t,t,x;k)§(Ak(t)+R)_"Tl/ e M ARO+R=2]) ya— =5 g
0

3

S A0)7F (Aelt) + R Ja) 15 [ ey

S {A()) T (Ap(t) + R — |z]) 07T, (37)

When (Ak(t) + R)/2 < |z| < Ak(t), thanks to the inequality Ak (¢) + R — |x| 2 (Ar(t) — |z|), from (37) it
follows easily (36); while for Ag(t) < |2| < Ax(t) + R, as (Ax(t) — |x|) = 1, the estimate

— AO n—
§q(t,t,x;k)§(Ak(t)+R)_nTl/ e M ARO+R=2]) ya— 25 g
0

n—1

S(Ax(t) 2

1

)\0 n—1 n—
[ ans )
0

is sufficient to conclude (36). This completes the proof. O

2.3 Derivation of the iteration frame

In this section, we introduce the time — dependent functional whose dynamic is studied in order to prove the
blow — up result. Hence, we derive the iteration frame for this functional and a first lower bound estimate
of logarithmic type.



Let us introduce the functional

x-

= 5/ u(t,z) &g, t, zy k) da (38)
R

n

for t > 1 and for some g > (n — 3)/2. From (32), (33) and (34), it follows

C?L(t)ZBoetfg /n o(z)dx + Bie <ikEt§>/ uq () da.

If we assume that ug,u; are both nonnegative and nontrivial, then, we find that
WUt) > & (39)

for any ¢t € [1,T), where the unexpressed multiplicative constant depends on wug, u;.
In the next proposition, we derive the iteration frame for the functional U.

Proposition 2.8. Suppose that the assumptions in Corollary 2.5 are satisfied and let ¢ = (n —1)/2 —1/p.
If U is defined by (38), then, there exists a positive constant C = C(n,p, R, k) such that

Ut) > / Or0) = D) (1054, (5)9) D U(s))? dis (40)

forany t e (1,T).
Proof. By the definition of the functional (38), applying Holder’s inequality we get

’ 1/p,

. 1/p )P
S%C?,L(s) < (/ |U(S,x)|p77q(t, s, k) dx) / (gq(s, S, T3 )Z,/p dz ’
n Bria, (s (nq(t, S, x; k))

where 1/p+ 1/p’ = 1. Therefore,

p/(p— —(-1)
(€4(s, 8,25 0)" 7Y ) ! . (41)

|u(s,)|Pn,(t, s, z; k) de > (sgcu(s))p </ — dz
/]R" ! BRoa,(s) (nq(t,s,x;k:))l/(p 2

Let us determine now an upper bound estimates for the integral on the right — hand side of (41). By using
(36) and (34), we obtain

/ (gq(S,S,ZC;k))p/(p_l)
Bria,(s) (nq (t,s,z; /{3))1/(1)_1)

< By TIBY T (A(s)) T T P (st)TT0 0 (A (1) 7T (Ag(s)) 7T / (Ag(s) — |2y ="~ D5 T de
Bryay(s)

n—1_1

S O
Brya,(s)
< By BT (st) I (A () 7T (Ag(s)) 7 (Ax(s)),

where in the second step we used ¢ = (n — 1)/2 — 1/p to get exactly —1 as power of the function in the
integral. Hence, from (41) we get

< By 7B (st)" T (A ()7 (Ag(s)) 7

n—1

[ s, a)Pae, s,k de 2 (sF(9)" () (Au(0) (A5

> 13 (A (1) sF P (A ()T PO (log(Ar(s)) P ()"

If we combine the previous lower bound estimate and (32), we have

(p—1)+4 —(n—1)(p—1) ( log( Ay (S)>) —(p—1)

%(t)>t-%/ (n(t) — qﬁk(s))sl_p/n (s, @)y (t, 5, ; k) da ds

> (Ar(t) ™! : (qbk(t) — sbk(s))SHH%(HU<Ak(s)>—"%1@—1>+%(1og<Ak(s)>)*<p*”(cu(s))pds

k(p+1)  n—

> ()" / (1 () — i (5)) (Ap(s)) TF T~ 070%5 (log( A, ()~ (U(s))" ds

> ()" 1t<¢k<t> — di(9))(Ax ()~ Faimm P (5420 )55 (log (A4 () Y (U(s))” ds,



where in third step we used s = (1 — k:)ﬁ(Ak(s) + (bk(l))l%k ~ <Ak(s)>1%k for s > 1. Since p = po(n, k)
from (10) it follows

— (25 + oy ) o+ (2 oty ) + i = —1- = -, (42)
then, plugging (42) in the last lower bound estimate for U (¢) we find
U(t) Z (A(t)) ™ / (n() — i) (Ar(5)) "7 (log(Ar(s))) ™V (U(s))" ds
2 tan) ™ [ PO (100, 6) 0 ()" s,

which is precisely (40). This completes the proof. O

Lemma 2.9. Suppose that the assumptions in Corollary 2.5 are satisfied. Then, there exists a positive
constant K = K (ug, u1,n,p, R, k) such that the lower bound estimate

/ Jut, z)[P de > KeP(Ay (1)) "D Dt (43)

holds for any t € (1,T).

Proof. We adapt the proof of Lemma 5.1 in [38] to our model. Let us fix ¢ > (n — 3)/2 + 1/p’. Combining
(38), (39) and Holder’s inequality, it results

1/p , /e
ets < tgcu(t) = / u(t,z) &gt t,zy k) de < </ |u(t, z)P d:c) (/ (§q(t,t,x;k)p dz) .
" " BRryay )

—(r-1)
/ lu(t,z)|P de = erts </ (&t t, 2 k)P dx) . (44)
n Bryag )

Let us determine an upper bound estimates for the integral of &, (¢, ¢, ; k)?". By using (36), we have

/ (&gt t, s k)P do S (Ag(t))~ "2 % / (A(t) — |a]) (=3P /2P'a 4y
BRryay ) BRryay )
1 R+Ay(t) ) )
S{Ap(t)y~ =P / AL (L) _7«)("*3)10 /2=r'q qp
0
n—1_r1 R+Ak(t) ’ ,
S {Ap(t))y~ =z pAnl / (Ap(t) — )30 /2= qp.
0

Performing the change of variable Ag(t) — r = o, one gets

/ n—1_1 Ar(t) , ,
/ (Eq(t,t,x;k:)p de < (Ag(t))~ "= P +n—1/ (34 |o|) 3P /2P gy
Brya,m -R

RO () e

because of (n —3)p'/2 —p'q < —1.
Combining this upper bound estimates for the integral of &, (¢, ¢, z; k)P, (44) and using ¢ ~ (A (1&))ﬁ
for t > 1, we arrive at (43). The proof is over. O

In Proposition 2.8, we derive the iteration frame for U. In the next result, we shall prove a first lower
bound estimate for U, which shall be the base case of the inductive argument in Section 2.4.

Proposition 2.10. Suppose that the assumptions in Corollary 2.5 are satisfied and let ¢ = (n—1)/2—1/p.
Let U be defined by (38). Then, for t > 3/2 the functional U(t) fulfills

U(t) > MeP log (%) , (45)

where the positive constant M depends on ug,u1,n,p, R, k.



Proof. From (32) we know that

0t >t [ o0 - o) [ Juts gt s, a s

Consequently, applying (34) first and then (43), we find

Ut) = B1<Ak(t)>71/1 (o (t) — ¢k(5))517p+§<14k(5)>7q/ u(s, z)[" dz ds

n

t .
> BiKeP(A(t) ™ / (D1 (t) — pr(s)) 8" P (A (s)) 1T DO BT g
1

k
(=D (1=8)+ 570 ds

2 (A 0) [ (0nlt) = ou(s)Ax (o) O e
Z&‘p(Ak(t))_l /lt(¢k(t)_¢k(3))<Ak(s)>_( 2 +2(1 k))P-l-( 5 -1-2(1 k)) %ds
> (A1) / (61 () — i () (Ap(s)) 7% ds > eP(Ay(t / ou(t) — d(s) |

We estimate now the integral in the right — hand side of the previous chain of inequalities. Integration by
parts leads to

[ BO=80 4y (5 ) o

t
:/ s *logsds >tk
1

s=t t
) +/ ¢ (s)log sds
s= 1

log s ds.

—

Therefore, for ¢t > 3/2

t

U(t) > P (A (1)~ tF /j log s ds > &7 (A (£)~t~* /Qt/3 log s ds > (1/3)eP (A (8))~ 11~ log(2t/3)

> ePlog(2t/3),

where in the last line we employed ¢ ~ (Ak(t)>ﬁ for t > 1. Also, the proof is complete. O

2.4 TIteration argument

In this section we prove the blow — up result. More specifically, we are going to show a sequence of lower bound
estimates for U and from these lower bound estimates we conclude that for ¢ over a certain € — dependent
threshold the functional U(¢) may not be finite.

Our goal is to show the validity of the sequence of lower bound estimates

a;

Ut) > Cj(log<Ak(t)>)_ﬂj (log (%)) for t > ¢; (46)
J

for any j € N, where the bounded sequence of parameters characterizing the slicing procedure is {{; } jen with

¢; =2 —270%D and {C}};en, {a;}jem, {B;}jen are sequences of positive numbers that we will determine

throughout the iteration argument.

In order to show (46), we apply an inductive argument. As we have already said, the crucial idea here
is to apply a slicing procedure for the domain of integration in the iteration frame (40), in order to increase
the power of the second logarithmic term in (46) step by step. This idea was introduced for the first time in
[1] and since then it has been applied successfully to study the blow — up dynamic of semilinear wave models
in critical cases, overcoming the difficulties in the application of Kato’s lemma for critical cases.

Since (46) is true in the base case j = 0, provided that Cy = Me? and ao = 1,589 = 0 (cf. Proposition
2.10), it remains to prove the inductive step. We assume (46) true for j > 0 and we have to prove it for
j + 1. Plugging (46) in (40), for ¢ > £;+1 we get

Ut) = CCY(A / &) = i(s) (log(Ax(s )))_(p_l)_ﬂjp (1og (f))ajp ds

> CC?<Ak<t>>*1<1og<Ak<t>>>’“°’1 e

<.

f\lm



Using integration by parts, we find

20D (g (£)) "

Sl e [ (s (2)) s

s ()|
= (ogp+ 1)71/5 (log (zi))%pﬂ s> (ayp+1)~1tF /; (log (fj))ajpﬂ ds

—1,— ! ) a;p+1 1 a;p+1
> (ajp+ 1) k/Ejt (log(#£)) " ds > (p+ )7 (1-75) (108 (7))

Lita
. a;p+1
> (ajp+ 1)712*(]+3)7k<Ak(t)> <10g (Z Jr1)) J ,

where in the last step we applied 1 — £, /€41 > 270%3) and t!7% > ~;,(Ax(t)) for t > 1 with

L f13 it kelo,2/3],
TN - k) it ke 2/3,1).

Therefore,

. _ _ _A. Qy 1
U(t) > O3 20 (ayp +1)7 € (log(Ax(1)) " (1og (7))
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for ¢ > ¢;41, that is, we proved (46) for j + 1, provided that
Cir1 = O 2 9 (ap+1)71CF, oy =1+pay, Bjw =p—1+ph;.

Next we establish a lower bound estimate for C;. For this purpose, we provide first an explicit representa-
tion of the exponents «; and ;. Employing recursively the relations o; = 1+pa;—1 and 8; = (p—1)+pBj—1
and the initial exponents ag = 1, Sy = 0, we obtain

j—1

<.

. J+1_
ozj:aopJqLZpk:% and  B; =p’'Bo + (p Zpk P — (47)
= k=0
In particular, aj_1p+ 1 = a; < p?*1/(p — 1) implies that
0, D(2p)ICr (48)

for any j > 1, where D = 272Cv(p — 1)/p. Applying the logarithmic function to both sides of (48) and
using iteratively the resulting inequality, we find

log C; > plog C;_1 — jlog(2p) + log D

j—1 j—1
.= p’log Gy — (Z(j - k)p’“) log(2p) + ( p’“) log D

k=0 k=0
, plog(2p) log D j D log D
=p’ <1og MeP — + + + log(2p) — ,
(p—172 p-1 p—1 (p-1) (@) p—1
where we used the identity
j-1 ;
. 1 (Pt —p
D G—kpt=—(——-j) (49)
P p—1 p—1

Let us define jo = jo(n,p, k) as the smallest nonnegative integer such that
log D P
> T
77 log(2p)  p-1

Hence, for any j > jo we have the estimate

) plog(2p)  logD .
logC; > p’ (longp — p-1)p2 + b1 = p’ log(Ee?), (50)



where F = M(2p)*P/(P*1)2D1/(p*1).
Combining (46), (47) and (50), we arrive at

U(t) > exp (p' log(Ee")) (log(Ak(1)) ™ (log (£))™
= exp (' log(E=")) (log(Ax (1)) ™+ (log (§))® P/ *7Y
= exp (p’ log (=" (log{4,(£))) ™" (log (§))”"™") ) tog(Aw() (10g (§)) /™"
for t > 2 and any j > jo. Since for t > to(k) = max {4, 7,;1/}9} the inequalities
log(Ay(t)) < (1 — k)logt —logy, <logt and log() =2 'logt
hold true, then,
U(t) > exp (p'log (27717 D Ee? (log 1)/ V) ) log( A (1)) (1og (£)) /"™ (51)

for t > to and any j > jo. Let us denote J(t,e) = 277/(P=1) EeP (log t)l/(p_l).
If we choose €9 = go(n, p, k, Ao, R, ug, u) sufficiently small so that

exp (2pE17p€5p(p_1)) 2 lo,

then, for any ¢ € (0,e0] and for t > exp (2pE1_p€_p(p_1)) we get t > to and J(t,e) > 1. Consequently,
for any ¢ € (0,0 and for t > exp (2P E'~Pe=P(P=1) letting j — oo in (51) it results that the lower bound
for U(t) blows up; hence, U(t) is not finite as well. Also, we showed that U blows up in finite time and,
moreover, we proved the upper bound estimate for the lifespan

T(e) < exp <2pE1*p€*p(p*1)) .

Therefore, we completed the proof of Theorem 1.2.

3 Semilinear wave equation in EdeS spacetime: subcritical case

As byproduct of the approach developed in Section 2, we derive in this section the upper bound estimates
for the lifespan of local in time solutions in the subcritical case 1 < p < max{po(n,k),p1(n,k)}. Our main
tool will be the generalization of Kato’s lemma containing the upper bound estimates for the lifespan proved
in [36], whose statement is recalled below for the ease of the reader.

Lemma 3.1. Letp > 1, a >0, ¢ > 0 satisfy

Assume that F € €2([1,T)) satisfies

F(t) > At® for t =Ty >, (52)
F"(t) = B(t + R)"YF(t)|P for t>T, (53)
F(r) >0, F'(t)>0, (54)

where A, B, R, Ty are positive constants. Then, there exists a positive constant Cy = Co(p,a,q, B, T) such
that

T < 2% Ty (55)
holds, provided that
F -
T, = maX{TO, F/(—(TT))’R} > Oy A= 5T (56)

As we are going to apply this generalization of Kato’s lemma, we will find some estimates already obtained
in [14] in the treatment of the subcritical case, although the proofs that lead to these estimates are different.



Let us assume that wug,u; are compactly supported with supports in B for some R > 0, nonnegative
and nontrivial functions. Let u be a solution on [1,T) of (7) according to Definition 1.1 such that

supp u(t, ) C Brya, )
for any ¢t € (1,T"), where T' = T'(¢) is the lifespan of w.

Hence, we introduce as time — dependent functional the spatial average of u

U(t) = /n u(t, z) dz. (57)

Choosing a test function ¢ such that ¢y =1 on {(s,z) € [1,t] x R" : || < R+ Ar(s)} in (8), we get

U'(t) =U'(1) + /lt/n s7P|u(s, )|P dz ds.

Also, differentiating the previous identity with respect to ¢, it results

U (t) = 17 / lu(t, )| da. (58)
By using the support condition for u and Hoélder’s inequality, from the above inequality we obtain
U"(t) 2 7P (R + Ap(1)) "D [Ut)?
2 (R 1) Um0me=Djy ) (59)

for any t € (1,T).
Let us derive now two estimates from below for U. On the one hand, thanks to the convexity of U, we
have immediately

U(t) = UQ) + (¢ — DU (1) = et (60)

for any t € (1,T), where we used that ug, u; are nonnegative and nontrivial in the unexpressed multiplicative
constant. Plugging (60) in (59) and integrating twice, we get

u(t) > cPp—((A=F)n+1)(p—1)+p+2 (61)
for any t € [Ty, T), where Tp > 1. The first lower bound estimate for U in (61) has been obtained from the

convexity of U. On the other hand, from Lemma 2.9 and (58), integrating twice, we find a second lower
bound estimate for U, that is,

U(t) 2 P (1=E)(n=1)(1=5)+ " +1-p+2 (62)

for any t € [Ty, T).

Next we apply Lemma 3.1 to the functional U. Since wug,u; are nonnegative and nontrivial we have
U(1),U’(1) > 0, so (54) is fulfilled. Moreover, (59) corresponds to (53) with ¢ = ((1 — k)n + 1)(p — 1).
Finally, combining (61) and (62) we have (52) with a = max{a,as}, where

ap=—((1-kn+1)p-1)+p+2,
ar=(1—k)n-1)1-2)+2 11 -py2

and A ~ eP. According to this choice we have two possible value for the quantity M in Lemma 3.1: either
we use (61), that is, a = a1 and, consequently,

My =21a —44+1=L[-(1—-kn(p-1)+2|
or we use (62), that is, a = ag and, then,
My =Potay —§+1=3{~[(1-k)25  +1-§]p" + [1 - k)2 +1+ F]p+1—k}.
Therefore, for M = max{Mj, M>} > 0 Lemma 3.1 provides a blow — up result and the upper bound estimate

for the lifespan

_pp=1)

TSE 20

Let us make the condition M > 0 more explicit. The condition M; > 0 is equivalent to p < p1(n, k), while
the condition My > 0 is equivalent to p < po(n, k). Hence, Lemma 3.1 implies the validity of a blow — up



result for (7) in the subcritical case 1 < p < max{po(n, k), p1(n, k)} (exactly as in [14]) and the upper bound
estimates for the lifespan

~(3E-(-kn)""
(5 if p < pi1(n, k),
T 54 P o
e 0p,n.k) lfp < pO(na k)v
where
Opn.k) =1—k+ [(1—k)22 + 14+ 3] p—[(1-k)25L +1— £]p% (64)

Furthermore, we point out that a > 1 (so, in particular, a > 0 as it is required in the assumptions of
Lemma 3.1) if and only if 1 < p < max{pi(n, k), p2(n, k)}, where

2k

k)=24+——"
pa(n,k) =24 G

We want to show now that the condition a > 1 is always fulfilled whenever M > 0 holds. For this purpose,
we shall determine how to order the exponents po, p1, p2. Since po(n, k) is defined through (2), the inequality
po(n, k) > p1(n, k) holds if and only if

(1 =E)n+1)pi(n, k) = (1 —k)n+3+2k)pi(n, k) —2(1 — k) <0.

By straightforward computations it follows that the last inequality is fulfilled if and only if n > N(k), where
N (k) is defined in (6). Similarly, po(n, k) > p2(n, k) if and only if n < N (k). Summarizing,

pa(n, k) < po(n, k) < p1(n, k) if n<N(k),
po(?’b, k) = pl(n’ k) = pQ(nv k) if n= N(k)’ (65)
p1(n, k) < po(n, k) < pa2(n, k) if n> N(k).

Consequently, for n > N(k) the critical condition is p = po(n, k), so if p < po(n,k), in particular, the
condition p < pa(n, k) is fulfilled (that is, M > 0 implies az > 1). On the other hand, for n < N (k) it holds
pa(n, k) < pi(n, k) and the condition M7 > 0 and a; > 1 are both equivalent to p < p1(n, k) (the critical
condition is p = p1(n, k) in this case). Therefore, we actually proved that M > 0 implies a > 1.

Remark 5. In [14] the condition in the subcritical case on p under which a blow — up result holds for (7) is writ-
ten in a slightly different but equivalent way. Indeed, combining [14, Equation (1.9)] with (65), we see imme-
diately that the condition for p in [14, Theorem 1.3] is satisfied if and only if 1 < p < max{p1(n, k), po(n, k)}.

Finally, we want to compare the upper bound estimates for the lifespan in (63). Clearly, the estimates

—(FEr-0-km) gy
e \p if n < N(k) and p € n,k),p1(n,k)),
e < { - (k) and p € [po(n. k). pr(n. b))

O] if n > N(k) and p € [p1(n, k), po(n, k)),

~

cannot be improved because it holds either p > po(n, k) or p > p1(n, k). Note that pa(n, k) plays no role in
the determination of the upper bound estimate for the lifespan.

However, in the case 1 < p < min{pg(n, k), p1(n, k)} it is not clear which of the upper bounds in (63) is
better. Of course, in this case we have to compare a; and as. A straightforward computation shows that
a1 > ag if and only if

(1—k)n—1p<201—k). (66)

If n < N(k) = 1/(1 — k), then, the previous inequality is always true. On the other hand, for n > N (k) we
may introduce the further exponent
.21 —k)
k)= ———.
ps(mk) = 50—
It turns out that ps(n, k) > 1 if an only if N(k) < n < N(k) =2+ 1/(1 — k). Moreover, for n > N (k) the
inequalities p1(n, k) < ps(n, k) and po(n, k) < ps3(n, k) are both satisfied if and only if n < N(k).
In order to clarify the upper bound estimates in (63), we shall consider five different subcases depending
on the range for the spatial dimension n.

Case n < N(k)
In this case, (66) is always satisfied as the left — hand side is nonpositive. So, a; > as. Therefore, for any
1 < p < pi(n, k) the following upper bound estimate holds

2 1

T(e) < e (Fr-0=km)" (67)



Case N(k) <n < N(k)

In this case, (66) is satisfied for p < p3. Hence, by the ordering 1 < po(n, k) < p1(n,k) < ps(n, k), we get
that a; > as for exponents satisfying 1 < p < p1(n, k). Also, even in this case (67) is a better estimates than

_ pp=1)
T(e) S e Pemh,
Case n = N (k)
In this limit case, po(n, k) = p1(n, k) = ps(n, k). So, for 1 < p < p1(n, k) = p3(n, k) it holds a; > as and as
in the previous case (67) is the best estimate.
Case N(k) <n < N(k)
In this case, it results 1 < p3(n, k) < p1(n, k) < po(n, k). So, for 1 < p < p3(n, k) it holds a = a;, while for

p3(n, k) < p < po(n, k) we have a = as. Therefore,

5’(%*(1*’“)")71 if pe(1,ps3(n, k),

T(E) 5 { p(p—1)

g k) if pe (ps(n,k),po(n,k)).

Case n > N(k)

In this case, p3(n, k) < 1 and 1 < p1(n,k) < po(n, k) so (66) is never satisfied for p > 1. Hence, az > a; for
any 1 < p < po(n, k), that is,

_p-1)

T(e) < e Forh

is a better estimate than (67).

3.1 Lifespan estimates in the subcritical case

Summarizing, what we established in the above subcases, we proved the following proposition, that completes
[14, Theorem 1.3] with the estimate for the lifespan while Theorem 1.2 and Theorem 1.3 deal with the critical
case that was not discussed in [14].

Proposition 3.2. Letn > 1 and 1 < p < max{po(n, k), p1(n,k)}. Let us assume that ugp € H*(R™) and
uy € L%(R™) are nonnegative, nontrivial and compactly supported functions with supports contained in Br
for some R > 0. Let

ueB([1,T),H' (R"))n®'([1,7),L*(R")) N LY

loc

(L.7) xB")

be an energy solution to (7) according to Definition 1.1 with lifespan T = T'(e) and fulfilling the support condi-
tion supp u(t,-) C Ba,t)+r for anyt € (1,T). Then, there exists a positive constant eg = £o(uo,u1,n,p, k, R)
such that for any e € (0,e9] the energy solution u blows up in finite time. Furthermore, the upper bound
estimates for the lifespan

Ce~(GH=0=m)"" it < N(k) and p € (1,p1(n, k),

T(e) < Cem (=00 ifn e (N(k), N(k)) and p € (1,ps(n, k)],
T e s ifn € (N(k), N(k)) and p € (ps(n, k), po(n, k)),
Ce™ "ng;% ifn > ﬁ(k) and p € (1,po(n,k)),

hold, where the constant C > 0 is independent of € and 0(p,n, k) is defined by (64).

4 Semilinear wave equation in EdeS spacetime: 2nd critical case

In Section 3 we derived the upper bound for the lifespan in the subcritical case, while in Section 2 we studied
the critical case p = po(n, k). We have already remarked that p = po(n, k) is the critical case when n > N (k).
Therefore, it remains to consider the critical case p = p1(n, k) when n < N (k). In this section, we are going
to prove a blow — up result even in this critical case p = pi(n, k) and to derive the corresponding upper
bound estimate for the lifespan. Even in this critical case, our approach will be based on a basic iteration
argument combined with the slicing procedure we already applied in Section 2.



As time — depending functional we will use the same one employed in Section 3, namely the function U
defined in (57). Then, since p = p1(n, k) is equivalent to the condition

(I=kn+1)(p-1)=p+1, (68)

we may rewrite (59) as

C/lt [(R + 1)~ (U(r))" dr ds (69)

for any ¢t € (1,T) and for a suitable positive constant C' > 0. Let us point out that (69) will be the iteration
frame in the iteration procedure for the critical case p = p1(n, k).

We know that U(t) > Ket for any ¢t € (1,T), where K is a suitable positive constant, provided that
up, u1 are nonnegative, nontrivial and compactly supported (cf. the estimate in (60)). Therefore,

t s t s
U(t) > CK%”/ / (R+7)~PTDrP drds > CKP(R+1)—(17+1>5P/ / 7~ ldrds
t

t
=CKP(R+ 1)*(1’“)5’”/ logsds > CKP(R + 1)*(1’“)5’”/ log s ds
1 2t/3

37ICKP(R+1)"®"tDeP tlog (Z) (70)

for t > ¢y = 3/2, where we used R+ 7 < (R+1)7 for 7 > 1.
Hence, by using recursively (69), we are going to prove now the sequence of lower bound estimates

U(t) > K; t (log (Ei)) for ¢ > ¢, (71)
J

for any j € N, where the sequence of parameters {£;};cn is defined as in Section 2.3, i.e. £; = 2 — 27U+,
and {K,},en, {0} en are sequences of positive reals that we shall determine afterwards.

We remark that for 5 = 0 (71) holds true thanks to (70), provided that Ky = (CKP(R + 1)~(®+heP)/3
and op = 1. Next we are going to prove (71) by using an inductive argument. Assumed the validity of (71)
for some j > 0 we have to prove (71) for j + 1. For this purpose, we plug (71) in (69), thus, after shrinking
the domain of integration, we have

U(t) > CK? /t /S(R+ 7~ (1og (£)) " ards
>C(R+1) (P+1)Kp// 1og ei))ajpdes
= C(R+1)" " VK (o9 +1) / (s ()™ as
£

for ¢ > ¢;41. If we shrink the domain of integration to [(¢;/¢;11)t,t] in the last s — integral we get

t ojp+1
U(t) > C(R+ 1)*(P+1)Kf(ajp+ 1! /Z . (log( )) ds

Lit1
ajp—i-l
Li+1 ) (lOg (4 +1))

A oip+1
> C(R+1)" 0208 K (p +1) ¢ (log () ) o

> C(R+1)" " VK (a5p+ 1)

for t > £;41, where in the last step we applied the inequality 1 — £;/¢;41 > 270U*3) Also, we proved (71)
for j + 1 provided that

Kj1 = C(R+ 1)—(P+1)2—(j+3)(0jp + 1)_1[(§7 and o041 =o0;p+ 1.

Next we determine a lower bound estimate for K;. First we find the value of the exponent o;. Applying
iteratively the relation o; = 1 4 po;_; and the initial exponent o¢ = 1, we get

j—1
. j+1_
oj = oop’ + Zpk = pjp_l L (72)
k=0




In particular, oj_1p+1=0; < p’™'/(p — 1) implies that
K, > L) IK? (73

for any j > 1, where L = 272C(R + 1)~ ®+1(p — 1)/p. Applying the logarithmic function to both sides of
(73) and reusing the resulting inequality in an iterative way, we arrive at

log K; > plog K;_1 — jlog(2p) + log L
j—1

j—1
>...>2p logKy— <Z(] - k)pk> log(2p) + <Zpk> log L
k=0

k=0

- _ _ log(2p) logL j D log L
= (1 LOKP 1)-+ep) _ P log(2p) — —2==
P <og(3 CKP(R+1) 6) (p—1)2+p—1 + p—1+(p—1)2 og(2p) P

where we applied again the identity (49). Let us define j; = ji(n,p, k) as the smallest nonnegative integer
such that

log L P

log(2p) p—1

J1 2
Hence, for any j > j; the estimate

_ plog(2p)  logL
(p-12 p-1

holds, where N = 371CKP(R + 1)~#+1)(2p)=#/ (=1 [1/(p=1)
Combining (71), (72) and (74), we arrive at

log K; > p’ <1og (3’1CKP(R + 1)*@“)5?) > = p’ log(NeP) (74)

T

U(t) > exp (p’ log(Ne?)) ¢ (log (fi))

> exp (p log(Ne?)) t (Llogt) ™ /7Y

= exp (pj log (2_p/(p_1)N5p (log t)p/(p_l))) t (3 log t)_l/(p_l)

for ¢ > 4 and for any j > ji, where we applied the inequality log(t/¢;) > log(t/2) > (1/2)logt for all ¢ > 4.
If we denote H(t,e) = 27P/(P=D) NeP (log t)p/(pfl), the last estimate may be rewritten as

U(t) > exp (p’ log H(t,€))t (5 log t)fl/(pfl) (75)

for t > 4 and any j > j;.
Let us fix 9 = eo(n, p, k, R, up, u1) so that

exp (QN—(l—m/pEOf(pfl)) >4

Then, for any e € (0,g0] and for t > exp (2N_(1_p)/p5_(p_1)) we get t > 4 and H(t,e) > 1. Thus, for any
e € (0,e0] and for t > exp (2N~(1=P)/Pe=(P=1)) a5 j — oo in (75) we find that the lower bound for U(t)
blows up and, consequently, U(t) cannot be finite too. Summarizing, we proved that U blows up in finite
time and, besides, we showed the upper bound estimate for the lifespan

T(c) < exp (2 N,(l,m/ps,(p,l)) _

Altogether, we established Theorem 1.3 in the critical case p = p1(n, k).

Remark 6. Combining the results from Theorems 1.2 and 1.3 and Proposition 3.2, we a full picture of the up-
per bound estimates for the lifespan of local in time solutions to (7) whenever 1 < p < max{po(n, k), p1(n, k)},
of course, under suitable sign, size and support assumptions for the initial data.

5 Final remarks

Let us compare our results with the corresponding ones for the semilinear wave equation in the flat case.
First, we point out that due to the presence of the term ¢!~7 in the semilinear term in (4), we have a
competition between the two exponents pg, p1 to be the critical exponent. This for the classical semilinear
wave equation with power nonlinearity does not happen since pgi (n) > Z—i for any n > 2. However, a
similar situation it has been observed when lower order terms with time — dependent coefficients in the



scale — invariant case are present, with a competition between a shift of Fujita exponent and a shift Strauss
exponent (cf. [6, 5, 26, 30, 33, 28, 29]). On the other hand, the presence of the exponent ps for dimensions
n € (N(k), N (k)) to distinguish among two different upper bounds for the lifespan depending on the range
for p is exactly what happens for the semilinear wave equation in spatial dimensions n = 2 (see [36, 18]).
Moreover, the situation for (7) when n < N(k) is completely analogous to what happens for the semilinear
wave equation when n = 1, see [49] for the Euclidean case.

After the completion of the final version of this work, we found out the existence of the paper [37], where
a more general model is considered. We point out that the approach we used in the critical case is completely
different, and that we slightly improved their result in the special case of the semilinear wave equation in
the generalized Einstein — de Sitter spacetime, by removing the assumption on the size of the support of the
Cauchy data (cf. [37, Theorem 2.3]).
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A Alternative proof of Proposition 2.1 in the special case k = 2/3

In this appendix we determine the representation of the solutions {y;(t, s; A)} je{0,1} to the Cauchy problems

8t2yj(t,s;)\)f)\Qtféyj(t,s;)\):0, t>s>1,
y;(s, 83 A) = doj, (76)
atyj(SaSQ)\) = 51ja

where A > 0 is a parameter and d;; denotes the Kronecker delta. Let us introduce the change of variables
z = z(t; A) = —2XA¢(t), where for the sake of brevity we denote simply ¢(t) = ¢2(t) = 3t'/3. Furthermore,

we perform the transformation y(t, \) = w(z) e~ 2. A straightforward computation shows that

w(z)] e"38

Oey(t,A) = [w'(2) = 3 or

Q?y(t, A) = [w”(z) —w'(2) +

2

w z)} e 2 (%)2 + [w’(z) — %w(z)} eféw.

=
S}

Consequently, y solves the equation

de _ 4

if and only if z is a solution of the confluent hypergeometric equation
2w"(z) — (2 4+ 2)w'(2) + w(z) =0, (78)

where we used gT = AXtY3(¢(t))~ ! and (%)2 = 4X\*t=*/3. According to [27, Equation 13.2.32, p. 324], a

fundamental pair of solutions to (78) is given by 23M(2;2,4) and z + 2. Here M (z;a,c) denotes Kummer’s
function

M(z;a,c) = i (@n__n

z )
he0 (C)hh'

where (b);, denotes the Pochhammer symbol (rising factorial) and is defined by (b), = 1 for h = 0 and
(L), =b(b4+1)---(b+h—1) for h > 1.

Lemma A.1. For any z € R the following identity holds
M (22,4) =6(e(z — 2) + 2 + 2). (79)

Proof. In order to prove (79) we are going to consider the corresponding Taylor series expansions. Let us
denote f(z) = 6(e*(z —2) 4+ 2z + 2). Since

f’(z):6(62(271)+1), f(z) = 6¢e*z,

then, £(0) = £'(0) = f"(0) = 0.



Moreover, one can prove recursively that f(?*")(z) = 6e*(z 4 h) for any h > 0. Therefore,

N f“” 10 b 20 3 (ht+1) .k
f(z) = Z Z hr3)! Z (h+3) % -

h=0

We remark that

@ (A 6(ht1)
@kl = [A/6)(ht3) Rl — (ht3)!

for any h € N, because of (2);, = (h+ 1)! and (4), = (1/6)(h + 3)!. Hence,

53 6(h+1) .3 (2
= Z (EL+3)' = 2(4)2%2 = 2°M(2;2,4),

that is, we proved (79). O

According to our previous remark, by (79) it follows that 6(e*(z —2) +z+42) and z+2 are a fundamental
system of solutions for (78). For the sake of simplicity we may consider {g1, g2}, where g1(z) = e*(z —2) and
g2(2) = z + 2 as a basis of the solution space for (77). We point out that {g1, g2} is clearly a fundamental
system of solutions as

W(g1,92)(2) = 91(2)95(2) — g2(2)g1(2) = —2%*.

Thus, the pair of functions

Vo(t,A) = —Se 2gi(2) =e? (=5 +1) = O (Ag(t) + 1),
Vi(t,\) = —te Fga(z) = e % (=2 — 1) =™ (\o(1) — 1)

form a system of fundamental solutions to (77).
)

(
Finally, we prove the representations (22) and (23) by using {VO, V1} as fundamental system of solutions

o (77).

Proposition A.2. Let yo(t,s;\,2/3) and y1(t,s;X,2/3) be the functions defined in (22) and (23), re-
spectively. Then, yo(t,s;X,2/3) and y1(t, s; A, 2/3) solve the Cauchy problem (76) for j = 0 and j = 1,
respectively.

Proof. We know that Vo, V1 form a system of 1ndependent solutions to (77). Also, we can write the solutions
yi(t,s;A), 5 =0,1 of (76) as linear combinations of Vo, Vi in the following way

Yt s30) = a;(s; M Vo(t: A) + bj (ss MVA (£ N) (80)

for suitable coefficients a;(s; A) and b;(s; A), 7 =0, 1.
The application of the initial conditions d}y;(s, s; \) = d;; yields the system

Vo(sid) V(s \) ( ao(s;A)  ai(s; A) ) g
O Vo(s;A) 0 Vi(s; A) bO(S;)\) 51(35)\) ’

where I denotes the identity matrix. Therefore,

( ap(s; ) ai(s;N) ) B ( VO(S A) ‘71(8;/\) )
( O Vo(s;\) 8:Vi(s;\)

(81)

e = N aVi(sA) —Va(s; A)
= (W (7. A)(s1) (—@%W) ‘70(5?)‘)>

The Wronskian °M/(\70, V1) is given by
W (Vo, Vi)(85 A) = Vo(t: VO Vi (8 A) = Va(t: M)A Vo(ts A) = 22 (9(1))7 ¢ () = 18X,
where we employed

BiVo(t; N) = —A\26(t) ¢/ () e ),
Vit N) = N2o(t) ¢/ (1) O,



Plugging the previous representation of °M/(‘~/0, ‘71) in (81), we find

(ao(s;)\) al(s;)\))_ 1 < aVi(s;iA)  —Vis;A) )

bo(s; ) bi(s;A) ) — 18N8\ =9, Vo(s;A)  Vo(s;\)

Let us begin by proving that yo(t, s; \) = yo(t, s; A, 2/3). Employing the above representation of the coeffi-
cients ag(s; A),bo(s; A) in (80), we have

oty 53 0) = (18X3) T {0,V (s: MV (£ A) — 0, Vo (s: MVA (5 0) }

(18X%) T N26(s) ¢/ (5){e X D=96D (Ap(1) + 1) + XEO=5ED (Ap(1) — 1) }
37%¢(s) ¢' (s)¢(t) cosh (M(@(t) — (s))) —37A7"¢(s) ¢' (s) sinh (M(t) — (s)))
= (t/5)"/? cosh (A(@(t) — ¢(5))) — 1/(3Xs'/?) sinh (A($(t) — ¥(s))) = wo(t, 5 A, 2/3).

Analogously, plugging the previously determined expressions for aq(s; A),b1(s; A) in (80), we have

yi(t, s;0) = (18X) 7 {Vo (s MVA (5 A) — Va(s; M)V (5 0) )
= (18%°) 7 {(x < ><A¢<t> 1)MEO=9) _ (Ag(s) — 1)(Ag(£) + 1)e M# =0}

— (18>\3) (>\2¢ 1)(ek(¢(t) ?(s) _ o~ (¢(t)*¢(5)))
+ (18)\3) ¢ ( ) (s))( A1) =e(s)) 4 o~ (¢(t)*¢(8)))
= ((s0)2 /A= 1/(9X%) ) simh (A(6(1) — 6(5)) + (1/94%) (6(8) — 6(s)) cosh (A6(t) — 6(5)))
=y1(t, s;\,2/3).
The proof is complete. O
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