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ABSTRACT. In this paper we study a Schrodinger-Bopp-Podolsky system of partial differential
equations in a bounded and smooth domain of R?® with a non constant coupling factor. Under a
compatibility condition on the boundary data we deduce existence and multiplicity of solutions
by means of the Ljusternik-Schnirelmann theory.

1. INTRODUCTION

The Schrodinger-Newton equation consists of a nonlinear coupling of the Schrédinger equa-
tion with a gravitational potential of newtonian form, representing the interaction of a particle
with its own gravitational field.

In 1998, Benci and Fortunato [2] treated a similar problem, where the Schrodinger equation
was coupled with Maxwell’s equations. Such coupling represents the interaction of the particle
with its own electromagnetic field. The coupling factor is a constant ¢ # 0. In their paper the
authors consider standing waves solutions in the purely electrostatic field and this leads to the
so-called Schrodinger-Poisson system. They impose a Dirichlet boundary condition both on the
matter field v and the electrostatic field ¢ and employed variational methods and critical point
theory to develop a procedure that would become standard to treat other similar problems.

Later, Pisani and Siciliano [10] treated a Schrédinger-Poisson system with Neumann bound-
ary conditions on the scalar field ¢ and considered the case in which the interaction factor
responsible for the coupling of the equations is non-constant. This gives rise to important and
interesting considerations regarding the geometry of the manifold on which find the solutions.

In this paper we treat a modification of the problem dealt with by Pisani and Siciliano
consisting in the addition of a biharmonic term in the equation of the electrostatic potential
and imposing appropriate boundary conditions. The problem studied can be interpreted as a
coupling of the Schrédinger equation with the Bopp-Podolsky electrodynamics (for more details
on this matter, see [3] and the references therein). However here we focus on the mathematical
aspects of the problem.

We point out that in the literature there are few papers concerning Schrédinger-Bopp-
Podolski systems. Beside [3] we cite here [4,8] where the authors study the problem with a crit-
ical nonlinearity, [5] where solutions with a priori given interaction energy for the Schrodinger-
Bopp-Podolski system are found, [7] where the problem has been addressed in the context of
closed 3—dimensional manifolds both in the subcritical and critical case and [11] where the
fibering method has been used to prove existence results depending on a parameter and also
nonexistence.
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Coming back to our problem, the aim here is to study the following system of partial differ-
ential equations in a connected, bounded, smooth open set Q ¢ R3:
(1.1) —Au+ qpu — KluP2u=wu  in Q
(1.2) A% —Ap=qu? in Q

in the unknowns u,¢ : - R and w € R. Here x € R and ¢ : 2 — R are given. We assume
the following boundary conditions:

(1.3) u=0 on 00
0¢
(1.4) I hi on 09
0A¢
(15) 8T = h2 on 0N

and for simplicity we assume hi, hy continuous. The symbol n denotes the unit vector normal
to 0L pointing outwards. Since u represents physically the amplitude of the wave function of
a particle confined in €2, we assume the following normalizing condition:

(1.6) /Q W2z = 1.

We also assume that the coupling factor ¢ is continuous on :

(1.7) q € C(Q).
Our main result is the following:

Theorem 1. Let k >0, p € (2,10/3) and

(1.8) a::/ thS*/ hids.
o0 o

Assume that infgq < a < supgq and that |¢g~ ()| = 0. Then there exist infinitely many
solutions (un,wn, ¢n) € HE(Q) x R x H?(Q) to the problem (1.1) and (1.2) under conditions
(1.3)-(1.7), with

/ |V, |2de — 4o0.
Q

Moreover the ground state solution can be assumed positive.

Our approach is variational, indeed the solutions will be found as critical points of an energy
functional restricted to a suitable constraint. In this context by a ground state solution we
mean the solution with minimal energy. Moreover as a byproduct of the proof, we obtain that
also the energy of these solutions is divergent.

Remark 1. It is easy to see that if k < 0 the result holds with p € (2,6). For k =0, see [1].

The paper is organized as follows.

In Section 2 we introduce an auxiliary problem which will be useful in order to deal with
homogeneous boundary conditions.

In Section 3 we give some properties of the constraint M on which we will find the solution.

In Section 4 we introduce the energy functional and show that its critical points on M will
give solutions of the problem.

In the final Section 5 by implementing the Ljusternick-Schnirelmann theory we prove The-
orem 1.

As a matter of notations, we use the letters c, ¢, ... to denote positive constant whose value
can change from line to line. We use || - ||, to denote the standard LP—norm.
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2. AN AUXILIARY PROBLEM

Our aim is to define a functional whose critical points will be the weak solutions to the
problem. In order to deal with homogeneous boundary conditions, that will permit to write
the functional in a simpler form, we make a change of variable.

Cousider the following auxiliary problem (where « is defined in (1.8))

(2.1) A’x —Ax=a/|Q in Q,
(2.2) g% =h; on 01,
(2.3) % =hy on 99,
(24) [ xz =0,

Q

It is easy to see it has a unique solution. Indeed, let 8 be the unique function satisfying
A—0=0a/|2 in Q
00

ain = h2 on 39,

/ Odx = hids
Q o0

and then let y the unique function which satisfies
Ax =6, in Q

ox _ .
8—n—h1 in 09

/de =0,
Q

see e.g. [13]. Then it is easy to see that by construction x satisfies (2.1)-(2.4).
The change of variables we make is

p=0—=X—
where )
W= —/ odx.
12 Jo
With the new variables (u,w, ¢, ) our problem becomes
(2.5) —Au+q(x + @)u— KlufP2u=wu — pqu  in Q,
(2.6) A%p—Ap=qu? —a/|Q in Q,
(2.7 u=0 on 01,
(2.8) / wldr =1,
Q
(2.9) g—i =0 on 09,
0A
(2.10) Aéﬁfzzo on 99,

(2.11) / pdx = 0.
Q
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Notice that the compatibility condition between (2.6), (2.9) and (2.10) now reads as

/quzdx:a.

Q

S = {uEH&(Q) : /qule},
Q

N = {UEH&(Q) : /qugdx:a},
Q
M:=SNN.

Recall that « depends on both the boundary conditions to the original problem.
If the problem has a solution, then of course M # (). Hence,

(212) Gmin < @ < @max

where

Let us define the sets

quin = infg and  gmax =supgq.
Q Q
Indeed, if o < gumin, then
o = / undl‘ 2 Qmin > @,
Q

which is a contradiction. The case a > gpax 1S analogous.

From (2.12) we deduce that ¢~ !(a) is not empty, and indeed is its measure that will play a
major role.

Suppose @ = gmin and |¢~(a)| = 0. Then

/ quide = / quidz > a,
Q {zeQ:q(z)>a}

so M = 0. If @ = gmax and \q_l(a)| = 0 we proceed in an analogous manner to conclude
that M is empty and so the problem has no solutions. Therefore, we arrive at the following
necessary condition for the existence of solutions: either

(213) gmin < & < Qmax
or
(214) @) £ 0.

3. THE MANIFOLD M

We now state some properties of the set M, referring the reader to [10] for the omitted
proofs.

We first note that M is symmetric with respect to the origin: if u € M then —u € M. This
follows trivially from the definition of M. We also note that M is weakly closed in Hg(€2).

Now, we want to show that under condition (2.13) the set M is not empty. For this, we
introduce the following notation.

Let A C Q be an open subset and define

Sy = {ueﬂg(A) : /Au2dx=1}

gA:uéSAH/qUdeéR.
A

and
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It is immediately seen that
94(S4) C [inf g, supg].
A A

Lemma 1. The following inclusion holds:
(inf ¢,supq) C ga(Sa).
A A
We can conclude the following:

Proposition 1. Let A C Q be an open subset. If a € (inf 4 q,supy q) then there exists u €

HL(A) such that
/ wder =1 and / qulde = a.
A A

In particular by taking A = 2 we get
Theorem 2. Assume that infq ¢ < o < supq q. Then M is not empty.

Let us recall the definition of genus of Krasnoselki. Given A a closed and symmetric subset
of some Banach space, with 0 ¢ A, the genus of A is denoted as v(A) and defined as the least
integer k for which there exists a continuous and even map h : A — R*\ {0}. By definition it
is v(0)) = 0 and if it is not possible to construct continuous odd maps from A to any R¥ \ {0},
it is set y(A) = +oo.

It is known that the genus is a topological invariant (by odd homeomorphism) and that the
genus of the sphere in RY is N.

The next result says that M has subsets of arbitrarily large genus.

Theorem 3. Let uy,...,ur € M be functions with disjoint supports and let
Vie = (u, ... ug)

be the space spanned by ui,...,ur. Then M NV is the (k — 1)-dimensional sphere, hence
’Y(M N Vk) =k.

Now, it is natural if one raises the question of whether there exists such functions with
disjoint supports for arbitrary k. The answer is positive:

Theorem 4. If (2.13) holds then for every k > 2 there exist k functions uy, ..., ur € M with
disjoint supports. Hence yv(M) = +o0.

Let
GlzueH&(Q)»—)/u2dx—1€R,
Q
GQ:UGH&(Q)»—)/qUdefOzGR
Q
and
G = (G1,Ga).
Then

M= {u € HYQ) : Gi(u) = Golu) = o} -G Y0).

We note that G is of class C*.
Let us show, for the reader convenience, that G/ (u) and G4(u) are linearly independent, so
G will be a submersion and M a submanifold of codimension 2.
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Proposition 2. Assume M is not empty. The differentials G|(u) and G4(u) are linearly
independent for every uw € M if and only if

(3.1) g7 (a)] = 0.

Proof. First, assume (3.1). We will show that G/ (u) and G%(u) are linearly independent, for
all u € M. Suppose that there are a,b € R such that

aG(u) +bGh(u) =0 in HY(Q)

for some v € M. Evaluating this expression in u, we find that a + b = 0. Then

aGh(u)[v] + bGYy(u)[v] = b (a/ uvdz Jr/ quvdz) =0 Yve H}Q),
Q Q
that is,
b/ (¢ — @)uvde =0 Vv € H}(Q).
Q

If b # 0 then we would have (¢—a)u = 0 a.e., and hence, in view of (3.1), u = 0, a contradiction.
Thus G (u) and G4 (u) are linearly independent for all u € M.

Now, suppose (3.1) is not satisfied. Then ¢~!(a) has not empty interior, hence there is some
test function u with support in ¢~*(a) such that ||ul|s = 1. It is immediately seen that u € M
because qu = au and hence

Gy(u) = aG(u),
which completes the proof. [l

4. VARIATIONAL SETTING

We now proceed to study the variational framework of the problem. Our aim is to construct
a functional whose critical points will be the weak solutions of the problem.

Following [6], let

V:{fGHQ(Q) : ag:Ooné‘Q}.
on

We remark that V is a closed subspace of H?(f). Indeed, let {v,} C V such that v, — v in
V. Then 0 = 71 (vn) — 71(v) and hence 71 (v) = 0, where 71 denotes the trace operator which
for smooth functions gives the directional derivative in the direction of the exterior normal on
the boundary. Being a closed subspace, V inherits the Hilbert space structure of H 2(Q)

Recall that

p=9—X—p

v,
w=— [ odx.
€] Jo

In this way, we have » = 0, where from now on, given a function f, we denote with f its
average in ). Consider then the following natural decomposition of V:

(4.1) V=Ve&R

where

where

On V we have the equivalent norm

1/2
lInlly = (11713 + [1anI) .
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Consider the functional F : H}(2) x H?(Q) defined below:

/ |Vaul?dz + = /q(ap + x)uldr — E/ |ulPdx

4/(Ag0) de — - / |V ?dx — m pdz.

It is easy to see that this functional is of class C! and that given v € H}(Q) and ¢ € H?(Q)
we have

F!(u,0)[v] = /QVqud;v —l—/Qq(go—kx)uvdx — H/Q [u[P~2uvdx

1/ , 1/ 1 a
— [ ¢udr — = | ApA&dr — f/ VeVédr — —/ &dx
2 Jo 2 Ja 2 Ja 29| Jo

for every v € H}(Q) and ¢ € H?(Q).
Then, (u, ¢, w,n) € HE(Q) x H?(2) x R x R is a weak solution to (2.5)-(2.11) if and only if

F(u,9)[¢] =

(u, ) € M x ‘7,
(4.2) Yo € HY Q) : Fl(u,0)[v] = w/ uvdx — u/ quudz,
Q Q
VEEV: Fiup)le] = 0.

Theorem 5. Let (u,¢) € HE(Q) x H2(Q). Then there exist w, i € R such that (u,p,w, 1) is

a solution to (2.5)-(2.11) if and only if (u, @) is a critical point of F constrained on M XV, in
which case the real constants w, p are the two Lagrange multipliers with respect to F,.

Proof. Indeed (u, @) is a critical point of F constrained on M x V if and only if
Vo € Tu,M : F.(u,p)[v] =0,
VEEV : Fy(u,0)[E] = 0.

Note that the tangent space to V at p is V itself.

Then a weak solution, according to (4.2) and the Lagrange multipliers rule, is a constrained
critical point.

Suppose on the contrary that (u,) is a constrained critical point. Then, again by the
Lagrange multipliers rule, we have that there exists w, u € R such that

Yo € HY(Q) : F! (u, )[v] = w/ uvdx — u/ quudzr.
Q Q

It remains to prove that F;(u, ©)[€] =0 for all £ € V. But this follows by the decomposition
(4.1), noticing that Fi,(u,)[r] = 0 for every constant » € R. Then (4.2) is satisfied and this
concludes the proof. O

The functional F constrained on M x V is unbounded from above and from below. This
issue has been addressed by Benci and Fortunato [2] and in many subsequent papers. Their
standard reduction argument goes as follows:

(i) For every fixed u € H}(€2) there exists a unique ®(u) such that F(u, ®(u)) = 0.
(ii) The map u ~ ®(u) is of class C1.
(iii) The graph of ® is a manifold, and we are reduced to study the functional J(u) =
F(u, ®(u), possibly constrained.
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However the method sketched above fails in our situation, for two reasons. First, we see that
F(u, ) = 0 with ¢ € V' is just
Ao — Ap—qu* +a/|Q =0 in Q,
9¢ _

I 0 on 09,
M—(p =0 on 09,
on

/cpdx =0.
Q

The problem above has not a unique solution for any fixed u: this happens, due to the com-
patibility condition, if and only if u € N. Moreover, since N is not a manifold (unless a # 0)
we cannot require the map ® : u +— ®(u) to be of class C' in N. We shall then extend such a
map .

Proposition 3. For every w € L%5(Q) there exists a unique L(w) € V solution of
Ap—ANp—w+wT=0 1in Q,
g—;’f =0 on 09,

% =0 on 09,
on

/(pdx =0.
Q

The map L : L5/°(Q) — V is linear and continuous, hence of class C™.
Proof. The weak solutions to the problem are functions ¢ in the Hilbert space V such that
/ ApAvdz —I—/ VeVoudr — / wvdr =0 Yo e V.
Q Q Q
So the result follows by applying the Riesz Theorem since the bilinear form b : VxV-—R
given by
b(p,v) = / ApAvdzx —|—/ VeVudz.
Q Q

is just the scalar product in V. (]
The following proposition follows from well-known properties of Nemytsky operators.

Proposition 4. The map
ue L5(Q) — qu? € LI°(Q)
is of class C".

As a consequence of the previous propositions, we can define the following map:
d:ue HY Q) — Liqu®) e V.

It is clear that
P(u) = 2(—u) = O(|ul).

Moreover, for every (u,¢) € H}(S2) x V we have that ¢ = ®(u) if and only if for every n € V

/A@Andx—k/ V@Vndx:/qu%dx.
Q Q Q
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Taking n = ®(u) we have in particular the important relation

(4.3) /Q(A@(u))Qd:E+/Q|V<P(u)|2dz:/Qqu2<1>(u)dx.

The right hand side above is the interaction energy term. Then we infer
I < llall | w@(u)do
Q

< | lul[3]@(w)[[2

< c||Vull3l[Ve(u)|l2

< || Vulf3]|@(w)lly
and hence
(4.4) 12 ()|l < el Vull3,
that is, ® is bounded on bounded sets. We have
Lemma 2. If u, — u in H} () then

/qu%@(u@dm%/qﬁ@(u)dm.
Q Q

Moreover the map ® is compact.

Proof. Let u, — u in H}(Q) and define B,, B:V — R by

Bn(n) == /Q quindz,  B(n):= /Q quindz.

Such operators are continuous due to the Holder’s inequality. For example:

/ qundx
Q

(where here ¢ depends on u).
Due to the compact embedding of H}(Q) into LP(R) for p € [1,6), we get u2 — u? in L6/5(9)
and then

< llallosl[ullZlInllz < el[Vnll2 < cllnlly

|Bru(n) = B(n)| < lllloclluz; = u?lls/s]nlle

< cllalloollug; = u?[lesslInllg-

Hence ) )
clluz — u*{losslInlly

[l

||B,, — B|| < sup — 0,
n70

namely B,, — B as operators in V. B B
On the other hand, we have that ®(u,) — ®(u) in V. Indeed, let g € V'. Then there is
some vy € V such that

g(®(uy,)) = / V& (u,)Vvgdz + / AD(u)Avydr = / quivgda.
But then ! ’ !
@) = 9@(w) = [ alu? ~ oo
< lllloolluzy, = w?lla][vgll2 — 0

since u2 — u? in L?(2) as well.
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We then conclude that
/ qu2 ®(uy,)dx — / quP®(u)dx
Q Q

and by (4.3) that ||®(u,)|ly — [[®(u)||;;. Consequently ®(uy,) — ®(u) in V. O

%
Note that for every u € N we have that F,(u, ®(u)) = 0. Indeed, ®(u) is the unique solution

to the problem in Proposition 3 with w = qu?.
We now define the reduced functional of a single variable:

J : HY}Q) — R
u — F(u,®(u))

With the notation ¢,, := ®(u) the functionl J is explicitly given by (recall (4.3))

1 1 1
J(u) = 5/ |Vu|2dx+§/qapuu2dx+§/ qqud_'];—g/Q|u|de
1
—7/(A<pu) dx—f/ Vool de Zm/goudx

/|vu| dr + = /(Agpu) dx+i/ |Vl dac+/qxu2dx
Q Q

—7/ |u|Pd.
pJa

We note that J is of class C* on H}(2) and even. Moreover, for every u € M we have that
T (w)v] = Fy(u, ou) [v] + Fy(u, 04) @ (w)[0]] = F(u, pu)[v] Vv € Hy(Q)
and hence we deduce the following
Theorem 6. The pair (u,p) € M x V is a critical point of F' constrained on M X 1% if and
only if u is a critical point of J|p and ¢ = ®(u).
5. PROOF OF THE MAIN RESULT
The next lemma will be useful.

Lemma 3. Let D be a reqular domain of RN and
1<s<N,
Ns
N —s

0<r§N(1—p*).
S

Then there exists a constant C > 0 such that for every u € WbH3(D) it holds that
lully < Cllullips[lullg

Proof. See [9, Lemma 3.1]. O

s<p<st=

and

Remark 2. If D is bounded, then the conclusion of the lemma is true also in the case p € [1, 3]
with r < p. Also, if D is bounded and u € Wol’p(D), then, by Poincaré inequality,

lullp < ClIVul 5™ [full;-

The following lemma gives the existence of solutions to our modified problem.
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Lemma 4. The functional J on M is weakly lower semicontinuous and coercive. In particular,
it has a minimum uw € M, and it can be assumed positive.

Proof. We have

1 1 1
J(u) = 5/Q|Vu|2d3:—i—Z/Q(Agauyd:r—kE/Q|Vg0u|2d:v—+—/quu2dac—g/g|u|pdx
1

K
5 [ 1vuPds = el = = [ fups
Q P Ja
Finally, we apply Lemma 3 with s =2 and N = 3. Since p € (2,10/3) it holds that

p2<3(116)><2

Y

and we can choose

p—2<r<3<1—]g>,

so that by the Lemma it follows that

8 [ s < clvully
PJa
Hence,
1 _
3w 2 5 [ [9uPde = lalllilloe =1Vl

and thus J is coercive and bounded from below on M.
Now, let {u,} C M such that v — u. Since M is weakly closed, u € M. By Lemma 2 we
know that

1 1 1 1
7/(A‘PUn)2d$+*/ ‘v§0un|2d$_> 7/(A<Pu)2dl'+*/ |v§0u|2d$'
4 Ja 4 Jo 4 Ja 4 Jo

We also know that u2 — u? in L%/5(Q) so

/ gx(u? —u?)de < c/ u? —udx
Q Q

< c||un — ullg/5 — 0.

Finally, the first and last terms are the norms of u in Hg(Q) and LP(f2) (up to constants), so
they are weakly lower semicontinuous.

Thus J is weakly lower semicontinuous and the existence of the minimum follows by standard
results. Note that J(u) = J(|u]) so the minimum may be assumed to be positive. O

We will use a deformation argument to show that there are infinitely many solutions. A
crucial point is that the functional satisfies the Palais-Smale condition. We recall that in
general, it is said that the C'' functional Z satisfies the Palais-Smale condition on the manifold
M, if any sequence {u,} C M such that {Z(uy)} is bounded and Z(uy,) — 0 in the tangent
bundle, admits a convergent subsequence to an element v € M.

Proposition 5. The functional J satisfies the Palais-Smale condition on M.

Proof. Let {u,} C M be such that
{J(un)} is bounded

(5.1) J|(un) = 0.
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By (5.1) there exists two sequences of real numbers {\,)}, {8,} and a sequence {v,} C H~!
such that v, — 0 and

(5.2) — Aup, + q(on + X)un — m|un|p*2un = AUn + Bnquy + vy

where ¢, 1= @y,

Since J is coercive and {J(u,)} is bounded, we know that {u,} is bounded in H}(£2). Hence
there exists u € H&(Q) such that u, — u, up to a subsequence. By the compact embeddings
and Lemma 2 we know that

(5.3) U, —u in LP(Q), ¢, — o, in H*(N).
Also, since M is weakly closed, we know that v € M. It only remains to show that u, — w in

Hy(9).
By (5.2) we have that

1 1
(5.4) 7/ |V, [*dz + 7/ q(pn + x)uidx — E/ [un|Pdz — (vn, un) = Ap + B
2 Ja 2 Ja P Ja

By (5.3) we infer

‘/ qa(n + x)u2 — q(pu + x)uQ) dzx

< c/|son+x||ui—u2\dx+/u2|¢n—¢|dx
Q Q
= On(l)

where we are denoting with 0,(1) a vanishing sequence. Then the right-hand side of (5.4) is
bounded and we can assume that

An +afB, = &+ On(l)
with £ € R. Then (5.2) becomes
(5.5) — Aup +q(pn + X)tn — H|un‘p72un —vp = (§+0(1))un — Bulq — @)un

Now, since u € M we know that ||u||2 = 1. This, together with the assumption |¢~!(a)| =0
implies that (¢ — @)u is not identically zero. Then there exists a test function w € C§°(€2) such
that

/(q — a)uwdz # 0.
Q

Evaluating (5.5) on this w we get
(5.6) /Vuandx+/ q(<pn+x)unwdx—f<:/ |t [P~ 2w wda
Q Q Q

= () = O+ 0u(1) [ wywde = By [ (g = @)uyuds

Q

and using again (5.3) we see that every term in the left-hand side converges. Also, by the weak
convergence of {uy},

/Q(q — q)uywdr — /Q(q — o)uwdz.

This implies, coming back to (5.6), that {8,} is bounded, which in turn implies that {\,} is
bounded.
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Applying (5.5) to u, — u we get
(5.7) /QVunV(un —u)dz + /Q q(n + X)un(uy, —u)dz — n/Q | [P~ 200, (1, — 0)
— (Upyup —u) = (A + 0(1))/ U (up, — w)dz + By / (¢ — &)up(uy — u)de.
Q Q

Since (again by (5.3)) we have

J,
J,

2

q(on + X)un(un —u)dz — 0, (v, u, —u) — 0,
nlP %

—u)dr — 0, (A+ 0(1))/ U (up, —u)dz — 0
Q
and
Bn /Q(q — a)up(u, —u)der — 0,
we conclude by (5.7) that ||Vuy,||l2 — ||Vul|l2 and so u, — u in H} (). O
Now we can give the proof of Theorem 1.
By Theorem 3, M has compact, symmetric subsets of genus k for every k € N.

Let us recall now a classical result in critical point theory. We give the proof for the reader
convenience.

Lemma 5. For any b € R the sublevel
={ueM : J(u) <b}
has finite genus.
Proof. We argue by contradiction. Suppose that
D:{beR : 7(Jb):oo}7é(2).
Since J|s is bounded from below, then D is bounded from below. Then
—00 < b=inf D < oo.

Moreover, since J|p; satisfies the Palais-Smale condition, the set

Z:{ueM L J(u) =D, J|'M(u):o}

is compact. Hence there exists a closed symmetric neighborhood Uy of Z such that v(Uz) < co.
By the Deformation Lemma, there exists an € > 0 such that .J b=¢ includes a deformation retract
of J**¢\ Uz. Then, by the properties of the genus,

YT"E) (TN Uz) +7(Uz) <) +1(Uz) < oo
a contradiction. O
Let n € N. By Lemma 5 there exists some k € N depending on n such that
V(J") = k.

Let
A ={ACM : A=-AT=A9(4)=k+1}

that we know is not empty by Theorem 3.
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By the monotonicity property of the genus, any A € Agy; is not contained in J™, then
sup4 J > n and therefore
cp = inf supJ(u)>n.
" A€ UEB (W)=
Well known results (see e.g. Szulkin [12]) say that ¢, are critical levels for J|;; and then there
is a sequence {u,} of critical points such that

J(up) = ¢p = +00

The critical points give rise to Lagrange multipliers wy,, tt, and then, recalling the decompo-
sition ¢ = ¢ — x — p, to solutions (un, wn, ¢n) € HE() x R x H(Q) of the original problem.

We show that ||Vup||2 = +o00. Since

/Q axu2dz < |[gx]lso,
and by (4.4) it is
lenll = /Q (A 2dz + /Q Von[2dz < cl[ V|3,

we see that
[T (un)| < (14 )|[Vun||? + €[ Vualls + [lax] |

and then {u,} can not be bounded.
This concludes the proof of Theorem 1.
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