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WELL-POSEDNESS FOR A SLOW EROSION MODEL

G. M. COCLITE AND E. JANNELLI

ABSTRACT. We improve in two ways the well-posedness results of [2] for a slow erosion model proposed

in [I1]: firstly we study the asymptotic profile when Tras € L™, where ug is the initial datum; moreover,

using a compensated compactness based argument we prove the existence of solutions when 1?;0 e L,
o> 3.

1. THE BASIC MODEL

This paper is devoted to the analysis of the slow erosion model

(1.1) du+ 8, (f(W)Eu]) =0, t>0, z€R,
where
fu) = ULH Elu(t, )] (z) = ele fut&)de,

This equation has been studied in [2] and describes the slow erosion limit for a granular flow model
proposed in [I1]. The function u + 1 gives the slope of the standing profile of granular matter, that is
influenced by the occurrence of small avalanches. The function f = f(u) is the erosion function and has
the meaning of the erosion rate per unit length in space covered by the avalanches. A more detailed
derivation of the model can be found in [I5]. For more general f and a numerical analysis see [15] 11 [7].

We augment with the initial condition

(1.2) u(0,x) = up(z), z €R,
and we assume that
(1.3) up € L'(R),  —1<up<0,  f(ug) € L'(R)N L7 (R),

for some 1 < o < 00.

We use the following notions of solution for (1.1f) and (1.2]).

Definition 1.1. Let u : [0,00) X R — R be a function. We say that u is a weak solution of (1.1) and
(1.2) if for any test function ¢ € C*°(R?) with compact support we have that

(1.4) /OOO/R (uatgo + f(u)E[u]@xgo)d:Udt + /Ruo(x)cp((),x)dx =0.

Definition 1.2. Let u : [0,00) xR — R be a function. We say that u is an entropy solution of (1.1) and
(T.2) if for any nonnegative test function o € C(R?) with compact support and any convex entropy
n € C%(R) with entropy flur ¢ € C*(R) defined by q¢' = n'f' we have that

/Ooo /R (n(U)atso + q(u)E[u]0ye + (f (u)n' (u) — q(u))f(u)E[u]¢> ddt
(1.5)

+ /R n(uo())p(0, z)dex 0.
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In [I, 2] the authors studied the well-posedness of the entropy solutions of (1.1) and (1.2) assuming
that

(1.6) up € BV(R)
and that (|1.3)) holds with
(1.7) o = 00,

which means
(1.8) — 1<Ky <uy <0,

for some constant kg. Using a front tracking algorithm, they proved that the Cauchy problem (1.1]) and
(1.2) admits a unique entropy solution u such that:

(1.9) we L%®(0,T; LY(R)) N L>¥(0,T; BV(R)), T > 0;
(1.10) for any T' > 0 there exists k7 s.t. —1 < kp <u <0 ae. in (0,7) x R.

Moreover, they show that the map ug — w is Lipschitz continuous, in the sense that if v and v are two
entropy solutions of (|1.1]) satisfying ([1.3)), (1.6]), and (1.8)) at time ¢t = 0, then for any 7" > 0 there exists
a constant L7 > 0 such that

(1.11) e, ) = 00t Yy < Dr 00,) =00, Mgy, e O<E<T.
In this paper we consider the following vanishing viscosity approximation of (1.1)) and (|1.2)):
(1.12) Opue + O (f (ue)Efuc]) = €02, ue, t>0, z€eR,
' ue(0,z) = up (), x € R,

where € > 0 and ug. is a smooth approximation of ug. The well-posedness of smooth solutions for
can be proved using the same arguments of [4] 5, [§].

We improve the results of [Il, 2] in two ways. We begin by considering their assumptions, namely
we require on uo , , , and . The analysis of the BV compactness properties of the
solutions of (| allows us to

give a smlpler proof of the existence results of [1], 2] for (1.1} l 1) and (1.2}
prove better pointwise lower bounds on the solutlon of (1.1)) and (1.2] ) than the ones in [, 2];

describe the asymptotic behavior of the solution of . and . as t — 00;
get hints on the compactness propertles of numerical schemes for ) and .

As a second step, we remove both (| and (| , and we assume that ( . ) holds with
(1.13) o> 3.

From a physical point of view when o < oo the deposition function u + 1 can become singular (i.e., can
vanish). The fact that in we have ¢ > 3 and not simply o > 1 is purely technical and is needed to
make sense to all the terms in under the different choices of 1. Under these assumptions, we prove
the existence of entropy solutions for and . We bypass the lack of BV bounds on u. arguing
as in [0, @, [10] and using the compensated compactness result deduced in [13, [I4] for conservation laws
with discontinuous fluxes.

Finally, we wish to make an additional comment on the the upper bound ug < 0 on the initial
condition in , that is not considered in [2]. That bound physically says that we have only deposition
of material. Mathematically, we use this assumption to simplify the presentation and focus on removing
the lower bound kg > —1, see ; indeed, passing from —1 < ug < 0 to the case —1 < ugy does not
increase difficulty, because f is bounded and Lipshitz continuous in [0, c0).

The paper is organized as follows. In Section [2] assuming ¢ = oo, we prove the convergence of a
vanishing viscosity type approximation and we study the asymptotic behavior of the entropy solutions.
In Section (3 assuming ¢ > 3, we prove that and admits an entropy solution.
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2. THE CASE 0 = o0

In this section we assume (|1.3)), (1.6]), (1.7), and (L.8]).

About the initial condition ug . of (1.12)) we assume (here and in the following, as usual, TV means
total variation)

up,e € CC(R), e >0,
Up,e — up, a.e. in Randin LP(R), 1 <p <ooase— 0,
G uelpg < luolligys  19suocl gy < TV (o), —1<ro<uge<0,  €>0,
€ H@ixuo,EHLl(R) < C, € >0,
for some constant C' > 0 independent on «.
The main result of this section is the following

Theorem 2.1. Assume (1.3)), (L1.6), (1.7), (1.8), and (2.1). Let u be the unique entropy solution of
(1.1) and (1.2) and u. the one of (1.12). We have that

(2.2) ue —u, a.e. inR and in L} ((0,00) x R), 1 <p < oo ase — 0.
Moreover, u € BV ((0,T) x R) for any T > 0, and satisfies

-1
(2.3) <u(t,z) <0, a.e. in (0,00) x R,
kit + ko + / (K1t + K2)? + 1
where
“uOHLl(IR)
6_ 1+kg /f% — 1

M=y e T
In particular, u has the following asymptotic behavior:
(2.4) u(t,-) =0, ae inR andin L] (R),1<p<oco ast— oco.

In order to prove Theorem we need some preliminary lemmas, for all of which we assume the
hypotheses of Theorem

Lemma 2.1 (L ESTIMATE). The following inequalities

(2.5) ko < ug(t,x) <0
hold for any e > 0,t >0, x € R. In particular
R0 / 1

2.6 < <0 1< <
(2.6) ffo—l—l_f(us)_ ) _f(UE)_(1+/£o)2
Proof. Consider the initial value problem
27) o + f'(v)Eus]0v — f2(v)Elue] = 02,0, t>0, z€eR,

' 0(0,2) = ug s (), zeR.
We know that u. is the unique solution of (2.7)), see [4, [5, [§].

Being

O + f'(v)Elue])0pv — fQ(U)E[us] - 5833521 Y =0,
0o + f' (V) Blu]0pv — f2(v) Elus] — edi,v = — f*(ko) Blus] <0,
V=Ko

by (2.1)) we get that 0 is a supersolution and kg is a subsolution to (2.7). Therefore, (2.5) follows from
the Comparison Principle for Parabolic equations.
Since f is concave and increasing in the interval (—1,0], (2.5 implies (2.6). O
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Lemma 2.2 (L' ESTIMATE). The following inequality

(2.8) e (8 )l L1 ) < lluoll 1 my
holds for any e > 0 and t > 0. Moreover
(2.9) e < Elug(t,z) <1, t>0, z€R,
where
ol pr )
o 1+ ko ’

Proof. Since u, is nonpositive (see (2.5)) and f(0) = 0, we have that

/]ueldac —/ Opucsign (ug) de = /&gusdzn
:—5/Bmuada:—f-/8x(f(ua)E[ua])da::O.
R R

An integration over (0,t) gives

e (8, Moy = el gy -

Therefore, 1.' follows from
By (2.5] - 2.8) and the very deﬁmtlon of f, we get

o;/f@mm%=/1fitd5

|us(t, €| [uoll L1 ()
> — ———d (t,8)|d§ > ——————= = —ks3.
- /1—|—u5(t§)£ R
Using the definition of the integral operator E [] we gain (2.9). O

Lemma 2.3 (LOWER BOUND). The inequality

(2.10) ue(t,z) >

-1
K1t + ko 4+ /(Kit + k)2 + 1

holds for any e >0 and t > 0.

Proof. Consider the function

w(t) =

—1
kit + ko + / (K1t + k2)? + 1

w?
w2+ 1’
Using (2.9) and the identity 2x1 = e™ "3, we get

o + f'(v)Eu:)dpv — f2(v)Elue] — €02 ,v

which solves

w' = 2Kk w(0) = Ko.

v=w
=w' = fA(w)Elu] < w' — e f2(w)
2 2 2e— K3 3
w? 41 (w+1) (w+1)%(w? +1)

Therefore, by (2.1), w is a subsolution to (2.7). The Comparison Principle for Parabolic equations
guarantees that

w(t) < ue(t,x),

that is ([2.10)). O
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Lemma 2.4 (BV ESTIMATE IN z). The inequality

2
K
(2.11) |0z ue(t, )HLl(R < TV (uo) + m HUOHLl(R)t

holds for any e > 0 and t > 0.
Proof. Differentiating the equation in ([1.12)) with respect to z, we get

(2.12) 07y ue + Oy (f/(ua)E[Ua]axua) — 2 (ue) f' (ue) Eluc)Oyue + f2(ue) Eluc] = 83, ue
Thanks to ( . . . ., and the definition of f, we have that
d
dt/ |0z ugldm‘—/ 0% uesign (Opue) dx
—8/ 3 uesign (Opue) dr — / O (f'(ue) Euc)Opuc) sign (9puc) da

/ 3 :
+2/Rf(u€)f (uE)E[u5]|Oxu5|dm—/Rf (ue) Eluglsign (Opue) dz

e [P dbipumy + [ (0 Bl
- <0 - =0

42 [ fuf ) Blujosuclds — [ ) Eluclsign (9,u.) do
R ~ R

2
<7 d —_—
T [ fuelde < s ol

where d(,,,.—o} is the Dirac delta concentrated on the set {J;u. = 0}. An integration over (0,t) gives

2
K
[0zue(t, ) L1 (my < +m [uoll 1wy t-
Therefore, (2.11)) follows from ([2.1)). O
Lemma 2.5 (BV ESTIMATE IN t). The following inequality
TV (uo) "KLU‘ t+rst?
21 K4 K5
213) Joruc(t Mascey < (€4 ool + b ol )
holds for any e > 0 and t > 0, where
o fo N TV (up) “(%HUOHLI(R) e I€2 ol
YT T W F R (Tt ko)t T (o)t DT (1 Ro)T OB

Proof. Differentiating the equation in ([1.12]) with respect to ¢, we get
8t2tue + " (ue) Elu]0pucOrue + f,(“ef)E[us]atzxus

(2.14) + f/(us)E[Us]axUs/ f/(ue(t, €))Opuc(t, €)dE — 2f (ue) f' (ue) Elue]Orue
~ PluBlue] [ (et €)0ru 1. e = <0,
Thanks to , , , , , and the definition of f, we have that
d/ |8tu€]da:—/ D% usign (Opu.) dx
dt Jr

—e/atmueslgn (Orue) d:v—/f” ue ) Eug]0pus|Opug|dx
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= [ we) Pl ocsien (0rue) do
- [ P Bluddsnsin @) [ uete )0 ) deds
+2 [ ) (ue) Blu ol do
+ [ P Bludsion @) [ e l,)0 (1 €)dsd
== [ OB 500y — | 0u(F (w0 Bl

<0
—/f’(ug)E[ug]amugsign (Opue) /OO I (ue(t, €))Opuc(t, £)dédx

—|—2/ fluo)f Elu.]|0puc|dx

SO
+ /R f?(ue) Eluc]sign (dyuc) /m I (us(t, €))Oue(t, £)deda
- [ P sl Blucds

+ </R f’(ua)E[%H@xu5|dm> (/R f’(ue)\atua\dx>
+ (/ f2(U€)E[UE]dZE> </ fl(“z—:)!&e%dm)
< - W/|8tu5|da:+ (/ 10, u€|d:c) (/ !atuaydx>
1“0 (/ \us\dac> (/ |8tu5|d:):)

S - W/R|8tug|d:n
1 2

+ 1+ o)t <TV(U0) + m lwoll L1 (m) > / |Opue|dz

“o HUOHLI
Orue|d
1 + H() / | tu€| *

= (k4 + 2K5t) / |Opue|da,
R

where d075,,.—0} is the Dirac delta concentrated on the set {Jyu. = 0}. The Gronwall Lemma, (1.12),
1), and (E9) give

Kat+r5t?
10k (t, ) 1y < NOeue (0, )] o gy €477

= HgaszO,s - f/(UO,s)E[UO,s]azUO,s + fQ (UO,E)E[UQE} HLl(R) e”4t+55t2

020, . ol
2 I (R) /{/0 t+ t2
SGMMWM“”’u+m2+a+@wm”wmem“
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TV(U()) |I<,0|
(1+k0)%2 (14 Ko)? luollz ey ) e

Therefore, (2.13)) is proved. O
Now, we are ready for the proof of Theorem

I€4t+lﬁ:5t2

§<C+

Proof of Theorem [2.1 Let {ek}ren C (0,00) be such that e, — 0 and let T’ be any positive time. Since
the sequence {ue, }ren is bounded in L*((0,00) x R) N BV ((0,T) x R) (see Lemmas and [2.5)),
there exist a function u € L*°((0,00) x R) N BV((0,T') x R) and a subsquence {ue,, }ren such that

s TP
Ugy, — U in L,

((0,00) xR), 1 <p < o0, and a.e. in (0,00) x R.
We claim that u is the unique entropy solution to (I.1)) and (T.2)). Let n € C?(R) be a convex entropy
with flux ¢ defined by ¢ = ' f’. Multiplying (1.12)) by n’ (uey, ) We get
Ou(tty, ) + Ou((ty, )Eltey, 1) — (F(ttey 1 (tey, ) — alttey, ) f (11, )Eltc |

:Ekha?ca:uekh U’(Uskh) = 5kh8§x77(u€kh) _5kh77”(u€kh)(8$u5kh)2 < Ekhaixn(uach)'

<0

For any nonnegative test function ¢ € C*°(R?) with compact support we have that

| [ (0, D00+ e, ) Bl 1000+ (g, 0 0, ) = iy, D sy, ) Bl i)

—i—/ (o, (2))e(0,z)dx > —skh/ /n(uekh)aixgodxdt.
R o Jr

As h — oo, the Dominated Convergence Theorem gives
| (awide+ atw) Biuiong + (7 @) = aw) £ Bl dadt

+ /R (o)) (0, z)dex >0,

proving that u is the unique entropy solution of (1.1)) and ((1.2)).
Thanks to Urysohn Property, (2.2) is proved.
Moreover, (2.3) follows from ([2.5) and (2.10]). Finally, (2.4) follows from ([2.3)). O

3. THE CASE 0 > 3
In this section we assume that ((1.3|) holds with
(3.1) o =3,

(and a fortiori if o > 3); therefore now up may attain the value —1 at some point. This case has not
been considered in [1} 2].
On the initial condition ug. of (|1.12) we assume

upe € C*(R), e >0,
upe — up, a.e. inRandin LP(R), 1 <p<ooase—0,
f(uoe) — f(up), ae. inRandin LP(R),1<p<3ase—0,

1
HUO’EHLl(R) < HUOHLl(R)v -1< _174-6 < U,e < 07 > [)’
1f (o)l oy <C; e>0,1<p<3,

for some constant C' > 0 independent on «.
The main result of this section is the following.
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Theorem 3.1. Assume (1.3)), (3.1), and (3.2)). There exist a sequence {ep}nen C (0,00), €, — 0, and
a function u : [0,00) X R — R such that

u is an entropy solution of (1.1) and (1.2)),

—1<u(t,z) <0, a.e. in (0,00) x R,
f(u) € Lig (0,00, LP(R)),  1<p<3,
(3.3) Ju(t, M 1wy < lluoll 1y - a.e. t >0,

Ue, — u, a.e. in (0,00) xR and in L} ((0,00) x R), 1 <p < oo as h — oo,
f(us,) = f(u), a.e in (0,00) xR and in L} ((0,00) xR), 1 <p<3 ash— oo,
Elus,] = Elu], a.e. in (0,00) x R and in L} ((0,00) x R), 1 < p < oo as h — co.

Finally, if (1.6) holds, and

(3.4) \|8xu07€HL1(R) < TV (up), e >0,

we have also

. u € Lig.(0,00; BV(R)),

(3:5) TV (u(t,-)) < TV (uo) + Ct, a.e. t > 0.

In order to prove Theorem we need some preliminary lemmas, for all of which we assume the
hypotheses of Theorem

Lemma 3.1 (L>® AND L' ESTIMATE). The following inequalities

1
T1i: < ug(t,x) <0,
36) Plus(te) <0, flusltia)) > 1,

Jue(t, M prry < lluollprwy
0 < Efue](t,x) <1,
hold for any e > 0,t >0, x € R.

Proof. Quite similar to the proofs of Lemmas and O
Lemma 3.2. Let n € C?((—1,0]) be a convex nonnegative entropy with entropy fluz
3
(3.7) o) = [ Fenois —1<e<o
Then
(38) f(ua)n/(ua) - Q(ua) > 0.
Moreover, if
(3.9) n(uoe) € L'(R),
we have

t
et Doy + [ [ (Pl (we) = a(we)) 1 o) | BlucJdsd
o sy

t
+ 6/0 /Rn"(ug)(amug)Qda:ds = ||77(u0,5)||L1(R).
Proof. Observe that, for £ € (—1,0],

Fe(f(E)n' (&) — a(&)) = f'(E)n' (&) + F(E)n" (&) — F(E)n' (&) = f(E)n"(€) < 0.
Therefore, using the first inequality of , we have

flue)n'(us) — q(ue) = f(0)n'(0) — q(0) =0,
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Multiplying the equation in by 7' (ue) we get
(3.11) Om(ue) + 0x(q(ue) Elue]) — (f(us)n/(us) — q(ue)) f(ue) Elue] = 5829377(“5) - 577”(156)(89:“5)2-
From we obtain
O (ue) + 9z (q(ue) Eluc]) = (f(ua)n'(ua) —q(ue)) f(ue) Elue] +Ea§x77(ua) _577//(“8)(8:5“6)2 .
——

>0 <0 >0 <0

Integrating over (0,t) x R
/R n(ue(t, 2))dz + /0 / (f (e use) — q(use))| (o) Elue)dsdle + ¢ /0 / " (e ByucPdsd
:/n(uo,g)dx
R

Now ([3.10) follows from (3.9)).

Lemma 3.3. The following inequalities

(3.12) I et cey + [ 1071 0) + Q) el

+€/0 /R]f ue)|(Opus)2drds < C,
(3.13) 1Que(t, )l 1 (ry < C,
(3.14) ||f(us( Nzsw) < C,
(315) Hf UE 5" 1HL1 R S Ca
(3.16) . /0 t /R | (u2)|(Byue)2dsda < C,
hold for any € > 0, t > 0 and some constant C' > 0 independent on t and €, where

1 1 1

(3.17) Q(f)zgm—ga -1<£<0.

Proof. Estimate (3.12)) follows from Lemma E 3.2| by choosing
=
T 1+ 1+¢

Indeed, for £ € (—1,0],

n(§) =—f() =0,

/ _ / _ 1
1" o 1" o 2

Moreover, thanks to (3.2]),

/ In(uo.0)| da = / a0 o)l = 1| (0.1 ) < C
R R

that guarantees @D
Estimate (3.13|) follows from Lemma by choosing

£
) = Q). q) = /0 F&Q (s)ds,  ~1<E<0,



10 G. M. COCLITE AND E. JANNELLI

Indeed, for ¢ € (—1,0],
n(§) =Q(§) = 0,

/ yaY _ 1
" AN . 4

Moreover, thanks to (3.2)), for every given —1 < § <0

1 3’“‘06‘ 3(“05)2 |U05’3 >
U d.f[f <7 2 + ) + ) dw
/R |77( 0,€)| =3 /]R <(1 4 u0,€)3 (1 4 u07€)3 (1 + u015)3
1 3 3 2 3
S/ ( o] st oo, 5t T, 3> dz
3 {uo,e <6} (1 + anE) (1 =+ UO,E) (1 + ong)
1 / ( 3’“0 8‘ 3(U05)2 |UO6‘3 >
+ 3 S+ A d
3 J{uo,-25) (1+wuwoe)®  (T+wue)®  (I+wupe)?

<3 |uo, e’ 3|U0 el 3 |U0,a‘3 3|“07a‘2 > dr
6% (1 +u05)3 (1+9)3 0] (T+wuoe)® (1463 (1+wupe)?

3 ||U0,€||L1(]R) ||u0,6||iz(R)>

i
g% (( —i—l) | f (uo,e ”LB(R + (1+0)3 + (1+6)3
(i)

1f (o) n 3 HUO,aHLl(R) 3 HUO,sHiI(R)
Hoelna®) T T 1 g3 (1+0)3

2
<5 (B ey o e ae)
that guarant.
Estimate (3.14)) follows follows from Lemma by choosing
n(€) =-1*€,  a§)=-3 /0 (PP L<g<o

Indeed, for € € (—1,0],

n(&) =—f(§) =0

(&) = =31 () (),

1"(€) = = 3f"(€) (&) — 6(f'(€))*£(€) = 0.
Moreover, thanks to , for every given —1 < 9§ < 0

/ n(uo.)| d = / [ (wo0) o = [/ (u0.2) 3 gy < C
R R

that guarantees (3.9)).
On the other hand (3.15)) follows from Lemma by choosing

3
nE) =€) -1, q©) = /0 F)f"(s)ds,  —1<E<0.
Indeed, for ¢ € (—1,0],
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" et o 6
MO =1"€) = g 20

Moreover, thanks to , for every given —-1<d<0

/!nuodd:c /<( T uo)? >d:v— // dydac
2|ug |

2’ 06‘ /
< [ ZMoel gy = 2 dr + —
/R (1 + u0,£)3 {u0,5<5} (]' + UO@)S {'U«O,EZ‘S} <1 + uo’a)g
2
02
2
7

dzx

IN

B O /
{uo..<sy (1 +u0e)? {up..>sy (146)3

2 ||u0,€HL1(]R) 2 o 2 HUOHLl(R)

1£( UOa)HLs 1+0p3 = 52 W7

that guarantees (3.9).
Finally, estimate (3.16|) follows from Lemma by choosing

¢
n(€) = —log(1+¢),  q&)= [ fls)(s)ds, —1<g=0.

Indeed, for € € (—1,0],

Moreover, thanks to (3.2]),

0
dy |05’
Ndz = — [ log(1 + gd:// dg/d— i <C.

that guarantees ([3.9).

Lemma 3.4 (BV ESTIMATES ON E[uc]). The family {E[uc]}eso s bounded in Wli’cl(((),oo) x R).
Proof. Observe that
O Eluc] = — f(uc) Elue],
therefore thanks to Lemma [3.1 and (3.12)) we have
(3.18) {0, E[uc]}eso is bounded in L'((0,T) x R) for any T > 0.

Moreover, using ,
Bfuc) =Bluc) [ f(uelt,€)0ru(t, g

- Blu | " F01e) 00 (f (ue) Elue] ) + < Elu] / " P 1), e

—Efue) / " 00(Q(uue) Elue))dé + Bluc] / () () + Qu2)) f () Eluc)de

x

+ eEu] / 0 (1) D) dE — eFfu] / (0 (O 2

—— QB[ + Eluc] [ (7(u0)f (1) + Quo) (ue) Elucli

T

— e B f (1)t — eEfuc] / ) (D) e,

11



12 G. M. COCLITE AND E. JANNELLI

where @ is defined in (3.17). By Lemma
|0¢Eluc]| <[Q(ue)| + /R |(f(ue) £ (ue) + Q(ue)) f(ue) | Elue]dx

g (ue)opue] + = [ 17"00)|Ore P
R
Let T, R > 0 be given. We have that

T R .
[} [ ot < [ 1@ttt Wy
T
+2R/O /R’(f(uz-:)f’(ue)+Q(u€))f(us)|E[u€]dmdt
e [T,
+ 2A Hf (Ue(t7 )) — IHLl(R) dt +eRT
e [T , ,
) /O /R [/ (ue) (Oruc) dedt

T
v2me [ [ 17w @)zt
o Jr
therefore from Lemma we deduce

(3.19) {01E[uc]}eso is bounded in L'((0,T) x (=R, R)) for any T, R > 0.
Now our claim follows from (3.18]), (3.19)), and the last condition in (3.6]). O

Lemma 3.5. There ezist a function £ and a sequence {ej}reny C (0,00), e — 0, such that
0<E<L, &€ BVie((0,00) x R),

3.20
(3:20) Elus,] — &, a.e. in (0,00) x R and in L} ((0,00) x R), 1 < p < oc.
Proof. Direct consequence of Lemma [3.4] and the Helly Theorem [3, Theorem 2.4]. O

Before stating our next lemma we recall two well-know results which will play a key role in what
follows.

Proposition 3.1 (see [13, Theorem 5], [14]). Let {u, },>0 be a family of functions defined on (0, 00) x R.
If {u, }ven lies in a bounded set of L}, .((0,00) x R) and for any constant ¢ € R the family

{0k [uy — c + Ou(sign (uy — ¢) (f(wn) = f(¢))E)} 50
lies in a compact set of ngcl((O, o00) x R), then there ezist a sequence {vp}nen C (0,00), vp, — 0, and a
map v € L>((0,00) x R) such that

Uy, v a.e. and in LY

Proposition 3.2 (see [12]). Let Q be a bounded open subset of RN, N > 2. Suppose the sequence
{Ln},en of distributions is bounded in W~1°°(Q). Suppose also that

En = El,n + £2,na

where {L1,n},,cy lies in a compact subset of H 1(Q) and {Lon},en lies in a bounded subset of Miec(€2).
Then {Lyn},cn lies in a compact subset of H.1(Q).

((0,00) xR), 1 <p < 0.

Lemma 3.6. There exist a function v and a subsequence {ep}then C (0,00), € — 0, such that

—-1<u<0, st1>1%) ||u(t, ')HLl(]R) < HUOHLI(R) ,

Ue, —u, a.e. in (0,00) xR and in L} ((0,00) x R), 1 < p < oo,
f(ue,) = f(u), a.e. in (0,00) x R and in Lfoc((O,oo) xR),1<p<3,

€ = Elul.

(3.21)
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Proof. Let ¢ € R be fixed. We claim that the family
{0 luey, — ¢l + Oa(sign (ug;, — ) (f(ug,) = ()€}

is compact in ngcl (RN x (0,00)). For the sake of notational simplicity we introduce the following
notations:

m0(€) = € — | — |el,
00(€) = sign (€ — ) (F(&) — () + sign (~) f(c).

Let us remark that

m0(0) = qo(0) =0,

Or [uzy, — c| + Ou(sign (ue, — ) (f(ue,) = f(c))€) = Bino(us,) + du(qo(ue, )E).

Let {(ne, q:)}e>0 be a family of maps such that

ne € C*([-1,0)), ¢- € C*([-1,0]),
¢ =fne, nl>0
17 — 770||Loo(—1,0) <e’, HU; - 776HL1(_1,0) < e,
<1, 7:(0) = ¢-(0) =0,

(3.22)

(3.23)

—_

HnéHLoo(—l,O)
for any € > 0. By
o (uey,) + Oz(qo(us,)E)
=0Mey, (Uey,) + Ou(ey (ue,) Elue,]) + O (mo(ue,,) — ney (ue,, )
+ 0 ((qo(uey) — dey, (e, ))E) + 02(ey (ue, ) (€ — Elue,]))
= (f(ue, )z, (uey) = ey (uey)) f (uey) Elue,] + ex02,ne, (us,)

I Ip)
- €kné’k (Uak)(axuak)Z + 0 (Mo (e, ) — ey, (ue,))
I3 Iy
+ 0z ((qo(uey) = Gey, (e, ))E) + 02(e (e, ) (€ — Elue,])) -
I I

Thanks to Lemma and (3.23) we have

||11HL1((0,<>0)XR) < ||n€k(u075k)||L1(R) < ||U0,€k”L1(R)u

00 o0 €
o [ [ W) POzt < e [ [ @)zt < 5 by > 0
0 R 0 R

Sk/o /Rn;/k (Usk)(azusk)2dl’dt < ||776k (UO,Sk)HLl(R) < ||u0:5k||L1(]R) ,

therefore
I is bounded in L*((0,00) x R),
I, — 0in H1((0,00) x R),
I3 is bounded in L'((0,00) x R).
Thanks to Lemma and we have
1m0 (uey,) = Mey (i) oo (0,00) xr) < N70 = Myl oo 21,0y < er’ — 0,

[[(q0(ue, ) — qsk(usk))gnmo((o,oo)xm <llgo — quHLOO(f L_0)

l+sk
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S ol
1 2
S( +§k) Ekg — 07
€k
hence
Iy — 0 in H;'((0,00) x R),
Is — 0 in H;,1((0,00) x R).
Finally, (3.23)) gives for £ € (—1,0]
3 3
162, (§)] < /0 F1 ()L, (s)lds| < ‘/0 f'(s)ds| < [f(&)I-

By , Lemmas and for any K CcC (0,7) x R, we get
ey (1) (€ = Bluac ) o < e (o)l s iy 1€ = Blutey Lo
<TY? | f(uo.e) | oy IIE = Eluey )l oy
<T1/‘3CHE E[ugk]HL(; y =0,

therefore
Is — 0 in H~1((0,00) x R).
Now our claim follows from Propositions and O

Proof of Theorem [3.1. We have to prove that the function u of Lemma is an entropy solution of
(T.1) and (T.2)). Let € C?(R) be a convex entropy with flux q defined by ¢’ = 7/ f’. Thanks to Lemmas
8.5 and [B.6] we have

n(ush) _> n(u)7 a.ce. and in Llloc((()? m) >< R)’
q(ue,) — q(u), a.e. and in Llloc((O, o0) x R),

(f (uep )11 (ue, ) — a(ue, ) f (ue, ) Elue,] = (f(w)i (w) = q(u) f(w)E[u],  ae. and in Lj,((0,00) x R).
Therefore, we can prove (3.3) arguing as in the proof of Theorem
Let us turn to . Differentiating the equation in ((1.12]) with respect to x, we get (2.12]). Thanks

and -, we have
/|8 u5|dx—/8txu5s1gn (Opue) dx
e / 8 uosien (Dyu.) dz — / B (f(ue) Elus)dyuc) sign (D) da
+2 [ f(0)f ) Bluclsulde - /R 13 () Eluclsign (D) da
:—5/(8§xu8)2d5{31u5:0}+/ f’(ua)E[ua]axugagzuadé{azuszo}
- =0
+2 [ ) (w) Blucdjorelde = | () Bluclsign (9, da

<o

/ () Pl = || (et ) [Eogmy < C°

where d75,,,.—0} 18 the Dirac delta concentrated on the set {0;u. = 0}. An integration over (0,¢) and

(3.4) give

100t1e (t, ) 1y < 10zt0.cll 1 gy +1CP < TV (ug) + tC?
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Therefore, (3.5) follows from (|3.3]). O
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