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1. Introduction

In this paper we study several inequalities of the two-parameter Mittag-Leffler (ML) function E, g, which
is defined on the complex plane for a > 0 and 8 € R by the series representation

0 Zk

ML functions have a long history deeply intertwined with the development of complex analysis and special
functions. One of the most notable recent aspects of ML functions is their pivotal role in fractional calculus.
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These functions are indeed eigenfunctions of fractional derivatives, and hence they provide analytical tools
for studying fractional differential equations — see [5,17,19] for more on this topic. They also serve as the
basis for devising numerical methods with improved stability properties, see [9,26]. We refer to Chapter 18
in the classical monograph [7] and to the more recent textbook [12] for an overview of properties and results
concerning ML functions.

For a = § =1 the ML function reduces to the exponential function, namely

Eyq1(z) = €7,

and for this reason ML functions are sometimes interpreted — see e.g. Chapters 1 and 2 in [12] — as a
parametric generalization of the exponential function. Despite this relationship, ML functions do not possess
many of the nice properties that characterize the exponential function. For example, the semi-group property
Eop(z+s) = Eqp(2)Eqap(s) is valid only in the exponential case a = § = 1 or for the values z = s =0
when 8 € {0,1,2}. Instead, one usually obtains some inequalities, and for 8 = 1, it follows from Proposition
2.31in [11] that Ey 1(2+5s) > Eq1(2)Ea1(s) forall a < 1and z,s € R while E, 1(2+5) < Eq 1(2)Eq,1(s) for
all @ > 1 and z,5s € RT. A complete characterization of these sub-additivity and super-additivity properties
for all & > 0,5 > 0 will also be given in Remark 24 (b) below.

In this paper, we are mainly interested in the following important property of the exponential function:

le*| = e®2, (1.2)

where %z denotes the real part of a complex number z. The property (1.2) has, for example, useful ap-
plications in studying the behavior of solutions of ordinary differential equations, as well as in analyzing
the sensitivity of exponential matrices e with respect to perturbations of the matrix argument — see [30].
Investigating some analogue of (1.2) for ML functions is of interest, since ML functions essentially replace
the exponential function when moving from integer order to fractional order calculus. In particular, explor-
ing possible extensions of (1.2) improves knowledge of the sensitivity of matrix ML functions E, g(A) with
respect to perturbations of the matrix argument A.

As expected, the equality ’Eag(z)] = FE,3(RNz) cannot hold globally except for « = § = 1, as a
consequence of our Corollary 13. In this paper, we wish to identify regions in the (a, §) parameter space
where the inequalities corresponding to (1.2) hold globally, that is, for any z € C. We characterize the global
inequality

|Bap(2)] < Fap(R2) (1.3)

by 0 < a < 1and 8 > a, a region which corresponds to the complete monotonicity of the function E, g(—z)
on the positive half-line. The characterization of the reverse global inequality

|Eap(2)| 2 Ea,p(R2) (1.4)

turns out however to be more subtle. We obtain characterizations on the lines {&« = 1} with 8 < 1, and {a =
2} with 8 < 3, and in the remaining regions a € (1,2), resp. @ > 2, we obtain a necessary, resp. a sufficient,
condition. In the case a € (1,2) we prove that the global inequality (1.4) holds only for 8 € [& — 1, a] and
that, in this region, the reciprocal function 1/E, g(x) is completely monotonic on (0, 00). The latter result,
which is proved by a specific probabilistic method and has an independent interest, also ensures the validity
of (1.4) on the right half-plane {§z > 0} for the rhomboid region {« € [1,2], 8 € [@ — 1,a]}. We conjecture
that (1.4) can be extended on the whole complex plane, but contrary to the case o < 1 this extension cannot
be obtained directly from the complete monotonicity, since E, g has then negative zeros.
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In the case o > 2, it is known that F, s has an infinite number of negative zeros and we can show by the
Hadamard factorization that (1.4) holds globally as soon as there are only negative zeros, which happens
for 0 < 8 <2a—1or a>4and 8 < 2a. However, the possibility of the existence of non-real zeros makes
the global inequality (1.4) less plausible, and we identify a convex unbounded region in the («, §) parameter
space where (1.4) fails globally. Contrary to the case a € (1,2), we also conjecture that for o > 2 the
absence of non-real zeros is actually equivalent to the global inequality (1.4). All in all, it seems to us that
a better understanding of the location of the negative zeros of F, g, a task which is known to be difficult,
however, is necessary to characterize (1.4) for o & {1,2}.

2. Global inequalities

In this section we present our main results concerning the extension of (1.2) to Mittag-Leffler functions.
We first identify two separate regions for o and 8 where |E, g(z)| is comparable to E, (Rz) on the whole
complex plane.

Theorem 1. (a) Suppose 0 < a <1 and § > «. Then, the inequality (1.3) holds for all z € C.
(b) Suppose a« > 2 and 0 < B <2a—1 ora >4 and 0 < 8 < 2a. Then, the inequality (1.4) holds for all
zeC.

Proof. We begin with (a). It follows from the main result of [28] that the function E, g(—z) is completely
monotone on (0,00) if and only if 0 < @ < 1 and 8 > «a — see also [21] for a very short proof of the “if”
direction. Thus, for those o and 3 there exists a non-negative random variable M, g such that

T(B)Esp(—z) = Efe™"M=s], 2 >0. (2.1)

Notice that for « = 1 and 8 > 1 the random variable M; g is beta distributed with parameters (1,5 — 1),
whereas for @ € (0,1] and § = 1, the random variable M, ; has a so-called Mittag-Leffler distribution
— see [16] and the references therein. Since E, g is an entire function, the analytic continuation theorem
extends (2.1) to all complex z, whence

L(B)|Eap(2)] = [E[e*M?]| < E[le*M=2[] = E[e®Mr] = T(8)Eq5(Rz)

for all z € C.

We next proceed to (b). It follows from Theorem 3.1.1 in [24] and Corollary 2 in [22] that the zeros of
E, 5(z) are simple, real and negative for « > 2 and 0 < 8 <2a — 1, for @« > 4 and 0 < 8 < 2« as well as
for « =2 and 0 < 8 < 3. This property remains true for « = 2 and 8 = 3 since

cosh/z — 1 2 .vz 1 z \2
A ((a
z PR 2H +4n27r2

n=1

E273(Z) =

by Euler’s product formula for sines. Since E, g(z) has finite order 1/a¢ < 1 as an entire function, the
Hadamard factorization theorem — see e.g. [4, Theorem XI.3.4] — implies

@ Fs =T (1+2) =eC

where 0 < a1 < az < --- are the absolute values of the zeros of E, g. The assertion for o > 2 and
0 < B <2a—1is a consequence of
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1+ z/an* = (1+R2/a,)? + (Sz/an)? > (1+Rz/a,)?.

In the remaining case a > 2 and § = 0, we observe that E, ¢(z) = 2E4 o(2), so that the statement follows
from the case a = § > 2 which was dealt with previously. O

Remark 2. (a) In the special case « =1 and § > 1 we have that

RN R T
) = 15 2 @t~ Ty )

is a Kummer confluent hypergeometric function, which in the general case § > « > 0 admits the integral
representation

M(a,ﬁaz) = %/ta_l<l—ﬂﬁ_a_len dt.
0

In general, observe that for all «, 5 > 0 one has
M(a, a0+ 8,2)| < M(e,a+ B,Rz), z€C,

since M (o, v + f3, z) is then the moment generating function of a beta distribution with parameters (a, 3).

(b) It remains an open question to determine the exact set of positive parameters (a, 3) where the zeros
of E, g(z) are all negative and simple. We refer to the end of Section 4.6 in [12] and the references therein
for more on this topic.

Later on, we will see that {a € (0,1], 8 > a} is the only set of positive parameters where (1.3) holds
globally. From the above proof, one might be tempted to believe that the global inequality (1.4) is charac-
terized by the negativity and simplicity of all zeros, but we will prove that this is not the case. We begin
with a complete monotonicity result which is of independent interest, and which will be proved by a specific
probabilistic argument (it would have been nice to obtain this property by purely analytical techniques).
We recall that a smooth function f : (0,00) — (0,00) is completely monotone (CM) if (—1)"f(™)(x) > 0 for
alln >0 and x > 0.

Proposition 3. For every a € [1,2] and 5 € [a — 1,a], the function

1

T =
Eop()

is CM on (0,00).

Proof. The argument relies on certain properties of positive self-similar Markov processes with no positive
jumps, their recurrent extensions and their first hitting times for points. We first handle the case a = § €
[1, 2], which is originally due to Patie — see Corollary 4.1 in [23], and also Theorem 2.5 and Example 1.2.4 in
[2] — but we will give details for completeness. Observe first that the cases a = 1,2 are plain with Ey ; = e*
and
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so that we can focus on the case a € (1,2). We follow the lines of Theorem 2.1. in [23]. The formula

(o]

INaz + «) —aty e !

I Seb NV z

TazsD) 1@~ ora—a / A= et/a)a @
0

which can be obtained by an evaluation of the standard beta integral and an integration by parts, leads
after a further integration by parts to

INaz + «a)

0
F(az) =TI(a+1)z + ZO (e* =1 —2zt) pa(t)dt =P, (2)

for all z € C with Rz > —1, where

a—1 eIt
a(t) = )
vall) = FE o) A = e ayari

t € (—o0,0).

The function ¥, is hence the Laplace exponent of a spectrally negative Lévy process (Z;);>¢ with drift
coefficient I'(ae + 1) > 0, in other words we have

IE[eZZ‘] _ et‘I’a(Z), Rz>—-1landt>0.

According to [18], we may associate to this Lévy process (Z;);>0 a 1-self-similar Markov process (X;)¢>0
taking values in (0, 00), whose infinitesimal generator

Lof(x) = T(a+1)f'(x) +

8=

0
/ (F(ze') — F(x) — f (2)t) pa(t) dt

acts on C! functions f : Rt — R. It is easy to check that L,2" = U, (n)z" ! for all n > 0. Fixing ¢ > 0
and setting

=14+ T;al—qla(n) = F(a)Ea,a(qz),

we deduce L, Fy(x) = ¢F,(z), which shows that Fj, is an eigenfunction for £, in other words that the space-
time function G, (t,x) = e” % F,(z) is such that (0; + L,)G4 = 0. The classical Dynkin formula for Markov
processes — see Formula (5.8) p. 133 in [6] — applied to the space-time process (¢, X;) with infinitesimal
generator 0y + L, and the harmonic function G, at the bounded stopping time ¢ A T, implies then

E, [efq(t/\Ta,)Fq(Xt/\Ta )} = Fy(z)

for all @ > x > 0 and ¢t > 0, where we have written P, for the law of (¢, X});>o starting from (t = 0,z > 0)
and

T, =inf{t > 0: X; = a},

which is finite a.s. since a > 2 and X drifts to co with no positive jumps. Letting ¢ — oo and using
dominated convergence with Xya7, € [0,a] for all ¢ > 0 leads to
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E,. [e_qTa] =

for all @ > x > 0 and g > 0. Letting + — 0 and taking a = 1, we finally obtain

= T(a)Eq[e
Fralg) (@0l
a CM function as required. The proof for the case § € [a — 1, «) is analogous, except that we will have to
deal with recurrent Markov processes. Except in the obvious case a = 1 and § = 0 with E ¢(z) = ze?, we
can write again

Fy(2) = T(@)Baplgz) = 1 + ) \Ijaﬁ(l)qiz.;aﬁ(n), (2.2)
where
Vo p(z) = % = U (24 Bat —1)

is the Laplace exponent of a spectrally negative Lévy process (Z;)¢>o. More precisely, on {Rz > —fa~'}
we have

for 8 € (o« —1,a) and
0
Uyao1(z) = —al(a—1)z + / (e* — 1 — zt) et Vo (t) dt.

The difference with the case § = « is that the Lévy process (Z;):>o is killed to —oo at an exponential
time with parameter —I'(8)/I'(8 — «) for 8 € (o — 1, ) and has a negative drift coefficient —al'(w — 1) for
B = a — 1. As explained in the introduction of [25], this shows that the corresponding Lamperti process
will have a trap at zero, which is reached in finite time a.s. starting from any x > 0. The main result of
[25] makes it however possible to build a recurrent extension of this Lamperti process, which we denote
again by (X;);>0. More precisely, the unique positive root of ¥, gis § =1 — 3/a < 1 so that we can apply
Theorem 2 (i) in [25] — see also Example 4 therein. For smooth functions f : RT™ — R vanishing at zero, it
follows from Proposition 1.1. in [23] and the fact that 6 < 1 that the action of the infinitesimal generator of
(Xt)¢>0 is given by

0
Lapf(x) = % @ + \If;(ﬂofl -1 f'(z) + % / (f(xet) — f(z) — zf/(:c)t) e(Ba™ ! =1t o (t)dt
for f € (o« —1,a) and
. 0
Loa-1f(x) = —al(a—1)f'(z) + - / (f(xet) — f(z) — xf’(ac)t) et 0o (t) dt
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for 8 = o — 1. We hence again obtain £, gz = ¥, g(n)z" ! for all n > 1. The action of the infinitesimal
generator for smooth functions non-vanishing at zero is more complicated and depends on the construction
of the recurrent extension — see Section 2 in [25]. However, the conservativeness of the recurrent extension
(X¢)1>0, which means P,1 = 1 where (P;);>0 is the associated semi-group, implies readily £, 31 = 0 by
definition of the infinitesimal generator, and we again obtain

LapsFy = qFy,
where Fj, is the function defined in (2.2). Reasoning exactly as above yields

1
Eap(q)

=T(B)Eole™ "], g¢20,

a CM function as required, where 77 = inf{t > 0 : X; = 1} is a.s. finite under Py, since X is recurrent,
which implies that S; = inf{t > 0 : X; > 1} is a.s. finite, and does not have positive jumps, which yields
T, =51 as. O

Remark 4. (a) It follows easily from the absence of positive jumps of the Markov process (X;)>o that the
underlying random variable T} is n-divisible for every n > 1, and is hence infinitely divisible. This shows
that there is a Bernstein function ¢, g(z) such that E, s admits the exponential representation

eﬁaayﬁ(z)

ING))

on {Rz > 0} for all @ € [1,2] and 0 # B € [a — 1, a]. Notice that except for & = 2 and («, 8) = (1,1) the
function E, s has an infinite number of non-real zeros so that ¢, g is not a complete Bernstein function.

Eop(z) =

The non-complete character of the function ¢, g will be discussed in further detail in Section 4. We refer
to [27] for a classic account on Bernstein functions.

(b) By the aforementioned Hadamard factorization, the function 1/E, s(x) is CM on (0,00) as soon as
all the zeros of E, g are negative, in particular also for all @ > 2 and 8 € [0,2« — 1] and for all & > 4 and
B € [0,2a]. In the case § = 1, the complete monotonicity of the function 1/E,(z) for all « > 1 had been
stated as an open problem in [11], where it was shown by other methods that the function is log-convex. See
Proposition 2.3 therein and the comments thereafter. It follows from Theorem 1 and from Proposition 14
below that for all « < 1 and 8 > 0, one has the characterization

The function 1/Ey g is CM on (0,00) <= a=1and <1

It is an interesting open problem to characterize the CM property of 1/E, s on (0,00) for all & > 1 and
B > 0. See below Remark 20 (b) for some partial observations, and Conjecture 25 which states that in the
case « € (1, 2], the above criterion 8 € [@ — 1,q] is indeed a characterization.

The following consequence of Proposition 3 shows the aforementioned fact that there exist ML functions
E, s having an infinite number of complex zeros and nevertheless satisfying (1.4) on the whole complex
plane.

Corollary 5. For all 8 € [0,1], the function Ei g(z) satisfies (1.4) for all z € C.

Proof. We discard the trivial situations 8 = 0 with F4 ¢(z) = ze* and § = 1 with E; 1(z) = ¢*. In the
remaining case 8 € (0, 1), Proposition 3 combined with Bernstein’s theorem shows that
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1
By 5(2)

=T(B)E[e "], Rz >0, (2.3)

where T is some positive random variable. Moreover, since I'(8) Ey g(z) = M(1, 3, z) is a Kummer confluent
hypergeometric function with 5 € (0,1), it is classical — see e.g. Chapter 6.16 in [7] — that it has a single
real root 3 < 0. The principle of analytic continuation for Laplace transforms of positive random variables
— see e.g. [31] — implies then that (2.3) holds on {Rz > z3}. Reasoning as in Theorem 1, we obtain

< 1 Rz >
b Z :I: b
= B p(Re) g

’EL;(Z)

which shows that (1.4) holds on {z > zg}. On the other hand, the asymptotic

1
aM(1,8,—z) > ——— < 0 as T — 0o,

-1

which is given e.g. in Formula 6.13.1.(3) in [7], shows that Ey g(Rz) < 0 on {Rz < x4}, so that (1.4) holds
on C. O

Remark 6. In view of the preceding result and Remark 2, one may ask if for all «, 5 > 0 one has
|M(a,a—ﬁ,z)‘ > M(o,a— 8,Rz), zeC. (2.4)

In this respect, it can be shown by the probabilistic method of Proposition 3 that 1/M(a, a0 — 3, 2) is CM
for all @ > 1 and 8 > 0, with an underlying spectrally negative Lévy process having Laplace exponent

o _zZz+a-p-1) [(a—-1-p
(2) = z+a-—1 ( a—1

0
) zZ + B(OL — 1) /(eZt -1 - Zt)ef(afl)lt‘dt'

In particular, (2.4) holds globally for & > 1 > 8 > 0 since M(a, 3, z) has then only one real zero, which is
negative — see again Chapter 6.16 in [7]. The question whether (2.4) holds globally for all «, 5 > 0 seems to
be still open.

The following second consequence of Proposition 3 shows that for all o € [1,2] and S € (a — 1, ¢, the
inequality (1.4) holds globally, except possibly on some compact subset of the half-plane {fz < 0}.

Corollary 7. Let a € (1,2) and 8 € (a — 1,a]. There exists a < b < 0 < ¢ such that (1.4) holds for all z € C
such that Rz ¢ (a,b) or |Sz| > c.

Proof. The existence of the lower parameter a is a direct consequence of the known asymptotics of E, g(z)

along the negative real axis — see e.g. Formula 18.1.(21) in [7]. More precisely, if & € [1,2) and § € (o — 1, a),
we have

zF, —2z) > ——— <0 as z — o0
047,3( ) 1—\(5 )
so that there exists a > —oo such that

Ea,g(%z) <0< ’Ea’5(2)|

for all z € C such that Rz < a. If 8 =« € (1,2), the existence of a follows similarly from
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The parameter b can be defined as the first negative zero of E, g as in Corollary 5, since by Proposition 3
and the principle of analytic continuation, the function

I'(8)

Z =
Eo,p5(2)

is a moment generating function defined on {fz > b} for all o € (1,2] and 8 € [a — 1, a, so that
|Ea,p(2)] 2 Ea,p(R2)

on {Rz > b}. Finally, the continuous function E, g(#z) is bounded on {Rz € [a,b]}, whereas |E, g(2)| = o
as |Sz| — oo with Rz € [a, b], since then | arg z| — 7/2 and we can apply the estimate (4.4.16) in [12]. This
implies the existence of the upper parameter c¢. 0O

Remark 8. If E, g(z) has exactly one real zero, then this zero must be negative, and the same argument as
in Corollary 5 shows that (1.4) holds globally. According to the numerical simulations in [13], the function
E,1(2) has only one real zero for a € (1, o] with ag = 1.42219069.. . See also [15] for related simulations on
the complex conjugate zeros. In general, there does not seem to exist a rigorous analysis of the exact number
of real zeros for Mittag-Lefler functions, as is the case for confluent hypergeometric functions. The main
hindrance to this rigorous analysis is that, contrary to the Kummer functions, it does not seem possible to
build a Sturmian chain associated to Mittag-Leffler functions, which are not solutions to linear ODEs, but
to fractional ODEs.

We would like to conclude this section with the following curious two-sided estimate on the half-plane

{Rz > 0}.
Proposition 9. Suppose « € [1,2) and 8 € [1,a]. Then, one has

Eas(Rz) < |Eap(2)] < Eap((R2")) (2.5)
on {Rz > 0}. Moreover, if « =2 and f € [1,3], the inequalities (2.5) hold true for all z € C \ (—o0,0].

Proof. We begin with the case « € [1,2). The first inequality in (2.5) is a direct consequence of Proposition 3
and is actually valid for all 8 € [a— 1, ]. In order to show the second inequality, we use the representation

Eop(a®) = a%(ﬁ) (M(1,8,2) + (@ — 1)E[e™"%e2]) (2.6)

for all @ € [1,2],8 > 1 and = > 0, where X, g is some positive random variable, a representation which
is a consequence of Theorem B (c¢) and (d) in [29] and Formulas 6.3.(7) and 6.9.2.(22) in [7]. By analytic
continuation, we deduce that for all a € [1,2) and 8 > 1, on {Rz > 0} C {Rz'/* > 0}, one has

|Eo"ﬁ(z)| < al‘*l(ﬁ) <|M(1’5721/a)| + (Oz— 1)‘E[e_zl/ax‘¥’5]|)
< ri (MOLARE®) + (o= DER%0)) = By (a1,

where in the second inequality we have used Remark 2 (a) and reasoned as in the first part of Theorem 1.
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We next proceed to the case v = 2, where the first inequality in (2.5) is a consequence of Theorem 1 (b).
For the second inequality, we use again the representation (2.6), which here simply reads

1

E2,/3(932) = W

(M(1,5,x2) + M(1,5,—x)),

as a consequence of Formula 18.1.(24) in [7], and remains valid on the whole complex plane. Since R(1/z) > 0
for every z € C \ (—o0, 0], we deduce

[E25(9)] < g5 (MOLBVE) + M5 ~v3)
< iy QI ARVE) + M(LA-RVE) = Eop((RVE)2)

where in the second inequality we have used again Remark 2 (a). O
Remark 10. The inequality
Ea(R2) < Eap((R2"")%)
holds on {Rz > 0} for all @« > 1 and 8 > 0. This follows from the positivity of the coefficients of the

entire series defining E, s and the inequality Rz < (Rz'/*)*, which amounts to cos() < (cos(f/a))® for
|0] < /2 and « > 1. The latter inequality is an immediate consequence of the log-concavity of the cosine

n (—w/2,7/2).
3. Local inequalities

In this section we analyze the inequalities (1.3) and (1.4) locally, with the help of the following expansion
for fixed Rz as §z — 0:

|Bas(2)]* = (Bap(R2)? = Fap(R2) x (32)° + 0(32)" (3.1)

with the notation F, 5 = (£, 5)2 — Eo L], 5, which follows readily from the asymptotic expansion

~ 3" EY) (k) i92)" (3.2)

k!
k>0 ’

as Jz — 0. We will use the following estimate.

Proposition 11. With the above notation, one has

2(1—a—p8) 1/
R a— eZm

Fyp(x) = ((a — Dzt + a1 -p5) + 0(1)) as r — 0.

ol
Proof. Equating the entire series, we have the decompositions

1
(IJ,ﬁ = a (Ea,oH»ﬂfl + (]. - /B)Eoé7a+ﬁ)

and
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1
Eap = -3 (Bagats—2 + B = a=20)Eagats—1 + (1= )1 - a = f)Ea2ars),

which lead to

1

— ((Ea,a+ﬁfl + (]- - B)Ea,aJrﬁ)?

F =
o, a2

— Bop(Bapatp—2 + B—a—28)Eya4p-1 + (1-B)(1—a— 6)Eo¢,2a+[3’))-

The behavior of the above function for large values on the positive half-line is then obtained after plugging
in the estimate 18.1.(22) in [7] for the corresponding ML functions, whose leading term is given by t¢ with
the notation therein, and making some algebraic simplifications. We omit details. O

We can now show the aforementioned fact that the global inequality (1.3) only holds for the parameter
values appearing in Theorem 1 (a).

Corollary 12. The inequality (1.3) holds for all z € C if and only if 0 < a <1 and 8 > «.

Proof. The if part was proved in Theorem 1 (a). For the only if part, we first observe from (3.1) and
Proposition 11 that if @« > 1 or a =1 and § < 1, then we have

|Ea5(2)] > |Ea,s(R2)| = Eap(Rz)

for Rz large enough and Iz # 0 small enough. Finally, if 0 < 5 < a < 1, the estimate 18.1.(21) in [7] implies

—(Rz) Eqp(R2) — T(B—a) <0 as Rz — —oo,

so that (1.3) cannot hold either. O

Another direct consequence of Proposition 11 is the following characterization of the exponential function
among two-parameter Mittag-Leffler functions.

Corollary 13. Let « > 0 and 5 > 0. Suppose that the equality |Eag(z)’ = E, 3(Rz) holds in the angular
sector |arg z| < € for some ¢ > 0. Then, one has a = = 1.

Proposition 11 also implies that the global inequality (1.4) only holds for & > 1 or for « =1 and § < 1.
The case a = 1 being already settled in Corollary 5, we will focus in the remainder of this section on the case
a > 1. We begin with the case a € (1,2) and show that the rhomboid region 5 € [« — 1, a], corresponding
to the complete monotonicity result of Proposition 3, is the only one where (1.4) can hold globally.

Proposition 14. Suppose « € (1,2) and B € [0,a—1) U (o,00). Then, the inequality (1.4) cannot hold
globally.

Proof. Applying again Formula 18.1.(21) in [7] gives

1
—R2)EfasRz) > ———— >0 as Nz — —oo,
( ) ,B( ) F(ﬂ — a)
where the inequality comes from the fact that o € (1,2) and 5 € [0, —1) U (e, 00). On the other hand, the
same formula 18.1.(21) in [7] combined with the decompositions of £}, ; and EY] 5 which were used during
the proof of Proposition 11 yield after some algebraic simplifications the estimate
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—(%Z)4Fa,ﬂ(%z) — ﬁ >0 as Nz — —oo.

Putting those two estimates together with (3.1) implies the inequality
[Eap(2)| < Eap(R2)
for Rz close enough to —oo and Jz close enough to zero, which completes the argument. O

In order to handle the remaining situation o > 2, we will need the following preparatory lemma involving
a certain function already implicitly appearing in [24] for the study of the existence of non-real zeros for
E, s — see in particular the inequality (3.11.1) therein. This function will also play a role in characterizing
the log-convexity and the log-concavity of E, s on the positive half-line — see Theorem 23 below.

Lemma 15. For each x > 0, there exists a unique solution y = h(x) > 0 to the equation
20(x +y)* = (y)T(2z +y). (3.3)

The function h : (0,00) — (0,00) is real-analytic and increasing with lim,_,o h(x) = 0 and lim,_,o h'(z) =
V2 — 1. Moreover, it is strictly convex on [1,00) with h(1) = 1,h'(1) = 2 and h(z) ~ 22/log(2) as x — co.

Proof. Setting
F(x,y) = log2 + 2logT'(z +y) — logT(y) — logT'(2z + y)

for all z,y > 0, we have 0,F(x,y) = 2¢(xz +y) — ¥(y) — ¥(2x + y) > 0 by the strict concavity of the
digamma function . Since for each = > 0 one has F(z,y) — —oo as y — 0 and, by Stirling’s formula,
F(z,y) — log2 > 0 as y — oo, this shows that the function h(z) is properly defined. Moreover, the function
h is real-analytic on (0, 00) by analyticity on (0, 00) of the gamma function and the analytic implicit function
theorem. Setting G(x) = F(z, h(z)) = 1 and equating

0 = G'(z) = 0, F(x,h(z)) + W' (x) 0, F(z,h(x)),

we see that h/(z) > 0 for all z > 0 because 9, F(z,y) = 2(¢(z +y) —¥(2z + y)) < 0, by the increasing
character of the digamma function. This shows that h(z) has a non-negative limit as x — 0 and it is clear
by (3.3) that this limit must be zero. The asymptotic

2T (VEr)” ~ g~ D((VE- 1) T((VE+1)a)  asz 0

implies 27 'h(z) = v2 — 1 as * — 0, so that h extends to a C! function on [0,00) with h(0) = 0 and
R'(0) = v/2 — 1. We next show the convexity property. Equating again

0 = G"(x) = H(x,h(x),l(x)) + h"(x)0,F(z, h(z))

with H(z,y,2) = 02 F(2,y) + 2204, F(2,y) + 220y, F(z,y) we compute, making some algebraic simplifi-
cations and differentiating Formula 1.7.2.(22) in [7],

H(z,y,z) = 2(z + 1)*¢'(z +y) — 22" (y) — (2 +2)*¢' (22 +y)

[ e 2 2 2 2
:/1764(2(3'—1—1) e — 2% — (242)%7H") dt
0
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oo toty
/ (z42)% 72 — (2% + 42 +2)e ") dt
0
(z+2)2 [te tlzty/2) 2 e tv/2
T2 / 1—et/2 (1 - 2(1_ (z+2)2> 1+et/2> dt
0

(z42)2 [ tettv/2) 26 tu/2
2 / 1—et/2 <1 1+e—t/2) dt
0

Therefore, since 2¢~%/2 < 1+ e~ %/2 for all y > 1/2 and t > 0, we have H(x,y,2) < 0 for all y > 1/2.
Putting everything together, we obtain h”(x) > 0 for all € [h~1(1/2),00), and since it is clear from (3.3)
that h(1) = 1 > h=1(1/2), this shows that h is strictly convex on [1,00). In particular, the function z~1h(x)
increases to some limit as * — oo, and if this limit ¢ were finite, then (3.3) and Stirling’s formula would
imply 2(¢/+1) = 20+ 1, a contradiction. Hence, one has 7 1h(z) — oo as  — oo, and a further application
of Stirling’s formula to (3.3) yields

log2 + (2x + 2h(z) — 1) log(1 + z/h(z)) = (22 + h(z) — 1) log(1 + 22/ (h(z)) + o(1),
which easily leads to the required asymptotic h(z) ~ x2/log(2) as & — oo. The computation

) -v2)
o) — 4 (3)

v - 200

2(2

finishes the proof. O

Remark 16. (a) We believe that h is strictly convex on the whole (0, 00). On the other hand, it can be shown
from the convexity of the function 1/¢)’ on (0,00) — see [1] — that the function H(z,y,z) takes positive
values on (0,00)3. It seems that a more technical analysis is necessary in order to prove the convexity of h

n (0, h=1(1/2)].

(b) A further application of Stirling’s formula, whose details are skipped, yields
h(z) = 2%/log(2) — = + (111og(2)/3 — 1) + o(1) as T — o0.

The following proposition depicts a certain region of the parameter space where (1.4) does not hold
globally, which is relevant for a > 2.

Proposition 17. Let h be the function defined in Lemma 15. Then, (1.4) does not hold globally if 5 > h(«).

Proof. With the above notation, one has

1 2
I,p5(0) = - <0
O = Tt 5P T T@IRa+B)
as soon as 8 > h(a), as is clear from the fact that d,F(z,y) > 0 in the proof of Lemma 15. By (3.1) and
since Eq, 5(0) > 0, we get |Eqy 3(2)] < Eqg(Rz) for z small enough. O

It is plain from the proof of Theorem 1 (b) that if (1.4) does not hold globally, then E, sz must have
non-real zeros. We can hence deduce the following result, which is also relevant for a > 2.

Corollary 18. The function E, g has non-real zeros whenever 3 > h(a).
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Notice that Theorem 3.1.4. in [24] claims that E, g has non-real zeros for a > 2 and f > p(a) =
a?/log(2) — a + 0.9, which is a slightly better result than ours as a — oo, in view of Remark 16 (b) with
111log(2)/3—1 = 1.54153.. > 0.9. On the other hand, our boundary function h(«) is better than oo — 2 since
h(2) = 4.37228.. < p(2) = 4.67078... However, this function k() is not optimal either in the neighborhood
of 2. This is illustrated by the following seemingly unnoticed result, which shows that E5 g has non real
zeros if and only if 5 > 3.

Proposition 19. (a) Suppose 5 > 4. Then, one has Es g(x) > 0 for every x € R. In particular, the function
Es g has only non-real zeros and does not satisfy (1.4) globally.

(b) Suppose B € (3,4). Then, the function Es g has a finite number of negative zeros and does not satisfy
(1.4) globally.

Proof. We begin with the case 5§ = 4. Since

Bou(z) = %(

for every non-zero z € C, we have

1 i
Eyy(—x) = p (1 — bl%) >0 for every x > 0,

which clearly implies that Ej5 4 is positive on the negative, hence on the whole, real line. The same property
holds now for Es 5 for all 5 > 4 in view of the integral formula (4.4.5) in [12], which implies (correcting the
wrong prefactor therein),

1
1
Esp(x) = EE) /E2’4(xt2) 31 —t)5dt >0 for every z € R.
0

For all 8 > 4, this implies that E5 g has only non-real zeros, and clearly the inequality (1.4) cannot hold
globally.

We next proceed to the case 3 € (3,4). The asymptotic formula 18.1.(22) in [7] yields
1
E,p(—z) = Pl O(a:(l_ﬁ)/Q) as & — 00,

showing that there exists x, > 0 such that E, g(—z) > 0 for all z > x, and, by the principle of isolated zeros,
that E, g vanishes a finite number of times on the negative half-line. Moreover, we know from Theorem 4.7
in [12] that there exist non-real z,, ~ —4w?n? as n — oo such that

|Eapg(zn)] = 0 < Eqg(Rzp)
for n large enough, so that (1.4) does not hold globally either. O

Remark 20. (a) In the case § € (3,4), the above proof also shows that the number of negative zeros of Es g,
counted with their multiplicities, is even. As for E, 1 with o € (1,2), we might think that this number is
always non-zero, a question which remains apparently open.

(b) In case 3 > 4, the above result shows that the function 1/E5 g is not CM. Indeed, it is well defined
on the whole real line and would be analytic on C if it were CM, which is clearly not the case since E, g
has complex zeros.
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We now show that for all @ > 2 and § > 2« — 1, the inequality (1.4) is true everywhere except possibly on
some compact set. This contrasts with the case o € (1, 2], where the failure of (1.4) was observed on large,
negative values of z. The reason for this difference is that, when o > 2, the leading terms in the expansion
of E, 3 on the negative half-line have an oscillatory character. This non-trivial result advocates the partial
relevance of the boundary function h(«) which determines the validity of (1.4) in the neighborhood of zero,
albeit in a non-optimal way.

Theorem 21. If o > 2 and § > 2a — 1, there exists a compact set K such that (1.4) holds for all z ¢ K.

Proof. For simplicity we will set z = x + iy = pe'? with 2,5 € R,p > 0 and 0 € (—, «]. We will let p — oo
and make a discussion according to the values of z and 6. We begin with the case £ > 0 and use Formula
18.1.(22) in [7], which implies

1-83

z e €ef

Eop(z) =

1/«
© (1+0(1)) as p — oo.

e

We first suppose that p — oo and x remains bounded. Then there exists a constant ¢ > 0 such that

128 cos(w/2a)pt/«
C a e
> ¢|Bap(2)] ~ L2 - = .

‘ Bap(2)

Eqp(z)

We next suppose z, p — oo with |8 > dp~1/2 for some § > 0. We then have

’M = /9 (14 0(1))

Eqp(2)

with

g—1

(07

f(p,0) = log(cos B) + p*/*(cos(/a) — (cos §)/ ).

The function 6 — cos(6/c) — (cos #)Y/* has derivative $2¢((cos#)}/*~1 —1) > 0 for all 6 € (0,7/2), and so
for |#| > /3 one has

-1

fp,0) = log(cos§) + p'/(cos(/3a) — 271/%) — oo.

If 6 € [6p~ /2% 7/3], we compute

o f(p,0) = é ((1 — B)tan® + p*/*(tan @ (cos §)/* — sin(&/a)))
> é ((1 — B)tanf + p'/*(sinf — sin(@/a)))
> é (- B)tam6 + p(1/2~1/20)6) > 0

for p large enough. By the even character of 6 — f(p, ), this implies that for 6p~1/2* < |f| < /3 one has

P(a—1)

log(cos(6p™1/2%)) + p!/* (cos(6p™ /2% fa) — (cos(3p /%)) = T2

f(p,0) >

> 0,

-1
(0%

so that
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‘M
Eop(x)

for p large enough. We finally suppose x, p — oo with 6 = o(p~1/2%). We will use the expansion

VK, 2k
Eap(2) ~ E%FH

with

2k
Fle) = (2.’“) (—1)' B, () E(a),

. 1
=0

which is a direct consequence of (3.2). For k = 1, we have seen above that

3—2(a+B) 1/
(a—1)z o e*
—Fi(z) = Fopx) ~ 1
@
For k > 2, we appeal to the decomposition
@ _ 1
Bos = o > 4B a1y (3.4)

Jj=>0
where the double sequence {a;;, 7,j > 0} is defined recursively by ag; = 1,a;,; = 0 for j > ¢ and
ajit1 — aji = (2= B+i(l —a) = jlaj-1, (3.5)

foralli > 0and j =1,...,i+1, which is easily obtained by identifying the coefficients (see also Propositions
2 and 3 in [10] for an alternative derivation formulas). In particular, one has

wi= -0 (1) +0-a(y)

as;i = (1—B)(1—a—B) (;) + (1—a)(4—2a—3p) (;) +3(1— )’ (D

and

for all ¢ > 0. In general, the recursive formula (3.5) combined with the well-known explicit summation

g@ B <Jil>

for all 7, j > 1, implies that for all j > 0 there exist bivariate polynomial coefficients P; ;(c, §), . .., Pj2;(c, )
of degree smaller than j such that

27 .
aji = Zpyk(aaﬁ) (;)
k=j

In particular, this shows that for all 7 > 0 the coefficient a;; is a polynomial of degree 2j in the variate ¢
which vanishes at i = 0,...,j — 1. A well-known property of binomial coefficients is that
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o

> (%) e -

i=0
for every polynomial P of degree smaller than 2k — 1, whence
2k
2k ;
> < ; >(—1)’aj,ial,2ki =0
i=0

for all j,1 > 0 with j 4+ < k — 1. A repeated use on (3.4) of Formula 18.1.(22) in [7] shows that

1-poitiliza) @) :El/a cazl/e
75 al Zaj il + O(e )
7>0

for some ¢, < 1. Putting everything together with Proposition 11 implies then

2k

1 2k , 21=B)+2k(1—a)—j—1 1o 1a
_ i e A2 2cqx
Fy(x) = e g ; (—=1)’aj a1, © e + O(e )
i,5,0=0
2k
1 < <2kj> . 2(1—B)42k(1—a)—j—1 1/a 1/a
= — _1>7'a. a P I — eQI + O(eZCax )
SID N DI P [CK e
o j+i>k \i=0 ¢
k+2—2(ka+B) 1/a _ k-1
—O(x o %" ) = O(x2(1 R+ Fa,ﬁ(w))

for all £ > 2. Therefore, we obtain

1)k 21 (o
k>2 o,

k—1 2
= y*F, 5(2) (1 + Z (tanﬂ)g(k_l)O(xT)> > Y Fap(@) > 0

2
k>2

for p large enough, since Fy, g(z) > 0 and 6 = o(p~1/2®) = o(z~1/2%). Now if (1.4) failed for an unbounded
sequence in the right half-plane, then it is easy to see that some subsequence would fall into one of the
asymptotic regimes for the values of x,p we have just covered. Thus, we have shown that there exists a
compact set K C {Rz > 0} such that (1.4) holds for all z € {Rz > 0} \ K.

The argument in the case = Rz < 0 is analogous, except that the leading terms of E, g(z) will have an
oscillatory character in the vicinity of the negative axis. We first suppose p — oo while z remains bounded.
Then, Formula 18.1.(22) in [7] implies

1-8 ecos(7r/2a) plt/

p @
[Eo,p(2)| ~ o > |Eop(2)]

for p large enough, since E, g(z) remains bounded, too. We now suppose p — oo and & — —oo, with

—B

Eop(z) = |x| ecos (/@) o1 cog (|2 sin(m/a) + 7(1 = B)/a) (1 + o(1)), (3.6)

again by Formula 18.1.(22) in [7]. The formula cos(z) cos(y) = cos?((z + y)/2) — sin?((x — y)/2) combined
with some algebra leads then to
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1/

4 sin?
Sin (77/05) 2 cos(m /) x| > 0.

2(2—a—p)
o e
o?

Fap(@) ~ ||

Similarly as above, we have
k—2
Fi(@) = O (Bas(@) Eaara-1y4p6(@) = O (220705 Fy (@)
for all k > 2, which by the positivity of F, g(x) implies

Y*Fap(x)

0
9 >

2
|Eap(2)* = (Eap(z))” 2
for p large enough, as soon as ¢ = 7w — 0 = o(p~ /). If we next suppose |¢| > > 0 as p — oo, we find

1-8

‘Eaﬁ(x) = 2 cos(p) = e fal0)p'/? cos(pt/*(cos )/ sin(r/a) + w(1 — B)/a) | (1 4+ o(1)) — 0,

Eo5(2)

/& > (. We finally suppose ¢ = o(1) with

since fo () = cos(p/a) —cos(m/a) (cos )/ > cos(§/a) — (cos d)
lo| > 6p~1/2 for some & > 0, as p — oo. We may and will suppose ¢ > 0. On the one hand, (3.6) gives the
upper bound

Ve /e

|Ea7ﬁ(l')| S p% eCOS(‘IT/Oz) (cos )

Qlw
)

for p large enough. On the other hand, Formula 18.1.(22) in [7] implies

1 — o . — —2im a7
Bapl2) = ~ (Z¥ez” + (ze2m) T plee MY ) (1 + o(1))

with

[

@

K - p¥ ecos((m+)/a) pt/® < p¥ ceos((m=g)/a) /o _ | A58 2t

o9 1-8 —2ir
217r) = e(ze ) sTa eF

(ze

because

(cos((m + ) /) = cos((m — ) /a)) p!/* = 2sin(2m/) sin(2p/a)p'/
§sin(2r/a)p'/?* = .
This finally implies

i eosl(m—g) /) p/

a > |EC¥75('T)|7

since

cos((m — ) /a) — cos(m/a)(cos p)/* = cos(m/a) (cos(cp/a) — (cos cp)l/a) + sin(m/a) sin(p/a)
> sin(w/a) sin(p/a)

and sin(7/a) sin(¢/a)p'/® — oco. All in all, we have shown that there exists a compact set K_ C {Rz < 0}

such that (1.4) holds for all z € {2z < 0} \ K_. This completes the proof. O
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Remark 22. It would be interesting to derive an exact formula for the bivariate polynomials P; ;. (v, §) which
were mentioned in the above proof. It is easily shown that

i1 iy |
Pji(a,B) = H(l — B —ka) and  Pjaj(a, ) = (22]‘7])' (1—a).
k=0 !

In general, one has the factorization Pj(a, 8) = (1 —a)*=9Q; k(«, B) for all k = j, ..., 2j, where Q; (v, B)
is a polynomial of degree 2j — k. But the combinatorics lying behind these Q; x(c, 8) do not seem simple
at first sight.

We finally show that the boundary function h is also particularly relevant for characterizing log-convexity
or log-concavity properties of ML functions on the positive half-line. The following result, which builds on
Remark 7 in [8], can be viewed as an extension of Proposition 2.3 in [11].

Theorem 23. Suppose o > 0 and 8 > 0. Then, one has

E, g is log-convex on RT <=  «a <1 and > h(a)
and

Eq g is log-concave on Rt < a>1 and 8 < h(a).

Proof. We begin with the characterization of log-convexity and first suppose a < 1. The only if part comes
from the definition of the function h since the log-convexity of E, s on RT implies that at zero, which
amounts to

2 1

E(Z,B(O)Ea,ﬁ(o) 2 E&,B(O)Q — T(B)T(3 + 20) > T(B + a) — [ >h(a).

We next show the if part, which is clear if 5 > o because E, g is then a moment generating function — see

Remark 7 in [8]. The case 1 > o > 8 > h(«) is however less immediate and we will use the same method as
in Proposition 2.3 in [11] and Proposition 3 in [8]. Since

I’ﬂ—l—a—i—an)

Eq p(z) Z
F B+ an

is a ratio of entire series with positive coeflicients, it follows by Biernacki and Krzyz’s lemma — see [3] —
that E, g is log-convex on R as soon as the sequence

(n+ I8+ an)
'8+ a+ an)

n =

is non-decreasing. The condition S > h(a) means that u; > wuy and we will show that it also implies
Upy1 > Uy, for every n > 1. Putting together Frullani’s integral and Malmstén’s formula — see respectively
the formulas 1.7.2.(18) and 1.9.(1) in [7] — yields, after some simplifications, the Laplace representation

o0
log upy1 — logu, = /e_"t
0
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for every n > 0, with

—t
o(t) = t(11—_ee—t/a) (7ef<ﬁ/a>t 4ot 4o (Bl _ ef<1+1/a>t) .

The key observation is that the function ¢ strictly changes its sign only once on (0, 00), starting positive.
Indeed, the number of strict sign changes of ¢ on (0, 00) is that of the function @¢(u) = u?/* —u — w8/ 4
u*1/® on (0,1) and since we have f/a < 1 < 1+ 3/a < 1+ 1/a for all B € [h(a),a), the generalized
Descartes’ rule of signs — see e.g. Theorem 2.2. in [14] — implies that ¢ vanishes at most twice on (0, 1).
But we also have ¢'(0+) = oo and ¢’'(1-) = 1/a — 1 > 0, which implies that ¢ can only have one strict
change of sign on (0,1) and so does ¢ on (0, 00), starting positive because ¢'(1—) = 1/a — 1 > 0. Recalling
u1 > U, this shows alltogether that there exists g > 0 such that ¢(¢) > 0 for ¢ € (0,%) and ¢(t) < 0 for
t € (tg,00), with

7]<p(t) dt > —7<p(t) dt > 0.

If we next define positive random variables X,Y with respective densities

©(t) 1(0,60)(t) ©(t) 1izg,00) (1)

o and _—

/ o(t) dt 7@@) di

0

we obviously have E[e™"%] > E[e™"Y] for all n > 0 since P[X < Y] = 1. This yields

O/e”t p(t)dt = O/go(t) dt | Ele %] > — !cp(t) dt | E[e Y] = t[e"t o(t) dt

and concludes the argument for the if part. Finally, the estimate E, g(x) ~ a~1z(0-B)/aes"" a5 1 oo
implies log E, g(z) ~ 2/ and shows that F, 3 cannot be log-convex on R* whenever a > 1.

We next proceed to the characterization of log-concavity. The above estimate at infinity shows that we
need only to consider the case a > 1. Again, the only if part comes from the fact that the log-concavity of
E. p at zero amounts to

1 / 2 ].
030 Eap(0) < B p(0)° = L(B)T(6 + 2a) = TB+a2 B < hla)

In order to establish the if part, we need to show that the above sequence {uy,} is non-increasing whenever
B < h(a). If B < awehave B/a <1 and f/a+ (1+1/a) <14 (1+ B/a), so that with the notation of
Definition A.2 p. 12 in [20], we have the weak majorization

(1,14 8/a) <V (B/a,1+ 1/a).

A consequence of Tomié’s lemma — see Proposition 4.B.2. p. 157 in [20] — applied to the convex decreasing
function z — e~ is that the above function ¢ is non-positive on (0, 00), and {u,} is hence non-increasing.
If « > 1 and g8 € (o, h(a)], then we have 1 < f/a <1+ 1/a <1+ §/a and the same reasoning as above

shows that ¢ strictly changes its sign only once on (0, 00), starting negative, and then that
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10

Fig. 1. Regions in the parameter space (a, 8) where E, g(x) = T'(8)Eq,5(x) is super-additive (orange) or sub-additive (green) on
R™. The curve represents the separating function 8 = h(a). For (a, 8) in the gray region, the function I'(8)E4,g(x) is neither
super-additive nor sub-additive on RT. (For interpretation of the colors in the figure(s), the reader is referred to the web version
of this article.)

/ e "op(t)dt <0
0

for all n > 0, as required. O

Remark 24. (a) As seen during the proof, the log-convexity of E, g holds on the whole R for & < 1 and
B8 > a. Observe that log-concavity and log-convexity properties for E, g3 do not make sense on R for the
other values of (a, 5) because E, g takes then negative values on R™.

(b) In case B > 0, if we introduce the function E, g(x) = I'(8)Eq s(z), then we have E, 5(0) = 1 and
the log-convexity of E, g on R implies the super-additive property

Eop(z+8) > Eyp(2)Eap(s)  forall z,s € RT.

Moreover, a second order expansion at zero shows easily that the log-convexity at zero is a consequence of
super-additivity. Thus, we have shown that for all 5 > 0, one has

E, g is log-convex on RT <= E, 5 is super-additive on R* <= «a <1 and 8 > h(a).
Similarly, we have

E, s is log-concave on Rt <= E, 4 is sub-additive on R* <= «a>1 and 8 < h(a).
See Fig. 1 for an illustration of these two characterizations.

4. Discussion and open problems

In this last section we summarize our results and formulate some open questions. In Corollary 12 we have
characterized the inequality (1.3) on the whole C. Combined with the main result of [28], this shows that

The inequality (1.3) holds globally <= O<a<landf>a <= E,g(—z)is CM on (0,00).

We have observed in Proposition 11 that the global inequality (1.4) is relevant only for a > 1, and Corollary 5
implies the following characterization in the case a = 1:
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The inequality (1.4) holds globally <= <1 <= 1/E;g(z)is CM on (0,00).

In the case a € (1,2), it is rather natural in view of the previous equivalences, Proposition 3 and Proposi-
tion 14, to state the following.

Conjecture 25. For every a € (1,2), one has
The inequality (1.4) holds globally <— pe€la—1,a] <= 1/E,g(x)is CM on (0,00).

Observe that the two direct implications of this conjecture are true from Proposition 14 resp. Proposi-
tion 3. Moreover, we have also shown in Corollary 7 that if 8 € [ — 1, ], then (1.4) holds globally except
possibly on some compact set of the open left half-plane. However, let us mention that there exists an entire
function F with positive coefficients such that 1/E is CM on (0,00) and (1.4) does not hold globally. For
instance,' the function

mn(z) = log ((1 +2) (L4 2/2)(1+ 2/ +2/B+ D)1+ 2/ - 1) [ (L +2/(k +D)(1+2/(k - i))>

k>n
has Frullani representation
_ _aty Sn(t) : =t 2t —at -3t —kt
m(z) = [(1—e )Tdt with falt)=e""+e ™ + e +2cost|e +Ze .
0 k>n

It is not difficult to prove that f,, is positive on (0, c0) for n large enough, which means that 7,, is Bernstein,
and the entire function

E,(z) = enn(Z),

which clearly has positive coefficients, is such that 1/E,, is CM on (0, 00) by Theorem 3.6 in [27]. However,
one has E,(i —3) = 0 < E,(—3) so that (1.4) holds on {Rz > 0} but not on the whole complex plane.
Notice that in this example, the function F,, has an odd number of negative zeros and an infinite number
of complex zeros which are asymptotically close to the real line, whereas the non-real zeros of E, g are
asymptotically close to the two half-lines given by |argz| = ma/2 — see Theorem 4.7 in [12]. It seems to
us that more structural information on the positive random variable underlying the CM function 1/E,, g is
needed in order to tackle the remaining part of Conjecture 25.

In the case a = 2, we have obtained the following characterization, as a direct consequence of Theorem 1
(b) and Proposition 19:

The inequality (1.4) holds globally <= Ej g has only negative zeros <<= [ <3.

It is somehow natural to believe that the first equivalence also holds true for o > 2, the reverse implication
being already settled in Theorem 1 (b). Proposition 21 gives some partial support for this equivalence, since
it shows that for o > 2 the inequality (1.4) can only fail locally, as is the case for the existence of non-real
zeros whose number is necessarily finite. We also believe that the existence of non-real zeros of E, g for
« > 2 is characterized by some condition of the type 5 > f(«), as for « = 2 with f(2) = 3. This is equivalent
to the implication

1 We are grateful to Mateusz Kwagnicki for pointing out this example to us.
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Fig. 2. Regions (orange and green) in the parameter space («, 3) where inequality (1.3) or (1.4), respectively, holds globally, and
regions (gray) where neither holds globally. The area with diagonal gray narrow lines corresponds to the region where we conjecture
that no inequality holds globally, whereas areas with green spaced diagonal lines correspond to regions where we conjecture that
inequality (1.4) holds globally. The blue curve represents the function 8 = h(«) from Lemma 15, while the dashed green curve
represents a possible example of the unknown increasing convex function from Conjecture 26.

E, g has non-real zeros == FE, g4, has non-real zeros

for all 8, > 0 and a > 2, an interesting property of ML functions whose validity does not seem to have
been investigated as yet. As for the boundary function h(a) of Lemma 15, which determines the failure of
(1.4) in the neighborhood of zero, we may also believe that the boundary function f(«) is increasing and
convex. We finally notice that when E, g has only negative zeros, then by the Frullani integral we have the
decomposition

t

logI'(B) + log Eag(2) = Z/(l ey idt,
0

n
t
n>1

where 0 > z; > 22 > ... are the negative zeros of E, g. This shows that log E, 3 is up to translation a
complete Bernstein function — see Chapter 6 in [27] for more details on this notion — and it is easy to see
that this is actually a characterization. We summarize the previous discussion with the following.

Conjecture 26. There exists an increasing convex function f :[2,00) — [3,00) with f(2) = 3 such that for
every a > 2, one has

The inequality (1.4) holds globally <= log E, s is a complete Bernstein function <= [ < f(«).

Observe that if Conjecture 25 is true, then, as seen in Remark 4, we will also have
The inequality (1.4) holds globally <= log E, g is a Bernstein function

for all a € [1,2). However, except in the degenerate case o = f = 1, Theorem 6.2.(v) in [27] implies that
the function log E, g can never be a complete Bernstein function for a € [1,2), since by the existence of
non-real zeros for E, g, it does not have an analytic continuation on C \ (—oo,0]. All in all, we believe that
the characterization of the global inequality (1.4) for o > 1 is different according as o < 2 or « > 2. This
will be the matter of further research.

The Fig. 2 illustrates our current findings and open questions, and concludes the paper.
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