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Abstract

The fact that any classical random variable with all moments has
a canonical quantum decomposition allows to associate to it a
family of quantum moments. On the other hand a classical ran-
dom variable may have several inequivalent quantum decompositions,
which lead to different quantum moments. Even in the simplest Cen-
tral Limit Theorems (CLT), i.e. those of Bernoulli type, there are
examples in which the corresponding quantum moments converge to
the canonical quantum moments of the associated classical random
variable, and examples in which this is not the case. This poses the
problem to find a constructive criterium that characterizes the quan-
tum moments associated to the canonical quantum decomposition with
respect to the other ones. Theorem 3 of the present paper provides
such a criterium. Theorem 5 gives a sufficient condition which reduces
the problem to the verification of a 4-th moment conditions (see (91))
which is simpler than the verification of the necessary and sufficient
conditions of Theorem 3. Theorem 3 naturally leads to a classifica-
tion of Interacting Fock Spaces (IFS) into three types. We construct
examples showing that all these possibilities can effectively take place.
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1 Statement of the quantum moment problem

for a classical real valued random variable

The literature devoted to various non—commutative extensions of the classical
moment problem for real or vector valued random variables has a relatively
long history (see for example [22[, [18], [12] and bibliography in these papers).
In a general setting, the problem can be formulated as follows: given a *—
algebra A and a self-adjoint set G C A of algebraically free generators (i.e.
not satisfying non—trivial polynomial identities), a state ¢ on A defines a



map

K: (g1, 0n) € U G" = K(g,gn) = @(g1-+-gn) €C (1)
neN
The problem is to characterize those maps & : |, .y G" — C such that there
exists a state ¢ on A satisfying (1).
The quantum moment problem for a classical real valued random
variable, discussed in the present paper, is different and, in order to for-
mulate it, we need to introduce some notations.

In the following, all probability measures on R are referred to the Borel o—
algebra and supposed to have moments of any order. A classical real valued
random variable is identified to its probability distribution and two measures
on R (real valued classical random variables) with the same moments are
identified. A real valued classical random variable is called symmetric if all
its odd moments vanish. We will freely use some basic facts on orthogonal
polynomials in one indeterminate and the connection of this theory with that
of 1-mode interacting Fock spaces (IFS). For a clear and succinct exposition
of these facts, we refer to Hora and Obata’s monograph [19].

To any probability measure @ on R with all moments, it is canonically asso-
ciated a sequence w := {wy},cy =: (wy) of positive real numbers satisfying
the condition:

wo =0 ; wp=0 = w,=0 , Vk>neN\{0} (2)

Conversely, by Favard Lemma, any positive sequence (w,), satisfying (2)
defines a probability measure g on R with all moments. In the following
any positive sequence (w,,), satisfying (2) will be called a principal Jacobi
sequence and we will denote

f min{k:w, =0}, if {k:w,=0}#0
nw'_{oo, ' if{k‘:w::O}:@ )

Property (2) also characterizes those sequences (\,,) which define a 1-mode
interacting Fock space (1-MIFS, see section 2 below for definition, nota-
tions and main properties) through the prescription

D) =@ (C @) 5 10l = [[en=wnd (@)

neN



where the sum is orthogonal and no completion is taken, so that I' (w) is a
pre—Hilbert space (i.e. a vector space endowed with a positive sesqui-linear
form) and (®,,) is a Hamel basis of I' (w).

The orthogonality of the ®,,, implies that there exists a unique linear operator
a®” on I' (w), called the creation operator, satisfying

at®, =&, : Vn e N

and condition (2) is equivalent to the existence of an operator, denoted a and
called the annihilation operator, satisfying the adjointness condition:

(a&,m) = (&o,a™m)y 5 VEneT (w) (5)

and the Fock condition:
aCDO =0

The operator a is uniquely defined by condition (5) up to vectors of zero
norm. The decomposition I' (w) = €, .y C - a*™"®q is called the orthogonal
gradation of I' (w). Notice that any gradation preserving linear operator
a’ : T'(w) — T (w) is uniquely determined by a sequence of complex numbers
(cvn,) through the identity

a®, = a,d, ; Vn € N

and the o, are real if a° is self-adjoint, in the sense that (5) holds with a°
replacing both a and a™.

Definition 1 Let X be a real valued classical random variable with moment
sequence (M,) C R. A quantum decomposition of X is a quadruple
(H,L*, L° ®) such that:

1) H is a pre-Hilbert space;

2) L* and L° are linear operators on H such that L° is self-adjoint and LT
has an adjoint denoted L

3) For each n € N and ¢ = (g(1),...,e(n)) € {-1,0,1}", the vector ® is
in the domain of LM ... L*™  where hereinafter, if B* is an adjointable
operator on a pre-Hilbert space K and B is any adjoint of BT, for any
e € {—1,1}, we define

Bt ife=1
Bi=q o T (6)
B, ife=-1
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4) For each n € N
M, =(®, (L*+L°+ L7)" ®) (7)

The operators L, L=, L° are called the CAP operators of the given quantum
decomposition.

The quantum moments, associated to the quantum decomposition (H, L™, LY, )
of X, are by definition

M, (e) = (@, LsV .. LFM) . VneN, eec{-1,0,1}" (8)

Two quantum decompositions of X are called isomorphic, if they have the
same quantum moments.
If, in addition L® = 0, we speak of a Fock decomposition of X.

Remark 1 It is known that a sequence (M,,) of real numbers is the moment
sequence of a classical real valued random variable if and only if the kernel
(m,n) — M(m + n) is positive definite. The general quantum moment
problem for a classical random variable is stated similarly: given a family
of complex numbers (M, (¢)) with n € N and ¢ € {—1,0,1}" give criteria
that guarantee the existence of s a quadruple (H, LT, L° ®) satisfying the
conditions of Definition 1.

Denote G := {+,0, —} and define an involution on this set by 0 = 0*, (+)* =

—. The set G := |,y G™, G° := () is a *-semi-group with involution

0" = (01,...,0,)" : 0 =0
identity given by () and composition law

(01, 0n)(E1y - yEn) = (01, -, Ony €15+ -, En)

If (M, (¢)) is the family of quantum moments of a quantum decomposition
of X, it defines a positive-definite (PD) complex valued normalized func-
tion M on G, in the sense that the kernel K(d,e) := M(d*¢) is PD and
M (@) = 1. Moreover the quantum moments define a sequence of classical
moments (namely those of X') through the right hand side of formula (61)
(with {—1, 1}1” replaced by {—1,0,1}*"). These two necessary conditions
characterize the families of quantum moments in the sense that, if (M, (¢))
is a family satisfying the above two conditions, denoting M the associated



PD function, K the associated kernel, (H, (-, - ),v) the Kolmogorov repre-
sentation of K (K (d,¢) = (vs,v.)) and 7 the associated *-representation of
G (m(e)vs := ve5 € H), and defining

b:=vy ; Ly(e):=mw(e) ; e€G
one has, for € := (g1,...,6,):
ve = Lpy(e1) ... Ly(en)® 5 Lp(0) = Lyp(0)* 5 Lay(+)" = Lag(—)
hence the ®-moments of the classical random variable
X = Ly(+) + L (0) + L (—)

are those defined by the family (M, (¢)).

In conclusion, the above two conditions are necessary and sufficient for a
family (M, (¢)) to be the quantum moments of a classical random variable.
A family with this property will be called a quantum moment function.
Moreover the above discussion shows that if (IC, LT, L% W) is another quan-
tum decomposition of a classical random variable X, then denoting Ky the
U-cyclic space of the polynomial algebra in the indeterminates L*, L%, L,
there exists a unitary isomorphism U : H — Ky which intertwines the states
and the CAP operators of the two quantum decompositions, i.e.

Ub=V ; ULy(U*=L(e) : Vee{+,0,—} (9)

where (H, Ly(+), La(0), @) is the decomposition constructed above. This
shows that there is a one-to—one correspondence between quantum moment
functions that define the same sequence of classical moments and equivalence
classes (for the equivalence relation introduced above) of quantum decompo-
sitions of the classical random variable defined by this sequence.

Finally the above construction works for any set G with an involution and
the classical moment problem corresponds to the case G = {0} with identity
as involution and with G identified to N.

In quantum probability the moment problem mainly arises in two contexts.
One is when one tries to prove that a linear functional on a *—Lie alge-
bra defines a family of quantum moments. Here the main problem is to
prove positive—definitness. Another is given by quantum central limit (QCL)



theorems based on moments which produce a moment function on a *—semi—
group G that depends on the conditions of the theorem (for Bernoulli type
CLT G := U,en{+,0,—}") or, in the symmetric case, G := |J,,cni+, —}")-
In this case one knows that it is a moment function because it is a limit of
functions with this property and the problem is to find a concrete functional
representation of the limit space given abstractly by the arguments discussed
above. This is in general a difficult problem for which at the moment no gen-
eral criterium is known. In this paper we discuss this problem in the case of
a special but important quantum decomposition..

Definition 2 The quantum decomposition of X, defined by Theorem 1 be-
low in the symmetric case (see [8] for the general case), is called the canon-
ical quantum decomposition, or simply the quantum decomposition,
of X. The quantum moments (8), associated to the canonical quantum de-
composition of X, are called canonical quantum moments.

The quantum moment problem for a classical symmetric random
variable X can now be stated as follows:

Find necessary and sufficient conditions on a given a family of complex num-
bers (M, (¢)) (n € N,e € {+, —}") that guarantee the existence of a classical
real valued symmetric random variable X such that (M, (€)) is the family of
canonical quantum moments of X or equivalently that the cyclic representa-
tion associated to the moments and the canonical one of X are equivalent in
the sense of (9).

A necessary condition for the family (M, (¢)) to come from a quantum decom-
position of a classical symmetric random variable is that this family defines,
through the right hand side of formula (61), a family M,, of classical mo-
ments (this is condition (C1) of Theorem 3). If this condition is satisfied, the
classical random variable X is uniquely determined, therefore the problem is
equivalent to the following 2 sub—problems:

1) To express the principal Jacobi sequence of X in terms of its moments.
2) To express the quantum moments of X in terms of its principal Jacobi
sequence.

With this information the solution of the problem is obtained by comparing
the given quantum moments with those obtained in step 2) above applied to
the Jacobi sequence produced in step 1).

Problem 1) is equivalent to prove the converse of the Accardi-Bozeiko formula
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[8], that expresses the classical moments in terms of the Jacobi parameters
(also in the non-symmetric case), and it is solved in section 3.1 (see formula
(53)). Problem 2) is equivalent to an extension of the above mentioned for-
mula to the quantum moments and is solved in section 3 in the symmetric
case (see formula (52)). However formula (53), giving the solution of Problem
1), is complex and not easy to use in practical applications. So the problem
arises to find a more explicit set of conditions on the family (M, (¢)) that
are equivalent to a positive solution of the problem. This is done in Theorem
3 in section 4 where condition (C1) is assumed but positive definitness
is a consequence of the theorem. For example condition (C2) in this
theorem, which does not depend on the principal Jacobi sequence, can be
used as a sufficient condition for a negative answer to the problem.

As already said, in CLT positive definitness is guaranteed a priori and this
allows to apply the abstract construction of Remark 1 that guarantees the
existence of a quantum decomposition (H, L*, ®) of X. This allows to sim-
plify condition (C3) of Theorem 3 (see Corollary 2).

In section 2 we recall some basic properties of 1-mode interacting Fock spaces
and of the commutation relations canonically associated to them. This gives
a general method to construct deformations of the CCR as well as an in-
terpretation of them in terms of classical probability. We prove that all
q—deformations considered up to now can be obtained as particular cases of
our construction.

In section 5 we recall the definition of a general IFS and of 1-mode-type IFS
[';(H) over a pre-Hilbert space H we introduce, for any vector f € H, the
field operator by

Xf = A}_—i‘Af (10)

With respect to the vacuum state (®,( - )®), each X, is a classical sym-
metric operator-random variable with all moments. Therefore the triple
(T1s(H), A}, ®), where I'; ;(H) is the d—cyclic space of the polynomial alge-
bra in A}t, is a quantum decomposition of the classical random variable Xy
in the sense of Definition 1.

It is clear that, when f varies in H, three situations can arise:

1) For any f € H, the triple (I';(H), A}, ®) is isomorphic to the canonical
quantum decomposition of Xj.

2) Statement 1) is true for some, but not all, f € H.



3) The only f € H, for which the statement in 1) is true is f = 0.

Definition 3 The IFS (I';(H), A}, ®) is called:
— of type I, if it satisfies condition 1).

— of type I1, if it satisfies condition 2).

—of type I11, if it satisfies condition 3).

In Theorem 4, we characterize type I IFS and we prove (see Corollary 3)
that this class includes the class of 1-mode—type IFS (see (70)).

This class includes the Jacobi fields introduced and studied by Berezansky,
Kondratev, Lytvynov and several other authors (see [14], [20], [15]) while the
usual Boson Fock spaces provides examples of type I symmetric IFS (see [4])
that are not 1-mode—type IFS.

In section 5.1 we prove the existence of (non—trivial) IFS of type I1 and, in
section 5.2, the same thing is proved for type I11.

The present paper was motivated by our paper [1| devoted to Bernoulli-type
central limit theorems. In these theorems one considers a x—algebra A and
a sequence of operator random variables in A of the form {S7, Sy} (sums
of Bernoulli-type random variables), satisfying an algebraic independence
condition (see the beginning of section 6).

In the notation (6) let ¢ be a state on A such that the limit

- (555(1» L S§§<”))) (11)

exists for all ¢ € {—1,1}". Then, because of the algebraic independence
condition, one can apply the reconstruction theorem of [11] and deduce the
existence of a pre-Hilbert space H, two pre—closed mutually adjoint operators
a™, a and a unit vector ® € H, cyclic for the algebra generated by a™ and a
such the limit (11) is equal to

(@, 0D ) p) (12)

By construction, the triple (H,a™, ®) is a quantum decomposition, in the
sense of Definition 1, of the classical random variable

X := lim (S + S) (13)

In the paper |1] the problem arose to characterize those sequences {Sy, Sy}
for which this quantum decomposition is isomorphic to the canonical quan-
tum decomposition. Equivalently, those sequences {S};, Sy} such that the
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¢-moments of the pairs {S};, Sy} converge to the quantum moments of X.
Theorem 5 solves this problem in a constructive way. In particular of the five
conditions given in this theorem, the first three are automatically satisfied
in Bernoulli-type central limit theorems. The results of the papers [1], [2],
[3] show that, even in the case of Bernoulli CLT, the existence of such an
isomorphism strongly depends on the specific form of the embedding (hence
of the associated notion of stochastic independence).

The extension of this result to a self-adjoint set {S](\]}) : j € D} (D a finite
set) is a difficult open problem in quantum probability and its solution is
strongly related to the theory of multi-dimensional orthogonal polynomials

I5].

2 1-mode interacting Fock spaces (1-MIFS)

Definition 4 A sequence of positive numbers A : n € N — \,, € R, such
that \g = 1 and, if A, = 0 for some m € N, then A\, = 0 for every n > m,
will be called an 1-MIFS—sequence. Such a sequence defines a pre—scalar
product on C by:

(x,y), = ATy ; Va,y € C (14)

By definition the 1-mode interacting Fock space (1-MIFS) associated
to the sequence (\,) is the pre—Hilbert space

r ((Cv {)\n}zo:ﬁ = C@(Cv <'7 >1)€B(C7 <'7 >2)@(C7 <'7 >3)69 St @/Hn (15>

characterized by the fact that the sum on the right hand side is orthogonal
and meant in the weak sense (i.e. the elements of T (C;{\,},—,) are finite
linear combination of elements of the spaces H,,.

For n € N*, define

if fi
m/\::{oo,l An # 0 for any n € N (16)

max {k : A\, # 0} , otherwise

10



0,ifn=0
An s, ifn=1

Wy 1= 17
0, ifn>my<oo (17)
/\2’11 , otherwise
wil i=[Jexr=2 i VneN (18)
k=1

Then

oo , ifw, #0 for any n € N
my =
* max {k : wg # 0} , otherwise

With these notations, the Hilbert space associated to the pre—Hilbert space
(15) is denoted with the same symbol unless confusion may arise:

mx

@(C7<'7'>h) (19>

h=0
Since to give the sequence (\,) is equivalent to give the sequence (w,,) in the
following we will use indifferently the notations:

L(C{A}Z) =T (M) =T'(w) =T, (C) (20)

and, unless confusion may arise, we will use the same symbol to denote
the pre-Hilbert space (15) and the associated Hilbert space (19). For each
n € N, denote ®, the vector 1 in the space (C,(-,-),). Po is called the
vacuum vector. (14), (18) imply that

1@nll* = X = wi! (21)

The creation operator on I' (C; {\,} 7 ) is defined by linear extension of
the map

D, ifn<
at®, = ot n =1 (22)
0 , otherwise

on the algebraic linear span of the (®,). a™ is well defined because (®,,) is
a linear orthogonal basis of I' (C;{\,},—,) The properties of A imply that
the adjoint of a*,in the following denoted a and called the annihilation
operator, exists and is given by

a®y, = wp Py : Vk e N : d_,:=0 (23)

11



In fact
<q)n7aq)k> = <a+q)n> q%) = <(I)n+17 q)k> = )\k(5n+1,k

_JOitk#En+1
Mt = Wi, fE=n+1

Remark. Defining

b j;fk,ifkgm
" @, if k> my

where unless otherwise specified in the following the symbol /( - ) denotes

the positive square root, one finds the action of a*, a on the normalized basis
(Pn) of I'(C; {An}i2):

~ n (I)n T
at®, =at ol \/)\il = V/Wn+1 \/)\il = VWn11Pni1 (24)

ad,, = = wy, = /wy, = \/wnfi)n, 25
Vo Vo P ' (25)

In the particular IFS considered in physics up to now, one uses this repre-
sentation (symmetric) rather than the non-normalized one called monic in
the literature on orthogonal polynomials.

2.1 Commutation relations associated to a 1-MIFS

In this section we show that all the ¢-deformations of the usual CCR can be
framed within the general theory of 1-MIFS.

Lemma 1 Denote A the number operator on I' (C; {\,} ~,), defined by
A®D,, :=nd,

A is a pre-Hilbert space operator and the linear operators a,a™ on
I'(C;{\.}2,) satisfy

a*(Hp) =Hper ; Hoi={0} ; a=(a")* (26)

aat = wpq ; ata = wy (27)
and (27) implies the following commutation relations:

la,a*] = aa* —ata = wap —wa (28)
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aat —wppwytata = P (29)

where Py denotes the projection onto the vacuum space and wxl is by defi-
nition zero whenever w,, = 0. An equivalent form of (29) is

aat —Qpata =1 (30)

where by definition:
Qa = (wanwy' —wy ' Fy) (31)

Remark. In fact the multiplication table (27) implies several types of com-
mutation (or anti-commutation) relations (see [4]), but in the following we
will restrict our attention to the ones listed in Lemma 1.

Proof. A is a pre-Hilbert space operator because {a™® : } is an orthogonal
linear basis of K and A {a™® : } C {a™® : }. It is clear that (27) implies
(28). Let us prove that (28) implies (27). Since wy = 0, (28) implies that,
for any n € N*

aatat"® = [a, a+(n+1)] b — Z ath [a, a+] qtH1=(h+D) g (32)
h=0

n

n
h +n—h) g _ tng _ +
= E at" (way1 —wa)a (n=h g — E (Wnt1—n — Wn_p)a""® = w, 1" P
h=0 h=0

which proves the first identity in (27). The same argument, with n replaced
by n — 1, implies that

aat"® = [a,a™] ® = wpat™ P

and this implies the second identity in (27). From aFP, = 0, one deduces
a = a(Pj + Py) = aP;. Therefore

-1 + 1 _ plL . -1 _+ L _ pl
wypeat =1=Fyr + 5K ; wy ataPy = F

+

wx}rlaa = cuxlcﬁapoL + P < aa" = cuAJrlcuX1a+aPOL + wr1 By

R wAHleaJra =wFPy=F,

Finally (30) follows from (29) and the identity wy' Pj-ata = Py-. O

= aat — wAHleCLJFCLPOL =w Py < aa

13



2.1.1 The commutator theorem and uniqueness of the quantum
decomposition:
1-dimensional case

Remark. The main implication of the following Lemma is that, for the given
a,a™, the properties (27), (28) (29) are mutually equivalent. The equivalence
between (27) and (28) is a particular case of a general result, valid also in
the multi-dimensional case (see [6]).

Lemma 2 For two linear operators b, b™ on I' (C; {\, },~_,) consider the iden-
tities (26), (27), (28) and (29) with a* replaced by b*.

Then (27) and (28) are equivalent and imply (29). If moreover b, bt satisfy
(26), then (29) is equivalent to (27), hence to (28).

Proof. It is clear that condition (27) implies both (28) and (29). Let us
prove that (28) implies (27). Since wy = 0, (28) implies that, for any n € N*

b d = [b, b+(n+1)} d — Z pth [b, b+] pr(nt1=(h+1)) (33)
h=0

= Z b (wagr — wa) ptn=h g — Z (Wnt1-h — Wnopn) bT"® = w, 1 bT"P
h=0 h=0
which proves the first identity in (27). The same argument, with n replaced
by n — 1, implies that

n—1 n—1

b+ = [b, b & = Z b b, b] pHn—(h+1) g — Z b (wags — wa) bHOIN P
h=0 Pt
n—1
- Z (Wn—h — Wn-1-1) Do = o b D
h=0

and this implies the second identity in (27). O

2.1.2 Generalized commutation relations

Motivated by the results in the previous section, we illustrate in this section
the relationships between general principal Jacobi sequences {w,} -, and
commutation relations of the type

aat — Qpata = Py (34)
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in three particular cases which emerged from different lines of research in
quantum probability. Notice that, due to (27), the commutation relation
(34) is equivalent to the identity

Py = w1 — Qawa (35)
Moreover, since w; = 1, if (34) holds then

Py = (36)

2.2 Example (1). The ¢—deformed 1-MIFS

A short historical outline of the development of ¢g—deformations in quantum
probability was done in the Introduction of |2] and will not be repeated here.

Lemma 3 With above notations and definitions, for any ¢ > —1 and any
1-MIFS, the following two statements are equivalent:

n, if ¢ =1 (Gauss—Poisson case)
Wn = S0 d" =L, if g> -1, g#1 (37)
Om s if ¢ = —1 (Fermi-Boolean case)
aat —qata=1 (38)

Proof. If (37) holds, then (38) clearly holds for ¢ = 1 and, if ¢ # 1, then

l_qn+1 1_qn_1_qn+l_q+qn+l_1_q:

et e T T g T 1—gq EETRE
If (38) holds and ¢ = —1, then for any n € N
Ap = <a+”CI>, a+”®>n = <a+"<I>, (aa+ + a+a) a+”®>n
= Apt1 F WA = A (Wit + wi) (39)

Taking n = 0 in (39) and using Ao = 1, one finds
1= [ = Xo (w1 +wo) = wr

Therefore w,, = 0 for n > 2. Hence (37) holds for ¢ = —1.
If (38) holds for ¢ > —1, then using (27) one finds

l=aa" —qata=wri —qua <= 1+ qup = watt

15



and this, together with the initial condition w; = 1 implies that w, =
S r—0q*. Therefore (37) holds also for ¢ > —1, ¢ # 1. O

Remark. The identity (a?a*?) = 1 + ¢ shows that ¢ > —1 is a necessary
condition for the positivity of the scalar product.

2.3 Example (2). The Parthasarathy—Shiirmann ¢* —
deformation

The 1-MIFS defined by the sequence (40) below is the 1-mode version of
the ¢ deformation of the Boson Fock Brownian motion, introduced by
Parthasarathy in his quantum decomposition of the Azema martingale [21],
which has been the main model for Shiirmann’s extension of the theory of
Levy processes to g—deformed x—bi-algebras [23]. In [3] it is proved that this
class of 1-MIFS arises from Bernoulli central limit theorems with symmetric
g—embeddings.

Lemma 4 With above notations and definitions, for any x € C\ {0}, and
any 1-MIFS, the following three statements are equivalent:

wp =1 - |z|*" ; Ap 1= wy! = nl - |z [P+ ; Vn>1 (40)
aat — |z)* ata = |z|* (41)
Proof. The two statements in (40) are equivalent because

)\n n! - |x|n(n+1)
A1 (n—1)!-|z|n=Dn

=n-|z""=w, ; Yn>1

Suppose that one of the two statements in (40) holds. Then
aat = wapg = (A+1) - [z A+ ; ata=wy=A- |z
Consequently (41) holds because,

aat — |z]Pata = wyp — 2P ws = (A + 1) |2POD — Alz]? |2

_ (A + 1) |$|2(A+1) _A |$|2(A+1) _ |ZE|2(A+1)
Conversely, if (41) holds, then

WA+1 = |37|2WA + |$|2(AH)
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and since

(n+1)|z>®) = |z|2(n|z*)+]2z[*™*)  and for n = 0, one has n|z|*" = |z|>

(40) holds because the two sequences (w,) and n|z|*"

tion relation with the same initial condition. O

satisfy the same induc-

Remark. The commutation relations (41) can be written in the form (30)
with the operator () given by

£ if €eC-d

Qn& = (A|x|2A)_1 ((A+1)\x|2(A+1) _1> & if e(C-)F

le.
-1
ON=1a <A yx\Q(A—U) ((A 1) [ - 1)
Remark. I With the notation ¢ := |z|?, (41) becomes
aat —qata =: dwy = ¢M*! (42)

Equation (42) is the 1-mode version of the left ¢—quantum Brownian mo-
tion (in the sense of Schiirmann [23], see [3| for a description that emphasizes
this fact).

2.4 Example (3). ¢—deformations arising from CLT’s

The sequence

)\n::ﬁ

m=1

m—1 2

.’L'k

k=0

;o =0, Vk>nif\,=0;Vn>1, 2€C (43)

comes out in the ¢g—deformed central limit theorems discussed in the paper
[1], where the problem discussed in the present paper first emerged in a
particular case.

Since the case x = 0 is included in the first example (i.e. aa™ = 1), we take

x # 0. For m € N, define

m m—1
ICm::{x:Zxk:()} : mx::min{m:xelCm andxgéUlCh}

k=0 h=1
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(2) 0, if my, <oo and n > m,
Wy = wy () =
" " Sy 2 |2 otherwise

In this case (34) holds with P = 1 and one has:

(44)

-2

n—1 n 2
Qat"d = Zwk Zxk —1]a™m® ; Vn < m,
k=0 k=0

T gmae |y (P )

with ¢ arbitrary element of C.

3  The canonical quantum moments of a clas-
sical symmetric random variable

In case of a general real valued random variable X with all moments, a
formula expressing the classical moments of X in terms of its Jacobi sequences
was proved in [8]. In this section we extend this formula to the quantum
moments of a symmetric classical random variable.

Theorem 1 For a sequence of positive real numbers M = {Ms,}, ~,, the
following statements are equivalent:

1) there exists a real valued symmetric classical random variable X, with
moment sequence (Ma,);

2) there exists a principal Jacobi sequence (wy,) such that the vacuum moment
sequence of the operator a™+a, in the 1-MIFS (T" (w) , a™, @), coincides with
(M2n)'

3) there exists a unique principal Jacobi sequence (w,,) such that 2) holds.

Proof. The implication 1) = 3) was proved in [8]. That 3) = 2) is clear.
That 2) = 3) follows from the Accardi-Bozeiko formula [8] that implies that
the vacuum moments of the symmetric random variable X := a* + a are
uniquely determined by the sequence (w,). O

Recall that, because of the Fock prescription and of the fact that we are

restricting our attention to the 1-mode case, the quantum moments are de-
termined by non—crossing pair partitions and among them the only ones that
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give a non-zero contribution to the mixed moments (8) are those, whose cor-
responding to those ¢ = (¢(1),...,e(2n)) € {—1, 1}2" belonging to the set

2n 2n
{(-1,1}2" = {6 e {-1,1}"" : Zeh =0and Vk € {1,...,2n}, Zeh > O}
h=k

h=1

in the symmetric case, and to the set

2n.k |
{~1,0, 1} =

n+k 2tk
{5 S {—1,0,1}2"+k : ‘571(0)‘ =k, Z enp =0and Vm, € {1,...,2n} , Z ep > 0}
h=m

h=1
in the non symmetric case. Here and in the following, for each m and each set

I, we identify the set I"™ with the set of functionse : k € {1,...,m} = ¢, € I.
We use the notations

PP(2n) := {Pair partitions of {1,...,2n}}

NCPP(2n) := {Non—crossing pair partitions of {1,...,2n}}
If 0 = {(ln,rn)},—; € PP(2n), and k € {1,...,n}, the depth of the pair
(lg, ) in 0 is defined by (see [8])
d@(lk,rk) =14+ |{h € {1,,77,} <l <rp < T’h}| (45)

= |{pairs € 0 containing (I, r%)}|

Remark. For completeness we show how to extend the notion of depth to
pair partitions with singletons. Denote

PPS(2n, k) := {Pair partitions of {1,...,2n+ k} with k singletons}

NCPPS(2n, k) := {Non—crossing pair partitions of {1,...,2n + k} with k singletons}

To any 0 € PPS(2n,k) one uniquely associates a 6y € PP(2n) with the
following prescription:

remove all singletons from 6 and re-label in increasing order the remaining
indexes with initial condition ¢; = 1, where ¢; is the first left index in 6.
Clearly, this correspondence is surjective and, if § € NCPP(2n,k), then
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0o € NCPP(2n). Denoting by v: {1,...,2n+ k} — {1,...,2n} the above-
mentioned relabeling, the definition depth of a pair is extended to PP.S(2n, k)
(k € N) defining, for § € PPS(2n,k) and (I, 1) € 0:

do(li, i) == dgy (L, 70,) (46)

Similarly, if § € PPS(2n,k) is any pair partition associated to an ¢ =
(€1, ..., €msk) and s, is a singleton in PPS(2n,k), the depth of s, is

defined by
2n+k

do(sm) = Y _ &n (>0) (47)
h=m+1

where the singletons are ordered so that s,, is the m—th singleton
in 0 starting from left. If € labels a product of CAP operators, dy(s;,)
is simply the index of the space of the gradation where a2 acts. The fact
that we use the same symbol for depth of pairs and of singletons should not
give rise to confusions because the former is a function of 2 variables and the
latter of 1.
It is known (see [10]) that the set {—1, 1}1" is in one-to—one correspondence
with NCPP(2n) and, once given the indexes of the singletons {s,,}¥,_,, an
element of

2n,k . . .
{-1,0, 1}+ == {5 = (Eays -1 Eommin)
(€1, Eonak) = (61, .., €90,0,...,0) , (e1,...,80,) € {—1, 1}1” , O€E 82n+k}
defines a unique NCPP of the remaining indexes. This gives a unique iden-

tification

{~1,0,1}>"* = NCPPS (2n, k)

Remark. As said before, for any € € {—1, 1}1” there is exactly one
{(n,rn)},_, € NCPP(2n) such that ¢, = —1 and ¢,, = 1 for any
h € {1,...,n}. However the set

PP(2n;€) := {{(lp,r1)},_, € PP(2n) : ¢, = —lande,, =1, Vhe {l,...,n}}

could consist of more elements. As shown in Lemma 2.2 of 1], the cardinality
of this set is given by

PP (2n,e)| =[] 2k — n) (48)

h=1

The explicit form of the pair-depth—function on NCPP (2n), hence on
NCPPS (2n, k) for any k € N, is given by the following Lemma.
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Lemma 5 Given n € N and 0 = {(I4,74)},_, € NCPP (2n), for any
ke {1,...,n} one has
d@(lk, Tk) =2k — lk (49)

Proof. The non—crossing property implies that
d@(lk,Tk) = |{h : lh < lk <r. < T’h}|

={ls+1,....2n} —2|{j €{1,....n} : [; >}
:2n—lk—2(n—k):2k—lk
U

Lemma 6 On the 1-MIFS with Jacobi sequence (w,,), for any € € {—1, 1}1”,
denoting {(I,74)},—_, the unique non—crossing pair partition of {1,...,2n}
corresponding to €, one has

a"® . aC® = [ [ wop—y, @ (50)
k=1

Proof. In a 1-MIFS one has
aat"® = w,at" Ve Vn (51)

therefore, if n = 1, (50) is trivial. Suppose that (50) holds for n. Then, since
the [, are strictly increasing, for any ¢ € {—1, 1}?:"“), the corresponding
pair partition (I,7,) satisfies € (I,41) = =1, rps1 = lpy1 + 1 and e (k) = 1

for any k € {l,41 +1,...,2n + 2}. Therefore (51) implies that

as(l) o as(2n+2)q) _ &5(1) o as(ln_Hfl)aa+(2n+27ln+1)q)

— w2(n+1) ! aE(l) aE(ln+1fl)a+(2n+1fln+1)q)
—lnt1 Ce

Denote

’ L E(k), 1f/€§ln+1—1
5(’“)_{1, ifl,1 <k<2n

Notice that, since [,,,1 is the index of the last annihilator, ' can be obtained
by € by removing &, ., = —1 and any &, , = +1, with j > [,1; and re-
labeling the indexes starting from [, 11 + 1. from this it follows that:

o & e {-1,1}7
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e the corresponding NCPP {(I},})},_, verifies lj = [, for any h €
{1,...,n};

o oo qflnii—Dgt@ntl-lni)p = o' &' )P,

The induction assumption then implies

aa(l) o aa(2n+2)® = Wy aa(l) o aa(ln+1—l)a+(2n+1—ln+1)q)

(7L+1)7ln+1
e (1 e (2n
= Wo(nt1)—lpi1 @ S NP GOk
n+1

n
= W2(n+1)—lpy1 H WQkflk(I) = H WQkflk(I)
k=1 k=1

and this proves the statement. [

Corollary 1 The quantum moments of a classical, symmetric, real valued
random variable X with principal Jacobi sequence (w,), are given by

(®,a°Y . FCP) = Hw%_lk ; Ve € {—1, 1}1" , Vn (52)
k=1
where {(I5,73)},_, denotes the unique non-crossing pair partition of {1,...,2n}

corresponding to €.

Proof. (52) follows by taking the scalar product of both sides of (50) with
the vacuum vector. [J

3.1 The converse of the Accardi—Bozeiko formula: sym-
metric case

In this section we prove an inductive form of the converse of the Accardi—

Bozeiko formula in the case of symmetric random variables.

As an application of this theorem we obtain a characterization of the moment

sequence of a classical symmetric random variable which does not involve the
positive definiteness of the kernel (m,n) — M (2(m + n)).

Theorem 2 For any n and any € € {—1, 1}2+”, denote by {[5,...,[5} the set
{k : e (k) = —1} with the order I§ < ... <[ and

n n
Ena = (—1,...,—1,1,...,1) =: (=", +")
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For any sequence M = {Ms,} ~, C R, define inductively the sequence
{w, (M)}2, as follows:

M2 s if n=1

0,if n>1andw, 1 (M)!=0

—wnfll(M)! <M2n - Zan,l;éae{—u}i” HZ:I Wak—1g (M)>
,ifn>1and w,—1 (M) #0

wy (M) = (53)

where, by definition, a sum over an empty index set is zero. Then the fol-
lowing statements are equivalent:
1) (Ms,) is the moment sequence of a classical symmetric random variable;
2) For any n € N

wp (M) >0 (54)

Remark. Notice that ¢, is the unique ¢ such that the quantum moment
(52) is equal to wy,!.

Proof. The only measure for which My, = 0 for some n is the § at 0, for
which the statement is trivial. Therefore we can restrict our attention to the
case of a strictly positive sequence (My,).

The implication 1) = 2) follows immediately from the Accardi-Bozeiko for-
mula for symmetric random variables combined with the identity (52).

To prove that 2) = 1), notice that, if (54) holds, then (w, (M)) is a principal
Jacobi sequence because of (53). Therefore it defines a unique 1-MIFS. If a*
are the creation and annihilation operators of this IFS, a™ +a is a symmetric
random variable whose principal Jacobi sequence is (w,, (M)). But then, by
the converse of the Accardi-Bozeiko formula, its moment sequence is defined
by (53), hence it coincides with (Ms,). O

4 Solution of the canonical quantum moment
problem for a classical symmetric random
variable

Theorem 3 For a family of real numbers { Mo, (¢) : € € {1, 1}1"}:0:1, the
following statements are equivalent:
1) there exists a principal Jacobi sequence (w,,) such that

My, (2) = (®,a° ... a**" D) . VYneN, ee{-1,1}*" (55)
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holds on the 1-MIFS T (w) (see (20));
2) there exists a unique principal Jacobi sequence satisfying 1);

3) The family { My, (¢)} satisfies the following properties:
(C1): the sequence

M, = Z Mo, (¢) : Vn (56)

ee{-1,1}7"

is the moment sequence of a classical symmetric real valued random variable.
(C2): for any n € N and ¢ € {—1, 1}1” such that, for some p < n,

Zipzl e (k) =0, one has

My, (€) = My (p) - My—p (€7) (57)

&p = Elp1. op) ; P (k) =¢e(k+2p) , Vke{l,...,2n — 2p}

(C3): for any n > 2 and ¢ € {—1,1}>", denoting (I§,7§)7_, the unique
non—crossing pair partition associated to e, and defining pe € {—1, 1}1("_1)
by
[ e),  ifk<E
pe (k) = { e(k+2), ifke{l,. .. 2n—2}

then
Moy, (g) = wap—iz (M) May, (pe) (58)

where the wy (M) are defined by (53) Moreover, if any of these 3 properties
holds, then also
Wp = Wy (M) ; n (59)

holds, where (w,,) is the principal Jacobi sequence defined in item 1) above.

Proof. The equivalence 1) <= 2) follows from the uniqueness of the quan-
tum decomposition.

Assuming that 1) (or 2)) holds, then (w, ) must be a principal Jacobi sequence
and the My, defined by (62) are the moment sequence of the classical sym-
metric real valued random variable X := a™ + a. Thus (C1) is a necessary
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condition. (C2) follows from the factorization principle, valid in any IFS (see
[9], section 25).

Finally, by Theorem 2, 1) implies (64) i.e., for each n, w, = w, (M).
Therefore by the same argument as in the proof of Lemma 6 (C3) holds.

Conversely, suppose that (C1), (C2), (C3) hold. The same argument
as in the first part of the proof implies that we can only consider the case
My, > 0 for all n € N. In this case (Cl) and Theorem 2 guarantees that
(wy, (M)) is a principal Jacobi sequence, so the 1-MIFS I'(w,, (M)) is well
defined and (1) holds on this 1-MIFS. Now we show that (61) holds on the
1-MIFS T ({w, (M)}>).

n=1

First of all, recall from Lemma 5 that on the 1-MIFS I'(w,, (M)), one has
<<fo, a® . aE(Q")i)o> = ﬁLUlei (M) : Vn € Nand e € {—1, 1}1”
k=1
So one needs only to show that for any n € N and € € {—1, 1}1”
My, (e) = ﬁw%—li (M) =:Q, (¢)
k=1

For n = 1, by definition, one has §; (¢) := wy (M) := My = M, (¢).
For n =2, (C2) and (C3) imply that

M, ((_17 17 _17 1)) = M, ((_17 1)) M, ((_17 1))

My ((—1,-1,1,1)) € wy, (M) My (<1, 1))

w2 (M) =, (-1,1,—1,1))

wr (M) ey (M) = 2, (-1, -1,1,1))
Suppose that for any n < m and € € {—1, 1}1”,
Map (€) = 2 (¢)
then (C3) implies that, for any € € {—1, 1}1(7"“),
(M) My, (pe) (60)

M4 (5) = Wo(m+1)-15, 4

Clearly pe € {—1, 1}im and If° = [ for any k € {1,...,m} and the induction
assumption implies that

My, (pe) = Qum (pe) = Hw%—lgf (M) = HWZkfli (M)
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and therefore (60) gives
M1 (5) = Wo(m+1)-1g, 4 (M) M,, (P€) = Wo(m+1)-15, Hw%—l; (M) = Qi (5)
k=1

Thus the statement follows by induction. [

Corollary 2 For a family of real numbers {M,, (¢) : € € {—1, 1}1"}:;1 sat-
isfying the positive definitness condition of Remark 1 with {—1,0, 1} replaced
by {—1, 1}, the following statements are equivalent:

1) there exists a principal Jacobi sequence (w,) such that the equality

M () = (®,0"V...a®®®) 5 W¥neN, ee{-1,1}"  (61)
holds on the 1-MIFS T (w) (see (20));

2) there exists a unique principal Jacobi sequence satisfying 1);

3) The family {M,, (¢)} satisfies the following properties:
(C1): the sequence

My, = Y My () 5  Vn (62)
ee{-1,1}7"
is the moment sequence of a classical symmetric real valued random variable.
(C3)’: for any n > 2 and € € {—1, 1}1",
MZn (517 e En—1, +n) = Wn(-Z\4>J\4'2(n—l) (517 ey En—1, +(n71)) (63>

where the wy, (M) are defined by (53). Moreover, if any of these 3 properties
holds, then also
Wn = wy, (M) ; vn (64)

holds, where (w,,) is the principal Jacobi sequence defined in item 1) above.
Proof. The conditions are clearly necessary. To prove sufficiency denote X
the moment unique classical real valued symmetric random variable whose

moments are the Mo, and notice that condition (C1) and positive definitness
guarantee the existence of a quantum decomposition (H, L™, ®) of X whose
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quantum moments are the { M, (¢)}. If m+nis even and m # n, (=™, 4+") ¢
{—=1,1}7""". Therefore
(LD, L") = My (=™, +™) =0

hence the vectors L™"® are mutually orthogonal. Since all non—zero moments
have the form My, (¢1,...,64-1, —,+") for some n € N and since we know
from condition (C3)’ that

M2n (817 <o En—1, T, +n) = wn(M)M2(n—1) (817 <o En—1, +(n71))

Therefore by the same argument as in the proof of Lemma 6
My, (61,...,€2n) = HWQk_lk ; Ve € {—1,1}3_” , Vn
k=1

where (I5,75)7_; is the unique non—crossing pair partition associated to .
Therefore (H, L™, ®) is isomorphic to the canonical quantum decomposition
of X.

4.0.1 Minimality of the conditions (C1), (C2), (C3)

(C3) is not a consequence of (C1) and (C2). To prove this consider
the annihilation and creation operators A, A% with test function 1 on the
monotone Fock space over L? ([0, 1]) (see section 5.2 below). Then the family
of operators

My, (g) i= (@, A~V .. AC) @) ; Vn and ¢ € {—1, 1}1”

{M>, (¢) e € {1, 1}1”}::1 verifies trivially (C1) and (C2), if we choose
(Msy,) to be the moment sequence of the arc—sine distribution over (—1,1)
and (w,) the corresponding principal Jacobi sequence. In particular one has,
1

My = (@, AAT®) =1 Mp((~1,-1,1,1)) = 5
My ((-1,1,-1,1)) = (@, AATAATD) =1

hence

Mo = My (1, =11, 1) + My (1,1, ~1,1)) = 5

1 9 B
wy (M) = o () (M — wi (M)) =

1
2
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Forn=3ande=(-1,-1,1,—-1,1,1) € {—1, l}ixg, one has l§ = 4,

pe = (—1,—1,1,1). Therefore, in the canonical quantum decomposition:
(®,000" a0 a* ) = g (M) Moy (p2) = wr (M) My (<1, ~1,1,1)) =
But, in the IFS—quantum decomposition:
A@n&j::AQ(Q—L—&,L—ﬁ,LID::<®H4AA+AA+A+®>::%
Therefore (73) is false, hence (C3) cannot hold.

As an application of Corollary 3, we construct a module generalization of the
q—Fock space (see section 2.2).

Let H be a pre-Hilbert space with pre-scalar product (-,-) and {g,},—, C
[—1,1] be a sequence such that ¢; := 1 and ¢, 4, = —1 for any m whenever
¢n = —1. For any n > 2, one introduces:

e the linear operator A, : H®" — H®" defined by

A (1@ @ fa) =D @ fo)® - Ofomy 5 Vi fa} CH

oES,
e the (positive) bilinear form (-,-) on H®" x H®" by
([i®. .. ®f0,1®...0gn), =(/i®...® fr, g1 ®...0 gn),

::E:qf' (f: 9or)) ; V{fi,91, - fasgn} CH (65)

oeSy k=1

where (-, ), is the standard scalar product on H®",
e The Hilbert space H,, := H®"/ (-,-),, .
Clearly, C H @ @’Hk is a generalization of the ¢—Fock space, and will be

k=2
called the {g,} - ,~IFS. It is a 1-mode type IFS with

n—

—1
Wy = { (Zoesn,l QL—H) ZJES,L q|n ‘, lf n Z 2

1, ifn =1
So (73) holds on the 1-mode type IFS T’ ({ [Fals wn}fﬂ) for any f € H.
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5 Characterization of quantum decompositions
of symmetric classical random variables in

IF'Ss

We recall from |7] the definition of IF'S. Intuitively and IF'S is the most general
pre—Hilbert space where it makes sense to speak of creation and annihilation
operators.

All constructions used in the following, like direct sums and tensor products,
are algebraic. For any pair of pre-Hilbert spaces (H, (-, - )u), (K,{-, ‘- )k),
Lo((H, (-, - )m), (K, (-, )k)), or simply when no confusion is possi-
ble L£,(H, K), denotes the space of all adjointable pre-Hilbert space maps
A H — K, such that there exists a linear map A* : K — H satisfying

(f,AQ)k = (A" f,9)u, Vg€ H, K VfeK.

If H=K L(K,(-, - )Kk) has a natural structure of *—algebra and we simply
write L, (K).

Definition 5 Let V' be a vector space. An interacting Fock space on V
is a pair:

{(Hn>< B >n)n€Na@+} (66)
such that:
— (Hm (-, - >”)n oy 18 a sequence of pre-Hilbert spaces with

HO ::(C'(I)OJ H(I)()H:17

®, is called the vacuum or Fock vector;
— denoting ( -, - ) the unique pre-Hilbert space scalar product on the vector
space direct sum of the family (H")neN which makes this direct sum

H = P Ha () (67)

neN

an orthogonal sum and whose restriction on each H? coincides with (-, - ),
the linear operator

at V= Lo (Hny (5 - Jn)nen)
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satisfies the following conditions:
H,41 =linspan {a*(V)H,} , Vn € N. (68)
For each v € V, a*(v) has an adjoint denoted a~(v) (or simply a,) so that
a(v)®y = 0 Fock prescription , YoeV (69)

The operators a™(v) (f € V) are called creators and their adjoints a(v)
annihilators. The spaces (Hn)neN are called the n—particle spaces, if
n = 0 one speaks of the vacuum space.

An IFS over the pre-Hilbert space H,

FI (H) = ((Hn7< N >n)n€N7H7A+7q))
is said to be of 1-mode type, associated to the principal Jacobi se-
quence (w,) if the tensor representation of I'; (H) (see [5]) has the form:

o =H" o (F.G), = (FG), [[wx ; Vn,VF.GeH®™ (70)
k=1

where ® denotes algebraic tensor product, (-, -), = (-, -)3;" and (-, -),, denotes
the scalar product on H. For such spaces we use the notation I';(H, (wy,)).

Practically all known quantum decompositions of classical random variables
are realized in some IF'S space. In this section we study the quantum moment
problem in this class of spaces. Let be given an IFS

Ly (H) = ((Hn, (- s« Jn)nen, H, AT, @)

over the pre-Hilbert space H in its tensor representation (i.e. H,11 = H ®
H,, see [7]), with vacuum vector ®. By definition the family of pre—scalar
products {(,-), } -, satisfies the consistency condition: for any n and f € H,

(F,F),=0= (foFfeF), =0 ; VF € H,
This implies that the creation A*(f) with test—vector f is well defined by
AT (f)F == f®F (f € H, F € H,) and has an adjoint, denoted A( - )
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and called annihilation) operator. For any test—vector f € H one defines the
field operator

Xf = A}r—i‘Af (71)
With respect to the vacuum state (®,( - )®), Xy is a classical symmetric
random variable with all moments. Therefore the triple (I'; (H), AT(f), ®)
is a quantum decomposition of X, in the sense of Definition 1. Any such a
decomposition will be called an IFS—quantum decomposition.
Denote (I'(w),at, ®q) the IFS of the canonical quantum decomposition of
X, in the sense of Definition 2. This exists because X; has moments of all
orders.
In the present section, we study the following problem:
under which conditions is a quantum decomposition (I'; ; (H), AT (f), ®)
of Xy isomorphic to its canonical quantum decomposition?

In other words, by definition of quantum decomposition, one has
<CI>, (Ay —i—A}r)Qn CI>> = <<I>, (a+a+)2n (I>> : Vn (72)

and we are interested in knowing under which conditions for all n and for all
e e {-1,1}2"

(@, A (f)... A (f) D) = (®,a"V .. .a** D) (73)

The following Theorem provides a necessary an sufficient condition to guar-
antee the validity of (73).

Theorem 4 In the above notations and assumptions, for any fixed f € H,
the following statements are equivalent:

1) The IFS of the quantum decomposition (I'; (H), AT(f), ®), of Xy, is
isomorphic to the canonical quantum decomposition of Xy.

2) There exists a principal Jacobi sequence (wy,,) such that
A (AF"®) =wpAf" e VneN (74)

Remark. Notice that, if a sequence (wy,,) satisfies (74), then it is necessarily
a principal Jacobi sequence. In fact the wy, are clearly positive and, if
wyrn = 0, then for m > n one has, for some positive number c¢,,_:

Wi = ||A}i-mq)||2 _ <A}_mfb,A}_mCI)> _ <A}-nq)7A5£m—n)A}i‘(m—n)A}|—n(b>
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= o (AR, ATD) = gl | ATV = 0

Proof. If 2) is verified, then the same arguments used in the proof of Lemma
6 lead to the identity

(®, AZD (f) . AT (f) o) = wa,%—l; (75)
k=1

Therefore (73) holds because of Corollary 1.

Conversely, assume that 1) holds and let (wy,) be the principal Jacobi se-
quence of X;. Since AfA}_ is gradation preserving, for each £ € N*, there
exists a scalar ¢, such that

A AL (AN T e = (A) (76)
The identity
w1 = (a7 ®,a"P) = (P,aa* @) = (B, A(f) A} )
then implies that AfA}“CD = wy1®. Suppose by induction that, for any
E<n-—1,c =wysp. If, for some k <n—1, ¢ = wpp =0, then ¢, = wyy

because both ¢, and wy, are principal Jacobi sequences. Then one can
suppose that, for any k <n —1, ¢, = wyy # 0. Hence

Hf = () e ()" @) = (A7), ()" 0) = ((4)"" @, A7 (47)" @)

e ) ) = ()0 ) ) =

and this implies that
Cn = Wiy : n (77)

From (76) and (77) , (73) follows easily by induction. O

Corollary 3 Let (w,) be a principal Jacobi sequence and let H be any non—
zero pre-Hilbert space. Then, for any field operator X, on the 1-mode type

IFS F](%, (wn)):
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1) the quantum decomposition (71) of Xy is isomorphic to its canonical
quantum decomposition;

2) the principal Jacobi sequence of X is wy, = w, || f]*.

In particular, any 1-mode type IFS is of type I in the sense of Definition 3.

Proof. For any f € H, (70) implies that

Ap () = wa P f2 5 v
Therefore condition (73) of Theorem 4 holds on I'; (H, (w,,)) with
Wa = wn |7 O

As an application of Corollary 3, we construct a module generalization of the
q—Fock space (see section 2.2).

Let H be a pre-Hilbert space with pre-scalar product (-,-) and {g,},-, C
[—1,1] be a sequence such that ¢; := 1 and ¢, 4, = —1 for any m whenever
¢n = —1. For any n > 2, one introduces:

e the linear operator \, : H®" —— H®" defined by

M(fi®. @)= d fo® Ofowy 1 V{fi... . S} CH

oES,
e the (positive) bilinear form (-,-), on H®" x H®" by
(fi®. . ®f0,1®...Qgn), ==(/i®...® fn, A1 ®...® gn),

::E:qf' (frs 9o1)) ; V{fi,91,. ., fasgn} CH (78)

oES, k=1

where (-, ), is the standard scalar product on H®",

e The Hilbert space H,, := H®"/ (-,-),. .

Clearly, C H & EBHk is a generalization of the ¢—Fock space, and will be

k=2
called the {g,} - ,~IFS. It is a 1-mode type IFS with

1, ifn=1

—1
Wy, 1= { (ZUGSH,1 qlll1> ZO’ESn Q7|1 " if n 2> 2
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5.1 An example of type II IFS

Let X € M := M (C) be a positive definite 2 x 2 matrix and denote 1 € M,
the identity matrix. We introduce the following operators:

A i=1¢e M,
Ao =10 X € M§? = My
Ay =0EMS* =Mya ; VYn>3
I (CQ, )\) := the IFS over C* with interaction A := {\,}.—,
—CaCa (C?)** (79)

The scalar products on C and C? are the Euclidean ones, while the scalar
product on (C2)** is given by

(L@ g1, f2® g2)y = (f1, f2) (91, X g2) 5 V{1,091, f2. 92} C C?

For fi, f2, f3 € C?, the creation operators are defined by

)

+ + +
® = (1,0,0) % (0, £1,0) (0,0, b £) "0 (80)

and the family {\,} —,, satisfies the consistency condition that guarantees

n=1’
the existence of their adjoints, i.e. the annihilation operators
A(f)=(47(H)" : Vel

In the following we will use indifferently the notations A% (f) or Ajjf. Explic-
itly, A (f) is given by

Af)e=0 ; A(flg=A(f)A"(9)®=(f9)® (81)
A(f) (1 ®g2) = A(f) AT (1) AT (g2) @ = (f, 1) AT (X o) @
= (f,91) X g2 (82)

(80), (81) and (82) imply that
AV (fy) . A (f) D=0 (83)
for any e € {—1,1}" such that either
{pe {1,...,n} : Zé(k) <0} # ()
k=p
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or

{pe{l,...,n}125(/€)>2}7é(2)

k=p

Lemma 7 Denote (-) the vacuum expectation in the above defined IFS, and
let f € C? be a unit-norm vector. Then the vacuum quantum moments of
the field operator AT (f)+ A= (f) coincide with the canonical ones if an only

if
(LX"fy=(fXH" 3 VmeN (84)

and in this case the assoctated principal Jacobi sequence is
wi =1 5 w={(,Xf) ; w,:=0 forany n>3 (85)

Proof. Denote (w,) the vacuum principal Jacobi sequence of A*(f)+ A~ (f)
and (I' (C,w) ,a™, ®) the associated 1-MIFS. Suppose that the vacuum quan-
tum moments of AT (f)+ A~(f) coincide with the canonical ones:

<Aa(1) (f)... A5 (f)) = <a6(1) . .a6(2”)> . VneN ee{-1,1}"" (86)
Then one must have
wr = (P, a0 ®) = (D, A(f) AT (f) @) = || f|I> =1

w1w2:wg—<2+2>—< () (f) ()A+(f)>

= £ (A AT (X)) = IFIIF (X f) = (f, X f)
w1 = (@, a” (a™)" D) = (A(f) (AT ()" =0 ; Vn > 2

Therefore (85) is a necessary condition for (86). Furthermore (81) and (82)
imply that

(AU (AN AT (D) A (1) = (AL (AN AT ()" A AT () A* (1))

= (LN (AW (AN AT ()" AT (X))
= (AN (AN AT (N)" AN AT (N AT (X)) = (A (AN AT ()" AT (x2)))
= (A(N) A (X"f)) = (£, X" 1) (87)
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On the other hand,
(AN (A AT (D) AT (f)) = (a (aa®)" a*)
=wy (aa’) =wy = (f, X f)" (88)
Therefore also (84) is a necessary condition for (86).
Conversely, suppose that (84) and (85) hold and let us prove that (86) holds.
Surely (86) holds for n = 0, 1,2 because of (85). Suppose that (86) holds for

all m < n and let us prove that it holds for n+1 > 3. For any ¢ € {—1, 1}1"”,
denote

De ::min{pe{l,...,n—l—l} : Zs(k):(]}

k=1
If p. <n+ 1, the factorization principle of IFS gives

<B€(1) . Bs(2n+2)> — <Bs(1) . Bs(2p5)> <B€(2pe+1) . Bs(2n+2)> (89)
for both B* = a* and B* = A* (f). Therefore, by the induction assumption
<A€(1) (fl) Lo AT <f2n+2)> =

_ <A5(1) (f1) - Ae(2pe) (f2p5)> <Ae(2p5+1) (fopot1) - . Ac(2n+2) (f2n+2)>

= (D) gf)Y (gEA) L =D (o) L ge(2nt2))

Now let us consider the case p. = n+ 1. We can restrict to the case in which
£(l) = —1 and € (2n +2) = +1. Otherwise the identity (86) is reduced to
0 = 0, that is identically satisfied. In this case, the definition of p. implies
that

2n+2 2n+1 2n+1
0=> e(k)=—-1+> e(k)+1=> e(k
k=1 k=2 k=2

But, since we are in the case p. = n + 1, then also € (2n + 1) = +1.
If there exists a p € {1,...,2n — 1} such that 3.7"*%¢ (k) > 2, then

k=p
AF@ (). AP (YD =0 (90)
But, due to the fact that w, = 0 for n > 3, one has also

a*® @D =0 (91)
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Therefore also in this case, the identity (86) is reduced to 0 = 0. Therefore
one must have

2n+2 2n
e@n)=-1 ; Y e(k)<2 <= > e(k)<0 ; Vpe{l,....2n—1}
k=p k=p

But if 322" ¢ (k) < 0, the moment (®, A<®) (f) ... A<2+2) (£)®) = 0, hence

k=p
it coincides with (®,a*® (f)...a*?"*2 (f) ®). Therefore the only possible
non—zero configuration is

(e (2k),e(2k+1) = (—1,+1) ; VE=1,...,n
corresponding to the expectation value

(A (AN AT()" AT ()

which has already been shown, in (87), to be equal to (f, X™f).
On the other hand, we have seen in (88) that, on any 1-MIFS with wy =
(f, X f), one has

(a(aa®)"a") =wi = (£, Xf)"
Therefore the identity
(AN (A AT (D) AT (f)) = (a (aa®)" a)

is equivalent to (84), which holds by assumption. In conclusion, if (84) and
(85) hold, then (86) holds for any n. O

Now we use the above result to show that X can be chosen so that the IFS

(79) is of type II. Take X = ( (1) (2) ) Then X™ = ( (1) (Q)m ) for any
m € N. For any s,¢ € C such that |s|> + |¢|> = 1, denote by f := < f ) and
(LX) =lsPr2m o (LXNT = (s 20"

Let us show that condition (84) of Lemma 7 holds if and only if st = 0.
Denote z := |¢t|>. Then z € [0,1] and

gm (@) = ([, X /)" = (. X"[)
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:(1+x)m—(1—|—(2m—1)x)22(7:> (a* - 2) (92)

k=1
Condition (84) is then equivalent to g,, (z) = 0 and (92) implies that
9m (0) = gm (1) = 0. On the other hand, for any m > 2 and = € (0,1), one
has

@::x§2(2>(ﬂ’%—U::x§;<2)(xkl—1)<o

i.e. z € (0,1) cannot be a root of g,, whenever m > 2.
In conclusion: the conditions of Lemma 7 are satisfied by the two vectors

() ¢ ()

but by no other vector. This shows that the IFS defined by (79) and (80) is
type IIL.

5.2 An example of type III IFS: the monotone Fock
space over L ([0, 1])

The monotone Fock space over H := L?([0,1]) is defined, in its tensor de-
composition, by

H,:=H" ; AfF:=foF ; feH, FeH, neN (93

and the scalar product on each H,, is uniquely determined by the condition
that, for any n and for any fo, go, g1, - - -, gn € L2 ([0, 1]),

1
A Ar AT AT D= /O (F9) (1) A* (guxcen) A™ (92) .. A™ (g.) ®dt (94)

1
= /0 (f9) () A* (gixen) AT (92xt1)) - - AT (gnx(e)) Pt

Lemma 8 The monotone Fock space over H := L? ([0, 1]) is a Type III IFS.
Proof. By definition for all s € [0, 1]:

) / @) (AT (Fran) @) (s) de (95)
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) / AR ) de

Af(f®2):0-f — f(s)/os\fIQ(t)dtzo : for a.a. s € [0, 1]

Therefore

Therefore also

o= [t was @@= ([ 15t oras)

so that f =0 a.e.. If Ay (f®?) =cf with ¢ # 0, (95) gives

9=t [1Pod 5 vseba

hence

) = e R / 1 . Vselo 1)

Therefore, for all n € N and s € [0, 1]:

R () = P (s / I () dty = £ (s) / SR (B diy / I () dty

== [P ) / P [ [ )
= |71 (/ 1 dt) < £ (/ R dt)

hence again f = 0 a.e.. Thus AfA;[QQ) = cA]qu if and only if f =0 a.e.. The
same argument used in the Remark after Theorem 4 allows then to conclude
that (73) can be satisfied if and only if f = 0.

6 1-MIFSs arising from Fock type limit theo-
rems

Let be given:
— a x—algebra A with identity 1
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— a state ¢ on A;

— a sequence {Sy}y_, in A satisfying the following algebraic indepen-
dence condition:

for any n € N, denoting \A,, the algebra generated by {S,,, S}, 1}, one has

We will use the following notations:

{_17 1}2_m =

2m k
{5 € {—1,1}*": 3k € {1,...,n} such that either Zg(h) <0 or Zs(h) > O}
h=k

= h=h
(-1, 1% = {11\ {-1, 1} ; neN

Theorem 5 Suppose that the following conditions are satisfied.
1) (uniform boundedness) for any n € N there is C,, > 0 such that

‘SO <5]<5<1>> o Sggw)‘ <C, ; VN;Vee{-1,1}" (96)
2) (symmetry) for any n € N

lim ¢ (S](\f(l)) e 51(5(27171))) =0 ; Vee{-1,1}*"" (97)

N—oo

3) (strong Fock condition) for any n € N

Jim o (S§0 55 — 0 ve e 1,1 (98)
—00

4) (existence of n—particle vectors) there exists a 1-MIFS-sequence {\, },—_,
such that

lim ¢ (SyS¥") =X, ; VneN (99)

N—o0

5) (4—th moment condition)

lim ¢ (SySHSNSY ) =" ; VneN (100)

where the right hand side of (100) is understood to be zero if A,—1 = 0.
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Then for any m € N and e € {—1,1}"

lim ¢ (S](\?(l)) e Sj(\f(m))) = {(0,a"W) | qEm)p) (101)

N—o0

where a™ (resp. a) is the creation (resp. annihilation) operator on the

1-MIFST (C,{\.},2,) (see Definition (4)).

Proof. For any n,m € N, the uniform boundedness condition (96), the
existence of n—particle vectors (99) and the commutator property (100) imply
that, in the notation (17):

’so (S}i“” , ,,S](Vdm)) S - S]+Vn> e (S}i(”) o S](;‘(’”” _ S;(n—n)’

= Je (S50 S50 (58— ) 55| <

. 2\ [1/2 9o\ [1/2
< b (5656 [ (9055 o 57)
_ 1/2
< ot | (ShshswSE) + wle (S Sy V) = 2w (SESE)| T —
— 021412 ‘wn)\n + Wi)‘n—l - 2wn>\n‘1/2 =0 (102)

Because of (97) and (98), to prove (101), it is sufficient to consider the case
m even, say m = 2n € N and € € {—1, 1}1" Given such an ¢, from (102) it
follows that, if £(1,,) is the first ——sign from the right, then

: ) . (5(2n))> — ( () . +(2n*ln)> _
Jim o (S S5E) = Jim o (-85

= W1, ]\}1_13;0 o (S](i(l)) . S;(Q"*lrl))
On the other hand, one knows for any n > 1
a(at)"®=uw, (a+)n71 ® : VYneN
Therefore, in the above notations
(@, W) qE=CM) )

= (@, a1 gy (a+)2n_l" D) = wopy g, (O, aFW) . qEn=1) (a*)%_l"_l D)
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Therefore the two expressions

lim ¢ (S](\?(l)) . S;@”)> and  (®, 1) qECm) )

N—oo

satisfy the same induction relation. Since (99) implies that
: —Go+) — )\, — +
A}l_I}I(IXDQO (SyS%) =AM = (®,aa" )
(101) follows by induction.
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