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ODD DIMENSIONAL COUNTERPARTS OF ABELIAN COMPLEX AND

HYPERCOMPLEX STRUCTURES

ADRIÁN ANDRADA AND GIULIA DILEO

Abstract. We introduce the notion of abelian almost contact structures on an odd dimen-
sional real Lie algebra g. This a sufficient condition for the structure to be normal. We
investigate correspondences with even dimensional real Lie algebras endowed with an abelian
complex structure, and with Kähler Lie algebras when g carries a compatible inner product.
The classification of 5-dimensional Sasakian Lie algebras with abelian structure is obtained.
Later, we introduce and study abelian almost 3-contact structures on real Lie algebras of di-
mension 4n + 3. These are given by triples of abelian almost contact structures, satisfying
certain compatibility conditions, which are equivalent to the existence of a sphere of abelian
almost contact structures. We obtain the classification of these Lie algebras in dimension 7.
Finally, we deal with the geometry of a Lie group G endowed with a left invariant abelian
almost 3-contact structure and a compatible left invariant Riemannian metric. We determine
conditions for G to admit a special metric connection with totally skew-symmetric torsion,
called canonical, which plays the role of the Bismut connection for HKT structures arising
from abelian hypercomplex structures. We provide examples and discuss the parallelism of the
torsion of the canonical connection.

1. Introduction

An abelian complex structure on a real Lie algebra g is an endomorphism J of g satisfying

J2 = −I, [Jx, Jy] = [x, y] ∀x, y ∈ g,

where the second condition is equivalent to asking that the i-eigenspace g1,0 of J be an abelian
subalgebra of gC. This implies the integrability of the corresponding left invariant almost com-
plex structure J defined on any Lie group G with Lie algebra g. It is known that every Lie
algebra endowed with an abelian complex structure is 2-step solvable ([36]). The notion of
abelian complex structure was introduced in [11], and afterwards developed in various direc-
tions. On the one hand one can consider a compatible inner product on the Lie algebra, giving
rise to the notion of abelian Hermitian structures ([6]); on the other hand one can consider
abelian hypercomplex structures, consisting of triples of abelian complex structures {Ji}i=1,2,3

satisfying J1J2 = J3 = −J2J1 ([21, 22]).
An interesting interplay with HKT geometry has been investigated in this context ([23,

25]). If a Lie algebra g is endowed with an abelian hyperHermitian structure ({Ji}i=1,2,3, g),
i.e. an abelian hypercomplex structure and a compatible inner product, the corresponding
left invariant hyperHermitian structure on any Lie group G with Lie algebra g, makes G a
hyperKähler with torsion manifold. This means that G admits a (unique) metric connection
∇ with totally skew-symmetric torsion such that ∇Ji = 0, i = 1, 2, 3. In fact, this connection
coincides with the Bismut connection of each Hermitian structure (Ji, g), i = 1, 2, 3, also called
KT connection by physicists, whose torsion is the 3-form c = JidΩi; here Ωi = g(·, Ji·) denotes
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2 ADRIÁN ANDRADA AND GIULIA DILEO

the Kähler form for Ji. Further, the HKT structure arising from an abelian hyperHermitian
structure turns out to be weak, in the sense that dc 6= 0.

The aim of the present paper is to provide and study odd dimensional counterparts of abelian
complex and hypercomplex structures, whose natural setting is given by almost contact and
almost 3-contact structures. We will introduce the relative notions of abelian structures on Lie
algebras, taking also into account the left invariant structures defined on the corresponding Lie
groups. In particular, on a Lie group G endowed with an abelian almost 3-contact structure,
considering a compatible left invariant Riemannian metric g, we will look for a ‘good’ metric
connection with totally skew-symmetric torsion, playing the role of the Bismut connection in
HKT geometry.

An almost contact structure on a real Lie algebra g is a triple (ϕ, ξ, η) with ϕ ∈ End(g),
ξ ∈ g, η ∈ g∗ satisfying

ϕ2 = −I + η ⊗ ξ, η(ξ) = 1,

which imply that ϕ(ξ) = 0 and η ◦ ϕ = 0. The Lie algebra splits as g = Rξ ⊕ h, where the
subspace h := Ker η = Imϕ is endowed with the complex structure J := ϕ|h : h → h. We will
say that the almost contact structure is abelian if

adξ ◦ ϕ = ϕ ◦ adξ and [ϕX,ϕY ] = [X, Y ] ∀X, Y ∈ h.

This is equivalent to asking that in the complexified Lie algebra gC = Cξ ⊕ h1,0 ⊕ h0,1 the i-
eigenspace h1,0 of J be an adξ-invariant abelian subalgebra. Further, this is a sufficient condition
for the almost contact structure to be normal.

Examples of Lie algebras endowed with an abelian almost contact structure (ϕ, ξ, η) can be
obtained as extensions of a Lie algebra h, with abelian complex structure J , in the following
two different ways:

- considering the 1-dimensional central extension of h by a J-invariant 2-cocycle; in fact,
this is a characterization of abelian almost contact structures with central ξ, and this is
the case of the real Heisenberg Lie algebra hRn ;

- considering the 1-dimensional extension of h by a derivation D : h → h commuting with
J , which characterizes abelian almost contact structures with closed 1-form η.

In both cases, the almost contact Lie algebra obtained is solvable.
In the 3-dimensional case, an almost contact structure is abelian if and only if adξ◦ϕ = ϕ◦adξ,

and the classification of these Lie algebras can be easily obtained (Proposition 3.17).
A natural further step consists in considering almost contact metric Lie algebras, that is Lie

algebras endowed with an almost contact structure (ϕ, ξ, η) and a compatible inner product g,
which satisfies

g(ϕX,ϕY ) = g(X, Y )− η(X)η(Y ) ∀X, Y ∈ g

so that h = 〈ξ〉⊥. It is well known that the real Heisenberg Lie algebra is endowed with a
compatible inner product making hRn a Sasakian Lie algebra. We will examine correspondences
with Kähler Lie algebras (h, J, g), with abelian complex structure, analyzing the two types of
1-dimensional extensions of h mentioned above. We will also classify 5-dimensional Sasakian
Lie algebras with abelian structure (Section 3.4).

In Section 4 we introduce abelian almost 3-contact structures. These are defined as triples of
abelian almost contact structures {(ϕi, ξi, ηi)}i=1,2,3, such that

ϕk = ϕiϕj − ηj ⊗ ξi = −ϕjϕi + ηi ⊗ ξj,

ξk = ϕiξj = −ϕjξi, ηk = ηi ◦ ϕj = −ηj ◦ ϕi,
(1)
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for every even permutation (i, j, k) of (1, 2, 3). In general, the existence of an almost 3-contact
structure is equivalent to the existence of a sphere {(ϕa, ξa, ηa)}a∈S2 of almost contact structures
such that

ϕa ◦ ϕb − ηb ⊗ ξa = ϕa×b − (a · b) I, ϕaξb = ξa×b, ηa ◦ ϕb = ηa×b,

for every a, b ∈ S2, where · and × denote the standard inner product and cross product on R3.
We show that if the three structures (ϕi, ξi, ηi), i = 1, 2, 3, satisfying (1) are abelian, then every
structure in the sphere is abelian.

A Lie algebra g endowed with an almost 3-contact structure splits as g = h ⊕ v, as direct
sum of vector spaces, called respectively horizontal and vertical, and defined by

h :=
3
⋂

i=1

Ker ηi, v := 〈ξ1, ξ2, ξ3〉.

In particular dim h = 4n. It is interesting to note that, if the structure is abelian, many features
of the Lie algebra g are encoded by a horizontal vector Z ∈ h and an endomorphism ψ : h → h

defined by

Z := ϕi([ξj, ξk]), ψ := (adξi ◦ ϕi)|h = (ϕi ◦ adξi)|h,
for every even permutation (i, j, k) if (1, 2, 3). They satisfy

[ξj, ξk] = −ϕiZ + 2δξi, ψ(Z) = 0, adZ |h = 2(ψ2 + δψ),

for some real number δ. In particular,

- Z = 0 if and and only if v is a subalgebra of g, in which case either v is abelian or
isomorphic to so(3), according to δ = 0 or δ 6= 0;

- Z is central if and only if ψ2 + δψ = 0.

The rank of ψ is 4p, 0 ≤ p ≤ n, and we are able to further describe the Lie algebra when ψ has
minimum or maximum rank, according to the following scheme:

• ψ = 0, Z = 0, δ = 0 (⇔ v ⊂ z(g)):

the horizontal subspace h admits a Lie algebra structure and an abelian hypercomplex
structure {J1, J2, J3}, such that g ∼= R3⊕θh is the central extension of h by a Ji-invariant
v-valued 2-cocycle θ of h;

• ψ = 0, Z = 0, δ 6= 0:

h and v are ideals of g, and g ∼= so(3)×h, h carrying an abelian hypercomplex structure;

• ψ = 0, Z 6= 0:

h is an ideal of g; it carries an abelian hypercomplex structure and its center contains
Z and Zi := ϕiZ for i = 1, 2, 3. The adjoint action of ξi, is given by

[ξi, ξj] = 2δξk − Zk, [ξi, X ] = 0,

for any even permutation (i, j, k) of (1, 2, 3) and for any X ∈ h. If δ 6= 0 then g ∼= u×h,
where u = span{2δξ1 − Z1, 2δξ2 −Z2, 2δξ3 −Z3} is an ideal isomorphic to so(3);

• ψ invertible (⇒ Z = 0, δ 6= 0):

h is an abelian ideal, and the non zero brackets are given by

[ξi, ξj] = 2δξk, [ξi, X ] = δϕiX,

for any even permutation (i, j, k) of (1, 2, 3), X ∈ h; therefore g ∼= so(3)⋉R4n.
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The information in the above scheme turns out to be particularly helpful in those cases where
either ψ = 0 or ψ is invertible. This is the case of 7-dimensional almost 3-contact Lie algebras
with abelian structure, which in fact we completely classify (Theorem 5.4). A second case is
given by almost 3-contact Lie algebras of dimension 4n + 3 endowed with a canonical abelian
structure.

Canonical abelian almost 3-contact structures are defined in Section 6. In order to clarify
the geometric motivation in introducing such a notion, it is worth spending a few words on the
role of connections with totally skew-symmetric torsion (skew torsion for short) in Riemannian
geometry. For details we refer to [1]. On a Riemannian manifold (M, g) one can distinguish 8
classes of geometric torsion tensors for a metric connection. Among them metric connections
with skew torsion are one of the most studied. They have the same geodesics as the Levi-Civita
connection and arise naturally in large classes of manifolds. We have already mentioned the
case of KT and HKT structures in the context of Hermitian and hyperHermitian geometry,
where the Bismut connection is now a well-established tool. Moreover, there is a vast class
of manifolds admitting a metric connection ∇ with ∇-parallel skew torsion, in which case
interesting geometric properties are satisfied: the curvature tensor of the connection is pair
symmetric and the ∇-Ricci tensor is symmetric ([31, 16, 15]).

Recently, metric connections with totally skew-symmetric torsion appeared in the investi-
gation of various classes of almost 3-contact metric manifolds ([4, 3, 2, 24]). By an almost
3-contact metric manifold we mean a differentiable manifold endowed with a triple of almost
contact structures (ϕi, ξi, ηi), i = 1, 2, 3, satisfying the same equations as in (1), and a com-
patible Riemannian metric. For these manifolds the Levi-Civita connection is not well adapted
to their structure, essentially because they do not appear in Berger’s theorem on irreducible
Riemannian holonomies. On the other hand, if one looks for ‘good’ metric connections with
skew torsion, the existence of a connection parallelizing all the structure tensor fields is not
guaranteed. 3-Sasakian manifolds, which are the most famous class of almost 3-contact metric
manifolds, do not admit such a connection.

In [2] the class of canonical almost 3-contact metric manifolds has been introduced, and
characterized as those manifolds admitting a (unique) metric connection ∇ with totally skew-
symmetric torsion such that

∇Xϕi = β(ηk(X)ϕj − ηj(X)ϕk)

for every even permutation (i, j, k) of (1, 2, 3), and vector field X , and for some smooth function
β. The connection ∇ is called canonical, and also satisfies

∇Xξi = β(ηk(X)ξj − ηj(X)ξk), ∇Xηi = β(ηk(X)ηj − ηj(X)ηk).

When β vanishes, ∇ parallelizes all the structure tensors, in which cases the structure is called
parallel canonical.

Now, considering a Lie algebra g with abelian almost 3-contact structure (ϕi, ξi, ηi), if G
is any Lie group with Lie algebra g, endowed with the corresponding left invariant structure
(ϕi, ξi, ηi) and a compatible left invariant Riemannian metric g, it is natural to require the Lie
group (G,ϕi, ξi, ηi, g) to be canonical in the sense of [2], thus admitting a canonical connection.
We show that this is equivalent to requiring

Z = 0, ψ = −β
2
I,

where β ∈ R. Therefore, for a canonical abelian almost 3-contact metric structure, we have
either ψ = 0 or ψ invertible, according to β = 0 or β 6= 0, which correspond to the parallel
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and non-parallel case respectively. In both cases we further describe the Lie algebras, provide
examples, and discuss the parallelism of the torsion of the canonical connection.

In the parallel case, remarkable examples of Lie groups endowed with a canonical abelian
structure are

HH

n , HC

n × R, HR

2n × R
2,

where HH

n , H
C

n , H
R

2n are respectively the quaternionic, the complex and the real Heisenberg
group, of real dimensions 4n + 3, 4n + 2, 4n + 1. In all these cases the Lie algebra is the
central extension of the abelian Lie algebra R4n by a Ji-invariant R3-valued 2-cocycle, where
{Ji}i=1,2,3 is the standard hypercomplex structure on R4n. In the non-parallel case, every Lie
group admitting a left invariant canonical abelian structure is isomorphic to the semidirect
product SU(2) ⋉ Hn. We show that this Lie group admits co-compact discrete subgroups, so
that the associated compact quotients also admit structures of the same type.

Acknowledgements. The authors would like to thank I. Agricola, M. L. Barberis, I. Dotti
and A. Tolcachier for helpful comments. The first author is very grateful to the Dipartimento
di Matematica at the Università degli Studi di Bari Aldo Moro for the warm hospitality during
his visit.

2. Preliminaries

2.1. Abelian complex and hypercomplex structures on Lie algebras. A complex struc-
ture on a real Lie algebra g is an endomorphism J of g satisfying J2 = −I and such that

(2) J [x, y]− [Jx, y]− [x, Jy]− J [Jx, Jy] = 0, ∀ x, y ∈ g.

It is well known that (2) holds if and only if g1,0, the i-eigenspace of J , is a complex subalgebra
of gC := g⊗RC. This endomorphism J of g gives rise to an integrable almost complex structure
on any Lie group G with Lie algebra g, such that the left translations are holomorphic maps
of G.

An abelian complex structure on g is an endomorphism J of g satisfying

(3) J2 = −I, [Jx, Jy] = [x, y], ∀x, y ∈ g.

It follows that (3) is a particular case of (2); moreover, condition (3) is equivalent to g1,0 being
abelian. These structures were first considered in [11].

Next, we include some properties about abelian complex structures in the following lemma
(see [5, 10, 36] for their proofs).

Lemma 2.1. Let g be a Lie algebra with z(g) its center and g′ := [g, g] its commutator ideal.
If J is an abelian complex structure on g, then

1. Jz(g) = z(g).
2. g′ ∩ Jg′ ⊂ z(g′ + Jg′).
3. The codimension of g′ is at least 2, unless g is isomorphic to aff(R) (the only 2-dimen-

sional non-abelian Lie algebra).
4. g′ is abelian, therefore g is 2-step solvable.

If g is an inner product on g which is compatible with an abelian complex structure J ,
then (J, g) is called an abelian Hermitian structure on g. In [6] many properties of abelian
Hermitian structures were established. We mention the following result concerning Kähler
structures, which will be used in forthcoming sections. Recall that a Hermitian structure is
called Kähler if the fundamental 2-form Ω = g(·, J ·) is closed.
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Theorem 2.2. [6, Theorem 4.1] Let (g, J, g) be a Kähler Lie algebra with J an abelian complex
structure. Then g is isomorphic to

aff(R)× · · · × aff(R)× R
2s,

and this decomposition is orthogonal and J-stable.

Moreover, it follows from the proof of this theorem that, if there are k factors isomorphic to
aff(R), then there exists an orthonormal basis {e1, f1, . . . , ek, fk} of aff(R)k and real numbers
ri 6= 0, i = 1, . . . , k, such that [ei, fi] = rifi and Jei = fi for all i.

We recall now another generalization of abelian complex structures. A hypercomplex struc-
ture on a Lie algebra g is a triple {J1, J2, J3} of complex structures on g which obey the laws
of the quaternions:

J1J2 = −J2J1 = J3.

If g admits such a structure, then the dimension of g is a multiple of 4. Moreover, g carries a
sphere S2 of complex structures. Indeed, if a = (a1, a2, a3) ∈ S2 then

(4) Ja := a1J1 + a2J2 + a3J3

is a complex structure on g.

A hypercomplex structure {J1, J2, J3} on g is called abelian if each complex structure Ji,
i = 1, 2, 3, is abelian. In this case, it can be seen that each complex structure in the associated
sphere is abelian. Indeed, a stronger result was proved in [22]: if {J1, J2, J3} is a hypercomplex
structure on g and one complex structure in the associated sphere is abelian, then all the
complex structures in the sphere are abelian.

The classification of hypercomplex structures on 4-dimensional Lie algebras was carried out
in [9]. In particular, we can deduce from this classification the following result concerning
abelian hypercomplex structures:

Proposition 2.3. [9] The only 4-dimensional Lie algebras which admit an abelian hypercomplex
structure are the abelian one, i.e. R4, and aff(C). In the first case the abelian hypercomplex
structure is unique (up to hypercomplex isomorphism), whereas in the second case any hyper-
complex structure is abelian and the equivalence classes of abelian hypercomplex structures are
parametrized by RP 2.

Recall that aff(C) is the Lie algebra with basis {e1, e2, e3, e4} whose Lie bracket is given by

[e1, e3] = e3, [e1, e4] = e4, [e2, e3] = e4, [e2, e4] = −e3.
It follows from the proof of Theorem 3.3 in [9] that any hypercomplex structure on aff(C) is
equivalent to {Ja, Jb, Ja×b} (as in (4)), for some a, b ∈ S2 such that a ⊥ b, where {J1, J2, J3} is
given in the basis above by

(5) J1 =









1
−1

−1
1









, J2 =









−1
−1

1
1









, J3 =









−1
1

−1
1









.

Therefore, the spheres determined by {Ja, Jb, Ja×b} and {J1, J2, J3} coincide.

In forthcoming sections we will have to cope with central extensions of Lie algebras equipped
with abelian complex or hypercomplex structures. We recall this notion here. Let h be a
Lie algebra and V a finite-dimensional vector space. A V -valued p-form on h is an element
σ ∈

∧p
h∗⊗V , that is, a skew-symmetric multilinear function σ : h×· · ·×h → V . The exterior

derivative d on h can be extended to V -valued p-forms in the following way: if {ei} is a basis



ODD DIMENSIONAL COUNTERPARTS OF ABELIAN STRUCTURES 7

of V , then σ can be written as σ =
∑

i σi ⊗ ei, with σi ∈
∧p

h∗, and dσ ∈
∧p+1

h∗⊗V is defined
as dσ =

∑

i dσi ⊗ ei. This definition does not depend on the chosen basis. If dσ = 0, then σ is
called a V -valued p-cocycle. Note that when dim V = 1 we recover the usual notion of p-forms
and exterior derivative.

Let us fix now a V -valued 2-cocycle σ. On the vector space V ⊕ h we consider the bracket
[·, ·]′ defined by:

[V, V ⊕ h]′ = 0, [X, Y ]′ = σ(X, Y ) + [X, Y ], X, Y ∈ h.

It follows from dσ = 0 that this bracket satisfies the Jacobi identity; clearly, V is a central
subalgebra. The Lie algebra (V ⊕ h, [·, ·]′) is called the central extension of h by the V -valued
2-cocycle σ, and it is denoted V ⊕σ h. In this article we will deal only with V = R or V = R

3.

2.2. Almost contact structures. An almost contact structure on a differentiable manifold
M2n+1 is a triple (ϕ, ξ, η), where ϕ is a (1, 1)-type tensor field, ξ a vector field, and η a 1-form
satisfying

ϕ2 = −I + η ⊗ ξ, η(ξ) = 1,

which imply ϕ(ξ) = 0 and η ◦ ϕ = 0. The tangent bundle splits as TM2n+1 = D ⊕ L, where
D = Ker η = Imϕ and L is the line bundle spanned by ξ.

On the product manifold M2n+1 × R one can define an almost complex structure J by

J

(

X, f
d

dt

)

=

(

ϕX − fξ, η(X)
d

dt

)

,

where X is a vector field tangent toM2n+1, t is the coordinate on R and f is a smooth function
on M2n+1 × R. If J is integrable, the almost contact structure is said to be normal. This is
equivalent to the vanishing of the tensor field

(6) Nϕ := [ϕ, ϕ] + dη ⊗ ξ,

where [ϕ, ϕ] is the Nijenhuis torsion of ϕ defined by

[ϕ, ϕ](X, Y ) = [ϕX,ϕY ] + ϕ2[X, Y ]− ϕ[ϕX, Y ]− ϕ[X,ϕY ].

An almost contact metric structure (ϕ, ξ, η, g) is given by an almost contact structure and
a compatible Riemannian metric g satisfying g(ϕX,ϕY ) = g(X, Y )− η(X)η(Y ) for any vector
fields X and Y . Then, the fundamental 2-form Φ is defined by Φ(X, Y ) = g(X,ϕY ) for any
vector fields X and Y . For more details, we refer to [12].

An almost contact Lie algebra is a (2n + 1)-dimensional real Lie algebra g endowed with a
triple (ϕ, ξ, η) with ϕ ∈ End(g), ξ ∈ g, η ∈ g∗ satisfying

ϕ2 = −I + η ⊗ ξ, η(ξ) = 1,

implying that ϕ(ξ) = 0 and η ◦ ϕ = 0. The Lie algebra splits as g = h ⊕ Rξ, where h :=
Ker η = Imϕ. The structure is said to be normal if the tensor Nϕ defined as in (6) vanishes on
g. An almost contact metric Lie algebra (g, ϕ, ξ, η, g) is an almost contact Lie algebra endowed
with an inner product g satisfying g(ϕX,ϕY ) = g(X, Y ) − η(X)η(Y ), so that h = 〈ξ〉⊥. The
fundamental 2-form is defined by Φ(X, Y ) = g(X,ϕY ). Since in this paper we will be interested
in a special class of normal almost contact Lie algebras, we recall some remarkable classes of
them. A normal almost contact metric Lie algebra is called

- α-Sasakian if dη = 2αΦ for some α ∈ R∗, Sasakian for α = 1;
- coKähler if dη = 0 and dΦ = 0;
- α-Kenmotsu if dη = 0, dΦ = 2αη ∧ Φ for some α ∈ R∗, Kenmotsu for α = 1;
- quasi-Sasakian if dΦ = 0 (this class includes α-Sasakian and coKähler structures).
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Regarding coKähler and α-Kenmotsu structures, some other terminologies can be found in the
literature. For instance, coKähler structures are also known as cosymplectic structures ([26]).
In [13] a normal almost contact metric structure satisfying dη = 0 and dΦ = 2αη ∧Φ, for some
α ∈ R, is called α-coKähler.

2.3. Almost 3-contact structures. An almost 3-contact structure on a differentiable mani-
fold M4n+3 is given by three almost contact structures (ϕi, ξi, ηi), i = 1, 2, 3, satisfying

ϕk = ϕiϕj − ηj ⊗ ξi = −ϕjϕi + ηi ⊗ ξj,

ξk = ϕiξj = −ϕjξi, ηk = ηi ◦ ϕj = −ηj ◦ ϕi,

for any even permutation (i, j, k) of (1, 2, 3) ([12]). The tangent bundle of M4n+3 splits as
TM4n+3 = H⊕ V, where

H :=
3
⋂

i=1

Ker ηi, V := 〈ξ1, ξ2, ξ3〉.

In particular H has rank 4n. We call any vector belonging to the distribution H horizontal and
any vector belonging to the distribution V vertical. The manifold is said to be hypernormal
if each almost contact structure (ϕi, ξi, ηi) is normal. In [37] it was proved that if two of the
almost contact structures are normal, then so is the third.

The existence of an almost 3-contact structure is equivalent to the existence of a sphere of
almost contact structures {(ϕa, ξa, ηa) | a ∈ S2} satisfying

ϕa ◦ ϕb − ηb ⊗ ξa = ϕa×b − (a · b) I, ϕaξb = ξa×b, ηa ◦ ϕb = ηa×b,

for every a, b ∈ S2, where · and × denote the standard inner product and cross product on R
3.

If the structure is hypernormal, then each structure in the sphere is normal ([14]).
Any almost 3-contact manifold admits a Riemannian metric g which is compatible with each

of the three structures. Then M4n+3 is said to be an almost 3-contact metric manifold with
structure (ϕi, ξi, ηi, g), i = 1, 2, 3. The subbundles H and V are orthogonal with respect to g
and the three Reeb vector fields ξ1, ξ2, ξ3 are orthonormal. The structure group of the tangent
bundle is in fact reducible to Sp(n)× {1}.

We will introduce analogous notions on Lie algebras in Section 4.

3. Abelian almost contact structures on Lie algebras

In this section we introduce the main notion of this article, namely abelian almost con-
tact structures on Lie algebras (Definition 3.2), and begin the study of their main properties,
together with some examples.

We start by analyzing when an almost contact structure on a Lie algebra is normal.

Proposition 3.1. An almost contact structure (ϕ, ξ, η) on a Lie algebra g is normal if and
only if

1. adξ ◦ ϕ = ϕ ◦ adξ,
2. [ϕX,ϕY ]− [X, Y ] = ϕ([ϕX, Y ] + [X,ϕY ]) for every X, Y ∈ h.

If the structure is normal, the subspace h is adξ-invariant, i.e. η([ξ,X ]) = 0 for any X ∈ h.
Furthermore, for every X, Y ∈ h

(7) dη(ϕX,ϕY ) = dη(X, Y ).
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Proof. From the definition of Nϕ it follows that for every X, Y ∈ h

Nϕ(X, Y ) = [ϕX,ϕY ]− [X, Y ]− ϕ([ϕX, Y ] + [X,ϕY ]),

Nϕ(ξ,X) = − [ξ,X ]− ϕ[ξ, ϕX ],

which immediately give the equivalence. The fact that h is adξ-invariant is consequence of 1.
Finally, equation (7) follows from dη(ξ,X) = 0 and by applying the 1-form η on both sides in
2. �

Definition 3.2. An almost contact structure (ϕ, ξ, η) on a Lie algebra g, will be called abelian
if

1. adξ ◦ ϕ = ϕ ◦ adξ,
2. [ϕX,ϕY ] = [X, Y ] for every X, Y ∈ h.

Condition 2. is equivalent to

[ϕX, Y ] + [X,ϕY ] = 0 ∀X, Y ∈ h,

and by Proposition 3.1, it follows that an abelian almost contact structure is normal.
Now, given an almost contact Lie algebra (g, ϕ, ξ, η), the endomorphism J := ϕ|h : h → h

satisfies J2 = −I. Then the complexification gC = g⊕ ig splits as

(8) gC = Cξ ⊕ h1,0 ⊕ h0,1

where
h1,0 = {X − iJX |X ∈ h}, h0,1 = {X + iJX |X ∈ h}

are the eigenspaces of J : hC → hC corresponding to the eigenvalues i and −i respectively.
Proposition 3.3. Let (g, ϕ, ξ, η) be an almost contact Lie algebra. Then,

1. the structure is normal if and only if h1,0 is an adξ-invariant subalgebra of gC;
2. the structure is abelian if and only if h1,0 is an adξ-invariant abelian subalgebra of gC.

Proof. Both equivalences are consequence of the following identities:

[X − iJX, Y − iJY ] = [X, Y ]− [JX, JY ]− i([X, JY ] + [JX, Y ]),

[ξ,X − iJX ] = [ξ,X ]− i[ξ, JX ]

for every X, Y ∈ h. �

3.1. Abelian almost contact structures with ξ ∈ z(g). We will investigate almost contact
Lie algebras (g, ϕ, ξ, η) with abelian structure for which adξ = 0, that is ξ ∈ z(g). A first known
example is the following.

Example 3.4. Let g = hRn be the real Heisenberg Lie algebra of dimension 2n + 1. It admits
a basis {ξ,X1, . . . , Xn, Y1, . . . , Yn}, with non vanishing commutators

[Xi, Yi] = 2ξ, i = 1, . . . , n.

Let ϕ ∈ End(g) and η ∈ g∗ such that

ϕξ = 0, ϕXi = Yi, ϕYi = −Xi, η(ξ) = 1, η(Xi) = η(Yi) = 0,

for every i = 1, . . . , n. Then (ϕ, ξ, η) is an abelian almost contact structure on g. A compatible
inner product on g can be defined requiring the basis to be orthonormal. Then (g, ϕ, ξ, η, g) is
a Sasakian Lie algebra with abelian structure.

In our next result we exhibit an analogy with Lie algebras equipped with abelian complex
structures (see Lemma 2.1).
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Lemma 3.5. Let (g, ϕ, ξ, η) be an almost contact Lie algebra with abelian structure such that
ξ ∈ z(g). Then g is 2-step solvable.

Proof. According to Proposition 3.3, the subspaces h1,0 and h0,1 are abelian subalgebras of gC.
Moreover, since ξ is central, Cξ ⊕ h1,0 is an abelian subalgebra, and it follows from (8) that gC

can be written as a direct sum (as vector spaces) of two abelian subalgebras, Cξ⊕h1,0 and h0,1.
Thus, according to [36] (see also [7, Proposition 2.3]), gC is 2-step solvable, hence g is 2-step
solvable. �

In the following result we show that an almost contact Lie algebra with abelian structure
such that ξ ∈ z(g) can be written as a central extension of a Lie algebra with an abelian complex
structure, via a J-invariant 2-cocycle.

Proposition 3.6. Let (g, ϕ, ξ, η) be an almost contact Lie algebra with abelian structure such
that ξ ∈ z(g). Then h = Ker η admits a Lie algebra structure and an abelian complex structure
given by J = ϕ|h, such that g is the 1-dimensional central extension of h by a J-invariant
2-cocycle σ. Moreover, the cocycle σ is given by σ(X, Y ) = −dη(X, Y ), X, Y ∈ h.

Conversely, if h is a Lie algebra equipped with an abelian complex structure J and σ is a
J-invariant 2-cocycle on h, then the central extension g = Rξ ⊕σ h carries a natural abelian
almost contact structure (ϕ, ξ, η).

Moreover, η is a contact form if and only if σ is of maximal rank.

Proof. We consider the decomposition g = Rξ⊕h as a direct sum of vector spaces. Accordingly
we can write, for any X, Y ∈ h,

(9) [X, Y ] = σ(X, Y )ξ + [X, Y ]h,

where σ(X, Y ) ∈ R and [X, Y ]h ∈ h. If X, Y, Z ∈ h then taking components in [[X, Y ], Z] +
[[Y, Z], X ] + [[Z,X ], Y ] = 0 and using that ξ is central, we arrive at

[[X, Y ]h, Z]h + [[Y, Z]h, X ]h + [[Z,X ]h, Y ]h = 0,(10)

σ([X, Y ]h, Z) + σ([Y, Z]h, X) + σ([Z,X ]h, Y ) = 0.

The first equation in (10) is the Jacobi identity for the bracket [·, ·]h on h. Then the second
equation in (10) means that σ is a 2-cocycle on (h, [·, ·]h). From this it follows that g is the
central extension of (h, [·, ·]h) by the 2-cocycle σ.

It is clear that J satisfies J2 = −I on h. Moreover, using (9), it follows from [ϕX,ϕY ] =
[X, Y ] that

[JX, JY ]h = [X, Y ]h, σ(JX, JY ) = σ(X, Y ),

so that J is an abelian complex structure on h and σ is a J-invariant cocycle on h. By applying
η in both sides of (9) we arrive at σ(X, Y ) = −dη(X, Y ), X, Y ∈ h.

As for the converse, it is enough to set ϕ|h = J , ϕ(ξ) = 0 and η|h = 0, η(ξ) = 1.
The last statement is clear. �

As a consequence of Lemma 3.5 and Proposition 3.6 we obtain

Corollary 3.7. Let J be an abelian complex structure on a Lie algebra h. If σ ∈
∧2

h∗ is a
J-invariant 2-cocycle, then σ(x, y) = 0 for x, y ∈ h′.

Example 3.8. Let h be a Lie algebra equipped with an abelian complex structure J . Then
any exact 2-form σ = df , with f ∈ h∗, is J-invariant, since

df(JX, JY ) = −f([JX, JY ]) = −f([X, Y ]) = df(X, Y ),
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for any X, Y ∈ h. However, in this case the almost contact Lie algebra g = Rξ ⊕σ h from
Proposition 3.6 is isomorphic to the direct product R× h. Indeed, the linear map

T : g → R× h, T (aξ +X) = (a + f(X))ξ +X, a ∈ R, X ∈ h

is a Lie algebra isomorphism. In particular, on the subalgebra k = T−1(h) = {−f(X)ξ+X |X ∈
h}, one can define the abelian complex structure J ′ by J ′(−f(X)ξ + X) = −f(JX)ξ + JX ,
which satisfies T (J ′Z) = J(TZ) for every Z ∈ k.

Now, let us consider an almost contact metric Lie algebra (g, ϕ, ξ, η, g) with abelian structure
such that ξ is central. By Proposition 3.6, g is the 1-dimensional central extension of a Hermitian
Lie algebra (h, J, g), with abelian complex structure, by a J-invariant 2-cocycle σ. Then, using
(9) and the fact that ξ is central, it is easy to verify that the structure (ϕ, ξ, η, g) is quasi-
Sasakian, i.e. dΦ = 0, if and only if (h, J, g) is a Kähler Lie algebra with abelian complex
structure J .

Consequently, by Theorem 2.2, any quasi-Sasakian Lie algebra (g, ϕ, ξ, η, g) with abelian
structure and such that ξ ∈ z(g), is isomorphic to

Rξ ⊕σ

(

aff(R)× · · · × aff(R)× R
2s
)

.

Further, the structure is α-Sasakian if and only if σ = −2αω, where ω is the Kähler form of
(h, J, g).

Example 3.9. Let us consider the abelian Lie algebra h = R
2n spanned by Xi, Yi, i = 1, . . . , n,

with Kähler structure (J, g) such that JXi = Yi, and the basis is orthonormal. Denote by X i,

Y i, i = 1, . . . , n the dual basis of h∗. For any k ≤ n the J-invariant 2-cocycle σk = 2
∑k

i=1X
i∧Y i

gives rise to a Lie algebra gk = Rξ⊕σk
h endowed with a quasi-Sasakian abelian structure. One

can easily verify that gk is isomorphic to hRk × R2(n−k). When k = n, that is σn = −2ω, where
ω is the Kähler form of (h, J, g), we obtain the Sasakian structure on hRn as in Example 3.4.
Notice that σk is not exact for any k.

In the following we provide one further example with a non-exact 2-cocycle, and where
furthermore h is a non-abelian algebra.

Example 3.10. Let h := aff(C) be the 4-dimensional Lie algebra introduced in Proposition
2.3. This Lie algebra admits many abelian complex structures, since it admits an abelian
hypercomplex one. Let us choose the abelian complex structure J = J1 in (5), that is, Je1 =

−e2, Je3 = e4. The differential d : h∗ →
∧2

h∗ is given by

(11) de1 = 0, de2 = 0, de3 = −e13 + e24, de4 = −e14 − e23.

Hence the 2-form σ given by σ = e12 satisfies dσ = 0 and σ(J ·, J ·) = σ(·, ·), so that σ is a
J-invariant 2-cocycle on h. Clearly σ is not exact. The central extension g = Rξ ⊕σ h has Lie
brackets given by:

[e1, e2] = ξ, [e1, e3] = e3, [e1, e4] = e4, [e2, e3] = e4, [e2, e4] = −e3.
Notice that g is not isomorphic to R× aff(C).

Taking the abelian almost contact structure (ϕ, ξ, η) on g defined in Proposition 3.6 and any
compatible inner product g, the structure (ϕ, ξ, η, g) cannot be quasi-Sasakian since aff(C) does
not admit any abelian Kähler structure.
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3.2. Abelian almost contact structures with dη = 0. We study now almost contact Lie
algebras (g, ϕ, ξ, η) with abelian structure, for which the subspace h = Ker η is a subalgebra,
or equivalently dη = 0. Therefore, J := ϕ|h is an abelian complex structure on h.

Proposition 3.11. Let (g, ϕ, ξ, η) be an almost contact Lie algebra with abelian structure, such
that h = Ker η is a subalgebra. Then g is the semidirect product g = Rξ ⋉D h, where the
derivation D := adξ : h → h commutes with the abelian complex structure J = ϕ |h.

Conversely, if h is any Lie algebra endowed with an abelian complex structure J and a deriva-
tion D commuting with J , then g := R⋉D h admits an abelian almost contact structure.

Proof. The first part is an immediate consequence of the fact that the subalgebra h is adξ-
invariant. As for the second part, let h be a Lie algebra with abelian complex structure J , and
let D : h → h be a derivation such that DJ = JD. We consider the Lie algebra g = Rξ ⋉ h,
where h is a subalgebra and [ξ,X ] := DX for every X ∈ h. Then g can be endowed with an
abelian almost contact structure (ϕ, ξ, η) defined by ϕξ = 0, ϕX = JX , η(ξ) = 1, η(X) = 0
for every X ∈ h. �

Corollary 3.12. Let (g, ϕ, ξ, η) be an almost contact Lie algebra with abelian structure, such
that h = Ker η is a subalgebra. Then g is solvable.

Proof. According to Proposition 3.11 we have that g = Rξ⋉D h for a certain derivation D of h.
Since both g/h ∼= R and h are solvable (see Lemma 2.1), it follows that g is solvable as well. �

Example 3.13. The nilpotent Lie algebra h := hR1 ×R admits an abelian complex structure J ,
and it is easy to find an invertible derivation D of h which commutes with J . Therefore the Lie
algebra g := R ⋉D h has commutator ideal g′ = h, which is not abelian. Thus g is not 2-step
solvable.

Recall that a remarkable class of almost contact metric structures with closed 1-form η is
given by α-coKähler structures. In the following, considering a compatible inner product, we
characterize α-coKähler Lie algebras with abelian structure.

Proposition 3.14. Let (g, ϕ, ξ, η, g) be an almost contact metric Lie algebra with abelian struc-
ture. Then (ϕ, ξ, η, g) is an α-coKähler structure if and only if

1. h = Ker η is a subalgebra of g endowed with an abelian Kähler structure;
2. the symmetric part of the derivation adξ : h → h coincides with −αI.

Proof. Assume that (ϕ, ξ, η, g) is α-coKähler , that is dη = 0 and dΦ = 2αη ∧ Φ, α ∈ R. Then
h = Ker η is a subalgebra of g, endowed with the abelian Hermitian structure (J, g). This
structure is Kähler since dΦ(X, Y, Z) = 0 for every X, Y, Z ∈ h. Now, taking X, Y ∈ h, we
have

dΦ(ξ,X, Y ) = −Φ([ξ,X ], Y )− Φ([X, Y ], ξ)− Φ([Y, ξ], X)

= −g(adξX, JY ) + g(adξY, JX)

= −g(adξX, JY )− g(adξJY,X)

= −g(adξX, JY )− g(ad∗ξX, JY )

where we used the fact that adξ : h → h commutes with J . Being dΦ(ξ,X, Y ) = 2αΦ(X, Y ) =
2αg(X, JY ), we have that the symmetric part of adξ coincides with −αI. The converse follows
analogously. �
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In particular, as a consequence of the proposition above and Theorem 2.2, any α-coKähler
Lie algebra (g, ϕ, ξ, η, g) with abelian structure is isomorphic to

Rξ ⋉D

(

aff(R)× · · · × aff(R)× R
2s
)

,

where D is a derivation of aff(R)k × R2s that commutes with J and whose symmetric part is
−αI. It is easy to verify that such a derivation D is given by

D|aff(R)k = −αI, D|R2s = −αI + A, with A ∈ u(s).

In particular, if the structure is coKähler, i.e. α = 0, then g is isomorphic to

aff(R)k × (Rξ ⋉A R
2s)

for some A ∈ u(s). Considering the associated simply connected Lie group with left invariant
metric, the factor corresponding to Rξ ⋉A R2s is flat (according to [34]), while each factor
corresponding to aff(R) has negative constant curvature.

Example 3.15. Consider the Lie algebra g = Rξ ⋉D R2n, where R2n is equipped with its
standard Kähler structure, and D = −αI for some α 6= 0. Then g admits an abelian almost
contact metric structure (ϕ, ξ, η, g) which is α-Kenmotsu. Notice that if G is any Lie group
with Lie algebra g, endowed with the corresponding left invariant α-Kenmotsu structure, then
G is locally isometric to the hyperbolic space of constant curvature K = −α2 (see [20, 34]).

Remark 3.16. For the one-to-one correspondence between α-coKähler Lie algebras of dimen-
sion 2n+ 1 and Kähler Lie algebras of dimension 2n see also [26, 13].

3.3. Classification in dimension 3. Let (g, ϕ, ξ, η) be a 3-dimensional almost contact Lie
algebra with abelian structure. Note that condition 2. from Definition 3.2 holds trivially on
such a Lie algebra, so that the fact that this structure is abelian is equivalent to [adξ, ϕ] = 0.

Let us assume that g is not abelian. There exists a basis {e1, e2} of h := Ker η such that
e2 = ϕ(e1), e1 = −ϕ(e2). In this basis, the operator adξ|h takes the following form:

adξ|h =
(

a −b
b a

)

,

for some a, b ∈ R. Therefore, the Lie bracket on g is described by

[ξ, e1] = ae1 + be2,

[ξ, e2] = −be1 + ae2,

[e1, e2] = αξ + βe1 + γe2,

for some α, β, γ ∈ R. The Jacobi identity in this case is equivalent to the following system of
equations:

(12)











aα = 0,

aβ + bγ = 0,

aγ − bβ = 0.

Case 1 : ξ is central. In this case we have a = b = 0 and the system (12) is trivially satisfied.
The commutator ideal has dimension 1 and hence g is isomorphic either to hR1 or aff(R) × R

(see for instance [10]). The former case happens only when β2 + γ2 = 0, while the latter case
occurs only when β2 + γ2 6= 0. Note that h is a Lie subalgebra if and only if α = 0.
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Case 2 : ξ is not central. In this case we have a2 + b2 6= 0, and it follows from (12) that
β = γ = 0. If α 6= 0, we have that a = 0, b 6= 0, and the equations in (12) become

[ξ, e1] = be2, [ξ, e2] = −be1, [e1, e2] = αξ.

Therefore g is isomorphic to so(3) if bα > 0, whereas g is isomorphic to sl(2,R) if bα < 0 (see
[34]). Moreover, η is a contact form.

If α = 0 then h is a subalgebra of g and hence η is not a contact form on g. The equations
in (12) become

[e1, e2] = 0, [ξ, e1] = ae1 + be2, [ξ, e2] = −be1 + ae2.

If b = 0 (and thus a 6= 0) then g is a non-unimodular completely solvable Lie algebra, isomorphic
to r3,1, in the notation from [7]. On the other hand, if b 6= 0 then g is a solvable Lie algebra
which is not completely solvable and it is unimodular if and only if a = 0. Moreover, it is
isomorphic to r′3, a

b
in the notation from [7]. A Lie algebra with parameters a, b is isomorphic to

another with parameters a′, b′ (with both b and b′ different from zero) if and only if a′

b′
= ±a

b
.

Summarizing, we have proved the following result

Proposition 3.17. Let (g, ϕ, ξ, η) be a 3-dimensional almost contact Lie algebra with abelian
structure. Then g is isomorphic to:

R
3, hR1 , aff(R)× R, so(3), sl(2,R), r3,1, r′3,λ,

with λ ≥ 0.

Remark 3.18. Let (g, ϕ, ξ, η, g) be a 3-dimensional almost contact metric Lie algebra with
abelian structure. Then, choosing an orthonormal basis {ξ, e1, e2} such that ϕe1 = e2, the
fundamental 2-form of the structure is Φ = −e12, where {η, e1, e2} is the dual basis of g∗.
Following the notations above, we have

dη = −αe12,
de1 = −aη ∧ e1 + bη ∧ e2 − βe12,

de2 = −bη ∧ e1 − aη ∧ e2 − γe12,

and thus, we get

dΦ = −de1 ∧ e2 + e1 ∧ de2 = 2aη ∧ e1 ∧ e2 = −2aη ∧ Φ.

Therefore, if α 6= 0 (in which case a = 0), we get dη = αΦ and the structure is α
2
-Sasakian. If

α = 0, we have dη = 0 and dΦ = −2aη ∧ Φ. In this case, if a = 0 the structure is coKähler, if
a 6= 0 the structure is (−a)-Kenmotsu.

We point out that every 3-dimensional Sasakian Lie algebra has abelian structure, since in
this case we always have [adξ, ϕ] = 0. It is known that any 3-dimensional Sasakian Lie algebra
is isomorphic to either hR1 , aff(R)× R, so(3) or sl(2,R) (see [35]).

3.4. 5-dimensional Sasakian Lie algebras with abelian structure. In [8] the classifica-
tion of 5-dimensional Sasakian Lie algebras was provided. This classification was divided into
two cases, corresponding to non-trivial center (necessarily of dimension one) or trivial center.

Our purpose is to determine all 5-dimensional Sasakian Lie algebras with abelian structure.
We consider first the case when the center is not trivial. It follows from the discussion previous

to Example 3.9 that if g is a 5-dimensional Sasakian Lie algebra with abelian structure and
non trivial center then there is an isomorphism g = Rξ ⊕−2ω h, where h is isomorphic to R4,
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aff(R) × R2 or aff(R) × aff(R), each of them equipped with a Kähler structure with abelian
complex structure, and ω is the corresponding Kähler form. We analyze each case separately;
in all of them {e1, e2, e3, e4} denotes an orthonormal basis such that Je1 = e2, Je3 = e4.

• When h ∼= R4, then g is isomorphic to hR2 , with the Sasakian structure from Example
3.4.

• When h ∼= aff(R)×R2, the Lie bracket on g is given by [e1, e2] = re2 +2ξ, [e3, e4] = 2ξ,
for some r 6= 0.

• When h ∼= aff(R)× aff(R), the Lie bracket on g is given by [e1, e2] = re2 +2ξ, [e3, e4] =
se4 + 2ξ, for some r, s 6= 0.

On the other hand, in the case when the center is trivial, we follow the proof of the classifi-
cation given in [8, Section 3.2] and we add the equations imposed by condition 2. in Definition
3.2. It follows that abelian Sasakian structures occur only in cases (B3) and (B4) of that classi-
fication and any Lie algebra g which admits such a structure is given by the following equations,
where {e1, . . . , e5} denotes an orthonormal basis of g and {e1, . . . , e5} is the dual basis:

de1 = 2 cos θ (e12 + e34),

de2 = 2 sin θ (e12 + e34),

de3 = e45 + sin θ (e13 + e24) + cos θ (e14 − e23),

de4 = −e35 − cos θ (e13 + e24) + sin θ (e14 − e23),

de5 = 2(e12 + e34),

for some θ ∈ [0, 2π). Here the abelian Sasakian structure is given by

ξ = e5, η = e5, ϕ(e1) = −e2, ϕ(e3) = −e4.
It was shown in [8] that for any value of θ the Lie algebra obtained is isomorphic to a Lie
algebra denoted g0, which is non-unimodular and solvable. Therefore we obtain a S1-family of
abelian Sasakian structures on the Lie algebra g0. Note that this Lie algebra appears numbered
22 in the classification of 5-dimensional solvable Lie algebras with contact structure given in
[19].

4. Abelian almost 3-contact structures

In this section we introduce the notion of abelian almost 3-contact structures. We describe
the main properties of any Lie algebra endowed with such a structure, showing that the Lie
algebra carries a sphere of abelian almost contact structure. We also describe examples.

Definition 4.1. An almost 3-contact Lie algebra is a (4n + 3)-dimensional real Lie algebra g

endowed with three almost contact structures (ϕi, ξi, ηi) such that

ϕk = ϕiϕj − ηj ⊗ ξi = −ϕjϕi + ηi ⊗ ξj,

ξk = ϕiξj = −ϕjξi, ηk = ηi ◦ ϕj = −ηj ◦ ϕi,
(13)

for any even permutation (i, j, k) of (1, 2, 3). The Lie algebra (g, ϕi, ξi, ηi) is said to be hyper-
normal if Nϕi

= 0 for every i = 1, 2, 3.

Definition 4.2. An almost 3-contact metric Lie algebra (g, ϕi, ξi, ηi, g) is an almost 3-contact
Lie algebra endowed with a compatible inner product, that is an inner product g satisfying

g(ϕiX,ϕiY ) = g(X, Y )− ηi(X)ηi(Y )

for every X, Y ∈ g and for every i = 1, 2, 3.
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An almost 3-contact Lie algebra g splits as g = h⊕ v, as direct sum of vector spaces, where

h :=

3
⋂

i=1

Ker ηi, v := 〈ξ1, ξ2, ξ3〉.

In particular dim h = 4n. We call any vector belonging to h horizontal and any vector belonging
to v vertical. If g is a compatible inner product, then h and v are orthogonal with respect to g
and the vectors ξ1, ξ2, ξ3 are orthonormal.

Definition 4.3. An almost 3-contact structure (ϕi, ξi, ηi) on a Lie algebra g will be called
abelian if each structure (ϕi, ξi, ηi), i = 1, 2, 3, is abelian.

Obviously, every abelian almost 3-contact structure on a Lie algebra is hypernormal.

4.1. General properties of Lie algebras with abelian almost 3-contact structures. We
establish some fundamental properties of abelian almost 3-contact structures on Lie algebras.
In fact, we show the existence of a vector Z ∈ h and an endomorphism ψ : h → h which encode
many features of the Lie algebra and the abelian structure.

Given an almost 3-contact Lie algebra (g, ϕi, ξi, ηi), we put ζk := [ξi, ξj] for every even
permutation (i, j, k) of (1, 2, 3). As a first result we prove the following lemma.

Lemma 4.4. Let (g, ϕi, ξi, ηi) be an almost 3-contact Lie algebra with abelian structure. Then,
for every even permutation (i, j, k) of (1, 2, 3),

1. ϕiζj = ζk = −ϕjζi and ϕiζi = ϕjζj;
2. ζk ∈ Ker ηi ∩Ker ηj and ηiζi = ηjζj.

Proof. Since adξi ◦ ϕi = ϕi ◦ adξi , we have

ϕiζj = ϕi[ξk, ξi] = [ϕiξk, ξi] = [−ξj , ξi] = ζk,

which implies that ζk ∈ Ker ηi. Analogously, one shows that ϕjζi = −ζk ∈ Ker ηj . Conse-
quently, we have

ϕjζj = ϕj(ϕkζi) = ϕiζi + ηk(ζi)ξj = ϕiζi,

ηjζj = ηj(ϕkζi) = ηiζi,

thus completing the proof. �

As a consequence of 1. in Lemma 4.4, for an abelian almost 3-contact structure we can define

Z := ϕiζi, i = 1, 2, 3.

Note that Z ∈ h. We also remark that property 2. in Lemma 4.4 can be equivalently expressed
by

ηr([ξs, ξt]) = 2δǫrst

for some real number δ and for every r, s, t = 1, 2, 3, where ǫrst denotes the totally skew-
symmetric symbol. Therefore, 2δ = ηiζi for all i = 1, 2, 3, and we have

(14) ζi = −ϕiZ + 2δξi.

Consequently, we can state the following

Proposition 4.5. Let (g, ϕi, ξi, ηi) be an almost 3-contact Lie algebra with abelian structure.
Then the vertical subspace v is a subalgebra of g if and only if Z = 0, in which case either v is
abelian or isomorphic to so(3), according to δ = 0 or δ 6= 0 respectively.
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We prove now a second basic lemma about abelian almost 3-contact structures.

Lemma 4.6. Let (g, ϕi, ξi, ηi) be an almost 3-contact Lie algebra with abelian structure. Then,
for every even permutation (i, j, k) of (1, 2, 3) and for every X, Y ∈ h, the following hold:

1. [ξi, ϕiX ] = [ξj, ϕjX ];
2. [ξi, ϕjX ] = −[ξj , ϕiX ] = [ξk, X ] = ϕi[ξj, X ] = −ϕj [ξi, X ];
3. [ξi, X ] ∈ h;
4. [ϕiX,ϕjY ] = [ϕkX, Y ] = −[ϕjX,ϕiY ].

Proof. Let us consider X ∈ h. Since ξi, ϕiX ∈ Ker ηk, we get

[ξi, ϕiX ] = [ϕkξi, ϕkϕiX ] = [ξj, ϕjX ],

which gives 1. Analogously,

[ξi, ϕjX ] = [ϕkξi, ϕkϕjX ] = −[ξj , ϕiX ] = −[ϕiξj , ϕ
2
iX ] = [ξk, X ].

Therefore, we also have [ξi, ϕkX ] = −[ξj, X ] and [ξj, ϕkX ] = [ξi, X ], so that

[ξi, ϕjX ] = −[ξi, ϕiϕkX ] = −ϕi[ξi, ϕkX ] = ϕi[ξj , X ],

[ξj , ϕiX ] = [ξj, ϕjϕkX ] = ϕj[ξj, ϕkX ] = ϕj[ξi, X ],

which completes the proof of 2. As regards 3., taking X = ϕiZ, Z ∈ h, and applying 1., we
have

[ξi, X ] = [ξi, ϕiZ] = [ξj, ϕjZ] = [ξk, ϕkZ],

which belongs to h since each adξr commutes with ϕr. Finally, for every X, Y ∈ h, we have

[ϕiX,ϕjY ] = −[ϕjϕiX, Y ] = [ϕkX, Y ] = [ϕiϕjX, Y ] = −[ϕjX,ϕiY ].

�

Remark 4.7. With computations analogous to the ones in the proof of Lemma 4.6, one can
prove that if (g, ϕi, ξi, ηi) is an almost 3-contact Lie algebra such that ϕ1 and ϕ2 are abelian
then ϕ3 is also abelian.

As a consequence of Lemma 4.6, given an almost 3-contact Lie algebra with abelian structure,
one can define an endomorphism

(15) ψ : h → h ψ := (adξi ◦ ϕi)|h = (ϕi ◦ adξi)|h, i = 1, 2, 3.

Proposition 4.8. The vector Z ∈ h satisfies ψ(Z) = 0. In particular, [ξ,Z] = 0 for all ξ ∈ v.

Proof. Recall from (14) that Z satisfies

[ξj, ξk] = −ϕiZ + 2δξi,

for any even permutation (i, j, k) of (1, 2, 3). It follows that

(16) [ξi, [ξj, ξk]] = −[ξi, ϕiZ] = −ψ(Z).

On the other hand, using the Jacobi identity and (16), we have that

0 = [ξi, [ξj, ξk]] + [ξj, [ξk, ξi]] + [ξk, [ξi, ξj]] = −3ψ(Z).

This implies ϕi([ξi,Z]) = 0 and therefore [ξi,Z] = 0 for all i. �

As an immediate consequence of Proposition 4.5 and Proposition 4.8 we get

Corollary 4.9. If ψ : h → h is invertible then v is a subalgebra of g.
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This result will be useful later when we classify 7-dimensional Lie algebras admitting abelian
almost 3-contact structures.

The next result is an easy consequence of Lemma 4.6.

Lemma 4.10. Ker adξi |h = Kerψ and Im adξi |h = Imψ for any i = 1, 2, 3, and these subspaces
of h are ϕi-invariant and ψ-invariant for any i = 1, 2, 3. Therefore they have dimension multiple
of 4.

Lemma 4.11. Let (g, ϕi, ξi, ηi) be an almost 3-contact Lie algebra with abelian structure. Then,
for any X ∈ h,

1. [ξi, [ξi, X ]] = −ψ2(X), for all i = 1, 2, 3,
2. [ξi, [ξj, X ]] = −[ξj, [ξi, X ]] = −ψ([ξk, X ]) for any even permutation (i, j, k) of (1, 2, 3).

Proof. Let us denote for simplicity Ti := adξi |h : h → h; also in this proof ϕi denotes an
endomorphism of h for all i. Note that Ti commutes with ϕi and also with ψ. For the first
statement we compute

ψ2 = Ti ◦ ϕi ◦ Ti ◦ ϕi = T 2
i ◦ ϕ2

i = −T 2
i .

As for the second, we have TiTj = −Ti ◦ ϕ2
i ◦ Tj = −ψ ◦ Tk, where we have used ϕi ◦ Tj = Tk

from Lemma 4.6. Analogously, TjTi = ψ ◦ Tk, and the result follows. �

We study next the adjoint action of the distinguished element Z ∈ h. We have already
proved in Proposition 4.8 that its action on v is trivial, we analyze next its action on h.

We point out first that it follows from the Jacobi identity and Lemma 4.11 that, for i 6= j,

(17) [[ξi, ξj], X ] = 2[ξi, [ξj, X ]], X ∈ h.

Next, for X ∈ h, we compute:

[Z, X ] = [ϕiZ, ϕiX ]

= [2δξi − [ξj, ξk], ϕiX ]

= 2δ[ξi, ϕiX ]− 2[ξj, [ξk, ϕiX ]] (using (17))

= 2δψ(X)− 2[ξj, [ξj, X ]] (using Lemma 4.6)

= 2(δψ + ψ2)(X) (using Lemma 4.11).

Therefore,

(18) adZ |h = 2(ψ2 + δψ).

Equation (18) together with Lemma 4.8 imply the following:

Corollary 4.12. Z is a central element of g if and only if the endomorphism ψ of h satisfies
ψ2 + δψ = 0.

4.2. The sphere of abelian almost contact structures. An almost 3-contact Lie algebra
(g, ϕi, ξi, ηi) carries a sphere of almost contact structures

Σg = {(ϕa, ξa, ηa) | a ∈ S2},
where, for every a = (a1, a2, a3) ∈ S2,

(19) ϕa := a1ϕ1 + a2ϕ2 + a3ϕ3, ξa := a1ξ1 + a2ξ2 + a3ξ3, ηa := a1η1 + a2η2 + a3η3.
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In particular equations (13) are equivalent to

ϕa ◦ ϕb − ηb ⊗ ξa = ϕa×b − (a · b) I,
ϕaξb = ξa×b, ηa ◦ ϕb = ηa×b,

for every a, b ∈ S2. In general, we shall assume the same definition (19) for every a ∈ R3.

It is our purpose to prove that when the almost 3-contact structure is abelian then each
structure in the associated sphere is abelian. We will use the vectors ζk = [ξi, ξj] and Z = ϕiζi
defined previously.

Let us denote for each a = (a1, a2, a3) ∈ R3, ζa := a1ζ1 + a2ζ2 + a3ζ3 so that, for every
a, b ∈ R3, we have

(20) [ξa, ξb] = ζa×b.

A direct computation using 1. in Lemma 4.4 and the definition of Z shows that for every
a, b ∈ R3,

(21) ϕaζb = (a · b)Z + ζa×b.

We show next that for every a, b ∈ R3,

(22) (adξa ◦ ϕb)|h = (a · b)ψ + adξa×b
|h = (ϕa ◦ adξb)|h,

where ψ is the endomorphism of h defined in (15). Indeed,

(adξa ◦ ϕb)|h =
3

∑

i=1

aibi(adξi ◦ ϕi)|h +
∑

1≤i<j≤3

(

aibj(adξi ◦ ϕj)|h + ajbi(adξj ◦ ϕi)|h
)

= (a · b)ψ + S
i,j,k

(aibj − ajbi) adξk |h
= (a · b)ψ + adξa×b

|h,
where S

i,j,k
denotes the sum over all even permutations of (1, 2, 3), and we used the fact that for

every even permutation (i, j, k) of (1, 2, 3),

(23) (adξi ◦ ϕj)|h = adξk |h = −(adξj ◦ ϕi)|h,
as proved in 2. of Lemma 4.6. Analogously, using

(24) (ϕi ◦ adξj )|h = adξk |h = −(ϕj ◦ adξi)|h,
one shows the second equality in (22).

Proposition 4.13. Let (g, ϕi, ξi, ηi) be an almost 3-contact Lie algebra with abelian structure.
Then every structure (ϕ, ξ, η) in the sphere Σg is abelian.

Proof. Let (ϕa, ξa, ηa), a = (a1, a2, a3) ∈ S2, be a structure in the sphere Σg defined as in (19).
Notice that

Ker ηa = h⊕ k, k = {ξb | b ∈ R
3, a · b = 0}.

First we show that

(25) adξa ◦ ϕa = ϕa ◦ adξa .

From (22), we have

(adξa ◦ ϕa)|h = ψ = (ϕa ◦ adξa)|h.
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Now, let us consider ξb ∈ v, with b ∈ R3. Applying (20) and (21), we have

adξa(ϕaξb) = [ξa, ξa×b] = ζa×(a×b),

ϕa(adξaξb) = ϕaζa×b = (a · (a× b))Z + ζa×(a×b) = ζa×(a×b),

thus completing the proof of (25).
We show now that

(26) [ϕaX,ϕaY ] = [X, Y ]

for every X, Y ∈ Ker ηa. For every X, Y ∈ h, we have

[ϕaX,ϕaY ] =

3
∑

i=1

a2i [ϕiX,ϕiY ] +
∑

1≤i<j≤3

aiaj([ϕiX,ϕjY ] + [ϕjX,ϕiX ])

= (a · a)[X, Y ] = [X, Y ],

where we applied 4. of Lemma 4.6 and the fact that each structure (ϕi, ξi, ηi) is abelian. Now,
let us take X ∈ h and ξb ∈ k, b ∈ R

3, a·b = 0. Being a ∈ S2 and a·b = 0, we have (a×b)×a = b.
Therefore, applying equation (22), we get

[ϕaξb, ϕaX ] = [ξa×b, ϕaX ] = [ξ(a×b)×a, X ] = [ξb, X ].

Finally, let us consider ξb, ξb′ ∈ k, with b, b′ ∈ R3 such that a · b = a · b′ = 0. Then, being a ∈ S2,

(a× b)× (a× b′) = (a · (b× b′))a = b× b′,

and therefore,
[ϕaξb, ϕaξb′ ] = [ξa×b, ξa×b′ ] = ζ(a×b)×(a×b′) = ζb×b′ = [ξb, ξb′],

which completes the proof of (26). �

4.3. Case v ⊂ z(g). We analyze next the particular case when the vertical subspace v is
contained in the center z(g). In particular, v is an abelian subalgebra of g.

Lemma 4.14. If ξi is a central element of g for some i = 1, 2, 3, then ξi is central for all
i = 1, 2, 3.

Proof. Let (i, j, k) be an even permutation of (1, 2, 3), with ξi ∈ z(g). Then ζk = [ξi, ξj] = 0
and it follows from (14) that Z = 0 and δ = 0, so that v is an abelian subalgebra of g.

For X ∈ h, it follows from Lemma 4.6 that

[ξk, X ] = [ξi, ϕjX ] = 0,

[ξj, X ] = −[ξi, ϕkX ] = 0.

Thus, both ξj and ξk are central elements of z(g). �

Assume now that v ⊂ z(g). For X, Y ∈ h we have a decomposition

(27) [X, Y ] = σ1(X, Y )ξ1 + σ2(X, Y )ξ2 + σ3(X, Y )ξ3 + [X, Y ]h,

where σi(X, Y ) ∈ R for all i and [X, Y ]h ∈ h. Arguing as in the proof of Proposition 3.6 we
obtain that [·, ·]h is a Lie bracket on h and each σi is a 2-cocycle of h with respect to this Lie
algebra structure. If we define

(28) θ(X, Y ) := σ1(X, Y )ξ1 + σ2(X, Y )ξ2 + σ3(X, Y )ξ3 ∈ v,

then clearly θ ∈
∧2

h∗ ⊗ v and, furthermore, θ is a v-valued 2-cocycle on h. Therefore g can be
considered as a central extension of h by θ.
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Next, setting Ji := ϕi|h, it follows from (13) that {J1, J2, J3} defines an almost hypercomplex
structure on h. Furthermore, taking into account that [ϕiX,ϕiY ] = [X, Y ] for all X, Y ∈ h and
i = 1, 2, 3, and using (27), we arrive at

[JiX, JiY ]h = [X, Y ]h, σj(JiX, JiY ) = σj(X, Y )

for all i, j = 1, 2, 3. Thus {J1, J2, J3} is in fact an abelian hypercomplex structure on h and σj
is a Ji-invariant 2-cocycle of h for all i, j. Equivalently, θ is a Ji-invariant v-valued 2-cocycle of
h for all i.

Summarizing, we have proved the first half of the following result:

Proposition 4.15. Let (g, ϕi, ξi, ηi) be an almost 3-contact Lie algebra with abelian structure
such that v ⊂ z(g). Then the horizontal subspace h admits a Lie algebra structure and an abelian
hypercomplex structure {J1, J2, J3} such that g is the central extension of the Lie algebra h by
a Ji-invariant v-valued 2-cocycle θ of h.

Conversely, if h is a Lie algebra equipped with an abelian hypercomplex structure {J1, J2, J3}
and θ is a Ji-invariant R

3-valued 2-cocycle on h, then the central extension g = R3⊕θ h carries
a natural abelian almost 3-contact structure (ϕi, ξi, ηi).

Proof. We only have to prove the second statement. Let h be a Lie algebra equipped with
an abelian hypercomplex structure {J1, J2, J3} and let θ be a Ji-invariant R

3-valued 2-cocycle

on h, i.e. θ ∈
∧2

h∗ ⊗ R3 satisfies dθ = 0 and θ(JiX, JiY ) = θ(X, Y ) for any X, Y ∈ h and
any i = 1, 2, 3. More explicitly, there exist a basis {ξ1, ξ2, ξ3} of R3 and Ji-invariant 2-cocycles

σ1, σ2, σ3 ∈
∧2

h∗ such that

(29) θ(X, Y ) := σ1(X, Y )ξ1 + σ2(X, Y )ξ2 + σ3(X, Y )ξ3 ∈ R
3,

for X, Y ∈ h. It is clear that the central extension of h by θ carries a natural abelian almost
3-contact structure (ϕi, ξi, ηi). �

For instance, we may consider σi = dfi for some fi ∈ h∗, i = 1, 2, 3. Then θ defined as in (29)
is Ji-invariant and dθ = 0. However, in this case, the corresponding central extension of h by
θ is isomorphic to R3 × h. Indeed, if g = R3 ⊕θ h denotes the central extension of h by θ then
T : g → R

3 × h defined by

T (ξ +X) = ξ + f1(X)ξ1 + f2(X)ξ2 + f3(X)ξ3 +X,

for ξ ∈ R
3 and X ∈ h, is a Lie algebra isomorphism. In particular, on the subalgebra k =

T−1(h) = {−f1(X)ξ1 − f2(X)ξ2 − f3(X)ξ3 + X |X ∈ h}, one can define the abelian complex
structures J ′

i , i = 1, 2, 3, by J ′
i(−

∑

r fr(X)ξr + X) = −
∑

r fr(JiX)ξ + JiX , which satisfies
T (J ′

iZ) = Ji(TZ) for every Z ∈ k.

Example 4.16. Recall from Proposition 2.3 that aff(C) is the only non abelian 4-dimensional
Lie algebra that admits an abelian hypercomplex structure. Let {J ′

1, J
′
2, J

′
3} be any abelian

hypercomplex structure on aff(C). According to the discussion following Proposition 2.3,
{J ′

1, J
′
2, J

′
3} gives rise to a sphere which coincides with the sphere determined by the abelian hy-

percomplex structure {J1, J2, J3} given in (5). In particular, a 2-cocycle σ of aff(C) is invariant
by {J ′

i} if and only if it is invariant by {Ji}. Therefore, using (11), a straightforward compu-
tation shows that such a 2-cocycle satisfies σ = x(e13 − e24) + y(e14 + e23) for some x, y ∈ R.
Hence, σ is exact and thus we obtain that any central extension of aff(C) by a J ′

i-invariant
R3-valued 2-cocycle will be isomorphic to R3 × aff(C), for any abelian hypercomplex structure
{J ′

i} on aff(C).
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We provide now three more examples of almost 3-contact Lie algebras with abelian structure
such that v ⊂ z(g). We denote by g a (4n + 3)-dimensional vector space spanned by vectors
ξ1, ξ2, ξ3, τr, τn+r, τ2n+r, τ3n+r, r = 1, . . . , n. Let {ηi, θl}, i = 1, 2, 3, l = 1, . . . , 4n, be the dual
basis of {ξi, τl}, and let ϕi be the endomorphism of g defined by

ϕi = ηj ⊗ ξk − ηk ⊗ ξj +
n

∑

r=1

[θr ⊗ τin+r − θin+r ⊗ τr + θjn+r ⊗ τkn+r − θkn+r ⊗ τjn+r]

where (i, j, k) is an even permutation of (1, 2, 3). In particular, one has

(30) ϕiτr = τin+r, ϕiτin+r = −τr, ϕiτjn+r = τkn+r, ϕiτkn+r = −τjn+r.

In the next examples we consider three different Lie algebra structures on g, so that (g, ϕi, ξi, ηi)
is an almost 3-contact Lie algebra.

Example 4.17. Let g be the Lie algebra whose non-vanishing commutators are:

[τr, τ2n+r] = λξ1 [τr, τn+r] = λξ2 [τr, τ3n+r] = λξ3

[τn+r, τ3n+r] = λξ1 [τ3n+r, τ2n+r] = λξ2 [τ2n+r, τn+r] = λξ3,

λ 6= 0 being a real number. This is the Lie algebra hHn of the quaternionic Heisenberg group
HH

n . By a direct computation one can see that (ϕi, ξi, ηi) is an abelian structure. In fact g is
the central extension of the abelian Lie algebra R4n endowed with the hypercomplex structure
Ji := ϕi|h, i = 1, 2, 3, with ϕi defined as in (30), by the Ji-invariant v-valued 2-cocycle

θ = λ
n

∑

r=1

{(θr ∧ θ2n+r − θ3n+r ∧ θn+r)⊗ ξ1 + (θr ∧ θn+r − θ2n+r ∧ θ3n+r)⊗ ξ2

+ (θr ∧ θ3n+r − θn+r ∧ θ2n+r)⊗ ξ3}.

Example 4.18. Let g be the Lie algebra with non-vanishing commutators

[τr, τ2n+r] = [τn+r, τ3n+r] = λξ1, [τr, τn+r] = [τ3n+r, τ2n+r] = λξ2,

λ 6= 0 being a real number. This is the Lie algebra of HC

n × R, where HC

n is the complex
Heisenberg group of real dimension 4n + 2, with Lie algebra hCn . Then (ϕi, ξi, ηi) is an abelian
structure. In particular g is the central extension of R4n by the v-valued 2-cocycle

θ = λ

n
∑

r=1

{(θr ∧ θ2n+r − θ3n+r ∧ θn+r)⊗ ξ1 + (θr ∧ θn+r − θ2n+r ∧ θ3n+r)⊗ ξ2}.

Example 4.19. Let g be the Lie algebra with non-vanishing commutators

[τr, τ2n+r] = [τn+r, τ3n+r] = λξ1

λ 6= 0 being a real number. This is the Lie algebra of HR
2n×R2, where HR

2n is the real Heisenberg
group of real dimension 4n+1, with Lie algebra hR2n defined as in Example 3.4. Then (ϕi, ξi, ηi)
is an abelian structure. In this case g is the central extension of R4n by the v-valued 2-cocycle

θ = λ
n

∑

r=1

(θr ∧ θ2n+r − θ3n+r ∧ θn+r)⊗ ξ1.

We will consider again all the structures belonging to Examples 4.17, 4.18, 4.19, as examples
of parallel canonical structures (see Remark 6.15).
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5. Special cases for the rank of ψ and classification in dimension 7

Let us recall that the endomorphism ψ and the vector Z are related by (18). In this section
we will analyze particular cases, namely, when ψ is invertible and when ψ = 0. These are the
only possibilities in dimension 7, in which case we obtain a classification of almost 3-contact
Lie algebras with abelian structure.

5.1. Maximum and minimum rank for ψ. Firstly, we consider the case when ψ is an
invertible endomorphism of h.

Proposition 5.1. Let (g, ϕi, ξi, ηi) be an almost 3-contact Lie algebra with abelian structure
such that the endomorphism ψ is invertible. Then the vertical subspace v is a subalgebra iso-
morphic to so(3), h is an abelian ideal, and the non-zero brackets are given by

(31) [ξi, ξj] = 2δξk, [ξi, X ] = δϕiX,

for any even permutation (i, j, k) of (1, 2, 3), X ∈ h and some δ 6= 0. That is, g ∼= so(3)⋉ρR
4n,

where ρ : so(3) → gl(4n,R) is a representation of so(3) such that {δ−1ρ(ξi) : i = 1, 2, 3} is a
hypercomplex structure on R

4n.

Proof. It follows from Corollary 4.9 that v is a subalgebra of g, which is equivalent to Z = 0
according to Proposition 4.5. In particular, we have that [ξi, ξj] = 2δξk for some δ ∈ R. Since
Z = 0, equation (18) becomes ψ2 + δψ = 0, and from the fact that ψ is invertible we obtain
that δ 6= 0 and ψ = −δI|h. Hence, v ∼= so(3) and, moreover, it follows from the definition of ψ
that [ξi, X ] = δϕiX for any X ∈ h and i = 1, 2, 3.

We compute now, for X, Y ∈ h,

[ξi, [X, Y ]] = [[ξi, X ], Y ] + [X, [ξi, Y ]]

= δ([ϕiX, Y ] + [X,ϕiY ])

= 0.

If we decompose [X, Y ] as [X, Y ] = [X, Y ]v + [X, Y ]h, with [X, Y ]v ∈ v and [X, Y ]h ∈ h, we
obtain that

0 = [ξi, [X, Y ]]

= [ξi, [X, Y ]v] + [ξi, [X, Y ]h]

= [ξi, [X, Y ]v] + δϕi([X, Y ]h),

with [ξi, [X, Y ]v] ∈ v and ϕi([X, Y ]h) ∈ h, since v is a subalgebra and ϕi preserves h. Therefore

[ξi, [X, Y ]v] = 0, ϕi([X, Y ]h) = 0.

Since ϕi|h is an isomorphism, we have that [X, Y ]h = 0.
It follows from [ξi, [X, Y ]v] = 0 for all i that [X, Y ]v = 0, since so(3) has trivial center. Thus

[X, Y ] = 0 and h is an abelian subalgebra of g. Moreover, since adξi preserves h for all i, h is
an abelian ideal of g. �

Let us move now to the case when ψ = 0. We point out that in this case Z is a central
element of g, according to Corollary 4.12. In the next two propositions we distinguish the cases
Z = 0 and Z 6= 0.

Proposition 5.2. Let (g, ϕi, ξi, ηi) be an almost 3-contact Lie algebra with abelian structure
such that ψ = 0 and Z = 0.

1. If δ = 0 then v is in the center of g and therefore g is a central extension g = v ⊕θ h

for certain Ji-invariant v-valued 2-cocycle θ of h, where Ji = ϕi|h, i = 1, 2, 3.
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2. If δ 6= 0 then both v and h are ideals of g and therefore g = v× h, with v ∼= so(3) and h

carries an abelian hypercomplex structure.

Proof. As ψ = 0 we have that [ξ,X ] = 0 for all ξ ∈ v and X ∈ h. Also, v is a subalgebra of g
since Z = 0.

If δ = 0 then v is abelian and therefore is contained in z(g). The statement follows from
Proposition 4.15.

If δ 6= 0 then v ∼= so(3), and we will show next that h is a subalgebra. For X, Y ∈ h we may
decompose [X, Y ] as [X, Y ] = [X, Y ]v + [X, Y ]h, with [X, Y ]v ∈ v and [X, Y ]h ∈ h. For ξ ∈ v,
we compute

0 = [ξ, [X, Y ]] + [X, [Y, ξ]] + [Y, [ξ,X ]] = [ξ, [X, Y ]v + [X, Y ]h] = [ξ, [X, Y ]v].

Since v has trivial center, we obtain [X, Y ]v = 0, thus h is a subalgebra of g, equipped with
an abelian hypercomplex structure {Ji = ϕi|h}. Moreover, since [v, h] = 0, we obtain that
g ∼= v× h. �

Proposition 5.3. Let (g, ϕi, ξi, ηi) be an almost 3-contact Lie algebra with abelian structure
such that ψ = 0 and Z 6= 0. Then h is an ideal of g with an abelian hypercomplex structure.
Moreover, the center of h contains Z and Zi := ϕiZ for i = 1, 2, 3.

The adjoint action of ξi, i = 1, 2, 3, is given by

(32) [ξi, ξj] = 2δξk − Zk, [ξi, X ] = 0,

for any even permutation (i, j, k) of (1, 2, 3) and for any X ∈ h. If δ 6= 0 then g ∼= u× h, where
u = span{2δξ1 − Z1, 2δξ2 − Z2, 2δξ3 − Z3} is an ideal isomorphic to so(3).

Proof. Let us note first that the first equation in (32) is nothing but (14), while the second one
follows from ψ = 0.

We prove next that h is a subalgebra of g. For X, Y ∈ h, using the Jacobi identity and (32)
we have that

[ξi, [X, Y ]] = [[ξi, X ], Y ] + [X, [ξi, Y ]] = 0.

If we decompose [X, Y ] as [X, Y ] = [X, Y ]v+[X, Y ]h, with [X, Y ]v ∈ v and [X, Y ]h ∈ h, then we
obtain [ξi, [X, Y ]v] = 0. Let us further write [X, Y ]v = a1ξ1+a2ξ2+a3ξ3 for some a1, a2, a3 ∈ R.
Using (32) again we get

0 = [ξ1, a1ξ1 + a2ξ2 + a3ξ3] = a2(2δξ3 − Z3)− a3(2δξ2 − Z2),

and therefore a2 = a3 = 0. Analogously, considering [ξ2, [X, Y ]v] = 0 we also obtain a1 = 0,
hence [X, Y ]v = 0 and h is a subalgebra. The fact that h is an ideal follows from [v, h] = 0.

The last statement follows from [2δξi −Zi, 2δξj −Zj ] = 4δ2(2δξk −Zk), for any even permu-
tation (i, j, k) of (1, 2, 3), which implies that u ∼= so(3). �

5.2. Classification in dimension 7. Here we will provide the classification of 7-dimensional
Lie algebras admitting an abelian almost 3-contact structure, using the results obtained in the
previous subsection.

Theorem 5.4. Let g be a non-abelian 7-dimensional Lie algebra admitting an abelian almost
3-contact structure (ϕi, ξi, ηi). Then ψ is invertible or ψ = 0. Moreover,

(a) If ψ is invertible, then g ∼= so(3)⋉ R4 with brackets given as in (31).
(b) If ψ = 0 and Z = 0, then g is isomorphic to one of the following Lie algebras: R3 ×

aff(C), hR2 × R2, hC1 × R, hH1 , so(3)× R4, so(3)× aff(C).
(c) If ψ = 0 and Z 6= 0, then g is isomorphic to one of the following Lie algebras: so(3)×R4

or n× R, where n is the free 2-step nilpotent Lie algebra on 3 generators.
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Proof. It follows from Lemma 4.10 that dimKerψ is 0 or 4, therefore either ψ is invertible or
ψ = 0.

(a) This follows by applying Proposition 5.1, since ψ is invertible.

(b) When ψ = 0 and Z = 0, we apply Proposition 5.2. If we assume δ = 0 then g is
isomorphic to a central extension R

3 ⊕θ h, where h is a 4-dimensional Lie algebra equipped
with an abelian hypercomplex structure {Ji} and θ is a Ji-invariant R

3-valued 2-cocycle on h.
According to Proposition 2.3, we have that h is isomorphic to R4 or aff(C).

If h ∼= aff(C) then g ∼= R3 × aff(C) (see Example 4.16).
If h ∼= R

4 then we may assume that the hypercomplex structure {Ji} on R
4 is given by

(33) J1 =









−1
1

−1
1









, J2 =









−1
1

1
−1









, J3 =









−1
−1

1
1









,

in some ordered basis {e1, e2, e3, e4}. Accordingly, the Lie bracket on g is given by

[e1, e2] = −[e3, e4] = α1ξ1 + β1ξ2 + γ1ξ3

[e1, e3] = [e2, e4] = α2ξ1 + β2ξ2 + γ2ξ3

[e1, e4] = −[e2, e3] = α3ξ1 + β3ξ2 + γ3ξ3,

for some αi, βi, γi ∈ R. Therefore, the Lie bracket on g is encoded by the 3× 3 matrix

A =





α1 α2 α3

β1 β2 β3
γ1 γ2 γ3



 .

Note that A 6= 0 since g is not abelian, in fact, g is 2-step nilpotent. Moreover, the rank of A
determines the isomorphism class of the Lie algebra. Indeed, if rank(A) = 1 then g ∼= hR2 ×R2;
if rank(A) = 2 then g ∼= hC1 × R, and if rank(A) = 3 then g ∼= hH1 .

If we assume δ 6= 0, we obtain that g ∼= so(3)×h, where h is an ideal equipped with an abelian
hypercomplex structure. It follows from Proposition 2.3 that either h ∼= R4 or h ∼= aff(C).

(c) When ψ = 0 and Z 6= 0, we apply Proposition 5.3. In this case h is a 4-dimensional
Lie algebra equipped with an abelian hypercomplex structure and non trivial center, therefore
h = R4.

If δ = 0 then the only non-zero brackets are

[ξi, ξj] = −Zk,

for any even permutation (i, j, k) of (1, 2, 3). Clearly, g is a 2-step nilpotent Lie algebra.
Moreover, g = n × R, where n = span{ξ1, ξ2, ξ3,Z1,Z2,Z3} is isomorphic to the free 2-step
nilpotent Lie algebra on 3 generators.

If δ 6= 0 then the only non-zero brackets are

[ξi, ξj] = 2δξk −Zk,

for any even permutation (i, j, k) of (1, 2, 3). Moreover, g ∼= u × R4 where u = span{2δξ1 −
Z1, 2δξ2 −Z2, 2δξ3 −Z3} is an ideal isomorphic to so(3). �

Remark 5.5. Concerning the proof of (2) in the theorem above, in the case A ∈ GL(3,R),
that is, g ∼= hH1 , let us consider an inner product on g such that the basis {ξ1, ξ2, ξ3, e1, e2, e3, e4}
is orthonormal. Then it can be seen that g with this inner product is an H-type Lie algebra if
and only if A ∈ O(3) (see [32] for the relevant definitions).
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Remark 5.6. The Lie algebra so(3)⋉R4 has already appeared in other contexts. For instance,
it is proved in [27] that SU(2)⋉R4, the associated simply connected Lie group, carries a weakly
integrable generalized G2-structure with respect to a non-zero closed 3-form H . Moreover, this
group admits compact quotients which inherit this structure (see also Section 7). In [18] it is
shown that this Lie group also admits a left invariant contact SU(3)-structure.

On the other hand, the 2-step nilpotent Lie algebra n×R admits a calibrated G2-structure,
according to [17]. Since the structure constants are rational, there exists a cocompact discrete
subgroup, due to a well known criterion by Malcev ([33]); the quotient, called a nilmanifold,
carries therefore an induced calibrated G2-structure.

6. Canonical abelian almost 3-contact structures

In this section we will introduce the class of canonical abelian almost 3-contact structures.
As motivated in the introduction, referring to the notion of canonical almost 3-contact metric
manifolds introduced in [2], we will investigate the existence of a canonical connection on a Lie
group G, endowed with a left invariant abelian almost 3-contact metric structure (ϕi, ξi, ηi, g).

We recall some basic facts about connections with totally skew-symmetric torsion. For more
details we refer to [1].

A metric connection ∇ with torsion T on a Riemannian manifold (M, g) is said to have totally
skew-symmetric torsion, or skew torsion for short, if the (0, 3)-tensor field T defined by

T (X, Y, Z) = g(T (X, Y ), Z)

is a 3-form. The relation between ∇ and the Levi-Civita connection ∇g is then given by

(34) ∇XY = ∇g
XY +

1

2
T (X, Y ).

It is well known that ∇ has the same geodesics as ∇g. The curvature tensor of ∇, defined by
R(X, Y ) = [∇X ,∇Y ]−∇[X,Y ], satisfies

g(R(X, Y )Z,W ) = −g(R(X, Y )W,Z),
but the Bianchi identities are more complicated than the Riemannian ones. As a consequence,
in general the identity

(35) g(R(X, Y )Z,W ) = g(R(Z,W )X, Y )

is not satisfied and the Ricci tensor of R is not necessarily symmetric. Nevertheless, if ∇ has
parallel torsion, i.e. ∇T = 0, then (35) holds and the Ricci tensor is symmetric. Actually, for a
metric connection with totally skew-symmetric torsion T , the Ricci tensor is symmetric if and
only if the torsion is coclosed ([31]).

6.1. Connections with skew torsion on Hermitian and almost contact metric man-

ifolds. On any Hermitian manifold (M,J, g) there exists a unique metric connection ∇b with
totally skew-symmetric torsion such that∇bJ = 0. This connection is known as the Bismut con-
nection and its torsion is the 3-form given by c(X, Y, Z) = JdΩ(X, Y, Z) := −dΩ(JX, JY, JZ),
where Ω = g(·, J ·) is the Kähler form. If (h, J, g) is a Hermitian Lie algebra with abelian
complex structure J , considering any Lie group H with Lie algebra h and the corresponding
left invariant structure (J, g), the torsion of the Bismut connection on H is given by

(36) c(X, Y, Z) = −g([X, Y ], Z)− g([Y, Z], X)− g([Z,X ], Y )

for every X, Y ∈ h. In particular, the Bismut connection ∇b satisfies

g(∇b
XY, Z) = −g(X, [Y, Z])



ODD DIMENSIONAL COUNTERPARTS OF ABELIAN STRUCTURES 27

for every X, Y, Z ∈ h ([23]).

In [28] T. Friedrich and S. Ivanov proved that an almost contact metric manifold (M,ϕ, ξ, η, g)
admits a metric connection with totally skew-symmetric torsion ∇ such that ∇ϕ = ∇η = ∇ξ =
0 if and only if

(a) the tensor Nϕ (defined in (6)) is totally skew-symmetric,
(b) ξ is a Killing vector field.

The connection ∇ is uniquely determined. It is called the characteristic connection of the
structure, and its torsion is given by

(37) T = η ∧ dη +Nϕ + dϕΦ− η ∧ (ξyNϕ),

where dϕΦ is defined as dϕΦ(X, Y, Z) := −dΦ(ϕX,ϕY, ϕZ). Using this result, we can prove
the following

Proposition 6.1. Let g be a Lie algebra endowed with an abelian almost contact metric struc-
ture (ϕ, ξ, η, g). Let G be any Lie group with Lie algebra g, with corresponding left invariant
structure (ϕ, ξ, η, g). Then the following conditions are equivalent:

(a) G admits a characteristic connection,
(b) adξ : h → h is skew-symmetric,
(c) ξy dΦ = 0.

The torsion of the characteristic connection is given by

T = η ∧ dη + c,

where c is the 3-form defined on h by

(38) c(X, Y, Z) = −g([X, Y ], Z)− g([Y, Z], X)− g([Z,X ], Y ).

Proof. Since the structure is abelian, it is normal. Therefore, the Lie group G admits a char-
acteristic connection if and only if ξ is Killing, which is equivalent to requiring adξ to be
skew-symmetric on g. Since h is adξ-invariant, this is equivalent to the skew-symmetry of
adξ : h → h. On the other hand, for every X, Y ∈ h, we have

dΦ(ξ,X, Y ) = −Φ([ξ,X ], Y )− Φ([X, Y ], ξ)− Φ([Y, ξ], X)

= −g(adξX,ϕY ) + g(adξY, ϕX)

= −g(adξX,ϕY )− g(adξϕY,X),

so that adξ : h → h is skew-symmetric if and only if ξy dΦ = 0. The torsion of the characteristic
connection is given by (37), where Nϕ = 0. Furthermore, ξy dϕΦ = 0 and for every X, Y, Z ∈ h

dϕΦ(X, Y, Z) = − dΦ(ϕX,ϕY, ϕZ)

= Φ([ϕX,ϕY ], ϕZ) + Φ([ϕY, ϕZ], ϕX) + Φ([ϕZ, ϕX ], ϕY )

= Φ([X, Y ], ϕZ) + Φ([Y, Z], ϕX) + Φ([Z,X ], ϕY )

= − g([X, Y ], Z)− g([Y, Z], X)− g([Z,X ], Y ).

�

Remark 6.2. Let us consider an almost contact metric Lie algebra (g, ϕ, ξ, η, g) with abelian
structure such that ξ is central. Then any Lie group G with Lie algebra g admits a characteristic
connection. In this case g is the 1-dimensional central extension of a Hermitian Lie algebra
(h, J, g) with abelian complex structure, by a J-invariant 2-cocycle σ. The bracket of g applied
to elements in h can be expressed as

[X, Y ] = σ(X, Y )ξ + [X, Y ]h,
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where σ(X, Y ) ∈ R and [X, Y ]h ∈ h. Since ξ and h are orthogonal we have that the 3-form

c ∈
∧3

h∗ defined in (38) is given by

c(X, Y, Z) = −g([X, Y ]h, Z)− g([Y, Z]h, X)− g([Z,X ]h, Y ), X, Y, Z ∈ h.

Therefore c coincides with the torsion form of the corresponding Bismut connection ∇b on
(h, J, g).

Remark 6.3. Let us consider an almost contact metric Lie algebra (g, ϕ, ξ, η, g) with abelian
structure such that dη = 0. By Proposition 3.11, g is the 1-dimensional extension of the
Hermitian Lie subalgebra (h, J, g), with abelian complex structure, by the derivation D :=
adξ : h → h, which commutes with J . If furthermore D : h → h is skew-symmetric, then g

admits a characteristic connection ∇. The torsion T of ∇ satisfies ξy T = 0 and coincides on
h with the torsion form c of the corresponding Bismut connection. Notice that, if (h, J, g) is
a Kähler Lie algebra, then c = T = 0. In fact in this case, (g, ϕ, ξ, η, g) is a coKähler Lie
algebra (see Proposition 3.14), and the characteristic connection coincides with the Levi-Civita
connection.

6.2. HKT manifolds and canonical almost 3-contact metric manifolds. Let (M,Ji, g),
i = 1, 2, 3, be a hyperHermitian manifold, that is a hypercomplex manifold endowed with a
Riemannian metric g which is compatible with every complex structure Ji, i = 1, 2, 3. Then M
is said to be a hyperKähler with torsion (HKT) manifold if it admits a metric connection with
totally skew-symmetric torsion such that ∇Ji = 0. In fact M is a HKT manifold if and only
if J1dΩ1 = J2dΩ2 = J3dΩ3, where Ωi is the Kähler form of the structure (Ji, g). The metric
connection with skew torsion parallelizing the three complex structures is uniquely determined:
it is the connection with skew torsion

c = J1dΩ1 = J2dΩ2 = J3dΩ3,

which coincides with the Bismut connection of each Hermitian structure (Ji, g) ([29]). A HKT
structure is called strong if the torsion c is closed, and it is called weak otherwise. When c = 0,
∇ is the Levi-Civita connection of g and the structure is hyperKähler.

Let g be a Lie algebra endowed with a hypercomplex structure Ji, i = 1, 2, 3, and a compatible
inner product g. Then (Ji, g), i = 1, 2, 3, is said to be a HKT structure on g if any Lie group
G with Lie algebra g, endowed with the corresponding left invariant structure (Ji, g) is a HKT
manifold ([23]). It is proved in [23, Proposition 2.1] that, when the hypercomplex structure on
g is abelian, then the structure on G is HKT and the torsion of the Bismut connection is given
by (36). Furthermore, if the Lie algebra is non-abelian, the HKT structure on G is weak.

Going now to the context of almost 3-contact structures, we recall the definition and the
characterization of canonical almost 3-contact metric manifolds (see [2] for more details).

Definition 6.4. [2] An almost 3-contact metric manifold (M,ϕi, ξi, ηi, g) is called canonical if
the following conditions are satisfied:

i) each Nϕi
is skew-symmetric on H,

ii) each ξi is a Killing vector field,
iii) for any X, Y, Z ∈ Γ(H) and any i, j = 1, 2, 3,

Nϕi
(X, Y, Z)− dΦi(ϕiX,ϕiY, ϕiZ) = Nϕj

(X, Y, Z)− dΦj(ϕjX,ϕjY, ϕjZ),
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iv) M admits a Reeb Killing function β ∈ C∞(M), that is the tensor fields Aij defined on
H by

Aij(X, Y ) := g((Lξjϕi)X, Y ) + dηj(X,ϕiY ) + dηj(ϕiX, Y ),

satisfy

(39) Aii(X, Y ) = 0, Aij(X, Y ) = −Aji(X, Y ) = βΦk(X, Y ),

for every X, Y ∈ Γ(H) and every even permutation (i, j, k) of (1, 2, 3).

Theorem 6.5. [2] An almost 3-contact metric manifold (M,ϕi, ξi, ηi, g) is canonical, with Reeb
Killing function β, if and only if it admits a metric connection ∇ with skew torsion such that

(40) ∇Xϕi = β(ηk(X)ϕj − ηj(X)ϕk)

for every vector field X on M and for every even permutation (i, j, k) of (1, 2, 3). If such a
connection ∇ exists, it is unique and its torsion is given by

T (X, Y, Z) = Nϕi
(X, Y, Z)− dΦi(ϕiX,ϕiY, ϕiZ),

T (X, Y, ξi) = dηi(X, Y ),

T (X, ξi, ξj) = −g([ξi, ξj], X),

T (ξ1, ξ2, ξ3) = 2(β − δ),

for every X, Y, Z ∈ Γ(H), and i, j = 1, 2, 3. Here δ is the Reeb commutator function, that is a
differentiable function such that ηk([ξi, ξj]) = 2δǫijk.

The connection ∇ defined in the Theorem above is called the canonical connection of M .
Besides equation (40), it satisfies

(41) ∇Xξi = β(ηk(X)ξj − ηj(X)ξk), ∇Xηi = β(ηk(X)ηj − ηj(X)ηk)

for every vector field X on M . A canonical almost 3-contact metric manifold is called parallel
if β = 0, in which case the canonical connection parallelizes all the structure tensor fields.

In a canonical almost 3-contact metric manifold (M,ϕi, ξi, ηi, g), each structure (ϕi, ξi, ηi, g)
admits a characteristic connection ∇i. In general the three characteristic connections do not
coincide. In the parallel case, it can be shown that ∇1 = ∇2 = ∇3 = ∇.

A large class of canonical almost 3-contact metric manifolds is given by 3-(α, δ)-Sasaki man-
ifolds. These are defined as almost 3-contact metric manifolds with structure (ϕi, ξi, ηi, g) such
that

(42) dηi = 2αΦi + 2(α− δ)ηj ∧ ηk
for every even permutation (i, j, k) of (1, 2, 3), where α 6= 0 and δ are real constants. A 3-
(α, δ)-Sasaki manifold is called degenerate if δ = 0 and nondegenerate otherwise. Quaternionic
Heisenberg groups are examples of degenerate 3-(α, δ)-Sasaki manifolds [2, Example 2.3.2]. It is
known that every 3-(α, δ)-Sasaki manifold is hypernormal. In particular, when α = δ = 1, the
manifold is 3-Sasakian. Furthermore, every 3-(α, δ)-Sasaki manifold is canonical with constant
Reeb Killing function β = 2(δ − 2α), and the canonical connection has parallel torsion.

A second class of canonical almost 3-contact metric structures is given by 3-δ-cosymplectic
structures. They are defined by the conditions

dηi = −2δηj ∧ ηk, dΦi = 0,

for some δ ∈ R and for every even permutation (i, j, k) of (1, 2, 3). When δ = 0, this is the
notion of 3-cosymplectic structure. Every 3-δ-cosymplectic manifold is hypernormal and locally
isometric to the Riemannian product of a hyperKähler manifold, tangent to the horizontal
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distribution, and the 3-dimensional sphere of constant curvature δ2, tangent to the vertical
distribution. Further, every 3-δ-cosymplectic manifold is parallel canonical, and the torsion of
the canonical connection is given by T = −2δη1 ∧ η2 ∧ η3.

6.3. Canonical abelian almost 3-contact metric structures.

Definition 6.6. An almost 3-contact metric structure (ϕi, ξi, ηi, g) on a Lie algebra g is called
(parallel) canonical if any Lie group G with Lie algebra g, endowed with the corresponding left
invariant almost 3-contact metric structure (ϕi, ξi, ηi, g) is (parallel) canonical.

Theorem 6.7. Let (g, ϕi, ξi, ηi, g) be an almost 3-contact metric Lie algebra with abelian struc-
ture. Then the structure is canonical if and only if

1. the vertical subspace v is a subalgebra of g, so that [ξi, ξj] = 2δξk, δ ∈ R;

2. adξi |h = β

2
ϕi|h for every i = 1, 2, 3 and for some β ∈ R.

If the structure is canonical, the canonical connection of a Lie group G with Lie algebra g,
endowed with the corresponding left invariant structure, has torsion

(43) T = c+

3
∑

i=1

ηi ∧ dηi + 2(β + 2δ) η1 ∧ η2 ∧ η3,

where c is the 3-form defined on h by

(44) c(X, Y, Z) = −g([X, Y ], Z)− g([Y, Z], X)− g([Z,X ], Y ).

Proof. Let us consider a Lie group G with Lie algebra g, and the corresponding left invariant
structure (ϕi, ξi, ηi, g). Since the almost 3-contact structure is abelian, it is hypernormal, so
that Nϕi

= 0. Furthermore, a computation analogous to one in Proposition 6.1 shows that for
every X, Y, Z ∈ h and for every i = 1, 2, 3,

dΦi(ϕiX,ϕiY, ϕiZ) = g([X, Y ], Z) + g([Y, Z], X) + g([Z,X ], Y ),

so that condition iii) in Definition 6.4 is satisfied.
Now, we consider the tensors Aij defined by

Aij(X, Y ) := g((Lξjϕi)X, Y ) + dηj(X,ϕiY ) + dηj(ϕiX, Y ),

for every X, Y ∈ h. Since the structure is abelian, we have

dηj(X,ϕiY ) + dηj(ϕiX, Y ) = −ηj([X,ϕiY ] + [ϕiX, Y ]) = 0,

so that Aij(X, Y ) = g((Lξjϕi)X, Y ). From adξi ◦ ϕi = ϕi ◦ adξi, and equations (23), (24), we
have

Aii(X, Y ) = 0, Aij(X, Y ) = −Aji(X, Y ) = −2g(adξkX, Y ).

Therefore, since both the endomorphisms adξk and ϕk preserve the subspace h, equation (39)
holds if and only if 2 adξk |h = βϕk|h for some β ∈ R. In particular, this implies that each
endomorphism adξi is skew-symmetric on h.

The last requirement for the structure to be canonical is that each ξi should be Killing,
which is equivalent to require that adξi is skew-symmetric on g. Therefore, for every X ∈ h

and r = 1, 2, 3, we have

g([ξi, X ], ξr) + g(X, [ξi, ξr]) = 0.

Since [ξi, X ] ∈ h, we deduce that the vertical subspace has to be a subalgebra of g, which
according to Proposition 4.5 is isomorphic to either R3 or so(3). In particular [ξi, ξj] = 2δξk for
some δ ∈ R, and adξi is also skew-symmetric on v.
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Finally, if the abelian structure (ϕi, ξi, ηi, g) on g is canonical, the Lie group G admits a
unique metric connection ∇ with skew torsion satisfying

∇Xϕi = β(ηk(X)ϕj − ηj(X)ϕk) ∀X ∈ g.

From Theorem 6.5, the torsion of the canonical connection is given by

T (X, Y, Z) = −g([X, Y ], Z)− g([Y, Z], X)− g([Z,X ], Y ),

T (X, Y, ξi) = dηi(X, Y ),

T (X, ξi, ξj) = 0,

T (ξ1, ξ2, ξ3) = 2(β − δ),

for every X, Y, Z ∈ h, i, j = 1, 2, 3. The equations above are equivalent to (43). �

Remark 6.8. Conditions 1. and 2. in Theorem 6.7 can be rephrased as

(45) Z = 0, 2ψ = −βI,

for some real number β, which implies that ψ = 0 or ψ is invertible.

One can notice that conditions (45) are independent on the metric. Therefore, one can also
give the following

Definition 6.9. An almost 3-contact Lie algebra (g, ϕi, ξi, ηi) with abelian structure is called
canonical if Z = 0 and 2ψ = −βI, for some β ∈ R. It is called parallel canonical if Z = 0 and
ψ = 0.

In particular, every abelian almost 3-contact structure (ϕi, ξi, ηi) such that v ⊂ z(g), is
parallel canonical. Therefore, all the structures belonging to Examples 4.17, 4.18, 4.19, are
parallel canonical.

Remark 6.10. Recall that every 3-(α, δ)-Sasaki structure is hypernormal and canonical. Nev-
ertheless, notice that every abelian almost 3-contact metric structure (ϕi, ξi, ηi, g) on a Lie
algebra g cannot be 3-(α, δ)-Sasaki. Indeed, if the structure is abelian, taking i, j = 1, 2, 3,
i 6= j, for every horizontal vectors X, Y ∈ h, we have

dηi(ϕjX,ϕjY ) = −ηi([ϕjX,ϕjY ]) = −ηi([X, Y ]) = dηi(X, Y ).

On the other hand,

Φi(ϕjX,ϕjY ) = g(ϕjX,ϕiϕjY ) = −g(ϕjX,ϕjϕiY ) = −Φi(X, Y ),

so that (42) cannot hold.

Due to (45), the description of almost 3-contact Lie algebras with canonical abelian structure
can be obtained by Propositions 5.1 and 5.2. In the following, taking a corresponding Lie
group G endowed with a compatible left invariant Riemannian metric, we separately examine
the parallel and non-parallel cases, determining for each case the canonical connection of the
structure. We shall also discuss the parallelism of the torsion.

Analyzing parallel canonical abelian structures (Z = 0, ψ = 0), we distinguish the cases
δ = 0 and δ 6= 0.
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6.3.1. Parallel canonical abelian structures with δ = 0.

Proposition 6.11. Let (g, ϕi, ξi, ηi, g) be an almost 3-contact metric Lie algebra, with a parallel
canonical abelian structure such that δ = 0. Then v ⊂ z(g) and g is the central extension
g = v⊕θ h of a Lie algebra h carrying an abelian hypercomplex structure Ji, i = 1, 2, 3, for the
Ji-invariant v-valued 2-cocycle θ on h given by

θ(X, Y ) = −
3

∑

i=1

dηi(X, Y )ξi.

If G is any Lie group with Lie algebra g, endowed with left invariant structure (ϕi, ξi, ηi, g), the
canonical connection of G is the connection with skew torsion

(46) T = c +
3

∑

i=1

ηi ∧ dηi.

Proof. The first part is a consequence of Proposition 5.2. We only need to remark that, taking
into account (27), (28), and the inner product g, for every X, Y ∈ h, we have

g(θ(X, Y ), ξi) = g([X, Y ], ξi) = ηi([X, Y ]) = −dηi(X, Y ).
Equation (46) immediately follows from (43). �

We will compute explicitly the canonical connection∇ on a central extension as in Proposition
6.11. Keeping the notation in the proposition, the bracket of g applied to elements in h can be
expressed as

(47) [X, Y ] = θ(X, Y ) + [X, Y ]h ∈ v⊕ h,

and since v and h are orthogonal we have that the 3-form c ∈
∧3

h∗ defined in (44) is given by

c(X, Y, Z) = −g([X, Y ]h, Z)− g([Y, Z]h, X)− g([Z,X ]h, Y ), X, Y, Z ∈ h.

Hence, c is the torsion form of the corresponding Bismut connection ∇b on (h, [·, ·]h).
Recall that the canonical connection preserves the distributions defined by v and h. In

particular, in this parallel case we have ∇ξ = 0 for ξ ∈ v. Therefore, we only need to compute
g(∇XY, Z) and g(∇ξX, Y ) for X, Y, Z ∈ h and ξ ∈ v. Using (34) and (46), direct computations
show that

g(∇XY, Z) = g(∇b
XY, Z) = −g(X, [Y, Z]),

g(∇ξX, Y ) = −g([X, Y ], ξ) = −g(θ(X, Y ), ξ).
To sum up, we have

Proposition 6.12. The canonical connection ∇ on g = v⊕θ h is given by

(48) g(∇XY, Z) = −g(X, [Y, Z]) for any X, Y, Z ∈ g.

This is the same expression of the Bismut connection on a Lie algebra with an abelian
hypercomplex structure and hyperhermitian metric (see [23]).

Remark 6.13. Notice that, being ∇ηi = 0, if η is a 1-form g-dual to an element of v, then
∇η = 0. Further, ∇Aω ∈ h∗, for all A ∈ g and ω ∈ g∗.

We discuss now the parallelism of the torsion.
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Recall that
∧3

g∗ =
∧3

(v⊕ h)∗ =
∧3

v∗ ⊕
∧2

v∗ ⊗ h∗ ⊕ v∗ ⊗
∧2

h∗ ⊕
∧3

h∗. The torsion 3-form
T on g is given by

T = c +

3
∑

i=1

ηi ∧ dηi,

with c ∈
∧3

h∗ and ηi ∧ dηi ∈ v∗ ⊗
∧2

h∗ for all i, since dηi(ξ, ·) = 0 for any ξ ∈ v. Therefore,
for any A ∈ g we have

∇Ac ∈
∧3

h∗, ∇A(ηi ∧ dηi) = ηi ∧ ∇Adηi ∈ v∗ ⊗
∧2

h∗.

Thus, T is parallel if and only if c and ηi ∧ dηi are parallel for all i, which is equivalent to
∇Adηi = 0, for all i = 1, 2, 3. As a consequence, we get

Proposition 6.14. The torsion 3-form T is parallel if and only if ∇Ac = 0 and ∇Adηi = 0 for
all A ∈ g and for all i = 1, 2, 3.

In particular, if T is parallel then the Bismut connection on h has parallel torsion.

Example 6.15. Consider the Lie algebras described in Examples 4.17, 4.18, 4.19, all admitting
a parallel canonical abelian structure with δ = 0, obtained as central extensions of the abelian
Lie algebra R4n. Take the inner product gλ on g with respect to which the basis of vectors ξi, τl
is orthonormal. Then (g, ϕi, ξi, ηi, gλ) is an almost 3-contact metric Lie algebra with abelian
structure. If G is any Lie group with Lie algebra g, endowed with the left invariant structure
(ϕi, ξi, ηi, gλ), being c = 0, the torsion of the canonical connection of G is

T =
3

∑

i=1

ηi ∧ dηi.

One can notice that the Lie algebra described in Example 4.17 is isomorphic to the Lie algebra
described in [2, Example 2.3.2] via the isomorphism interchanging τn+r and τ2n+r. Therefore,
two different left invariant almost 3-contact metric structures are provided on the quaternionic
Heisenberg group. In fact, the structure in [2, Example 2.3.2] is a degenerate 3-(α, δ)-Sasaki
structure, while the structure belonging to Example 4.17 is not 3-(α, δ)-Sasaki, since it is abelian
(see Remark 6.10).

Referring to these three examples, endowed with the compatible metric gλ, we show that
Example 4.19 is the only one for which the canonical connection has parallel torsion. Indeed,
in these cases, we have that ∇T = 0 if and only if ∇dηi = 0. In all the three examples,

dη1 = −λ
n

∑

r=1

(θr ∧ θ2n+r − θ3n+r ∧ θn+r).

As regards Examples 4.17 and 4.18, using (48), one can easily check that

∇ξ2τr = −λτn+r, ∇ξ2τn+r = λτr, ∇ξ2τ2n+r = λτ3n+r, ∇ξ2τ3n+r = −λτ2n+r,

and thus on the dual 1-forms, we have

∇ξ2θr = −λθn+r, ∇ξ2θn+r = λθr, ∇ξ2θ2n+r = λθ3n+r, ∇ξ2θ3n+r = −λθ2n+r,

so that we get

∇ξ2dη1 = −2λ2
n

∑

r=1

(θr ∧ θ3n+r − θn+r ∧ θ2n+r) 6= 0.

As regards Example 4.19, the only non-vanishing covariant derivatives of the canonical connec-
tion are

∇ξ1τr = −λτ2n+r, ∇ξ1τ2n+r = λτr, ∇ξ1τn+r = −λτ3n+r, ∇ξ1τ3n+r = λτn+r,



34 ADRIÁN ANDRADA AND GIULIA DILEO

and we have analogous equations on the dual 1-forms, which imply that ∇ξ1dη1 = 0. Together
with the fact that dη2 = dη3 = 0, this implies that ∇T = 0.

Recall that for a metric connection ∇ with skew torsion T the parallelism of the torsion is
a sufficient condition for the Ricci tensor to be symmetric. Nevertheless, we shall see that in
all the three cases discussed in Example 6.15, the Ricci tensor is symmetric, which is in fact
equivalent to the torsion form being coclosed.

Proposition 6.16. If the Lie algebra h is abelian, the Ricci tensor of the canonical connection
on g = v⊕θ h is symmetric.

Proof. For every A,B ∈ g, the Ricci tensor of the canonical connection is given by

Ric(A,B) =
3

∑

i=1

g(R(ξi, A)B, ξi) +
4n
∑

i=1

g(R(ei, A)B, ei),

where {ei} is an orthonormal basis of h. Since ∇ξi = 0, we have

g(R(ξi, A)B, ξi) = −g(R(ξi, A)ξi, B) = 0.

On the other hand, since h is abelian, from (48) and (47), we have ∇ei = 0 and thus

Ric(A,B) = −
4n
∑

i=1

g(∇[ei,A]B, ei) =
4n
∑

i=1

g([ei, A], [B, ei]),

which implies that Ric(A,B) = Ric(B,A). �

Remark 6.17. The Lie groups in Example 6.15 are all nilpotent and have rational structure
constants, therefore due to Malcev’s criterion ([33]), they admit co-compact discrete subgroups.
The corresponding nilmanifolds admit an induced parallel canonical almost 3-contact metric
structure.

6.3.2. Parallel canonical abelian structures with δ 6= 0.

Proposition 6.18. Let (g, ϕi, ξi, ηi, g) be an almost 3-contact metric Lie algebra, with a parallel
canonical abelian structure such that δ 6= 0. Then g = v× h, with v ∼= so(3) and h carrying an
abelian hypercomplex structure Ji, i = 1, 2, 3. If G is any Lie group with Lie algebra g, endowed
with left invariant structure (ϕi, ξi, ηi, g), the canonical connection of G is the connection with
skew torsion

(49) T = c− 2δη1 ∧ η2 ∧ η3.
Proof. This is again an immediate consequence of Proposition 5.2 and Theorem 6.7. Equation
(49) follows from (43), taking into account that in this case dηi = −2δηj ∧ ηk for every even
permutation (i, j, k) of (1, 2, 3). �

In the assumptions of the Proposition above, the Lie subalgebra h of g is endowed with
the HKT structure (Ji, g), i = 1, 2, 3. The 3-form c coincides with the torsion of the Bismut
connection ∇b of any Lie group H with Lie algebra h, and left invariant structure (Ji, g),
i = 1, 2, 3.

Considering the canonical connection ∇ and applying (34) and (49), one immediately verifies
that

g(∇XY, Z) = g(∇b
XY, Z) = −g(X, [Y, Z]), g(∇ξX, Y ) = 0

for X, Y, Z ∈ h and ξ ∈ v. Being also ∇ξ = 0, we have that ∇XY = ∇b
XY ∈ h for X, Y ∈ h

and all the other covariant derivatives vanish.
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Therefore, taking into account (49), since ∇ηi = 0, we have that

Proposition 6.19. The torsion 3-form T on g = so(3)× h is parallel if and only if ∇Xc = 0
for all X ∈ h, or equivalently ∇bc = 0, that is the Bismut connection on h has parallel torsion.

Remark 6.20. In the assumptions of Proposition 6.18, if the Lie algebra h is abelian, then
c = 0 and the hyperhermitian structure (Ji, g) is hyperKähler. In this case, if G is the simply
connected Lie group with Lie algebra g, then it is isomorphic to SU(2)×R

4n, and the structure
(ϕi, ξi, ηi, g) on G is 3-δ-cosymplectic.

6.3.3. Non-parallel canonical abelian structures.

Proposition 6.21. Let (g, ϕi, ξi, ηi, g) be an almost 3-contact metric Lie algebra endowed with
a non-parallel canonical abelian structure, i.e. Z = 0 and 2ψ = −βI, with β 6= 0. Then β = 2δ
and g ∼= so(3)⋉ R4n, with non zero brackets given by

(50) [ξi, ξj] = 2δξk, [ξi, X ] = δϕiX,

for any even permutation (i, j, k) of (1, 2, 3). If G is any Lie group with Lie algebra g, endowed
with the left invariant structure (ϕi, ξi, ηi, g), the canonical connection of G is the connection
with skew torsion

(51) T = 2δη1 ∧ η2 ∧ η3.
Proof. This is a consequence of Proposition 5.1 and Theorem 6.7. In particular, even in this
case dηi = −2δηj ∧ ηk, for every even permutation (i, j, k) of (1, 2, 3), and (51) follows from
(43). �

In the case of Proposition 6.21, the canonical connection ∇ has parallel torsion. Indeed, by
the second equation in (41),

∇Xηi = 0, ∇ξjηi = −2δηk, ∇ξkηi = 2δηj

for every X ∈ h and for every even permutation (i, j, k) of (1, 2, 3). Therefore, taking into
account (51), we have ∇T = 0.

Further, under the assumption of the Proposition above, using (50), one can easily check
that the fundamental 2-forms of the structure satisfy

dΦi = −2δ(ηj ∧ Φk − ηk ∧ Φj)

for every even permutation (i, j, k) of (1, 2, 3), which implies that in this case the structure is
not 3-δ-cosymplectic.

7. The Lie algebra so(3)⋉R4n

In this section we determine the simply connected Lie group associated to the Lie algebra
so(3)⋉R4n which, according to Proposition 6.21, carries a non-parallel canonical abelian struc-
ture. Later we show that for any n this Lie group admits discrete co-compact subgroups, and
therefore the associated compact quotients inherit an abelian almost 3-contact metric structure
with a non-parallel canonical connection. We also study the first homology group of some of
these quotients.

Let {J1, J2, J3} be a hypercomplex structure on the abelian Lie algebra R4n and let us consider
the Lie algebra so(3) generated by {ξ1, ξ2, ξ3} with Lie brackets given as usual by [ξi, ξj] = 2δξk
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where (i, j, k) is an even permutation of (1, 2, 3) and δ 6= 0. Then there exists a representation
ρ of so(3) on R4n given by

(52) ρ : so(3) → gl(4n,R), ρ(ξi) = δJi, i = 1, 2, 3.

We denote by gρ the Lie algebra gρ = so(3) ⋉ρ R
4n. Then it is straightforward to verify that

gρ admits an abelian almost 3-contact structure with invertible endomorphism ψ, and the Lie
bracket on gρ is given as in (31).

Proposition 7.1. Let {J1, J2, J3} and {J ′
1, J

′
2, J

′
3} be two hypercomplex structures on R

4n, with
corresponding representations ρ, ρ′ of so(3) on R4n as in (52). Then the Lie algebras gρ and
gρ′ are isomorphic.

Proof. It is easy to verify that there exist linearly independent vectors W1, . . . ,Wn ∈ R4n such
that

⋃n
i=1{Wi, J1Wi, J2Wi, J3Wi} is a basis of R4n. Analogously, there exist linearly independent

vectors W ′
1, . . . ,W

′
n ∈ R4n such that

⋃n

i=1{W ′
i , J

′
1W

′
i , J

′
2W

′
i , J

′
3W

′
i} is a basis of R4n. Define

T ∈ GL(4n,R) by

TWi = W ′
i , T (J1Wi) = J ′

1W
′
i , T (J2Wi) = J ′

2W
′
i , T (J3Wi) = J ′

3W
′
i ,

for all i. Therefore TJi = J ′
iT for all i, i.e. T is a intertwining operator for the representations

ρ and ρ′. Using this property it is straightforward to verify that the linear map gρ → gρ′ given
by (ξ,X) 7→ (ξ, TX), for ξ ∈ so(3), X ∈ R4n, is a Lie algebra isomorphism. �

This proposition says that gρ is independent of the hypercomplex structure we begin with, so
that we will fix one and will always work with it; the corresponding Lie algebra will be denoted
simply by g. Let us identify R4n with Hn via

(x1, y1, z1, w1, . . . , xn, yn, zn, wn) 7→ (x1 + y1i + z1j + w1k, . . . , xn + yni+ znj + wnk).

Then we define J1 = Li, J2 = Lj, J3 = Lk, where Li denotes left-multiplication by i on each
factor H; analogously for Lj, Lk. Note that for n = 1 the hypercomplex structure {J1, J2, J3}
is given by (33) in the canonical basis of R4.

The simply connected Lie group with Lie algebra so(3) is SU(2). We will identify SU(2) with
the Lie group of unit quaternions. Indeed, we can identify H with the following subspace of
complex matrices

H ≡
{(

α β
−β α

)

| α, β ∈ C

}

, a + bi+ cj + dk ≡
(

a+ bi c+ di
−c+ di a− bi

)

,

and any unit quaternion gets identified with such a matrix with |α|2+ |β|2 = 1, that is, a matrix
in SU(2). In particular, SU(2) is diffeomorphic to the 3-sphere S3.

The representation ρ : so(3) → gl(4n,R) corresponding to the hypercomplex structure de-
fined above can be integrated to a representation ρ̃ : SU(2) → GL(4n,R), given by

ρ̃(g)(q1, . . . , qn) = (δgq1, . . . , δgqn), g ∈ SU(2), qr ∈ H.

Hence the simply connected Lie group with Lie algebra g = gρ̃ is G = SU(2) ⋉ρ̃ H
n. The

product in G is given by

(g, (q1, . . . , qn))(g
′, (q′1, . . . , q

′
n)) = (gg′, (q1 + δgq′1, . . . , qn + δgq′n)).

According to Proposition 6.21 the Lie groupG admits a left invariant abelian almost 3-contact
metric structure together with a non-parallel canonical connection.

Remark 7.2. It is easy to verify that for n = 1 the representation ρ̃ of SU(2) on R4 is
irreducible, while for n > 1 the representation ρ̃ is reducible, equal to the sum of n copies of
the 4-dimensional one. It follows from [30] that the representation ρ̃ : SU(2) → GL(4,R) is the
only 4-dimensional irreducible real representation of SU(2), up to equivalence.
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7.1. Compact quotients of G = SU(2) ⋉ρ̃ H
n. We show next that G admits co-compact

discrete subgroups. From now on, in this article a co-compact discrete subgroup of G will be
called a lattice. We may assume δ = 1.

We begin by showing that when n = 1 the group G = SU(2)⋉ρ̃ H does admit lattices.
For each m ∈ N, let θm := 2π

m
and let Gm denote the subgroup of SU(2) generated by

gm =

(

eiθm 0
0 e−iθm

)

, therefore Gm is isomorphic to the cyclic group of order m. Consider now

the action of gm on H ≡ R4, given by a 4 × 4 real matrix Am, associated to ρ̃(gm). If Am is
conjugate to an invertible integer matrix Em ∈ GL(4,Z), i.e. there exists Pm ∈ GL(4,R) such
that P−1

m AmPm = Em, then Am preserves the subgroup PmZ
4 ⊂ R

4 and hence we can form the
semidirect product Γm := Gm⋉ρ̃ PmZ

4, which will be a discrete subgroup of G. More precisely,
we have that 1

(53) Am =

(

cos θm − sin θm
sin θm cos θm

)

⊕
(

cos θm − sin θm
sin θm cos θm

)

.

Analyzing the characteristic polynomial of Am it is easy to show that Am is conjugate to an
integer matrix if and only if m ∈ {1, 2, 3, 4, 6}. For m = 1, 2, 4, the matrix Am is itself integer
(therefore we can take Pm = I4), while:

• for m = 3, we can choose P3 =

(

0 −
√
3

2 −1

)

⊕
(

0 −
√
3

2 −1

)

;

• for m = 6, we can choose P6 =

(

2 1

0
√
3

)

⊕
(

2 1

0
√
3

)

.

Finally, it is easy to show that for each m = 1, 2, 3, 4, 6, the restriction of the projection
π : G → Γm\G to SU(2) × [0, 2]4 is surjective. Therefore the quotient manifold Γm\G is
compact, for m = 1, 2, 3, 4, 6.

For n > 1, we can repeat repeat this process in each irreducible subrepresentation H of Hn,
obtaining lattices in G given by Γm = Gm ⋉ρ̃ PmZ

4n, for m = 1, 2, 3, 4, 6.

Remark 7.3. When m = 1, we have that G1 = {1} and Γ1 = {1} × Z4n. Consequently, Γ1\G
is diffeomorphic to S3 × T 4n.

Remark 7.4. For n > 1, there are lattices in G of the form Gm ⋉ρ̃ PmZ
4n for values of m

other than 1, 2, 3, 4, 6. However, for the sake of simplicity, we will keep working with the ones
we found previously (i.e., m = 1, 2, 3, 4, 6).

Next, we will determine the first homology group (with integer coefficients) of the compact
manifoldsMm := Γm\G, where Γm, m = 1, 2, 3, 4, 6, are the lattices in G constructed above. We
obtain as a consequence the first Betti number b1(Mm) of these manifolds. SinceM1

∼= S3×T 4n,
whose homology is well known, we will focus on m = 2, 3, 4, 6.

Recall that Γm = Gm⋉ρ̃PmZ
4n, whereGm is a cyclic subgroup of orderm and Pm ∈ GL(4n,R)

is a matrix such that Em := P−1
m AmPm ∈ GL(4n,Z), with Am as in (53). Hence

(54) Γm
∼= Zm ⋉Em

Z
4n,

where the action of 1 ∈ Zm on Z4n is given by the matrix Em. Note that Em has order m.
Since G is simply connected, it follows that π1(Mm) ∼= Γm. Thanks to Hurewicz theorem,

we have then that H1(Mm,Z) ∼= Γm/[Γm,Γm]. For the next computations, we will consider Γm

given as in (54).

1For two 2× 2 matrices A and B, we denote A⊕B =

(

A 0
0 B

)

.
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For (k, u), (l, v) ∈ Γm, we have that (k, u)(l, v) = (k+l, u+Ek
mv) and (k, u)−1 = (−k,−E−k

m u),
whence

[(k, u), (l, v)] = (k, u)(l, v)(k, u)−1(l, v)−1(55)

= (0, (u− El
mu)− (v − Ek

mv)).

• For m = 2, we have that E2 = −I and using (55) it is easy to show that

[Γ2,Γ2] = {(0, (u1, . . . , u4n)) | ui ∈ 2Z for all i}.
The map f : Γ2 → Z2 ⊕ (Z2)

4n given by f(k, (u1, . . . , u4n)) = (k, [u1]2, . . . , [u4n]2) is a surjective
homomorphism with Ker f = [Γ2,Γ2], thus

H1(M2,Z) ∼= Γ2/[Γ2,Γ2] ∼= (Z2)
4n+1.

It follows that b1(M2) = 0.

• For m = 4, we have that E4 =

(

0 −1
1 0

)

⊕ · · · ⊕
(

0 −1
1 0

)

(2n times), and using (55) it is

easy to show that

[Γ4,Γ4] = {(0, (u1, . . . , u4n)) | u2i−1 + u2i ∈ 2Z for all i}.
The map f : Γ4 → Z4 ⊕ (Z2)

2n given by f(k, (u1, . . . , u4n)) = (k, [u1 + u2]2, . . . , [u4n−1 + u4n]2)
is a surjective homomorphism with Ker f = [Γ4,Γ4], thus

H1(M4,Z) ∼= Γ4/[Γ4,Γ4] ∼= Z4 ⊕ (Z2)
2n.

It follows that b1(M4) = 0.

• For m = 3, we have that E3 =

(

0 −1
1 −1

)

⊕ · · · ⊕
(

0 −1
1 −1

)

(2n times), and using (55) it is

easy to show that

[Γ3,Γ3] = {(0, (u1, . . . , u4n)) | u2i−1 + u2i ∈ 3Z for all i}.
The map f : Γ3 → Z3 ⊕ (Z3)

2n given by f(k, (u1, . . . , u4n)) = (k, [u1 + u2]3, . . . , [u4n−1 + u4n]3)
is a surjective homomorphism with Ker f = [Γ3,Γ3], thus

H1(M3,Z) ∼= Γ3/[Γ3,Γ3] ∼= (Z3)
2n+1.

It follows that b1(M4) = 0.

• For m = 6, we have that E6 =

(

0 −1
1 1

)

⊕ · · · ⊕
(

0 −1
1 1

)

(2n times), and using (55) it is

easy to show that

[Γ6,Γ6] = {0} ⊕ Z
4n.

In this case it is clear that

H1(M6,Z) ∼= Γ6/[Γ6,Γ6] ∼= Z6.

It follows that b1(M6) = 0.

Example 7.5. We provide next an example of a lattice in G which arises from a non-abelian
subgroup of SU(2). Namely, we will consider the quaternionic group Q8 ⊂ SU(2), where we
identify as before SU(2) with the unit quaternions. Since ρ̃(g) ∈ GL(4n,Z) for any g ∈ Q8,
the semidirect product Λ := Q8 ⋉ρ̃ Z

4n is well defined and it is a discrete subgroup of G. One
can check that the restriction of the projection π : G → Λ\G to SU(2) × [0, 1]4n is surjective,
therefore the quotient manifold Λ\G is compact.
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Concerning the abelianization of Λ, it is easy to verify that

[Λ,Λ] =

{

(±1, (u1, . . . , u4n)) |
4

∑

i=1

u4k+i ∈ 2Z, for k = 0, . . . , n− 1

}

.

Let us consider the surjective homomorphism γ : Q8 → Z2 ⊕ Z2 defined by:

γ(±1) = (0, 0), γ(±i) = (1, 0), γ(±j) = (0, 1), γ(±k) = (1, 1).

Then the map f : Λ → (Z2 ⊕ Z2)⊕ (Z2)
n given by

f(g, (u1, . . . , u4n)) = (γ(g), [u1 + u2 + u3 + u4]2, . . . , [u4n−3 + u4n−2 + u4n−1 + u4n]2)

is a surjective homomorphism with Ker f = [Λ,Λ], thus

H1(Λ\G,Z) ∼= Λ/[Λ,Λ] ∼= (Z2)
n+2.

It follows that b1(Λ\G) = 0.
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