arXiv:2006.16435v1 [math.DG] 29 Jun 2020

This is a pre-print version. The final version is published in Mathematische Nachrichten
DOI: 10.1002/mana.202000599

ODD DIMENSIONAL COUNTERPARTS OF ABELIAN COMPLEX AND
HYPERCOMPLEX STRUCTURES

ADRIAN ANDRADA AND GIULIA DILEO

ABSTRACT. We introduce the notion of abelian almost contact structures on an odd dimen-
sional real Lie algebra g. This a sufficient condition for the structure to be normal. We
investigate correspondences with even dimensional real Lie algebras endowed with an abelian
complex structure, and with Kahler Lie algebras when g carries a compatible inner product.
The classification of 5-dimensional Sasakian Lie algebras with abelian structure is obtained.
Later, we introduce and study abelian almost 3-contact structures on real Lie algebras of di-
mension 4n + 3. These are given by triples of abelian almost contact structures, satisfying
certain compatibility conditions, which are equivalent to the existence of a sphere of abelian
almost contact structures. We obtain the classification of these Lie algebras in dimension 7.
Finally, we deal with the geometry of a Lie group G endowed with a left invariant abelian
almost 3-contact structure and a compatible left invariant Riemannian metric. We determine
conditions for G to admit a special metric connection with totally skew-symmetric torsion,
called canonical, which plays the role of the Bismut connection for HKT structures arising
from abelian hypercomplex structures. We provide examples and discuss the parallelism of the
torsion of the canonical connection.

1. INTRODUCTION

An abelian complex structure on a real Lie algebra g is an endomorphism J of g satisfying
J2:_[7 [unjy]:[x7y] V:L’,yEQ,

where the second condition is equivalent to asking that the i-eigenspace g'? of .J be an abelian
subalgebra of g&. This implies the integrability of the corresponding left invariant almost com-
plex structure J defined on any Lie group G with Lie algebra g. It is known that every Lie
algebra endowed with an abelian complex structure is 2-step solvable ([36]). The notion of
abelian complex structure was introduced in [11], and afterwards developed in various direc-
tions. On the one hand one can consider a compatible inner product on the Lie algebra, giving
rise to the notion of abelian Hermitian structures ([6]); on the other hand one can consider
abelian hypercomplex structures, consisting of triples of abelian complex structures {J;},—123
satisfying J1J2 - J3 = —J2J1 ([21, 22])

An interesting interplay with HKT geometry has been investigated in this context ([23,
25]). If a Lie algebra g is endowed with an abelian hyperHermitian structure ({J;}i=123,9),
i.e. an abelian hypercomplex structure and a compatible inner product, the corresponding
left invariant hyperHermitian structure on any Lie group G with Lie algebra g, makes G a
hyperKéhler with torsion manifold. This means that G admits a (unique) metric connection
V with totally skew-symmetric torsion such that VJ; =0, ¢ = 1,2, 3. In fact, this connection
coincides with the Bismut connection of each Hermitian structure (J;, g), i = 1,2, 3, also called
KT connection by physicists, whose torsion is the 3-form ¢ = J;d€);; here Q; = g(-, J;+) denotes
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the Kéhler form for J;. Further, the HKT structure arising from an abelian hyperHermitian
structure turns out to be weak, in the sense that dc # 0.

The aim of the present paper is to provide and study odd dimensional counterparts of abelian
complex and hypercomplex structures, whose natural setting is given by almost contact and
almost 3-contact structures. We will introduce the relative notions of abelian structures on Lie
algebras, taking also into account the left invariant structures defined on the corresponding Lie
groups. In particular, on a Lie group G endowed with an abelian almost 3-contact structure,
considering a compatible left invariant Riemannian metric g, we will look for a ‘good’ metric
connection with totally skew-symmetric torsion, playing the role of the Bismut connection in
HKT geometry.

An almost contact structure on a real Lie algebra g is a triple (¢, &,n) with ¢ € End(g),
¢ € g, n e g satistying
=T+ nE) =1,
which imply that ¢(§) = 0 and 7o ¢ = 0. The Lie algebra splits as g = RE @ b, where the

subspace h := Kern = Im ¢ is endowed with the complex structure J := ¢y : h — . We will
say that the almost contact structure is abelian if

adeop =poads, and [pX,pY]|=[X,Y] VXY eb.

This is equivalent to asking that in the complexified Lie algebra g© = C¢ @ h'° @ h%! the i-
eigenspace h10 of J be an ad¢-invariant abelian subalgebra. Further, this is a sufficient condition
for the almost contact structure to be normal.

Examples of Lie algebras endowed with an abelian almost contact structure (¢, &,n) can be
obtained as extensions of a Lie algebra h, with abelian complex structure J, in the following
two different ways:

- considering the 1-dimensional central extension of h by a J-invariant 2-cocycle; in fact,
this is a characterization of abelian almost contact structures with central £, and this is
the case of the real Heisenberg Lie algebra h;

- considering the 1-dimensional extension of f by a derivation D : h — h commuting with
J, which characterizes abelian almost contact structures with closed 1-form 7.

In both cases, the almost contact Lie algebra obtained is solvable.

In the 3-dimensional case, an almost contact structure is abelian if and only if ad¢op = poade,
and the classification of these Lie algebras can be easily obtained (Proposition 3.17).

A natural further step consists in considering almost contact metric Lie algebras, that is Lie
algebras endowed with an almost contact structure (¢, £,n) and a compatible inner product g,
which satisfies

g(PX, oY) =g(X,Y) —n(X)n(Y) VXY eg

so that b = (£)*. It is well known that the real Heisenberg Lie algebra is endowed with a
compatible inner product making h¥ a Sasakian Lie algebra. We will examine correspondences
with Kéhler Lie algebras (b, J, ¢), with abelian complex structure, analyzing the two types of
1-dimensional extensions of ) mentioned above. We will also classify 5-dimensional Sasakian
Lie algebras with abelian structure (Section 3.4).

In Section 4 we introduce abelian almost 3-contact structures. These are defined as triples of
abelian almost contact structures {(¢;, &, m:) biz1,2.3, such that

0 Or = 0ip; — N Q& = —pip; + 1 @&,

S = wilj = —;&, M =Mi0pj = —1N; 0 P,
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for every even permutation (i, j, k) of (1,2,3). In general, the existence of an almost 3-contact
structure is equivalent to the existence of a sphere {(q, &u, 7a) }acs2 of almost contact structures
such that

©a©Pp— M @& = Paxp — (a-b) I, ©alp = Eaxb, Na © ©b = Naxbs

for every a,b € S%, where - and x denote the standard inner product and cross product on R?.
We show that if the three structures (¢;, &, m;), i = 1,2, 3, satisfying (1) are abelian, then every
structure in the sphere is abelian.

A Lie algebra g endowed with an almost 3-contact structure splits as g = h @ v, as direct
sum of vector spaces, called respectively horizontal and vertical, and defined by

3
b= (\Kerm, 0= (£,&,8).
=1

In particular dim h = 4n. It is interesting to note that, if the structure is abelian, many features
of the Lie algebra g are encoded by a horizontal vector Z € h and an endomorphism ¢ : h — b
defined by

Z= il 8]), ¥ = (adg 0 @i)ly = (i 0 adg) o,
for every even permutation (i, j, k) if (1,2,3). They satisfy

for some real number §. In particular,

- Z = 0 if and and only if v is a subalgebra of g, in which case either v is abelian or
isomorphic to so0(3), according to § = 0 or § # 0;
- Z is central if and only if ¢? + §) = 0.

The rank of ¥ is 4p, 0 < p < n, and we are able to further describe the Lie algebra when ¢ has
minimum or maximum rank, according to the following scheme:

e )=0,2Z2=0,0=0(<0vC3(g)):

the horizontal subspace h admits a Lie algebra structure and an abelian hypercomplex
structure {.J;, Jo, J3}, such that g = R3@yh is the central extension of b by a J;-invariant
v-valued 2-cocycle 6 of b;

e )=0,Z=0,0#0:
h and v are ideals of g, and g = s0(3) x b, h carrying an abelian hypercomplex structure;
e )=0,Z#0:

b is an ideal of g; it carries an abelian hypercomplex structure and its center contains
Z and Z; .= ¢;Z for i = 1,2,3. The adjoint action of &;, is given by

[&i, &) = 208 — 2y, &, X] =0,

for any even permutation (¢, j, k) of (1,2,3) and for any X € h. If 6 # 0 then g = u x b,
where u = span{20&; — 21,208y — Z9,20&3 — Z3} is an ideal isomorphic to so0(3);

e ¢ invertible (= Z =0, 6 #0):
b is an abelian ideal, and the non zero brackets are given by
for any even permutation (i, j, k) of (1,2,3), X € b; therefore g = s0(3) x R1",



4 ADRIAN ANDRADA AND GIULIA DILEO

The information in the above scheme turns out to be particularly helpful in those cases where
either v = 0 or ® is invertible. This is the case of 7-dimensional almost 3-contact Lie algebras
with abelian structure, which in fact we completely classify (Theorem 5.4). A second case is
given by almost 3-contact Lie algebras of dimension 4n + 3 endowed with a canonical abelian
structure.

Canonical abelian almost 3-contact structures are defined in Section 6. In order to clarify
the geometric motivation in introducing such a notion, it is worth spending a few words on the
role of connections with totally skew-symmetric torsion (skew torsion for short) in Riemannian
geometry. For details we refer to [1]. On a Riemannian manifold (M, g) one can distinguish 8
classes of geometric torsion tensors for a metric connection. Among them metric connections
with skew torsion are one of the most studied. They have the same geodesics as the Levi-Civita
connection and arise naturally in large classes of manifolds. We have already mentioned the
case of KT and HKT structures in the context of Hermitian and hyperHermitian geometry,
where the Bismut connection is now a well-established tool. Moreover, there is a vast class
of manifolds admitting a metric connection V with V-parallel skew torsion, in which case
interesting geometric properties are satisfied: the curvature tensor of the connection is pair
symmetric and the V-Ricci tensor is symmetric ([31, 16, 15]).

Recently, metric connections with totally skew-symmetric torsion appeared in the investi-
gation of various classes of almost 3-contact metric manifolds ([4, 3, 2, 24]). By an almost
3-contact metric manifold we mean a differentiable manifold endowed with a triple of almost
contact structures (¢;,&;,m;), @ = 1,2, 3, satisfying the same equations as in (1), and a com-
patible Riemannian metric. For these manifolds the Levi-Civita connection is not well adapted
to their structure, essentially because they do not appear in Berger’s theorem on irreducible
Riemannian holonomies. On the other hand, if one looks for ‘good’ metric connections with
skew torsion, the existence of a connection parallelizing all the structure tensor fields is not
guaranteed. 3-Sasakian manifolds, which are the most famous class of almost 3-contact metric
manifolds, do not admit such a connection.

In [2] the class of canonical almost 3-contact metric manifolds has been introduced, and
characterized as those manifolds admitting a (unique) metric connection V with totally skew-
symmetric torsion such that

Vxpi = Bm(X)e; —ni(X)er)

for every even permutation (i, 7, k) of (1,2, 3), and vector field X, and for some smooth function
[. The connection V is called canonical, and also satisfies

Vx& = Bm(X)§ —n;(X)&),  Vxm = Blw(X)n; — 0 (X)ne).

When f vanishes, V parallelizes all the structure tensors, in which cases the structure is called
parallel canonical.

Now, considering a Lie algebra g with abelian almost 3-contact structure (g;,&;,n;), if G
is any Lie group with Lie algebra g, endowed with the corresponding left invariant structure
(i, &, mi) and a compatible left invariant Riemannian metric g, it is natural to require the Lie
group (G, ¢;, &, 1i, g) to be canonical in the sense of [2], thus admitting a canonical connection.
We show that this is equivalent to requiring

ZZO) ¢:_§Ia

where § € R. Therefore, for a canonical abelian almost 3-contact metric structure, we have
either ¢ = 0 or % invertible, according to f = 0 or 8 # 0, which correspond to the parallel
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and non-parallel case respectively. In both cases we further describe the Lie algebras, provide
examples, and discuss the parallelism of the torsion of the canonical connection.

In the parallel case, remarkable examples of Lie groups endowed with a canonical abelian
structure are

HY HE x R, Hy x R?,

where HX HE HE are respectively the quaternionic, the complex and the real Heisenberg
group, of real dimensions 4n + 3, 4n + 2, 4n + 1. In all these cases the Lie algebra is the
central extension of the abelian Lie algebra R*" by a J;-invariant R3-valued 2-cocycle, where
{Ji}iz123 is the standard hypercomplex structure on R**. In the non-parallel case, every Lie
group admitting a left invariant canonical abelian structure is isomorphic to the semidirect
product SU(2) x H". We show that this Lie group admits co-compact discrete subgroups, so
that the associated compact quotients also admit structures of the same type.

ACKNOWLEDGEMENTS. The authors would like to thank I. Agricola, M. L. Barberis, 1. Dotti
and A. Tolcachier for helpful comments. The first author is very grateful to the Dipartimento
di Matematica at the Universita degli Studi di Bari Aldo Moro for the warm hospitality during
his visit.

2. PRELIMINARIES

2.1. Abelian complex and hypercomplex structures on Lie algebras. A complex struc-
ture on a real Lie algebra g is an endomorphism .J of g satisfying J? = —I and such that

(2) Jz,y] = [Jx,y] — [z, Jy] — J[Jx, Jy] =0, Vuz,y€g.

It is well known that (2) holds if and only if g'?, the i-eigenspace of J, is a complex subalgebra
of g := g®r C. This endomorphism J of g gives rise to an integrable almost complex structure
on any Lie group G with Lie algebra g, such that the left translations are holomorphic maps

of G.

An abelian complex structure on g is an endomorphism J of g satisfying
(3) JZ:_Ia [Jl‘,J’y]:[ZL',’y], fo,?/eg-

It follows that (3) is a particular case of (2); moreover, condition (3) is equivalent to g being
abelian. These structures were first considered in [11].

Next, we include some properties about abelian complex structures in the following lemma
(see [5, 10, 36] for their proofs).

Lemma 2.1. Let g be a Lie algebra with 3(g) its center and ¢’ := [g, g] its commutator ideal.
If J is an abelian complex structure on g, then

1. J3(g) =3(9).

2.¢nJg C3(g +Jg).

3. The codimension of ¢ is at least 2, unless g is isomorphic to aff(R) (the only 2-dimen-
sional non-abelian Lie algebra).

4. ¢’ is abelian, therefore g is 2-step solvable.

If g is an inner product on g which is compatible with an abelian complex structure J,
then (J,g) is called an abelian Hermitian structure on g. In [6] many properties of abelian
Hermitian structures were established. We mention the following result concerning Kahler
structures, which will be used in forthcoming sections. Recall that a Hermitian structure is
called Kdhler if the fundamental 2-form Q = g(-, J-) is closed.
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Theorem 2.2. [6, Theorem 4.1] Let (g, J, g) be a Kdhler Lie algebra with J an abelian complex
structure. Then g is isomorphic to

aff(R) x - - x aff(R) x R*,
and this decomposition is orthogonal and J-stable.

Moreover, it follows from the proof of this theorem that, if there are k factors isomorphic to
aff(R), then there exists an orthonormal basis {ej, f1,...,ex, fr} of aff(R)* and real numbers
ri #0,1=1,...,k, such that [e;, f;] = r; f; and Je; = f; for all i.

We recall now another generalization of abelian complex structures. A hypercomplex struc-
ture on a Lie algebra g is a triple {.Ji, J2, J3} of complex structures on g which obey the laws
of the quaternions:

JiJy = —JoJy = Js.
If g admits such a structure, then the dimension of g is a multiple of 4. Moreover, g carries a
sphere S? of complex structures. Indeed, if a = (a1, as, az) € S? then

(4) Ja = CL1J1 + CL2J2 + CL3J3
is a complex structure on g.

A hypercomplex structure {.J;, Jo, J3} on g is called abelian if each complex structure .J;,
1 =1,2,3, is abelian. In this case, it can be seen that each complex structure in the associated
sphere is abelian. Indeed, a stronger result was proved in [22]: if {.J;, Jo, J3} is a hypercomplex

structure on g and one complex structure in the associated sphere is abelian, then all the
complex structures in the sphere are abelian.

The classification of hypercomplex structures on 4-dimensional Lie algebras was carried out
in [9]. In particular, we can deduce from this classification the following result concerning
abelian hypercomplex structures:

Proposition 2.3. [9] The only 4-dimensional Lie algebras which admit an abelian hypercomplex
structure are the abelian one, i.e. R*, and aff(C). In the first case the abelian hypercomplex
structure is unique (up to hypercomplex isomorphism), whereas in the second case any hyper-
complex structure is abelian and the equivalence classes of abelian hypercomplex structures are
parametrized by RP2.

Recall that aff(C) is the Lie algebra with basis {ej, es, €3, €4} whose Lie bracket is given by

[61,63] = €3, [61,64] = €4, [62,63] = €4, [62764] = —e€s3.

It follows from the proof of Theorem 3.3 in [9] that any hypercomplex structure on aff(C) is
equivalent to {J,, Jy, Juxs} (as in (4)), for some a,b € S? such that a L b, where {Jy, J5, J5} is
given in the basis above by

1 -1 -1
5 - | B -1 B 1
1 1 1

Therefore, the spheres determined by {J,, Jy, Joxs} and {J;, Jo, J3} coincide.

In forthcoming sections we will have to cope with central extensions of Lie algebras equipped
with abelian complex or hypercomplex structures. We recall this notion here. Let h be a
Lie algebra and V a finite-dimensional vector space. A V-valued p-form on b is an element
o € N’h*®V, that is, a skew-symmetric multilinear function o : h x --- x ) — V. The exterior
derivative d on b can be extended to V-valued p-forms in the following way: if {e;} is a basis
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of V, then o can be written as 0 = ), 0, ® ¢;, with o; € A’h*, and do € /\p+1h* ® V is defined
as do =) ,do; ® e;. This definition does not depend on the chosen basis. If do = 0, then o is
called a V-valued p-cocycle. Note that when dim V' = 1 we recover the usual notion of p-forms
and exterior derivative.

Let us fix now a V-valued 2-cocycle o. On the vector space V @ h we consider the bracket
[-,-]" defined by:

V,Venh' =0, [X,Y]=0(X,Y)+[X,Y], X,Y€h.

It follows from do = 0 that this bracket satisfies the Jacobi identity; clearly, V is a central
subalgebra. The Lie algebra (V @b, [-,-]') is called the central extension of by the V-valued
2-cocycle o, and it is denoted V @, b. In this article we will deal only with V =R or V = R?.

2.2. Almost contact structures. An almost contact structure on a differentiable manifold
M?1 s a triple (o, &, n), where ¢ is a (1,1)-type tensor field, £ a vector field, and 7 a 1-form
satisfying
pP=-T+n®¢ nE) =1,
which imply p(¢) = 0 and o ¢ = 0. The tangent bundle splits as TM?*"*! = D @ L, where
D = Kern = Im and L is the line bundle spanned by &.
On the product manifold M?"*! x R one can define an almost complex structure .J by

J <X,f%) = (s@X—ff,n(X)%),

where X is a vector field tangent to M?"*1, ¢ is the coordinate on R and f is a smooth function
on M1 x R. If J is integrable, the almost contact structure is said to be normal. This is
equivalent to the vanishing of the tensor field

(6) Ny = lp, ] +dn &,
where [p, ] is the Nijenhuis torsion of ¢ defined by
o, Pl(X,Y) = [pX, oV] + @*[X, Y] — 0lpX, Y] — ¢[X, pY].

An almost contact metric structure (p,&,n,g) is given by an almost contact structure and
a compatible Riemannian metric g satisfying g(p X, ¢Y) = g(X,Y) — n(X)n(Y) for any vector
fields X and Y. Then, the fundamental 2-form ® is defined by ®(X,Y) = g(X, ¢Y) for any
vector fields X and Y. For more details, we refer to [12].

An almost contact Lie algebra is a (2n + 1)-dimensional real Lie algebra g endowed with a
triple (p,&,n) with ¢ € End(g), £ € g, n € g* satisfying

pt=—T+n®¢& n() =1

implying that ¢(§) = 0 and no ¢ = 0. The Lie algebra splits as g = h @ RE, where b :=
Kern = Im¢. The structure is said to be normal if the tensor N, defined as in (6) vanishes on
g. An almost contact metric Lie algebra (g, v, &,n, g) is an almost contact Lie algebra endowed
with an inner product g satisfying g(pX, pY) = g(X,Y) — n(X)n(Y), so that h = (£)*+. The
fundamental 2-form is defined by ®(X,Y") = ¢g(X, ¢Y). Since in this paper we will be interested
in a special class of normal almost contact Lie algebras, we recall some remarkable classes of
them. A normal almost contact metric Lie algebra is called

a-Sasakian if dn = 2aP for some o € R*, Sasakian for o = 1;

coKahler it dn =0 and d® = 0;

a-Kenmotsu if dn =0, d® = 2an A @ for some a € R*, Kenmotsu for a = 1;
quasi-Sasakian if d® = 0 (this class includes a-Sasakian and coKéhler structures).
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Regarding coKéhler and a-Kenmotsu structures, some other terminologies can be found in the
literature. For instance, coKahler structures are also known as cosymplectic structures ([26]).
In [13] a normal almost contact metric structure satisfying dn = 0 and d® = 2an A @, for some
a € R, is called a-coKdahler.

2.3. Almost 3-contact structures. An almost 3-contact structure on a differentiable mani-
fold M*"+3 is given by three almost contact structures (p;, &, m;), i = 1,2, 3, satisfying

Y =pip; — N & = —pipi + 1 &,
S = wilj = —;&, Mk =Mi0p; = —1n;0 Y,

for any even permutation (i,j,k) of (1,2,3) ([12]). The tangent bundle of M*"*3 splits as
TM*3 =H YV, where

3
H = ﬂKerm, Vo= (&1, &3).
i—1

In particular H has rank 4n. We call any vector belonging to the distribution H horizontal and
any vector belonging to the distribution V wertical. The manifold is said to be hypernormal
if each almost contact structure (¢;,&;, ;) is normal. In [37] it was proved that if two of the
almost contact structures are normal, then so is the third.

The existence of an almost 3-contact structure is equivalent to the existence of a sphere of
almost contact structures {(yq, 4, 74) | @ € S?} satisfying

Pa © Py — M ® fa = Paxb — (a . b) [7 (pagb - §a><b7 Tla © @b = Taxb,

for every a,b € S%, where - and x denote the standard inner product and cross product on R?.
If the structure is hypernormal, then each structure in the sphere is normal ([14]).

Any almost 3-contact manifold admits a Riemannian metric g which is compatible with each
of the three structures. Then M*"*3 is said to be an almost 3-contact metric manifold with
structure (¢;, &, mi,9), @ = 1,2,3. The subbundles H and V are orthogonal with respect to g
and the three Reeb vector fields &1, &, &3 are orthonormal. The structure group of the tangent
bundle is in fact reducible to Sp(n) x {1}.

We will introduce analogous notions on Lie algebras in Section 4.

3. ABELIAN ALMOST CONTACT STRUCTURES ON LIE ALGEBRAS

In this section we introduce the main notion of this article, namely abelian almost con-
tact structures on Lie algebras (Definition 3.2), and begin the study of their main properties,
together with some examples.

We start by analyzing when an almost contact structure on a Lie algebra is normal.
Proposition 3.1. An almost contact structure (¢,&,n) on a Lie algebra g is normal if and
only if

1. ade o p = poade,
2. [pX, Y] = [X, Y] = o([pX, Y] + [X, 9Y]) for every X,Y € b.

If the structure is normal, the subspace by is adg-invariant, i.e. n([§,X]) = 0 for any X € b.
Furthermore, for every X,Y € b

(7) dn(eX, pY) = dn(X,Y).
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Proof. From the definition of N,, it follows that for every X,Y € b
N%O(gvX) - - [§7X] - Sp[gu (,OX],
which immediately give the equivalence. The fact that b is ade-invariant is consequence of 1.

Finally, equation (7) follows from dn(§, X) = 0 and by applying the 1-form 7 on both sides in
2. U

Definition 3.2. An almost contact structure (¢, £, n) on a Lie algebra g, will be called abelian
if
1. ade o p = poade,
2. [pX, Y] = [X,Y] for every X, Y € b.
Condition 2. is equivalent to
(X, Y]+ [X, Y] =0 VX,Y €b,
and by Proposition 3.1, it follows that an abelian almost contact structure is normal.

Now, given an almost contact Lie algebra (g, ¢, &, n), the endomorphism J := @[y : h — b
satisfies J?2 = —I. Then the complexification g© = g @ ig splits as

(8) g“=Ctap ap
where
b ={X —iJX| X € b}, b = {X +4iJX | X € b}
are the eigenspaces of J : f)‘c — f)c corresponding to the eigenvalues ¢ and —i respectively.
Proposition 3.3. Let (g,,&,m) be an almost contact Lie algebra. Then,

1. the structure is normal if and only if h*°0 is an ad¢-invariant subalgebra of g°;
2. the structure is abelian if and only if H1° is an ad¢-invariant abelian subalgebra of g©.

Proof. Both equivalences are consequence of the following identities:
(X —iJX)Y —iJY] = [X,Y] - [JX,JY]| —i([X, JY] + [JX,Y]),
for every X, Y € bh. O

3.1. Abelian almost contact structures with ¢ € 3(g). We will investigate almost contact
Lie algebras (g, ¢, £, n) with abelian structure for which ade = 0, that is £ € 3(g). A first known
example is the following.

Example 3.4. Let g = h¥ be the real Heisenberg Lie algebra of dimension 2n + 1. It admits
a basis {&, Xy, ..., X, Y1, ..., Y, }, with non vanishing commutators

(X;, Y] = 2¢, 1=1,...,n.
Let ¢ € End(g) and n € g* such that
e¢=0, oXi=Y;, ¢YVi=-X; =1 n(X;)=n;) =0,
for every i = 1,...,n. Then (p,&,n) is an abelian almost contact structure on g. A compatible

inner product on g can be defined requiring the basis to be orthonormal. Then (g, ¢, £, 7, g) is
a Sasakian Lie algebra with abelian structure.

In our next result we exhibit an analogy with Lie algebras equipped with abelian complex
structures (see Lemma 2.1).
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Lemma 3.5. Let (g,0,&,m) be an almost contact Lie algebra with abelian structure such that
€ €3(g). Then g is 2-step solvable.

Proof. According to Proposition 3.3, the subspaces h*? and h%! are abelian subalgebras of g°.
Moreover, since £ is central, C¢ @ h10 is an abelian subalgebra, and it follows from (8) that g©
can be written as a direct sum (as vector spaces) of two abelian subalgebras, CE @ h'? and h%1.
Thus, according to [36] (see also [7, Proposition 2.3]), g© is 2-step solvable, hence g is 2-step
solvable. O

In the following result we show that an almost contact Lie algebra with abelian structure
such that £ € 3(g) can be written as a central extension of a Lie algebra with an abelian complex
structure, via a J-invariant 2-cocycle.

Proposition 3.6. Let (g,¢,&,n) be an almost contact Lie algebra with abelian structure such
that £ € 3(g). Then b = Kern admits a Lie algebra structure and an abelian complex structure
gwen by J = ¢ly, such that g is the 1-dimensional central extension of b by a J-invariant
2-cocycle o. Moreover, the cocycle o is given by o(X,Y) = —dn(X,Y), X,Y € b.

Conversely, if b is a Lie algebra equipped with an abelian complex structure J and o is a
J-invariant 2-cocycle on by, then the central extension g = RE &, § carries a natural abelian
almost contact structure (,&,n).

Moreover, n is a contact form if and only if o is of maximal rank.

Proof. We consider the decomposition g = RE @b as a direct sum of vector spaces. Accordingly
we can write, for any X,Y € b,
(9) (X, Y] =o(X,Y)E+ [X, Y],
where o(X,Y) € R and [X,Y], € h. If X,Y,Z € b then taking components in [[X,Y], Z] +
Y, Z], X] + [[Z, X], Y] = 0 and using that £ is central, we arrive at
(10) [[X. YTy, Z]s + [[Y, Z]y, Xy + [[Z, X]p, Y]y = O,
U([va]hvz)+O([YvZ]h>X)+O([Z>X]h> ) 0.
The first equation in (10) is the Jacobi identity for the bracket [-,-], on h. Then the second
equation in (10) means that o is a 2-cocycle on (b, [-,-]y). From this it follows that g is the
central extension of (b, [-,-]y) by the 2-cocycle o.
It is clear that J satisfies J> = —I on h. Moreover, using (9), it follows from [pX, pY]| =
[X, Y] that
[JX, JY ]y = [X,Y]s, o(JX,JY)=0(X,Y),
so that J is an abelian complex structure on b and ¢ is a J-invariant cocycle on h. By applying
n in both sides of (9) we arrive at o(X,Y) = —dn(X,Y), X, Y € b.
As for the converse, it is enough to set ¢|y = J, ¢(£) =0 and 5|, =0, n(§) = 1.
The last statement is clear. U

As a consequence of Lemma 3.5 and Proposition 3.6 we obtain

Corollary 3.7. Let J be an abelian complex structure on a Lie algebra by. If o € /\Qb* s a
J-invariant 2-cocycle, then o(z,y) =0 for x,y € b'.

Example 3.8. Let h be a Lie algebra equipped with an abelian complex structure J. Then
any exact 2-form o = df, with f € b*, is J-invariant, since

df (JX, JY) = = [([JX, JY]) = = f([X, Y]) = df (X, Y),
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for any X,Y € bh. However, in this case the almost contact Lie algebra g = RE @, b from
Proposition 3.6 is isomorphic to the direct product R x . Indeed, the linear map

T:9g—Rxb, T+ X)=(a+ f(X)E{+X, acR X e

is a Lie algebra isomorphism. In particular, on the subalgebra € = T7!(h) = {—f(X){+ X | X €
b}, one can define the abelian complex structure J' by J'(—f(X){ + X) = —f(JX)¢ + JX,
which satisfies T'(J'Z) = J(T'Z) for every Z € ¢.

Now, let us consider an almost contact metric Lie algebra (g, ¢, £, 7, g) with abelian structure
such that £ is central. By Proposition 3.6, g is the 1-dimensional central extension of a Hermitian
Lie algebra (b, J, g), with abelian complex structure, by a J-invariant 2-cocycle . Then, using
(9) and the fact that & is central, it is easy to verify that the structure (¢, &, n,¢) is quasi-
Sasakian, i.e. d® = 0, if and only if (h,J,g) is a Kéhler Lie algebra with abelian complex
structure J.

Consequently, by Theorem 2.2, any quasi-Sasakian Lie algebra (g, y,&,n,g) with abelian
structure and such that & € 3(g), is isomorphic to

RE @y (aff(R) x - -+ x aff(R) x R*).

Further, the structure is a-Sasakian if and only if ¢ = —2aw, where w is the Kahler form of

(b, J, 9).

Example 3.9. Let us consider the abelian Lie algebra h = R?" spanned by X;,Y;, i =1,...,n,
with Kahler structure (J, g) such that JX; = Y;, and the basis is orthonormal. Denote by X,
Yi i=1,...,nthedual basis of h*. For any k < n the J-invariant 2-cocycle o, = 2 Zle XINY?
gives rise to a Lie algebra g, = R ®,, h endowed with a quasi-Sasakian abelian structure. One
can easily verify that g is isomorphic to hF x R2"=%) When k = n, that is 0,, = —2w, where
w is the Kahler form of (b, ., g), we obtain the Sasakian structure on b as in Example 3.4.
Notice that oy is not exact for any k.

In the following we provide one further example with a non-exact 2-cocycle, and where
furthermore b is a non-abelian algebra.

Example 3.10. Let b := aff(C) be the 4-dimensional Lie algebra introduced in Proposition
2.3. This Lie algebra admits many abelian complex structures, since it admits an abelian
hypercomplex one. Let us choose the abelian complex structure J = J; in (5), that is, Je; =

—eg, Jeg = e4. The differential d : h* — /\Qh* is given by
(11) det =0, de? =0, de® = —e® + e, det = —e!t — 23,

Hence the 2-form o given by o = e!? satisfies do = 0 and o(J-,J-) = o(-,-), so that o is a
J-invariant 2-cocycle on . Clearly o is not exact. The central extension g = R¢ &, b has Lie
brackets given by:

[61,62] =&, [61,63] = €3, [61764] = €4, [62763] = €4, [62764] = —€s3.

Notice that g is not isomorphic to R x aff(C).

Taking the abelian almost contact structure (¢, &,n) on g defined in Proposition 3.6 and any
compatible inner product g, the structure (¢, £, n, g) cannot be quasi-Sasakian since aff(C) does
not admit any abelian Kéhler structure.
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3.2. Abelian almost contact structures with dn = 0. We study now almost contact Lie
algebras (g, ¢, &, n) with abelian structure, for which the subspace h = Kern is a subalgebra,
or equivalently dn = 0. Therefore, J := ¢y is an abelian complex structure on b.

Proposition 3.11. Let (g, ¢, &, n) be an almost contact Lie algebra with abelian structure, such
that h = Kern is a subalgebra. Then g is the semidirect product g = RE Xp h, where the
deriwation D := adg : h — b commutes with the abelian complex structure J = ¢ |y.

Conversely, if b is any Lie algebra endowed with an abelian complex structure J and a deriva-
tion D commuting with J, then g :== R X p b admits an abelian almost contact structure.

Proof. The first part is an immediate consequence of the fact that the subalgebra b is ad-
invariant. As for the second part, let h be a Lie algebra with abelian complex structure .J, and
let D :bh — b be a derivation such that DJ = JD. We consider the Lie algebra g = R¢ x b,
where b is a subalgebra and [, X| := DX for every X € h. Then g can be endowed with an
abelian almost contact structure (¢, &,n) defined by ¢& = 0, pX = JX, n(§) =1, n(X) =0
for every X € b. O

Corollary 3.12. Let (g,¢,&,n) be an almost contact Lie algebra with abelian structure, such
that h = Kern is a subalgebra. Then g is solvable.

Proof. According to Proposition 3.11 we have that g = R{ x p b for a certain derivation D of b.
Since both g/h = R and b are solvable (see Lemma 2.1), it follows that g is solvable as well. [

Example 3.13. The nilpotent Lie algebra h := h} x R admits an abelian complex structure J,
and it is easy to find an invertible derivation D of h which commutes with J. Therefore the Lie
algebra g := R x p h has commutator ideal g’ = b, which is not abelian. Thus g is not 2-step
solvable.

Recall that a remarkable class of almost contact metric structures with closed 1-form 7 is
given by a-coKahler structures. In the following, considering a compatible inner product, we
characterize a-coKahler Lie algebras with abelian structure.

Proposition 3.14. Let (g, ¢,&,n,9) be an almost contact metric Lie algebra with abelian struc-
ture. Then (p,&,n,q) is an a-coKdhler structure if and only if

1. h = Kern is a subalgebra of g endowed with an abelian Kdhler structure;

2. the symmetric part of the derivation ade : h — b coincides with —ad.

Proof. Assume that (¢, &, 7, g) is a-coKéhler | that is dn = 0 and d® = 2an A ¢, « € R. Then
h = Kern is a subalgebra of g, endowed with the abelian Hermitian structure (.J,g). This
structure is Kédhler since d®(X,Y,Z) = 0 for every X,Y,Z € h. Now, taking X, Y € b, we
have

= —g(ade X, JY) + g(ad¢Y, JX)

= —g(ade X, JY) — g(ade JY, X)

= —g(ad¢ X, JY) — g(ad; X, JY)
where we used the fact that ade : h — h commutes with J. Being d®({, X,Y) = 2a®(X,Y) =

2ag9(X, JY'), we have that the symmetric part of ad, coincides with —a. The converse follows
analogously. O
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In particular, as a consequence of the proposition above and Theorem 2.2, any a-coKahler
Lie algebra (g, ¢, &, 1, g) with abelian structure is isomorphic to

RE wp (aff(R) x - - x afj(R) x B*)

where D is a derivation of aff(R)* x R?* that commutes with J and whose symmetric part is
—al. Tt is easy to verify that such a derivation D is given by

D|aff(R)’“ = —al, Dlgzs = —al + A, with A € u(s).
In particular, if the structure is coKéahler, i.e. o = 0, then g is isomorphic to
aff(R)* x (RE x4 R*)

for some A € u(s). Considering the associated simply connected Lie group with left invariant
metric, the factor corresponding to RE x4 R?* is flat (according to [34]), while each factor
corresponding to aff(R) has negative constant curvature.

Example 3.15. Consider the Lie algebra g = R¢ xp R?™, where R?" is equipped with its
standard Kéhler structure, and D = —al for some « # 0. Then g admits an abelian almost
contact metric structure (p,&,n, g) which is a-Kenmotsu. Notice that if G is any Lie group
with Lie algebra g, endowed with the corresponding left invariant a-Kenmotsu structure, then
G is locally isometric to the hyperbolic space of constant curvature K = —a? (see [20, 34]).

Remark 3.16. For the one-to-one correspondence between a-coKahler Lie algebras of dimen-
sion 2n + 1 and Kéhler Lie algebras of dimension 2n see also [26, 13].

3.3. Classification in dimension 3. Let (g, ¢,&,n) be a 3-dimensional almost contact Lie
algebra with abelian structure. Note that condition 2. from Definition 3.2 holds trivially on
such a Lie algebra, so that the fact that this structure is abelian is equivalent to [adg, ¢] = 0.

Let us assume that g is not abelian. There exists a basis {e1,es} of h := Kern such that
es = p(e1), eg = —p(ey). In this basis, the operator adg|y takes the following form:

adely = ((Z _ab) ,
for some a,b € R. Therefore, the Lie bracket on g is described by
(€, e1] = aeq + bes,
[, es] = —bey + aeq,
[e1, €2] = a + Ber + ez,

for some «, 3,7 € R. The Jacobi identity in this case is equivalent to the following system of
equations:

ac =0,
(12) 0B+ by =0,
ay — b8 =0.

Case 1: £ is central. In this case we have a = b = 0 and the system (12) is trivially satisfied.
The commutator ideal has dimension 1 and hence g is isomorphic either to b or aff(R) x R
(see for instance [10]). The former case happens only when 3% + 42 = 0, while the latter case
occurs only when 32 + 72 # 0. Note that b is a Lie subalgebra if and only if o = 0.
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Case 2: ¢ is not central. In this case we have a? + b* # 0, and it follows from (12) that
B =~=0.1If a # 0, we have that a = 0, b # 0, and the equations in (12) become

(£, e1] =bey, [€,e0] = —bey, [e1,es] = a&.

Therefore g is isomorphic to so(3) if ba > 0, whereas g is isomorphic to sl(2,R) if ba < 0 (see
[34]). Moreover, 7 is a contact form.

If o« = 0 then b is a subalgebra of g and hence 7 is not a contact form on g. The equations
n (12) become

le1,e0] =0, [£,e1] = aep +bey, [, 5] = —bey + aes.

If b = 0 (and thus a # 0) then g is a non-unimodular completely solvable Lie algebra, isomorphic
to v3 1, in the notation from [7]. On the other hand, if b # 0 then g is a solvable Lie algebra
which is not completely solvable and it is unimodular if and only if a = 0. Moreover, it is
isomorphic to tgv% in the notation from [7]. A Lie algebra with parameters a, b is isomorphic to

another with parameters o/, (with both b and ¥’ different from zero) if and only if % = +3.

Summarizing, we have proved the following result

Proposition 3.17. Let (g,¢,&,n) be a 3-dimensional almost contact Lie algebra with abelian
structure. Then g is isomorphic to:

Rsa IF? lef(R) X Ru 50<3>7 5[<27 R)7 3.1, tg,)ﬂ
with A > 0.

Remark 3.18. Let (g,¢,&,m,9) be a 3-dimensional almost contact metric Lie algebra with
abelian structure. Then, choosing an orthonormal basis {{, e, e2} such that pe; = ey, the
fundamental 2-form of the structure is ® = —e'?, where {n,e!,e?} is the dual basis of g*.
Following the notations above, we have

dn = —ae'?,

det = —an A et +bn Ae* — Be'?,
de* = —bn A et —an A e* — vye'?,
and thus, we get
d® = —de' Ne* + e Ade? =2an Nel Ae? = —2an N D.

Therefore, if a # 0 (in which case a = 0), we get dn = a® and the structure is §-Sasakian. If
a =0, we have dn = 0 and d® = —2an A ®. In this case, if a = 0 the structure is coKahler, if
a # 0 the structure is (—a)-Kenmotsu.

We point out that every 3-dimensional Sasakian Lie algebra has abelian structure, since in
this case we always have [adg, ¢] = 0. It is known that any 3-dimensional Sasakian Lie algebra
is isomorphic to either b, aff(R) x R, s0(3) or s[(2,R) (see [35]).

3.4. 5-dimensional Sasakian Lie algebras with abelian structure. In [8] the classifica-
tion of 5-dimensional Sasakian Lie algebras was provided. This classification was divided into
two cases, corresponding to non-trivial center (necessarily of dimension one) or trivial center.
Our purpose is to determine all 5-dimensional Sasakian Lie algebras with abelian structure.
We consider first the case when the center is not trivial. It follows from the discussion previous
to Example 3.9 that if g is a 5-dimensional Sasakian Lie algebra with abelian structure and
non trivial center then there is an isomorphism g = RE¢ @_q, b, where b is isomorphic to R,
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aff(R) x R? or aff(R) x aff(R), each of them equipped with a Kéhler structure with abelian
complex structure, and w is the corresponding Kéhler form. We analyze each case separately;
in all of them {eq, s, €3, ¢4} denotes an orthonormal basis such that Je; = ey, Jez = ey.
e When h = R%, then g is isomorphic to b5, with the Sasakian structure from Example
3.4.
e When h = aff(R) x R?, the Lie bracket on g is given by [ey, ea] = res + 2, [e3, e4] = 2€,
for some r # 0.
e When b = aff(R) x aff(R), the Lie bracket on g is given by [eq, es] = res + 2€, [e3, €4] =
seq + 2¢, for some 7, s # 0.

On the other hand, in the case when the center is trivial, we follow the proof of the classifi-
cation given in [8, Section 3.2] and we add the equations imposed by condition 2. in Definition
3.2. It follows that abelian Sasakian structures occur only in cases (B3) and (B4) of that classi-
fication and any Lie algebra g which admits such a structure is given by the following equations,
where {ey,...,e5} denotes an orthonormal basis of g and {e!, ..., e’} is the dual basis:

de' = 2cosf (e'? + e3),
de? = 2sin 6 (e'? + €3),
de® = e* 4+ sin 6 (e + ) + cos 0 (e — e*),
de* = —e¥ —cosf (e + e**) +sinf (e — ?3),
ded = 2(e'? + M),
for some 6 € [0,27). Here the abelian Sasakian structure is given by
E=es,  n=¢,  pla)=—e,  ples) = —eu.

It was shown in [8] that for any value of 6 the Lie algebra obtained is isomorphic to a Lie
algebra denoted gy, which is non-unimodular and solvable. Therefore we obtain a S'-family of
abelian Sasakian structures on the Lie algebra go. Note that this Lie algebra appears numbered
22 in the classification of 5-dimensional solvable Lie algebras with contact structure given in

19].

4. ABELIAN ALMOST 3-CONTACT STRUCTURES

In this section we introduce the notion of abelian almost 3-contact structures. We describe
the main properties of any Lie algebra endowed with such a structure, showing that the Lie
algebra carries a sphere of abelian almost contact structure. We also describe examples.

Definition 4.1. An almost 3-contact Lie algebra is a (4n + 3)-dimensional real Lie algebra g
endowed with three almost contact structures (¢;, &;, ;) such that

Y =pip; — N & = —pipi + M &,
Sk =il = =&, Mk =N 0 P; = —1; © PY;,

for any even permutation (i, 7, k) of (1,2,3). The Lie algebra (g, ¢;, &, ) is said to be hyper-
normal if N, = 0 for every i = 1,2, 3.

(13)

Definition 4.2. An almost 3-contact metric Lie algebra (g, @i, i, i, g) is an almost 3-contact
Lie algebra endowed with a compatible inner product, that is an inner product ¢ satisfying

9(@0iX, 0:Y) = g(X, V) = ni(X)n:(Y)
for every X,Y € g and for every ¢ = 1,2, 3.
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An almost 3-contact Lie algebra g splits as g = h @ v, as direct sum of vector spaces, where

3
b= (\Kerm, 0= (&,&,8).
=1

In particular dim fh = 4n. We call any vector belonging to b horizontal and any vector belonging
to v vertical. If g is a compatible inner product, then h and v are orthogonal with respect to g
and the vectors &;, &, &3 are orthonormal.

Definition 4.3. An almost 3-contact structure (g;,&;,n;) on a Lie algebra g will be called
abelian if each structure (p;,&;,m;), @ = 1,2, 3, is abelian.

Obviously, every abelian almost 3-contact structure on a Lie algebra is hypernormal.

4.1. General properties of Lie algebras with abelian almost 3-contact structures. We
establish some fundamental properties of abelian almost 3-contact structures on Lie algebras.
In fact, we show the existence of a vector Z € §h and an endomorphism 1 : h — b which encode
many features of the Lie algebra and the abelian structure.

Given an almost 3-contact Lie algebra (g, s, &, i), we put ¢ = [&,§;] for every even
permutation (4, j, k) of (1,2,3). As a first result we prove the following lemma.

Lemma 4.4. Let (g, p;, &, 1) be an almost 3-contact Lie algebra with abelian structure. Then,
for every even permutation (1,7, k) of (1,2,3),

1.opiQG =G = —9;G and ©i(; = @;(;;
2. ¢ € Kern, NKern; and n;¢; = n;¢;.

Proof. Since adg, o p; = ¢; o adg,, we have
©iC; = @ilk, & = @ik, &) = [-&, &) = G,

which implies that ¢, € Kern;. Analogously, one shows that ¢;(; = —(, € Kern;. Conse-
quently, we have

©;iG = 0i(PrG) = G + m(G)E = v,
;G = ni(rCi) = miGi,
thus completing the proof. O

As a consequence of 1. in Lemma 4.4, for an abelian almost 3-contact structure we can define
Z = ¢;(;, 1=1,2,3.
Note that Z € h. We also remark that property 2. in Lemma 4.4 can be equivalently expressed
by
e ([6s, &]) = 20€rst

for some real number § and for every r,s,t = 1,2,3, where ¢, denotes the totally skew-
symmetric symbol. Therefore, 20 = n;(; for all i = 1,2, 3, and we have
(14) G = —piZ + 20¢;.

Consequently, we can state the following

Proposition 4.5. Let (g,p;,&,m:) be an almost 3-contact Lie algebra with abelian structure.
Then the vertical subspace v is a subalgebra of g if and only if Z = 0, in which case either v is
abelian or isomorphic to s0(3), according to § =0 or § # 0 respectively.
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We prove now a second basic lemma about abelian almost 3-contact structures.

Lemma 4.6. Let (g, ¢, &, n:) be an almost 3-contact Lie algebra with abelian structure. Then,
for every even permutation (i,7,k) of (1,2,3) and for every X,Y € b, the following hold:

1. [&, o X] = [fjv%’X];

2. &, X] = =&, 0iX] = [&, X] = 0il&;, X] = —p;[&, X];
3. [SZaX] € b;

4. [p:iX, 0;Y] = [on X, Y] = —[p; X, ;Y]

Proof. Let us consider X € h. Since &;, ¢; X € Kerny, we get
[&,@X] = [@k&ia@k%piX] = [éjv (ij]v
which gives 1. Analogously,
(65 05 X] = [0a&i prps X] = ~[&5, 0 X] = ~[0i&j, 07 X] = [&, X].
Therefore, we also have [§;, o X] = —[&;, X]| and [¢;, prX] = [&, X], so that
(S, 05 X] = =&, piorX] = —pil&, o X] = @il§;, X1,
&5, 0iX] = &, 06 X] = 05[&5, ouX] = ;& XT,

which completes the proof of 2. As regards 3., taking X = ¢, Z, Z € b, and applying 1., we
have

(S, X] = (& viZ] = [&, 052] = &k, i 2],
which belongs to b since each ade, commutes with ¢,. Finally, for every X,Y € b, we have

[0 X, 0;Y] = —[p;0: X, Y] = [oe X, Y] = [0ip; X, Y] = [0, X, ;Y.
O

Remark 4.7. With computations analogous to the ones in the proof of Lemma 4.6, one can
prove that if (g, ;, &, ;) is an almost 3-contact Lie algebra such that ¢; and @9 are abelian
then 3 is also abelian.

As a consequence of Lemma 4.6, given an almost 3-contact Lie algebra with abelian structure,
one can define an endomorphism

Proposition 4.8. The vector Z € b satisfies w(Z) = 0. In particular, [£, Z] = 0 for all £ € v.
Proof. Recall from (14) that Z satisfies

for any even permutation (1, 7, k) of (1,2, 3). It follows that
(16) (i [655 &rl] = =&, 0i 2] = =¥ (2).
On the other hand, using the Jacobi identity and (16), we have that

0= [&, [&5, &kl + [&5, [Sk &ill + [€r: €6, §1] = —30(2).
This implies ;([&;, Z]) = 0 and therefore [¢;, Z] = 0 for all 7. O

As an immediate consequence of Proposition 4.5 and Proposition 4.8 we get

Corollary 4.9. Ifv : b — b is invertible then v is a subalgebra of g.
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This result will be useful later when we classify 7-dimensional Lie algebras admitting abelian
almost 3-contact structures.

The next result is an easy consequence of Lemma 4.6.

Lemma 4.10. Kerady, |, = Kert and Imadg, |, = Im) for anyi = 1,2, 3, and these subspaces
of b are p;-invariant and Y-invariant for any i = 1,2,3. Therefore they have dimension multiple
of 4.
Lemma 4.11. Let (g, i, &, ;) be an almost 3-contact Lie algebra with abelian structure. Then,
for any X € b,

1. [&, &, X = —v4(X), for alli=1,2,3,

2. (& [&, X = =&, & X]] = —([&, X]) for any even permutation (i, j, k) of (1,2,3).
Proof. Let us denote for simplicity 7; := ade, | : b — b; also in this proof ¢; denotes an

endomorphism of h for all .. Note that T; commutes with ; and also with ¢. For the first
statement we compute

Y =TiopioTiop =T, op; =T

As for the second, we have T;T; = —T; o @2 o T; = =1 o T}, where we have used ¢; o T; =T},
from Lemma 4.6. Analogously, T;7T; = 1 o T}, and the result follows. U

We study next the adjoint action of the distinguished element Z € . We have already
proved in Proposition 4.8 that its action on v is trivial, we analyze next its action on b.
We point out first that it follows from the Jacobi identity and Lemma 4.11 that, for ¢ # 7,

(17) 16, &1 XT =206, [§, XTl, X eb.
Next, for X € b, we compute:
12, X] = [piZ, piX]
= [20&; — &5, &kl i X]
= 20[&, piX] — 2[&;, &, i X]]  (using (17))
=200(X) — 2[5, [¢5, X]] (using Lemma 4.6)
=2(6¢ +*)(X) (using Lemma 4.11).
Therefore,
(18) adz [y = 2(¢° + 60)).
Equation (18) together with Lemma 4.8 imply the following:

Corollary 4.12. Z is a central element of g if and only if the endomorphism v of b satisfies
P* +6¢ =0.

4.2. The sphere of abelian almost contact structures. An almost 3-contact Lie algebra
(g, vi, &, mi) carries a sphere of almost contact structures

29 = {<9007§a7na) ‘ a € 52}7

where, for every a = (ay, as, az) € S?,

(19) ©q 1= a1p1 + apr +asps, &, = a1y + axle +azls, N, = ain + asne + asns.
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In particular equations (13) are equivalent to

‘PaOQOb—T]b@ga:S%xb— (a'b)la
(pagb - €a><b7 Tla © @b = Naxb,

for every a,b € S?. In general, we shall assume the same definition (19) for every a € R3.

It is our purpose to prove that when the almost 3-contact structure is abelian then each
structure in the associated sphere is abelian. We will use the vectors ¢, = [§;,¢;] and Z = ¢;(;
defined previously.

Let us denote for each a = (a1, a,a3) € R3, (, := a1y + as(s + az(3 so that, for every
a,b € R3, we have

(2()) [ém fb] = Ca><b-

A direct computation using 1. in Lemma 4.4 and the definition of Z shows that for every
a,b € R3,

(21) (paCb = (a : b)Z + gaxb-
We show next that for every a,b € R3,
(22) (ade, o @p)[y = (a- b)Y + ad, [y = (pa © ade, )|y,

where 9 is the endomorphism of b defined in (15). Indeed,

3
(ade, 0 @)y = Y aibiade, o)y + Y (aibj(ade, o @)l + a;bi(ade, © @i)ly)
=1

i— 1<i<j<3

= (a- 0y + 8 (aib; — asbi) adg, s
= (a ’ b)?/) + adfaxbh]’

where ‘Gk denotes the sum over all even permutations of (1,2, 3), and we used the fact that for
27]7
every even permutation (i, j, k) of (1,2,3),

(23) (adg, 0 @;)|p = adg, [y = —(adg, o @i)ly,
as proved in 2. of Lemma 4.6. Analogously, using
(24) (pi 0 adg) )|y = adg, |y = —(0; 0 adg,)]y,

one shows the second equality in (22).

Proposition 4.13. Let (g, i, &, 1m:) be an almost 3-contact Lie algebra with abelian structure.
Then every structure (¢, &,n) in the sphere ¥y is abelian.

Proof. Let (¢a,&asMa), a = (a1,a2,a3) € S?, be a structure in the sphere % defined as in (19).
Notice that

Kern, =h ot E={&|bER? a-b=0}.
First we show that
(25) ade, © pq = 4 0 ade, .
From (22), we have

(ade, 0 wa)ly = ¥ = (a0 ade, ).
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Now, let us consider &, € v, with b € R3. Applying (20) and (21), we have

adga (SOG&J = [éav gaxb] = Cax(axb)u
@a(adga&,) = (pagaxb = (a ’ ((1, X b))Z + gax(axb) = gax(axb)a

thus completing the proof of (25).
We show now that

(26) [paX, 0aY] = [X,Y]
for every X,Y € Kern,. For every X, Y € B, we have

QOaX Q)Oa Z a; QOZX sz Z aiaj([gpiXa ‘PjY] + [QOan QOZX])

1<i<j<3
= (a-a)[X, Y] =[XY],
where we applied 4. of Lemma 4.6 and the fact that each structure (¢;,&;, 7;) is abelian. Now,
let us take X € hand & € &, b € R? a-b = 0. Being a € S? and a-b = 0, we have (a xb) xa = b.
Therefore, applying equation (22), we get
[©alt, PaX] = [Eaxbr PaX] = [Elaxb)xa, X] = [&b, X].
Finally, let us consider &, & € &, with b, b’ € R3 such that a-b = a-V = 0. Then, being a € S?,
(axb)x(axV)=(a-(bxb))a=bxV,

and therefore,

[%Lfb, @afb'] = [gaxbafaxb’] = Caxb )X (axb’) = Qpxty = [fb,fb/]
which completes the proof of (26). O

4.3. Case v C j3(g). We analyze next the particular case when the vertical subspace v is
contained in the center 3(g). In particular, v is an abelian subalgebra of g.

Lemma 4.14. If & is a central element of g for some 1 = 1,2,3, then &; s central for all
i=1,2,3.

Proof. Let (i,7,k) be an even permutation of (1,2,3), with & € 3(g). Then ¢, = [§.§] =0
and it follows from (14) that Z = 0 and § = 0, so that v is an abelian subalgebra of g.
For X € b, it follows from Lemma 4.6 that

€k, X] = [& 9 X] =0,
Thus, both &; and  are central elements of 3(g). O

Assume now that v C 3(g). For X,Y € h we have a decomposition
(27> [X7 Y] = 01<X7 Y)fl + 02<X7 Y)f? + U3<X7 Y)£3 + [X7 Y]f)u
where 0;(X,Y) € R for all 7 and [X,Y], € h. Arguing as in the proof of Proposition 3.6 we

obtain that [-,-]5 is a Lie bracket on h and each o; is a 2-cocycle of h with respect to this Lie
algebra structure. If we define

(28) Q(X, Y) = 0'1(X, Y)gl -+ O'Q(X, Y)gg + 0'3(X, Y)gg cho,

then clearly 6 € /\Qh* ® v and, furthermore, @ is a v-valued 2-cocycle on f. Therefore g can be
considered as a central extension of f by 6.
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Next, setting J; := ¢;|p, it follows from (13) that {.J;, Ja, J3} defines an almost hypercomplex
structure on . Furthermore, taking into account that [¢; X, ;Y] = [X, Y] for all X, Y € b and
i =1,2,3, and using (27), we arrive at

[JZX, JZY]h = [X, Y]h, O'j(JZ'X, JZY) = O'j(X, Y)

for all 4, j = 1,2,3. Thus {.J1, Js, J3} is in fact an abelian hypercomplex structure on h and o,
is a J;-invariant 2-cocycle of h for all 7, j. Equivalently, 8 is a J;-invariant v-valued 2-cocycle of

b for all 7.

Summarizing, we have proved the first half of the following result:

Proposition 4.15. Let (g, @i, &, m) be an almost 3-contact Lie algebra with abelian structure
such that v C 3(g). Then the horizontal subspace by admits a Lie algebra structure and an abelian
hypercomplez structure {.Jy, Jo, J3} such that g is the central extension of the Lie algebra b by
a J;-invariant v-valued 2-cocycle 6 of b.

Conversely, if b is a Lie algebra equipped with an abelian hypercomplex structure {Jy, Ja, J3}
and 0 is a Ji-invariant R3-valued 2-cocycle on by, then the central extension g = R3 @y b carries
a natural abelian almost 3-contact structure (@, &, n;).

Proof. We only have to prove the second statement. Let h be a Lie algebra equipped with
an abelian hypercomplex structure {.J;, J5, J5} and let 6 be a J;-invariant R3-valued 2-cocycle
on b, ie. 6 € /\2b* ® R? satisfies df = 0 and 0(J; X, J;Y) = 0(X,Y) for any X,Y € b and
any i = 1,2,3. More explicitly, there exist a basis {£, &2, &} of R? and J;-invariant 2-cocycles
01,09,03 € /\Zh* such that

(29> 9(X7 Y) =01 <X7 Y)gl + 02<X7 Y)£2 + 03<X7 Y)g?) € R37
for X,Y € b. It is clear that the central extension of h by 6 carries a natural abelian almost
3-contact structure (¢;, &, 1;). O

For instance, we may consider o; = df; for some f; € h*, i = 1,2,3. Then 0 defined as in (29)
is J;-invariant and df = 0. However, in this case, the corresponding central extension of h by
0 is isomorphic to R? x h. Indeed, if g = R? @y b denotes the central extension of b by 6 then
T : g — R3 x b defined by

TE+X) =+ [LX)G+ fo(X)& + f3(X)& + X,

for ¢ € R® and X € b, is a Lie algebra isomorphism. In particular, on the subalgebra £ =
T71h) = {—fi(X)& — fo(X)& — f3(X)E& + X | X € b}, one can define the abelian complex
structures J!, i = 1,2,3, by J/(= >, f(X)& + X) = = > fo(LiX)E + J;.X, which satisfies
T(J!Z) = J,(TZ) for every Z € t.

Example 4.16. Recall from Proposition 2.3 that aff(C) is the only non abelian 4-dimensional
Lie algebra that admits an abelian hypercomplex structure. Let {J], J5, Ji} be any abelian
hypercomplex structure on aff(C). According to the discussion following Proposition 2.3,
{J1, J}, J} gives rise to a sphere which coincides with the sphere determined by the abelian hy-
percomplex structure {.J;, Jo, J3} given in (5). In particular, a 2-cocycle o of aff(C) is invariant
by {J!} if and only if it is invariant by {J;}. Therefore, using (11), a straightforward compu-
tation shows that such a 2-cocycle satisfies o = z(e'® — ') + y(e!* + €23) for some z,y € R.
Hence, o is exact and thus we obtain that any central extension of aff(C) by a J/-invariant
R3-valued 2-cocycle will be isomorphic to R? x aff(C), for any abelian hypercomplex structure

{Ji} on aff(C).
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We provide now three more examples of almost 3-contact Lie algebras with abelian structure
such that v C 3(g). We denote by g a (4n + 3)-dimensional vector space spanned by vectors
£1,89, &3, Try Tnotrs Tonr, Tanar, T = 1,...,m. Let {n;,0,}, i =1,2,3, 1 =1,...,4n, be the dual
basis of {¢;, 7}, and let ¢; be the endomorphism of g defined by

Pi =1 ® gk — Nk X gj + Z[er X Tin+r — ein-l—r X Tr + ejn-l—r & Tkn+r — ekn-l—r X Tjn-l—r]
r=1

where (i, 7, k) is an even permutation of (1,2, 3). In particular, one has

(30) @iTr = Tindr, @iTintr = —Tr, PiTin4+r = Tkn+r) LiTkn4+r = —Tjn4r-
In the next examples we consider three different Lie algebra structures on g, so that (g, ¢;, &, ;)

is an almost 3-contact Lie algebra.

Example 4.17. Let g be the Lie algebra whose non-vanishing commutators are:

[7_7"7 7_2n+7"] - )\51 [Tra Tn—f—r] = )‘52 [7_7"7 7_3n+r] = )‘§3

[Tn+r7 T3n+r] - )\fl [7—3n+r7 T2n+r] - )\52 [TQnJrra Tn+r] - )\§37
A # 0 being a real number. This is the Lie algebra b of the quaternionic Heisenberg group
HY. By a direct computation one can see that (¢;, &, ;) is an abelian structure. In fact g is

the central extension of the abelian Lie algebra R*" endowed with the hypercomplex structure
Ji == wily, i = 1,2, 3, with ¢; defined as in (30), by the J;-invariant v-valued 2-cocycle

0 - >\ Z{(er A 02n+7" - 03n+r A en-l—r) X 51 + (07" A en—l—r - 02n+7" A 03n+r) X 52

r=1

+ (‘97“ A 93n+r - 9n+r A ‘92n+r) X £3}

Example 4.18. Let g be the Lie algebra with non-vanishing commutators

[Tra 7—2n+r] - [Tn—l—ra 7—3n+r] - Afl, [7_7"7 Tn-‘,—r] - [7—3n+r7 7_2n+7"] - )\527

A # 0 being a real number. This is the Lie algebra of HS x R, where HC is the complex
Heisenberg group of real dimension 4n + 2, with Lie algebra h<. Then (¢;, &, ;) is an abelian
structure. In particular g is the central extension of R*" by the v-valued 2-cocycle

0 - >\ Z{(er A 02n+7" - 03n+7" A en—i—r) ® 51 + (07“ A en-‘rr - 02n+r A 03n+7") X §2}

r=1

Example 4.19. Let g be the Lie algebra with non-vanishing commutators

[Tra 7—2n+r] - [Tn—l—ra 7—3n+r] - >\§1

A # 0 being a real number. This is the Lie algebra of Hy, x R?, where HY is the real Heisenberg
group of real dimension 4n + 1, with Lie algebra b5, defined as in Example 3.4. Then (;, &, 1;)
is an abelian structure. In this case g is the central extension of R** by the v-valued 2-cocycle

0=A Z(er A 02n+7" - 03n+7" A en—i—r) ® §1~

r=1

We will consider again all the structures belonging to Examples 4.17, 4.18, 4.19, as examples
of parallel canonical structures (see Remark 6.15).
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5. SPECIAL CASES FOR THE RANK OF 1) AND CLASSIFICATION IN DIMENSION 7

Let us recall that the endomorphism 1 and the vector Z are related by (18). In this section
we will analyze particular cases, namely, when v is invertible and when 1) = 0. These are the
only possibilities in dimension 7, in which case we obtain a classification of almost 3-contact
Lie algebras with abelian structure.

5.1. Maximum and minimum rank for . Firstly, we consider the case when v is an
invertible endomorphism of b.

Proposition 5.1. Let (g, i, &, m:) be an almost 3-contact Lie algebra with abelian structure
such that the endomorphism 1 s invertible. Then the vertical subspace v is a subalgebra iso-
morphic to s0(3), b is an abelian ideal, and the non-zero brackets are given by

(31) [§:: 5] = 20, & X] = b0 X
for any even permutation (i, j,k) of (1,2,3), X € b and some 6 # 0. That is, g g ( ) X, R,
where p : 50(3) — gl(4n,R) is a representation of s0(3) such that {6 p(&) : 1,2 3} is a

hypercomplex structure on R*™.

Proof. Tt follows from Corollary 4.9 that v is a subalgebra of g, which is equivalent to Z = 0
according to Proposition 4.5. In particular, we have that [¢;, ;] = 20¢, for some § € R. Since
Z =0, equation (18) becomes ¢* + d¢b = 0, and from the fact that 1 is invertible we obtain
that § # 0 and ¢ = —d1|,. Hence, v = so(3) and, moreover, it follows from the definition of ¢
that [¢;, X] = 0p; X for any X € h and i = 1,2, 3.
We compute now, for X, Y € b,
=0.
If we decompose [X,Y] as [X,Y] = [X,Y], + [X, Y]y, with [X,Y], € v and [X,Y], € b, we
obtain that
=[G, [X, Y]]

X,
= [éz; [Xv Y]D] + [527 [Xv Y]h]
= (& [X, YTo] + ([ X, Ys),
with [&, [X, Y]] € v and ¢;([X,Y]y) € b, since v is a subalgebra and ¢; preserves . Therefore
[éia[Xv Y]D] =0, Qoi([Xv Y]h) =0.

Since ;| is an isomorphism, we have that [X, Y], = 0.

It follows from [&;, [X,Y],] = 0 for all i that [X, Y], = 0, since s0(3) has trivial center. Thus
[X,Y] =0 and b is an abelian subalgebra of g. Moreover, since adg, preserves b for all 4, b is
an abelian ideal of g. O

Let us move now to the case when ¢ = 0. We point out that in this case Z is a central
element of g, according to Corollary 4.12. In the next two propositions we distinguish the cases

Z=0and Z #0.

Proposition 5.2. Let (g, i, &, 1) be an almost 3-contact Lie algebra with abelian structure
such that ¢ =0 and Z = 0.
1. If 6 = 0 then v is in the center of g and therefore g is a central extension g = v @y bh
for certain J;-invariant v-valued 2-cocycle 6 of b, where J; = ¢;y, i = 1,2, 3.
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2. If 6 # 0 then both v and by are ideals of g and therefore g = v X b, with v = s0(3) and bh
carries an abelian hypercomplex structure.

Proof. As 1» = 0 we have that [£, X] =0 for all £ € v and X € h. Also, v is a subalgebra of g
since Z = 0.

If § = 0 then v is abelian and therefore is contained in 3(g). The statement follows from
Proposition 4.15.

If § # 0 then v = s0(3), and we will show next that b is a subalgebra. For X,Y € h we may
decompose [X,Y] as [X,Y] = [X,Y], + [X, Y]y, with [X,Y], € v and [X,Y], € h. For £ € v,
we compute

0=[& X Y]+ [X [V €]l + [V, [6, X]] = €, [X, Yo + [X, Vo] = [§, [X, Y.

Since v has trivial center, we obtain [X,Y], = 0, thus b is a subalgebra of g, equipped with
an abelian hypercomplex structure {J; = ¢;|y}. Moreover, since [v,h] = 0, we obtain that
g=vxbh. O

Proposition 5.3. Let (g, i, &, m:) be an almost 3-contact Lie algebra with abelian structure
such that ¥ = 0 and Z # 0. Then b is an ideal of g with an abelian hypercomplex structure.
Moreover, the center of b contains Z and Z; := p;Z fori1=1,2,3.

The adjoint action of &, 1 =1,2,3, is given by

(32) i, &3] = 2081 — 2y, €, X] =0,

for any even permutation (i, 7, k) of (1,2,3) and for any X € b. If § # 0 then g = u x b, where
u = span{20&; — 21,208 — 29,2083 — Z3} is an ideal isomorphic to so(3).

Proof. Let us note first that the first equation in (32) is nothing but (14), while the second one
follows from 1) = 0.

We prove next that b is a subalgebra of g. For X, Y € b, using the Jacobi identity and (32)
we have that
If we decompose [X, Y] as [X, Y] = [X, Y], +[X, Y]y, with [X, Y], € v and [X, Y], € b, then we
obtain [, [X,Y],] = 0. Let us further write [X, Y], = a1&1 + a2 + as&s for some ay, as, az € R.
Using (32) again we get

0= [fla a1§1 + axés + a3§3] = a2(25f3 - Z3) - a3(25§2 - 22)7

and therefore ay = a3 = 0. Analogously, considering [¢3, [X,Y],] = 0 we also obtain a; = 0,

hence [X,Y], =0 and b is a subalgebra. The fact that b is an ideal follows from [v, h] = 0.
The last statement follows from [20¢; — Z;,20¢; — Z;] = 46%(20&, — Zy), for any even permu-

tation (i, j, k) of (1,2,3), which implies that u = so(3). d

5.2. Classification in dimension 7. Here we will provide the classification of 7-dimensional
Lie algebras admitting an abelian almost 3-contact structure, using the results obtained in the
previous subsection.

Theorem 5.4. Let g be a non-abelian 7-dimensional Lie algebra admitting an abelian almost
3-contact structure (p;, &, m;). Then 1 is invertible or ) = 0. Moreover,
(a) If 1 is invertible, then g = s0(3) x R* with brackets given as in (31).
(b) If = 0 and Z = 0, then g is isomorphic to one of the following Lie algebras: R? x
ajf(C), by x R?, bt x R, bY, s0(3) x R, s0(3) x aff(C).
(c) If v =0 and Z # 0, then g is isomorphic to one of the following Lie algebras: s0(3) x R*
orn x R, where n is the free 2-step nilpotent Lie algebra on 3 generators.
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Proof. Tt follows from Lemma 4.10 that dim Ker is 0 or 4, therefore either v is invertible or

P = 0.
(a) This follows by applying Proposition 5.1, since v is invertible.

(b) When ¢ = 0 and Z = 0, we apply Proposition 5.2. If we assume 0 = 0 then g is
isomorphic to a central extension R* @y b, where b is a 4-dimensional Lie algebra equipped
with an abelian hypercomplex structure {.J;} and 6 is a J-invariant R3-valued 2-cocycle on b.
According to Proposition 2.3, we have that b is isomorphic to R* or aff(C).

If h = aff(C) then g = R? x aff(C) (see Example 4.16).

If h = R* then we may assume that the hypercomplex structure {J;} on R* is given by

—1 —1 —1

1 1 —1
—1 ) J2 o 1 )

1 -1 1

(33) L=

in some ordered basis {e1, ey, €3, e4}. Accordingly, the Lie bracket on g is given by

le1, e2) = —[es, eq] = a1y + Br&e + M3
le1, e3] = [ea, ea] = @y + Baba + 71283
le1, e4] = —[eq, €3] = &y + P& + 733,

for some «;, B;,v; € R. Therefore, the Lie bracket on g is encoded by the 3 x 3 matrix

a1 Qo Q3
A - 61 62 63
T2 8

Note that A # 0 since g is not abelian, in fact, g is 2-step nilpotent. Moreover, the rank of A
determines the isomorphism class of the Lie algebra. Indeed, if rank(A) = 1 then g = b5 x R
if rank(A) = 2 then g = ht x R, and if rank(A) = 3 then g = b}

If we assume ¢ # 0, we obtain that g = s0(3) x h, where b is an ideal equipped with an abelian
hypercomplex structure. It follows from Proposition 2.3 that either h = R* or h = aff(C).

(¢) When ¢ = 0 and Z # 0, we apply Proposition 5.3. In this case h is a 4-dimensional
Lie algebra equipped with an abelian hypercomplex structure and non trivial center, therefore
h =R

If 6 = 0 then the only non-zero brackets are

&, &) = — 2k,

for any even permutation (i,7,k) of (1,2,3). Clearly, g is a 2-step nilpotent Lie algebra.
Moreover, g = n x R, where n = span{&;, s, &3, 21, 2o, Z3} is isomorphic to the free 2-step
nilpotent Lie algebra on 3 generators.

If § # 0 then the only non-zero brackets are

&, &) = 208, — 2y,

for any even permutation (4, j, k) of (1,2,3). Moreover, g = u x R* where u = span{20¢; —
21,208 — 25,2083 — Z3} is an ideal isomorphic to s0(3). O

Remark 5.5. Concerning the proof of (2) in the theorem above, in the case A € GL(3,R),
that is, g = bt let us consider an inner product on g such that the basis {£1, &2, &3, €1, €2, €3, €4}
is orthonormal. Then it can be seen that g with this inner product is an H-type Lie algebra if
and only if A € O(3) (see [32] for the relevant definitions).
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Remark 5.6. The Lie algebra s0(3) x R? has already appeared in other contexts. For instance,
it is proved in [27] that SU(2) x R?, the associated simply connected Lie group, carries a weakly
integrable generalized Go-structure with respect to a non-zero closed 3-form H. Moreover, this
group admits compact quotients which inherit this structure (see also Section 7). In [18] it is
shown that this Lie group also admits a left invariant contact SU(3)-structure.

On the other hand, the 2-step nilpotent Lie algebra n x R admits a calibrated Ga-structure,
according to [17]. Since the structure constants are rational, there exists a cocompact discrete
subgroup, due to a well known criterion by Malcev ([33]); the quotient, called a nilmanifold,
carries therefore an induced calibrated Gs-structure.

6. CANONICAL ABELIAN ALMOST 3-CONTACT STRUCTURES

In this section we will introduce the class of canonical abelian almost 3-contact structures.
As motivated in the introduction, referring to the notion of canonical almost 3-contact metric
manifolds introduced in [2], we will investigate the existence of a canonical connection on a Lie
group G, endowed with a left invariant abelian almost 3-contact metric structure (¢;, &, 7, 9)-

We recall some basic facts about connections with totally skew-symmetric torsion. For more
details we refer to [1].

A metric connection V with torsion 7" on a Riemannian manifold (M, g) is said to have totally
skew-symmetric torsion, or skew torsion for short, if the (0, 3)-tensor field 7" defined by

T(X,)Y,Z)=g(T(X,Y),2)

is a 3-form. The relation between V and the Levi-Civita connection V¥ is then given by
1
(34) VxY =V%Y + §T(X, Y).

It is well known that V has the same geodesics as V9. The curvature tensor of V, defined by
R(X,)Y) = [Vx, Vy| = V[x v, satisfies

g<R<X7 Y>Zv W) = _g(R<X7 Y)W7 Z),

but the Bianchi identities are more complicated than the Riemannian ones. As a consequence,
in general the identity

(35) g R(X,Y)VZ W) =g(R(Z,W)X,Y)

is not satisfied and the Ricci tensor of R is not necessarily symmetric. Nevertheless, if V has
parallel torsion, i.e. VT = 0, then (35) holds and the Ricci tensor is symmetric. Actually, for a
metric connection with totally skew-symmetric torsion 7', the Ricci tensor is symmetric if and
only if the torsion is coclosed ([31]).

6.1. Connections with skew torsion on Hermitian and almost contact metric man-
ifolds. On any Hermitian manifold (M, J, g) there exists a unique metric connection V® with
totally skew-symmetric torsion such that V°.J = 0. This connection is known as the Bismut con-
nection and its torsion is the 3-form given by ¢(X,Y, Z) = JdQUX,Y, Z) .= —dQ(J X, JY, JZ),
where Q = g(-,J-) is the Kéhler form. If (h,.J, g) is a Hermitian Lie algebra with abelian
complex structure J, considering any Lie group H with Lie algebra h and the corresponding
left invariant structure (J, g), the torsion of the Bismut connection on H is given by

for every X,Y € B. In particular, the Bismut connection V? satisfies
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for every X,Y, Z € b (]23]).

In [28] T. Friedrich and S. Ivanov proved that an almost contact metric manifold (M, ¢, &, 1, g)
admits a metric connection with totally skew-symmetric torsion V such that Vo = Vn = V& =
0 if and only if

(a) the tensor N, (defined in (6)) is totally skew-symmetric,
(b) ¢ is a Killing vector field.

The connection V is uniquely determined. It is called the characteristic connection of the
structure, and its torsion is given by

(37) T=nANdn+ N, +d?®—nA(EIN,),
where d?® is defined as d*®(X,Y, 7)) := —dP(pX, ¢Y, 7). Using this result, we can prove
the following

Proposition 6.1. Let g be a Lie algebra endowed with an abelian almost contact metric struc-
ture (¢,&,m,9). Let G be any Lie group with Lie algebra g, with corresponding left invariant
structure (v, &,1,q). Then the following conditions are equivalent:

(a) G admits a characteristic connection,
(b) ad¢ : h — b is skew-symmetric,
(c) £2dd =0.
The torsion of the characteristic connection is given by
T =nANdn+c,
where ¢ is the 3-form defined on b by

Proof. Since the structure is abelian, it is normal. Therefore, the Lie group G admits a char-
acteristic connection if and only if ¢ is Killing, which is equivalent to requiring ade to be
skew-symmetric on g. Since b is ad¢-invariant, this is equivalent to the skew-symmetry of
ade : b — b. On the other hand, for every X,Y € b, we have

d®(€, X,Y) = =®([§, X]Y) — ©([X, Y],§) — ([, ], X)
= —g(adeX, pY) + g(adeY, .X)
= —g(ade X, oY) — g(adepY, X),
so that ad¢ : h — b is skew-symmetric if and only if {1d® = 0. The torsion of the characteristic
connection is given by (37), where N,, = 0. Furthermore, { 1d*® = 0 and for every X,Y, Z € b
d*P(X,Y, 7)) = —dP(eX, ¢Y,p2)
= ([ X, oY], 0Z) + ([pY, 9 Z], pX) + O([pZ, ¢ X], Y
= O([X,Y],p2) + O([Y, Z], o X) + ®([Z, X], ¢Y)
= —g([X.Y], 2) —g([Y, 2], X) — g([Z, X], Y).
O

Remark 6.2. Let us consider an almost contact metric Lie algebra (g, ¢, &, n, g) with abelian
structure such that £ is central. Then any Lie group GG with Lie algebra g admits a characteristic
connection. In this case g is the 1-dimensional central extension of a Hermitian Lie algebra
(b, J, g) with abelian complex structure, by a J-invariant 2-cocycle o. The bracket of g applied
to elements in h can be expressed as

[Xv Y] = 0<X7 Y)f + [Xv Y]ha
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where o(X,Y) € R and [X,Y], € h. Since £ and b are orthogonal we have that the 3-form
ce /\3h* defined in (38) is given by

(XY, 2) = —g([X, Y]y, 2) = g([Y, 2]y, X) = 9([Z, Xy, Y), XY, Z €.

Therefore ¢ coincides with the torsion form of the corresponding Bismut connection V°® on

(b, J,9).

Remark 6.3. Let us consider an almost contact metric Lie algebra (g, ¢, &, n, g) with abelian
structure such that dn = 0. By Proposition 3.11, g is the 1-dimensional extension of the
Hermitian Lie subalgebra (b, J, g), with abelian complex structure, by the derivation D :=
ade : b — b, which commutes with J. If furthermore D : h — b is skew-symmetric, then g
admits a characteristic connection V. The torsion T" of V satisfies €47 = 0 and coincides on
fh with the torsion form c¢ of the corresponding Bismut connection. Notice that, if (b, J, g) is
a Kahler Lie algebra, then ¢ = T = 0. In fact in this case, (g,¢,&,7,9) is a coKéhler Lie
algebra (see Proposition 3.14), and the characteristic connection coincides with the Levi-Civita
connection.

6.2. HKT manifolds and canonical almost 3-contact metric manifolds. Let (M, J;, g),
1 = 1,2,3, be a hyperHermitian manifold, that is a hypercomplex manifold endowed with a
Riemannian metric g which is compatible with every complex structure J;, ¢ = 1,2,3. Then M
is said to be a hyperKdhler with torsion (HKT) manifold if it admits a metric connection with
totally skew-symmetric torsion such that V.J; = 0. In fact M is a HKT manifold if and only
if J1dQy = JodQe = J3dSd3, where ; is the Kéhler form of the structure (.J;, g). The metric
connection with skew torsion parallelizing the three complex structures is uniquely determined:
it is the connection with skew torsion

C = Jldgl = JQdQQ = Jngg,

which coincides with the Bismut connection of each Hermitian structure (J;, ¢) ([29]). A HKT
structure is called strong if the torsion c is closed, and it is called weak otherwise. When ¢ = 0,
V is the Levi-Civita connection of g and the structure is hyperKahler.

Let g be a Lie algebra endowed with a hypercomplex structure J;, 2 = 1, 2, 3, and a compatible
inner product g. Then (J;,g), ¢ = 1,2,3, is said to be a HKT structure on g if any Lie group
G with Lie algebra g, endowed with the corresponding left invariant structure (J;, g) is a HKT
manifold ([23]). It is proved in [23, Proposition 2.1] that, when the hypercomplex structure on
g is abelian, then the structure on GG is HKT and the torsion of the Bismut connection is given
by (36). Furthermore, if the Lie algebra is non-abelian, the HKT structure on G is weak.

Going now to the context of almost 3-contact structures, we recall the definition and the
characterization of canonical almost 3-contact metric manifolds (see [2] for more details).

Definition 6.4. [2] An almost 3-contact metric manifold (M, ¢;,&;,m;, g) is called canonical if
the following conditions are satisfied:

i) each N, is skew-symmetric on #,
ii) each ¢; is a Killing vector field,
iii) for any X,Y,Z € I'(H) and any 7,5 = 1,2, 3,
th <X7 Y7 Z) - dq)l<(,02X, SOZY7 QOZZ) = N<P <X7 Y7 Z) - dq)J'((ija ()ija ()OjZ)u

i J
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iv) M admits a Reeb Killing function f € C*(M), that is the tensor fields A;; defined on
‘H by
satisfy
(39) Aa(X,Y) =0, A (X,Y) = —Au(X,Y) = BDu(X,Y),
for every X,Y € I'(H) and every even permutation (i, j, k) of (1,2, 3).

Theorem 6.5. [2] An almost 3-contact metric manifold (M, i, &, mi, g) is canonical, with Reeb
Killing function B, if and only if it admits a metric connection V with skew torsion such that

(40) Vxpi = Bm(X)p; —n;(X)er)

for every vector field X on M and for every even permutation (i,j,k) of (1,2,3). If such a
connection V exists, it is unique and its torsion is given by

T(X,Y,Z) = Ny, (X, Y, Z) — dPi(0: X, 0iY, 0iZ),
T(X,Y,&) = dm(X Y),

T(X, & &) = —9([&: &1, X),

T(&,82,8) = 2(8—9),

for every X, Y, Z € I'(H), and i,j7 = 1,2,3. Here 0 is the Reeb commutator function, that is a
differentiable function such that ni([&:, €5]) = 20€;.-

The connection V defined in the Theorem above is called the canonical connection of M.
Besides equation (40), it satisfies

(41) Vx& = Bm(X)E — ni (X)), Vxni = Bl (X)n; — n;(X)nk)

for every vector field X on M. A canonical almost 3-contact metric manifold is called parallel
if 5 =0, in which case the canonical connection parallelizes all the structure tensor fields.

In a canonical almost 3-contact metric manifold (M, ¢;, &, 1:, g), each structure (v;, &, 74, 9)
admits a characteristic connection V?. In general the three characteristic connections do not
coincide. In the parallel case, it can be shown that V! = V? = V3 = V.

A large class of canonical almost 3-contact metric manifolds is given by 3-(«, §)-Sasaki man-
ifolds. These are defined as almost 3-contact metric manifolds with structure (p;, &, n;, g) such
that

(42) dn; = 20®@; + 2(a — ) A\

for every even permutation (7,j, k) of (1,2,3), where a@ # 0 and 0 are real constants. A 3-
(e, 0)-Sasaki manifold is called degenerate if 6 = 0 and nondegenerate otherwise. Quaternionic
Heisenberg groups are examples of degenerate 3-(«v, §)-Sasaki manifolds [2, Example 2.3.2]. It is
known that every 3-(a, 0)-Sasaki manifold is hypernormal. In particular, when o = 6 = 1, the
manifold is 3-Sasakian. Furthermore, every 3-(a, d)-Sasaki manifold is canonical with constant
Reeb Killing function 5 = 2(d — 2a/), and the canonical connection has parallel torsion.

A second class of canonical almost 3-contact metric structures is given by 3-0-cosymplectic
structures. They are defined by the conditions

for some § € R and for every even permutation (i, 7, k) of (1,2,3). When 6 = 0, this is the
notion of 3-cosymplectic structure. Every 3-6-cosymplectic manifold is hypernormal and locally
isometric to the Riemannian product of a hyperKéhler manifold, tangent to the horizontal
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distribution, and the 3-dimensional sphere of constant curvature 62, tangent to the vertical
distribution. Further, every 3-d-cosymplectic manifold is parallel canonical, and the torsion of
the canonical connection is given by 1" = —2dm; A 12 A 13.

6.3. Canonical abelian almost 3-contact metric structures.

Definition 6.6. An almost 3-contact metric structure (¢;, &;,7;,g) on a Lie algebra g is called
(parallel) canonical if any Lie group G with Lie algebra g, endowed with the corresponding left
invariant almost 3-contact metric structure (p;, &, 7;, g) is (parallel) canonical.

Theorem 6.7. Let (g, vi, &, mi, g) be an almost 3-contact metric Lie algebra with abelian struc-
ture. Then the structure is canonical if and only if

1. the vertical subspace v is a subalgebra of g, so that [&;,&;] = 20&, 0 € R;
2. adg, |y = gcpih] for every i =1,2,3 and for some 3 € R.

If the structure is canonical, the canonical connection of a Lie group G with Lie algebra g,
endowed with the corresponding left invariant structure, has torsion

3
(43) T=c+ Y niNdn+2(8+26) m A A,

i=1
where ¢ is the 3-form defined on b by
(44) C(X7 Y, Z) = _g([Xv Y],Z) _g([x Z]aX) —g([Z,X],Y).

Proof. Let us consider a Lie group GG with Lie algebra g, and the corresponding left invariant
structure (¢;, &, m;,g). Since the almost 3-contact structure is abelian, it is hypernormal, so
that N, = 0. Furthermore, a computation analogous to one in Proposition 6.1 shows that for
every X,Y, Z € b and for every 1 = 1,2, 3,

d(I)Z((,OiX, QOZ-Y’ SOiZ) = g([Xv Y],Z) +g<[Y7 Z]7X) —l—g([Z,X],Y),

so that condition iii) in Definition 6.4 is satisfied.
Now, we consider the tensors A;; defined by

Aij<X7 Y) = g<<£§j§0i>X7 Y) =+ dnj<X7 (:OiY> + dnj<(piX7 Y>7
for every X, Y € h. Since the structure is abelian, we have
dni (X, i) +dn;(0: X, Y) = —n; ([X, 0:Y] + [0 X, Y]) = 0,

so that Ay(X,Y) = g((Le;pi) X, Y). From adg, o ¢; = ; 0 adg,, and equations (23), (24), we
have

Ai(X)Y) =0, Aij(Xay) = —Aji(X> Y) = —2g(ad£an Y).

Therefore, since both the endomorphisms adg, and ¢ preserve the subspace b, equation (39)
holds if and only if 2ade, |y = Sykls for some f € R. In particular, this implies that each
endomorphism ady, is skew-symmetric on b.

The last requirement for the structure to be canonical is that each & should be Killing,
which is equivalent to require that ad, is skew-symmetric on g. Therefore, for every X € b
and r = 1, 2,3, we have

g([glaX]agr) + Q(X, [fz,fr]) =0.

Since [¢;, X] € b, we deduce that the vertical subspace has to be a subalgebra of g, which
according to Proposition 4.5 is isomorphic to either R? or s0(3). In particular [§;, ;] = 20& for
some 0 € R, and adg, is also skew-symmetric on .
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Finally, if the abelian structure (¢;,&;,1;,g) on g is canonical, the Lie group G admits a
unique metric connection V with skew torsion satisfying

Vxgi = B(X)p; —n;(X)pr) VX eg.
From Theorem 6.5, the torsion of the canonical connection is given by

T(X7 Y, Z) - _g([X7 Y],Z) - g([x Z]aX) —g([Z,X],Y),
T<X7 Y7 gl) = an<X7 Y)7

T(X7 gia 6]) - 07
T(€1,€27 §3) - 2(6 - 5)7
for every X,Y,Z € b, 4,7 = 1,2,3. The equations above are equivalent to (43). U

Remark 6.8. Conditions 1. and 2. in Theorem 6.7 can be rephrased as
(45) Z =0, 29 = —pI,
for some real number [, which implies that ) = 0 or ¢ is invertible.

One can notice that conditions (45) are independent on the metric. Therefore, one can also
give the following

Definition 6.9. An almost 3-contact Lie algebra (g, ;, &, n;) with abelian structure is called
canonical it Z =0 and 29 = —f1, for some § € R. It is called parallel canonical if Z = 0 and

b =0.

In particular, every abelian almost 3-contact structure (p;,&;,n;) such that v C 3(g), is
parallel canonical. Therefore, all the structures belonging to Examples 4.17, 4.18, 4.19, are
parallel canonical.

Remark 6.10. Recall that every 3-(«, §)-Sasaki structure is hypernormal and canonical. Nev-
ertheless, notice that every abelian almost 3-contact metric structure (;, &, 7;,9) on a Lie
algebra g cannot be 3-(«, d)-Sasaki. Indeed, if the structure is abelian, taking 7,5 = 1,2, 3,
1 # j, for every horizontal vectors X,Y € b, we have

On the other hand,

Ci(p; X, 03Y) = 90X, 0ipsY) = —9(p; X, 050Y) = =i X, Y),
so that (42) cannot hold.

Due to (45), the description of almost 3-contact Lie algebras with canonical abelian structure
can be obtained by Propositions 5.1 and 5.2. In the following, taking a corresponding Lie
group G endowed with a compatible left invariant Riemannian metric, we separately examine
the parallel and non-parallel cases, determining for each case the canonical connection of the
structure. We shall also discuss the parallelism of the torsion.

Analyzing parallel canonical abelian structures (Z = 0, ¥ = 0), we distinguish the cases

0=0and d #0.
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6.3.1. Parallel canonical abelian structures with 6 = 0.

Proposition 6.11. Let (g, @i, &, i, g) be an almost 3-contact metric Lie algebra, with a parallel
canonical abelian structure such that 6 = 0. Then v C 3(g) and g is the central extension
g=0®yh of a Lie algebra by carrying an abelian hypercomplex structure J;, i = 1,2,3, for the
Ji-tnvariant v-valued 2-cocycle 6 on b given by

3
0(X,Y) = —de(X, Y)§;.

If G is any Lie group with Lie algebra g, endowed with left invariant structure (i, &, mi,9g), the
canonical connection of G is the connection with skew torsion

3
(46) T:c+Z77,~/\d77,~.

i=1

Proof. The first part is a consequence of Proposition 5.2. We only need to remark that, taking
into account (27), (28), and the inner product g, for every X,Y € b, we have

Equation (46) immediately follows from (43). O

We will compute explicitly the canonical connection V on a central extension as in Proposition
6.11. Keeping the notation in the proposition, the bracket of g applied to elements in f can be
expressed as

(47) (X, Y]=0(X,Y)+[X, Y], coDb,
and since v and h are orthogonal we have that the 3-form ¢ € /\3h* defined in (44) is given by
C<X7 Y7 Z) = _g<[X7 Y]h7Z) - g([Ya Z]h7X) - g([Zv X]mY), X7 Y7Z S b

Hence, c is the torsion form of the corresponding Bismut connection V? on (b, [+, Jy).

Recall that the canonical connection preserves the distributions defined by v and h. In
particular, in this parallel case we have V& = 0 for £ € v. Therefore, we only need to compute
g(VxY,Z)and g(VX,Y) for X,Y,Z € h and € € v. Using (34) and (46), direct computations
show that

9(VxY, Z2) = g(ViY, Z) = —g(X, [, Z]),
9(VeX,Y) = —g([X, Y], §) = —g(0(X,Y),§).
To sum up, we have
Proposition 6.12. The canonical connection V on g =0 @y b is given by
(48) 9(VxY, Z) = —g(X,[Y, Z]) for any X, Y, Z € g.

This is the same expression of the Bismut connection on a Lie algebra with an abelian
hypercomplex structure and hyperhermitian metric (see [23]).

Remark 6.13. Notice that, being Vn; = 0, if n is a 1-form g-dual to an element of v, then
Vn = 0. Further, V w € b* for all A € g and w € g*.

We discuss now the parallelism of the torsion.
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Recall that /\39* = /\3(0 @h) = /\30* & /\20* o ® /\Qb* D /\3[)*. The torsion 3-form
T on g is given by

3
T:c—i—Zm/\dm,
i=1
with ¢ € A’h* and n; Adn; € 0% ® A’b* for all i, since dn;(&,+) = 0 for any £ € v. Therefore,
for any A € g we have

Vace N'b*, Va(mi Adn) =i A Vady; € 0° @ ',
Thus, T is parallel if and only if ¢ and n; A dn; are parallel for all ¢, which is equivalent to
Vadn; =0, for all i = 1,2,3. As a consequence, we get

Proposition 6.14. The torsion 3-form T is parallel if and only if Vac =0 and V 4dn; = 0 for
all A € g and for alli=1,2,3.

In particular, if 7" is parallel then the Bismut connection on h has parallel torsion.

Example 6.15. Consider the Lie algebras described in Examples 4.17, 4.18, 4.19, all admitting
a parallel canonical abelian structure with § = 0, obtained as central extensions of the abelian
Lie algebra R*". Take the inner product g, on g with respect to which the basis of vectors &;, 7;
is orthonormal. Then (g, ¥;, &, 7, gx) is an almost 3-contact metric Lie algebra with abelian
structure. If G is any Lie group with Lie algebra g, endowed with the left invariant structure
(i, & Miy g0), being ¢ = 0, the torsion of the canonical connection of G is

3
T =" n Adn.
i=1

One can notice that the Lie algebra described in Example 4.17 is isomorphic to the Lie algebra
described in [2, Example 2.3.2] via the isomorphism interchanging 7,,,, and 7o,,,. Therefore,
two different left invariant almost 3-contact metric structures are provided on the quaternionic
Heisenberg group. In fact, the structure in [2, Example 2.3.2] is a degenerate 3-(«, §)-Sasaki
structure, while the structure belonging to Example 4.17 is not 3-(«, 6)-Sasaki, since it is abelian
(see Remark 6.10).

Referring to these three examples, endowed with the compatible metric g,, we show that
Example 4.19 is the only one for which the canonical connection has parallel torsion. Indeed,
in these cases, we have that VT = 0 if and only if Vdn; = 0. In all the three examples,

dnl == Z(er A ‘92n+r - 93n+r A 9n+7’)-

r=1
As regards Examples 4.17 and 4.18, using (48), one can easily check that

Ve, Tr = = ATogr, Ve, Tngr = ATy, Ve, Tongr = AT3ngr, Ve, Tngr = —ATongr,
and thus on the dual 1-forms, we have

Ve, 0, = —A0pgr, Ve, Onir = A0, Ve, 0onir = MNspy, Ve, 08n4r = —Aopiy,
so that we get

Ve, di = =20 (0r Absyir — Onir Abznsyy) # 0.
r=1
As regards Example 4.19, the only non-vanishing covariant derivatives of the canonical connec-
tion are

V& Tr = _)\7—2n+r7 v§1T2n+r = )\Tra V& Tntr = _)\T3n+r7 v§1T3n+r = )\Tn+r7
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and we have analogous equations on the dual 1-forms, which imply that V¢ dn; = 0. Together
with the fact that dn, = dns = 0, this implies that VI' = 0.

Recall that for a metric connection V with skew torsion 7" the parallelism of the torsion is
a sufficient condition for the Ricci tensor to be symmetric. Nevertheless, we shall see that in
all the three cases discussed in Example 6.15, the Ricci tensor is symmetric, which is in fact
equivalent to the torsion form being coclosed.

Proposition 6.16. If the Lie algebra by is abelian, the Ricci tensor of the canonical connection
on g =10 @y b s symmetric.

Proof. For every A, B € g, the Ricci tensor of the canonical connection is given by

Ric(A, B) Zg (&, A)B, &) +Zg (ei, A)B, e;),

where {e;} is an orthonormal ba51s of h. Since V¢; = O, we have

On the other hand, since b is abelian, from (48) and (47) we have V., = 0 and thus

Ric(A, B) Zg Vie,,aB, ei) Zg e, Al, (B, eil),

which implies that Ric(A, B) = ch(B, A). O

Remark 6.17. The Lie groups in Example 6.15 are all nilpotent and have rational structure
constants, therefore due to Malcev’s criterion ([33]), they admit co-compact discrete subgroups.
The corresponding nilmanifolds admit an induced parallel canonical almost 3-contact metric
structure.

6.3.2. Parallel canonical abelian structures with § # 0.

Proposition 6.18. Let (g, i, &, mi, g) be an almost 3-contact metric Lie algebra, with a parallel
canonical abelian structure such that 6 # 0. Then g = v X b, with v = s0(3) and b carrying an
abelian hypercomplex structure J;, i = 1,2,3. If G is any Lie group with Lie algebra g, endowed
with left invariant structure (p;, &, i, g), the canonical connection of G is the connection with
skew torsion

(49) T =c—2dn An2 Ans.

Proof. This is again an immediate consequence of Proposition 5.2 and Theorem 6.7. Equation
(49) follows from (43), taking into account that in this case dn; = —2dn; A 1y, for every even
permutation (i, j, k) of (1,2, 3). O

In the assumptions of the Proposition above, the Lie subalgebra h of g is endowed with
the HKT structure (J;,¢g), ¢ = 1,2,3. The 3-form ¢ coincides with the torsion of the Bismut
connection V® of any Lie group H with Lie algebra b, and left invariant structure (J;,g),
i=1,2,3.

Considering the canonical connection V and applying (34) and (49), one immediately verifies
that

9(VxY,Z2) = g(V&Y,Z) = (X, [V, Z]),  g(VeX,Y)=0
for X,Y,Z € b and € € v. Being also V& = 0, we have that VxY = V%Y € b for X,Y € b
and all the other covariant derivatives vanish.
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Therefore, taking into account (49), since Vn; = 0, we have that

Proposition 6.19. The torsion 3-form T on g = s0(3) X b is parallel if and only if Vxc =0
for all X € b, or equivalently Vbc = 0, that is the Bismut connection on b has parallel torsion.

Remark 6.20. In the assumptions of Proposition 6.18, if the Lie algebra b is abelian, then
¢ = 0 and the hyperhermitian structure (J;, g) is hyperKéhler. In this case, if G is the simply
connected Lie group with Lie algebra g, then it is isomorphic to SU(2) x R*", and the structure
(i, &, mi,9) on G is 3-d-cosymplectic.

6.3.3. Non-parallel canonical abelian structures.

Proposition 6.21. Let (g, ¢;, &, m:,9) be an almost 3-contact metric Lie algebra endowed with
a non-parallel canonical abelian structure, i.e. Z =0 and 2¢p = —p1I, with 5 # 0. Then = 26
and g = s50(3) x R*™, with non zero brackets given by

(50) &, &3] = 20&k, &, X] = pi X,

for any even permutation (i, j, k) of (1,2,3). If G is any Lie group with Lie algebra g, endowed
with the left invariant structure (@;, &, m;,9), the canonical connection of G is the connection
with skew torsion

(51) T = 257’/1 VAN 2 N 3.

Proof. This is a consequence of Proposition 5.1 and Theorem 6.7. In particular, even in this
case dn; = —20m; A n, for every even permutation (4, j, k) of (1,2,3), and (51) follows from
(43). O

In the case of Proposition 6.21, the canonical connection V has parallel torsion. Indeed, by
the second equation in (41),

Vxn; =0, Vgﬂh‘ = —20my, Ve, ni = 20m;

for every X € b and for every even permutation (7,7, k) of (1,2,3). Therefore, taking into
account (51), we have VT = 0.

Further, under the assumption of the Proposition above, using (50), one can easily check
that the fundamental 2-forms of the structure satisfy

for every even permutation (i, j, k) of (1,2,3), which implies that in this case the structure is
not 3-6-cosymplectic.

7. THE LIE ALGEBRA s0(3) x R*"

In this section we determine the simply connected Lie group associated to the Lie algebra
50(3) x R*" which, according to Proposition 6.21, carries a non-parallel canonical abelian struc-
ture. Later we show that for any n this Lie group admits discrete co-compact subgroups, and
therefore the associated compact quotients inherit an abelian almost 3-contact metric structure
with a non-parallel canonical connection. We also study the first homology group of some of
these quotients.

Let {Jy, Jo, J3} be a hypercomplex structure on the abelian Lie algebra R?" and let us consider
the Lie algebra so(3) generated by {&;, &2, {3} with Lie brackets given as usual by [&;, §;] = 20&
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where (i, 7, k) is an even permutation of (1,2,3) and § # 0. Then there exists a representation
p of 50(3) on R*" given by

(52) p:s0(3) — gl(4n, R), p(&) =46J;, i=1,23.

We denote by g, the Lie algebra g, = s0(3) x, R*. Then it is straightforward to verify that
g, admits an abelian almost 3-contact structure with invertible endomorphism 1, and the Lie
bracket on g, is given as in (31).

Proposition 7.1. Let {Jy, Jo, J3} and {J}, J3, J5} be two hypercomplex structures on R*™, with
corresponding representations p, p' of s0(3) on R*™ as in (52). Then the Lie algebras g, and
g, are isomorphic.

Proof. It is easy to verify that there exist linearly independent vectors Wi, ..., W, € R* such
that i {W;, 1W;, JoW;, J3W;} is a basis of R*". Analogously, there exist linearly independent
vectors WY, ..., W) € R* such that J._ {W/, JJW/, W/, JsW/} is a basis of R*". Define
T € GL(4n,R) by

TW, =W/, T(LW) =AW, T(LW,)=JW/, T(JLW,) = LW,
for all i. Therefore T'.J; = J/T for all i, i.e. T is a intertwining operator for the representations

p and p'. Using this property it is straightforward to verify that the linear map g, — g, given
by (&, X) — (£, TX), for £ € 50(3), X € R, is a Lie algebra isomorphism. O

This proposition says that g, is independent of the hypercomplex structure we begin with, so
that we will fix one and will always work with it; the corresponding Lie algebra will be denoted
simply by g. Let us identify R*" with H" via

(T1, Y1, 21, W1y« + oy Ty Yy 2y Wy ) > (21 + Y11+ 2] + wik, ..o @y + Yol + 2] + wr k).

Then we define J; = L;, J» = Lj, J3 = Ly, where L; denotes left-multiplication by i on each
factor H; analogously for Lj, Lx. Note that for n = 1 the hypercomplex structure {Ji, J2, J3}
is given by (33) in the canonical basis of R?.

The simply connected Lie group with Lie algebra so(3) is SU(2). We will identify SU(2) with

the Lie group of unit quaternions. Indeed, we can identify H with the following subspace of
complex matrices

B a f . . ([ a+bi c+di
H= {(_B a) |a,ﬁ€(C}, a+bi+cj+dk= <—c+di a—bi)’
and any unit quaternion gets identified with such a matrix with |a|?+|8|*> = 1, that is, a matrix
in SU(2). In particular, SU(2) is diffeomorphic to the 3-sphere S®.

The representation p : s0(3) — gl(4n,R) corresponding to the hypercomplex structure de-
fined above can be integrated to a representation p: SU(2) — GL(4n,R), given by

Hence the simply connected Lie group with Lie algebra g = g; is G = SU(2) x; H". The
product in G is given by
(9: (a1, @ ))d' (a1, - 0) = (99" (@1 + 0941, - -, G + 094,))-

According to Proposition 6.21 the Lie group GG admits a left invariant abelian almost 3-contact
metric structure together with a non-parallel canonical connection.

Remark 7.2. It is easy to verify that for n = 1 the representation p of SU(2) on R* is
irreducible, while for n > 1 the representation p is reducible, equal to the sum of n copies of
the 4-dimensional one. It follows from [30] that the representation p : SU(2) — GL(4,R) is the
only 4-dimensional irreducible real representation of SU(2), up to equivalence.
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7.1. Compact quotients of G = SU(2) x; H". We show next that G admits co-compact
discrete subgroups. From now on, in this article a co-compact discrete subgroup of G will be
called a lattice. We may assume § = 1.

We begin by showing that when n = 1 the group G = SU(2) x; H does admit lattices.
For each m € N, let 6, = %’T and let G, denote the subgroup of SU(2) generated by

0 e m
the action of g, on H = R*, given by a 4 x 4 real matrix A,,, associated to p(g,,). If A, is
conjugate to an invertible integer matrix £,, € GL(4,Z), i.e. there exists P,, € GL(4,R) such
that P,'A,,P,, = E,,, then A, preserves the subgroup P,,Z* C R* and hence we can form the
semidirect product Ty, := G, X; P,,Z*, which will be a discrete subgroup of G. More precisely,
we have that !

(53) A, = (cos f,, —sin Qm) & (COS 0,, —sin Hm) '

sinf,, cos6,, sinf,, cosb,,

O
Jm = (e 0 ), therefore GG, is isomorphic to the cyclic group of order m. Consider now

Analyzing the characteristic polynomial of A,, it is easy to show that A, is conjugate to an
integer matrix if and only if m € {1,2,3,4,6}. For m = 1,2, 4, the matrix A,, is itself integer
(therefore we can take P,, = 1), while:

0 —V3) (0 —ﬁ).

2 -1 2 -1

e for m = 6, we can choose Py = (g \}g) &) (g \}g)

Finally, it is easy to show that for each m = 1,2,3,4,6, the restriction of the projection
7 : G — I,\G to SU(2) x [0,2]* is surjective. Therefore the quotient manifold I',,\G is
compact, for m =1,2,3,4,6.

e for m = 3, we can choose P3 =

For n > 1, we can repeat repeat this process in each irreducible subrepresentation H of H",
obtaining lattices in G given by T, = G, X5 P, Z*", for m = 1,2,3,4,6.

Remark 7.3. When m = 1, we have that G; = {1} and T’y = {1} x Z**. Consequently, T';\G
is diffeomorphic to S3 x T*".

Remark 7.4. For n > 1, there are lattices in G of the form G,, x; P, Z*" for values of m
other than 1,2, 3,4,6. However, for the sake of simplicity, we will keep working with the ones
we found previously (i.e., m =1,2,3,4,6).

Next, we will determine the first homology group (with integer coefficients) of the compact
manifolds M,, := I',,\G, where I',,,, m = 1,2, 3,4, 6, are the lattices in G constructed above. We
obtain as a consequence the first Betti number by (M,,) of these manifolds. Since M; = 5% x T4,
whose homology is well known, we will focus on m = 2, 3,4, 6.

Recall that I,,, = G,,, ¥ ﬁPmZ‘m, where G, is a cyclic subgroup of order m and P,, € GL(4n,R)
is a matrix such that E,, := P 1A, P, € GL(4n,Z), with A,, as in (53). Hence
(54) Fm = Zm X Em Z4n7
where the action of 1 € Z,, on Z*" is given by the matrix £,,. Note that E,, has order m.

Since G is simply connected, it follows that m(M,,) = I',,. Thanks to Hurewicz theorem,

we have then that Hy(M,,,Z) = T,,/[['sm, 'm]. For the next computations, we will consider T,
given as in (54).

For two 2 x 2 matrices A and B, we denote A @ B = (gl g)
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For (k,u), (I,v) € Ty, we have that (k,u)(l,v) = (k+{,u+E*v) and (k,u)~! = (=k, —E,Fu),
whence
(55) [(k, u), (1,v)] = (k,u)(l,v) (k,u) " (L, 0) ™
= (0, (u— Eyu) — (v— Eyv)).

e For m = 2, we have that Fy = —I and using (55) it is easy to show that
[Co, T = {(0, (uy, ..., us)) | u; € 27 for all i}.
The map f: Ty — Zo ® (Zy)*™™ given by f(k, (uy,. .., us)) = (k, [ui]2, .. ., [usn]2) is a surjective
homomorphism with Ker f = [I'y, T's], thus
Hy(My, Z2) = T /[T, Ty) = (Zy)*" .
It follows that by (Ms) = 0.

e For m = 4, we have that F, = ((1] _01) DD <(1) _01) (2n times), and using (55) it is

easy to show that
[F4, F4] = {(O, (ul, e ,U4n)) | U2i—1 + Uo; € 27 for all Z}

The map [ : Iy = Zy @ (Z)*" given by f(k, (u1, ..., usm)) = (k,[ur + usls, . . ., [thgn—1 + tan]2)
is a surjective homomorphism with Ker f = [y, '], thus

Hy(My, Z) =Ty /[T4, Ty] = Zy & (Zs)™".
It follows that by (M) = 0.
e For m = 3, we have that F3 = (? :1) DD <(1) :1) (2n times), and using (55) it is
easy to show that

[Fg, Fg] = {(O, (ul, R ,U4n)) | Ugi_1 + Uo; € 37 for all Z}

The map f: Ty = Zy ® (Z3)*" given by f(k, (u, ..., uan)) = (K, [ur + uals, . . ., [Uan—1 + tans)
is a surjective homomorphism with Ker f = [I's, I's], thus

H,(Ms,Z) = T5/[[s, T3] = (Z3)*" .
It follows that by (M,) = 0.

e For m = 6, we have that Fg = ((1) _11) DD <(1) _11) (2n times), and using (55) it is

easy to show that
[T, Ts] = {0} ® Z*".
In this case it is clear that
Hy(Mg,7Z) = Tg/[T's,T'¢] = Zs.
It follows that by (Mg) = 0.

Example 7.5. We provide next an example of a lattice in G which arises from a non-abelian
subgroup of SU(2). Namely, we will consider the quaternionic group Qs C SU(2), where we
identify as before SU(2) with the unit quaternions. Since p(g) € GL(4n,Z) for any g € Qs,
the semidirect product A := Qg x5 Z*" is well defined and it is a discrete subgroup of G. One
can check that the restriction of the projection 7 : G — A\G to SU(2) x [0, 1]*" is surjective,
therefore the quotient manifold A\G is compact.
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Concerning the abelianization of A, it is easy to verify that
4
[AA] =< (£, (uy, .., ugn)) | Zu4k+,~ €27, fork=0,...,n—1
i=1

Let us consider the surjective homomorphism v : Qg — Zo @ Zy defined by:

Y(£1) = (0,0),  ~(+i) = (1,0), ~(£) =(0,1), ~(£k)=(1,1).
Then the map f: A — (Zy ® Zso) & (Zy)™ given by
fg, (ur, ... uan)) = (7(9), [ur + ug + ug + wala, . . ., [Usn—3 + Uan—2 + Usn—1 + Usn]2)
is a surjective homomorphism with Ker f = [A, A], thus
Hi(A\G,Z) = NJ[A, A] = (Zy)" 2.
It follows that b;(A\G) = 0.
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