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ABSTRACT. In this paper we study a class of degenerate second-order elliptic
differential operators, often referred to as Fleming-Viot type operators, in the
framework of function spaces defined on the d-dimensional hypercube Qg4 of
R%, d> 1.

By making mainly use of techniques arising from approximation theory, we
show that their closures generate positive semigroups both in the space of all
continuous functions and in weighted LP-spaces.

In addition, we show that the semigroups are approximated by iterates
of certain polynomial type positive linear operators, which we introduce and
study in this paper and which generalize the Bernstein-Durrmeyer operators
with Jacobi weights on [0, 1].

As a consequence, after determining the unique invariant measure for the
approximating operators and for the semigroups, we establish some regularity
properties of them along with their asymptotic behaviours.
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1. Introduction. The main aim of this paper is to study the class of degenerate
second-order elliptic differential operators defined on the d-dimensional hypercube
Qd of Rda d> 1, by

d &%u ou
A(u)(z) = ;xi(l - xi)a—xg(x) + (@i +1— (a; +b; + 2)”)%(:”)
for every u € C?(Qq) and x = (1,...,74) € Qq, where ay,...,aq, b1,...,bg € R,

a; >—land b; >—1foralli=1,...,d.

The operators defined above arise in the theory of Fleming-Viot processes applied
to some models of population dynamics which, however, usually take places in the
framework of d-dimensional simplices, d > 1 (see, e.g., [1], [2], [5, Section 5.8], [7],
[8], [9], [14] and the references therein).

Due to their intrinsic interest, more recently an increasing attention has been
turned to them also in the setting of hypercubes (see, e.g., [5, Section 5.8], [6], [8],
[13], [16] and the references therein).

In this paper we give some further contributions to this research area by heavily
using techniques arising from approximation theory. The methods we employ allow
to show that these operators generate positive semigroups both in the space of all
continuous functions and in weighted LP-spaces with respect to the Jacobi weights
determined by the coefficients a; and b;, i =1,...,d.

In addition, we disclose several qualitative properties of the generated semi-
groups.

As a first step we introduce a sequence of polynomial type positive linear oper-
ators which generalize the Bernstein-Durrmeyer operators with Jacobi weights on
[0,1]. Among other things, we show that these operators constitute an approxima-
tion process for continuous functions as well as for weighted LP-functions.

By using the Trotter-Schnabl approximation theorem, we show that their closures
generate positive semigroups which, in turn, are approximated by iterates of the
above mentioned positive operators.

As a consequence, after determining the unique invariant measure for the approx-
imating operators and for the semigroups, we describe their asymptotic behaviour
by also evaluating the rate of convergence. Finally, we show that they preserve
the class of Holder continuous functions and the one of those continuous functions
which are convex with respect to each variable.

2. Preliminaries and notation. We begin by recalling some basic notions about
invariant measures which will play a key role within the whole paper. For more
details on such a subject, and on its relationship with ergodic theory and asymptotic
formulae, we refer the interested reader to [8], [15].

Let X be a compact Hausdorff space and let Bx be the o-algebra of all Borel
subsets of X; we denote by MT(X) (resp., M; (X)) the cone of all regular Borel
measures on X (resp., the cone of all regular Borel probability measures on X).

If p € MY (X) and 1 < p < +oo, let us denote by LP(X,u) the space of all
(the equivalence classes of) Borel measurable real-valued functions on X which are
p-integrable in the pt" power. The space LP(X,u) is endowed with the natural
norm

1= (/. Iflpdu)l/p (f € IP(X, ).
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As usual, the symbol C(X) indicates the linear space of all continuous real-valued
functions on X. C(X) will be endowed with the uniform norm || - ||, with respect
to which it is a Banach space.

A Markov operator T on C(X) is a positive linear operator T : C(X) — C(X)
such that T'(1) = 1, where the symbol 1 stands for the constant function of constant
value 1 on X.

By the Riesz representation theorem, for every = € X there exists u, € Ml'Ir (X)
such that

T()@) = [ fdue (€0,
By applying the Holder inequality to each p,, it follows that
TN <T(f1F) (f € CX),pe[l,+0a]). (1)

It is well-known that every Markov operator T on C'(X) admits at least one
invariant probability measure, i.e., a measure pu € Mf (X) such that

/T(f)d,u:/ fdu  for every f € C(X) (2)
X X

(see [15, Section 5.1, p. 178]).
Accordingly, on account of (1), if p is an invariant measure for T', then for every
feC(X)and p € [1,+o0],

AUUWWSATWWW=LWWM 3)

hence, T extends to a unique bounded linear operator T}, : LP(X, p) — LP(X, p)
such that | T,|| < 1. Furthermore, T}, is a positive operator, since C'(X) is a sublat-
tice of LP(X, p); moreover, if 1 < p < ¢ < 400, then T}, = T, on LI(X, u).

If X is a compact subset of RY, d > 1, the symbol C?(X) stands for the space of
all real-valued continuous functions on X which are twice-continuously differentiable
on the interior of X and whose partial derivatives of order < 2 can be continuously
extended to X. For v € C*(X) and i,j = 1,...,d, we shall continue to denote by

2 . . 2
g—; and afi 8“%_ the continuous extensions to X of % az 8“%_ .
If A is a differential operator on C?(X), a measure u € M, (X) is said to be

infinitesimally invariant for A if, for every u € C?(X),

/X A(u) dpp = 0.

In what follows, we shall also fix some additional notation.
Let v = (71,...,7a) € R, d>1. If . = (21,...,74) € R, x; > 0 for every
i=1,...,d, we set

and

d
2 = H z)t.
7
i=1

For = (z1,...,24), ¥y = (y1,---,ya) € R, we write z < y if 2; < y; for every
i=1,....d.
Let 5 = (ji,...,7a), k= (k1,...,kq) € N¢ be two multi-indices such that k < j;

(1) =11(2)

K2



4 FRANCESCO ALTOMARE, MIRELLA CAPPELLETTI MONTANO AND VITA LEONESSA
We also set 04 := (0,...,0), for every n > 1, ng := (n,...,n) and
vy = (1,0,...,0),...,vq:= (0,...,0,1). (4)
All the results of this paper concern function spaces defined on the d-dimensional

hypercube Qq := [0,1]¢, d > 1.
In particular, we consider the space

LinQi) = £ € CQu) | Vlas = s Tl choch )

and, for M > 0,
Lip(M, 1) := {f € Lip(Qa) | |f(z) = f(y)| < M|z —yll1}, (6)
where || - ||; is the norm on R? defined by |z]l := S>%, |z, for every z =

(71,...,74) € R4

More generally, given 0 < « < 1, we shall denote by Lip(M,«) the subset of
all Holder continuous functions on Q4 with exponent « and constant M, i.e., those
f € C(Qq) such that

[f(2) = f(Y)l < Mllz —y[lf  for every z,y € Qu. (7)

Finally, we denote by P,, the linear subspace generated by the polynomials on
Qg of degree < m.

3. A generalization of Bernstein-Durrmeyer operators with Jacobi wei-
ghts on the hypercube. In this section we introduce and study a sequence of pos-
itive linear operators acting on weighted LP-spaces. These operators map weighted
LP-functions into polynomials on ()4 and generalize the Bernstein-Durrmeyer oper-
ators with Jacobi weights on [0,1] (see [7], [8], [11], [12], [18], [20]).

Although we are mainly interested in the role which they play in the approxima-
tion of the semigroups we shall investigate in the subsequent section, it seems that
these operators also have an interest on their own as an approximation process for
continuous functions as well as for weighted LP-functions.

From now on fix a = (ay,...,aq), b = (by,...,bq) € R with a; > —1 and
bi > —1 for all i = 1,...,d. Let us denote by g, € M; (Q4) the absolutely
continuous measure with respect to the Borel-Lebesgue measure \; on @ with
density the normalized Jacobi weight

(z) = 291 —z)°
T o, vt =yt dy

Wa,b

(z € Qa). (8)

Moreover, for every n > 1, consider the operator M, : Ll(Qd,umb) — C(Qq)
defined by setting, for every f € L*(Qu, ftap) and = € Qq,

Mn(f)(x) = Z wnd’h(f) (C:ii) xh(ld - x)nd—h’ (9)

heNd
04<h<ng
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where, for every n > 1 and h = (hy,...hq) € N4 04 < h < ng,

! hta —h+b
Wng,h f = / Y 1d _y)nd f y dy
d ( ) de yh-i—a(ld _ y)nd—h+b dy O ( ( ) (10)
d
L(n+a; +b; +2) / - »
= a 1 _ nd “+b d 7
gr(hﬁaﬁlﬁ(n—hﬁbiﬂ) o, " (1a —y) fly)dy

I'(u) (u > 0) being the classical Euler Gamma function.

Clearly, the restriction of each M,, to C'(Qq) is a Markov operator on C(Qg)-

In order to discuss the main properties of the operators M,,, we briefly examine
the case d = 1, i.e., the classical Bernstein-Durrmeyer operators with Jacobi weights
on [0,1] (see [11]).

Consider @ > —1, b > —1. Then, for every ¢ € L'([0,1], tap), » > 1 and
x € 1]0,1], set

Myaal@)(0) = S nali) () (1 = 2", (1)
h=0
where
B M

For every n > 1, consider the positive linear operator D, .5 : L'([0,1], ptap) —
C([0,1]) defined, for every ¢ € C([0,1]) and z € [0,1], as

L F(TL +a+ b + 2) ! nr+a n—nx+b
Dn,asle)(x):= T(ne+a+ 1)I'(n—nz+b+ 1)/0 t (1) plt)dt (13)

(see [9, formula (4.6)]). Then

M;,a0(¢) = Br(Dnap(9)), (14)
where
Ba(0)(x) = ; (1)aa—arru (%)

(v € C([0,1]), 0 < 2 < 1) is the classical Bernstein polynomial operator of order n
on C([0,1]) (see, e.g. [4, pp. 218-220]).

In particular, if m,n > 1 and e, (t) = t™, t € [0, 1], it is easy to prove that
'n+a+b+2)
'm+n+a+b+2)
i.e., Dy qp(€m) is a polynomial of degree at most m.

Hence

Dn,a,b(em) =

(a+1+mnep) - (a+m+nep), (15)

Mn,a,b(em) = Bn(Dn,a,b(em)) (16)

is a polynomial of degree at most m, since it is well-known that the Bernstein
operators map polynomials into polynomials of the same degree.
In particular (see [19, Section 25]), the following result holds true.

Proposition 1. For everyn > 1,

a+1-+ne
n,a,b(el) ntatbt2 ( 7)
and
1 2 2 3 -1
Myay(es) = (a+1)(a+2)+n(2a+3)e1 +n(n )eQ. (18)

m+a+b+2)(n+a+b+3)
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Moreover, for every ¢ € C([0,1]),

lim M, .5(¢) =¢ uniformly on [0,1]. (19)

n—oo
Finally, an asymptotic formula holds for the operators M,, ., n > 1. More
precisely (see [19, formula (25-13)]), for every u € C?([0,1]),

lim n(M, qp(u)(x) —u(@)) = (a+1— (a+b+2)z)u'(z) + (1 — z)u"(z) (20)

n—o0

uniformly w.r.t. z € [0,1].
Coming back to the general case d > 1 and to operators (9), we remark that, if

d
f=1I fiopri, fi € C([0,1]) for every i = 1,...,d, then (see (10) and (11))
i=1

d
Mn(f) - H Mn,ai,bi (fl) O Pri; (21)
i=1
here, for every i = 1,...,d, pr; stands for the i** coordinate function on Qg i.e.,
pri(x) := x; for every x = (x1,...,24) € Qq.
In particular, if mq,...,mg € N,
d d d
M, (HPﬁ“) =M, (H €m; Op?"i> = HMn,ai»bi (emi) o pri. (22)
i=1 i=1 i=1

According to (16), My q; b;(€m;) is a polynomial in [0,1] of degree < m; and,
hence, M, (H?Zl pr?”) is a polynomial in Qg of degree < Z?:l m,;. Thus,

M, (P) C Py, (23)

for every n,m > 1.

Next we discuss some approximation properties of the operators M,, in the spaces
C(Qq) and LP(Qq; fap), 1 < p < +o0o. To this respect it is useful to point out that
the measure 11, € M; (Q4) defined by (8) is an invariant measure for the operators
M, n>1,on LY(Qg, pap) and, in particular, for their restrictions to C(Qq)-

This can be easily verified because, for every n > 1 and f € LY (Qu, ttas),

Mo (£)() dpay() = > wnanlf) (m)/ e (1g =)™ due

Qu deya(l_i‘/)bdy hend h
04<h<ng
- ! S (M) [ e -y () dy
Jo, y*(1—y)tdy h
@a odhgehb;dnd !

by | & ()ra-ira-ntoa

heNd
0g<h<ng

= [ f(y)dpap(y)-
Qu

We also remark that each M, is a contraction from LP(Qg, tha,p) into LP(Qa, fta.b)-
By using the convexity of the function [¢|P(¢ € R) and the integral Jensen inequality,
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we get indeed that, if f € LP(Qq, pap), then |M,(f)|P < M, (]f|") and hence

/ Mo (PP dtay < /Q Mo (f17) djtay = /Q 1P bt (24)

From this remark in particular it follows that each restriction My |rr(Q,,pu. ,) cOIN-
cides with the extension of M,|c(q,) to LP(Q4, tta,b) as discussed in Section 2.

Theorem 3.1. The following statements hold true:
(a) For every f € C(Qq), nl;rréo M, (f) = f uniformly on Qq.
(b) If f € LP(Qa; pap), 1 < p < +00, then lim My (f) = f in LP(Qa, pap)-
(c) If f: Qq — R is Borel-measurable and bounded, then nh_}rr;o M, (f)(z) = f(z)
for every continuity point x € Qq for f.

Proof. In order to prove statement (a) we shall use the Korovkin type theorem due
to Volkov (see, e.g., [4, (4.4.22), p. 245]), from which it follows that

d
{Lpﬁ,...,prd,Zm?}
1=1

is a Korovkin set in C(Qq). Therefore, it is enough to verify the approximation
formula only for these d + 2 functions.

Obviously, M, (1) = 1 for every n > 1. Taking (17) and (22) into account, for
every * = (21,...,24) € Qq,n>1land i=1,...,d, we get
a; + 1+ nx;

My (pri)(x) = Ma b (1) (@) = ——————

— x; uniformly in Q.

Analogously,

(a; + 1)(a; +2) +n(2a; + 3)z; + n(n — 1)z?
(n 4 a; +b; +2)(n+a; + b; +3)

M (pri)(2) = Mi,a, 5, (e2)(:) =

so that lim,, o, M, (pr?) = pr? uniformly in Qg, and this completes the proof of
(a).

As regards statement (b), since C(Qq) is dense in LP(Qq, ttap) (see, e.g., [10,
Lemma 26.2 and Theorem 29.14]) and since, on account of part (a), lim, . M, (f) =
fin LP(Qg, fap) for every f € C(Qq), it is enough to show that the sequence
(M,)n>1 is equibounded from LP(Qq, fta,p) into LP(Qq, ttap). This, indeed, is a
consequence of (24).

Finally, statement (c) is a direct consequence of the previous formulas and [3,
Theorem 3.3 and formula (4.3)]. O

Remark 1. As already pointed out in the previous proof, C(Qg) is dense in
LP(Qg, phap) and, in addition, || - ||, < || - |l on C(Qq). Therefore, taking the
Weierstrass-Stone theorem into account, the subalgebra of all (restrictions of) poly-

nomials on Qg is dense in LP(Qg, ftq,5) for the norm | - ||,. Theorem 3.1, part (b),
furnishes indeed a constructive method showing how each function f € LP(Qq, fta.b)
can be approximated by a sequence of polynomials with respect to || - [|,.

Now we present some shape preserving properties of the operators M,,.
First of all, we prove that they preserve the Lipschitz-continuity. To this end it
is useful to evaluate the partial derivatives of M, (f) (f € C(Qq)). We point out,
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indeed, that, for every n > 1 and for every family (o )o<k<n € R and z € [0, 1],
one has

n n—1

% kZ:o (Z) apz"(1—z)"F =n Z (n ; 1) (1 — o) 2 (1 — )"~ F=1 (25)

Hence, for every f € C(Qq), m:(xh...,x YEQqandi=1,...,d,

A EDID I DD zn() oy

hl 0h2 0 7, 1= Oh1+1 0 hd OJ 1

- {n > @ng () = wnyn () (nh_ 1) zpi(1— mi)"hil} :

h;=0

(26)

where, for every ¢ = 1,...d, the vector v; is given by (4).
The next result shows the behaviour of the operators M, on the Lipschitz-
continuous functions (see (5) and (6)).

Theorem 3.2. M, (f) € Lip(Qq) for everyn > 1 and f € Lip(Qq); moreover
n
< - < st < .
Ma(leip < s et i < (14 7) flaip < Uflep (20)
where I
. a4 0 +
In particular,

M, (Lip(M,1)) C Lip(Ny,1) € Lip(M, 1), (29)

where N, —MmXLSM(l—l—E).
1<z<dn+az+b +2 n

Proof. We shall apply the mean value theorem and, to this end, we prove that

OMa(f)
A S < -
su (m o @) ) < max e i

Let x € Q4. Taking (26) into account, for a given ¢ = 1,...,d and f € Lip(Qq),
fix n > 1, and set h = (hy,...,hq), with hy,... hi—1,hiz1,...,hg = 0,...,n and
h;i=0,...,n—1. Then

Wy htv; (f) = Wngn(f)

7ﬁ T(n+aj + b; +2) / "
s L(hj+a; +1)0(n—h; +b;+1) Jg, ,

JF#i
d

. +aj N I'(n+a;+b; +2)
X H:y — ;) (I‘(hi+ai—|—2)r(n—hi+bi+1)

1o dyi—1dyip - .. dyq

J#t
1

X/ ((n_hi+bi)y?z‘+ai+1(1_yi)n—h7‘,+bi—1 (h +az+1) h+a"(1_yi)”_hi+bzﬂ)
0

f(yla"'7yi5"'ayd)dyi)'

If we fix (y1...Yi—1,%i+1---Yd) € Qa—1 and we consider the function

L)0(8):f(yla'''7y'£71a87y’i+17'"7ycl) O§S§17
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we have that ¢ € Lip([0,1]) and |¢|rip < |f|Lip-
Accordingly, taking (12) into account,

I'(n+a; +b; +2)

1
X/ ((”—hi+bi)y?ﬁaiﬂ(1—111')"_h"’+bi_1—(hi+ai+1)yzhi+ai(1 - yi)n_hi%i>
0

f(ylv s Uiy ayd) dyll = ‘w",hi‘f’l(w) - Wn,hi(@)‘-
By means of [8, formula (3.15)],

| () ()|<—1 |l P — £
Wn h; — Whoh, < in < ine
7hz+190 ,hl(p n—‘rai—i-bi—‘rQ(pr n+al+bz+2 Lip
From this and (26), we get that, for every i = 1,...,d,

OM.,(f) n a; +b; +2
el AV _* NP R N N ,
‘ ox; (@)] < n+ai+bi+2‘f|mp - n(a; + b; + 3) [l
and this completes the proof of (27).
Finally, (29) follows from the previous formula and from the fact that, if f €
Lip(M, 1), then |f|r:p < M.
O

Thanks to Theorem 3.2, it is possible to obtain some further information about
the preservation of the Holder continuity by the operators M,,.

To this end, consider the usual modulus of continuity 2(f,d), defined, for every
bounded function f: Q4 — R and é > 0, by

Q(f,0) := sup{[f(z) = f(W)| |2,y € Qu, [lz =yl <6} (30)
The next result is a direct consequence of Theorem 3.2 and [4, Corollary 6.1.20].

Corollary 1. If f € C(Qq), then, for everyn > 1 and § > 0,

QM (£),9) < (2+2) (1,9), (31)

where w is defined in (28).
Moreover, if f € Lip(M,«) for some M >0 and 0 < o <1 (¢f. (7)), then, for
every n > 1,

M, (f) € Lip (M (1 + f) ,a) C Lip(M, a). (32)
n
We proceed to investigate whether the operators M,, preserve convexity. First of

all we consider the case d = 1 and, thus, we shall refer to operators (11).
From (25) it follows that

2 n—2
— —2
dcic2 Z (Z)akxk(l_x)n_k:n(”_l)E :(nk )(ak+2—204k+1+04k)l‘k(l—l‘)n_k_Z
k=0

k=0
(33)
(x € [0,1]), and hence, for every ¢ € C([0,1]), n > 1 and = € [0, 1],
d? — k h—2
@Mn,a,b(@(fﬂ)Zn(ﬂ—l)Z(wn,h+2(<P) = 2w np1(p) + wnn(@)) 2" (1 —2)" "7
h=0

(34)
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From (34) we infer that the operators M, 1 preserve convexity, as stated in the
following result.

Proposition 2. If p € C([0,1]) is convex, then M, o () is convex for everyn > 1.
Proof. Consider a convex function ¢ € C([0,1]). From (34), it follows that the

statement will be proved once we show that, for every h =0,...,n — 2,
Wnht2(9) = 2wn ht1(0) + wn () 2 0. (35)
To this end, fix h =0,...,n — 2; then
T(n+a+b+2)
T(h+a+3)(n—h+b+1)

wn,h—&-Q(@) - 2wn,h+1(§0) + wn,h(@) =

1
X/1«n—h+wm—h+b—nwﬂﬂu_ﬂmw%4
0

—2(h+a+2)(n — h+b)thTetl(1 —¢)n-nto=1
+(h+a+2)(h+a+ D)t (1 — )" ") o(t) dt .
Set
F(z) = az"tot2(1 —2)" " (0<z<1).
It is easy to prove that

I'(n+a+b+2) v
F'(t)p(t) dt .
h+a+3)F(n—h+b+1)/0 B (t)

Additionally, assume that ¢ € C?([0, 1]); then, integrating by parts,

/1 F"(t)p(t)dt = /1 F(t)e"(t)dt > 0,
0 0

since ¢ is a convex function; this completes the proof of (35) under the additional
hypothesis that ¢ € C?([0,1]).

On the other hand, if ¢ € C([0,1]) is convex, then there exists a sequence
(Om)m>1, Pm € C?([0,1]) and convex for every m > 1, such that lim,, o ©m = ¢
uniformly on [0, 1]; take, for example, for every m > 1, ¢, = By (), B being the
classical Bernstein polynomial operator of order m on [0,1] ([4, Corollary 6.3.8]).
Therefore,

wn,h+2(90) — 2w ht1(p) + wnn(p) = T(

1 1
wn,h+2(<p)*an,h+1(w)+wn,h(<ﬁ):/ F'(t)p(t)dt=_Tlim [ F"(t)pm(t)dt= 0.
0

m——+oo 0

The proof is now complete. O

If d > 1 it is no longer true that, if f € C(Qq) is convex, then M, (f) is convex
for every n > 1.

As a simple counterexample, it is enough to consider the function f(z,y) =
(r+9)? ((x,y) € Q2) . Then, for every (z,y) € Q2 and n > 1,

Moy (f) (1) = (a1 + 1)(a; + 1) + n(2a1 + 3)x + n(n — 1)z?
(n+ay+b+2)(n+a1+b+3)

(a1+1+nz)(as+1+ny) (az+1)(ag+1) + n(2a2+3)y+n(n—1)y?
(n+a1+b1+2)(n+az+ba+2) (n+as+ba+2)(n+az+ba+3)

(see (22)), whose Hessian is not positive semi-definite.

Nonetheless, other weaker types of convexity are preserved under the M,’s, as
the following result shows.




FLEMING-VIOT TYPE DIFFERENTIAL OPERATORS 11

Theorem 3.3. Let [ € C(Qq) be convex with respect to each variable. Then, for
every n > 1, M, (f) is convex with respect to each variable.

Proof. Fixn >1landi=1,...,d. Then, for every n > 1 and = (z1,...,24) € Qq,

9’ M,, S = = " n h; n—h;
i CECELID DD DD > - zn(hj)x;u_xj) 2

h1=0 h2=0 hi—1=0h; i1 0 hd=0/

n—2
X{hz_:o(wnd,mzm(f)—and,hw (f)+wnyn(f)) <nh_ 2) 2 (1 - xi)”‘h""Q}-

: ‘ 9> M, (f)
The proof will be completed once we show that, for every z € Qg, o (z) >
0 or, equivalently, that, for every h = (hy,...,hq), 0 < hy, ..., hi_1, hi+1,z. .., hg <

nand h; =0,...,n— 2,
Wn g, h+2v; (f) - 2wnd,h+vi (f) + wnd,h(f) > 0.
In fact, fix h = (hl,...,hd), with 0 S hl;-~~ahi—17hi+la~'~7hd § n and hz =
0,...,mn—2. Then
wndah+2vi(f> - 2wnd7h+vi(f) + wnd,h(f)

n+aj+bj+2) /
dyy ...dy;—1dyiy1 ... dyq
1:[1 T(h; +a;+D0(n—h;+b;+1) Jo, , +

VE
d

h +a
y] (1

PRI (Wi 42 (9) = 2Wn k11 F Wi, (9))

X

- Yj)

‘N~H

where
o(s) = f(Y1s- - Yim1,8Yit1s - Yd) 0<s<1,
with (y1,...¥i—1, Yi+1,-.-Yd) € Qa—1 being fixed.
Since f is convex with respect to each variable, ¢ is convex in [0, 1] too and this,
together with formula (35) in Proposition 2, completes the proof. O

4. The positive semigroups generated by Fleming-Viot type differential
operators on the hypercube. After the necessary preliminaries of the previous
sections, we finally proceed to look more closely at the degenerate second-order
elliptic differential operator defined by
d
0%u ou
= Zml(l - xl)a—xg(a?) +(a;+1—(a; +b; + Z)xz)a—xl(x) (37)

for every u € C?(Qq) and x = (x1,...,74) € Qg, where ai,...,aq,b1,...,bg € R,

>—land b, >—1foralli=1,...,d.

Operators similar to (37) have been already studied in several papers (see, e.g.,
[5, Section 5.8], [6], [8], [13], [16] and the references therein).

The special case where b; = a;+1, with a1,...,a4+1 € R and a; > —1 for all
i=1,...,d+ 1, has been investigated in [16].

The difficulties in studying operators (37) lie in the fact that they degenerate
on the boundary of @4, which is not smooth because of the presence of sides and
corners.
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In this section, we will show that operator (37) is the pregenerator of a Markov
semigroup on C(Q)4) and of a positive contraction semigroup in LP(Qg, ftq,p); more-
over, both these semigroups are obtained as a limits of suitable iterates of the
operators M,, we studied in Section 3.

First of all we prove that operator (37) is related to operators M, through an
asymptotic formula.

For a given = € QQ4, we denote by ¥, € C(Qq) the function defined by

Valy):=y—z  (y€Qa), (38)
and by d, € C(Qq) the function defined by
de(y) == lly —zl2 (v € Qa), (39)
where || - ||2 is the Euclidian norm in R.

Since, for every y = (y1,...,94) € Qa, and i =1,...,d
(pri o o )(y) = pri(y — x) = yi — x; = pri(y) — @i,

we have that
d

2= (priow,)? (40)

i=1

and
d
di =Y (prioW.)2(prjo U,)%. (41)
i,j=1
Theorem 4.1. For every u € C%(Qq),
li_>m n(Mp(u) —u) = A(u)  uniformly on Qq. (42)

Therefore, considering the measure jiq, € M; (Qq) having as density the function
defined by (8), then

/ A(u) dpiap =0, (43)

d
i.e., [lq,p 15 an infinitesimally invariant measure for the operator A.

Proof. According to [5, Theorem 1.5.2], in order to prove (42), we have to show
that, for every i,j5 = 1,...,d, the following conditions hold true:
(a) le nM, (pri o ¥,)(z) — Bi(x) = 0 uniformly w.r.t. = € Qq,
(b) li_}rn nM,, ((pri o Wy)(prj o ¥y))(x) — 2055 (2) =0 uniformly w.r.t. z € Qq,
n—oo

(c) sup nM,(d?)(z) < +oo,
HZLJCEQd

and
(d) li_>m nM,(d2)(z) = 0 uniformly w.r.t. € Qq,

where, for a fixed x = (z1,...,24) € Qq, d, and ¥, are given by (39) and (38),
respectively, and, for every i,5 =1,...,d,

Bi(x) =a; +1—(a; +b; + 2)z;

() 0 if i # j,
;i\ L) =
! zi(1 — ;) if i = j.

and
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We start by verifying condition (a). For any ¢ = 1,...,d and = = (21, ...,24) €
Q4, according to (17),

M, (prio¥,)(z) = My(ey o pr; — x;1)(z)
(ai + 1) — (G,i +b; + Q)l‘i
n+a;+b+2

= anahbi (61)(1,’2') —T; =

)

so that we get the required assertion.
To prove statement (b) we preliminary notice that, according to (22), for every
i,7=1,...,d,1# j, and for every x = (x1,...,24) € Qq,
My ((pri o We)(prj o Wa))(x) = My((ex 0 pri — zil)(er o prj — ;1)) (z)
= M a, 5, (€1 = 2i1)(2i) Mp,a; 0, (€1 — 2;1)(2;);
hence, taking (17) into account,

lim nM, ((pri o V) (pr; o ¥g))(x) =0

n— 00

uniformly w.r.t. € Qg.
Let us now assume that i = j and let us set u := (e; — 2;1)2. Then

Jim My, ((pri o Uz)*) (@) = lm n(Mya,p, (u) (@) — u(z;))
=2;(1 —z)u" (z;) + (a; + 1 = (a; + b + 2)x;)u' (@) = 22;(1 — ;)
uniformly w.r.t. = (21,...,24) € Qq (see (20)).

Condition (c) easily follows from the previous calculations and from (40).
Finally, for every & = (x1,...,24) € Qq4, from (41) we get

d
M (d3)(x) = > My((prio ¥,)*(pry o ¥,)?)(x).
ij=1

Let i,j = 1,...,d, i # j. Then, if we set u = (e; — 2;1)% and v = (e; — x;1)?,
we have
nMy ((pri © W) (prj o We)?)(x) =My 0, 0, ((e1 = 2i1)%) (5) M a5, (1 —251)*) ()
=1 (Mn,a;b;(0)(2:) — u(;)) M () (2;);
hence, taking (19) and (20) into account,

lim n M, ((pri o W,)*(prj o ¥,)?)(x) = 0

n—oo

uniformly w.r.t. z = (x1,...,24) € Qq-
On the other hand, if i = j and w := (e; — 2;1)%, then

Tim 00, (9 0,)!)(z) = i (Mg, (0)(1) — u(z)
=x;(1 —z)u”(z;) + (a; + 1 — (a; + b; + 2)x:)u' (2;) =0

uniformly w.rt. = (21,...,24) € Qq, and this completes the proof of (42).
Finally, formula (43) is a consequence of the invariance of the M,,’s under the
measure g, p. ]

The next result shows that the operator (A,C?(Qq4)) pregenerates a Markov
semigroup (T'(t)):>0 on C(Qq); moreover, a representation formula for such semi-
group, involving suitable iterates of the operators M,,, is also provided. By means
of such a representation formula, we shall deduce some preservation properties of
the semigroup itself and we shall describe its asymptotic behaviour.



14 FRANCESCO ALTOMARE, MIRELLA CAPPELLETTI MONTANO AND VITA LEONESSA
For unexplained terminology concerning semigroup theory, we refer, e.g., to [5,
Chapter 2].

Theorem 4.2. The differential operator (A,C?*(Qq)) defined by (37) is closable
and its closure (B, D(B)) generates a Markov semigroup (T'(t))i>0 on C(Qq) such
that, if f € C(Qq), t > 0 and (k(n))n>1 is a sequence of positive integers satisfying
lim k(n)/n =t, then

n—oo

T(t)(f) = lim M;™(f)  uniformly on Qq, (44)
where each MF™ denotes the iterate of My, of order k(n).
Moreover, Pog := s, P, and hence C*(Qq), is a core for (B,D(B)) and
T(t)(Py,) C Py, for every t >0 and m > 1.
Considering the measure ., € M;(Qq) with density the function w,;(z) (z €
Qaq) defined by (8), then, for every f € C(Qq) andn > 1,

i 00 = i 2707 = [ Sy (45)
uniformly on Qq, and the measure i, 15 the unique invariant measure on Qq for
both the sequence My>1 and the semigroup (T'(t))i>0.

Finally, if f € Lip(Qq), then, for every n,m >1 and t > 0,

‘M:?(f)— e <2 (14 %) flus (46)

oo

and
< 2exp(wt)|f|Lip, (47)

oo

(s = [ s
where w is defined by (28).

Proof. First of all we remark that each subspace P,,, m > 1, of C%(Qy) is finite
dimensional, it is invariant under the M,’s (n > 1) by virtue of (23), and Py is
dense in C(Qq).

Moreover, from Theorem 4.1, we get

lim n(M,(u) —u) = A(u) uniformly on Qg,

n—oo
for every u € C?(Qq), and hence for every u € P,.
From [5, Corollary 2.2.11] it follows that (A4, C?(Qg)) is closable and its closure
(B, D(B)) is the generator of a contraction Cy-semigroup (T'(t));>0 on C(Qq) such
that, for every t > 0 and f € C(Qq),

T)(f) = ILm MFM(£) uniformly on Qg

for every sequence (k(n)),>1 of positive integers such that li_>m k(n)/n =t. More-
over, Py, is a core for (B, D(B)).

Formula (44) implies that each T'(¢) (¢ > 0) is a Markov operator.

From (23) it also follows that, if f € P, for some m > 1, then M* € P, for
every n,k > 1; hence, for every ¢ > 0 and every sequence (k(n)),>1 of positive
integers such that lim k(n)/n =t, we get

n— oo
T)(f) = lim M;™(f) € Py,

since P, is closed.
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On account of Corollary 2.5 of [8] (see, also, [5, Corollary 1.4.6]), in order to
prove (45)-(47), it is enough to show the following two conditions:

(i) for any n > 1, p,p is an invariant measure for M,,;
(ii) there exist w < 0 such that, for every n > 1 and f € Lip(Qq), M,(f) €

Lip(Qu). and M (Plziy < (1+2) [l

This follows at once from what we observed in Section 3 and from Theorem 3.2.

Finally, since the measure i, is invariant for the restrictions of the operators
M,, n>1, to C(Qq), clearly it is so for each iterate of M, of order m, m,n > 1,
and for the semigroup T'(¢) (¢ > 0), thanks to the approximation formula (44). On
the other hand, if v € M;"(Qy) is a further invariant measure for T'(t) (¢ > 0), then,
passing to the limit under the integral sign with respect to v in (44), we get that

[saw= [ rau,

for every f € C(Qq) and hence v = p, 5. The same reasoning applies if v is invariant
for M,,, n > 1, because, in this case, v is also invariant for all the iterates of the
M,’s. O

Remarks 1.

1. In [5, Theorem 5.6.3 and Theorem 5.8.4] the pregeneration property of differ-
ential operators more general than (37) has been also studied with approximation
theory methods. In particular, in that monograph, the authors proved an approxi-
mation formula for (T'(t));>0, similar to (44), involving another sequence of positive
linear operators on C(Qq), referred to as the modified Bernstein-Schnabl opera-
tors. Anyway, such operators cannot be defined in weighted LP-spaces and that
wouldn’t allow us to investigate the extension of the semigroup (T(¢))¢>0 to spaces
of weighted integrable functions, which is one of the aims of this paper. Moreover,
the present approach allows to derive several qualitative properties of the semigroup
including its asymptotic behaviour.

2. Theorem 4.2 extends similar results obtained in [8, Section 3.1] and [6, Sec-
tion 4] in the special case where a; = b; = 0 for every i = 1,...,d. In this case the
measure /i, is, indeed, the Borel-Lebesgue measure on ()4 and the operators M,
turn into the Kantorovich operators.

3. According to [5, Remark 2.2.12], if u,v € C(Qq) and nlgrolo n(M,(u) —u) =v
uniformly on @Qg, then v € D(B) and B(u) = v

In particular, if nh_}ngo n(My(u) — u) = 0 uniformly on @4, then v € D(B) and

B(u) = 0 (a saturation result for the operators M,, n > 1).

Consider the abstract Cauchy problem associated with (B, D(B)) (see Theorem

4.2)
Oou
E(%t) = B(u(-,t))(x) x€Qq, t>0,
(48)
u(z,0) = uo(x) uo € D(B),
Since (B, D(B)) generates a Markov semigroup (T'(t))¢>0,
solution u : Q4 X [0, +oco[— R given by u(z,t) = (t)(uo)( ) for every = € Qq
and t > 0 (see, e.g., [17, Chapter A-II]). Hence, taking (44) into account, we may
approximate such a solution in terms of iterates of the M,,’s, namely
(z

ulir, ) = T(0) (o) (@) = Tim ME™ (o) (@), (49)

T € Qq.
(48) admits a unique
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where (k(n)),>1 is a sequence of positive integers satisfying lim k(n)/n = t, and
= n—oo

the limit is uniform with respect to x € Qg.
Note that B coincides with A on C?(Qq); therefore, if ug € P, (m > 1) then
u(zx,t) is the unique solution to the Cauchy problem

ou d 0%u ou
i - (1= ) 41— (a;Lb: N >
5 (z,t) i;q:l(l xz)é‘xf (z,t)+(a;+1 (a2+bz+2)ml)axi (x,t) x € Qq,t >0,
u(z,0) = up(x) T € Qq,
and
u(-,t) € P,, for every t > 0. (50)

Moreover, each u(-,t),t > 0, and up have the same integrals with respect to the
measure fiop and, thanks to formula (45),

lim u(x,t):/ o Afta,p (51)
d

t——+o0

uniformly w.r.t. € Qg.
Next, we enlighten other spatial regularity properties of the solution wu(-,¢) of
(48), which, however, we state in terms of the semigroup (T(¢))¢>o-

Theorem 4.3. The following statements hold true:

(a) T(t)(Lip(Qq)) C Lip(Qq) for every t > 0; moreover, for every f € Lip(Qq)
andt >0,

[ T@)(f)|Lip < exp(wi)|f]Lip; (52)
in particular, if f € Lip(M, 1), then, for everyt >0,
T(t)(f) € Lip(M exp (wi), 1),

where w is defined by(28).
(b) For every f € C(Qq), t >0, >0,

QT ()(f),0) < (14 exp (wt))Q(f, ). (53)
Moreover, if M >0 and 0 < a < 1,
T(t)(Lip(M,«)) C Lip(M exp(awt), o) C Lip(M, o) (54)

(see (7)).

(c) If f € C(Qq) is conver with respect to each variable, then so is T(t)(f) for
every t > 0. In particular, if d =1 and if f € C([0,1]) is convex, then T(t)(f)
is convez for every t > 0.

Proof. To prove statement (a) we first note that, in Theorem 3.2 we established
that M, (Lip(Qq)) C Lip(Qg) for every n > 1. Since Lip(Qq) is closed under the
uniform norm, by iterating this inclusion and taking (44) into account, we get that

T(t)((Lip(Qa)) C Lip(Qa)-
Inequality (52) along with the last part of the statement, follow from Theorem 3.2
and formula (44), as, given ¢t > 0 and considering a sequence (k(n)),>1 of positive
k(n)
integers such that k(n)/n — ¢ as n — oo, then |M,]f(")(f)|Lip < (1 + ﬂ) | flzip
n

w\ k(n)
and (1 + —) — exp(wt) as n — 0.
n

Statement (b) is a direct consequence of (52) and [4, Corollary 6.1.20].
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Finally, statement (c) holds true because of Proposition 2, Proposition 3.3 and
formula (44). O

The next result shows the semigroup (7'(¢)):>0 can be extended to LP(Qq, ta.b)s
(p € [1,+00[), where p, is the Borel probability measure introduced in Theorem
4.2. Moreover, a representation formula similar to (44), as well as the asymptotic
behaviour of the extended semigroup (see (45)), can be established.

Theorem 4.4. For every 1 < p < +o0, the semigroup (T'(t))i>0 on C(Qq) (see
Theorem 4.2) extends to a unique positive contraction semigroup (T,(t))i>0 on
LP(Qq, hap), whose generator is an extension of (B, D(B)) to LP(Qa, ta,p) and Ps
is a core for it.

Moreover, if f € LP(Qaq, pap) and (k(n))n>1 is a sequence of positive integers
satisfying n11_>1r010 k(n)/n =t, then

T,(6)(f) = lim My (f) in LP(Qu, ha,b)- (55)

n—oo

Finally, if f € LP(Qq, ptap) and n > 1,

lim T,()(f) = lim MP(f)= [ fduas (56)

t——+oo m—»0o0 Qd

in LP(Qq, ttap)-

Proof. For every t > 0, denote by T),(t) the unique extension of T'(t) to LP(Qg, fta.b)
as explained in Section 2. The operator T,(t) is a positive linear contraction on
LP(Qa, thap). Since C(Qq) is dense in LP(Qq, tap) and || - |lp < |- |loc on C(Qa),
it is easily seen that (T}, (t)):>0 is a strongly continuous semigroup on LP(Qq, ta.b),
its generator is an extension of (B, D(B)) to LP(Qq, tta,p) and Py, is a core for it,
by virtue of Theorem 4.2.

Finally, formulas (55) and (56) can be obtained from the corresponding ones (44)
and (45) taking again into account that C(Qq) is dense in LP(Qq, tta,s) and that,
as remarked before Theorem 3.1, each restriction My, |1»(Q,,u, ,) coincides with the
continuous extension of My, |c(q,) to LP(Qa, fta,b)- O
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