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A modification of Bernstein-Durrmeyer operators
with Jacobi weights on the unit interval

Mirella Cappelletti Montano* and Vita Leonessal

Abstract

The present paper is devoted to the study of a sequence of posi-
tive linear operators, acting on the space of all continuous functions
on [0,1] as well as on some weighted spaces of integrable functions
on [0,1]. These operators are, as a matter of fact, a generalization of
the Bernstein-Durrmeyer operators with Jacobi weights. In particular,
we present qualitative and approximation properties of these opera-
tors, also providing estimates of the rate of convergence. Moreover, by
means of their asymptotic formula, we compare our operators with the
Bernstein-Durrmeyer ones and a suitable modification of theirs, show-
ing that, in suitable intervals, they provide a lower approximating error
estimate.
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1 Introduction

In [18] a modification of the classical Bernstein operators By, on [0, 1] that
fixes the constants and the function z? (instead of z) was introduced; the
author in particular showed that this modification provides an error of ap-
proximation that is as least as good as the one of the Bernstein operators
on certain subintervals of [0, 1].

Since then, many other mathematicians have undertaken the task to
construct other modifications of well-known approximation processes in the
same spirit of [18], in order to get better approximation results. For a survey
on such type of operators we refer the interested readers to [4].
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In particular, in [13], the authors introduced a modification of the Bern-
stein operators that fixes the constants and a given strictly increasing func-
tion, as follows: for any n > 1 and f € C(][0,1]),

Bl (f) = Bn(fo 7‘_1) oT,

where 7 is a suitable strictly increasing C'*°-function on [0, 1]. The authors
studied qualitative and quantitative properties of such operators and com-
pared their approximation error estimate with the one of the B,,’s.

Subsequently (see [3]) this idea was applied in order to define a modifi-
cation M of the Bernstein-Durrmeyer operators on [0,1] introduced in [15],
and independently in [20], which are a useful tool to study the approximation
properties also of integrable functions.

During the years, Bernstein-Durrmeyer operators have been object of
investigations by many authors (see, e.g. [14, 12]); in particular, in [21]
the author studied a generalization M,, . of Bernstein-Durrmeyer opera-
tors acting on weighted spaces of integrable functions, where the considered
one is the classical Jacobi weight w,; on [0, 1]. Those operators have been
intensely studied during the years in the unidimensional and in multidimen-
sional setting (see, e.g., [1, 23, 26]), also in connection with certain partial
differential problems (see [5, 7]).

In this paper, we present a modification of the Bernstein-Durrmeyer
operators with Jacobi weights M . in the same spirit of [13, 3].

We establish some qualitative f)foperties of the operators M . such as
their behaviour with respect to Lipschitz-continuous functions; rrfofeover, we
prove that they preserve some forms of convexity. We also prove that the
sequence (M ,)n>1 is an approximation process in C([0, 1]), as well in suit-
able spaces of integrable functions, and we evaluate the rate of convergence
by means of suitable moduli of smoothness.

Finally, we use an asymptotic formula for the operators M . in order
to compare them with the M, ,;’s and the M]’s, showing under which
conditions the operators introduced in the present paper provide a lower
approximating error estimate at least on certain subintervals of [0, 1].

2 Preliminaries

From now on fix a,b €] — 1, +o00[ and consider the normalized Jacobi weight

Wap(T) = — (0<x<1). (2.1)

Moreover, let us denote by p,p € M; ([0, 1]) the absolutely continuous mea-
sure with respect to the Borel-Lebesgue measure A; on [0, 1] with density
Wqp. Obviously, if a = b = 0 then pgo = A1.



By means of such measure, it is possible to define the so called Bernstein-
Durrmeyer operators with Jacobi weights (see [21, 22]). More precisely, for
every f € LY([0,1], uap), n > 1 and z € [0, 1], set

n n o
Myt D)) = Y1) )0 =0 (22
h=0
where
) : [ -t
Wn,h L= - Hab
o th(1 = t)nhdpgy Jo
F(n+a+b+2) Yot —htb
= Tl =) t)dt
F(h+a+1)F(n—h—|—b+1)/0 ( ) f()dt,
(2.3)
I" being the classical Euler Gamma function.
We also recall that in [7] it has been noted that
Mn,a,b(f) = Bn(Dn,a,b(f)) (f € Ll([oa 1], Ma,b)) ) (2.4)

where B, stand for the classical Bernstein operators on [0,1] and D, 4 :
LY([0,1], tap) — L1([0,1], pap) are the positive linear operators defined in
[10, formula (4.6)] by

- F(n+a+b+2) 1nra n—nz+b
Dt 1)) = e L £ e
(2.5)

Given (2.4) and denoted by e,,(z) = 2™, m € N, it is possible to evaluate
M, (em), m € N, since

T(n+a+b+2)

D _
n.a,b(em) T(m+n+atb+t2)

(a+14+ne)---(a+m+ne). (2.6)

In particular (see [22, Section 5.2]),

My, 0p(€0) = € (2.7)
a+1+ne;

M, . = 2.8

aber) mtatbao (2.8)

and (a+1)(a+2) +2n(a+2er +n(n — ey

Mna =
aler) (n+a+b+2)(n+a+b+3)

(2.9)

Moreover, if, for a given = € [0, 1] we denote by i (t) = (t — )%, i > 1,

we have that
a+1—(a+b+2)x

M p(2) (@) = — — —== (2.10)




and

~ 2nz(l—2)+2*(a+b+2)(a+b+3)
Moo (V) () = (nta+tb+2)(ntatbt3)
2z(a+1)(a+b+3) (a+1)(a+2)
m+a+b+2)(n+a+b+3) (n+a+b+2)(n+a+b+3)

(2.11)

3 Modified Bernstein-Durrmeyer operators with
Jacobi weights

In what follows, 7 will be a continuously oco-times differentiable function on
[0,1] such that 7(0) =0, 7(1) = 1, and 7/(x) > 0 for = € [0, 1].

Consider now the image measure p] , of 1,5 by means of 7 and the
corresponding Lebesgue space LP([0, 1], ,uz p)s With 1 < p < 4+00. Namely, a
function f belongs to LP(][0, 1],/1;()) if 7

1 1
/ P dur, = / for P gy < +o0.
0 0

Such a space is equipped with the norm || - ||Lp([0’1}#;b). If 7 = e, “Zfb =
Hap and, if this is the case, we will omit the superscript e;. Note that
f € LP([0,1], pqp) if and only if f € LP([0, 1], p7 ;). Moreover, also puig ;, €
M ([0,1]). Finally, whenever a = b = 0 and 7 = ey, the corresponding
space is indeed LP([0,1]) endowed with the usual norm || - |[,.

For every n > 1, the positive linear operator

My s L0, 1], g ) — LH([0, 1], 1)

we are going to consider is defined by setting, for every f € L1([0,1], u7 ,),
0<z<1,

LasN@) = (1)@ - @) Fna(for ) (3)

h=0

(see (2.3)). More precisely

g,a,b(f) = Mn,a,b(f o 7—_1) oT. (32)

If we choose 7 = e; we get the original Bernstein-Durrmeyer operators
with Jacobi weights M, .5 [21].

Further, in the particular case of a = b = 0, we get the modified
Bernstein-Durrmeyer operators introduced and studied in [3]. Observe that,
if in addition 7 = e, then those operators turn into the classical Bernstein-
Durrmeyer operators [15, 20].



If f=7" (m€N), then for~!=e,. Hence we have

171—11 b( m) = (Mn,a,b(em)) oT. (33)
In particular, from (2.7)-(2.9), we get
;,a,b(QO) =€p (3.4)
r a+1+nr
= 5 3.5
n,a,b(T) n—i—a+b+2’ ( )

and

(a+1)(a+2)+2n(a+2)7 +n(n—1)72
m+a+b+2)(n+a+b+3)

For the operators M . a formula similar to (2.4) can be obtained con-

sidering the following modification B] of the Bernstein operators introduced

n [13]:

My o p(7%) = (3.6)

n

@ =3 (F) @i - oy e ()

n
h=0
(n>1, feC([0,1]), 0 <z <1). In fact, on account of (2.5),
map(f) = Bi(Dap(for)or) (f € LN[0,1],17p)) . (3.7)

Theorem 3.1. For every f € C([0,1]) we have

lim My ,,(f) = f wuniformly on [0,1].

Proof. Tt is sufficient to note that {eg, 7, 72} is an extended complete Tcheby-
chev system on [0, 1] and that, thanks to (3.4)-(3.6), lim, . M, , ,(€0) = €0,

n,a,

lim, oo M (72) = 72, uniformly on [0,1]. O

n’ayb(T) =7, and lim,_ oo M”

n,a,b

In order to get some estimates of the rate of convergence in Theorem 3.1,
we use a general result (see [22, 8]) which involves the usual first modulus of
continuity w(f,0) and the second modulus of smoothness wy(f,d). To this
end, we need some further notations.

For z € [0,1], let 47 ; be the function defined by

wf'z(t)_< () )) (i:071727"')'

T(x
If 7 = e; we shall simply write % (t) = (t — x)°.
For any n > 1 and z € [0,1]) (see (2.11)), we have

v 2n7(2)(1 - 7(2)) + 7(x)*(a+b+2)(a+b+3)
n,a,b( 7-2)( )_ (n+a+b—|—2)(n+a—|—b+3)
. 21(=x)(a+1)(a+b+3) (a+1)(a+2)
m+a+b+2)(n+a+b+3) (m+a+b+2)(n+a+b+3)

(3.8)

5



Moreover, by using a result due to Freud (see [16]), we get that there
exists a constant K > 0 such that

Ky2(t) < 7'(z) 7o(t) for every z,t € [0,1]. (3.9)

Obviously, K =1 if 7 = e;.
We can now state the following result.

Proposition 3.2. Consider n > 1, f € C([0,1]) and 0 <z < 1. Then

Mo a(P)@) ~ F@)] < (f,05(@) + Snlfoof(a), (310)
where
T ' (z)
O-n(x) - \/E
2n7(x)(1—7(z))+7(2)2(a+b+2)(a+b+3) —27(x) (a+1)(a+b+3)+(a+1)(a+2)
(n+a+b+2)(n+a+b+3) '
Moreover,
1M a(F) — Flle < W, 657) + n(£,67), (3.11)
where

5T — ||7'/H n/2 + max{a? + 3a + 2, b + 3b + 2}
" (n+a+b+2)(n+a+b+3)

Proof. Let n > 1, f € C([0,1]), 0 <2 <1 and § > 0. Using [22, Theorem
2.2.1] (see also [8, Theorem 1.6.2]), we have that

| M 0o (F) () = f(@)] < [f(2)[[ M o p(e0)(x) — 1] + %!Mﬁ,a,b(%)(x)\w(f, 9)

ML)+ 5 ML) @) b a0

= S0 @l.0) + {14 5 MEas(2)(0) ban(1.0).

By Cauchy-Schwarz inequality we get

’M;L.,a,b(wﬂf)‘ S nab(wr)
therefore

M al)(a) — ()] <
< SV ML @l.0) + {14 S M) ban(10).
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From (3.9) and the positivity of the My, p's, we get

7' ()
K M:z—,a,b( 723,2)‘

map(¥3) <

Taking (3.8) into account and setting 6 = o7 (z), we get (3.10).

To get (3.11), note that, for every x € [0,1], 2n7(z)(1—7(z)) < n/2 and
that the function

g(x) =7(x)*(a+b+2)(a+b+3) —2r(z)(a+1)(a+b+3)+ (a+1)(a+2)

1
has a unique critical point at z = 77! _atl , which is a local mini-
a+b+2
mum point, so that its global maximum has to be max{g(0), g(1)}. O

We pass now to discuss approximation properties of (M, ma b( f))n>1 also
in the space of LP([0,1], u7 ), p > 1. We note that these results seem to be
new also in the context a = b = 0.

First we recall that a measure p on [0, 1] is said to be invariant for an
operator B of domain D(B) if

1 1
/ B(f)du —/ fdu  for every f € D(B)
0 0

(see [19, Section 5.1, p. 178]).

Lemma 3.3. The measure p , is an invariant measure for the operators
My ., on L([0,1], Igp)s and in particular for their restrictions to C([0,1]).

n
Moreover, each My .y is a contraction from LP([0,1], u ;) into itself.

Proof. Fix f € Ll([O, 1], ug p); then

1
(})enntror ™) [ oo,

n

! n
v 1 y)b dy / [Z <k> Vi y)n_h] y 1=y (fer ) dy
0

h=0

1 ! a1 _ o\ (fo+"1 _ ! T
- bdy/ a=prorwdy= [ fdiy.

hence the first part of the claim is proven.
In order to prove the second part, first note that from Jensen’s inequality
it follows that, if f € LP([0, 1], u7 ), My, ,(F)IP < M7, ,(|f[P). Then

1
/0 | nab | dlu“ab / nab |f|p dluab / |f’pdluab?

that is ”M;z—,a,bHLp([UylLN;b) <1. O

n

/ nab dug,bzz

h=0




Theorem 3.4. For every f € LP([0,1], u7;),
lim M, (f) = f in LP([0,1], ugp)

Proof. As a consequence of the previous lemma, the sequence (M ,)n>1 is
equibounded from L”([0,1], x ,) into LP([0,1], i ,). On account of Theorem
3.1 and recalling that C'([0, 1]) is dense in Lr(]o, 1]7, pr ) (see [11, Lemma 26.2
and Theorem 29.14]) the proof is given. ’ O

We proceed by obtaining an estimate of the convergence in Theorem 3.4
in the particular case a = b = 0 for which, as quoted before, our operators
turn into those ones considered in [3]. Let us denote by M the operators
M3 oo and by p” the measure pg . We shall use a result due to Swetits and
Wood [25, Theorem 1] which involves the second-order integral modulus of

smoothness defined, for f € LP(]0,1]), 1 < p < +o0, as

wop(fs0) i= sup [[f(-+1) =2f()+ f(=H)llp (6>70).

In particular, recalling that f o 7=! € LP([0,1]), [25, Theorem 1] states
that there exists a constant Cp, > 0 such that

IMZ(D) = Fllaroam = IMalf 077 = For ™!,
S Cp{P%ﬁpr © ’7'_1”p +w27p(f o T_lapn,P)}7

where the sequence p, , — 0 as n — oo and it is defined as follows:

pup = max { M (V)12 M (WD) I/ 20}

/2 < ! =: Bnp — 0.

PT VnF2p+ 1))

From (2.10) we get || M, (¢.)]|

Moreover,

) _ 12ne1(1 —e1) — 6e1(1 —eq) + 2”£/(2p+1)

2y |p/(2p+1 _.
HMn(wx)Hp (n 4 2)p/(2p+1)(n + 3)p/(2p+1) *In,p -
Note that Jeptl)
n+4 p/\ep
0<vp < 0.
= Tnp S (2(n+2)(n+3)> -
By setting

Opp = max{ﬂn,pa ’Yn,p}
we obtain that

My (f) — fHLP([O,l],;N) < Cp@‘i,p”f o Tﬁl”p +wap(fo 7'717 an,p))' (3.12)

We now present some shape preserving properties of the operators M .

)
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For every k € N, consider the linear subspace P, ; generated by the set
{r* : i =0,...,k}. This space is invariant under our operators, i.e.

My oo (Prk) CPrg (ke N,n>1).

n

Indeed, as shown in (2.6), D), 45 maps polynomials on [0, 1] into poly-
nomials on [0, 1] of the same degree; by this, (3.7), (3.3) and the fact that
B (P ;) C Py (see [13, Section 2]), the statement easily follows.

We also prove that the M  ,’s preserve some forms of convexity and we
investigate their behaviour with respect to Lipschitz-continuous functions.

First of all, we point out that the operators M, , do not preserve the
usual convexity. For instance, if 7(z) = 4/7 arctaﬂ(éc) (0 <z < 1), then
M o o(e1) is not convex for low values of n.

Anyway, the operators M , preserve other forms of convexity.

We recall (see [27]) that a function f € C(]0,1]) is said to be convex with

respect to 7 if, whenever 0 < zg < 1 < z9 < 1,

1 1 1
T(xo) T(x1) 7(22) | >0,

f(zo) f(z1) f(x2)

In particular, f is convex with respect to 7 if and only if for~! is convex.
We can state the following result.

Proposition 3.5. Let f € C([0,1]) be convex with respect to T. Then

T bl f) is convex with respect to T for any n > 1.

Proof. Since, for every n > 1, the operators M, ,; map continuous convex
functions into (continuous) convex functions (see, for example, [7, Proposi-
tion 2]), if f € C([0,1]) is continuous with respect to 7, then M, 4 4(fo771)
is convex and, hence, MTTL a,b( f) is convex with respect to 7 by means of
(3.2). O

Another form of convexity can be considered.

Fix £k > 1 and a9 < a1 < ... < ar € R; moreover, for z € R set
u(z) == (x —ag) - (x — ag).

If f:]ag,ax] — R, the divided difference of f with respect to ag,...,ax
is defined by

k
o\ Slan)
[aﬂa ey Ok f] E hz:O Ul(ah)‘

A function f : I — R is said to be k-convex (see, e.g., [8, Appendix 2])
on the interval I if for all agp < a1 < ... < ay in I one has [ag, ..., ag; f] > 0.

On the other hand, if a € I and h > 0 are such that a,a + h,a +
2h,...,a+ kh € I, then

1
[a,a—l—h,a—I—Qh,...,a—i—k‘h;f]:WAﬁf(a),



where Aﬁ f(a) is the classical k-th difference of f with step h at point a.

Hence, if f is k-convex, then Aif(a) > 0 for all a € I. Moreover, if f
is continuous, it is always possible to choose the ag, ..., a; in the definition
of k-convex functions in such a way they are equally spaced (see [24]), so a
continuous function is k-convex if and only if A¥ f(a) > 0 for all a € I.

We remark that a function f € C*([0,1]) is k-convex if f*) > 0.

Obviously, 1-convex functions are just the increasing ones, while 2-convex
functions are the usual convex ones.

It is possible to further extend the definition of k-convex functions fol-
lowing [17]. If f € C(I), set, for all a € I,

Aj o f(a) = A5(f o ™) (p(a)),

¢ being a C*°-function on I such that ¢'(z) # 0 for all € I and that
lim, 0 p(x) = 0, provided that 0 is a cluster point for I. f is said ¢-convex
of order k (see [17]) if Aﬁ#,f(a) > 0.

If f € C*([0,1]), then f is p-convex of order k if

DE(f)(x) = (feoe )P p@) 20 (xe1).

It is easy to show that, given our assumptions on 7, a function f €
C*(]0,1]) is T-convex of order k if and only if

(for H® >,

in other words, f is 7-convex of order k if f o 77! is k-convex.

Many classical approximation processes preserve k-convex functions, like
for example Bernstein operators (see [8, Prop. A.2.5]) or the classical Bern-
stein-Durrmeyer operators (see [2]). Also Berstein-Durrmeyer operators
with Jacobi weights preserve k-convexity.

First off, given £k € Nand h =0,...,n, we set

k
Alnnl£) = SV (] Jonnsa(1)

=0

By induction, it is easy to prove that, for every n > 1, k € N, f €
C([0,1]), and z € [0,1],

(k) _ Y -k k h(1__ . n—h—k
M, op(f)(@) =n(n—=1)---(n k+1)z< L) Afwnn(Ha"(1-x) ,
i (3.13)

Following the same reasoning as in [2] (see also [7, Proposition 2.7]), we
can prove the following result.

Proposition 3.6. If f € C([0,1]) is k-convex, then My, q(f) is k-convex.
As a consequence, the operators M ., preserve T-convexity of order k.
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Proof. Let us fix a k-convex function f € C([0,1]). It is enough to assume
f € Ck([0,1]); in fact every continuous k-convex function is the uniform
limit a sequence (f,)m>1 of k-convex and C* functions (take, for example
fm = B (f) for all m > 1).
To show that M, ,5(f) is k-convex, taking (3.13) into account, we have
to prove that
Alwn n(f) = 0.

Indeed,

T(n+a+b+2)
T(h+a+1+kIT(n—h+b+1

Afw = (=1)* lF(k)$ ) dx
b n(f) = (~1) )/0 () (x) d,

where F(z) = 2"tk (1 — 2)»~"*b, From this, integrating by parts,

Q&ﬁ/mﬂm dx—/mF z)dz >0
0

and this completes the proof.

Consider now a 7-convex function f of order k; we have to show that
My a,b( f) o771 is k-convex but this is a straightforward consequence of the
previous considerations, (3.2) and the fact that f o 77! is k-convex. O

We pass now to investigate the behavior of the operators M ap OL
Lipschitz-continuous functions. We first recall that we denote by Llp([O 1))
the space consisting of those f € C([0, 1]) such that

flx) = fy
| flLip :== sup (@) W) < +o0.

ewel0] T — Y|
TAY

Moreover, for M > 0, f € Lip,,1 if
[f(z) = f(y)l < M|z —y| for every 0 <z,y <1.

Lip,,1 is said to be the space of all Lipschitz continuous functions with
Lipschitz constant M.
Finally, for 0 < a < 1, we shall write f € Lipy, « if

|f(x) = f(y)| < M|z —y|* forevery 0 < x,y <1.

Observe that, both 7 and 7! are Lipschitz continuous functions. More

precisely, 7 € Lip; 1 with L := ||7/||oc and 771 € Lip 1 with N : (1[1111]17' )L
0,1

Proposition 3.7. M ,(f) € Lip([0, 1]) for every n > 1 and f € Lip([0, 1]);
moreover

Wﬁﬁdﬂhm5<1+%)LNUhm (3.14)
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where

a+b+2
= —-——F><0. 3.15
YT At +3 (3.15)
As a consequence
My, o p(Lipp1l) C Lipppnl  for everyn > 1. (3.16)

Further, for everyn > 1, f € C([0,1]), § >0, M >0 and 0 < a < 1,

w(My o (f),6) < (1 + LN)w(f,8) and My ,,(Lipya) C Lippyye e
(3.17)

Proof. By recalling [7, Theorem 3.2], M, ,;(Lip([0,1])) C Lip([0,1]) and

w
Moo Dliip < (1+2) £l < |l

hence we get M, (Lip([0,1])) C Lip[0, 1] and (3.14) easily follows from

w _
|My, o b(f)lLip < (1 + 5) | f|Lip| TILip 7 Lip -

As a consequence (3.16) is fulfilled.

Finally, taking [6, Cor. 6.1.20] into account and since [ ,,[| =1 and
property (3.16) holds, for every n > 1, f € C([0,1]), § > 0, M > 0 and
0 <a<1,(3.17) is proven. O

4 Asymptotic formula and its consequences

In this section we want find a tool to compare the operators M, ,; and
My with the operators M  ,, showing under which conditions the latter
perform better in order to ai)’proximate certain functions. A way to do that
consists in comparing the corresponding asymptotic formulae.

We recall that (see [7]), for every u € C2([0,1]),

11_>IH n(Mn,a,b(u) - u) = Aa,b(u) (41)
uniformly in [0, 1], where, for every u € C2([0, 1]),
App(u)(z) =2(1 —2)u" (@) + (a+1— (a+ b+ 2)x)u/(z).

On the other hand, also in view of [3], it is easy to obtain the following
result.

Proposition 4.1. For every u € C2([0,1]),

lim (M (0)(z) — u(@) = (Aapuwo 7 0 7)) = LT g

n—o00 n T/(ZE)Q

THELES <(a F1) = (a+ bt 2)r(e) - D= T<$))Tﬂ($)> ()

7'() 7/(x)?

(4.2)

uniformly w.r.t. x € [0,1].
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By comparing (4.1) and (4.2), we can infer the next theorem.
Theorem 4.2. If f € C%([0,1]) and there exists ng € N such that, for all
n >ng and x €]0, 1],

f(@) < M7, (f)(@) < Myap(f)(@),
then, for x €]0,1],
' (x ' (x
(EP
™(z) T(z)(1 - 7(z))
/

e @R (e ) (kb D,
d@ﬂ—7@ﬂ>f() @@y T

f(@) = ((a+1) = (a+b+2)7(x)) f(x)

v
Y
—

(4.3)

Conversely, if there exists xo €]0,1[, in which (4.3) holds with strict
inequalities, then there exists ng € N such that, for all n > ng,

fao) < My o3 (f)(x0) < My ap(f)(20) -
Example 4.3. Consider

€2 + aeq

T o (> 0).

Moreover, for the sake of simplicity, let us suppose that a =1/2, b= —1/2,
and f = es.

We prove that, for a fized o > 0, there exist a subinterval J,, of ]0,5/6]
and ng € N such that, for each x € J, and n > ng,

2? < M£,1/2,71/2(e2)(95) < My, 1/9,-1/2(e2)(7) .
Taking Theorem 4.2 into account, we have to show that, in a suitable

interval of 10,5/6],

1 :_//($)x (@) (- 47’(:E))x 51 z(5 — 6x)7'(x)?

() 27(0)(1 = 7(x)) 2r(0)(1 - 7(x))

or, equivalently,

Direct calculations show that, for all x €]0,5/6],

! 2z +a 3(a+1) —4(2? + ax)

= >0
2r+a z+a 2(1+a-—(22+ ar))

F7()
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Observe that lim,_,o+ F7(x) =5/2. Moreover

5 1050 + 200
lim G7(2) = ————, lim G7(z)=— .
Jm G7(@) = oy i @) = S B0 5+ 6a) (11 + 6a)

Finally G™(2/3) > 0.

In what follows we continue to denote by F™ and G” respectively the
extensions by continuity in 0 and in 5/6 of the functions in (4.4).

First we observe that from G7(0) < 0 < G"(2/3) if follows that there
exists Yo, €)0,2/3] such that G™(yo) = 0. Analogously, from GT(5/6) < 0 <
G7(2/3) it follows that there exists zo €]2/3,5/6] such that G (z) = 0.

It can be proven that GT is positive in |Ya, Zal.

Such a neighborhood is contained in 10,5/6] and it is the desired subin-
terval in which (4.4) holds.

As an example we provide the plot of GT for a =1

o5 % o7

Figure 4.1: The plot of G7 for a = 1.

Under suitable assumptions, the operators M, . also perform better
than the operators M, considered in [3], as showed in the following result.
Note that the asymptotic formula for the operators M is (4.2) for a = b = 0.

Theorem 4.4. If f € C?([0,1]) and there exists ng € N such that, for all
n > ng and x €]0,1],

f(@) < M7, o (f)(@) < My (f)(z),
then, for x €]0, 1],

" m(z) . o () a _(a () (2

1) 2 T ) - - ()~ (0 b+ 2 @
PN

> T8 ) - 21— v o),

(4.5)
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Conversely, if there exists xo €]0,1[, in which (4.5) holds with strict
inequalities, then there exists ng € N such that, for all n > ng,

f@o) < My o 5(f)(20) < My (f)(xo)-

Example 4.5. Fiz 7 = % (a >0), =1 <a=b<0 and let f = es.

Then, (4.5) with strict inequalities becomes
" / B " / _
. (a:)x T (z)(a+1)(1 2T($))x T (a:)x T ()(1 —27(x))
T T

(x) T(x)(1 = 7(2)) @) @)= r@)

and it is easy to see that it holds whenever 1 — 27(x) > 0, that is for every

O0<z<(Va?+2a+2-a)/2<1.

A further consequence of the asymptotic formula (4.2) consists in find-
ing a representation in terms of the operators M . of suitable semigroups
acting on spaces of continuous as well as integréf)le functions. For simi-
lar results see, e.g. [8], where the reader can also find more details about
semigroup theory.

Corollary 4.6. There exists a Markov semigroup (T'(t))i>0 such that for
every f € C([0,1]), t > 0 and for every sequence (kyn)n>1 of positive integers
such that lim k,/n =1t,

n—oo

lim (MTya’b)k" (f) =T@t)(f oY) o7 uniformly on [0,1]. (4.6)

n
n—o0

Moreover, for every f € C([0,1]),

1
lim (V0" (£) = [ fdizy = lim O o or (47

m—0o0

uniformly on [0, 1].

Further, for every p > 1, (T'(t))t>0 has a unique extention (T,(t))i>0
which is a positive contraction semigroup on LP([0,1], uap) and, ift > 0 and
(kn)n>1 is a sequence of positive integers satisfying nh_}ngo kn/n =t, then for

every f € LP(][0, 1],;12’,)),
lim (My, )" () = Tp(t)(f o7~ ") o7 in LP([0,1], u7p).  (48)

n—oo n

Finally, if f € LP([0,1], 7)) and n > 1,

1
lim (M0 (1) = [ fdizy = Jim T0)(foror  (09)

m—o0

n LP([O’ 1]5 M;—,b)‘
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Proof. First note that, for every k,n > 1 and f € C(]0,1]) we put

(M, )" (f) = MY y(for ") o,

Formula (4.6) follows directly from [9, Theorem 3.3]. Formula (4.7) is a

consequence of [3, formula (8)] and [7, Theorem 4.2].

On the other hand, (4.8) derives from [7, Theorem 4.4], since f €

LP([0,1], u, ;) if and only if f € LP([0, 1], pa,p). Finally, formula (4.9) can be
obtained from (4.7), since C([0,1]) is dense in LP([0, 1], u7 ;). O
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