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1. Introduction

In the first part of this paper, we investigate the blow-up dynamic for local in time solutions to the
following semilinear wave equation with damping and mass in de Sitter spacetime

02u — c2e Mt Ay + bOyu + m?u = f(t,u), = €R", t€ (0,T),
u(0,z) = eup(x), xz € R™, (1.1)
0u(0, x) = euq (), z € R",

where ¢, H are positive constants, b, m? are nonnegative real parameters, ¢ > 0 is a parameter describing
the size of initial data and T' = T'(¢) € (0, oo] is the lifespan (maximal existence time) of the weak solution
with C! regularity in time variable (cf. Definition 1.1). In the literature concerning cosmology, the constant
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H is called Hubble constant, m denotes the mass of a particle and the coefficient b for the damping term is
taken equal to the space dimension n (see, for example, (0.6) in [28]).

As nonlinear term we consider a nonlocal term given by the product of three terms: a time-dependent
coefficient providing (possible) additional exponential and/or polynomial growth, a p-power nonlinearity,
and a power of the spatial LP? norm of the solution. Namely, we set

B
f(tu) = T(1) / futt )Py | Jul?, (1.2)
J

where p > 1, § > 0, and I'(t) is a suitable nonnegative function. Our goal in the present paper will be to
determine growth conditions on I' = I'(¢) (depending on p, 3,b,m?) in a such way that blow-up phenomena
for the local solutions to (1.1) occur under suitable sign assumptions for the Cauchy data.

We investigate the case in which the damping term bd;u is dominant over the mass term m?2u, by
prescribing a restriction on the size of m?. More precisely, we will always work under the following assumption

b2 > 4m? (1.3)

for the coefficients of the lower order terms. Following the nomenclature introduced in [7], we call b? > 4m?
the case with dominant dissipation, b> = 4m? the case with balanced dissipation and mass, and b> < 4m?
the case with dominant mass. We do not consider the dominant mass case since this case is somehow related
to Klein-Gordon equation with real positive mass, which cannot be treated with the approach that we are
going to use in the present work. More specifically, we investigate the dynamic of the space average of a
local solution to (1.1), by determining a lower bound estimate for this time-dependent functional, where the
space average appears also in a nonlinear form in an integral term on the right-hand side of this inequality
(the so-called iteration frame). For this kind of approach it is essential to work with nonnegative lower
bounds and (1.3) ensures us that the time-dependent factors on the right-hand side of the iteration frame
have no oscillations and are positive.

We point out that the speed of propagation, namely, the function aqs(t) = ce™Ht is exponentially
decreasing in the previous semilinear wave equation. Moreover, the amplitude of the forward light-cone,

provided by

t

Aas(t) = /adS(T)dT = % (1—e 1)
0

is a bounded function. In other words, by working with smooth solutions, if we assume ug and u; compactly
supported in Br = {z € R™: |z| < R}, given a local solution u to (1.1), we have that

suppu(t,-) C Brya,s@) foranyte (0,T). (1.4)

For this support condition we used the property of finite speed of propagation or, alternatively, the explicit
representation formulas from the series of works by Galstian and Yagdjian [27,28,21,22,24,25]. Therefore,
assuming compactly supported Cauchy data, the support of a local in time solution will be contained in an
infinite half cylinder (as long as the solution exists). As we will see in the proof of our blow-up results, this
property will play a key role when establishing the iteration frame.

We emphasize that the inclusion of the time-dependent factor I" in (1.2) is made in order to be able to
prove the blow-up in finite time for p > 1 and 8 > 0. Indeed, the exponentially decaying speed of propagation
and the presence of the mass term both make extremely difficult the occurrence of a blow-up in finite time of
the solution. In the massless case (i.e. for m? = 0), we will be able not to require any additional exponential
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growth in the nonlinear term, that is, we may consider the case I'(t) = 1 as well. In particular, for § =0
we will recover (with a different technique) the result recently proved by Tsutaya-Wakasugi [20] with the
test function method. On the contrary, when a mass term is present in the partial differential operator on
the left-hand side of (1.1) and we work under the assumption (1.3), then, our method produces a sequence
of lower bound estimates too weak that is not enough to prove the blow-up in finite time unless we require
additional exponential growth through the factor T'(¢).

We emphasize that the local case § = 0 can be included in our result as well. This corresponds to the
usual power nonlinearity with a time-dependent factor.

The nonlinear term in (1.2) has been already considered in the literature for the Klein-Gordon equation
in de Sitter spacetime by Yagdjian [21] when (1.3) is satisfied and by Nakamura [12] for a pure imaginary
mass (i.e. for m? < 0 with our notations) both for de Sitter and anti-de Sitter spacetimes. In both these
papers a blow-up result is proved by means of a comparison argument for a certain ODE. In our approach we
work with the corresponding integral formulation that will allow us to slightly improve the growth condition
for T'(t) in comparison to that one in [21, Theorem 1.1].

In the second part of the paper, we investigate what happens if we consider an exponentially increasing

speed of propagation, say aaqs(t) = cefl* with ¢, H > 0, in place of an exponentially decreasing function
as in (1.1). In other words, we are interested to study the following semilinear problem associated with the

wave equation in anti-de Sitter spacetime

02v — 2t Ay + bOyv + m2v = f(t,v), = €R"™ te(0,7),
v(0,2) = evp(x), x € R™, (1.5)
0v(0,2) = evy (), x € R",

where ¢, H are positive constants, b, m? are nonnegative real parameters satisfying (1.3) and the nonlinear
term is defined analogously as in (1.2).

As in the corresponding results for the semilinear wave equation in de Sitter spacetime, we want to
examine the growth conditions on the factor I' that provide local in time solutions that blow up in finite
time (under suitable sign conditions for the Cauchy data). To the knowledge of the authors, while (1.1) has
been already studied in the literature, the semilinear Cauchy problem in (1.5) has never been investigated
from the viewpoint of blow-up results when (1.3) is satisfied and m? > 0. As we are going to explain in
Subsection 1.1, in the case of anti-de Sitter spacetime the growth assumptions on I' depend strongly on the
dimension n. On the one hand, for low dimensions the situation is quite similar to the corresponding case
with exponentially decreasing speed of propagation. On the other hand, for high dimensions the influence
of the nonlinear term is dominant and, in particular, the treatment of a threshold case, which could be
considered as a critical case in some sense, is more delicate and requires a more deep analysis of the growth
properties of the spatial average of a local solution.

In this last part of the introduction, we recall other known results from the literature on semilinear
wave models in de Sitter spacetime and how our result can be framed and understood in relation to these.
Over the last decade several results were established for wave models by Yagdjian and Yagdjian-Galstian
in de Sitter spacetime [28,21-26] with normalized constants ¢, H (meaning aqs(t) = e~!) and in anti-de
Sitter spacetime (that is, when the speed of propagation is aaqs(t) = e) [27,29,30], respectively. Truly
remarkable integral representation formulas for the solutions of the linear Cauchy problem associated with
Klein-Gordon equations, both with pure imaginary and real positive mass term, are derived in the case of de
Sitter spacetime [28,21] and anti-de Sitter spacetime [29], respectively. These integral representation formulas
have been applied, among other things, to study LP — LY estimates, the existence of self-similar solutions,
blow-up results with nonlocal nonlinear term as in (1.2) and to investigate under which assumptions on the
coefficients for the mass term and on the space dimension a Huygens’ type principle holds. Afterwards, the
Cauchy problem associated with the semilinear wave equation in de Sitter spacetime with power nonlinearity
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was studied by Nakamura [10,11] and Ebert-Reissig [7] and several global existence results were established
not only in classical energy space but also in Sobolev space on L? basis with different regularities (both
below and above the regularity of energy solutions). We point out that in [10,11] also a nonlinearity of
exponential type is considered besides the power nonlinearity. In spite of the above quoted global existence
results for small data solutions with a nonnegative power nonlinearity, it seems that there is a lack of
understanding concerning the expression for the critical exponent, due to the absence of a corresponding
blow-up counterpart. In this scenario, our results for (1.1) should emphasize how the presence of the mass
term does not allow to prove the blow-up in finite time of any local in time solution when f(u) = |ul’.
Indeed, when 8 = 0 and as r — 0T the method that we are going to employ for studying the blow-up is
no longer efficient, meaning that the argument that provides the blow-up of the space average fails, with
a unique remarkable exception given by the massless case m? = 0 (established for the first time in [20], as
mentioned above).

1.1. Main results

Before stating our main results, we introduce the class of solutions to (1.1) that we will consider through-
out this paper. We emphasize that, even though we will call these solutions weak solutions, we require more
regularity than usual distributional solutions. More precisely, we consider the larger class of solutions that
can be considered with our approach, and this requires some regularity with respect to the time-variable
according to the next definition.

Definition 1.1. Let ug,u; € Li. (R™) such that suppug, suppu; C Bg for some R > 0. We say that
ueC([0,T),Li,.(R™) such that f(t,u) € Li,.((0,T) x R™),

where the definition of the nonlinear term f(¢, ) is given in (1.2), is a weak solution to (1.1) on [0,T) if u
fulfills the support condition (1.4) and the integral identity

/atu(t,x)go(t,m) dz — /u(t,x)gat(t,x) dx—i—b/u(t,x)gp(t,m) dz

]R'n, Rn Rn

¢
+ / / u(s,z) (pss(s,z) — e 25 Ap(s, ) — bpy(s, ) + m*p(s, x)) dz ds
0 R

=¢ / ur(z)p(0,z)dz + & / uo(x) (b(0,2) — ¢4 (0,z)) d
Rn Rn

t

B
+/F(s) R[ lu(s, y)|? dy R[ lu(s, z)[Pp(s, ) dz ds (1.6)

0

holds for any ¢t € (0,7) and any test function ¢ € C§°([0,T) x R™).
Considering the following family of time-dependent factors for the nonlinear term in (1.2)
[(t) = pe™ (1 41)" (1.7)

depending on the real parameters r, x, where the multiplicative constant p is positive, we are interested in
describing how the ranges for r, k affect the blow-up in finite time of local solutions to (1.1). In particular,
introducing the threshold values
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Terit (b, m?, B, p) = % (b — Vb2 — 4m2) (B+1p—1), (1.8)

-1 if b2 > 4m?,
Hcrit(ba m2353p) = . 9 9 (19)
—1—=(B+1p if b*=4m?,

we may distinguish between three different subcases, depending on the range for the parameters r, x in
(1.7):

o the case with exponential growth when r > rei(b,m?, 3,p) and k € R;
o the case with polynomial growth when r = 7t (b, m?, 8,p) and k > Kerie (b, m2, 3,p);
o the case with logarithmic growth when r = re(b,m?, 3,p) and k = ket (b, m?, 3, p).

Note that the word “growth” in the previous list of subcases does not refer to the growth rate for the
function I'(t), rather to the growth of the lower bound for a time-dependent functional related to a local
solution u, whose evolution in time will be investigated to prove the blow-up in finite time of u.

We shall see that a suitable iteration argument for U in Theorem 1.2 and for ¢/ in Theorems 1.3 and
1.4 can be used together with a slicing procedure. For the definition of U and U, respectively, see (2.1)
and (2.24) below. In the first case we deal with exponential factors in the lower bounds for U, while in the
threshold case 7 = et (b, m?, 3, p), depending on whether k > ket (b, m2, B,p) or K = Kerit (b, m?, 3, p), we
find lower bounds of polynomial or logarithmic type for U, respectively.

The first result concerns the case with exponential growth.

Theorem 1.2. Let n > 1 and b,m? > 0 such that (1.3) is fulfilled. Let us assume 3 > 0,p > 1 and
r > et (b,m?, B,p), where rey(b,m?, 3,p) is defined in (1.8), and consider

D(t) = pe™ (1 +t)" (1.10)

for some p >0 and some k € R in (1.2).

1

e (R™) are nonnegative, nontrivial and compactly supported functions with

Let us assume that ug,u; € L
supports contained in Br for some R > 0.

Let w € C* ([0,T), LL . (R™)) be a weak solution to the Cauchy problem (1.1) according to Definition 1.1
with lifespan T = T'(¢).

Then, there exists a positive constant g = eo(n,c, H,b,m?,3,p, p,7, k,uo, u1, R) such that for any
e € (0,e0] the weak solution u blows up in finite time. Furthermore, the following upper bound estimates

for the lifespan hold

-1
ob’mz’p’ﬂ’r’ﬁ(T(E)) < C’g_((ﬁ-%—lr)p—l_%(b_vb2_4m2)) , (111)

where the positive constant C' is independent of € and

K
eTr T (0 BD) i b2 > 4m?2,
eb,mz,p,ﬂ,r,ﬁ(T) = _(B+Vp—l+r (112)
eTrr—reai(bm?,8,p)  if h2 = 4m?2.

Remark 1. In Theorem 1.2 we note that in the case without any additional polynomial growth (or decay)
in I, that is for x = 0, the function in (1.12) is simply the exponential function for b* > 4m?. On the other
hand, for k = 0 and b®> = 4m? we still have a polynomial correction in (1.12) (that improves the upper
bound estimate).
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The second result concerns the case with polynomial growth. In particular, we have a limit value for the
coefficient in the exponential term in (1.7), while for the polynomial factor we consider the parameter
above the threshold value ki (b, m?, 3, p).

Theorem 1.3. Let n > 1 and b,m? > 0 such that (1.3) is fulfilled. Let us assume 3 > 0,p > 1 and
r = reit(b,m2, B,p), K > Keit(b,m2, 3,0), where T (b,m?, 3,p) and ke (b,m?, B,p) are defined in (1.8)
and (1.9), respectively, and consider

I(t) = Me"‘crit(bym27ﬁ7p)t(1 + 1)~ (1.13)

for some >0 in (1.2).

Let us assume that ug,uy € L}OC(R") are nonnegative, nontrivial and compactly supported functions with
supports contained in Br for some R > 0.

Let uw € C* ([0,T), LL . (R™)) be a weak solution to the Cauchy problem (1.1) according to Definition 1.1
with lifespan T = T'(e).

Then, there exists a positive constant g = eo(n,c, H,b,m?,3,p, i, k,up,u1, R) such that for any
e € (0,e0] the weak solution u blows up in finite time. Furthermore, the following upper bound estimates
for the lifespan hold

Ce if b2 > dm?,

T(e) < (1.14)

3 -1
ce (@ Hm=t1) g2 = a2,
where the positive constant C' is independent of ¢.

Remark 2. Let us point out that in the massless case, i.e. for m? = 0, we have 7. (b, 0, 3, p) = 0. Therefore,
in this special case we obtained the blow-up in finite time of local solutions even without requiring additional
exponential or polynomial growth for the nonlinear term (setting I'(¢) = 1). In particular, for the local case
B = 0, which corresponds to the usual power nonlinearity |u|?, namely, for the semilinear Cauchy problem

02u — e 2 Au+ bdyu = |uP, = €R", te (0,7),
u(0, z) = eup(x), x € R™, (1.15)
Ou(0,z) = euq (), x €R",

we obtained, with a quite different approach, the same blow-up result recently proved in [20]. Moreover, we
found the same lifespan estimates as in [20]. Indeed, from Theorem 1.3 in this special case the upper bound
estimates for the lifespan are given by

(e < {cg—@—l) if >0,
€)X

p—1

Ce vt if b=0,
where the positive constant C' is independent of ¢.

The third result concerns the case with logarithmic growth. In this case, we have limit values both for
the coefficient of the exponential term and of the polynomial term in (1.7).

Theorem 1.4. Let n > 1 and b,m? > 0 such that (1.3) is fulfilled. Let us assume 3 > 0,p > 1 and
r = reit(b,m?, 8,p), £ = Kerit(b,m?, 3,p), where 1 (b,m?, 8,p) and Kerig(b,m?, B, p) are defined in (1.8)
and (1.9), respectively, and consider
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F(t) - Mercrit(b»mzvﬁﬁp)t(l + t)"@crit(bv"nzvﬁvp) (116)

for some p >0 in (1.2).

Let us assume that ug,u; € Li

e (R™) are nonnegative, nontrivial and compactly supported functions with

supports contained in Br for some R > 0.

Let w e C* ([0,T), LL.(R™)) be a weak solution to the Cauchy problem (1.1) according to Definition 1.1
with lifespan T = T'(¢).

Then, there exists a positive constant eg = eo(n, ¢, H,b,m?, B, p, i, ug, u1, R) such that for any e € (0, &)
the weak solution u blows up in finite time. Furthermore, the following upper bound estimate for the lifespan

holds
T(e) < Cexp (KE_((ﬂH)”_l)) ) (1.17)
where the positive constants C, K are independent of e.

Remark 3. We emphasize that the results from Theorems 1.2, 1.3 and 1.4 correspond to ones from Theorem
1.1 in [21]. In particular, in the case b*> > 4m? we improved the limit threshold for the polynomial factor
from k£ > 2 to kK > —1, while we found exactly the same result in the case b*> = 4m?. In addition, we
established upper bound estimates for the lifespan depending on the precise growth rate of the function
I'(t). We underline that in the above mentioned Yagdjian’s paper the blow-up of the spatial average of a
local solution is proved by means of a comparison argument for certain ordinary differential inequalities, that
generalize Kato’s lemma (cf. [8] or [18]). In particular, in that paper, applying the dissipative transformation
w(t, ) = e2'u(t, z) and keeping our notations, the equation in (1.1) is transformed in
b2

2w — Pe Mt Ay — <Z - m2) w= e_%((5+1)p_1)tf(t,w)

and, then, a modified Kato’s lemma is applied to study the blow-up of local in time solutions.

The second part of the paper will be devoted to the study of blow-up results for local in time solutions
to (1.5), with the time dependent factor I" chosen as follows:

T(t) = pe?(1+1t)°. (1.18)

The amplitude function describing the forward light-cone is given by Aaqs(t) = cH*(eff* — 1) for this
model.

Before stating the main results for (1.5), also in this case we introduce the class of solutions to (1.5) with
which we will work.

Definition 1.5. Let vg,v; € L _(R™) such that supp vy, suppv; C Bpg for some R > 0. We say that
veC([0,T), Li(R™)) such that f(t,v) € L.((0,T) x R™),

where the definition of the nonlinear term f(t,v) is given in (1.2), is a weak solution to (1.5) on [0,T) if v

fulfills the support condition
suppv(t,-) C Bricm—1(eHt—1) for any ¢t € (0,T), (1.19)

and the integral identity
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/@v(t,z)g&(t,z) dz — /v(t,x)cpt(t,x) derb/v(t,x)(p(t,x) dz

R» R» R"
¢
+//U ) (ss(s,2) — 22 Ap(s, ) — beps(s, ) + mPp(s,z)) dzds

0 R~
/v1 ©(0,z dx—l—s/ o(@) (b(0, ) — (0, 2)) dz
R~ R~

=&

—i—/F /|vsy|pdy /|vsx|<psx)dxds (1.20)
0

R~

holds for any ¢ € (0,7) and any test function ¢ € C§°([0,T) x R™).

Differently from what happens in the case of de Sitter spacetime, when we work in anti-de Sitter spacetime
it is possible to derive two different threshold values for the parameter g in (1.18). In the next lines we are
going to define these two values depending on the range for the space dimension.

We introduce the threshold values

chit(n7H7 ba mzvﬂap) = % (bi \% b2 - 4m2) ((ﬂ+ 1)p7 1) +TLH(B+ 1)(]77 1) (121)
for n < —W—i—%,and
chit(na H, b7m2767p) = %(b+TLH)((B + ]-)p - 1) +nH — (n - l)H(B + 1) - % (122)

VB2 —dm? | 2
fOI‘ n > Tm + ;
The reasons that lead to consider two different values for pqi; depending on whether n is smaller
7”72;[4’”2 + 2 and the steps towards to this distinction will be clarified in

detail in Subsection 3.3. Nevertheless, naively and roughly speaking, we can assert that when (1.21) holds

than/equal to or bigger than

the Cauchy data have a stronger influence in the iteration argument than the nonlinear term, while in (1.22)
the situation is reversed.
The next three theorems are the counterpart in anti-de Sitter spacetime of Theorems 1.2-1.4.

Theorem 1.6. Let n > 1 and b,m? > 0 such that (1.3) is fulfilled. Let us assume 3 > 0 and p > 1 such that

b2 — 4m?
2H

|3
|

(1.23)

N

D=

and 0 > ocrit(n, H,b,m?, B,p), where gcrit(n, H,b,m?, B,p) is defined in (1.21), and consider
D(t) = ot (1 -+ 1)°

for some > 0 and some ¢ € R in the term f(t,v) given by (1.2).

Let us assume that vy, vy € LIOC(R”) are nonnegative, nontrivial and compactly supported functions with
supports contained in Bg for some R > 0.

Let v € C* ([0,T), L, .(R™)) be a weak solution to the Cauchy problem (1.5) according to Definition 1.5
with lifespan T = T'(¢).
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Then, there exists a positive constant €9 = eo(n,c, H,b,m?, B, p, i, 0,5,v0,v1, R) such that for any
e € (0,e0] the weak solution v blows up in finite time. Furthermore, the following upper bound estimates
for the lifespan hold

_ (B+1)p—1
Cn,H,b,mQ,p,B,g,g(T(g)) < Ce Q_chit(an7bam27ﬂap)’

where the positive constant C' is independent of € and

S
eT T 0—Ccrit(n,H,b,m?,5,p) Zf b2 > 4m27
Cn,H,b,m?2,p, 80,6 (T) = (B+Dp—1+<
e’ Qfgcrit(n7H7b)m27ﬂ;p) if b2 = 4m2.

Theorem 1.7. Let n > 1 and b,m? > 0 such that (1.3) is fulfilled. Let us assume 3 > 0 and p > 1
Satisfying (1'23) and 0 = chit(naHv b, m2aﬁap) and ¢ > Kcrit(ba m2767p)’ where @crit(anabam2’57p) and
Kerit(b,m?, B,p) are defined in (1.21) and in (1.9), respectively, and consider

D(t) = Me@crit(n)Hvb’mQ)B:p)t(l +1)°

for some > 0 in the term f(t,v) given by (1.2).

Let us assume that vo,v1 € Li,.(R™) are nonnegative, nontrivial and compactly supported functions with
supports contained in Bgr for some R > 0.

Letv € C* ([0,T), L .(R™)) be a weak solution to the Cauchy problem (1.5) according to Definition 1.5
with lifespan T = T'(¢).

Then, there exists a positive constant g = o(n, ¢, H,b,m?, B,p, 1,5, v0,v1, R) such that for any e € (0, &)
the weak solution v blows up in finite time. Furthermore, the following upper bound estimates for the lifespan
hold

_(B+)p—1
1

Ce™ <+ if b? > 4m?,

T(€) < IS -1
CE‘(—<B+1+)2—1+1) if b2 = 4m?2,

where the positive constant C' is independent of €.

Theorem 1.8. Let n > 1 and b,m? > 0 such that (1.3) is fulfilled. Let us assume B > 0 and p > 1
satisfying (1.23) and 0 = 0erit(n, H,b,m?, 8,p) and ¢ = ket (b, m?, 8,p), where gerit(n, H,b,m?, 3,p) and
Kerit(b,m?, B,p) are defined in (1.21) and in (1.9), respectively, and consider

T(t) = Megcr;t(n,H,b,m2,ﬁ,p)t(1 + t)ncm(b,mQ,B,p)

for some p > 0 in the term f(t,v) given by (1.2).

1

Let us assume that vo, v € L,

(R™) are nonnegative, nontrivial and compactly supported functions with
supports contained in Br for some R > 0.

Let v € C* ([0,T),LL.(R™)) be a weak solution to the Cauchy problem (1.5) according to Definition 1.5
with lifespan T = T'(e).

Then, there exists a positive constant g = eo(n, ¢, H,b,m?, 3, p, i, v, v1, R) such that for any e € (0, &)
the weak solution v blows up in finite time. Furthermore, the following upper bound estimate for the lifespan

holds
T(e) < Cexp (Ks_((5+1)p_1)) ,

where the positive constants C, K are independent of €.
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Let us emphasize that in Theorems 1.6, 1.7 and 1.8 we used (1.21) as threshold value for the coefficient
o in the exponential term in T, since the condition (1.23) on the space dimension ensures us that the value
for ocrit in (1.21) is smaller than or equal to the one in (1.22). In other words, when (1.23) holds, the wider
range for g, provided by the condition ¢ > geit, is obtained by the definition in (1.21) for geit.

On the contrary, in the next results we assume that . is given by (1.22), that is, when the opposite
inequality of the one in (1.23) holds.

Theorem 1.9. Let n > 1 and b,m? > 0 such that (1.3) is fulfilled. Let us assume 3 > 0 and p > 1 such that

Vb2 — 4m? 1
Loyroomw o (1.24)
2 2H P
and 0 > gcrit(n, H,b,m?, B,p), where gerit(n, H,b,m?, B,p) is defined in (1.22), and consider
D(t) = pe? (1+1)° (1.25)

for some > 0 and some ¢ € R in the term f(t,v) given by (1.2).

Let us assume that vo,v1 € L (R™) are nonnegative, nontrivial and compactly supported functions with
supports contained in Bgr for some R > 0.

Letv € C* ([0,T), L .(R™)) be a weak solution to the Cauchy problem (1.5) according to Definition 1.5
with lifespan T = T (e).

Then, there exists a positive constant €9 = eo(n,c, H,b,m?, B, p, i, 0,5,v0,v1, R) such that for any
e € (0,e0] the weak solution v blows up in finite time. Furthermore, the following upper bound estimates

for the lifespan hold

_ (B+1)p—1
Xn,H,b,mz,pﬁ,gyg(T(g)) § Ce Q_chic(anvbvaﬁW)’ (126)
where the positive constant C' is independent of ¢ and
S
XTL,H,b,m2,p,5,g7g(T> = T 10— ocrit(n,H,bym?2,8,p) (1.27)

Remark 4. Notice that the upper bound estimate for the lifespan (1.26) is formally identical to the one in
the statement of Theorem 1.6 in the case b? > 4m?2. Of course, the difference relies in the different definition
for the quantity ocit depending on whether either (1.23) or (1.24) holds.

Remark 5. In [17] we provide a blow-up result for (1.5) in the case (1.24) for the critical case ¢ = gecrit by
adapting the approach from [19].

2. Models in de Sitter spacetime
2.1. Derivation of the iteration frame
In order to prove Theorem 1.2, we are going to use an iteration argument to show that the space average

of a local solution blows up in finite time. Hence, given u local in time solution to (1.1), we consider the
functional

U(t) = /u(t,x) dz for t € [0, 7). (2.1)
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As first step, we are going to determine an iteration frame for the functional U. As we explained in the
introduction, for us an iteration frame is an integral inequality where U appears both on the left-hand side
and on the right-hand side (as a nonlinear term in an integral expression). This iteration frame will allow
us to establish a sequence of lower bound estimates of exponential type for r > 7 (b, m?, 3,p), through
which we will prove the blow-up in finite time of U.

On the other hand, for the proofs of Theorems 1.3 and 1.4 rather than with U(t) we will work with the
functional U(t) given by the product of U(t) with a suitable t-dependent exponential factor e®t. From the
iteration argument for U we will establish immediately the corresponding one for #. By working with i/
we will be able to balance the effect of the exponential term in (1.7) in a much more simpler way when
r = reris (b, m?, B,p). As a result of this balance we may apply a very precise slicing procedure in the different
settings of Theorems 1.3 and 1.4, depending on whether we work with exponential and /or logarithmic factors
and on how many steps are necessary in the slicing procedure.

We point out that in the iteration frame for U (or for If) it is necessary to deal with unbounded exponential
multipliers (see also the series of papers [4-6,2,14,3,16], where iteration frames with unbounded exponential
multipliers are employed). For this purpose, we apply a slicing procedure while deriving the sequence of
lower bound estimates for U. This procedure is a variation of the first slicing procedure introduced in [1] for
the treatment of the critical case for the weakly coupled system of semilinear wave equations in the three
dimensional case, where this technique is used to handle factors of logarithmic type. Clearly, the choice of
the coefficients characterizing the slicing procedure (see the sequence {L;};cn defined below) is done in
order to handle exponential factors in the iteration frame. We will also see how the number of exponential
multipliers in the iteration frame will influence the number of steps for the slicing procedure (either a 1 step
or a 2 steps procedure).

Fixed t € (0,T), we choose a bump function ¢ € C*([0,T) x R™) that localizes the support of u on the
strip [0,¢] x R™, that is, o = 1 on {(s,7) € [0,#] x R" : |2| < R+ cH ' (1 — e~*H)}. Hence, using this ¢ in
(1.6), we get

t
/@u(t,x)dx—!—b/u(t,x}dx+m2//u(s,x)da:ds
R’n

Rn 0 R~
t B+1

= 5/(u1(x) +bu0(a:))dx+/f‘(s) /|u(s,x)|pda: ds,
R~ 0 R~
that can be rewritten as
t t B+1
U'(t) +bU(t) +m? / U(s)ds =¢ /(ul(x) + bug(z)) dz + /I‘(s) / |u(s, z)|Pda ds.
0 R” 0 R~

From the previous relation we see that U is twice continuously differentiable and that

B+1
U”(t) + bU'(t) +m2U(t) = T(1) / lut,z)Pdz | . (2.2)
R™

Thanks to the assumption (1.3), we may factorize the differential operator on the left-hand side of (2.2) as
follows:
d

e_alta (e(al_o‘z)t% (eaQtU(t))> =U"(t) + (a1 + a2)U'(t) + a1a2U (2), (2.3)
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where the pair of real parameters (ay, as) satisfies

a1 +ag=b, ajay = m2.

Clearly, the previous conditions for a; and ap are symmetric and they are satisfied if a5 are the roots of
the quadratic equation

a® —ba +m?* =0. (2.4)

Note that in the balanced case b?> = 4m? the previous equation has a double root and oy = ay = % and
that in the dominant mass case the roots of (2.4) are complex conjugate, so oscillations appear. Therefore,
we may rewrite (2.2) as follows:

B+1

d d
efoat& (e(a1a2)tE ( O‘QtU( ) /|u t x |pdl' . (25)
R~

Next, we can use (2.5) to derive the iteration frame for U by assuming nonnegative ug and wu;. Let us
begin with the case b> > 4m? (when oy # az). Multiplying (2.5) by e®! and integrating over [0, ], we find

t B+1
/ealTI‘ / |u(r, z)|Pdz dr = e(al_”)t% (e*?'U(t)) — (U'(0) + aU(0)).
0

Analogously, from this last relation we obtain

B+1
¢ e(az ay)t _ 1
/e(ar‘ll)s/ T (1 / |u(7, ) |Pdz drds = e*'U(t) — U(0) + S — (U'(0) + axU(0)),
/ 1 2
which implies in turn
—Cllt _ —agt —Oélt _ —agt
U@) = 22¢ U° o)+ E—— ()
Qg — Qg —
O‘zt/ (az—a1) / eI (T /|u T,T) |pdx drds
0 R»
—oat —ast —Ozlt —OLQt
:ga2e @ © /uo d$+€ /ul
g — Q1 Qg — (1
Rn R™
+e*°‘2t/ az—a1) / e I(7 /|u T, T |pdx dr ds. (2.6)
0 R

In the limit case b?> = 4m?2, we can proceed similarly obtaining

B+1

t s
Ut) = e 3'U(0) + (U'(0) + 5U(0)) te 2" 4 e %t// ST /|um [Pde | drds
0

Rn
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—I—efgt//e%TF /|u T, z)[Pdx dr ds. (2.7)

Consequently, requiring that ug and wu; are nonnegative functions, then, from the previous identities
we obtain immediately that U is a nonnegative functional. Next we determine the iteration frame. Since
suppu(t,-) C Bryayg@) for any t € (0,T), by using Hélder’s inequality we have

1
0<U(R) /|u (t,z)|Pdz | (meas (Bryayss)))”
R~

1
Y

P

< (R+ Ags(t)” /|utx\de < /|u(t,x)|”dx ,
]Rn
and, hence,
[tz @,
Rn

Notice that in the previous step, we took advantage of the fact that the light-cone is contained in an infinite
half cylinder.
Thus, from (2.6) and (2.7) we get the iteration frame

t S
Ut) > Cefo""t/e(azfo‘l)s /ea” F(T)(U(T))(BJrl)p drds, (2.8)
0 0

where C' = C(n,c, H,p, R) > 0 is a suitable constant.

Clearly, in order to be able to apply the previous iteration frames to get a sequence of lower bound
estimates for U, we need to determine a first lower bound for U. From (2.6) and (2.7), since the Cauchy
data are taken nonnegative and nontrivial, we have immediately the lower bound estimates

Ui > Koee~ (3=2VPP=dm2)t g 2 5 4?2
Koe (1 +t)e 3t if b2 = 4m2,

for any t € (0,T), where Ko = Ko(b, m?,ug,u1) is a suitable positive and independent of ¢ constant.

We emphasize that (2.8) is the iteration frame that will be used in the proof of Theorem 1.2, while for
Theorems 1.3 and 1.4 the choice of the time-dependent functional and the corresponding iteration frame
will follow directly from (2.8).

In the next three subsections, we will prove these theorems. In each case the growth condition assumed
on I' has a crucial role in determining the key factors in the iteration frame and, consequently, the main
features of the associated slicing procedure.
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2.2. Case with exponential growth: proof of Theorem 1.2

In this subsection, we prove Theorem 1.2. As anticipated, the time-dependent functional that we consider
to prove the blow-up result is the space average U defined in (2.1).

Since the time-dependent factor I' in (1.2) is given by (1.10) with r > 7e¢(h,m2,8,p), the exponential
growth of T" is dominant over the first lower bound for U in (2.9) (which decays exponentially). Therefore,
when deriving the sequence of lower bound estimates for U through (2.8), we need to handle exponentially
increasing factors both in the 7-integral and in the s-integral. Hence, we apply a 2 steps slicing procedure
and the coefficients characterizing the shrinking of the domains of integration on the right-hand side of (2.8)
are chosen in order to allow the handling of the unbounded exponential multipliers e(®**")7 and e(®2+7)s in
the first and in the second integral, respectively.

We may define now the parameters {L;};ecn that characterize the slicing procedure:

J
Li=][&  foranyjeN, (2.10)
k=0

where the coefficients {¢i }rcn are given by
o = max {(r + o) L (r+ )t} b, =1+ ((B+ 1)p)7k/2 for any k£ > 1.

Notice that ¢; is well defined thanks to the condition on . Moreover, since ¢}, > 1 for any k > 1, the sequence
{L;};en is strictly increasing. Finally, due to the choice of {¢;};>1, we have that the series Y ;- In¢y is
convergent, and this is equivalent to prove the convergence of the following infinite product

L= ﬁzj ER..
§=0

Our first goal is to prove the following sequence of lower bound estimates for U:
U(t) = Cje®'(t — Loj)* (1 + )~ for t > Lo; and for any j € N, (2.11)

where {C}}jen, {a;}en\f01s 105}jen, {5;}jen are sequences of nonnegative real numbers to be determined
iteratively.

For j =0 (2.11) is given by (2.9) provided that Cy = Koe, ag = —% + %m, Bo = 0, and, finally,
by = 0 if b> > 4m? and by = 1 if b = 4m?. We underline that ag is the only term in the sequence {a;};
that is not positive. Denoting by k4 and x_ the positive and the negative part of x (i.e., K4 = max{x,0}
and k_ = —min{x,0}), from (2.8) we get

t s
U(t) > pC(1+1)""-e 22! / elaze)s / et )T 2k (7(7)) (BHP 41 ds. (2.12)
0 0

We want to prove (2.11) by induction with respect to j. We have already remarked the validity of the base

case. Next we prove the induction step. Assuming that (2.11) is satisfied for some j > 0 we prove it for
j + 1. Plugging the lower bound estimate (2.11) in (2.12), for ¢t > Lo; we have

t S
U(t) = pO(1 +t) e 22t / eloe—an)s / e(D‘IM)TT“(U(T))(ﬁH)p drds

sz L2j
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t s
> pCCi(1+ t)~(r-Faby)gmaszt / elazmar)s / eleatr+aai)T (r _ [, )R++4% dr ds,
L2]' ng

where from now on, for the sake of brevity, we denote ¢ = (8+1)p. For ¢ > Ly;11 we can shrink the domain
of integration in the previous inequality as follows:

t s
U(t) > }LCC;I(I + t)*(merqBj)efazt / e(az*oq)s / e(a1+r+qaj)7—(7_ B sz)n++qu drds

Lajia Lyjs
Lajt1

t s

MCC‘;} —(k—+4qBj) ,—at (az—ary)s K+—+qb; (a1+r+qaj;)T
Z et (1+1) ie e (s — Lajt1) I e ITdrds, (2.13)
2j+1 Lo J

Lajt1

where in the second step we used the monotonicity of the factor (7 — Lo;)"+ . Let us show now how we
can estimate from below the 7-integral. By a direct computation we have

S

/ e(a1+r+qaj)7' dr = (041 4 qaj)fle(a1+r+qaj)s (1 . ef(oc1+r+qaj)(171/€2j+1)s>

S
lajt+1

> (a1 47+ qaj>—1e(a1+r+qaj)s (1 _ e—(a1+r+qaj)(£2j+1—1)sz)
> (a1 + 7+ gay)~elortrrat)s (1 - e—<a1+r><4w+1—1>%)
> (o1 + 7+ gag) el trHin)s (1 — om(i D))

for s > Loji1, where in the previous chain of inequalities we used the following properties oy + 7 > 0,
aj >0, laj11 > 1, Laj T and Lo = €y > (a1 + )"t Then, using the inequality 1 —e ¥ >y — y—; for any
y = 0 we have

> (fajp1 —1) (1= §(boj — 1)) = ¢~ FFD(GH2 -3
> (g 1y, (2.14)
Combining these two last inequalities, from (2.13) we obtain

t
(1+ t)_(”**'q*gj)e_o‘zt / e(o‘2+T+q“j)s(s — L2j+1)"‘++qb1ds.

Loji1

uC(q —3)C?

(t) > ; _
Egj*_:_lqb’ (a1 + 74 qaj)g¥+!

Until now we applied a first step in the slicing procedure to deal with the 7-integral. Repeating analogous
computations after shrinking the domain of integration to [t/f2j42,t] in the s-integral for ¢ > Loj o, we
arrive at the lower bound estimate

pO(q — 5)°CJ(laj1lajr0)~ (e He%)

U(t) > .
®) (a1 + 7+ qa;) (g + r + qa;)gh+3

e(?‘+qaj)t(t — L2j+2)n++qu (1+ t)—(ﬁf-quﬁj)’

which is exactly (2.11) for j + 1 provided that
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O = pnC(q — %)QC?(£2j+1€2j+2)_(K++qu)
T Ny + 1+ qag)(ag + r + qag) gt

(2.15)
ajy1 =1 +qaj, bjpr =Ry +abj, B =Ko +4f; (2.16)

By applying recursively the previous relations among two consecutive terms from the sequences {a;};jen,
{bj}jen, {B;}jen we obtain the explicit representation

j—1 j

_ I PR el N _< r )j r

a; =r q"+ ¢ ag = r+q¢ag=——4+ao )¢ — , 2.17

! kz_o g—1 qg—1 q—1 (217)

and, in an analogous way,
K4 : K4

bij=(——+Db J — , 2.18
j= () - 2.18)
L 2.19

where in the last relation we used Sy = 0. The next step is to determine a lower bound for the constant C;
that we can handle more easily. We remark that, since © > 7.4 (b,m?, 3,p) the quantity r/(q — 1) + ag is
strictly positive. Therefore,

iy + 1+ qa; = oy t+ajp < (G + ao)q’ + aiys + ag
< (755 +a0)d + Vb2 —4m? < Mog? (2.20)

for any j € N, where My = My(b,m?,7,3,p) is a suitable positive quantity which is independent of j.
Furthermore, we remark that

(L2jt1lajp2)tt = Jin exp (b1 [In bz +1n loj4])
= jlggo exp ((;_7*1 4 bo) qj+1 [ln (1 + q*(j+1/2)> +1n (1 + qf(j+1))})

= exp ((:_—*1 +bo) (1+ \/ﬁ)) ,

lim
Jj—oo

consequently, there exists a uniform (i.e. independent of j) constant M; = M;(b,m?, k, 3,p) > 0 such that
(b9 +102j12)%+1 < M for any j € N. Combining (2.15), (2.16), (2.20) and the previous uniform upper
bound, we see that

pC(q — 3)°CY _ HCla—3)°¢ OG-+
(Cojp1laj12)bi+t (an + ajy1) (e +aj1)g¥+3 ~  MiMG I

D=

Cj+1 =

We can now use the inequality C; > Dq~% C’;?_l to derive a more convenient lower bound for C; for
sufficiently large indexes. Applying the logarithmic function to both sides of the previous inequality and
using iteratively the resulting inequality, we find

InC; > qlnCj_1 —6jlng+1InD > q2lan,1 -6+ —-1g)Ing+(1+¢g) InD

Jj—1 j—1
2...>qjln006<2(jk)qk> lnq+< qk> In D.
0

k=0 k=
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Using the following identity

j—1 . 1 qj+1 —q .
St - A (20 o

we have

. 1 InD | 1 In D
G > ¢ <1n00_ 6qlngq n > (6q nq 6lng. In

(q—1)2+q—1 -2 ¢g-1' -1

Let jo = jo(n,c, H,b,m?, u, 7, K, 3,p, R) € N be the smallest integer such that jo > é’}n[f] — ﬁ. Then, for

any j = jo it results

; 6q1 InD

) = ¢’ In(De), (2.22)

where D = Kyq~%7/(a=1)° p1/(a=1) Hence, recalling that Ly; 1 L, if we combine (2.11), (2.17), (2.18), (2.19)
and (2.22) for t > L and for any j > jo it holds

U(t) > exp (qj (ln(Ds) + (# + a0> t+ (% + bo) In(t — L) — 25 In(1 + t)))

X exp (—qzlt) (t— L)1 (14 1),

Next, using the trivial inequalities In(t — L) > Int —In2 and —In(1 +¢) > —Int — In2 for ¢ > max{2L,1}
and the identity x = k4 — k_, from the previous estimate we obtain

K

[ b T . )
Ut)=exp | ¢ In| De[trtla—Daoe! exp(— - t) (t—L)y a1(1+t) a1

g—1

where D = 2~ ((s++5-)/(a=1)+bo) ) By using the function defined in (1.12), we may rewrite

K

U(t) > exp (qj In (DE (0,2, (1)) qfrﬁ_ao)) exp (—q%t) (t— L)f% (1+t)" a1 (2.23)

for t > max{2L,1} and for j > jo.
From (1.12) we see that 0y ,,2 p ., is strictly increasing (and hence invertible) for ¢t > T, where T =
T(b,m?,p, 3, r, k) is a suitable nonnegative quantity. Note that for x > 0 if b*> > 4m? and k > —(B+1)p+1

if b2 = 4m? we can simply take T(b, m?2,p, 3,7, k) = 0. With a slight abuse of notation, in what follows we
1
m2,p,B,r,k (T,00)"

We remark that the logarithmic factor multiplying ¢/ in (2.23) is strictly positive if and only if
De (9b7m2,p,57r),€(t)) 1T S 1 For ¢t > T, this is equivalent to require

denote by 0, the inverse function of the restriction 6 .2 p, ﬁmﬁ|

1
_ N
> 05 2 6 <(D5) () ) :

Since limg_, o 9;;2717”@%&(5) = 00, we may fix eg = eo(n, ¢, H,b,m?, q, iu,r, k,ug, u1, R) > 0 sufficiently

small so that

b,m2,p,B,r,K

o1 ((Dgo)‘(#“m) ) > max{2L, 1, T}.
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—1
Thus, for any € € (0,&] and any t > 6, ! , DBk ((DE)_(q_1+ao) > we find that ¢t > {2L,1,T} and that

the factor multiplying ¢’ in (2.23) is positive, so, letting j — oo in (2.23) we see that the lower bound for U (¢)
is not finite. Hence, we proved that U blows up in finite time and, as byproduct of the iteration procedure,
we got the upper bound estimate for the lifespan in (1.11). This completes the proof of Theorem 1.2.

Remark 6. In the proof of (2.11) the assumption r > 7ei(b,m?, 3,p) allows to define properly £, since
r+ aye > 0. However, the crucial point in the previous iteration argument where this assumption on the
range for r is used is in the representation (2.17) for a;. Indeed, the term a; allows to get a growth of
exponential type in the lower bound estimates (2.11). In the next subsections, we consider the limit case
r = 7erit (b, m?, B, p) for which the previous argument does no longer hold. A first step will be to introduce a
new time-dependent functional related to U and the relative iteration frame. In this new iteration frame we
have to deal with just one or no exponential multiplier depending on whether we consider the case b> > 4m?
or the case b> = 4m?2. Therefore, in Theorems 1.3 and 1.4 a significant role will be played by the power &
for the polynomial term.

Remark 7. For b > 0 and m? € [O, %} we may weaken the sign assumptions on ug, %1 in Theorem 1.2. In
fact, it is sufficient to suppose that [, uo(x)dz, [, u1(z) dz are nonnegative and that at least one between
them is strictly positive. Indeed, under these assumptions (2.9) keeps to be fulfilled for b # 0 and this suffices
to start the iteration argument.

On the other hand, it is interesting to consider for b = m? = 0 the case in which the second Cauchy
data satisfy [p, u1(z)dz =0 (and, of course, [p, uo(x)dz > 0). Then, Theorem 1.2 is still valid in the case
b =m? = 0, however, the lifespan estimate in this case is the same one as in the case b* > 4m? in (1.11).
This worsening in the upper bound is caused by the fact that the lower bound for U in this case is given
by U(t) > Koe e~ (5-3VP? ’4m2)t, i.e., without any additional linearly increasing t-factor on the right-hand
side differently from (2.9).

2.3. Case with polynomial growth: proof of Theorem 1.3

In the present subsection, we provide the proof of Theorem 1.3. In this framework, the time-dependent
factor I' in (1.2) is given by (1.13) with & > Kerit (b, m2, 8, p).
Let us multiply both sides of (2.8) by e**. Then, introducing the functional

Ut) =e*'U(t)  fort€[0,T), (2.24)

we obtain

t s
Ut) > Ce(al—az)t/e(az—al)s/e—al((6+1)p—1)f F(T>(u<7-)>(/3+1)pd7- ds
0 0

for ¢ > 0. Differently from the previous subsection, where the role of oy and «ay are interchangeable, we
need to set specific values for oy and 5. From the previous inequality it is clear that it would be beneficial
to fix a; in a such a way that in the 7-integral the exponential factor e~ ((B+1D)P=17 ig halanced by the
exponential factor erens(b;m®.8.p) - iy (7).

Therefore, hereafter we set ay; = % - %\/ b2 —4m? and a9 = % + %\/ b%? — 4m?2. In particular, with this
choice we obtain from the previous inequality the following iteration frame for i

S

t
Ut) > Cue(al_%)t/e(o‘ro’l)s /(1 + 7)"(U(7))dr ds (2.25)
0 0
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for t > 0, where ¢ = (8 + 1)p as in the previous subsection. Notice that the coefficient s — a1 in the
exponential multiplier in the s-integral is positive, due to our choice.

Remark 8. Considering alternatively the functional U(t) = e2!U(t) and switching the values of oy and as
with respect to the values we have just fixed, we would have found the iteration frame

t S
Z](t) > Cu/e(o‘ro‘l)s/e(al_a?)T(l+T)”(L~I(T))qd7'ds
0 0

for t > 0. Even though the structure of this iteration frame would require somehow different computations
in the induction step (since the slicing procedure has to be carried out in the 7-integral rather than in the
s-integral as we will do in the next steps of the proof), the final outcome, meaning the blow-up of u and
the upper bound estimate for the lifespan, is exactly the same. In this sense, we can still say that the role
of a; and ay are interchangeable even in this limit case for r.

From (2.9) and (2.24), we get immediately the first lower bound estimates for U, namely,

2.26
Koe (L +1t) if b% = 4m?, (2.26)

) > {Koe if b2 > 4m2,
fort > 0.

From (2.25) it is clear that when oy = ag, that is for b = 4m?, the iteration procedure which we use
to establish the sequence of lower bound estimates for U is quite different. Indeed, depending on whether
or not an unbounded exponential multiplier is present in the s-integral we might need to apply the slicing
procedure or not. Hence, we will consider separately the cases b> > 4m? and b? = 4m?.

2.8.1. Case with polynomial growth: sub-case with dominant damping

In this case a; # o so that as —a; = v/b2 — 4m2 > 0. Since in the iteration frame for I given by (2.25)
we have the exponential multiplier e(®*2=%1) we have to modify the choice of the parameters {L;}jen
characterizing the slicing procedure with respect to Subsection 2.2. Formally, L; is defined as in (2.10),
however, the coefficients {{j }ren are given in this case by

by = (g — )™t

k

by =1+4+q for any k£ > 1.

Since £ > 1 for any k € N\ {0}, also in this case we have L; . Moreover, we keep using the notation
L = limj_,o L; (the convergence of this infinite product can be proved exactly as in the previous case).
Let us prove now the following sequence of lower bound estimates for U:

Ui) > C;(t— Lj)bf(l +t)7F for t > L; and for any j € N, (2.27)

where {C}}jen, {b;}jen, {Bj}jen are sequences of nonnegative real numbers to be determined during the
inductive argument. From (2.26), we have that (2.27) for j = 0, provided that Cy = Kye, by = 0 and 8y = 0.



20 A. Palmieri, H. Takamura / J. Math. Anal. Appl. 514 (2022) 126266

Let us prove the induction step. Plugging (2.27) in (2.25) we have

t s
U) > pCelor—az)t /e(‘“_al)s /(1 + 7)"(U(7))dr ds
Lj Lj
t s
> pCCI(1+t)~(n-Fabs) glon a2t /e<a2—a1>s /(T — L)+ thidr ds
L, L,
t
= ‘uCC]q(l + kg + qu)fl(l + t)*(l'if‘Fqﬁj) elar—az)t /e(a27a1)5($ . Lj)1+m++qu ds
L;
for t > L;, where x4, x_ denote the positive and the negative part of s, respectively. For ¢ > L; 1, it is
possible to shrink the domain of integration to [t/¢;4+1,t] in the last integral, obtaining

Ut) > pOCHL+ iy + gby) ™ (L4 1)~ (- Fa) gler—o)t [ gloama)s(y [ j)lemstkaby g

\H

t
q
S :U’CCJ ( _ I .)1+H++qu (1 + t)—(fi—-‘rqﬁj) e(oq—aQ)t e(aQ—al)s ds
~ 1+r4 +qb; J
(1+f€++qu)€j+1 2
Ljta
—a)lo
> pete: a1)1+gj+qb. (t = Ly)ttretaba(1 4 ¢y~ (- +ak) (1 e )t) '
J

I+ kg + qu)éjJrl

Using the estimate

l_e—(az an)( )

>1—e (2a)liri-DL; 5 1 _ g—(ee—a)(lpi—Dlo — 1 _ o= tip1—1)
> (U1 —1) (1= 31— 1) = (g — 3)g 2UFY (2.28)
for t > L;41, we find
_ e
L{(t) > 'UC( 2)C;+H — : (t— Lj)1+f$++qu(1 _i_t)—(nf-HIﬁj)?
(g —ar)(1+ Ky + qu) €j+1+ AR

which is exactly (2.27) for j + 1, provided that

Clg— 1

Cji1 = L)u F Ry gby) T ) g 2uthcd, (2.29)
(a2 — 1) J

bjy1 =1+ ke +qbj, Bjr1 =k +qB;. (2.30)

By employing recursively (2.30) among two consecutive terms from the sequences {b;},ecn and {f;},en, we

get
1 + Ky 1 + K4
b; = J— 2.31
K_ ; K_—
B = ¢ — (2.32)

q—1 q—1
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where we used by = Sy = 0. Thanks to (2.30) and (2.31), we have

14Ky s

1+ ky+gbj =bj41 < ]

(2.33)

Moreover,

lim Ejfll = Jhm exp(bj41Intjq) = hm exp (H'{+ I+ n (1 + q_(J'H))) = exp (1+j1+)

j*)OO

implies the existence of a constant My = My (3, p, k) such that Ejff My for any j € N. Combining this

last uniform upper bound with (2.29) and (2.33), we obtain

Mc(q - _)(q —1) qu(j+1)cq
(az —a1)(1+ k) My !

B=

Ciy1=

for any j € N. Applying the logarithmic function to both sides of the inequality C; > Bg™% C’;{l and,
then, using iteratively the resulting inequality, we find

InC; >qlnCj_1 —3jlng+InB>¢mCj_1 —3(+(j—1)g)Ing+ (1 +¢)InB

j=1 izt
2...>qjlnCo—3<Z(j—k >1nq+<z )mB
k=0

i(me 3qlng In B 3glng 3lng. InB
nCy— _
! Tl 1) T -2 T T g

where in the last step we used (2.21).
In B

Let j1 = ji(n,c, H,b,m?, u, K, 3,p, R) € N be the smallest integer such that j; > 3ng q— Hence, for
any j = j1 it holds
, 3qlngqg In B . ~
InC; > ¢ | In(Kpe) — ——— = ¢’ In(Beg), 2.34
00> ¢ (n(koe) - L+ 2B — B (2.34)

where B = Koq_?’Q/(q_l)QBl/(q_l). Since L; T L as j — oo, in particular (2.27) is true for ¢ > L and any
j € N. Combining (2.27), (2.31), (2.32) and (2.34), for t > L and j > j; we arrive at

14k K

U(t) > exp (¢ (In(B2) + S5 (e — L) — 2 (1 +1)) ) (6 = L) 0 (140) 7550

q—1

Then, for ¢t > max{2L,1} and j > j1, by using Kk = k4 — k_, from the previous estimate we have

. ~ * l+n 3
U(t) > exp (qJ In (Bet i )) (t—L) ot (1+t) a1 (2.35)
where B = 2~ (tritr)/(e=D) B,
The logarithmic factor multiplying ¢7 in (2.35) is strictly positive if and only if ¢ > (35)_% We set
g0 = €o(n, ¢, H,b,m?, B, p, p, k, ug,u1, ) > 0 sufficiently small so that

(EEO)_RIT}@ > max{2L,1}.

Then, for any ¢ € (0,¢0] and any ¢ > (Be)~ 5% we obtain that t > {2L,1} and that the factor multiplying
¢’ in (2.35) is positive, thus, taking the limit as j — oo in (2.35) we have that the lower bound for U(t) is
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not finite. Hence, we proved that I/ blows up in finite time as well and, as byproduct of the former iteration
procedure, the upper bound estimate for the lifespan in (1.14) has been proven when b? > 4m?.

2.8.2. Case with polynomial growth: sub-case with balanced damping and mass
When b% = 4m? in (2.25) the exponential terms disappear.
Indeed, in this special case the iteration frame for U is given by

Uit) 2 C’u//(l +7)%(U(7))%dT ds (2.36)
00

for t > 0. Combining (2.36) with the lower bound estimate for ¢/ in (2.26), from [9, Lemma 1] we see that U
blows up in finite time provided that v = 2[(¢ — 1) + & + 2] > 0, that is, for & > —1 — ¢ = ket (b, m2, 3, D).
Moreover, the upper bound estimate T'(¢) < T(e) holds for the lifespan, where T is defined through the
relation eT?@ D = 1. Consequently, T'(¢) < 57(%%+1)_1, which is exactly the upper bound estimate in
(1.14) for the case b* = 4m?.

Remark 9. We emphasize that for b > 0 and m? € [0, %] in order to prove Theorem 1.3, concerning the sign

assumptions for the Cauchy data it is sufficient to require that fR,L uo(x) de, fRn u1(x) do are nonnegative
and that at least one between them is strictly positive (analogously to what we pointed out in Remark 7
for Theorem 1.2). Indeed, under these assumptions (2.26) still holds true if b > 0.

On the other hand, if we have [, ui(z)dz = 0 (and, of course, [, uo(x)dx > 0), Theorem 1.3 still
holds in the case b = m? = 0, however, the range for x becomes x > —2 and the lifespan estimate is in this
case changes to

due to the fact that the lower bound for U in this case is given by U(t) > Koe (i.e., without any linear
increasing t-factor on the right-hand side).

2.4. Case with logarithmic growth: proof of Theorem 1./

In this section, we prove Theorem 1.4 by showing that the functional I/ introduced in Subsection 2.3
blows up even when the I factor in (1.2) is given by (1.16) with threshold values both for the exponential
factor and for the polynomial factor. The iteration frame is the one given in (2.25). Nonetheless, we will
employ it for deriving different kinds of lower bound estimates for i, depending on whether we work with
b2 > 4m? or with b?> = 4m?. We emphasize that in this final case we still need to apply a slicing procedure
to handle logarithmic terms in the s-integral. In the dominant damping case (i.e., for b> > 4m?) the slicing
procedure will enable us to control both the logarithmic factors and the exponential multiplier, while in the
balanced case b?> = 4m? the exponential term disappears, so the slicing procedure will serve to deal with
the logarithmic terms only.

In the first case we work with the same sequence {L;} cn as the one defined in Subsection 2.3. Whilst
in the case b? = 4m? we consider a simpler sequence {L;}jen which is analogous to the one introduced for
the first time in [1].

2.4.1. Case with logarithmic growth: sub-case with dominant damping
When the damping term is dominant (b > 4m?) and for & = ket (b, m2, 3, p) = —1, the iteration frame
in (2.25) can be rewritten as follows:
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t s
U(t) > pC el a2t /e(‘”_al)s /(1 +7) " U(7))4dT ds for t > 0. (2.37)
0 0

The next step is to show the following sequence of lower bound estimates for U

dj
Ut) = C; <ln <Li>) for t > L; and any j € N, (2.38)
J

where {C}},en, {d;};en are sequences of nonnegative real numbers to be determined iteratively, and
{L;},en is defined as in Subsection 2.3 in the case b? > 4m?.

Clearly, from (2.26) we get (2.38) with Cy = Kpe and dy = 0. Let us proceed now with the induction
step. Plugging (2.38) in (2.37), for t > L; we obtain

t s
Ut) = /;C'e(o‘lfo‘z)t/e(o‘ra‘l)S /(1 +7) N U(7))dT ds
L; L;
1 1 t s - qdj
> MCC,;'I (1 + L_J> e(‘”‘lf‘“)t/e(o‘ro‘l)s/T*1 (ln (L_j>) drds

L; Ly

t

1\ ! s\ Irads
>puCCt (14 — (14 qdj)~telmr—a2)t elaz=an)s (1 (2 ds,
J Ly L;

J

where in the second inequality we used 14+ 7 < (1 4+ Lj_l)T for 7 > L;. For t > Lj;q, by cutting away a
slice from the domain of integration, we have

t

1\ ! s 1+qd;
U(t) > pCct (1 + %> (14 qdj)~telm—e2)t / elaz—a1)s <ln (L—)> ds

J

Ljy1
1 -1 t 1+qd]‘ t
ey (10 2Y g i (o)) ™ oo [ oo
“ Low Lt
le+1
1+qd;
- t 7 avo—cr ) (1— L
= nClaz = b0+ 17 Ot (i (g )) (1m0
J

1+4qd;
> 10 (0= ) oz = ) (0 + 17 €I+ ad) 200 ( (L))
J

where in the last inequality we used (2.28). The previous chain of inequalities provides exactly (2.38) for
j + 1 by setting

nC (a-3)Cf
(a2 —a1)? (bo + 1) (1 + qd;) g20+D’
dj+1 =1+ qdj. (240)

Car = (2.39)
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Analogously to what we have done in the previous subsections, we derive first an explicit representation for
d; and then we determine a suitable lower bound for C; when j is large enough. By using recursively (2.40)
and dg = 0, we get

j—1 1

— _ k i ¢ -
dj =1 +qdj—1 = ];)q +d0qj = q—il (241)

Therefore, (2.40) and (2.41) imply that (1 + qd;)~' > (¢ — 1)¢~ U+, Consequently,

. KO (¢-3)@-1) —3(j+1) ~a
Ci1 = (a2 — a1)? (éo—l—l)q Cj'

E=

Similarly as we did in Subsection 2.3, from the inequality C; > Eq=3C;_; we get

, | InFE | 1 InFE
lan>qﬂ<lnCO— 3qlng n) (3qnq 3lng . n

]— .
(=12 q¢q—1 g—1)?% ¢-1" q¢q-1

Setting jo = j2(n,c, H,b,m?, u, 3,p, R) € N to be the smallest integer such that j, > ;rl‘fq — %, for any
J = J2 we get
: 3qlng InFE . ~
InC; > ¢ | In(Kpe) — = ¢’ In(Ee¢), 2.42
00y ¢! (n(koe) - 10+ 2B ) — (B (2.42)

where E = Kqq~31/(a=)* E1/(a=1) Combining (2.38), (2.41) and (2.42), for t > L = lim; o L; and j > Jj
we find

t

> e i) (i (L)) |
= e (m () (o (£))
oo (w8 (1w (1)) 7)) (n (2)) 2.

We remark that the logarithmic factor multiplying ¢’ in (2.43) is strictly positive if and only if ¢ >
Lexp(Fe)~(a=1),

Now we fix g9 = eo(n, ¢, H, b, m?, 3, p, i, uo, u1, R) such that exp(Eeo) (9= > 1. Then, for any ¢ € (0, 0]
and any t > Lexp(Ee)~(@=1 the right-hand side of (2.43) diverges as j — oo, so U(t) cannot be finite.
Summarizing, we proved the blow-up of U in finite time and the upper bound estimate in (1.17) when
b? > 4m?2.

2.4.2. Case with logarithmic growth: sub-case with balanced damping and mass
If b2 = 4m? and Kk = ket (b, m?, B,p) = —1 — ¢, we may rewrite the iteration frame (2.25) as follows:

S

Ut) > MC’//(l + 7)1 U(T))dT ds for ¢ > 0. (2.44)
00



A. Palmieri, H. Takamura / J. Math. Anal. Appl. 514 (2022) 126266 25

The next step is to show the following sequence of lower bound estimates for U

Uit) > oyt <ln (Li

d;
>) fort > L;j and any j € N, (2.45)
J

where {C}};en, {d;}jen are suitable sequences of nonnegative real numbers, and
Lj=2-279 forjeN. (2.46)

Remark 10. The choice of the sequence {L;};cn in (2.46) is done in order to handle the logarithmic factors
in the s-integral. Notice that in this case no exponential multiplier appears, so the construction of the
parameters characterizing the slicing procedure is simpler than in the previous proofs and it is inspired by
the one from [1, Section 6].

We begin by observing that (2.45) for j = 0 follows from (2.26) with Cy = Koe and dy = 0. Let us
proceed with the inductive step. If we plug (2.45) in (2.44), for t > L; it results

—1—g t s
Uui) = pC (1 + i) //T—l—q(u(T))da ds
1 —1—q Lo T qd;
> pCCy <1 + L) //771 (ln <L)) drds
J J
1 —1—q t s 1+qd;
J J

Lj
Hence, using the slicing procedure, for ¢ > L;;1 we have

t

1 —1—q s 14-qd;
J J

1\ ¢ ) L ' 1+ad;
> q - R
o <1 - Lj) (1+4d;) <1 Lj+1> ! (ln (Lj+1 )) ’

which is (2.45) for j + 1 provided that we set

1\ ' L;
Cj+1 = MC(l + qdj)_l (1 + L—> (1 - —J) C]q7 (247)
J

djt1 =1+ qd;. (2.48)

In a complete analogous way as in the previous case, we derive the representation (2.41) for d; even in this
case. Hence, using

—1—q
(1 + i) >o7lma 1 L > 2-(+2)

L; L

for any 7 € N and (2.41), we arrive at
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—2— —(G+1) v
Ciy1 22727 9C(q — 1)(29) UV 0.
—_——
F=

Repeating similar computations as in the previous proofs, from the inequality C; > F' (2q)~7 C’]‘?_l, we can
derive the following lower bound for In C}

4 qgln(2¢) InF L
InC; > ¢ (ln Kope) — ———= = ¢’ In(Fe), 2.49
for any j > js, where j3 = js(n,c, H,b,m?, pu, B,p, R) € N is the smallest integer such that js > 1r11r(1212) — #

and F = Ky(2¢)~%/(@~1)" p1/(a=1),
Combining (2.45) and (2.49), for ¢ > 2 =lim;_,» L; and j > j3 we have

ad—1
q—1

U(t) > exp (¢/ In(Fe)) t (hl (%))

oo (£ (i (3)) ) ((5) 50

In (2.50) the logarithmic factor that multiplies ¢/ is strictly positive if and only if t > 2exp(Fe)~(a=1),
therefore, we fix g = eo(n, ¢, H,b,m?, 3, p, i, ug, u1, R) small enough such that exp(Feg)~(@1) > 1. Thus,
for any e € (0,g0] and any t > 2exp(Fe)~(@1 the right-hand side of (2.50) diverges as j — oo and, in
particular, U (t) cannot be finite. In conclusion, we showed the blow-up of U in finite time and the upper
bound estimate in (1.17) for b? = 4m?.

Remark 11. Analogously to what we pointed out in Remarks 7 and 9 for Theorems 1.2 and 1.3, respectively,
it is possible to weaken the sign assumptions on the Cauchy data in the statement of Theorem 1.4. More
precisely, for b > 0 and m? € |0, bzz] assuming that [, uo(x)dz, [, u1(z)dz are nonnegative and that at
least one between them is strictly positive, then, the blow-up result from Theorem 1.4 is still valid.

On the other hand, in the limit case b = m? = 0 if fRn ui(xz)da > 0, then, it holds the same blow-up
result as in Theorem 1.4; while if [p, u1(z)dz =0 and [g, ug(z)dz > 0 then the result has to be modified
accordingly to Remark 9 with the threshold value kK = —1 — ¢ replaced by x = —2.

3. Models in anti-de Sitter spacetime
8.1. Derivation of the iteration frame

The derivation of the iteration frame for (1.5) can be done in a complete analogous way as we did for
(1.1) in Subsection 2.1.
If v is a local in time solution to (1.5), denoting

V()= [ v(t,xz)dz  fort e (0,T),
/

then, the iteration frame involves this functional V.

Fixed t € (0,T) we consider a cutoff function ¢ € C([0,T") x R™) that localizes the support of v on the
strip [0,¢] x R™, that is, o = 1 on {(s,z) € [0,¢] x R" : |z| < R+ cH (e’® —1)}. Consequently, employing
this ¢ in (1.20) and differentiating with respect to ¢ the resulting relation, we have
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B+1
V" (t) + V' (t) + m?V (t) = T'(t) / lo(t, z)|Pdz ,

R~

which is formally identical to (2.2).
By using the same factorization of the operator ;722 —l—b% +m? as in Subsection 2.1, we derive the following
representation for V'

s B+1

t
V(t) = eVim(t) —l—e_a?t/e(“r“l)s/ea”F(T) /|U(T,m)|pdm dr ds, (3.1)
0 0 R~

where aq 2 are the roots of the quadratic equation a? —ba+m? =0 and

—Otlt _ —052t —Oélt _ —OCQt
age ape /uo(x)dﬂc-i- e -e - /vl(x) Az if b2 > 4m2,
Qg — o — oy
‘/lin(t) = R Rn (32)
(l-i-gt) efgt/vg(a:)dx—l—te*%t/vl(:ﬂ)dx if b2 = 4m?2.

R~ Rn
From (3.1) we derive immediately

t s
V(t) Z e—azt/e(az—al)s /ealr F(T) (R+ CH—l(qu— _ 1))7’ﬂ(5+1)(l7*1) (V(T))da ds,
0 0

where we used Holder’s inequality and the support condition in (1.19), and ¢ = (8 + 1)p.
Finally, using the inequality R + %(eH T—1) < (R + %) ef™ for 7 > 0, from the previous inequality we
obtain the iteration frame for V'

t s
V(t) > Ceoot / aloa—an)s / ¢ [(7) e mH B+ D@17 (17 (1)) 1d7 s, (3.3)
0 0

where C'= C(n,c, H, 5,p, R) is a suitable positive constant.
Furthermore, (3.1) provides us a first lower bound estimate for V' as well, namely,
Koee (5=2VB2—dm?)t p 2 5 g2
V(t) > , (3.4)
Koe (1 +t)e 2t if b2 = 4m?,

for any t € (0,T), where Ko = Ko(b,m?,vp,v1) is a suitable positive and independent of e constant.

Notice that such lower bound for V' is completely analogous to the one in (2.9) for U, due to the fact that
they both follow from the “linear part” of U and V, respectively. Nevertheless, for anti-de Sitter spacetime
we can exploit the nonlinear term in order to get an alternative lower bound estimate to start the iteration
procedure. In the next subsection we will introduce an auxiliary functional that will allow us to derive this
further lower bound for V.

3.2. Lower bound estimate for the nonlinearity

In the present subsection, we investigate the growth properties of the auxiliary functional given by the
following weighted space average of v



28 A. Palmieri, H. Takamura / J. Math. Anal. Appl. 514 (2022) 126266

Vo(t) = /v(t,x)\Il(t,x) dz, (3.5)

Rn

where the weight function ¥ = W(¢,z; ¢, H,b,m?) is going to be introduced in few lines and it is chosen as
a positive solution of the adjoint homogeneous equation, namely,

D2V — AT — b0,V + m?T = 0. (3.6)
We work with a function ¥ with separable variables, namely, we use the following ansatz
U(t,z) = Nt; ¢, H,b,m?)d(x).

As z-dependent function we consider the well-known “eigenfunction” for the Laplace operator

O(z) =" +e° ifn=1,

O(z) = / e”“do, ifn>2.

S§n—1

This function has been introduced for the first time in the study of blow-up results for wave models in [31].
The function ® is a positive smooth function that satisfies the following crucial properties:

AD = ®, (3.7)

x Ncnx_%em as |z| — oo, 3.8
(0]

for some suitable positive constant ¢,. Also, in order to get a solution of (3.6), we have to determine
A = A(t;c, H,b,m?) such that

SEDY dA

@ — a -+ (m2 — 6262Ht) )\ = O (39)

For the sake of readability, in what follows we skip the dependence of A on (c, H,b,m?) in the notations.
Let us perform the change of variables 7 = %th. Then,

d2) d2) dA dr o d)
= H’r*—5 + H*t1— d —=Hr—.
ar a2 T M T e

So, with respect to 7 the function A satisfies the equation

5 A2\ b dA m?
412 2 =0. 1
d2+(H+)TdT+(H2 7'))\ 0 (3.10)

Next, we carry out the transformation A(7) = 7°n(7), with p real parameter to be determined. By straight-
forward computations, we have that A solves (3.10) if and only if

d2n b dn b m?
72@+(2p—ﬁ+1)75+<p<p H>+m—T2>T]:0. (311)

If we choose p = then, (3.11) can be rewritten as the following modified Bessel equation

2H’

+7 15

d277 dn 1
T are dr

b’ — 4m?) + 72} n=0. (3.12)
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Setting v = ﬁ(b2 — 4m?)1/2, a complete system of independent solutions to (3.12) is given by I, and K,,
(modified Bessel functions of the first and second kind, respectively, of order v). For further details on the
properties of I, and K, that will be used in this subsection, we address the reader to [13, Chapter 10]. Let
us recall the asymptotic behavior of I, and K,, for large values

L(r) ~ (2r7)" 2" and K, (1) ~ \/§7_1/2e_7 as T — 00.

Moreover, for v > 0 the function I,(7) has no real zero excluding 7 = 0 when v > 0, and, similarly, for
v 2 0 the function K, (7) has no real zero.
Hereafter, we set (neglecting the unessential multiplicative constant)

Aty e, Hyb,m?) = e3' K, (&ellt) . (3.13)

By using the previous recalled asymptotic behavior of K, for large arguments and the fact that K, has no
real zero, we may consider the following uniform estimate

Ao e? 0=t exp <—%6Ht) < A(t) < Ay ez (0=t gy (—%em> for any t > 0, (3.14)

for some positive constants N\g = \o(c, H, b, m?), Ag = Ao(c, H, b, m?).
By using the uniform estimate (3.14), we can now derive a lower bound for the functional V. As A and
® are nonnegative functions, also ¥ is nonnegative. Therefore, plugging ¥ in (1.20), we get

B

0< / 0 | [ loaPds] [ ot pus.e) deds
J

0 R"

= / / v(s,2) (Ves(s, ) — Pe*TAV(s,2) — bW, (s, z) + m*U(s,z)) dzds

0 Rn

+ / (Ov(s, )W (s, z) — v(s,2)Ws(s, ) + bv(s, 2)¥(s,x)) dz
R~
N(s) s=t

= Vo(s) +bVo(s) =235 Vo(s)|

where in the last step we used (3.6) and the trivial relations

Vy(s) = / (Opv(s,2)¥(s,x) +v(s,x)V4(s, 7)) dz,
R~ Rn

Let us remark that

8 () =g i -2 ).

Hence, the previous inequality implies
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ebt /
e (5o > Vi) + %(0) - 25 a0
— / IAO)u1 () + (BA0) — N (0))vo ()] () d . (3.15)
]RTL
=T[vo,v1]

Using the recursive relation

%(z) =-K,q1(2) + EKV(Z)

(cf. [13, Section 10.29]), it follows
N(B) = A0 + ceb DK, (M)

- g)\(t) + el [—Km (Fe™) + ge—’“m (Fe™)

b 1 .
= <§ + 5 b2 — 4m2) )\(t) —Ce ( +H)tK v+1 (ﬁ Ht)
which implies in turn

b

DA(t) = N'(t) = <§ —3V b2 — 4m2) A(t) + ceGHIK, (£ef) > 0.

Therefore, assuming v, v; nonnegative and nontrivial, in particular, we have that Z[vg, v1] > 0. From (3.15),
we find

d bt bt
i () > oz

from which it follows

Vo (0
Vo(t) = )\820; eibt/\2(t) + €I[U0,U1 bt/\2 / )\2 (316)
0
By (3.14), it results
Vo(0) o bt )2 A3 / —Ht 2¢ my
/\2(0) A5 (t) = E)\(O) vo(2)P(x)dx | e™ exp e
R~

and

t
2 2
,bt/\Q /)\‘23 Pe —Ht oy <_ECth> /eHs exp <ﬁCeHS) ds
0
0 0

)‘2 o—Ht < 2¢ Ht) [ (20 Hs>:|s_t
= exp | ——e exp | —e
20/\2 H H s—0
2 2
_2)\A2€ Hit (1—exp <_ﬁCth>>'
c
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Using the first of the two previous estimates for ¢ in a neighborhood of 0 and the second one for t away
from zero, we derive the following lower bound estimate

Vo(t) > ee” 1 for t € [0, 7). (3.17)

~

The next step is to derive a lower bound estimate for |[v(z,-)[|7, (Rn) Dy using the previous lower bound
for Vy. By Holder’s inequality and using the support condition (1.19), for ¢ > 0 it follows

Vo(t) < llv(t, )llze®m

\I’(t7 ')HLTJ’ <BR+AAdS(t)> '

Consequently, if we get an upper bound for ||¥(¢, -)|| , then, we may obtain the desired estimate

v (BR+AAds<t)>
by using

P . (3.18)

/ [ott )" de > Vo IS L)

R‘n.
Repeating the same computations as in [15, Section 3], we get
1/’ 1/p'

- / W) de | <) / ()" da

BRr+apas®) Bryasas®

SA(t) exp(R + Apas(t)) (R + Apas(t) D (E"3).,

e, ) IILPI(

BR+AAdS(t))

Thus, from (3.14) for ¢ > 0 we get

|w(t, ~)||Lp,< ) S Ager "Ml exp(— Lot exp(R + Apas(t)) (R + Anas(t) "D (E75)

BRr+Apqs(t)

SebG-It (R4 & (ot _ 1))("71)(%7%) . (3.19)

Combining (3.17), (3.18) and (3.19), we conclude

/ l(t, 2)|P da 2 &P e~ 3O+HDIPL (R 4 < (oft _ 1)) "DI7E) (3.20)
R?L
fort > 0.
Finally, plugging (3.20) in (3.1), for ¢ >ty > 0 we get
V(t) > Klg(BJrl)pe[gf(bJrH)(ﬁJrl)%+(n71)H(5+1)(17%)]tt§’ (321)

where the constant K1 = K (¢, H,b,m?,vo,v1,p, B, 11, 0,5,t0) > 0 is independent of ¢ and t will be fixed
time by time depending on the slicing procedure that we will apply in each case.

Remark 12. In (3.13) we considered a modified Bessel function of the second kind of order v. Nonetheless,
if we had chosen a modified Bessel function of the first kind of order v instead, namely, defining \(¢) =
estl, (£ef*) in place of (3.13), the final outcome (meaning the lower bound for the space integral of the
power nonlinearity) would have been the same. More in detail, the lower bound for V4 in (3.17) would
have been Vy(t) 2 ee " exp (2cH e”!). In particular, this better lower bound for V; would have been
a consequence of the asymptotic behavior for large argument of the factor involving I, in this alternative
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definition of A. Moreover, this lower bound would have followed from the estimate of the first term in (3.16),
since the contribute from the integral term in (3.16) would have been weaker in this case. Nevertheless,
the better behavior of A would have influenced the estimate (3.19) as well, providing eventually exactly the
same estimate for ||v(t, -)||’£p(Rn) as the one in (3.20).

Remark 13. Clearly even in the case of de Sitter spacetime we could have considered a weighted functional
analogous to the one in (3.5). However, the lower bound estimates corresponding to the one in (3.21) in this
case would have been exactly the same as we have plugged (2.9) in (2.8). In other words, we would have
start the sequence of lower bound estimates in (2.11) from j = 1 rather than from j = 0, but obviously the
final outcome would have been unaltered.

3.8. Comparison of the first lower bound

In order to prove Theorems 1.6 - 1.9 it is crucial to understand which first lower bound estimate for V'
between (3.4) and (3.21) has the dominant role.

We remark that (3.4) and (3.21) cannot be directly compared in their current forms due to the different
orders for € in their right-hand sides. Then, we plug (3.4) in (3.3) obtaining

V(t) 2 eBHDP(f — [y)s++abop=s- ole=nH(E+) (=1~ (b= VE—Im)(5+1)p)t (3.22)

for t > Lo (see next section for the derivation of this inequality and the definition of L3). Now, we can
compare the multiplicative coefficient in the exponential term in (3.21) and in (3.22). In particular, we have
that the coefficient in the exponential term in (3.21) is dominant over the one in (3.22) provided that

o-nH(B+1)(p—1) -} (b= V0 —4m?) g < o~ (b+ H)§ + (n— DH(F+1) (1 5)

and, by straightforward computations, we have that the previous inequality is equivalent to (1.24). Notice
that (1.24) is exactly the condition that provides a oeit(n, H,b,m?, 3,p) given by (1.22). Hence, when
(1.24) holds we shall use (3.21) as first lower bound estimate for V', while when (1.23) holds, we shall use

(3.4). Notice that even in the limit case § — 4”’22;;””2 = % we use (3.4), since in the case b?> = 4m? a slight

improvement of polynomial type is included, whilst this does not happen in (3.21). So far we discussed which

among (3.4) and (3.21) is better to start the iteration argument depending on the values of n, H, b, m? and

p. Clearly, the reasons behind the actual definition of g.i; either as in (1.21) or as in (1.22) will be clarified

in the proofs of Theorem 1.6 and Theorem 1.9, respectively, by the corresponding iteration arguments.
We point out that (1.24) is never satisfied for n < Ny, where

VbZ — 4m?

No = No(H,b,m?) = Vi

(3.23)

since the left-hand side of (1.24) is negative for n in this range, while for n > 2 + Ny the condition in (1.24)
is always fulfilled since the left-hand side is greater than or equal to 1. Finally, for n € (Ng,2 + Ny) we have
that (1.24) is true if and only if

2H
nH — /b2 — 4m2’

Summarizing, for n < Ng or n € (Np,2+ Ny) and 1 < p < p we will use (3.4) to star the iteration argument,

p > p(n, H,b,m?) =

while for n € (Ng,2+ Ny) and p > p or n > 2+ Ny we will employ (3.21) as staring point for the iteration
procedure.
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Finally, we emphasize that the previous conditions for the employment of either (3.4) or (3.21) (which
correspond to (1.23) and (1.24), respectively) are completely independent of S.

8.4. Proof of Theorems 1.0, 1.7 and 1.8

As we explained in Subsection 3.3, for n < Ny or n € (Ng,2 + Np) and 1 < p < p (that is, when (1.23)
holds) we employ (3.4) as first lower bound estimate for V. By plugging the explicit expression for the factor
I" into (3.3), we find

t s
V(t) > Cu(l+1t)~ e 2 /e(o‘z_o‘l)s/e[a1+9_”H(B+1)(p_1)]T 7t (V(7))4dr ds (3.24)
0 0

for t > 0, where ¢4, ¢_ denote the positive and the negative part of ¢, respectively.

We recognize that the iteration frame in (3.24) is formally identical to the one in (2.12) for the functional
U. Moreover, the lower bound estimates for U and V in (2.9) and (3.4) are completely analogous (up to the
multiplicative constants that depend on the Cauchy data) and

chit(naHa b7 m2757p) - nH(/B + 1)(p - 1) = TCrit(ba mQaﬂap)'

Hence, the proof of Theorem 1.6 is completely similar to the one of Theorem 1.2, provided that we consider
as first parameter that characterizes the slicing procedure

lo =max {(a1 +o—nH(B+1)(p—1)"" (e +o—-nHB+1)(p-1)""}

and then

[SES

J
Lj£€0H(1+q7 ) for any j € N*.
k=1

On the other hand, Theorems 1.7 and 1.8 can be proved analogously as Theorems 1.3 and 1.4 by working
with the functional V(t) = e*'V(t). Indeed, setting a; = 3(b—v/b* — 4m?) and proceeding as in Subsection
2.3, from (3.3) we get

t s
V(t) > Cue(o‘lfo‘z)t/e(o‘ral)s /(1 +7)°(V(r))4dr ds, (3.25)
0 0
for t > 0. So, V has an iteration frame formally identical to the one for I/ in (2.25). Besides, V satisfies a

completely analogous lower bound estimate as the one in (2.26) for Y. By following the same approaches as
for the proofs in Subsections 2.3 and 2.4 we conclude the validity of Theorems 1.7 and 1.8.

3.5. Proof of Theorem 1.9
According to Subsection 3.3, for n € (Ng,2 4+ Np) and p > p or n > 2+ Ny (that is, when (1.24) holds)
it is appropriate to consider (3.21) as first lower bound estimate for V.

Our first goal is to prove the sequence of lower bound estimates

V(t) = Cje®'e ™ (t — Ly;)% (1 + )75 for t > Ly; and for any j € N, (3.26)
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where {Cj}jen, {aj}jen, {7}ien, {bj}jen, {Bj}jen are sequences of nonnegative real numbers to be
determined iteratively and the parameters characterizing the slicing procedure {L;},cn are given formally
by (2.10), however, with the following modifications in the definition of the parameters {¢;}ren

lo=max{(Ag+a1)" (Ao + )}, =1+ (B+1)p)"% fork>1,
where
Ao = 0 = Qerit(n, H,b,m?, B, p) + 5(b+nH) (¢ — 1) + H(B +1).
Moreover, setting
A1 =nH(g—1)+ %,
we can represent the part of the coefficient for the exponential term in the T-integral in (3.24) given by

o—nHB+1)(p—1) =0~ oaic +3(b+nH)(g—1)+ H(B+1) —nH(g—1) -
=Ag— A (3.27)
as difference between the two positive quantities Ay, A;. As we will see in the iteration frame, the splitting

(3.27) is the reason for the previous choice of £;.
Clearly, (3.21) implies the validity of (3.26) for j = 0 provided that

[SliS)

Co = K19, ap = 0 — gcrit + 4%, 70 = 5 + %7 bo = ¢+, Bo =<,
where we applied the decomposition ag — v = 0 — (b+ H)% + (n — 1)H(8+ 1) (1 — &) for the coefficient
of the exponential term in (3.21).

Plugging (1.25) in (3.3) and using (3.27), we get the following iteration frame

S

t
V(t) > Cp(l 4 £) =502t /e(az—a1)s/e[on-i-g—nH(B-‘rl)(p—l)]T 75 (V(r))4dr ds
0 0

S

t
> Cu(l+ t)_“e_(aﬁA‘)t/e(o‘Q_al)s/e(a1+A°)T 75 (V(7))4dr ds (3.28)
0 0

for t > 0.
Let us prove the induction step: assuming (3.26) satisfied for some j > 0, we prove it for j + 1. Plugging
(3.26) in (3.28), we get

t s
e_(a2+A1+q'“)t/e(o‘z_o‘l)s/e(o‘1+A°+ajq)T(T—L2j)§++qu drds (3.29)

sz LQJ‘

pCCy

> )
V(t) > (1 4 t)s—+ab;

for t > Ly;. Let us apply a slicing procedure to the 7-integral. For ¢t > Lg; 1 we may estimate
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S

¢
/e(o"“_al)s / elertAota, )T (p 1, s+ +abi dr ds
LQJ

L2j
t s
> / eloz—ar)s / e(a1+Ao+ajq)T(7_ _ L2j)<++qu drds
Lajt1 Lajs
Lojt1
t s
_ b, _ ) .
> EZj(jjiJrq 5) / e(o‘2 al)S(S _ L2j+1><++qb] / e(a1+Ao+a,q)‘r dr ds
Laj1 Lajs
Lojta
- (S++ab) ¢
2j+1 ) ) _ oV (1— )
i Per— _'J_+ T / (s — L2j+1)§++qbye(oéerAoJraJQ)S (1 — o~ (a1t+Aota;q)(1 1/f2g+1)8) ds.
0T Q1 T qaj
Lojt1

For s > Ly;y1 we can estimate
1 — e~ (1tAota;q)(1-1/Lz541)s —(a1t+Aota;q)(boj+1-1DLl2j > 1 _ o= (a1+Ao+a;q)(L2j+1—1)lo
=

1—e
1 — e~ (@1+A40)(l2j+1-1)bo >1- e~ (f2j+1—1) > q*(2j+1)(q _ %)’

2
2
where in the last step we used (2.14), therefore, for t > Loj 1 we have

S

t
/e(az—al)s / e(a1+Ao+ajq)T(7__ L2j)§++qu drds
L2]

ng
1y g (setaby) _(2j41) @
> (q 2) €2j+1 q / (S — Ly _+1)§++que(a2+Ao+an)s ds.
Ay + a1 + qa; ’
Lajt1

Repeating a similar estimate for the s-integral, for t > Lg; 2 we obtain

t s
/ eloa—a1)s / e(O<1+Ao+a.7‘q)T(7- _ LQj)<++qu dr ds
Lo; Lo

_ b .
(q - 3)2(Lajurbogea) Vg (1749)

(Ao + a1 + qa;) (Ao + @z + qa;)

(t — L2j+2)<++qu elezt+Aotaza)t

Combining the previous inequality and (3.29), for ¢ > Lgj1o we find

1 _(§ +qb;) j
pCCY(q—5)*(bajrilajia) o[(Aotaa;)—(Ar+gy)]t (t — Lgjyo) s+t
(Ao + a1 + qa;) (Ao + a2 + qa;)qh+3 (L4 t)s-tabs

V(t) >

which is (3.26) for j 4+ 1 provided that

nClg—3)°Cy
Fqb; - )
(Ao + a1 +qa;)(Ao + az + qaj)(£2j+1€2j+2)c+ I qits
ajy1 = Ao +qaj, vj+1 = A1+ qvy,

C]‘+1 =

bjy1 =<+ +qbj,  Bj+1 =< +4p;.

35
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By using iteratively the previous relations, we may express a;4+1,7;+1,b;j+1,8j+1 as follows:

aj+1 = (ao+%> qu—fTOl, Vi+1 = (Vo+%) qjﬂ—qATll,
L i (3.30)
Jit2_q ITe—1
bj1 = == S+ Bj+1 = T —=¢-.
Therefore,
A - < Ag | Jt+1
0t aiatqa;=ayp+aj41 Syt a0+ 2 )¢
< (%(b + Vb2 — 4m?2) + ag + %) ¢t = Mog? ™t
implies (A + a1 + qa;) " (A + oz + qa;) ™' = My 2q~20+1). Moreover, repeating similar considerations

as those in the proof of Theorem 1.2, we find that there exists a constant M; = M (s, 3,p) > 0 such that
(£2j+1£2j+2)b7‘+1 < M holds for any j € N. Combining the previous estimates, we have

1
uCqlg — 5)? O =

Gqg6( J+1)Cq
M2, ¢

Cit1 2

for any j € N. From the inequality C; > Gg~% CJq 1, repeating analogous intermediate steps as those in
the proof of Theorem 1.2, we can find a j4 = j4(n,c, H,b,m?, i, 0,5, 3,p, R) € N such that for j > j, we

have

; 1 1 . -
InC; > ¢’ <1n (K1e?) — % + qnGl) = ¢’ In (Ge9), (3.31)

where G = K,q~6¢/(a-1)*G1/(a=1),
Next, we combine (3.26), (3.30) and (3.31), obtaining for t > L = lim; o, L; and j > j4

V(t) > exp (¢’ In (Gaq)) (@i =)t (¢ — [)bi (1 4-¢) =P

= exp (qj <ln (Ge?) + (ao — 70 + %) t+ 5 n(t - L) - £5In(1+ t)))

Aj—Ag St S=

xe a1 '(t—L) a-1(14t)a1

Thus, for t > max{2L,1} and j > j4, by In(t — L) > Int —In2 and —In(1 +¢) > —Int — In2 we have
. N a0~y Ao=Ary, g _ St S=
V(t) 2 exp <q] (ln (Ggqe( 0o—"7Yo+ q—1 )ttq ))) eA}Z IAOt(t _ L) q—1 (1 + t) qfl’

where G = 27 (++)77 @ By (1.22) and (3.27), we find

ap —yo + A=t = L (o - Qcm)—l—"2H—%—ﬁ—&-ﬁ(%(b+nH)(q—1)+H(,6’+1)—nH(q—l)—%)

#(9 - chit)'

Hence, we may rewrite the previous estimate as follows

. ~ L(g—g i) AL—Ag g_ g*
V) zexp ¢ [ In| Gel(xn.m7.b.m2 t))a-1 erte e a1 ‘(t—L) a-1(1+t)a 3.32
JH,bym?2,p,B,0,5
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for t > max{2L,1} and j > ja, where X, m.b.m2,p.,0,c is defined in (1.27).
By (1.27) it follows that X, mpm28,p,0c iS a strictly increasing function for ¢ > T, for some T =
T(n,H,b,m?, B,p,0,s) > 0. Clearly, for ¢ > 0 it results T(n, H,b,m?, 3,p, 0,<) = 0. With a slight abuse

of notation, in the next lines we use the notation XﬁlH bom2 for the inverse function of the restriction

1B,p,0,5
Xn,Hyb,m%B,p,Q&‘[T,oo)'
The logarithmic factor multiplying ¢’ in the lower bound for V in (3.32) is strictly positive if and only

A 9 _(p— . —
if Ge9(Xn, H,b,m2 p,,0,6 () " (e=¢esit) 1 For ¢ > T, this condition can be rewritten as

-1 ok *QgglA
t> X H bym? p.B.0:s (Gue) e )

Due to limg o0 X;,lH,b,mZ,p,g,M(S) = oo, we can fix g = eo(n,c, H,b,m?, q,u, 0,s,up,u1, R) > 0 small
enough that satisfies

_ a1 ot -
Xn,lH,b,mZ,p,g,g,g <(G"€o) 9_9”“) > max{2L,1,T}.

Hence, for any & € (0,e9] and any ¢ > x5, 205, ((@56)*(‘1*1)/(@*9“@) we have that ¢ > {2L,1,T}
and that the factor multiplying ¢’ in (3.32) is positive, therefore, letting j — oo in (3.32) we find that the
lower bound for V' (¢) is not finite. Summarizing, we showed that V blows up in finite time and we obtained
the upper bound estimate for the lifespan in (1.26).

4. Final remarks

In the present paper, we derived a hierarchy of blow-up results for the semilinear models (1.1) and (1.5)
prescribing different levels of assumptions on the function I'(t).

For the semilinear Cauchy problem in de Sitter spacetime our results in Theorems 1.2-1.4 refined the
results from [21, Theorem 1.1] (cf. Remark 3). On the other hand, for the semilinear Cauchy problem in
anti-de Sitter spacetime, to the best of our knowledge, the results from Theorems 1.6-1.9 are completely
new.

Let us make some final remarks on generalizations of the obtained results and conjectures on the models
that we have treated.

4.1. Semilinear wave equation with a summable speed of propagation

We point out explicitly that all results we proved for the semilinear wave equation in de Sitter spacetime
(namely, Theorems 1.2, 1.3 and 1.4) can be naturally extended to the following semilinear Cauchy problem

02u — a®(t)Au + bOyu + m?u = f(t,u), = €R", t€ (0,T),
u(0, z) = eup(x), x € R™,
Ou(0, z) = euq (), r e R™,

where a € L'(]0,00)) is a nonnegative function and f(t,u) is given by (1.2). This is straightforward conse-
quence of the fact that A(t) = fot a(7)dr is a bounded function (see also Theorem 1 in [20]).

Nevertheless, in the previous sections we consider just the case a = aqg, since we expect that our results
cannot be improved by working with the spatial average of a local solution as we explained in Remark 13.
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4.2. Dominant mass case

In the case with dominant mass (b*> < 4m?), our approach is unfruitful due to the conjugate complex
roots ay o in (2.3). For the average of a local solution u to (1.1), we obtain the representation

U(t) = uo(tsbm?) [ uo(e)do +eg(tsbon?) [ (a)do
Rn R~
B+1

where

y1(t;b,m?) =

Analogously, for a local solution v to (1.5). We see that the damped oscillations from the time factors
Yo, y1 prevent us to work with a nonnegative U making impossible to establish an iteration frame and,
consequently, a sequence of lower bound estimates for U.

4.8. Critical exponent for anti-de Sitter with a nonlocal nonlinearity

In the main results from Subsection 1.1 we analyzed how prescribing certain conditions on I it is possible
to prove blow-up results for local solutions to (1.1) and (1.5). Let us now change our perspective in the
following sense: is it possible to prove blow-up results either for (1.1) or for (1.5) without requiring addi-
tional exponential/polynomial growth for the nonlinear term though the factor I'? As we explained in the
introduction, for the model (1.1) this is not possible unless m? = 0. Similarly, for (1.5) when (1.23) holds,
due to the fact that gcrit > 0, Theorems 1.6, 1.7 and 1.8 do not provide a blow-up result unless o > 0.
On the other hand, when (1.24) holds it is possible to find some p > 1 such that gc;it < 0. Indeed, from
straightforward computations we see that the condition g,y < 0 can be rewritten as the following quadratic
equation for p

(b+nH)B+1)(p—12+[20b6+H)S+ (b+nH)+H](p—1)— ((n—2)H —b)3 <O0. (4.1)

In the nonlocal case 8 > 0, the term —((n —2)H —b)S in (4.1) can be negative, more precisely this happens
forn > 2+ %. Therefore, for n > 2—1—%7 thanks to Descartes’ rule of signs, there exists pg = po(n, H,b,8) > 1
such that for 1 < p < po(n, H,b, 8) the quadratic equation (4.1) is satisfied. Since 2 + % > Ny, where Ny
is defined in (3.23), in particular we are in the case in which (1.24) is always fulfilled for any p > 1, hence,
Theorem 1.9 provides a blow-up result for 1 < p < po(n, H, b, 3) for local in time solutions to (1.5) when
n>24 %.

In other words, when n > 2 + % and 8 > 0, considering I'(¢) = 1, that is, when the nonlinearity in (1.5)
is given by
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B

f(v) = / ot w)Pdy | o,
Rn

we found as candidate to be the critical exponent for the semilinear Cauchy problem (1.5) the positive root
po(n, H,b, B) of the quadratic equation

(b+nH)(B+1)(p—1)2+[20b+H)B+ (b+nH)+H](p—1)—((n—2)H —b)3 =0.

In [17] we will prove a blow-up result for local solutions to (1.5) for 9 = gcrit when (1.24) holds and eyt is
given by (1.22). In particular, for n > 2 + % and B > 0 this result will show the blow-up of local solutions
even in the threshold case p = po(n, H,b, ).
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