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Normalised solutions for p-Laplacian
equations with Lp-supercritical growth
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Abstract. For N ≥ 3 and 2 < p < N , we find normalised solutions to
the equation

−Δpu + (1 + V (x))|u|p−2u + λu = |u|q−2u in R
N

‖u‖2 = ρ

in the mass supercritical and Sobolev subcritical case, that is q ∈
(pN+2

N
, Np

N−p
), at least if ρ > 0 is small enough. The function V ∈

LN/p(RN ), which plays the role of potential, is assumed to be non-
positive and vanishing at infinity. Moreover, we will prove the compact-
ness of the embedding of the space of radial functions W 1,p

rad(RN ) ⊂
Lq(RN ) for p ∈ (1, N) and q ∈ (pN+2

N
, Np

N−p
).
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1. Introduction

For N ≥ 3, p ∈ (2, N), q ∈ (pN+2
N , p∗) and r ∈ [1, p∗), with p∗ := Np

N−p , we
are interested in the problem

− Δpu + (1 + V (x))|u|p−2u + λ|u|r−2u = |u|q−2u inR
N ,∫

RN

|u|rdx = ρr, u > 0,
(1)

where ρ > 0 is a fixed parameter and V : RN → R is a fixed potential such
that

lim
|x|→∞

V (x) = 0. (2)
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From the physical point of view, it is particularly relevant to consider the
case r = 2, namely the problem

−Δpu + (1 + V (x))|u|p−2u + λu = |u|q−2u in R
N ,

∫
RN

u2dx = ρ2, u > 0.

(3)
This case is particularly meaningful since (3) is related to the generalized
nonlinear Schrödinger equation (NLSE)

−i
∂Ψ
∂t

= ΔpΨ − (V (x) + 1)|Ψ|p−2Ψ + |Ψ|q−2Ψ in R × R
N , (4)

involving the p-Laplacian on a wave function Ψ : R×R
N → C. In fact, if we

investigate the standing wave solutions of (4), i.e., the solutions of the form

Ψ(t, x) = eiλtu(x), (5)

plugging the ansatz (5) into (4) we obtain that Ψ is a solution to (4) if and
only if u is a solution to the first equation in (3).

For p > 2, the problem (3) arises in many fields of mathematical physics,
for instance, filtration process of an ideal incompressible fluid through a
porous medium, non-Newtonian fluids, pseudo-plastic fluids, nonlinear elas-
ticity, quantum fields, plasma physics, nonlinear optics and reaction diffusion.
Moreover, the presence of the external potential in Schrödinger equation V (x)
modifies the wave function Ψ(t, x).

In view of the ansatz (5), one may prescribe either the frequency λ or
the L2(RN )-norm of u. Note that, due to the conservation of mass, i.e. the
fact that the ‖Ψ(t, ·)‖L2(RN )-norm of a standing wave solution is independent
of t ∈ R, it is particularly interesting to consider solutions u with prescribed
L2(RN )-norm, which are known as normalised solutions.

Here we are interested in finding normalised solutions to (3), which can
be characterised as the critical points of the functional

JV (u) :=
1
p
‖u‖p +

1
p

∫
RN

V (x)|u|p dx − 1
q
‖u‖q

q, ∀u ∈ W 1,p(RN ), (6)

constrained to the sphere

Sρ := {u ∈ W 1,p(RN ) ∩ L2(RN ) : ‖u‖2 = ρ},

where we have set

‖u‖ :=
(∫

RN

(|∇u|p + |u|p) dx

) 1
p

∀u ∈ W 1,p(RN ),

and ‖u‖s :=
(∫

RN |u|sdx
)1/s for any u ∈ Ls(RN ) and s ∈ [1,∞). We note

that the functional JV is well defined in W 1,p(RN ) ∩ L2(RN ) if, for instance,
V ∈ L

N
p (RN ). In fact W 1,p(RN ) ⊂ Lq(RN ) for q ∈ [pN+2

N , p∗] and, due to
the Sobolev embedding W 1,p(RN ) ⊂ Lp∗

(RN ), we have∫
RN

|V (x)||u|pdx ≤ ‖V ‖N
p
‖u‖p

p∗ ∀u ∈ W 1,p(RN ). (7)



Normalised solutions for p-Laplacian Page 3 of 23    90 

We note that using (7) the functional JV is C1 on W 1,p(RN ) ∩ L2(RN )
endowed with the norm

‖u‖∗ := ‖u‖ + ‖u‖2, ∀u ∈ W 1,p(RN ) ∩ L2(RN ).

We consider the Lp-supercrtical case, that is q ∈ (pN+2
N , p∗). This restriction

is meaningful because, in the Lp-subcritical case q ∈ (p, N+2
N p), the functional

JV is coercive on the sphere Sρ, at least if ‖V ‖N
p

is small enough, due to the
Gagliardo-Nirenberg inequality

‖u‖q ≤ C‖∇u‖θ
p‖u‖1−θ

2 , θ =
Np(q − 2)

q(p(N + 2) − 2N)
, ∀u ∈ W 1,p(RN ).

(8)

On the other hand, for q ∈ (pN+2
N , p∗), the functional JV is unbounded from

below on Sρ, as a consequence there is no chance to find a solution to (3)
by minimising JV on Sρ. We will see that this problem can be overcome by
applying a mountain-pass strategy.

We will see that Problem (3) is strictly related to the limit problem

− Δpu + |u|p−2u + λu = |u|q−2u in R
N

∫
RN

u2dx = ρ2, u > 0, (9)

which is treated in [1], where the authors prove the existence of solutions
(λ, u) ∈ (0,∞) × (W 1,p(RN ) ∩ L2(RN )) for ρ > 0 small enough. Their proof
is based on a mountain-pass argument as well. More precisely, setting, for
any u ∈ W 1,p(RN ) ∩ L2(RN ),

I(u) :=
1
p
‖u‖p − 1

q
‖u‖q

q,

they prove the following result.

Theorem 1 (Theorem 1.1 [1]). Let N ≥ 3, 2 < p < N and pN+2
N < q < p∗.

Then there exists ρ0 > 0 such that, for any ρ ∈ (0, ρ0), there exists a constant
Kρ > 0 and a solution (λρ, uρ) ∈ (0,∞) × ((W 1,p(RN ) ∩ L2(RN )) to problem
(9) such that I(uρ) = cρ, where

cρ := inf
g∈Gρ

max
t∈[0,1]

I(g(t)) > 0,

Gρ := {g ∈ C([0, 1],Sρ) : ‖g(0)‖W 1,p(RN ) ≤ Kρ, I(g(1)) < 0}.

Remark 1. 1. It is known that the solution (λρ, uρ) constructed in The-
orem 1 is the least-energy solution to the limit problem (9), in the
sense that any solution (λ, v) ∈ R × (W 1,p(RN ) ∩ L2(RN )) to (9) ful-
fills I(v) ≥ I(uρ). In fact, if (λ, v) solves the limit problem (9), then v
belongs to the Pohozaev manifold

Pρ := {u ∈ Sρ : P (u) = 0}, (10)

where

P (u) :=
p(N + 2) − 2N

2p
‖∇u‖p

p +
N(p − 2)

2p
‖u‖p

p − N(q − 2)
2q

‖u‖q
q. (11)
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In addition, due to Lemma 2.3 of [1], we have

cρ = inf
u∈Pρ

I(u) = I(uρ).

This gives I(v) ≥ I(uρ).
2. Moreover, by Lemma 2.8 of [1], the function ρ �→ cρ is non-increasing

in (0,∞).

The solution constructed in Theorem 1 will be used in the proof of our
main Theorem 2, in which we prove the existence of a mountain-pass type
solution to problem (3) under the assumptions

V ∈ L
N
p (RN ), W̃ := V (· )|· | ∈ L

N
p−1 (RN ), V ≤ 0, lim

|x|→∞
V (x) = 0, ‖V ‖ N

p
< Sp,

p2S
− p−1

p
p ‖W̃‖ N

p−1
+ N max

{p

2
, (q − p − 2)+

}
S−1

p ‖V ‖ N
p

< min

{
2

(
N

q
− N − p

p

)
, Nq − p(N + 2)

}
,

(12)
where

Sp := inf
u∈D1,p(RN )

‖∇u‖p
p

‖u‖p
p∗

=
1

π
1
2 N

1
p

(
p − 1

N − p

)1− 1
p

(
Γ(1 + N/2)Γ(N)

Γ(N/p)Γ(1 + N − N/p)

) 1
N

> 0

is the Aubin-Talenti constant, or equivalently S
− 1

p
p is the best constant in the

Sobolev embedding D1,p(RN ) ⊂ Lp∗
(RN ), being

D1,p(RN ) := {u ∈ Lp∗
(RN ) : ∇u ∈ Lp(RN )}.

Theorem 2. Let N ≥ 3, 2 < p < N and pN+2
N < q < p∗. Assume that V 
= 0

fulfills (12). Then there exists ρ0 > 0 such that, for any ρ ∈ (0, ρ0), there
exists a solution (λ, u) ∈ (0,∞)× ((W 1,p(RN )∩L2(RN )) to problem (3) such
that 0 < JV (u) < cρ.

Similar results were proved in [2,3] for the Schrödinger–Poisson equa-
tion in dimension 2 and 3 respectively, that is a semilinear non-local equation
involving the classical Laplacian, namely the case p = 2, and in [4] in the case
p = 2 without any non-local term.

Remark 2. It would be interesting to understand whether a radial solution
in the case V = 0 can be constructed and, if it is the case, whether it co-
incides with the one constructed in [1]. Moreover, it would be interesting to
understand whether any solution u ∈ W 1,p(RN ) ∩ L2(RN ) to (14) is radial
and whether the radial solution is unique or not. This is known for p = 2,
while these problems are open for p 
= 2.

The open problem stated in Remark 2 is very relevant since the sym-
metry properties are often very helpful in proving the existence of solutions
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to PDEs. This can be seen in many papers available in the literature, such as
[5–9], where some solutions to semilinear PDEs are constructed by prescrib-
ing the zero-level set and exploiting its symmetry properties.

In order to solve these open problems, we think it is useful to apply the
following compactness Lemma for radial functions, which is a generalisation
of the Strauss Theorem, that is a compactness result proved in [10] for the
embedding H1

rad(R
N ) ⊂ Lq(RN ) with q ∈ (2, 2∗) (see Theorem 1.2 there).

Lemma 1. Let p ∈ (1, N) and q ∈ (p, p∗). Then the embedding W 1,p
rad(R

N ) ⊂
Lq(RN ) is compact.

We stress that Lemma 1 holds true for any p ∈ (1, N).

In the case r 
= 2 in (1), some results for V = 0 are proved in [11],
where existence and uniqueness of a radial ground state solution is proved
for p ∈ (1, N) and 1 < p ≤ r < q < p∗. The existence of normalised solutions
with non-trivial potentials remains open. However, we give a decay estimate
for radial positive solutions to (1) in the case V = 0, p ∈ (1, N) and 1 < p <
q < r < p∗, that is we prove that

|u(x)| ≤ c|x|− p
q−p ∀x ∈ R

N . (13)

The strategy of the proof is similar to the one adapted in Proposition 2.2
of [12] to obtain a decay estimate for radial positive solutions to some semi-
linear elliptic equations whose nonlinearity behaves like a power in a right
neighbourhood of the origin.

The plan of the paper is the following. The main results are proved
in Sect. 2. In particular, in Sect. 2.1 we prove a very useful Lemma which
describes the asymptotic behaviour of the bounded Palais–Smale sequences
of the functional JV (· ) + λ

2 ‖· ‖2
2 with λ > 0, known as the splitting Lemma.

Then in Sect. 2.2 we conclude the proof of Theorem 2, with the aid of the
splitting Lemma. Then in Sect. 2.3 we prove Lemma 1 for radial functions.
The decay estimate (13) is proved in the Appendix.

2. The proofs of the main results

2.1. The splitting Lemma 2

In order to prove Theorem 2, we need to describe the behaviour as n → ∞
of the bounded Palais–Smale sequences of the functional

JV,λ(u) := JV (u) + λ

∫
RN

u2dx, ∀u ∈ W 1,p(RN ) ∩ L2(RN ).

This can be done by means of the splitting Lemma.

This Lemma will be proved in a slightly more general context, that is
we take p ∈ [2, N) and a potential V fulfilling the following assumptions
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(V1) V = V + − V −, with V ± ∈ Lm±
(RN ) for some m± ∈

[
N
p ,∞

]
, V ± ≥ 0,

V +V − = 0.
(V2) ‖V −‖∞ < λ if m− = ∞ or

‖V −‖m− < S(p,m−), where S(p,m) := inf
‖∇u‖p

p

‖u‖p
pm

m−1

, ∀m ∈ [p, p∗].

We note that S(p,m)−1/p is the best constant in the Sobolev embedding
D1,p(RN ) ⊂ Lm(RN ).

(V3) lim|x|→∞ V ±(x) = 0.
We note that, under these assumptions about V , the splitting Lemma

2 that we prove here is a generalisation of the splitting Lemma proved in [3]
and applies to more general situations than the ones needed here. We define

Iλ(u) := I(u) +
λ

2

∫
RN

u2 dx ∀u ∈ W 1,p(RN ) ∩ L2(RN ).

Lemma 2 (Splitting Lemma). Assume that V satisfies (V1), (V2) and (V3).
Let {un} ⊂ W 1,p(RN ) ∩ L2(RN ) be a bounded (PS) sequence for JV,λ such
that un ⇀ u in W 1,p(RN ) ∩ L2(RN ). Then either uk → u strongly in
W 1,p(RN ) ∩ L2(RN ) or there exists an integer k ≥ 1, k non-trivial solutions
w1, · · · , wk ∈ W 1,p(RN ) ∩ L2(RN ) to the limit equation

− Δpu + λu + |u|p−2u = |u|q−2u in R
N (14)

and k sequences {yj
n}n ⊂ R

N , 1 ≤ j ≤ k such that |yj
n| → ∞ and |yj

n − yi
n| →

∞ for i 
= j as n → ∞ and a subsequence, still denoted by un, such that

un = u +
k∑

j=1

wj(· − yj
n) + on(1) strongly in W 1,p(RN ) ∩ L2(RN ). (15)

Furthermore, one has

‖un‖2
2 = ‖u‖2

2 +
k∑

j=1

‖wj‖2
2 + on(1) (16)

and

JV,λ(un) = JV,λ(u) +
k∑

j=1

Iλ(wj) + on(1). (17)

Proof. The proof is similar to the one of the splitting Lemma 2.6 in [3]. How-
ever, since some meaningful differences appear, it is worth writing it down in
a detailed form.

First we note that, since ψ1
n := un−u is bounded in W 1,p(RN )∩L2(RN )

and ψ1
n ⇀ 0 in W 1,p(RN ) ∩ L2(RN ), then ψ1

n is bounded in Lp̄(RN ) for any
p̄ ∈ [p, p∗], p ≥ 2, and ψ1

n → 0 in Lp̄
loc(R

N ). In particular, ψ1
n → 0 pointwise

a.e. in R
N .

Moreover, it is also possible to see that ∇ψ1
n → 0 pointwise a.e. in R

N .
In order to prove this fact, we take a radial cutoff function ϕ ∈ C∞(RN )
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such that ϕ = 1 in B1(0) and ϕ = 0 in R
N\B2(0), we set, for R > 0,

ϕR(x) := ϕ(x/R). We note that

∇JV (un)[ϕR(un − u)] = on(1),

since un is bounded in W 1,p(RN )∩L2(RN ) and ∇JV (un) → 0 in (W 1,p(RN )∩
L2(RN ))′. Moreover, using that V ± ∈ Lm±

(RN ) for some m± ∈ [N
p ,∞] and

un → u strongly in Lp̄
loc(R

N ), we can see that

∇JV (un)[ϕR(un − u)] =
∫

B2R(0)

|∇un|p−2∇un·∇(un − u)ϕRdx

+
∫

B2R(0)\BR(0)

|∇un|p−2(un − u)∇un·∇ϕRdx

+
∫

B2R(0)

|un|p−2un(un − u)ϕR(1 + V (x))dx

−
∫

B2R(0)

|un|q−2un(un − u)ϕRdx

=
∫

B2R(0)

|∇un|p−2∇un·∇(un − u)ϕRdx + on(1).

Thereby ∫
B2R(0)

|∇un|p−2∇un·∇(un − u)ϕRdx = on(1),

so that∫
B2R(0)

(|∇un|p−2∇un − |∇u|p−2∇u)·∇(un − u)ϕRdx = on(1),

since ∇un ⇀ ∇u weakly in Lp(RN ). As a consequence, using the inequality

(|ξ|p−2ξ − |ζ|p−2ζ)· (ξ − ζ) ≥ C|ξ − ζ|p, ∀ ξ, ζ ∈ R
N ,

for some constant C > 0, we have∫
B2R(0)

|∇(un − u)|pϕRdx = on(1),

which shows that ∇un → ∇u in Lp
loc(R

N ), so in particular ∇un → ∇u
pointwise a.e. in R

N .
As a consequence, the Brezis–Lieb Lemma yields that

‖∇ψ1
n‖p

p = ‖∇un‖p
p − ‖∇u‖p

p + on(1),

‖ψ1
n‖p

p = ‖un‖p
p − ‖u‖p

p + on(1),

‖ψ1
n‖q

q = ‖un‖q
q − ‖u‖q

q + on(1),

‖ψ1
n‖2

2 = ‖un‖2
2 − ‖u‖2

2 + on(1).

(18)

Using that ψ1
n ⇀ 0 in W 1,p(RN ) ∩ L2(RN ), we have ψ1

n → 0 strongly in
Ls

loc(R
N ) for any s ∈ [p, p∗]. As a consequence, due to the assumptions (V1)

and (V3), we have ∫
RN

V (x)|ψ1
n|pdx → 0 n → ∞. (19)
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In fact, for any ε > 0, there exists R > 0 such that |V (x)| < ε for |x| > R. As
a consequence there exists n0(ε) > 0 such that, for any n ≥ n0(ε) we have∫

RN

V +(x)|ψ1
n|pdx =

∫
BR(0)

V +(x)|ψ1
n|pdx +

∫
RN \BR(0)

V +(x)|ψ1
n|pdx

< ‖V +‖m+‖ψ1
n‖2

L
pm+

m+−1 (BR(0))

+ ε‖ψ1
n‖p ≤ cε.

The term involving V − can be estimated similarly. As a consequence, using
(19) along with the facts that un is bounded in W 1,p(RN ) ∩ L2(RN ) and
un → u in Ls

loc(R
N ) for s ∈ [p, p∗], the dominated convergence Theorem,

(V1) and (V3) yield that∫
RN

V |ψ1
n|pdx =

∫
RN

V |un|pdx −
∫
RN

V |u|pdx + on(1). (20)

This fact, together with (18), yield that

Iλ(ψ1
n) = JV,λ(ψ1

n) + on(1) = JV,λ(un) − JV,λ(u) + on(1). (21)

Moreover, we can see that

on(1) = ∇JV,λ(un)[ψ1
n] − ∇JV,λ(u)[ψ1

n] = ∇Iλ(ψ1
n)[ψ1

n] + on(1). (22)

In order to prove (22), the followings are sufficient to check:

∫
RN

(|∇un|p−2∇un − |∇u|p−2∇u)·∇(un − u)dx =
∫
RN

|∇ψ1
n|pdx + on(1),

(23)∫
RN

(1 + V (x))(|un|p−2un − |u|p−2u)(un − u)dx =
∫
RN

|ψ1
n|pdx + on(1),

(24)∫
RN

(|un|q−2un − |u|q−2u)(un − u)dx =
∫
RN

|ψ1
n|qdx + on(1).

(25)

To check with (23), we have successively

∫
RN

(|∇un|p−2∇un − |∇u|p−2∇u)· ∇(un − u) dx

=

∫
RN

|∇un|p −
∫
RN

|∇u|p−2∇u · ∇un dx

−
∫
RN

|∇un|p−2∇un · ∇u dx +

∫
RN

|∇u|p dx

=

∫
RN

|∇un|p −
∫
RN

|∇u|p + on(1) −
∫
RN

|∇un|p−2∇un · ∇u dx +

∫
RN

|∇u|p dx

(18)
=

∫
RN

|∇ψ1
n|p −

∫
RN

|∇un|p−2∇un · ∇u dx +

∫
RN

|∇u|p dx + on(1),

so then it remains to prove that as n → ∞,∫
RN

|∇un|p−2∇un · ∇u dx →
∫
RN

|∇u|p dx.
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For this purpose we can see that for any R > 0∫
RN

(|∇un|p−2∇un − |∇u|p−2∇u) · ∇u dx

=
∫

BR(0)

(|∇un|p−2∇un − |∇u|p−2∇u) · ∇u dx

+
∫
RN \BR(0)

(|∇un|p−2∇un − |∇u|p−2∇u) · ∇u dx.

(26)

In order to show that the integral outside the ball is small, it is enough to
observe that, for any ε > 0, there exists R0(ε) > 0 such that

∣∣∣∣∣
∫
RN \BR(0)

(|∇un|p−2∇un − |∇u|p−2∇u) · ∇udx

∣∣∣∣∣

≤
(∫

RN \BR(0)

|∇u|pdx

) 1
p

(∫
RN \BR(0)

|∇un|pdx

) 1
p′

+

∫
RN \BR(0)

|∇u|pdx < ε

(27)

for any n provided R ≥ R0(ε), since ∇un is bounded in Lp(RN ), which yields
that |∇un|p−2∇un is bounded in Lp′

(RN ), where p′ = p/(p − 1). Moreover,
recalling the fact that ∇un → ∇u pointwise a.e. in R

N , we can see that for
any ε > 0 there exists n0(ε) > 0 such that∣∣∣∣∣

∫
BR(0)

(|∇un|p−2∇un − |∇u|p−2∇u)·∇u dx

∣∣∣∣∣ < ε ∀n > n0(ε).

Relations (25) and (24) are proved similarly.

If ψ1
n → 0 strongly in W 1,p(RN ) ∩ L2(RN ) there is nothing to prove,

otherwise it is possible to show that there exists a sequence {y1
n} ⊂ R

N and a
solution w1 
= 0 to the limit Eq. (14) such that |y1

n| → ∞ and ψ1
n(·+y1

n) ⇀ w1

weakly in X.

In order to prove such a claim, first we note that there exists α > 0 such
that

Iλ(ψ1
n) ≥ α ∀n ∈ N. (28)

In fact, if we assume by contradiction that, up to a subsequence, Iλ(ψ1
n) → 0,

then (22) gives

Iλ(ψ1
n) =

(
1
p

− 1
q

)
‖ψ1

n‖p + λ

(
1
2

− 1
q

)
‖ψ1

n‖2
2 = on(1),

which yields that ψ1
n → 0 in W 1,p(RN ) ∩ L2(RN ), a contradiction.

As a consequence, splitting R
N into the countable union of unit cubes

centered at integer points and setting

dn := max
i

‖ψ1
n‖Lq(Qi),
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we have

dn ≥ κ ∀n ∈ N, (29)

for some suitable constant κ > 0. In fact, using (28) and (22), we can see
that

α

2
≤ Iλ(ψ1

n) + on(1) = Iλ(ψ1
n) − 1

2
∇Iλ(ψ1

n)[ψ1
n] + on(1)

= −
(

1
2

− 1
p

)
‖ψ1

n‖p +
(

1
2

− 1
q

)
‖ψ1

n‖q
q

≤
(

1
2

− 1
q

)
‖ψ1

n‖q
q ≤

(
1
2

− 1
q

)
dq−p

n

∑
i

‖ψ1
n‖p

Lq(Qi)

≤ S(p, q)−1

(
1
2

− 1
q

)
dq−p

n

∑
i

‖ψ1
n‖p

W 1,p(Qi)
≤ c̃(p, q)dp−q

n ,

which proves (29).

Let y1
n be the centre of the cube Qi which achieves the maximum dn.

If y1
n were bounded, then it would be constant (up to a subsequence), which

means that there exists j such that

‖ψ1
n‖q

W 1,p(Qj)
≥ c‖ψ1

n‖q
Lq(Qj)

≥ κ > 0,

which is impossible since ψ1
n ⇀ 0 in W 1,p(RN ) ∩ L2(RN ), which yields that

ψ1
n → 0 in Lp

loc(R
N ). As a consequence |y1

n| → ∞ and ψ1
n(·+y1

n) ⇀ w1 in
W 1,p(RN ) ∩ L2(RN ), where w1 
= 0 is a solution to the limit equation (14).
We stress that, for any ρ ∈ (0, ρ0), there exists M = Mρ > 0 such that

‖w‖ ≥ M, (30)

for any solution w ∈ W 1,p(RN )∩L2(RN ) to (14) with ‖w‖2 ≤ ρ. In fact, any
solution w ∈ W 1,p(RN ) ∩ L2(RN ) with ‖w‖2 ≤ ρ to (14) fulfills

I(w) =
1
p
‖w‖p − 1

q
‖w‖q

q ≥ I(u‖w‖2) = c‖w‖2 ≥ cρ,

‖w‖p + λ‖w‖2
2 = ‖w‖q

q,

which give
(

1
p

− 1
q

)
‖w‖p ≥

(
1
p

− 1
q

)
‖w‖p − λ

q
‖w‖q

q ≥ cρ,

which gives (30).

Iterating this process, setting, for j ≥ 2, ψj
n := ψj−1

n (·+yj−1
n ) − wj−1,

it is possible to find a sequence yj
n such that |yj

n| → ∞, |yj
n − yi

n| → ∞ for
1 ≤ i < j and ψj

n(·+yj
n) ⇀ wj in W 1,p(RN )∩L2(RN ), where wj is a solution
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to (14) and
‖∇ψj

n‖p
p = ‖∇ψj−1

n ‖p
p − ‖∇wj−1‖p

p + on(1),

‖ψj
n‖p

p = ‖ψj−1
n ‖p

p − ‖wj‖p
p + on(1),

‖ψj
n‖q

q = ‖ψj−1
n ‖q

q − ‖wj‖q
q + on(1),

‖ψj
n‖2

2 = ‖ψj−1
n ‖2

2 − ‖wj‖2
2 + on(1).

In particular, we have

‖ψj
n‖2

2 = ‖un‖2
2 − ‖u‖2

2 −
j∑

i=1

‖wi‖2
2 + on(1),

Iλ(ψj
n) = JV,λ(un) − JV,λ(u) −

j−1∑
i=1

JV,λ(un) + on(1).

Since wj satisfies (30) for any j ≥ 1, the iterative process must stop after a
finite number of steps, that is either k = 0 or there exists k ≥ 1 such that
wj 
= 0 for 1 ≤ j ≤ k and wj = 0 for j > k. �
2.2. Proof of Theorem 2.

Let us denote, for k > 0,

αk := sup
u∈Dk

JV (u); βk := inf
u∈∂Dk

JV (u), (31)

Dk := {u ∈ Sρ : ‖u‖ ≤ k}, (32)

where ‖· ‖ denotes the standard W 1,p(RN )-norm.

Lemma 3. Assume that V ∈ LN/p(RN ) with ‖V ‖N
p

< Sp and V ≤ 0. Then

for N+2
N p < q < p∗, there exist 0 < k1 < k2 such that

0 < αk1 < βk2 . (33)

Moreover, JV (u) > 0 for any u ∈ Dk1\{0}.
Proof. By the Hölder inequality and the Sobolev embedding D1,p(RN ) ⊂
Lp∗

(RN ), we have
∣∣∣∣
∫
RN

V (x)|u|pdx
∣∣∣∣ ≤ ‖V ‖ N

p
‖u‖p

p∗ ≤ S−1
p ‖V ‖ N

p
‖∇u‖p

p ≤ S−1
p ‖V ‖ N

p
‖u‖p ∀u ∈ Sρ.

As a consequence, since V ≤ 0 we have

JV (u) ≥ 1
p
(1 − S−1

p ‖V ‖N
p
)‖u‖p − 1

q
‖u‖q

q

(8)

≥ 1
p
(1 − S−1

p ‖V ‖N
p
)‖u‖p − Cq

q
‖∇u‖θq

p ‖u‖(1−θ)q
2

≥ 1
p
(1 − S−1

p ‖V ‖N
p
)‖u‖p − Cq

q
ρ(1−θ)q‖u‖θq = f(‖u‖), ∀u ∈ Sρ,

(34)
where we have set

f(t) :=
1
p
(1 − S−1

p ‖V ‖N
p
)tp − Cq

q
ρ(1−θ)qtθq.
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We note that f(0) = 0. Using that 1 − S−1
p ‖V ‖N

p
> 0, thanks to as-

sumption (12), and θq > p, since pN+2
N < q < p∗, we can see that there exists

a unique t0 = t0(p, q,N, ρ, ‖V ‖N
p
) > 0 such that

f(t0) = max
t∈(0,∞)

f(t) > 0,

f is strictly increasing in (0, t0) and strictly decreasing in (t0,∞).

As a consequence, (34) yields that, setting k2 = t0, we have βk2 ≥
f(t0) > 0 and JV (u) ≥ f(‖u‖) > 0 for any u ∈ Dk1 \ {0}.

On the other hand, since V ≤ 0, taking k1 < min{(pf(t0))
1
p , k2}, we

have

0 ≤ JV (u) ≤ 1
p
‖u‖p ≤ kp

1

p
< f(t0) ≤ βk2 ∀u ∈ Dk1 ,

which concludes the proof. �

Lemma 3 can be used to prove that JV has the mountain pass geometry.
More precisely, for t > 0 and u ∈ H1(RN ), we define the scaling ut(x) :=
t

N
2 u(tx) and we introduce the mountain-pass level

mV,ρ := inf
γ∈Γρ

max
t∈[0,1]

JV (γ(t)), (35)

where Γρ is the set of paths

Γρ := {γ ∈ C([0, 1],Sρ) : γ(0) = ut1
ρ , γ(1) = ut2

ρ },

with 0 < t1 < 1 < t2 < ∞ such that ut1
ρ ∈ Dk1 and JV (ut2

ρ ) < 0. We note
that this is possible for p > 2, since

‖ut
ρ‖p

p = t
N(p−2)

2 ‖uρ‖p
p → 0 t → 0+

provided p > 2. Here we denote ut
ρ(x) := t

N
2 uρ(tx), where uρ is the mountain

pass solution with V ≡ 0 constructed in [1, Theorem 1.1]. Furthermore, we
see that Γρ is not empty since the path γ : [0, 1] �→ Sρ, given by γ(τ) =
u

τt2+(1−τ)t1
ρ , belongs to Γρ.

Lemma 4. Assume that V ∈ L
N
p (RN ) with ‖V ‖N

p
< Sp. Then, in the above

notations, we have

0 < sup
γ∈Γρ

max{JV (γ(0)), JV (γ(1))} < mV,ρ.

Moreover, if V ≤ 0, V 
= 0, we have mV,ρ < cρ.

Proof. By definition of Γρ, the definition of sup, Lemma 3 and (34), we have

sup
γ∈Γρ

max{JV (γ(0)), JV (γ(1))} = max{JV (ut1
ρ ), JV (ut2

ρ )} = JV (ut1
ρ ) > 0

∀ γ ∈ Γρ.
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Now we fix γ ∈ Γρ. Since JV (γ(1)) < 0, Lemma 3 yields that ‖γ(1)‖ > k2.
Being ‖γ(0)‖ ≤ k1 < k2, by continuity there exists t̄ ∈ (0, 1) such that
‖γ(t̄)‖ = k2, hence

max
t∈[0,1]

JV (γ(t))

≥ JV (γ(t̄)) ≥ βk2 > αk1 ≥ JV (γ(0)) = max{JV (γ(0)), JV (γ(1))}.

Since γ is arbitrary, this yields that

mV,ρ ≥ βk2 > αk1 ≥ sup
γ∈Γρ

max{JV (γ(0)), JV (γ(1))}.

In order to prove that mV,ρ < cρ if V 
= 0, we note that the path

τ �→ u(1−τ)t1+τt2
ρ

is in Γρ. Moreover, we have

cρ = I(uρ) = max
t>0

I(ut
ρ)

= max
t>0

(‖∇uρ‖p
p

p
t

p(N+2)−2N
2 +

‖uρ‖p
p

p
t

N(p−2)
2 − ‖uρ‖q

q

q
t

N(q−2)
2

)
.

As a consequence

mV,ρ ≤ max
τ∈[0,1]

JV (u(1−τ)t1+τt2
ρ ) ≤ max

t>0
JV (ut

ρ) < max
t>0

I(ut
ρ) = cρ,

because V ≤ 0, V 
= 0. �

Lemma 5 (Pohozaev identity). Assume that V ∈ L
N
p (RN ) and W̃ ∈

L
N

p−1 (RN ). Let u ∈ Sρ be a weak solution of mountain pass type to prob-
lem (3). Then it satisfies the Pohozaev identity

PV (u) :=
p(N + 2) − 2N

2p
‖∇u‖p

p +
N(p − 2)

2p
‖u‖p

p − N(q − 2)
2q

‖u‖q
q

+
∫
RN

V (x)
(

Np

4
|u|p +

p

2
|u|p−2u∇u·x

)
dx = 0.

(36)

Proof. On the one hand we note that, for any u ∈ W 1,p(RN ) ∩ L2(RN ), an
explicit change of variables shows that

d

dt

∣∣∣∣
t=1

JV (ut) = PV (u).

On the other hand, if u ∈ W 1,p(RN )∩L2(RN ) is a weak solution of mountain
pass type to (3), then t = 1 is a maximiser of the function: (0,∞) � t �→
JV (ut) ∈ R, we have d

dt

∣∣
t=1

JV (ut) = 0, so that PV (u) = 0. We note that the
above function is C1 because up to the change of variables one has

JV (ut) =
1
p

(
t

p(N+2)−2N
2 ‖∇u‖p

p + t
N(p−2)

2 ‖u‖p
p

)
− 1

q
t

N(q−2)
2 ‖u‖q

q

+
1
p

∫
RN

V (x)tNp/2|u(tx)|p dx,

and we use that V ∈ LN/p(RN ) and W̃ ∈ L
N

p−1 (RN ) to differentiate inside
the last integral. We observe that we do not need any second derivative of
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u in the computation of d
dtJV (ut). Hence, the lemma holds trues for weak

solutions u ∈ W 1,p(RN ) ∩ L2(RN ) of mountain pass type. �

We note that PV reduces to P if V = 0 (see Remark 1).

Lemma 6. Assume that (12) is fulfilled. Let u ∈ Sρ be a weak solution of
mountain pass type to

− Δpu + (1 + V (x))|u|p−2u + λu = |u|q−2u inRN . (37)

Then JV (u) > 0.

Proof. Let u ∈ Sρ be a weak solution of mountain pass type to problem (9).
The Pohozaev identity (36) yields that

JV (u) =
1
p
(‖∇u‖p

p + ‖u‖p
p) +

1
p

∫
RN

V (x)|u|pdx − 1
q
‖u‖q

q

=
1
p
(‖∇u‖p

p + ‖u‖p
p) +

1
p

∫
RN

V (x)|u|pdx

− 2
N(q − 2)

(
p(N + 2) − 2N

2p
‖∇u‖p

p +
N(p − 2)

2p
‖u‖p

p

+
∫
RN

V (x)
(

N

2
|u|p + |u|p−2u∇u·x

)
dx

)

=
Nq − p(N + 2)

Np(q − 2)
‖∇u‖p

p +
q − p

p(q − 2)
‖u‖p

p +
q − 2 − p

p(q − 2)

∫
RN

V (x)|u|pdx

+
2

N(q − 2)

∫
RN

V (x)|u|p−2u∇u·xdx. (38)

By the Hölder inequality and the Sobolev embedding D1,p(RN ) ⊂ Lp∗
(RN )

we have∣∣∣∣
∫
RN

V (x)|u|pdx

∣∣∣∣ ≤ ‖V ‖N
p
‖u‖p

p∗ ≤ S−1
p ‖V ‖N

p
‖∇u‖p

p,∣∣∣∣
∫
RN

V (x)|u|p−2u∇u·x
∣∣∣∣ ≤ ‖W̃‖ N

p−1
‖u‖p−1

p∗ ‖∇u‖p ≤ S
− p−1

p
p ‖W̃‖ N

p−1
‖∇u‖p

p,

(39)
which concludes the proof thanks to (12), which yields that

N(q − p − 2)+S−1
p ‖V ‖N

p
+ 2pS

− p−1
p

p ‖W̃‖ N
p−1

< Nq − p(N + 2).

�

In order to construct a Palais–Smale sequence at level mV,ρ, we will use
the following general result, which was stated in [3]. For a proof, we refer to
[13].

Proposition 3. Let M be a Hilbert manifold, I ∈ C1(M,R) be a given func-
tional and K ⊂ M be compact. Suppose that the subset

C ⊂ {C ⊂ M : C is compact,K ⊂ C}
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is homotopy–stable, i.e., it is invariant with respect to deformations leaving
K fixed. Moreover, let

max
u∈K

I(u) < c := inf
C⊂C

max
u∈C

I(u) ∈ R,

let {σn} ⊂ R be a sequence such that σn → 0 and {Cn} ⊂ C be a sequence
such that

0 ≤ max
u∈Cn

I(u) − c ≤ σn.

Then there exists a sequence {vn} ⊂ M satisfying
(1) |I(vn) − c| ≤ σn,
(2) ‖∇MI(vn)‖ ≤ C1

√
σn,

(3) dist(vn, Cn) ≤ C2
√

σn.

Lemma 7. Assume that (12) holds. Then there exists a (PS) sequence {un} ⊂
Sρ such that as n → ∞,

JV (un) → mV,ρ, ∇Sρ
JV (un) → 0, P (un) → 0. (40)

Proof. Let {γn}n ⊂ Γρ be a sequence such that

max
t∈[0,1]

JV (γn(t)) ≤ mV,ρ +
1
n

.

Using that JV (|u|) = JV (u) for any u ∈ W 1,p(RN ) ∩ L2(RN ), we can assume
that γn(t) ≥ 0 a. e. in R

N . Define

J̃V (u, t) := JV (ut), ∀ (u, t) ∈ (W 1,p(RN ) ∩ L2(RN )) × (0,∞)

and
Γ̃ρ = {γ̃ : [0, 1] → Sρ × R : γ̃(0) = (ut1

ρ , 1), γ̃(1) = (ut2
ρ , 1)}.

Note that γ̃n(t) := (γn(t), 1) ∈ Γ̃ρ, for any γ ∈ Γρ. As a consequence, applying
Proposition 3 with I = J̃V and

M := Sρ×R, K := {(ut1
ρ , 1), (ut2

ρ , 1)}, C := Γ̃ρ, Cn := {(γn(t), 1) : t ∈ [0, 1]},

there exists (vn, tn) ∈ Sρ × R such that as n → ∞,

J̃V (vn, tn) → mV,a, ∇J̃V (vn, tn) → 0.

Moreover, we get

min
t∈[0,1]

(‖vn − γn(t)‖ + ‖vn − γn(t)‖2 + |tn − 1|) ≤ C̃√
n

,

thus tn → 1 and there exists sn ∈ [0, 1] such that

‖vn − γn(sn)‖ + ‖vn − γn(sn)‖2 → 0 n → ∞.

Define un := (vn)tn . Since γn(t) ≥ 0 a.e. in R
N , then ‖v−

n ‖p ≤ ‖vn −
γn(sn)‖p = o(1), so that v−

n → 0 a.e. in R
N , up to a subsequence. So

‖u−
n ‖p → 0 as n → ∞. (41)

Now we show {un} is a (PS) sequence for JV .
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First we note that JV (un) → mV,ρ as n → ∞.

Furthermore, for each w ∈ W 1,p(RN ), set wn := (w)−tn . Then one can
deduce that

∇(JV − J∞)(un)[w] =
∫
RN

V (
x

tn
)|vn|p−2vnwndx,

which yields that

∇JV (un)[w] = ∇J̃V (vn, tn)[(wn, 1)] + o(1)||wn||.
Moreover,

∫
RN vnwdx = 0 is equivalent to

∫
RN unwndx = 0. By the definition

of wn, we know that for n large, ||wn||p ≤ 2||w||p, thus we have ∇JV (un)[w] =
on(1)‖w‖. In particular, differentiating in t we have

∂t|t=1

( ∫
RN

V (x)tNp/2|u|p(tx)dx
)

=
∫
RN

V (x)(
Np

2
|u|p + p|u|p−2u∇u · x)dx

∀u ∈ W 1,p(RN )

and

∂t|t=1I(ut) =
p(N + 2) − 2N

2p
‖∇u‖p

p +
N(p − 2)

2p
‖u‖p

p − N(q − 2)
2q

‖u‖q
q

∀u ∈ W 1,p(RN ),

hence we can see that P (un) → 0 as n → ∞, which means un almost satisfies
the Pohozaev identity. This completes the proof. �

Lemma 8. Assume that (12) holds. Let {un} ⊂ Sρ be the (PS) sequence for
JV obtained in Lemma 7. Then {un} is bounded in W 1,p(RN ). Moreover,
there exists ρ∗ > 0 and a sequence of Lagrange multipliers

λn := −∇JV (un)[un]
ρ2

such that λn → λ > 0 for any ρ ∈ (0, ρ∗).

Proof. Let un be the PS-sequence constructed in Lemma 7. Set

An := ‖∇un‖p
p, Bn := ‖un‖p

p, Cn :=
∫
RN

V (x)|un|pdx,

Dn :=
∫
RN

V (x)|un|p−2un∇un·xdx, En := ‖un‖q
q.

(42)

Then relations (40) are equivalent to

An + Bn + Cn − p

q
En = pmV,ρ + o(1)

p(N + 2) − 2N

p
An +

N(p − 2)
p

Bn − N(q − 2)
q

En +
Np

2
Cn + pDn = o(1)

An + Bn + Cn + λnρ2 − En = o(1)(A1/p
n + B1/p

n ). (43)

Subtracting the second equation to the first one in (43) we can see that
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2N − p(N + 1)

p
An +

p − N(p − 2)

p
Bn +

2 − Np

2
Cn − pDn +

N(q − 2) − p

q
En

= pmV,ρ + o(1).

Using once again the first relation in (43), we have

Nq − p(N + 2)

p
An+

N(q − p)

p
Bn+N

2(q − 2) − p2

2p
Cn−pDn−N(q−2)mV,ρ = o(1)

(44)
Note that Nq−p(N +2) > 0 since q > pN+2

N . Using (39), the terms involving
the potential are estimated by

pDn − N
2(q − 2) − p2

2p
Cn

≤
(

pS
− p−1

p
p ‖W̃‖ N

p−1
+ N

(2(q − 2) − p2)+

2p
S−1

p ‖V ‖N
p

)
An,

which yields that there exists n0 > 0 such that(
Nq − p(N + 2)

p
− N

(2(q − 2) − p2)+

2p
S−1

p ‖V ‖N
p

− pS
− p−1

p
p ‖W̃‖ N

p−1

)
An

≤ −N(q − p)
p

Bn + N(q − 2)mV,ρ + o(1) ≤ 2N(q − 2)cρ ∀n ≥ n0,

since Bn ≥ 0. Thanks to (12), which implies that

N
(2(q − 2) − p2)+

2p
S−1

p ‖V ‖N
p

+ pS
− p−1

p
p ‖W̃‖ N

p−1
<

Nq − p(N + 2)
p

,

this yields that An is bounded, since 2(q−2)−p2

2 ≤ q − p − 2 for p ≥ 2. Due
to the Sobolev embeddings, En is also bounded. Hence, due to (39), Cn and
Dn are bounded as well. Finally, the Pohozaev identity (namely the second
relation in (43)) yields that Bn is also bounded, so that λn is bounded too.

Since we see that un is bounded in W 1,p(RN ) and in L2(RN ), then there
exists u ∈ W 1,p(RN ) and λ such that up to a subsequence (relabelled by the
same indices) un → u weakly in W 1,p(RN ) and in L2(RN ) and λn → λ. Due
to the weak convergence, the pair (u, λ) satisfies the equation

− Δu + (1 + V (x))|u|p−2u + λu = |u|q−2u inR
N . (45)

Let us show that λ > 0. Testing equation (45) with u itself and passing to
the limit in (44), it is possible to see that the relations

A + B + C + λρ2 = E

p(N + 2) − 2N

p
A +

N(p − 2)
p

B − N(q − 2)
q

E +
Np

2
C + pD = 0,

(46)

are fulfilled, where we have set

A := ‖∇u‖p
p, B := ‖u‖p

p,

C :=
∫
RN

V (x)|u|pdx, D :=
∫
RN

V (x)u∇u·xdx, E := ‖u‖q
q.
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The Pohozaev identity gives
p(N + 2) − 2N

p
A ≤ p(N + 2) − 2N

p
A +

N(p − 2)
p

B

=
N(q − 2)

q
E − Np

2
C − pD.

Using the Gagliardo-Nirenberg inequality we have

E ≤ κ‖∇u‖θq
p ‖u‖(1−θ)q

2 = κAθ q
p ρ(1−θ)q.

Moreover, (39) gives

|C| ≤ S−1
p ‖V ‖N/pA, |D| ≤ S

− p−1
p

p ‖W̃‖ N
p−1

A.

As a consequence(
p(N + 2) − 2N

p
− Np

2
S−1

p ‖V ‖N/p − pS
− p−1

p
p ‖W̃‖ N

p−1

)
A1−θ q

p ≤ κ̃ρ(1−θ)q.

Using that 1 − θ q
p < 0 and

p(N + 2) − 2N

p
− Np

2
S−1

p ‖V ‖N/p − pS
− p−1

p
p ‖W̃‖ N

p−1
> 0, (47)

due to (12) and the fact that

2
(

N

q
− N − p

p

)
<

p(N + 2) − 2N

p
,

we deduce that A → ∞ as ρ → 0.

Multiplying the first relation in (46) by N(q−2)
2q , the second one by 1/2

and subtracting, it is possible to see that

λρ2

(
N

2
− N

q

)
=

(
N

q
− N − p

p

)
A −

(
N

p
− N

q

)
B +

(
N

q
+

N

4
(p − 2)

)
C +

p

2
D

≥
(

N

q
− N − p

p
−

(
N

q
+

N

4
(p − 2)

)
S−1

p ‖V ‖N/p − p

2
S

− p−1
p

p ‖W̃‖ N
p−1

)
A

−
(

N

p
− N

q

)
B. (48)

In order to control the negative term involving B, we use the interpolation
inequality

‖u‖p
p ≤ ‖u‖βp

2 ‖u‖(1−β)q
q ,

1
p

=
β

2
+

1 − β

q
, β ∈ (0, 1),

and the Gagliardo-Nirenberg inequality we can see that

B ≤ ‖u‖βp
2 ‖u‖(1−β)q

q ≤ κ‖u‖βp
2 (‖u‖1−θ

2 ‖∇u‖θ
p)

(1−β)p

= κρβp+(1−θ)(1−β)pAθ(1−β) ≤ κρβp+(1−θ)(1−β)pA,

for ρ > 0 sufficiently small, since (1 − β)θ ∈ (0, 1) and A → ∞ as ρ → 0. As
a consequence, λ > 0 if

N

q
− N − p

p
−

(
N

q
+

N

4
(p − 2)

)
S−1

p ‖V ‖N/p − p

2
S

− p−1
p

p ‖W̃‖ N
p−1

> 0 (49)
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and ρ > 0 is small enough. It is possible to see that (49) is true thanks to
(12), since

2
(

1
q

+
1
4
(p − 2)

)
<

p

2
.

�

Now we can conclude the proof of Theorem 2 by means of the split-
ting Lemma, which gives compactness of the Palais–Smale sequence found in
Lemma 7.

Proof. First we note that, thanks to the fact that the Palais–Smale sequence
un constructed in Lemma 8 is bounded in W 1,p(RN ) ∩ L2(RN ) and λn → λ,
there exists a subsequence, still denoted by un, and a solution u ∈ W 1,p(RN )∩
L2(RN ) to the equation

−Δpu + (1 + V (x))|u|p−2u + λu = |u|q−2u inR
N

such that un ⇀ u in W 1,p(RN ) ∩ L2(RN ).

Thanks to the fact that λ > 0 and the assumptions about V , we can
apply the splitting Lemma (2) which yields that

un = u +
k∑

j=1

wj(· − yj
n) + o(1) strongly in W 1,p(RN ).

where wj are solutions to the limit equation

−Δpw + |w|p−2w + λw = |w|q−2w inR
N ,

‖un‖2
2 = ‖u‖2

2 +
k∑

j=1

‖wj‖2
2 + o(1)

and

JV,λ(un) = JV,λ(u) +
k∑

j=1

Iλ(wj) + o(1).

As a consequence we have

JV (un) = JV (u) +
k∑

j=1

I(wj) + o(1).

If we assume by contradiction that k ≥ 1, letting n → ∞ we have

mV,ρ = JV (u) +
k∑

j=0

I(wj).

Using that u is a solution to (37), Lemma 8 yields that JV (u) > 0. Moreover,
using Remark 1 and the fact that cρ is nonincreasing in ρ, we have I(wj) ≥
c‖wj‖2 ≥ cρ. Finally, using the fact that V 
= 0, Lemma 4 gives

cρ > mV,ρ = JV (u) +
k∑

j=0

I(wj) >
k∑

j=0

c‖wj‖2 ≥ cρ,
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a contradiction. This yields that k = 0, or equivalently uu → u in W 1,p(RN )∩
L2(RN ), so that ‖u‖2 = ρ. This concludes the proof of Theorem 2. �

2.3. The radial case: the proof of Lemma 1

The proof parallels the one of Lemma 1.1 and Theorem 1.2 of [10].

Proof. We start by proving that there exists a constant C(N, p) > 0 such
that

|ϕ(x)| ≤ C(N, p)|x|− N−1
p ‖ϕ‖ ∀ϕ ∈ W 1,p

rad(R
N ). (50)

Since the space of radial C∞
c (RN )-functions is dense in W 1,p

rad(R
N ), it is

enough to prove that (50) holds true for any radial function ϕ ∈ C∞
c (RN ).

For this purpose, writing ϕ(x) = ψ(r), where r := |x|, we note that

|ϕ(x)|p = |ψ(r)|p

= −p

∫ ∞

r

|ψ(s)|p−2ψ(s)|ψ′(s)ds ≤
∫ ∞

r

|ψ′(s)|pds +
p′

p

∫ ∞

r

|ψ′(s)|pds

≤ cp

∫ ∞

r

s−(N−1)(|ψ′(s)|p + |ψ(s)|p)sN−1ds ≤ cpr
1−N‖ϕ‖p,

which proves the decay estimate (50).

Now let us consider a bounded sequence {un} ⊂ W 1,p(RN ). Then, up to
a subsequence, un ⇀ u weakly in W 1,p(RN ), for some u ∈ W 1,p(RN ). Then,
for any ε > 0, there exists R0(ε) > 0 such that, for any R ≥ R0(ε) we have

∫
RN \BR(0)

|un − u|qdx ≤ sup
RN \BR(0)

(|un − u|q−p)

(∫
RN \BR(0)

|un − u|pdx

)

≤ C(p, N)R
− (q−p)(N−1)

p (sup
k

‖uk‖p
p + ‖u‖p

p) ≤ C̃(p, N)R
− (q−p)(N−1)

p < ε, ∀ n ∈ N,

since un is bounded in W 1,p(RN ). Moreover, since un → u strongly in
Lq(BR(0)), there exists n0(ε) > 0 such that∫

BR(0)

|un − u|qdx ≤ ε ∀n ≥ n0(ε),

which concludes the proof. �
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Appendix A

In this section we compute the decay rate of the solution of the following
problem

−Δpu + ur−1 = uq−1 in R
N , (A1)

u > 0, (A2)

for 1 < p < q < r < p∗, which gives (50). Using and u is radial in the form
u(x) = v(|x|), we can see that v solves

− 1
sN−1

(|v′|p−2v′sN−1)′ = vq−1 − vr−1 ∀s ∈ [ρ,∞). (A3)

Assuming that v′ < 0 on (ρ0,∞) for some ρ0 > ρ, we have from (A3)(
sN−1(−v′)p−1

)′
= sN−1(vq−1 − vr−1). (A4)

After integrating on (ρ0, s), we obtain

sN−1(−v′(s))p−1 ≥ sN−1(−v′(s))p−1 − ρN−1
0 (−v′(ρ0))p−1

(A4)
=

∫ s

ρ0

tN−1(vq−1(t) − vr−1(t)) dt. (A5)

http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
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for any s ≥ ρ0. Since v(t) ∈ (0, δ) for t > ρ0, using that r > q, we have

sN−1(−v′(s))p−1 ≥ c

∫ s

ρ0

tN−1vq−1(t)dt ≥ cvq−1(s)
∫ s

ρ0

tN−1 dt

= cvq−1(s)(sN − ρn
0 )/N ≥ cvq−1(s)sN ∀ s > ρ1 (A6)

for some ρ1 > ρ0 large enough. Integrating both side form ρ1 to s and
using that p < q, we obtain

v1− q−1
p−1 (s) = v

p−q
p−1 (s) ≥ v

p−q
p−1 (s) − v

p−q
p−1 (ρ1) =

∫ s

ρ1

d

dt
(v

p−q
p−1 (t))dt

= −c

∫ s

ρ1

v− q−1
p−1 (t)v′(t)dt ≥ κ

∫ s

ρ1

t
1

p−1 dt = κ(p − 1)(s
p

p−1 − ρ
p

p−1
1 ) > 0,

(A7)
which is equivalent to

v(s) ≤ κ̃s− p
q−p

for s large enough.
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