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Normalised solutions for p-Laplacian
equations with LP-supercritical growth

Raj Narayan Dhara® and Matteo Rizzi

Abstract. For N > 3 and 2 < p < N, we find normalised solutions to
the equation

—Apu+ (14 V(@)|ul"u+ I = |u|* *u in RY
lullz = p

in the mass supercritical and Sobolev subcritical case, that is ¢ €

( %, ]\iv_pp), at least if p > 0 is small enough. The function V €

LN/p(RN)7 which plays the role of potential, is assumed to be non-
positive and vanishing at infinity. Moreover, we will prove the compact-
ness of the embedding of the space of radial functions W,25(RY) C

LYRN) for pe (1, N) and g € (p%, Npr).
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1. Introduction

For N >3, pe (2,N), q€ (p%,p*) and r € [1,p*), with p* := NN—_I’p, we
are interested in the problem

— Apu+ (1 + V(@) |ulP~?u 4+ Mu|"2u = |[u|9 %y inRY,

. . (1)
|u|"dx = p", u >0,
RN

where p > 0 is a fixed parameter and V : RN — R is a fixed potential such
that

lim V(x)=0. (2)
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From the physical point of view, it is particularly relevant to consider the
case r = 2, namely the problem

—Apu+ (1+ V(@) |ulP~?u+ A = |u|7?u in RY, / udr = p?, u > 0.

RN
(3)
This case is particularly meaningful since (3) is related to the generalized
nonlinear Schrédinger equation (NLSE)

]
—i% =AU — (V(2) + D)|¥P20 + [T72F  in R x RV, (4)

involving the p-Laplacian on a wave function ¥ : R x RN — C. In fact, if we
investigate the standing wave solutions of (4), i.e., the solutions of the form

U(t, ) = eMu(z), (5)

plugging the ansatz (5) into (4) we obtain that ¥ is a solution to (4) if and
only if u is a solution to the first equation in (3).

For p > 2, the problem (3) arises in many fields of mathematical physics,
for instance, filtration process of an ideal incompressible fluid through a
porous medium, non-Newtonian fluids, pseudo-plastic fluids, nonlinear elas-
ticity, quantum fields, plasma physics, nonlinear optics and reaction diffusion.
Moreover, the presence of the external potential in Schrodinger equation V(x)
modifies the wave function U(¢t,x).

In view of the ansatz (5), one may prescribe either the frequency A or
the L?(R™)-norm of u. Note that, due to the conservation of mass, i.e. the
fact that the [|W(t,-)|| 12(r~)-norm of a standing wave solution is independent
of t € R, it is particularly interesting to consider solutions u with prescribed
L?(R™)-norm, which are known as normalised solutions.

Here we are interested in finding normalised solutions to (3), which can
be characterised as the critical points of the functional

Jv(u) := *IIUII’” / V(e IUJV’dw—*IIUJII Vue WH(RY),  (6)

constrained to the Sphere
={ue WPRY)NL*RY) : |ull2 = p},

where we have set
1

lul| = </ (IVulP + ul?) d:c) ’ Yue WhHP(RY),
RN

and [ulls == (Jan |u\sd:1:)l/s for any u € L*(RY) and s € [1,00). We note
that the functional Jy is well defined in W1P(RY) N L2(RY) if, for instance,
Ve L%(RN). In fact WHP(RN) C LY(RY) for g € [pF2,p*] and, due to
the Sobolev embedding W'?(RY) ¢ LP"(RY), we have

/ V(@)||ufPdze < |V x[ully-  VueWHPRY). (7)
RN P
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We note that using (7) the functional Jy is C' on WLP(RYN) N L2(RY)
endowed with the norm

lulls o= llull + ull2,  Vue WHPRY) N L2 (RY).

We consider the LP-supercrtical case, that is ¢ € (p%,p*)

is meaningful because, in the LP-subcritical case ¢ € (p, %p), the functional

Jy is coercive on the sphere S,, at least if ||V|| x is small enough, due to the
p

. This restriction

Gagliardo-Nirenberg inequality

- Np(q —2)
lullg < CIVuldllull3™, 6=

1,pmN
SN+ —any  TwEWERD).

(8)

On the other hand, for ¢ € (p%, p*), the functional Jy is unbounded from
below on S,, as a consequence there is no chance to find a solution to (3)
by minimising Jy on &,. We will see that this problem can be overcome by
applying a mountain-pass strategy.

We will see that Problem (3) is strictly related to the limit problem

— Apu+ |uP"2u + M = |u|??u in RY / uw*dr = p*, u >0, (9)
RN
which is treated in [1], where the authors prove the existence of solutions
(A u) € (0,00) x (WEP(RN) N L2(RY)) for p > 0 small enough. Their proof
is based on a mountain-pass argument as well. More precisely, setting, for
any u € WHP(RN) N L2(RY),

1 1
I(u) = —[lul” = QIIUH&

they prove the following result.

Theorem 1 (Theorem 1.1 [1]). Let N > 3,2 <p < N and p% < q < p*.
Then there exists pg > 0 such that, for any p € (0, po), there exists a constant
K, >0 and a solution (\p,u,) € (0,00) x (WHP(RN) N L2(RYN)) to problem
(9) such that I(u,) = c,, where

= inf I(qg(t 0
¢p = Inf max (9(t)) >0,

9o = {9 € C([0,1];5,) = [lg(O)llwrr@r) < K, 1(g(1)) < 0}

Remark 1. 1. It is known that the solution (A,,u,) constructed in The-
orem 1 is the least-energy solution to the limit problem (9), in the
sense that any solution (\,v) € R x (WhP(RY) N L2(RY)) to (9) ful-
fills I(v) > I(u,). In fact, if (X, v) solves the limit problem (9), then v
belongs to the Pohozaev manifold

P, ={ueS,: P(u) =0}, (10)
where
__ p(N+2)—-2N » Np-2) p_N(q—2) p
Py = Py MO =Dy MO ey



90 Page 4 of 23 R. N. Dhara and M. Rizzi

In addition, due to Lemma 2.3 of [1], we have
cp = ui€n7£p I(u) = I(u,).
This gives I(v) > I(u,).

2. Moreover, by Lemma 2.8 of [1], the function p — ¢, is non-increasing
in (0, 00).

The solution constructed in Theorem 1 will be used in the proof of our
main Theorem 2, in which we prove the existence of a mountain-pass type
solution to problem (3) under the assumptions

N N ~ _N N .
Ve @), W= VOl e L ®Y), V <0, tim V() =0, Vs <8,
xT|—00 P

2= Bt s p +1 g1
PSSy Wy + Nmaxq3,(q—p—2)" 5 [V~
p—1 2 P

<min{2 (ﬁ_ N_p),Nq—p(N+2)},
q p

(12)
where

) [Vul? 1 p—1\'"7 I'(1+ N/2)I'(N) ~
Sp = inf = 71 >0
weptr@N) |lullb. L inF \N—p T'(N/p)T(1+ N — N/p)

P

is the Aubin-Talenti constant, or equivalently Sp_ is the best constant in the

Sobolev embedding D*?(RN) ¢ LP" (RN), being
DY (RN) := {u e LP (RY) : Vu e LP(RM)}.

Theorem 2. Let N > 3,2 <p < N and p% < q < p*. Assume that V # 0
fulfills (12). Then there exists pg > 0 such that, for any p € (0,pp), there
exists a solution (\,u) € (0,00) x (WLP(RN)N L2(RYN)) to problem (3) such
that 0 < Jy (u) < c,.

Similar results were proved in [2,3] for the Schrodinger—Poisson equa-
tion in dimension 2 and 3 respectively, that is a semilinear non-local equation
involving the classical Laplacian, namely the case p = 2, and in [4] in the case
p = 2 without any non-local term.

Remark 2. It would be interesting to understand whether a radial solution
in the case V' = 0 can be constructed and, if it is the case, whether it co-
incides with the one constructed in [1]. Moreover, it would be interesting to
understand whether any solution v € WP(RY) N L2(RY) to (14) is radial
and whether the radial solution is unique or not. This is known for p = 2,
while these problems are open for p # 2.

The open problem stated in Remark 2 is very relevant since the sym-
metry properties are often very helpful in proving the existence of solutions
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to PDEs. This can be seen in many papers available in the literature, such as
[5-9], where some solutions to semilinear PDEs are constructed by prescrib-
ing the zero-level set and exploiting its symmetry properties.

In order to solve these open problems, we think it is useful to apply the
following compactness Lemma for radial functions, which is a generalisation
of the Strauss Theorem, that is a compactness result proved in [10] for the
embedding H! ,(RY) c LY(RY) with ¢ € (2,2*) (see Theorem 1.2 there).

Lemma 1. Let p € (1,N) and q € (p,p*). Then the embedding W (RN) C
LA(RYN) is compact.

We stress that Lemma 1 holds true for any p € (1, N).

In the case r # 2 in (1), some results for V' = 0 are proved in [11],
where existence and uniqueness of a radial ground state solution is proved
forpe (1, N) and 1 < p <r < ¢ < p*. The existence of normalised solutions
with non-trivial potentials remains open. However, we give a decay estimate
for radial positive solutions to (1) in the case V=0,p€ (1,N) and 1 <p <
q <1 < p*, that is we prove that

lu(z)| < clz|" 77 Vo e RV, (13)

The strategy of the proof is similar to the one adapted in Proposition 2.2
of [12] to obtain a decay estimate for radial positive solutions to some semi-
linear elliptic equations whose nonlinearity behaves like a power in a right
neighbourhood of the origin.

The plan of the paper is the following. The main results are proved
in Sect. 2. In particular, in Sect. 2.1 we prove a very useful Lemma which
describes the asymptotic behaviour of the bounded Palais—Smale sequences
of the functional Jy (-) + 3|3 with A > 0, known as the splitting Lemma.
Then in Sect. 2.2 we conclude the proof of Theorem 2, with the aid of the
splitting Lemma. Then in Sect. 2.3 we prove Lemma 1 for radial functions.
The decay estimate (13) is proved in the Appendix.

2. The proofs of the main results

2.1. The splitting Lemma 2

In order to prove Theorem 2, we need to describe the behaviour as n — oo
of the bounded Palais—Smale sequences of the functional

Jva(u) := Jy(u) + )\/ wide,  Vue WHPRN)NLARY).
RN
This can be done by means of the splitting Lemma.

This Lemma will be proved in a slightly more general context, that is
we take p € [2, N) and a potential V fulfilling the following assumptions
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(Vi) V=Vt -V~ with V* ¢ Lmi(}RN) for some m* € [%,oo}, VE >0,
Vtv-=0.
(V2) IV oo < Aif m™ = o0 or

[Vullp

p *
,Y'm € [p,p*].
”u”]:ﬁ%

V7 l[lm- < S(p,m™), where S(p,m) := inf

We note that S(p, m)~1/P is the best constant in the Sobolev embedding

DVP(RN) c L™(RY).

We note that, under these assumptions about V', the splitting Lemma
2 that we prove here is a generalisation of the splitting Lemma proved in [3]
and applies to more general situations than the ones needed here. We define

In(u) := I(u)—i—%/ﬂw u? dx Yu e WHP(RY) N LA(RY).

Lemma 2 (Splitting Lemma). Assume that V' satisfies (V1), (V2) and (V3).
Let {u,} ¢ WHP(RN) N L2(RY) be a bounded (PS) sequence for Jy,x such
that u, — u in WUHP(RN) N L2(RY). Then either u, — u strongly in
WLP(RN) N L2(RYN) or there exists an integer k > 1, k non-trivial solutions
wh - wh € WEP(RN) N L2(RY) to the limit equation

— Apu+du+ uPu = (w2 in RY (14)

and k sequences {y },, C RN 1 < j <k such that |y| — oo and |y, —yi| —
0o fori# j asn — oo and a subsequence, still denoted by u,, such that
k
Up = U+ Z w? (- — y2) + 0, (1) strongly in WHP(RN)n L2(RY).  (15)
j=1
Furthermore, one has

k
unll3 = lull3 + ) lw’ (|5 + on(1) (16)
j=1
and
Jv7)\(un Jv)\ ZI,\ wJ +On ) (17)

Proof. The proof is similar to the one of the splitting Lemma 2.6 in [3]. How-
ever, since some meaningful differences appear, it is worth writing it down in
a detailed form.

First we note that, since ¥} := u,, —u is bounded in W1?(RM)N L3(RY)
and ¥1 — 0 in WHP(RN) N L2(RY), then 9} is bounded in LP(RY) for any
pE p,p*], p>2, and ¥} — 0in L} (RY). In particular, )} — 0 pointwise
a.e. in RV,

Moreover, it is also possible to see that Vi)l — 0 pointwise a.e. in RY.
In order to prove this fact, we take a radial cutoff function ¢ € C*°(RY)
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such that ¢ = 1 in B;(0) and ¢ = 0 in RV\By(0), we set, for R > 0,
or(z) = p(x/R). We note that

Vv (un)lpr(un — u)] = o0n(1),
since u,, is bounded in WHP(RVM)NL2(RY) and VJy (u,,) — 0in (WHP(RYN)N
L?(RN))’. Moreover, using that V* € Lmi(RN) for some m* € [%,oo] and

u, — u strongly in LY (RY), we can see that

VI (un)pr(tu, —u)] = / |Vt P2V, - V(u, — u)prde
B2r(0)

+ / |V P72 (1, — 1)V, Vords
B2r(0)\Br(0)

* / |Un|p72un(un —u)pr(l+V(r))dr
BZR(O)

- / |t |9 2 (U, — ) prda
Bar(0)

= / |Vt [P 2V, - V(uy — u)orde + 0,(1).
B2r(0)
Thereby
/ |Vt [P~ 2V, V(u, —u)prdr = 0,(1),
B2r(0)
so that
/ (|Vtn P2V, — |[Vul|P2Vu)- V(u, — u)prde = o,(1),
B2r(0)

since Vu,, — Vu weakly in LP(RY). As a consequence, using the inequality

(P72 = 1CIP20)- (6 =) 2 Cle (PP, V& CEeRY,

for some constant C' > 0, we have

/ IV (tn — w)Porda = on(1),
Bsr(0)

which shows that Vu, — Vu in L
pointwise a.e. in RV.
As a consequence, the Brezis—Lieb Lemma yields that

IVl = [Vuallh = [Vullp + on(1),

[nlls = llunlll = llullb + 0a(1),

[9nlld = llunlld = Nulld + on (1),

[9nll3 = llunll3 = lull3 + 0n(1).
Using that ¥} — 0 in WHP(RY) N L2(RY), we have ¥} — 0 strongly in
L; (RY) for any s € [p,p*]. As a consequence, due to the assumptions (V;)

loc
and (V3), we have

(RM), so in particular Vu, — Vu

(18)

/ V(x)|p}|Pdr — 0 n — 00. (19)
RN
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In fact, for any € > 0, there exists R > 0 such that |V (z)| < ¢ for |z| > R. As
a consequence there exists ng(e) > 0 such that, for any n > ng(e) we have

/ V(@)L Pda = / V(@) Pde + / VH (@)l Pda
RN Br(0) RN\ BRr(0)
+ 102 1
AV H s L2 e ellghy < ee.

Lm*=1(Br(0))

The term involving V'~ can be estimated similarly. As a consequence, using
(19) along with the facts that wu, is bounded in WHP(RY) N L?(RY) and
u, — uin Lj (RY) for s € [p,p*], the dominated convergence Theorem,

(V1) and (V3) yield that

/ Vil Pde = / Vi P — / ViuPde +on(1).  (20)
RN RN RN
This fact, together with (18), yield that

(W) = Jva(p) + 0 (1) = Jya(un) = Jya(u) + on(1). (21)

Moreover, we can see that

on(1) = Vv (un)[¥hy] = VIva ()] = VI [¥n] + 0a(1).  (22)

In order to prove (22), the followings are sufficient to check:

/ (|Vun P2V, — [VulP2Vu)- V(u, —u)dr = / |Vl [Pda + 0, (1),
RN RN

(23)
/ (U4 V(@) (P20 — [P ~20) (1 — )l = / 61 Pz + o, (1),
RN RN
29
[t = a2 — it = [ Jdirde + 0,1
(25)

To check with (23), we have successively

/ (|Vtn P> Vn — [VulP"2Vu)- V(u, —u) d
RN
=/ |Vu,|? —/ |Vu|P~Vu - Vu, dz
RN RN

f/ |Vun|p_2Vun-Vudx+/ [Vul? dz
RN

RN
:/ |Vun|P—/ |Vu\p+on(1)—/ |Vun|p72Vun-Vuda7+/ |Vul|? dz
RN RN RN RN

(2)/ |V1,!),1L|p—/ |Vun|p72Vun~Vudm+/ |Vu|? dz + o (1),
RN JRN N

JR

so then it remains to prove that as n — oo,

/ \Vu,|P~*Vu, - Vudr — [VulP de.
RN RN



Normalised solutions for p-Laplacian Page 9 of 23 90

For this purpose we can see that for any R > 0

/ (|Vun|P~2Vu, — |[VulP~2Vu) - Vudz
RN
= / (|Vun P2V, — |Vu|P2Vu) - Vudz (26)
Br(0)

+/ (|Vun|P2Vu, — |Vu|P"2Vu) - Vudz.
RN\BR(0)

In order to show that the integral outside the ball is small, it is enough to
observe that, for any £ > 0, there exists Ro(g) > 0 such that

/ (|Vun P>V, — |VulP " >Vu) - Vudz
RN\BR (0)

1
7

» ”
< (/ |Vupdx> (/ Vunpdx> + / [VulPde < e
RN\BR(0) JRN\BR(0) JRN\BR(0)

(27)
for any n provided R > Ry(¢), since Vu,, is bounded in LP(RY), which yields
that |Vu,|P~2Vu, is bounded in L*' (RN), where p = p/(p — 1). Moreover,
recalling the fact that Vu, — Vu pointwise a.e. in RV, we can see that for
any € > 0 there exists ng(e) > 0 such that

/ (|Vtn P2V, — |Vu|P~2Vu)- Vudz| < € Yn > ng(e).
Br(0)

Relations (25) and (24) are proved similarly.

If ¢ — 0 strongly in WH?(RN) N L2(RY) there is nothing to prove,
otherwise it is possible to show that there exists a sequence {y}} C RV and a
solution w' # 0 to the limit Eq. (14) such that |yl| — oo and ¥ (- +yL) — w!
weakly in X.

In order to prove such a claim, first we note that there exists o > 0 such
that
L)y >a  VneN. (28)
In fact, if we assume by contradiction that, up to a subsequence, I (¢L) — 0,
then (22) gives

B = (5= 2 ) Il 42 (5 - ) 1A = a0,

which yields that ¢} — 0 in WHP(RY) N L2(RY), a contradiction.

As a consequence, splitting R into the countable union of unit cubes
centered at integer points and setting

dn = m?XH?/JiHLq(Qi)v
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we have

d, >k  VneN, (29)

for some suitable constant £ > 0. In fact, using (28) and (22), we can see
that

< L)) + on(1) = In(wh) — SV + on(1)

1 P 11 q
- (2 . ) oL + < q) T
<(5-7) Mt < (5 1) S Wila,

(1 _ _
<sw. (51 ) a0 S I g < 0

which proves (29).

Let y1 be the centre of the cube @; which achieves the maximum d,,.
If y} were bounded, then it would be constant (up to a subsequence), which
means that there exists j such that

(k= le Q) = > ||y, HLq(Q > kK>0,

which is impossible since ¥} — 0 in W P(RY) N L2(RY), which yields that

Yt — 0in LT (RY). As a consequence |y;| — oo and ¢} (-+y.) — w! in

WhP(RN) N L2(RY), where w! # 0 is a solution to the limit equation (14).
We stress that, for any p € (0, po), there exists M = M, > 0 such that
wll = M, (30)

for any solution w € WHP(RN) N L2(RY) to (14) with ||w||2 < p. In fact, any
solution w € WHP(RN) N L2(RY) with |Jw|2 < p to (14) fulfills

I(w) = *IIwH” - *lleq > I(Ujjwl|y) = Clwlly = Cps

[wll” + Al|w]|3 = IIqu»

11 11 A
< - > [w][” = < - ) [w][” = =[lwl[§ = ¢p,
P q poq q

which gives (30).

which give

Iterating this process, setting, for j > 2, J = I~ (- +yi=1) — wi~1
it is possible to find a sequence yJ such that |yl| — oo, |y} — yi| — oo for
1<i<jand i (-+yl) — wl in WHP(RN)N L2(RY), where w? is a solution
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to (14) and ‘ ‘ ‘
IVl = IV I = [V’ D + 0a (1),
[ 15 = 35 — w? [+ on (1),
121 = 37 HIE = llw? 1 + 0a(D),
0113 = 19313 — lw? |13 + 0 (1)
In particular, we have

i
1113 = llunll3 = llulls =D Ilw'l3 + 0u(1),
i=1

INW) = Jva(un) — Jya(u) — i Jva(un) + on(1).

i=1
Since w’ satisfies (30) for any j > 1, the iterative process must stop after a
finite number of steps, that is either K = 0 or there exists k£ > 1 such that
wl #0for 1 <j <kandw =0 for j > k. O

2.2. Proof of Theorem 2.
Let us denote, for k > 0,

= J ; = inf J , 31
= sup v(wi fre= b Jv(w) (31)
Dyp:={uesS,: ||ul| <k}, (32)
where |- || denotes the standard WP (RY)-norm.

Lemma 3. Assume that V€ LN/P(RN) with |V||x < S, and V < 0. Then
for %p < q < p*, there exist 0 < k1 < ko such t;LDat

0 < g, < Bry- (33)
Moreover, Jy(u) > 0 for any w € Dy, \{0}.

Proof. By the Hoélder inequality and the Sobolev embedding D*?(RY) C
LP"(RYN), we have

p =P

/RN V(z)|u|Pdz| < HVH%IIUII,’Z* < 5;1\\V\\%IIVUHP < SﬁlIIVII%IIUIIP Vu € Sp.

As a consequence, since V' < 0 we have

1 _ 1
Jv(u) = ];(1 =S V) ul? — QIIUHZ

—~

8)

_ o 1-9
> (1= S VIl = I 9ul ulls =

SlEs e

_ c7r -
(1= S M VI ) ful” — 7%)(1 Du)® = f(lul),  VueS,,

(34)
where we have set

q
Ft) = 21— SV — £ pa-oagea
p P q
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We note that f(0) = 0. Using that 1 — S;'[|[V||~ > 0, thanks to as-

sumption (12), and fq > p, since p% < q < p*, we can see that there exists

a unique to = to(p,q, N, p, ||V || x) > 0 such that
P

f@@zg@@f@>&

f is strictly increasing in (0,to) and strictly decreasing in (to, 00).

As a consequence, (34) yields that, setting ko = to, we have [, >
f(to) >0 and Jy (u) > f(||lul]|) > 0 for any u € Dy, \ {0}.

On the other hand, since V' < 0, taking k < min{(pf(to))%,kg}, we

have
p

1 k
0< Jy(u) < Slull” < ?1 < f(to) < Br.  Vu€ Dy,
which concludes the proof. O

Lemma 3 can be used to prove that Jy has the mountain pass geometry.
More precisely, for t > 0 and u € H*(RY), we define the scaling u’(z) :=
t u(tx) and we introduce the mountain-pass level

my,, = wlenrfp tren[g,}li] Jv (v(t)), (35)

where I', is the set of paths
I',:={yeC(0,1],S,) : v(0) = ufj, (1) = u?},

with 0 < #; < 1 <ty < 0o such that ul! € Dy, and Jy (u?) < 0. We note
that this is possible for p > 2, since

N(p—=2)
lupllpy == upllp — 0 t—0F

provided p > 2. Here we denote u),(z) := ty u,(tz), where u, is the mountain
pass solution with V' = 0 constructed in [1, Theorem 1.1]. Furthermore, we
see that I', is not empty since the path v : [0,1] — S,, given by (1) =

u;t2+(17T)tl, belongs to I',,.

Lemma 4. Assume that V € L%(RN) with ||V||x < Sp. Then, in the above
P
notations, we have

0 < sup max{y (+(0). Jy ((1))} < v,

Moreover, if V<0,V # 0, we have my,, < c,.

Proof. By definition of T',,, the definition of sup, Lemma 3 and (34), we have
sulP max{Jy (7(0)), Jy (v(1))} = max{JV(uf})7 Jv(uff)} = Jv(uf}) >0
velp

Vyel,.
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Now we fix v € T'. Since Jy (7(1)) < 0, Lemma 3 yields that [|v(1)| > k2.
Being ||v(0)|| < k1 < ko, by continuity there exists ¢ € (0,1) such that
7 (@Il = k2, hence

Jnax Jv(v(1))

= Jv(v(1) = Bry > o, = Jv(7(0)) = max{Jy (¥(0)), Jv (v(1))}-
Since 7y is arbitrary, this yields that

my,p > Br, > g, > Sup max{Jy (v(0)), Jv (v(1))}.
Y&l

In order to prove that my,, < c, if V' # 0, we note that the path
PN ugl—T)tl-‘thg
is in I',. Moreover, we have

cp = I(u,) = maxI(u p)

t>0
- <||Vup|§tz><N+§>2N N ||Up||§t1v<p2—z> B ||upgtN(<122)> .
t>0 p p q

As a consequence

< A=ty < t I(ut) =
my.,p Tgl[%ﬁ]Jv( ) < max Jy (u,) < maxI(u,) = cp,

because V <0, V # 0. O

Lemma 5 (Pohozaev identity). Assume that V € L%(RN) and W €

LP%(RN). Let u € S, be a weak solution of mountain pass type to prob-
lem (3). Then it satisﬁes the Pohozaev identity

p(N +2) - N ( 2)
2p

N
+/ V(z) (p|u|p + *|u\p_2uVu- ac) dx = 0.
. 4 2

Proof. On the one hand we note that, for any u € WHP(RY) N L2(RY), an
explicit change of variables shows that

d t
e - Py(u).
g t:lJV(u ) = Py (u)

On the other hand, if u € WHP(RM)NL?(RY) is a weak solution of mountain
pass type to (3), then ¢ = 1 is a maximiser of the function: (0,00) 3 ¢ —
Jv(u') € R, we have 4| _, Jy(u") = 0, so that Py (u) = 0. We note that the
above function is C'! because up to the change of variables one has

1 N(q 2)
L

+*/ V (z)tNP2 |u(tz)|P d,
P Jry

Py(u) = N jwuly + XDy M2

(36)

1(M
t 2

Ty (u') = » IVull;

and we use that V € LNP(RN) and W € LP%(]RN) to differentiate inside
the last integral. We observe that we do not need any second derivative of
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u in the computation of %Jv (u'). Hence, the lemma holds trues for weak
solutions u € W1P(RN) N L2(RY) of mountain pass type. O
We note that Py reduces to P if V' =0 (see Remark 1).

Lemma 6. Assume that (12) is fulfilled. Let uw € S, be a weak solution of
mountain pass type to

— Apu+ (14 V(@) |ulP~?u+ I = |u|?%u inRY. (37)
Then Jy (u) > 0.

Proof. Let u € S, be a weak solution of mountain pass type to problem (9).
The Pohozaev identity (36) yields that

1 1 1
hﬁw=5WVM$+MM@%+EANVOMMW$—;W%

1 1
=7mVW$WM@+f/ V(2)lulPdx
p P JrN
2 < p(N +2) —2N

N(qg—-2) 2p

/ Vi(x ( [ul? 4 [uP~2uVu- .73) da:)

Ng —p(N +2) q—p q—2—p/
:—Vup—i—iup —_— V.’IJ updm
Np(q —2) Vel Mq*QHH p(g—2) (@)ud

2 p=2 -xdx
+ m/ﬂw V(z)|ufP~*uVu- xdz. (38)

N(p—2)
TH“H@

Vullf +

By the Holder inequality and the Sobolev embedding D'?(RN) ¢ LP" (RY)
we have

/V(m)\u|pd:v
RN

/ V(2)|ulP2uVu x| <
RN

which concludes the proof thanks to (12), which yields that

< Vil llullp- < SV IVl

_p-1
IVl < Sp T IWIa [IVull3,
(39)

_p=1
N(g—p=2"S VIly +2pSp 7 W[ x, < Ng—p(N +2).
O

In order to construct a Palais—Smale sequence at level my,,, we will use
the following general result, which was stated in [3]. For a proof, we refer to
[13].

Proposition 3. Let M be a Hilbert manifold, T € C*(M,R) be a given func-
tional and K C M be compact. Suppose that the subset

Cc{CcM:C iscompact, K C C}
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is homotopy—stable, i.e., it is invariant with respect to deformations leaving

K fixed. Moreover, let

maxZ(u) < ¢:= inf max7Z(u) € R,
uek Ccc ued

let {on,} C R be a sequence such that o, — 0 and {C,} C C be a sequence
such that

0< Tw) —c<o,.
< max (u) —c <o,

Then there exists a sequence {v,} C M satisfying
(1) |Z(vn) —c| < on,

(2) [VaZ(vn)| < C1y/om,

(8) dist(vy, Cp) < Co\/o,.

Lemma 7. Assume that (12) holds. Then there exists a (PS) sequence {u,} C
S, such that as n — oo,

Jv (un) — my,, Vs, Jv(un) — 0, P(u,) — 0. (40)

Proof. Let {yn}n CT, be a sequence such that
1
Jy (1 (t)) < —.
s Jv (1)) < mwvp + 2
Using that Jy (|u|) = Jy (u) for any u € WP (RY) N L2(RY), we can assume
that 7, (t) > 0 a. e. in RY. Define
Jv(u,t) == Jy(ut),  Y(u,t) e (WHRN)N LA RY)) x (0,00)
and
Lo =1{7:00,1] = S, x R: 5(0) = (u}, 1), (1) = (u?, 1)}
Note that 4, (t) := (7.(t),1) € f,,, for any v € I',. As a consequence, applying
Proposition 3 with Z = Jy and
M =8, xR, K = {(ul},1), (u?,1)}, C:=T,, Cp == {(7(t),1) : t € [0,1]},
there exists (vpn,tn) € S, x R such that as n — oo,
jV('Unatn) — MV,a, Vj\/(’t)n,tn) — 0.

Moreover, we get

o

min ([lvn = Y@ + [[vn =¥ @)ll2 + [tn — 1) <
telo,1]

thus t,, — 1 and there exists s,, € [0, 1] such that
[vn = Y (sn)ll + [lvn — mlsn)l2 = 0 n — oo.
Define u, := (v,)'". Since v, (t) > 0 a.e. in RV, then [lv, ||, < |lv, —
Yn(sn)|lp = o(1), so that v, — 0 a.e. in R, up to a subsequence. So
lu,ll, =0 as n— oo, (41)

Now we show {u,} is a (PS) sequence for Jy .
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First we note that Jy (u,) — my,, as n — oo.

Furthermore, for each w € WHP(RY), set w,, := (w)~ . Then one can
deduce that

V(Jy — Joo)un)[w] = [ V(=) on|P2vpwnde,
RN tn

which yields that
VJy (un)[w] = vjV(vmtn)[(wnv D]+ o(1)|[wn]].

Moreover, fR ~ Unwdx = 0 is equivalent to fRN upwpdr = 0. By the definition
of w,,, we know that for n large, ||w,||? < 2||w]|[P, thus we have VJy (u,)[w] =
on(1)|lw]]. In particular, differentiating in ¢ we have

N
olis ([ V@Ol 2)da) = [ ViRl 4 plul 2 2)da
RN RN
Vue WhP(RY)

and

N +2)—-2N
olatut) = PEE D= e 4

Yu e WHP(RN),

N(p-2)
2p

[[ully = [lullg

N(g—2)
2q

hence we can see that P(u,) — 0 as n — oo, which means u,, almost satisfies
the Pohozaev identity. This completes the proof. O

Lemma 8. Assume that (12) holds. Let {u,} C S, be the (PS) sequence for
Jv obtained in Lemma 7. Then {u,} is bounded in WLP(RY). Moreover,
there exists p* > 0 and a sequence of Lagrange multipliers
VI ()]

2
such that A, — XA >0 for any p € (0, p*).

Ap 1= —

Proof. Let u,, be the PS-sequence constructed in Lemma 7. Set

A, = ||VunH§, B, = ||un||§;7 C, = /N V(x)|u,|Pdz,
N (42)

D, = V(@) |un P~ 2y Vg - xd, B, = [[wn |2
RN

Then relations (40) are equivalent to

A, + B, +C, — gEn =pmy,, + o(1)

N +2) —2N N(p—2 N(qg—2 N

PINED =N, Ne=2)p  Na=2p Moo | p, = o)
P p q 2

Ap 4 By + Cp 4 Mp® — E = 0o(1) (AP + BL/P), (43)

Subtracting the second equation to the first one in (43) we can see that
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2N —p(N +1) p—N(p—2)

2-N N(g—2)—

2
=pmv,, + o(1).
Using once again the first relation in (43), we have
—92) — p?
)P pDy - N(g—2my, = o(1)

(44)
Note that Ng—p(N +2) > 0 since g > p%. Using (39), the terms involving
the potential are estimated by

Ng—p(N+2) , +N(q—p)B +N2(q
p " p " 2p

_ 2
oD, N2 =P

2p
sl (2(a—2) ="
< (o577 171, + NEIED I sy )
which yields that there exists ng > 0 such that
N (N +2 2(q—2) —pH)*t —e=1
( q— p + ) N( (q ) p) SilHVHﬂ*pSp P ||W||N) An
2p p P p—1
(q p)

< ———B, + N(q¢—2)mv,, +0(1) <2N(q —2)c, VYn > ng,

since B,, > 0. Thanks to (12), which implies that

(2(¢—2) —p*)*"
2p

B —p=1l Nqg—p(N +2
S IV Iy + 98y T I, < SR,

N
this yields that A, is bounded, since W < q—p-—2for p > 2. Due
to the Sobolev embeddings, E,, is also bounded. Hence, due to (39), C,, and
D,, are bounded as well. Finally, the Pohozaev identity (namely the second
relation in (43)) yields that B, is also bounded, so that A, is bounded too.

Since we see that u,, is bounded in W?(RY) and in L?(RY), then there
exists u € WHP(RY) and A such that up to a subsequence (relabelled by the
same indices) u,, — u weakly in W1P(RY) and in L?(R"Y) and A, — A. Due
to the weak convergence, the pair (u, \) satisfies the equation

—Au+ 1+ V(@) |ulP~2u+ M = |u|T%u inRY. (45)

Let us show that A > 0. Testing equation (45) with wu itself and passing to
the limit in (44), it is possible to see that the relations
A+B+C+M\p*=E
p(N +2) —2N N(p—2)

N(qg—2) Np (46)

are fulfilled, where we have set

A= [[Vullf, B = [[ull},

c ::/ V(z)|ulPdx, D := V(z)uVu-xdr, E = |luf|].
RN RN
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90
The Pohozaev identity gives
N +2)—2N N +2)—-2N N(p—2
p(N +2) A< P +2) Ay No-2)
p p p
N(g —
LE_iC oD.

q

Using the Gagliardo-Nirenberg inequality we have
E < k]| Vul[§2ull§ =77 = k4?5 o=,

Moreover, (39) gives
_pm1
IC1 < S IVINgpA,  IDI<Sy 7 W] x A
As a consequence
p(N+2)—2N Np__ e —01 _ - (1
(D=2 TSy, - 0y 7 I, ) A < g0
Using that 1 — 95 < 0 and
p(N+2)—2N Np —psl
) =55 WVl - W[~ >0, (47)
due to (12) and the fact that
N N-— N +2)—2N
2(_ p><p< +2) -2V
q p p
we deduce that A — oo as p — 0
N@=2) ' the second one by 1/2

Multiplying the first relation in (46) b
and subtracting, it is possible to see that
N N N N
)B+<q +o(p— 2))C+§D

e (§-5)- (-2 (-
2 q q P P q 4
N N-p N N L
> (STl (B Fo-2) 5 Wi~ 55 7 171y, ) 4
_ (E _ E) B, (48)
p q
In order to control the negative term involving B, we use the interpolation
inequality
_ 1 g, 1-p
Julf < [l Pl =542 pe 0.1,

and the Gagliardo-Nirenberg inequality we can see that
B < [Jull5”[ull P < wllulls? (|lullz~? | Vully) PP
= kpPPt=00-0)p gO0-F) < 1 ,fr+(1=0)(1=F)p 4
for p > 0 sufficiently small, since (1 — )6 € (0,1) and A — oo as p — 0. As

a consequence, A > 0 if
N N-p (N N B et
ST (T4 0-2) 5 Ve - 55T WLy, >0 (49

= +—
¢ p

q 4
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and p > 0 is small enough. It is possible to see that (49) is true thanks to

(12), since
1 1 P
2(-+-(p-2)) <L
(q + 4(p )) <3
O

Now we can conclude the proof of Theorem 2 by means of the split-
ting Lemma, which gives compactness of the Palais—Smale sequence found in
Lemma 7.

Proof. First we note that, thanks to the fact that the Palais—-Smale sequence
u,, constructed in Lemma 8 is bounded in W1P(RY) N L2(RY) and A, — A,
there exists a subsequence, still denoted by u,,, and a solution v € WP (RM)N
L?(RY) to the equation

—Apu+ (14 V(@) |ulP~?u+ A = |[u|?%u inRY

such that u,, — u in WHP(RYN) N L2(RY).

Thanks to the fact that A > 0 and the assumptions about V', we can
apply the splitting Lemma (2) which yields that
k
Up = U+ ij( —y2) + o(1) strongly in WhP(RY).
j=1

where w’ are solutions to the limit equation

—Apw + [wP 2w+ dw = w7 %w  inRY,
k .
lunl3 = lfull3 + 3 [l |3 + o(1)
j=1
and
k .
JVJ\(UTL) = JV,A(U) + ZIA(UJJ) +o(1).
=1

As a consequence we have
k

Jv(un) = Jy(u) + Zl(wj) + o(1).

Jj=1

If we assume by contradiction that k > 1, letting n — oo we have
k
my,, = Jy(u) + > I(w).
§=0

Using that u is a solution to (37), Lemma 8 yields that Jy (u) > 0. Moreover,
using Remark 1 and the fact that ¢, is nonincreasing in p, we have I(w’) >
Cllwi|ls = Cp- Finally, using the fact that V' # 0, Lemma 4 gives

k k

cp >my, = Jy(u) + Zf(wj) > ch\w”lz > Cp,
j=0 =0
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a contradiction. This yields that k = 0, or equivalently u,, — u in W1P(RN)N
L?(R™M), so that ||ull2 = p. This concludes the proof of Theorem 2. O

2.3. The radial case: the proof of Lemma 1
The proof parallels the one of Lemma 1.1 and Theorem 1.2 of [10].

Proof. We start by proving that there exists a constant C(N,p) > 0 such
that .

lo(@)| < CW. P~ lloll - Ve € Wih(RY). (50)
Since the space of radial C2°(RY)-functions is dense in W:&Z(RN ), it is

enough to prove that (50) holds true for any radial function ¢ € C°(RY).
For this purpose, writing ¢(x) = ¢ (r), where r := |x|, we note that

lp(@)[P = [o(r)[
N $)|P29(s) ¢ (s)ds oo’spsp—/oo’sps
= p/r [P ()P~ (s)[¢ (s)d S/T |¢()|d+p/r [ (s)[Pd

(o)
<o [P + ) P) s < ool

which proves the decay estimate (50).

Now let us consider a bounded sequence {u, } C WP (RY). Then, up to
a subsequence, u,, — u weakly in WP (RY), for some u € W1P(RY). Then,
for any € > 0, there exists Ro(¢) > 0 such that, for any R > Ry(e) we have

/ [un —ullde < sup  (Jun —u|??) / |t — ulPdx
RN\BR (0) RN\BR(0) RN\BR(0)

_(@=p)(N—-1 (g=p)(N—-1)
p

) ~
<C(p,N)R P (sup ||ukl/y + |lul5) < C(p, N)R™ <e& VneN,
k

since u, is bounded in W1'P(RY). Moreover, since u, — u strongly in
L%(Bg(0)), there exists ng(e) > 0 such that

/ |un —u|fde <e  Vn >ng(e),
Br(0)

which concludes the proof. O
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Appendix A

In this section we compute the decay rate of the solution of the following
problem

~Apu+ut=ur"t in RY, (A1)
u >0, (A2)
for 1 <p < q<r < p* which gives (50). Using and u is radial in the form

u(z) = v(]z|), we can see that v solves

1

_SNfl (|,U/|p—2,U/sN—1)/ _ Uq—l _ ,Ur—l VS c [p7 OO) (A3)

Assuming that v < 0 on (pg, 00) for some py > p, we have from (A3)
(M (o) = SN - Y, (A4)
After integrating on (pg, ), we obtain

sV =0 ()P 2 SNV ()P = g T (= (po) )P

/s N () — ")) dt. (A5)

PO

(A4)
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for any s > po. Since v(t) € (0,9) for t > pg, using that r > ¢, we have

sV ()P > c/ tN=1yt= 1 (t)dt > cvq_l(s)/ tN L dt
PO Po
=t (s)(s™ = pp) /N = v’ (s)s" Vs> p (A6)

for some p; > pg large enough. Integrating both side form p; to s and
using that p < ¢, we obtain

q— p—q p—q n=q T d o ps
VI (s) = vit (s) > 0bet (s) —obt (o) = [ (vt (1))t
py dt
s B s P L
_ —c/ v B (1) (D)t > H/ t7Tdt = R(p — 1)(s7T —pf ) >0,
p1 P

(A7)
which is equivalent to
v(s) < Rs a-»

for s large enough.
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