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Abstract

We study entanglement percolation in qubit-based planar quantum network models of arbitrary
topology, where neighboring nodes are initially connected by pure states with quenched disorder in
their entanglement. To address this, we develop a physics-informed heuristic algorithm designed to
find a sequence of entanglement swapping and distillation operations to connect any pair of
distant nodes. The algorithm combines locally optimal percolation strategies between nodes at a
maximum distance of one swapping operation. If this fails to produce a maximally entangled state,
it looks for alternative paths surrounding intermediate states within the process. We analytically
find and numerically verify thresholds in quantum percolation, which depend on the initial
network configuration and entanglement, and are associated with specific percolation strategies.
We classify these strategies based on the connectivity, a quantity that relates the entanglement in
the final state and the level of integrity of the network at the end of the process. We find distinct
regimes of quantum percolation, which are clearly separated by the percolation thresholds of the
employed strategies and vastly vary according to the network topology.

1. Introduction

The Quantum Internet [1-4] is a visionary network infrastructure, enabled by entanglement [5], quantum
repeaters [6—8], and quantum memories [9], which may allow long-distance on-demand quantum
communications between users around the world. Potential use cases for quantum networks include
information-theoretically secure communication [10], distributed quantum sensing [11], blind quantum
computation [12, 13], optical atomic clocks [14], and very-long-baseline optical interferometry [15, 16].

Due to the intrinsic fragility of entanglement, one aims to achieve long-distance quantum
communications in a network topology by first generating entanglement between neighbor nodes, and then
propagating it through quantum repeaters, with the support of quantum memories and error correction [17,
18]. For this purpose, it is crucial to select a robust topology [19, 20] and define entanglement routing
protocols, in which entanglement is distributed between any pair of users connected through network
nodes [21-31]. Through local operations and classical communications (LOCC) among nodes, maximal
entanglement can be localized between distant nodes [32-35]. Even when a quantum network is initially
composed of a large number of non-maximally entangled states, maximal entanglement can still be
established between nodes that are separated by arbitrarily long distances under certain conditions. This
phenomenon, known as entanglement percolation [36—40], enables long-range quantum correlations, which
will be crucial for future quantum communication.

In this work, we analyze entanglement percolation protocols that combine the elementary operations of
entanglement swapping and entanglement distillation [41-45] to connect any given pair of distant nodes. In
particular, we focus on regular 2D lattice models where neighboring nodes share pairs of entangled qubits in
pure, non-maximally entangled states [46]. We analytically investigate percolation strategies and the
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conditions under which they are able to generate maximally entangled states between distant nodes. To study
percolation in large quantum networks, we develop a physics-informed heuristic algorithm that identifies a
sequence of entanglement swapping and distillation operations to connect any pair of distant nodes in a
planar quantum network. Our results show that local quantum percolation strategies can be combined to
generate a maximally entangled state between any pair of distant nodes. This holds if the average Schmidt
value of the initial states—directly related to entanglement—remains below a certain threshold, dubbed the
percolation threshold (or, equivalently, Schmidt value threshold) [47]. The price to pay to achieve maximal
entanglement in quantum percolation is that a number of nodes will be temporarily disconnected from the
network, as they help to transfer high-quality entanglement into other nodes. By measuring the entanglement
in the final state and the level of integrity of the network at the end of the percolation process, we observe
different percolation regimes which depend on the local percolation strategies employed at each step.

The paper develops as follows. In section 2, we introduce the basic entanglement manipulating
operations, namely swapping and distillation. In section 3, we provide an analytical description of the
quantum percolation dynamics. In particular, we write a general expression for the Schmidt value resulting
from any quantum percolation between nodes at a maximum distance of two, define the Schmidt value
threshold associated with a local percolation strategy, and extend the framework for node pairs at higher
distances via recursion. In section 4, we describe the physics-informed heuristic algorithm for simulating
quantum percolation over long distances. The algorithm first combines local percolation strategies, and then
improves any resulting non-maximally entangled states by exploring alternative paths. In section 5, we define
integrity as a measure of how intact the network remains after percolation and connectivity as an indicator of
the quality of the percolation process, relating integrity to the entanglement of the final state. In section 6, we
present numerical results for two different quantum network topologies with fully connected unit cells. We
analyze network connectivity, integrity, and final entanglement as functions of the initial Schmidt value
distribution for systems with different levels of disorder. Finally, in section 7, we summarize our findings and
discuss potential directions for future research.

2. Entanglement manipulation in quantum networks

Let us describe a quantum network model in which nodes represent stations, each with an arbitrary number
of qubits, while links correspond to entangled pure states shared by qubits that belong to different stations.
Without loss of generality, the quantum state of a pair of qubits can be expressed in its Schmidt form [37]:

IA) = VA|00) + /1 — \|11) (1)

with A € [1,1] and, consequently, A > 1 — A. As a measure of entanglement, we consider twice the smallest
of the Schmidt coefficients:

E(IN) =2(1-X). (2)

Our objective is to solve the following task: for any pair of distant nodes A and B in a quantum network,
find a path that connects A and B such that the entanglement of their final state is maximized. Generating
entangled states between distant nodes in quantum networks requires modifying the structure of the
network itself by means of entanglement-manipulating operations. A combination of such operations,
namely entanglement swapping [41, 42] and distillation [43, 44], forms a quantum percolation strategy. In
this section, we describe the dynamics of entanglement manipulating operations and assert the effect of both
swapping and distillation on non-maximally entangled states.

2.1. Entanglement swapping

Consider two pairs of qubits, described by states |a) and |3). If the states are in series, as in figure 1,
entanglement swapping [41, 42] maps the two states into one pure state by performing a Bell measurement
on the middle qubits in figure 1, together with the support of LOCC. The entanglement of the
post-measurement state |A) from figure 1 depends on the output of the measurement, but it has been
proven [37] that, in the case producing the minimally entangled outcome, a Bell measurement in the XZ
basis yields the state

|Aswap (@, 3)) = v/ Aswap (@, 3)]00) + /1 — Aswap (c, §)[11) (3)

with

Aswar (@, B) = 1 — Aswar (o, ) (4)
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Figure 1. Graphical representation of an entanglement swapping operation, i.e. a combination in series of two entangled pairs.

Figure 2. Graphical representation of an entanglement distillation operation, i.e. a combination in parallel of two entangled
pairs.

and

_ 1++/1—-16a(1—a)B(1-p)
5 .

Aswar (o, B) (5)

Since this state yields the worst-case entanglement under the chosen measurement, we consider it a
deterministic outcome for the purposes of our analysis. To study the entanglement of the post-measurement
state when swapping non-maximally entangled initial states, we can express a quantum state, as per
equation (1), in terms of the imperfection € of its Schmidt value from the maximally entangled case:

1 1
IA) =1/ = +€/00) + 1/ = —€[11) (6)
2 2
withe: =\ — % By rewriting equation (5) as a function of €; := av — % and e, := (0 — %, we obtain:
1 ! 1 2., 2 2.2
Aswap | S FenSte ) =o /et —deae. (7)
—

::GSWAP(EI 752)

Whena == %, entanglement swapping generates a maximally entangled state. However, when both states
are not maximally entangled, that is, €;,€; > 0, the post-measurement state yields less entanglement than
either of the original states, as entanglement swapping amplifies the initial imperfections.

2.2. Entanglement distillation

Consider now the two entangled pairs arranged in parallel. As shown in figure 2, it is possible to apply local
measurements and operations, including classical communication, to create a single entangled state from a
pair of states. This operation is called entanglement distillation [43]. The theory of majorization can be
applied [32, 44, 48] to show that the most entangled state that can be obtained deterministically by distilling
two pairs |a), | () is

|Apist (e, B)) = v/ Apist (e, £)]00) + /1 — Apist (v, 3)|11) (8)
with
Apist (@, 8) = 1 — Apist (o, ) 9
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and
)\DIST(aaﬂ)maX{;aaﬂ}~ (10)

In appendix A, we expand on majorization theory and prove the previous statement using Vidal’s
theorem [44]. Rewriting Apist as a function of €; and ¢,, as done previously for entanglement swapping,
yields:

A 1+ 1+ 1+ 0 +1 +1 ! (11)
— — = — 4+ max — —€6—— 7.
DIST B €1, 5 €2 b a ,€1€2 261 262 4

:151)15']'(51752)

Unlike in the case of entanglement swapping, the state |Apst(c, 8)) resulting from distillation improves
upon the entanglement of its parent states. In fact, distillation can produce maximally entangled states
starting from two non-maximally entangled ones, up to some imperfection in the entanglement of the initial
states.

3. Analytical description of quantum percolation dynamics

An efficient entanglement percolation for a quantum network is a combination of entanglement swapping
and distillation operations performed on the initial states of the network, with the aim of creating a perfectly
entangled state between two nodes A and B. In principle, we can connect two distant nodes A and B by
finding a swapping route, i.e. a subset of nodes where swapping can be performed, that eventually connects A
and B. When all the states of the quantum network are initially maximally entangled, connecting any pair of
nodes can be done optimally by just finding the minimum amount of swapping operations, as all swaps yield
maximally entangled states. However, when the network is initially composed of non-maximally entangled
states, swapping operations might not be sufficient to produce a maximally entangled state between any pair
of nodes. Consequently, it becomes necessary to combine the swapping and distillation operations to achieve
quantum percolation.

In this section, we describe the quantum percolation process analytically. We define an inequality that
identifies the percolation threshold for a given number of LOCC between nodes at a short distance. These
thresholds provide information on the amount of entanglement the network states should yield for the
associated percolation to generate a maximally entangled state. Furthermore, we define a recursive relation
that enables the computation of thresholds beyond the scope of LOCC combinations at a short distance.

3.1. Local percolation strategies

Let us first define the distance between two nodes in a quantum network. Given any pair of nodes A and B, if
ns is the minimum number of swapping operations on the route to connect the pair, then d = n;+ 1 can be
used as a measure of the distance between A and B. Graphically, if each entangled state is represented as a link
between two nodes, as in figures 1 and 2, the distance d between A and B is the minimum number of links
that separate them.

Let us now call a local quantum percolation strategy a combination of operations that maximize the
entanglement of the state between two nodes that can be connected with at most one swapping operation,
that is, nodes at a distance of 1 (nearest neighbors) or 2 (at a distance of one swapping operation). Figure 3
shows an example of a quantum network where 4 nodes are arranged in a square, with an additional link on
the diagonal. The objective is to connect nodes A and D with a maximally entangled state. Assuming for
simplicity that all states have the same Schmidt values and, consequently, equal entanglement, the strategy
depends on the Schmidt coefficient X. If A = 1, nothing needs to be done, as A and D are already connected.
However, if A\ > %, we might choose to perform distillation together with one (figure 3(b)) or two
(figure 3(c)) swapping operations on alternative paths from A to D. For instance, the Schmidt value A4, p of
the state connecting A to D after one swapping and one distillation operations (figure 3(b)) can be
computed as:

1
A4—p = max (27)\ - Aswap (/\a)\))- (12)
Solving the following inequality:

A= Aswar (A, A) < (13)

N —
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Figure 3. (a) 4-node quantum network arranged in a square. (b) Combined swapping and distillation to improve the
entanglement of the state between A and D. (c) Double swapping and distillation strategy to improve the entanglement of the
state between A and D.

yields the threshold to produce a maximally entangled state with a local quantum percolation strategy
involving one swapping operation and two distilled states.

We can now generalize equation (13) to an arbitrary number of swaps and distillations. Let {1,2,...,n}
be the set of positive integers smaller than or equal to 7, and let A*>""? be the Schmidt value associated with
the state that results from performing s independent swapping operations and distilling # states. Define S as
the subset of length s of photon pairs where a swapping operation is performed, and K as the subset of length
k = n — s of states that connect two nodes where the local quantum percolation strategy is performed. If the
nodes are at distance 2, then the set K is empty. Then, we can express the Schmidt value AsS:m-D resulting
from any local percolation strategy as follows:

1
2SS -S,n-D = max E’ H )\SWAP J” H il (14)
(]‘17j2)€5 i€K

Equation (13) directly generalizes as follows:

H )\SWAP s A H>\

(jl .,jz)GS ieK

(15)

l\)\’—‘

Solving the above inequality for \; = \;, = A, = A, i € S,ji,j» € Kyields the threshold A" t
connect any node pair within distance 2 in a quantum network with a maximally entangled state. We call the
quantity /\il;s’"’D the ‘Schmidt value threshold” of a local quantum percolation strategy involving s swaps and
n distilled states. As an example, within our new formalism, the quantity A4_,p from equation (12) can be
relabeled \'5:2P, representing the Schmidt value associated to a local strategy involving one entanglement
swapping operation followed by distillation between two states.

3.2. Connecting nodes at a large distance

Our analytical framework allows us to compute percolation thresholds for local quantum percolation
strategies that involve nodes at a maximum distance of two. By identifying a path of local strategies, we can
connect any pair of nodes A and B at an arbitrary distance greater than two by swapping all the states
resulting from the local combined operations:

ASWAP ()\SI'S’nI'D, AswAp ()\SZ-S’nZ-D, .. )) . (16)

If such a path exists, the percolation thresholds for local strategies naturally extend to long-range percolation,
as the final threshold can be estimated by taking the minimum of the local thresholds:

Aoy = min (X557, (17)

This generalization is possible because all local strategies lie along the same path. However, there exist
more percolation thresholds that cannot be estimated with this description, as they originate from non-local
percolation strategies that involve multiple swapping operations along a single path without intermediate
distillation. Although estimating these new thresholds analytically is challenging, it is possible to extend the
inequality from equation (15) to longer distances by recursively combining local percolation strategies. Let us
define A(™) as the set of Schmidt values associated with the states of the network after applying 7 local

5
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percolation strategies. The set A9 is the set of initial Schmidt values, while all the Schmidt values of the
network after multiple independent local percolation strategies belong to the set AW, Equivalently, we
generalize the subsets S to represent the set of states involved in swapping at step 7, and K{™) to denote the
set of states connecting the two nodes involved in the local percolation strategy at step 7. In general, we can
describe any Schmidt value belonging to the set A at step 7 > 0, denoted as /\I(T), as the result of the
combined LOCC on the Schmidt values belonging to the set A~ 1:

T 1 T— T— T—
A7) = max X H ASWAP <)\j(1 I)J\]g 1)) H ATV
(jyj2) st iek(™

Vi=1,...,|A7| (18)

Using the above expression, we can write a more general form for the inequality from equation (15),
taking into account the previous 7 — 1 local percolation steps:

T— T— T— 1
[T Ao (AT7ATY) TT AV <5 (19)
(jioj2)es™ iek(™

By reconstructing the original expressions for /\,(Tfl) up to the recursive step 0, we can use this inequality
to compute the percolation thresholds for pairs of nodes at a maximum distance of 7 + 1.
As an example, consider the following expression for a Schmidt value after a local strategy at step 2:

1
/\1(2) . (2,)\SWAP ()\511)7/\]_(11)) - Aswap ()\1(21)’)\](21))> ) (20)

For simplicity, suppose all the initial Schmidt values of the network are equal: )\i(o) = )\ Vi. Assuming

)\i(ll) - )\le) — M\and )\].(11) - )\j(zl) = Aswap (A, \), the expression can be rewritten as:

)‘1(2) = max <;7 (Aswap (A, Aswap ()\J\)))Z) : (1)

This final expression can be used to find a new percolation threshold for a strategy that involves two
distilled states resulting from recursive swapping operations.

4. Simulating quantum networks with physics-informed heuristics

The analytical description of quantum percolation is useful to identify the percolation threshold associated
with any given percolation strategy. However, this framework is reliable only when the Schmidt values of all
initial states in the network are the same. Consider now a quantum network in which entanglement is
distributed randomly across the states, introducing a form of quenched disorder—that is, static randomness in
the initial entanglement configuration. In the presence of such disorder, it is not clear whether the dynamics
of the percolation thresholds for given strategies would be preserved. Appendix C analytically describes the
effect of non-uniform entanglement distribution on swapping and distillation operations, but extending this
description to nodes at a large distance is quite challenging. Additionally, not all percolation thresholds can
be easily computed or detected analytically, especially for those that are associated with non-local percolation
strategies. To address these limitations, the idea of this work is to develop a numerical scheme that applies
local percolation strategies in physical accordance with the analytical description, while also being able to
find percolation paths between nodes at a high distance with large entanglement deviations. The purpose of
this section is to explain the physics-informed heuristics employed to model quantum networks and simulate
the quantum percolation process. The implementation of our algorithm can be found in [49].

Given a pair of distant nodes A and B, the objective of the algorithm is to find a sequence of
entanglement manipulation operations that connect A to B with a maximally entangled state. Each iteration
of the algorithm consists of two main steps:

1. combine locally optimal quantum percolation strategies;
2. improve each generated state by exploring alternative paths.

6
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The two steps are then repeated for multiple samples, where the heuristic parameters are varied to
explore many different solutions. After completion of the sampling process, the algorithm ultimately chooses
the solution that achieves the highest entanglement between A and B, while minimizing the number of
original states destroyed.

4.1. Combining local quantum percolation strategies

In the first part of the algorithm, the goal is to create a link between A and B by swapping multiple states
resulting from independent local percolation strategies. To achieve this, we first define a routine that selects
an intermediate node to draw a starting node closer to a final target node. This is accomplished by finding a
local quantum percolation strategy that connects the starting node and the intermediate node to a state that
has the maximum possible entanglement.

This procedure starts by investigating potential intermediate nodes selected from the set of all nearest
neighbors and all nodes located at distance two from the starting node. Initially, the chosen nodes are only
those strictly closer to the final destination, meaning that the minimum number of swaps required to
connect them to the final node is smaller than the number required from the initial node. For each node in
this smaller set, the algorithm evaluates the minimum amount of swapping and distillation operations
needed to generate a state with the highest possible entanglement between the starting node and the
intermediate node. As explained in section 3, percolation between two nodes at a distance of at most two can
be effectively described by a local quantum percolation strategy, which yields a new state with Schmidt value
XSSP which is calculated directly using equation (14). Since locally optimal solutions are the nodes that
minimize both the Schmidt value and the amount of destroyed states, the algorithm can compute these
quantities for all local percolation strategies between the initial node and the potential intermediate nodes.
The resulting solutions are then compared using two cost functions: the Schmidt value and the number of
destroyed states, with priority given to minimizing the Schmidt value. If multiple solutions of equal quality
exist at any step, the algorithm can randomly select one from the set of viable candidates.

Once an intermediate node has been chosen, the algorithm repeats this routine by setting the selected
node as the new starting node, and keeps hopping to intermediate nodes until the final target node is
reached. Figure 4 shows an example iteration of this algorithm. The full execution of the algorithm on the
example network from figure 4, including later iterations of the local-strategy-finding routine, is detailed in
appendix B.

4.2. Exploration of alternative paths and heuristics
By combining locally optimal solutions with the approach introduced in the previous section, we obtain a
greedy solution to the percolation problem. The resulting state between A and B is maximally entangled only
if the states generated by all local percolation strategies are also maximally entangled:

AA—)B — % — Asl-S,nl—D —_ .= AST-S,nT—D — l
If the final state is not maximally entangled, the protocol fails, and it is therefore necessary to explore
alternative paths around the non-maximally entangled states in the path between A and B.

To achieve this, the algorithm iterates over each non-maximally entangled state generated by local
percolation strategies and exploits the routine from section 4.1 to find an alternative path between the two
nodes connected by the current state, using them as initial and final node of the routine. This search is
repeated until the state, after distilling it with the newly found state(s), becomes maximally entangled. A
maximum number of (10) iterations is also set in case the algorithm is unable to find a solution.

In addition to the alternative path search, the algorithm takes into account multiple heuristics to explore
local solutions and expand the range of possible paths from any pair of nodes. By default, the local
strategy-finding routine searches for optimal solutions, excluding those that either fail to produce strictly
maximally entangled states or destroy more states than the optimal solutions. However, a locally optimal
solution is not necessarily globally optimal. As shown in the example provided in appendix B, a solution
initially ignored for being locally suboptimal can actually lead to the globally optimal entanglement
percolation path. For this reason, we introduce a parameter that gradually relaxes the constraints on the local
optimality of the solution over multiple samples, increasing the set of possible local solution that are
considered ‘valid’ in each step. Additionally, as the sampling continues, we relax the constraint that
intermediate nodes must strictly reduce their distance to the target node. This allows the algorithm to
explore paths involving nodes at equal or even greater distances from the target, potentially discovering
nontrivial paths that lead to higher entanglement between the source and target.

By sampling multiple solutions of the procedure while varying the parameters that define the heuristic,
the algorithm generates multiple solutions to percolate a quantum network to connect any pair of distant

7
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Figure 4. Schematic of the iteration process of the local-strategy-finding routine for a quantum network with 7 nodes. (a) The
objective of the algorithm is to connect the starting node S to the final target node T. In the first step, the algorithm selects all
nodes at a distance of at most two from S. In this case, it finds five nodes that satisfy this constraint and iterates over each of them
to find an optimal local percolation strategy to connect them to S. (b) N is a neighbor of S, but their shared state is not
maximally entangled. Therefore, the optimal local quantum percolation strategy between the two nodes involves an additional
swapping operation on node Nj3. The final state yields Schmidt value A5y, = max (0.5,0.75 - Aswap (0.8,0.8)) = 0.663. (c) The
optimal local quantum percolation strategy from S to N3 involves distillation between the original shared state between S and N3
and two other states resulting from swapping operations on N and N>. The final state yields Schmidt value As n, = max(0.5,0.8
Aswarp (0.75,0.8) - Aswap (0.58,0.7)) = 0.5. While the final state is maximally entangled, it was necessary to destroy 5 original
states of the network to generate it. (d) The optimal local quantum percolation strategy between S and N, involves the distillation
between the original shared state between S and N, and another state resulting from a swapping operation on N3. The final state
yields Schmidt value A n, = max (0.5,0.58 - Aswap (0.8,0.7)) = 0.5, meaning this local quantum percolation strategy creates a
maximally entangled state by destroying 3 original states, less than in the percolation to N3. (e)—(f) The local quantum
percolation strategies to N4 and N5 both involve the distillation of two states resulting from swapping operations, yielding states
with Schmidt values sy, = max (0.5, Aswap (0.75,0.7) - Aswap (0.8,0.5)) ~ 0.6432 and As,n, = max(0.5, Aswap (0.58,0.6)
-Aswap (0.8,0.65)) =~ 0.516, respectively. As neither of them yields a maximally entangled state while destroying 4 original states
of the network, the local percolation strategy between S and N is considered the optimal solution at this step.

nodes. Finally, if any pair of these solutions are suboptimal but mutually independent—meaning their paths
do not cross—the algorithm considers the distillation between the two generated states as an additional
solution to increase entanglement in the final state.

5. Network integrity and connectivity

Our analytical description of entanglement percolation reveals that the less entanglement is distributed
across the initial quantum network, the greater the number of states required to generate maximally
entangled states. Quantifying the disruption in the network in terms of the number of states destroyed
during percolation can provide a basis for defining a measure of network resilience, as well as for evaluating
the quality of a chosen percolation path. In an experimental setting, it is important to minimize the number
of states destroyed during percolation, since repeating the procedure for a different pair of nodes requires the
reconstruction of the original states. Furthermore, if a large number of the network’s initial states need to be
involved in LOCC to connect two distant nodes, the network becomes almost completely disconnected and
no further communication among other nodes is possible. Therefore, when analyzing how quantum
networks are affected by the routing process for two nodes A and B, it is important to both maximize the
entanglement of the final state between A and B (equation (2)) and minimize the amount of disruption
caused by this process.

Let us then define a quantity for the network ‘integrity’:

d(A,B)

Z(A,B):= N(A.B)

(22)
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where NV (A, B) is the number of original states destroyed by the performed operations in the percolation
between nodes A and B of the network, while d(A, B) is the distance between A and B, defined earlier in
section 2 as the minimum number of states separating A and B. If the integrity falls below one, then the
number of states destroyed by the percolation strategy increases more quickly than its theoretical minimum
values, corresponding to the distance between A and B.

In the percolation of a quantum network model with non-maximally entangled states, the integrity
Z(A,B) can be used as an indicator of how much destruction the network has to undergo to connect A and B
with a maximally entangled state. If the network is initially perfect, that is, all states have maximum
entanglement 1, swapping the minimum number of states will still produce a perfect state between any node
A and B, which means Z(A, B) = 1. However, even a small amount of imperfection in the network’s initial
entanglement disallows the sole use of swapping to produce perfectly entangled states. The use of distillation
in this case becomes necessary, at the cost of increasing the amount of destroyed states and, consequently,
decreasing the integrity of the network. We now define the connectivity K(A, B) to relate the entanglement of
the final state between A and B and the integrity of the network at the end of the process:

K(A,B) = E(|\s) - T (A, B). (23)

We will use this parameter, together with entanglement and integrity, to evaluate each tested network
topology based on how it gets affected by the routing process.

6. Results

In this section, we outline the results obtained. We test our physics-informed heuristic algorithm on four
different topologies:

a 10 x 10 diagonal square lattice quantum network (figure 5(a));

a honeycomb lattice with 36 fully connected hexagons (figure 5(b));
a 10 x 10 square lattice quantum network (figure 5(c));

a honeycomb lattice with 36 hexagons (figure 5(d)).

L

We simulate the percolation of a quantum network to connect a pair of nodes at distance d, and repeat
this simulation for all possible pairs of nodes in the network, dividing node pairs by distance. To achieve a
solution as close as possible to the optimal one, we sample 600 different percolation paths for each node pair.
We first study quantum networks with all initial Schmidt values set at a fixed value A. Eventually, we compare
the results with those of quantum networks with different initial Schmidt values, drawn from a truncated
normal distribution around an enforced mean Ape.n. We choose two different distributions, with standard
deviations 0 = 0.01 and o = 0.07, and, for each of them, we sample 10 different quantum networks,
averaging the results. In this section, we only outline the results for the diagonal square lattice and the fully
connected honeycomb topologies, while those for the regular square lattice and the honeycomb lattice are
outlined in appendix D.

Figure 6(a) shows the network connectivity of the 10 x 10 diagonal square lattice quantum network after
quantum percolation, plotted against the Schmidt value )\ assigned to all initial states of the network. Each
curve is assigned a distance d, as it represents the average connectivity after performing quantum percolation
to connect all possible pairs of nodes at such a distance. In the depicted setup, we can clearly distinguish
jumps in the connectivity, which are independent of the distance between nodes. These jumps signify a
transition in the main employed local percolation strategy that allows the creation of a maximally entangled
state. As the Schmidt value ) increases, the cost of creating a maximally entangled state at large distances
increases only when the previously employed strategy does not guarantee maximal entanglement. In contrast,
for Schmidt values belonging to the same regime, the cost does not change, as the employed strategy is always
the same. This causes the creation of effective regimes of connectivity for quantum percolation, separated by
percolation thresholds, we term ‘connection phases’. Throughout these phases, since it is possible to
optimally percolate the network by combining percolation strategies, the final state between all pairs of nodes
is predicted to be maximally entangled, as shown in figure 6(b). Moreover, by looking at the entanglement
curve, we observe that the algorithm is capable of finding an optimal percolation path up to a certain amount
of entanglement imperfection. After the Schmidt value A becomes large enough to cross this point, the
entanglement of the final state generated by quantum percolation starts to decay and the connection between
the two distant nodes becomes weaker. For this reason, we call this regime the ‘entanglement decay’ phase.

Starting from the numerical results, we can detect the percolation strategies that define the various
connection phases and compute their corresponding Schmidt value thresholds using equation (15). The

9



10P Publishing

Quantum Sci. Technol. 10 (2025) 035047 A De Girolamo et al

—
=
=
—
o
-~
—
[=¥
=

O

Q O-Q

&3 ©

O Q O-Q
OO O OO ©

OO0 SO OO OO

Figure 5. Example depictions of tested quantum network topologies. (a) 4 x 4 diagonal square lattice topology. The unit cells of
this topology are fully connected squares, with additional states on the diagonals. (b) Fully connected honeycomb lattice topology
with 4 fully connected hexagons. (c) 4 X 4 square lattice topology. (d) Honeycomb lattice topology with 4 hexagons.
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Figure 6. Results for a 10 x 10 diagonal square lattice quantum network. (a) Connectivity of the network after quantum
percolation between all possible distant node pairs, plotted against the Schmidt value assigned to all the initial states of the
network. Each curve corresponds to the average connectivity of all pairs of nodes at a distance d. The vertical dashed lines indicate
the percolation thresholds predicted with the analytical description. (b) Entanglement of the final state between distant nodes A
and B (top) and integrity of the network (bottom) after quantum percolation between all possible pairs at distance d, plotted
against the Schmidt value assigned to all the initial states of the network. (c) Connectivity of the network after quantum
percolation between all possible pairs at distance d, plotted against the mean Schmidt value of the initial states of the network.
The initial Schmidt values are drawn from a truncated normal distribution, with an enforcement on the mean Apean, with
standard deviations o = 0.01 (top) and o = 0.07 (bottom). The results are averaged over 10 different network samples.

(d) Comparison of entanglement and integrity between quantum networks with initial equal Schmidt values (mean), and drawn
from a truncated normal distribution with mean enforcement, with standard deviations & = 0.01,0.07.

vertical dashed lines in each plot indicate the percolation thresholds of the strategies detected with the
analytical description. A summary of these strategies for the diagonal square lattice is provided below.

e Two swapping operations + distillation of the two resulting states. This strategy yvields the threshold

)\fhs 2D 0.6498, solution of the inequality:

(Aswar (M) <

8| =

e One swapping operation + distillation of the resulting state with a previously existing state. This strategy
yields the threshold )\tllf 2P~ 0.675, solution of the inequality:

Aswap (A, A) - A <

N —
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e Two swapping operations + a swapping operation between an initial state and a state obtained with
another swapping operation + distillation of the three resulting states. This strategy yields the threshold

/\f}f H1883D 0,705, solution of the inequality:

N —

(Aswar (0 A)) - Adswap (A, Adswar (A, A)) <

o Three swapping operations + distillation of the three resulting states. This strategy yields the threshold
35,3D . . .
Aw A 0.718, solution of the inequality:

(Aswar (M) <

0| =

e Two swapping operations + distillation of the resulting states with a previously existing state. This strategy
yields the threshold /\flf 3P~ 0.742, solution of the inequality:

(Aswap (>\,)\))2 “A K

| =

The previously described jumps in the connectivity curve occur exactly at the analytically predicted
percolation threshold, proving that the analytical description is consistent with the numerical results. We
emphasize the presence of a jump at the threshold )\f}f +1S53D - which results from a non-local percolation
strategy. This signifies that the algorithm, despite being based on the combination of local strategies,
successfully detects a transition for a non-local percolation strategy, highlighting its effectiveness. Moreover,
the percolation threshold /\fg P is highlighted in red in the figure because it is associated with the last
possible local strategy for the diagonal square lattice topology. Since no more optimal percolation strategies
are available after this point, it corresponds to the transition point between the connection phases and the
entanglement decay phase.

Figure 6(c) shows the behavior of the average connectivity when percolating 10 quantum networks with
random initial Schmidt values, plotted against the mean Schmidt value Apean. In the top plot, where Schmidt
values are drawn from a truncated normal distribution with a standard deviation of o = 0.01, the
connectivity shifts seen in networks with uniform Schmidt values remain visible but appear noticeably
smoothed out. In the bottom plot, where o = 0.07, these shifts completely disappear, resulting in a fully
smoothed connectivity curve. This phenomenon arises because larger quenched disorder among Schmidt
values enables new local optimal solutions, unlocking alternative paths that would otherwise be suboptimal.
This explanation is confirmed by figure 6(d), where we directly compare the average entanglement of the
final state and the average integrity between quantum networks with equal initial Schmidt values and those
with randomly drawn Schmidt values. While the entanglement curve remains similar in all three cases,
integrity generally improves with increasing Schmidt value variance—except for a small region around the
first Schmidt value threshold. Notably, the transition point at which entanglement begins to decay remains
unaffected, despite the presence of quenched disorder.

Figure 7 shows the results for the fully connected honeycomb topology with 36 hexagons. The presence
of different connection phases and the decay of entanglement after the last percolation threshold are also
evident for this topology (figures 7(a) and (b)). Moreover, we observe the same dynamics when increasing
the standard deviation between the initial Schmidt values of the quantum network (figures 7(c) and (d)).

We highlight the presence of two additional connection phases compared to the diagonal square lattice,
enabled by the higher connectivity of this topology. Knowing this, we can use the analytical description again
to describe the strategies associated to these new phases, together with their corresponding percolation
thresholds. The new strategies are the following:

e Four swapping operations + distillation of the four resulting states. This strategy yields the threshold

/\flf P~ 0.759, solution of the inequality:

(swar (A, N)* <

o | =

e Three swapping operations + distillation of the resulting states with a previously existing state. This strategy
yields the threshold /\fhs P~ 0.779, solution of the inequality:

| =

(Aswap ()\,)\))3 A<
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Figure 7. Results for a fully connected honeycomb lattice quantum network with 96 nodes arranged in 36 fully connected
hexagons. (a) Connectivity of the network after quantum percolation between all possible distant node pairs, plotted against the
Schmidt value assigned to all the initial states of the network. Each curve corresponds to the average connectivity of all pairs of
nodes at a distance d. The vertical dashed lines indicate the percolation thresholds predicted with the analytical description.

(b) Entanglement of the final state between distant nodes A and B (top) and integrity of the network (bottom) after quantum
percolation between all possible pairs at distance d, plotted against the Schmidt value assigned to all the initial states of the
network. (c) Connectivity of the network after quantum percolation between all possible pairs at distance d, plotted against the
mean Schmidt value of the initial states of the network. The initial Schmidt values are drawn from a truncated normal
distribution, with an enforcement on the mean Amean, with standard deviations o = 0.01 (top) and o = 0.07 (bottom). The
results are averaged over 10 different network samples. (d) Comparison of entanglement and integrity between quantum
networks with initial equal Schmidt values (mean), and drawn from a truncated normal distribution with mean enforcement,
with standard deviations o = 0.01,0.07.

Both the new strategies enabled by the fully connected honeycomb topology yield percolation thresholds
larger than the last threshold for the diagonal square lattice. As a consequence, this topology is more robust
than the former, as the entanglement decay starts at larger mean Schmidt value. However, the fully connected
honeycomb topology is a much harder topology to set up, as its initial configuration requires many more
connections.

7. Conclusions

We have considered a model of quantum network defined on a graph, where pure but non-maximally
entangled states are initially shared between neighbor nodes [36]. Furthermore, we have introduced
fluctuations in the entanglement shared between neighbors, as quantified through the Schmidt values. With
the goal of establishing perfect entanglement between a pair of distant nodes, we have studied LOCC
strategies that other nodes may implement to localize the entanglement in the given pair. In a regular lattice
defined by an elementary cell, we have identified a hierarchy of local LOCC strategies that involve a different
number of neighboring elementary cells. Given the modular structure of the considered networks, achieving
perfect entanglement at finite distance also implies a strategy for entanglement percolation at longer range.

To test our analytical description and study quantum networks with large quenched disorder in their
initial Schmidt values, we have developed a numerical framework that heuristically finds a path to percolate a
quantum network to connect any pair of distant nodes. We analyzed the behavior of the entanglement of the
final state and the connectivity of the network at the end of the percolation process for different initial
parameters. We were able to distinguish various connection phases, which depend on the initial
configuration of the network. Our framework enables an evaluation of the quality of a general quantum
network with planar topology based on its resilience to entanglement disorder. Additionally, our analytical
and numerical results yield new lower bounds on the entanglement percolation threshold, as expressed in
terms of the mean Schmidt value of the entangled pairs initially shared by nearest neighbor sites.
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This approach can be extended to random and non-regular networks [50], and may be applied to find
new protocols for entanglement routing [51], or in error detection in distributed quantum computing
applications [52]. Furthermore, our methodology can be extended to incorporate dynamical effects and
constraints in the use of local resources [53], or to simulate quantum networks in higher dimensions [54].
Finally, it would be insightful to apply our approach to more physically accurate models of quantum
networks, where links between node pairs are represented by mixed states [55, 56]. In particular, we could
compare our numerical results for pure-state quantum networks with those obtained using methodologies
specifically designed for mixed-state quantum networks [57]. Notably, existing results from mixed-state
models indicate that percolation strategies can still be detected, suggesting that our analytical description
may extend naturally to these more general scenarios.
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Appendix A. Majorization theory and its connection to entanglement distillation

Consider two Vectors ¥, each with d positive entries sorted in descending order and satisfying
Z v Z w; = 1. Then, vector ¥ is said to be majorized by w*, or #* < wt, if and only if:

wf,Vleu,d]. (A1)

HM~

i

Furthermore, 7 is said to be submajorized by ¥, or ¥ <" w*, if and only if:

d d
doviz> whvied. (A2)
i=l i=l

Nielsen was the first to notice the connection between majorization theory and quantum
information [32]. Consider the problem of transforming a general pure state |¢)) into another state |¢) using
LOCC. Define i+ and ¢* as the vectors of Schmidt values of states |¢)) and |@) respectively. Then, state |1))
can be deterministically transformed into |¢) via LOCC if and only if:

Pt < ot (A3)

A generalization of this result was proven by Vidal in [44], and it states that any state |¢)) can be converted
into another state |¢) via LOCC with a certain success probability Py, if and only if:

P <? Pyt (A4)
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The above equation can be restated as follows: the best probability of success Py, to convert a state |1)) into
another state |¢) is

d L
Pyyec = min % . (A5)
I€1,d] Zi:zd’f

We will now use equation (A5) to prove that the combined states |«) ® |8) can be converted into
[Apist(e, B)) deterministically. Moreover, we will show that |Apjst(c, 3)) defined in equation (8) is the state
with the largest amount of entanglement that can be obtained deterministically. Define ¢+ as the vector of
Schmidt values, in descending order, of the state

|y @ |B) = (V|00) + V1 — |11)) ® <\/B|00> +4/1— B\11>> . (A6)
Analogously, define ¢* as the set of Schmidt values, in descending order, of the target state

@) @18) = (v/orsr (@ 5)[00) +v/T=Aoist (. B)|11) )
® <\/;00> + 1&511>)

with Apist(a, B) the largest Schmidt value of the new entangled state. As our objective is to concentrate the
entanglement of the original states into a single, more entangled state, we will be working in the limit of
¢ — 1. The vector 1+ can be written as

Yt = (af,max(a, 8) (1 — min (a, 8)), min(a,B) (1 —max(a,B)),(1—a)(1-74)). (A7)
Equivalently for ¢¢,

Pt = ()\DIST (a,8) b, (1 = Apist (@, 8)) &, Apist (@, B) (1 - 45) , (1= Apist (@, 3)) (1 - éf;)) . (A8)

Let us then use Vidal’s theorem in the limit ¢ — 1:

Psucc:limmin l, 1_aﬂ ~,1—max(~o¢,5)7 (l—a)(l—ﬁ) §
1_¢ (1—)\D15T(a7ﬂ)) (1—¢)

1 (1= Apist (o, 8)) @

. 1—ap
= min <1, I w——s ju— (a,ﬂ)) . (A9)

Let us now choose Apist(a, ) = max (%, af ) as in equation (10) and split our analysis for each of the two
cases. If a3 > 1, Apist(e, B) = a8, meaning the success probability becomes

) 1—ap
Pyee = ,—" ) =1. A10
mm( l—aﬁ) (A10)

If instead a8 < 3, Apist(av, 3) = 3, meaning the success probability can be computed as
Pgyec =min(1,2(1 —ap)). (A11)

Since a8 < %, it immediately follows 2(1 — a8) > 1 = Pyyec = 1, which concludes our proof.

As a final remark, we analyze how the success probability Py, computed in equation (A9) varies with
different values of A\pist(cv, 8) and the product « - 8. Figure 8 highlights the separation between a
deterministic regime, where Py, = 1, and a probabilistic regime, where generating states with a certain
amount of entanglement is no longer guaranteed. The separating contour corresponds to the line
Apist(a, 8) = max (%,a,@’ ) , which indicates the most entangled state that can still be prepared
deterministically.

14



10P Publishing Quantum Sci. Technol. 10 (2025) 035047 A De Girolamo et al

PSUCC
1.0 1.
0.9 0.8
Deterministic
g 0.8 Py..=1 0.6
]
e
B4
< 0.7 0.4
Probabilistic
0.6 4 Poee < 1 0.2
0.5 T T T e 0.0
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
a-B
Figure 8. Success probability Pscc = min (1, %) for converting a state |a) ® |3) into a state | Apist(cr, 8)) ® |00),
plotted as a function of the product of the initial Schmidt values o - 8 and the largest Schmidt value of the target state
Apist (@, B). The white contour line corresponds to the threshold Apist(cv, ) = max (% ;a3 ) , which separates the regions where
Pgucc = 1 (above the line) and Py, < 1 (below the line).

Appendix B. Example application of physics-informed heuristics

In this appendix, we expand on the example from figure 4, completing the local-strategy-finding routine and
explaining the employed heuristics on a practical example.

Figure 9 shows the successive steps of the path-finding algorithm. At the end of the first local-strategy-
finding routine, the algorithm selects node N, as the optimal local solution. However, this choice quickly
proves to be globally suboptimal, as no more local percolation strategies involving distillation are available
along the remaining path to the target node. As a consequence, the final state between the source and target
nodes is not maximally entangled (figure 9(c)). To improve the overall entanglement, the algorithm then
iterates over all non-maximally entangled states generated during the process, searching for alternative paths
that could increase entanglement through additional distillation steps. In this case, the state connecting N5 to
T can be improved by performing two swaps on N3 and Ny, followed by a distillation step with the existing
state on the path. While this procedure successfully yields a maximally entangled state between N5 and T, it
only slightly improves the entanglement of the final state between S and T, as the state between N, and N5
cannot be further distilled. This shows that the locally optimal choice of N, actually leads to a dead end,
disallowing a perfect connection between the source and target nodes.

In the next sample, we vary our heuristic parameters to consider not only optimal local solutions, but
also slightly suboptimal ones. Suppose the algorithm now selects N5 as the next starting node. In this case,

N3 is connected with a maximally entangled state to the source via swapping N; and N, and distilling the
resulting three states (see figure 4(c)). This solution was discarded in the previous sample, as it destroys more
states than the path to N,. However, we now find that not only is a direct connection between N3 and T
possible via a local percolation strategy, but the two available swapping paths also enable the generation of a
maximally entangled state between them (figure 9(e)). Finally, by performing a swap on N3, the algorithm is
able to connect nodes S and T with a maximally entangled state (figure 9(f)). This example demonstrates
that deviating from the locally optimal solution can, in some cases, lead to the globally optimal outcome.
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Figure 9. Continued schematic of the iteration process of the local-strategy-finding routine and heuristic exploration of
alternative paths for a quantum network with 7 nodes. (a) Having chosen N as the local optimal solution, the algorithm analyzes
all nodes at distance at most 2 from N,. There are three nodes available, but none of them can be reached via combined swapping
or distillation. The node that maximizes the entanglement is N5, which is chosen as the optimal solution. (b) From node N5 we
can reach the target node, but without any local distillation to improve their state. Nonetheless, this is the optimal local solution at
this point. (c) Once the target node has been reached, we perform entanglement swapping on each of the nodes on the selected
path. In this case, the final state is not maximally entangled, meaning the algorithm starts looking for alternative paths around the
non-maximally entangled states selected throughout the procedure. (d) By iterating over alternative nodes surround N’s, the
algorithm eventually finds an alternative path to connect nodes N5 and the target node T, via N3 and Ny, which creates a
maximally entangled state between the two nodes. Unfortunately, this is still not enough to perfectly connect the source to the
target, as the state connecting N, and N5 is not maximally entangled. (e) In the next sample, the algorithm chooses the
suboptimal local solution that connects S to N3. From N7, it is possible to directly move to the target node by distilling two
swapping paths through N4 and Nss. (f) Finally, since we reached the target node, we perform swapping on N3 to connect the
source to the target node with a maximally entangled state.

Appendix C. Effect of random distribution of entanglement in a local quantum
percolation strategy

When all states of the network are assumed to yield the same Schmidt value A, we can express the swapping
and distillation operations in the following way:

eswap (€,€) = V/2€> — 4¢t (C1)

1
epist (€, €) :max{0,62+e— 4}. (C2)
Moreover, equation (15) can be simplified as follows:

IT Aswar 2 - TTA= Qswar (A, 0)"- A (C3)

(j] ,jz)GS i€eK

where s = |§| and k = |K]. The solution of this inequality, i.e. the percolation threshold of the strategy, can be
easily computed in this case. However, in the presence of quenched entanglement disorder in the network, its
initial states do not yield the same Schmidt values. In this setup, it is not trivial to understand how the
percolation thresholds are affected. Therefore, we study pure-state quantum networks with different Schmidt
values by identifying the mean Schmidt value A, Of the states employed in a local percolation strategy and
evaluating the deviation of each Schmidt value from this mean. Using this convention, we can define each

. 1
value \; € SUK as Aj := Amean + Ao, i> With Apean 1= o ZieSUK A Amean € [0, %], and A, € (—%, %)

Equivalently, \; = % + ¢ and € = €mean + €5,
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First, we try to understand the effect of randomly distributed entanglement on swapping and distillation

operations. For this purpose, we can rewrite equation (7) with the above definition of ¢;, and using
1,j € +€;
€lean = THand e, = € = — 6o

_ i,j .
ESWAP (Ei, E]) = ESWAP (Emean + €o,is Err{ean + 60,])

= ESWAP (Ei;iiean + |€0'|7 eigean - |60' |)

— | 2(éd) — 4 () +2e —4ct +8(ch ) e (C4)

::(ES\NAP)Z ::(Ei\NAP)Z>O

‘mean

Comparing this expression with the case of states with equal entanglement (equation (C1)), we notice an
additional positive term inside the square root, meaning eswap increases with larger €,. Consequently, when
the initial states i and j are not maximally entangled, the swapping operation yields a less entangled state the
greater the distance between the Schmidt values A; and ;.

Let us repeat the same procedure for distillation:

y y o
€DIST (Gi‘gean + |€U|7€;{ean - ‘GUD = (Gi'gean) + 6;{ean - Z - 620' (C5)

Comparing again to equation (C2), we notice that the additional term depending on €, is always negative,
meaning that epst decreases with larger ¢, . It follows that distillation improves the entanglement of the state
if the deviation is higher. This fact is confirmed by the AM-GM inequality, which follows:

=:Amean

ﬁ/\i < %Xn:A, = ﬁ)\i < Aean- (C6)

i=1 i=1 i=1

The expression above means that the improving effect of deviations in distillations is generalized for the
distillation of multiple states. Moreover, we also know that the inequality becomes an equality only when all
states in the network are initially equal. As a consequence, the general inequality (equation (15)) is actually
upper bounded by the expression on the left side of equation (C3):

TT Aswar (N i) - TT A < hswiap (Ammeans Amean))” * Aean- (C7)

(]'l Jz) cs icK
Appendix D. Results for square and honeycomb lattices

Figure 10 presents the results for connectivity, entanglement, and integrity for a 10 x 10 square lattice.
Compared to the diagonal square lattice, this topology contains significantly fewer states per unit cell,
limiting the detectable local percolation strategy to the 25,2D strategy. The Schmidt value threshold )\f}f 2D
associated with this strategy is indicated in the plot as a vertical red line. From figure 11(a), we observe that
the only curve that clearly obeys a transition at the percolation threshold corresponds to percolation for
nodes at maximum distance. This is due to a limitation of the 2S, 2D strategy in the square lattice, which can
only produce maximally entangled states between nodes that lie along the same diagonal. In this topology,
there exist only two pairs of nodes at maximum distance, both positioned along the same diagonal.
Consequently, the connectivity shift is evident in the plot only for these maximum-distance pairs. The
remaining curves represent an average of two types of node pairs: those aligned along the same diagonal,
which exhibit the transition at the percolation threshold, and those positioned on different diagonals. For the
latter, quantum percolation requires the distillation of multiple entanglement-swapping paths between the
nodes. As illustrated in figure 11(b), it is still possible to establish maximally entangled states between distant
node pairs, provided the network has up to a certain initial average imperfection in its entanglement.
However, the threshold at which entanglement decay begins varies depending on the distance between the
nodes. This analysis highlights that while the simple square lattice serves as an instructive model, it is not
ideal for large-scale experimental realizations due to its initial configuration constraints, which limit the
generation of high-quality states between most distant node pairs. Finally, when analyzing networks with
non-uniform initial entanglement (figure 11(d)), we notice that the entanglement of the final state remains
mostly unaffected by the initial quenched disorder. However, the integrity of the network improves when the
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Figure 10. Results for a 10 X 10 square lattice quantum network. (a) Connectivity of the network after quantum percolation
between all possible distant node pairs, plotted against the Schmidt value assigned to all the initial states of the network. Each
curve corresponds to the average connectivity of all pairs of nodes at a distance d. The vertical dashed line indicates the
percolation threshold Af}f 2P predicted with the analytical description. (b) Entanglement of the final state between distant nodes
A and B (above) and integrity of the network (below) after quantum percolation between all possible pairs at distance d, plotted
against the Schmidt value assigned to all the initial states of the network. (c) Connectivity of the network after quantum
percolation between all possible pairs at distance d, plotted against the mean Schmidt value of the initial states of the network.
The initial Schmidt values are drawn from a truncated normal distribution, with an enforcement on the mean Anean, with
standard deviations o = 0.01 (above) and o = 0.07 (below). The results are averaged over 10 different network samples.
(d) Comparison of entanglement and integrity between quantum networks with initial equal Schmidt values (mean), and drawn
from a truncated normal distribution with mean enforcement, with standard deviations o = 0.01,0.07.

initial entanglement disorder is high, as indicated by a smoother transition compared to the sudden integrity
shift observed in the uniform distribution case.

Figure 11 illustrates the results for honeycomb lattice quantum networks with 36 hexagons. Similar to the
square lattice case, the optimal percolation threshold varies depending on the distance between the node
pairs. Moreover, the unit cells of this network topology involve non-local strategies between nodes, like the
strategy associated with the Schmidt value threshold /\fs +1553D defined in section 6. Consequently, all the
observed transition points marking a decay in the entanglement are associated to non-local strategies, whose
thresholds are non-trivial to detect analytically. When comparing networks with uniform entanglement
distribution to those with quenched disorder, we observe that the entanglement of the final state and the
integrity of the network present similar behaviors in both cases, with the integrity transition remaining
smoother in networks with higher initial disorder.
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Figure 11. Results for a honeycomb lattice quantum network with 96 nodes arranged in 36 hexagons. (a) Connectivity of the
network after quantum percolation between all possible distant node pairs, plotted against the Schmidt value assigned to all the
initial states of the network. Each curve corresponds to the average connectivity of all pairs of nodes at a distance d.

(b) Entanglement of the final state between distant nodes A and B (above) and integrity of the network (below) after quantum
percolation between all possible pairs at distance d, plotted against the Schmidt value assigned to all the initial states of the
network. (c) Connectivity of the network after quantum percolation between all possible pairs at distance d, plotted against the
mean Schmidt value of the initial states of the network. The initial Schmidt values are drawn from a truncated normal
distribution, with an enforcement on the mean A pean, with standard deviations o = 0.01 (above) and o = 0.07 (below). The
results are averaged over 10 different network samples. (d) Comparison of entanglement and integrity between quantum
networks with initial equal Schmidt values (mean), and drawn from a truncated normal distribution with mean enforcement,
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