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Abstract

In this paper we construct entire solutions us to the Cahn—Hilliard equation —e2 A (=2 Au+ W' (u)) +
W ) (—e2 Au + W (1)) = e*2s (1 — 1), under the volume constraint Jra(l— ug)2dx = 8+/272% ¢, with
ce — 1 as ¢ — 0, whose nodal set approaches the Clifford Torus, that is the Torus with radii of ratio
1/+/2 embedded in R3, as ¢ — 0. It is crucial that the Clifford Torus is a Willmore hypersurface and it is
non-degenerate, up to conformal transformations. The proof is based on the Lyapunov—Schmidt reduction
and on careful geometric expansions of the Laplacian.
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1. Introduction

The Allen—Cahn equation
—82Au=u—u3, (D)

arises in several physical contexts, such as the study of the stable configurations of two different
fluids confined in a bounded container 2. If u(x) is the density of one of the two fluids at a point
x € 2 and the energy per unit volume is given by a function W of u, it looks reasonable to obtain
stable configurations by minimizing the energy functional

E(u):fW(u)dx
Q

among all distributions fulfilling the volume constraint

/ udx = m. @)

Q

If, for instance, W () = (1 —u?)%, and m € (—1, 1), any piecewise constant function taking only
the values £1 and satisfying (2) is a minimizer, irrespectively of the shape of the interface. There-
fore this model is unsatisfactory, since it is very far from the reasonable physical assumption that
the interfaces are area minimizers, so one replaces the energy by

252
Eg(u)=f<§|v»t|2+%>dx.
Q

We can see that there is a competition between the potential energy, that forces u to be close to
41, and the gradient term that penalizes the phase transition. By minimizing this functional, we
are looking for the physical interfaces in which the phase transition can occur.
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The minimizers u, of E, are solutions to the Euler Lagrange equation, that is (1). In order
to see if the interfaces are actually minimal surfaces, it is interesting to study the asymptotic
behaviour of the level sets {u, = c} as the parameter ¢ — 0. It is useful to exploit the variational
structure of the problem. It was shown by Modica and Mortola that the energy E,, seen as a func-
tional on L'(2) and extended to be 4+-00 when the integrand is not an L' function, I'-converges
to the functional

E(u) =

cPerq(u=1}) ifu==1lae.in Q2
otherwise in L' ()

in the strong topology of LY() (see [21]), where ¢ > 0 is a suitable constant.
Moreover, Modica showed that, if 1, are minimizers of F, under the volume constraint

/ugdx =m,
Q

for some m € (—1, 1), then there exists a sequence & — 0 such that u, converges to some
function u in Ll(Q) (see proposition 3 of [20]). Furthermore, Theorem 1 of [20] asserts that
u ==1 a.e. in 2, and the set

E={xeQ:ulx)=1}
is actually a perimeter minimizer between all the subsets F' C 2 satisfying the volume constraint

|2 +m
IFl=——.

Further results about the relation between the minimizers of E, and the minimizers of the perime-
ter can be found in [20] and in [6], where Choksi and Sternberg also described the relation
between phase transition theory and the study of a certain kind of polymers.

Conversely, it is an interesting problem to understand if any minimal hypersurface can be
achieved as the limit of nodal sets of minimizers of the Ginzburg—Landau energy E.

The first result in this direction is due to Kohn and Sternberg (see [15]). They considered a
smooth bounded domain € C R? and, as an interface, a disjoint union of segments /; meeting the
boundary 92 orthogonally. They defined u( to be locally constant on 2\ U; /;, taking the values
41, and constructed a sequence of minimizers u, converging to ug in LYQ).

In [24], Pacard and Ritoré proved a more general result, that holds true for a larger class of in-
terfaces. They started from a minimal hypersurface ¥ in a compact Riemannian manifold M and,
under suitable assumptions, they showed that it can be achieved as the limit as ¢ — 0 of nodal
sets (that is O-level sets) of solutions u, of the rescaled Allen—Cahn equation (1). These solutions
u, were constructed with techniques such as fixed point theorems and the Lyapunov—Schmidt
reduction, and are not necessarily minimizers.

As regards the hypersurface X, they imposed some restrictions. They required it to be admis-
sible, that is the nodal set of a smooth function f : M — R. In the sequel, we will set

M (E)={peM: f(p)>0and M (£)={peM: f(p) <O}.
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Moreover, X has to be non-degenerate. In order to explain the notion of non-degeneracy, let us
give the variational characterization of minimal hypersurfaces. A hypersurface ¥ in a compact
Riemannian manifold M is said to be minimal if it is a minimizer for the area functional, whose
critical points are characterized by the Euler equation H = 0, where H denotes the mean curva-
ture of X. In the sequel, the mean curvature H of a hypersurface ¥ embedded in RY will always
be

H=k +-- +kn_1,

where the k;’s are the principal curvatures.
The second variation of the area functional is given by

A(E)p, ] = / Lop (¥ (n)do (),

by
where the self-adjoint operator
Lop=—Ax¢ —|AP¢
is called the Jacobi operator of ¥ and
AP =k} +-- 4+ k%,

is the squared norm of its second fundamental form. By definition, a minimal hypersurface ¥ is
said to be non-degenerate if its Jacobi operator

Ly: C>* (%) - C**(%)
is an isomorphism. For an introduction to these topics, see also [8].

Moreover, the results in [24] hold even if the potential W (¢) = (1 — 12)2 /4 is replaced by a
more general double-well potential, that is a smooth function W such that

W(t)=0 for any #,
W) =0 if and only if t = 1, 3)
W’ (£1) > 0.

To sum up, they proved the following Theorem.
Theorem 1 (/24]). Let W be as in (3). Let ¥ be an admissible non-degenerate minimal hypersur-

face in a compact Riemannian manifold M. Then there exists g9 > 0 such that for any 0 < & < g9
there exists a solution u. to the rescaled Allen—Cahn equation

—&2Aug + W (u,) =0

such that ug — +1 on compact subsets of M*(XZ).
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Anyway, despite several results lead to think that, in some sense, the nodal sets of the solutions
to the Allen—Cahn equation resemble minimal surfaces, there are also solutions for which the
nodal set is far from being minimal. For instance, Agudelo, Del Pino and Wei constructed axially
symmetric solutions u = u(|x’|, x3) in R? such that the components of the nodal set, for |x’| large
enough, look like a catenoid (see [3]).

The Lyapunov—Schmidt reduction was also applied to the non-compact case, to construct
entire solutions to the Allen—Cahn equation in R that are monotone in one variable but not
one-dimensional, since their nodal set resembles the Bombieri-De Giorgi—Giusti graph, that is
a minimal graph over R® that is not affine (see [5,7]). This solutions are related to a famous
conjecture of De Giorgi, that asserts that, at least for N < 8, any entire bounded solution |u| < 1
to the Allen—Cahn equation
—Au=u—u’
satisfying dyu > 0 in the whole RY must be one-dimensional, that is it must depend just on
one Euclidean variable, in other words u(x) = u(< a, x >), for some unit vector a € S¥~!. The
result by Del Pino, Kowalczyk and Wei shows that de Giorgi’s conjecture is sharp about the
upper bound on the dimension. Up to now it is known that the conjecture is true in dimension
N =2 (see[11,10]) and N =3 (see [2,10]). The conjecture is still open in dimension4 < N < 8§,
although notable progress was made by Savin (see [26]), that proved that the conjecture is true
in dimension 4 < N < 8 under the reasonable assumption that, for any x’ € RN,

lim u(x’, xy) ==+1,
xy—£oo

that yields that these solutions are minimizers of the energy

_ l 2 1 232
E(u)_/(2|Vu| +4(1 u-) )dx.
R3

We are interested here in analogues of these results for the Cahn—-Hilliard equation
—2A(—2Au+ W W) + W W) (—e*Au+ W' ) =0, 4)

with W satisfying (3). Note that, as in the case of Allen—Cahn, we rescale the equation in order
to treat I"-convergence. If, for instance, we study the equation in a bounded domain Q2 C RV, it
is possible to see that it is the Euler equation of the functional

1 W (1) \2 . 1 5
Weluy = | 2 Ja (POu = 8) dx - ifuc Li@N HAS)
+00 otherwise in L ().

As in the case of the functionals E, related to the Allen—Cahn equation, some I'-convergence
results are known about W,. More precisely, the asymptotic behaviour of W, as ¢ — 0 is related
to the Willmore functional

W) =c / Hip(y)dHN !,

AENQ
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where E = {u = 1}, if u = £1 a.e., defined when the interface d E is smooth enough. The nodal
sets of the critical points u of W are called Willmore hypersurfaces. The Euler equation satisfied
by this kind of hypersurfaces is

1
—AxH = EH3 —2HK,

where H is the mean curvature and K is the Gauss curvature of ¥ = 9 E. In the sequel, the Gauss
curvature K of hypersurface ¥ embedded in RY will always be

K=k ...kn_1.

An equivalent form of the Willmore equation is

1
—A2H+§H(H2—2|A|2)=O. 5)

The Willmore functional arises naturally in general relativity, since it is related to the Hawking
mass, that is

A > 1
mpy (8) = %;)“ — WD),

Here X can be interpreted as the surface of a body whose mass has to be measured. Furthermore,
this functional also appears in biology, under the name of Helfrich energy, and it is used to
describe the behaviour of some lipid bilayer cell membranes. For further details and references,
we suggest to see [16,13,14].

In [4] Bellettini and Paolini proved the I" — lim sup inequality for smooth Willmore hypersur-
faces, while the I' — liminf inequality is much harder to prove. Up to now it has been proved in
dimension N = 2, 3 by Roger and Schitzle in [25], and, independently, in dimension N = 2, by
Nagase and Tonegawa in [23]. The problem is still open in higher dimension, while it is known
that the approximation does not hold, in general, for non-smooth sets, even in dimension N = 2.

In view of these I'-convergence results that establish a link between the Cahn—Hilliard func-
tional and the Willmore functional, it is interesting to see if also the above counter-part is true.
In other words, we try to answer the following question: given a Willmore hypersurface X, is it
possible to construct a sequence of solutions u, of the Cahn—Hilliard equation (4) whose nodal
sets approach ¥ as ¢ — 0? In the paper, we show that this result holds true up to a Lagrange
multiplier if, for instance, X is the standard Clifford Torus, that is the zero level set of the func-
tion

fx)= (\/z—,/xf+x%>2+x32— 1. 6)

It has been recently proved in [17] that the Clifford Torus is the unique minimizer of the Will-
more energy (up to conformal transformations) among surfaces of genus greater or equal than 1.
The Lagrange multiplier is due to a volume constraint, as it will be clear from the statement of
Theorem 1 and Remark 3.
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It is interesting to see that it is possible to construct these solutions in such a way that they
respect the symmetries of the Torus, that is the symmetry with respect to the x1x>-plane and with
respect to any rotation that fixes the x3-axis. A Lagrange multiplier A, appears due to this volume
constraint.

Theorem 2. Let W be an even double-well potential satisfying (3). Let ¥ be the Clifford Torus.
Then there exists g such that for any 0 < ¢ < gg there exists a solution (ug, Ag) € CH(R?*) xR
to

—&2 A (=2 Aug + W' (e)) + W (ue) (—> Aug + W' () = e* e (1 — ue), (7)

where A = O(¢) is a Lagrange multiplier, under the volume constraint

/(1 — ug)zdx = Sﬁnzcg, ce —> lase— 0. (8)

R3

Moreover, u, — £1 and oxu, — 0 uniformly on compact subsets of >+ for 1 <k <4, and
u respects the symmetries of the Torus, that is uc(x1, x2,Xx3) = ug(x1, X2, —x3) and us(x) =
ug(Rx), for any x = (x1, x2, x3) € R3 and for any rotation R € SO(3) such that R(0,0,1) =
0,0, 1).

In the statement of the Theorem, we denoted
st=(xeR: fx)>0land " :={x e R’: f(x) <0},

and
o0
ce =1 —i—s/(vf — 1)dt.
0

This result is a fourth order analogue of Theorem 1 by Pacard and Ritoré (see [24]). The proof is
based on the Lyapunov—Schmidt reduction, that is we split equation (4) into a system of two equa-
tions. The auxiliary equation will be solved by using the spectral decomposition of the linearized
Allen—Cahn operator and the bifurcation equation will be solved thanks to the nondegeneracy
of the Clifford Torus, up to conformal maps. For a more detailed introduction to the techniques
developed in the proof, see section 2.

In order to explain what we mean by nondegeneracy, we go back to the variational definition
of Willmore hypersurface and we consider the second variation of the Willmore functional, that
is

W (E) g, ] = / Lopvdo,

z

where Ly is the self-adjoint operator given by
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- 3
Lop =Lip+ S HLop — H(Vs$, Vs H) +2(AVs$, Vs H) + ©9)
2H < A, V?¢>+¢(2 <A, V*H > +|Vs H|> + 2HtrA>).

Here we have denoted by (-, -) the scalar product induced by the metric g on X, indeed, for
instance (V¢, VH) = gij H;¢;, and by <-,-> the trace of the product of two matrices, so for
instance < A, V2¢ >= AV V] ¢, and AV = g'*g/' Ay Tt is possible to find the explicit com-
putation of the first and the second variation of the Willmore functional WV in [16], section 3.
This is the analogue of the Jacobi operator in the case of minimal hypersurfaces. In view of a
result by White [28], the Willmore functional is invariant under conformal transformations of
the Euclidean space, that is homotheties, isometries and Mobius transformations, i.e. inversions
with respect to spheres. On the other hand, by Corollary 2, page 34, of [27], we know that its
second variation is positive definite on the orthogonal complement of the space of conformal
transformations, hence the kernel of f,o exactly consists of these transformations.

Remark 3. In view of the above discussion, Ly is injective if restricted to the space of functions
with zero average and fulfilling the symmetries of the Torus, that is the symmetry with respect
to the x1x-plane and with respect to all rotations of R3 that fix the x3 axis. In fact, the variation
of internal volume under a normal variation ¢ is given by fz ¢. Maintaining constant volume
corresponds to variations ¢ with zero average. Working in this class we then exclude non-trivial
homotheties. When considering sharp interfaces, this constraint is equivalent to prescribe the
integral of (1 — ug)?, that is to impose

/(1 —up)’dx = 8\/571265

R3

o0
=4|2+|3(1 +e/(vf - 1)d¢),
0

where |ET|3 = 24272 is the volume of the interior of the Clifford Torus, that is its
3-dimensional Lebesgue measure.

2. Some useful facts in differential geometry
For 0 < ¢ < 1, we define the rescaled Clifford Torus as ¥, := {8’1;“ : ¢ € X}. In other words,
2. ={y eR3: f.(y) =0}, where f.(y):=e 2f(ey) and f is defined in (6).

ForO<t<+2—1and0<¢ < 1, we define the tubular neighbourhood of width t/¢ of X,
as

Ve ={x e R3 i dist(x, ;) < t/e).

On this neighbourhood of X, we introduce a new system of coordinates, known as Fermi coor-
dinates. First we define

Ze:Xe x (—1/e,t/e) = Viye
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by the relation

Ze(y,2) =exp(zv(ey)) =y +zv(ey), (10)

where v(ey) is the outward-pointing unit normal to the original Torus X at ey, that coincides with
the outward-pointing unit normal to ¥ at y, and exp,, is the exponential map of R3 at y seen as

a point of R3. If 7 is small enough, thatis 0 < T < +/2 — 1 in the case of the Clifford Torus, Z, is
a diffeomorphism. In other words, Z, is a change of coordinates on V; Je» and the coordinates
0. 0=2; I(x) are known as Fermi coordinates of the rescaled torus ., or stretched Fermi
coordinates of the Torus.

Remark 4. Any function u : V;;. — R can be seen as a function of (y, z). More precisely, we can
consider the composition u*(y, z) = u(Z.(y, z)). In the sequel, with a slight abuse of notation,
we will write u = u(y, z).

Let us fix a point ¢y € ¥ and a parametrization onto a neighbourhood V C X of ¢y, that is a
smooth function

Y:U—->V

on an open set U C R2 such that ¥ (é0) = &o, for some &y € U. Then, setting U, = ¢~ U and
Ve = ¢~ 1V, the function

Yo: U, — Vg

given by Y (y) := e~ !Y (gy) is a parametrization of X.. In the sequel, we will denote by y the
points in U, and by y = Y, (y) the points in V;. For any |z| < 7/¢, we consider the surface

Yoz ={y+zv(ey),y € T} (11)

On this surface, we consider the parametrization

Xe(y,2) :=Ye(y) +zv(e¥e(y)). (12)

In particular, X := X is a parametrization of X, := X ., the homothetic surface to X at dis-
tance z. It is known that the tangent vectors {9; X, (y, z)}i=1,2 constitute a basis of the tangent
space Tyyzy(ey) e, z» that will be referred to as the standard basis. We define the coefficients of
the metric of X, ; at y 4+ zv(ey) as follows

8e,ij(¥,2) =< 0 Xe(y), 0; X (y) >=gij(ey, €2), (13)

where <-, - > denotes the scalar product of R3 and i, Jj =1,2. The Laplacian on % ; is given
by

1

As,. = 7\/W3j (Vdetg: (v, 2085 (v, 2)9;) =&Y (v, )8 + bL(y, )8, (14)
£ )
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where
- 1 )
bi(y.2):=0;87 (y.2)+ = X i (logdet e (y, 2))gY (v, 2) (15)

and g g =(g, D ; are the elements of the inverse of the metric. These quantities are related to
the ones of %, through the relations

g/ (.0 =2"(ey, e2),
bi(y,2) =¢b' (ey, £2),
with ¥ := i/ and b’ := bi. We define the second fundamental form at y + zv(ey) € B¢, to

be the linear application of the tangent space T,y (ey) e, into itself that, in the standard basis
{0; Xe(y, 2)}i=1,2, 1s represented by the matrix

Aeij(r,2) = — < dv(ey), 9; Xe(y,2) > . (16)

We introduce the mean curvature ﬁg (y,z) of X, ; at y + zv(ey) as follows
He(y,2) = (A0} (y,2) =&Y (v, D Ac.ij (¥, 2).
In other words
H,(y,2) =ke1(y.2) + ke2 (v, 2),

where %5’1 (y,z) are the principal curvatures of X, ., that is eigenvalues of the matrix
~_l(y 2)A¢(y, 2). Therefore we can see that the metric g¢;;(y, z) and the matrix representing
the second fundamental Aé,j ij(y,z) form depend on the parametrlzatlon while this is not the case

for Hg(y 2). Settlng, as above A ij = Al ,ij and H:= H1, we have Ag (v, 2) = EAU (ey,e2)
and H,(y,z) = eH(ey, £2).

Lemma 5. For a function u : V; /e — R of class C2, the Laplacian in Fermi coordinates is given
by

Au(y,z) = As, u(y,z) —eH ey, e2)du(y, 2) + dzu(y, 2). (17
For the notation, see Remark 4.
Proof. For any y € =, and |z| < t/e, R3 splits into the direct sum of the tangent space to
Y. ; and the one dimensional subspace generated by the unit normal v(ey), that is R3 =

Ty4zv(ey) Ze,z + R. The vectors {0; X (y, z), v(ey)}i=1,2 constitute a basis of R3 = Ty+zv(gy)R3.
The metric in this basis is given by

Ge(y.9) = [gs((y)’@ ?] (8)
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The inverse is

s—1
—1 _ | 8 (ys Z) 0
6:'wa= |5 7). (19)

Here 1 <I,J <3 and 1 <i, j <2. The Laplacian on R3 in the metric G, is given by

WSJ(\/detG (3, 20G (v, 200 =

1
G (v, )01 u(y, 2) +9;G (v, 2)01u(y, 2) + 597 (logdet Ge(y, DG (v, 2)d1u(y, 2).
Thus
G (v, Darju(y, 2) = 89 (v, 2)8u(y, 2) + d..u(y, 7)
3G (v, 201u(y,2) = 8;89 (v, Ddu(y, 2)

1
5ds(logdet Ge(y, )G (3, dru(y, 2) =
—Bj(logdetgg(y Z))g (y 2)0iu(y,z) + = 8 . (logdetg. (v, 2))0;u(y, z).

To conclude, we point out that
1 _ . .
Eaz(logdetgg(y, 2))=—H:(y,z)=—¢cH(sy,ez). O

Exploiting the Taylor expansion of H of the mean curvature of a given hypersurface provided
by Del Pino, Kowalczyk and Wei (see [7]), we have that

2

- k;

H(ey,sz)=2#fzgy) Z(sz)f "Hj(ey), Hj(ey) —Zk’(ey) (20)
i=1 o i=1

Here k; (ey) := IE& i (v, 0) are the principal curvatures of the C}ifford Torus X at ¢y. Therefore the
Taylor expansions of the first and the second derivatives of H are

- , 21
Hy(ey,62) =321 j(j + D(€2) " Hypa(ey). @D

{Hz(sy, £2) = Yoy j(e2) T Hjp1 (ey),
In the sequel, we will set H (¢y) := H(ey), |A(ey)|? := Hy(ey) and trA3(y) := Hz(ey).
Now we need the Taylor expansion in ez of Ay, _. For our purposes, it is enough to know the
terms of order zero and one, while we also need the term of order two in the expansion of H. For
this reason, we prefer not to expand the full Laplacian on R3. In fact, an expansion up to order one
would not be enough, because we cannot neglect the terms involving trA3, while an expansion
up to order two would be a useless effort, in fact it would involve the terms of order two of Az, .»
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that will always simplify in our forthcoming calculations. Before stating next Lemma, we recall
that

ij . i .
Az, = W 3 (v/detg: (g () = g¥ (»)d;j + bL(»)d;, (22)
where
g7 () =8Y(y,00=g"(ey,0) = g" (ey) (23)

bi(y) :=bi(y,0) = b’ (ey,0) = &b’ (ey).

It is possible to find similar computations in [19], where Mahmoudi, Sanchez and Yao treat the
more general case of a k-dimensional submanifold in an N-dimensional manifold.

Lemma 6. For a function u : V;;e — R of class C?, forany y € %, forany |z| < 1/e,
As, u=As,u+ez(a (£3)3; + &bl (e3);)
+ (e2)? (a (e)0i; + ebb(e3)3) +a” (e, £2)3;j + ebi (e, £2) 0,
where
ay == 2A1 b} :=20; AU + 21} AV — g H;,

ij._la ~ij 0 bi._l b 0
a, =3 287 (€y,0), b5 1= gazz (ey,0),

everything evaluated at ¢y, and the remainders satisfy |a” (ey, €z)|, |El (ey, €2)| < c&3|z]3, for
some constant ¢ > 0 depending on X.

Let ¢, ¥ : & — R be C? functions. Let us set ¢; := 9;¢. We recall that, by the properties of
the covariant derivative,

VAT = 9 A + T} AV T AT
Vie=dij — Tk,

where everything is evaluated at ey. Moreover, by Codazzi’s equation, V; A"/ = g"kaAj., so in
particular,

al givj =2(AVe, V)
a\ yij + bl = 24"y — 20K ATy 1+ 2V, ATy, (24)
— (Vs H,Vs$) =2 <A, V2§ > +(Vs i, Vs H),

where we have set
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<A, VY >i= AVVEY = AUy + T v
Proof. By (12) and (13), we can see that
8eij(y,2) =gij +ez(< Y, 0jv >+ <9d;Y, ;v >) + (e2)® < v, v >.

In the proof, it is understood that the geometric quantities of ¥ are evaluated at €y. In view of
(16) with z =0, we have

ojv=— Ai-( oY
therefore

Ze.ij(y,2) = gij — £2(8ik A} + gk A}) + (62)” < v, Bjv >= (25)

8ij —262Aij + (62)* < v, djv > .

In order to expand the Laplacian, we need the expansion of the inverse of the metric. It is useful
to write it as

ge=L+M,
with L;; = g;j and M = —2ezA;; + (e2)? < 3;v, ;v >. Equivalently, §. = L(I +L~'M), hence
G =U+LT'M)TILT = - LM+ 0L = L7 = LML + 0((e2)?),
thus
g'éj(y, 2) =g +2ezAY + 0((e2)?),
where AV = gikgi! A;;. Moreover
logdet g.(y, z) =logdetg.(y) + tr(L_lM) + 0((8Z)2) =logdetg, —2ezH + O((ez)z),
s0, since %8j (logdet g)AY = Flk‘inj,
As, . = (8" +2ezAY)3;j + (38" + 2620, AV)d;
+ s(%a, (logdetg) — ezH;)(g" +2ezAY)3; + O((e2)*) =

As, + sz{zA"/a,-,- +e(20,AY 42, AV — gi-iHj)Bi} +0(()%. O
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As a consequence, we have the following expansion of the Laplacian

A=10, —eH(ey,e2)d. + Az, +s2(al (€9)3;j + bl (e)3;) (26)
+ (e2)2(al (ex)i; + ebl(ex)di) + @ (e, £2)0i; + €D’ (v, 2)d;.

Although (26) looks nice, we prefer to look for the expression of the Laplacian in a slightly
different system of coordinates. We fix a C? function ¢ : & — R whose L*°(X)-norm is less
than 1/4 and we introduce a new change of variables, that is we put

t=z—¢(ey). 27

The expression of the Laplacian will be more complicated than (26), but more appropriate for
our purposes. The reason is that we know the kernel of the operator —(Ax, + 3;) + W” (v. (1)),
that is the one dimensional space generated by v, (r), while we do not know exactly the kernel (if
any) of —(Ax, +9:2) + W (vu(z — ¢ (e¥))).

Given a function

f:Z:xR—>R
of class C?, it is possible to define
f: 3. xR—R

by setting f(y, t) := f(y,z — ¢ (gy)). A computation shows that

fi(y.0)=f(y.2—¢)

fi(y,t)=fi(y.z2—¢) —e¢i fz(y. 2 — ¢)

fii (v, )= fi;(y,2— @) — e f2j(y, 2 — P) — €¢i f2; (¥, 2 — ¢)
+6201 (v, 2 = B) + £0idj for (v, 2 — $),

where ¢ and its derivatives are evaluated at ¢y, thus, in these coordinates, the expression of the
Laplacian of a function u defined in V. of class C? is given by

A=3d;+878;+eb'd+D=2d,;+ Asx, +D, (28)

where the operator D is given by

D:=—eH(ey, e(t + )3 — > Aspd;, — 268" i3y + 2 |V2p*d  (29)
et + @) a0 + eb\ oy — 2@} i + i3, — 2ed ¢, + £2a pipjon)
&2t + )2 [ 8 + ebbd; — £2(al dij + D)o — 260 didy; + 2a dichj 0y}
+a" 8+ eb' 8 — £2(a" ¢ij + b 9i)d, — 260" ¢ 0, + 20" digp; 1y
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Here we have set I-Al(sy, et + ¢)) = I—~I(£y, £2), &ij(ey, et + ¢)) = Eij(sy, £2), b (ey,e(t +
$)) =D (ey, £z) and all the geometric quantities of X are evaluated at ey.

3. Functional setting
3.1. Functions on
As first we define, for 0 < o < 1, the space C’““(Z) as the set of functions ¢ : ¥ — R that are

k times differentiable and whose k-th partial derivatives are Holder continuous with exponent «.
We endow these spaces with the norms

IVE$ (p) — Vi (g)]
d(p,q)* ’

|6l cha(s) = Z 1V 1l + sup

j=0

In order to treat Lo, we define the spaces of functions that respect the symmetries of the Torus,
that is the symmetry with respect to the xjx;-plane and with respect to any rotation that keeps
the x3-axis fixed. To be precise, we set T (x1, x2, x3) := (x1, X2, —x3) and

S0:;,3):={Re€SOQ3): Rez =e3},
where ez = (0, 0, 1), and we define
Ch(Z)s:={p € C**(2): ¢(0) = ¢(T¢) forany ¢ € 3,
¢ (&) =¢(R¢) forany R € SOx;(3)}.

We note that SOy, (2) >~ SO(2), in the sense that any matrix R € SOy, (3) has the form

R 0
R =
o i)
for some rotation of the x{x>-plane Re SO2).

Equivalently, we can see the Torus as the quotient of the square [0, 277]> by the equivalence
relation that identifies the opposite sides. In this way, our spaces will become

Ch (D), = {¢p € C4([0,27]) : ¢ (91) = ¢ (2 — By) for any ¥ € [0, 7]} (30)

In other words, functions respecting these symmetries are actually periodic functions of one real
variable, symmetric with respect to ¢ = . In the sequel, we will also be interested in the spaces
Ch(D)s0:={p € C([0,27]) : ¢ (1) = p@n — ¥1) forany D1 € [0, 7], (D)

¢'(0) =¢'2n) = 9 (0) = 9P 27) = 0}
By the symmetries of the Laplacian, the gradient and the geometric quantities of X, one can

show that Lq preserves the symmetries of functions ¢ € C (3, that is it maps C 42 (3), into
COx(x),.
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Let us introduce the operator

L:C* (D)0 xR— C* (D), xR

defined by

L(p,r) = (Zo¢ + 2, / ¢(;)do<z;)>.
=

When we solve the equation L£(¢, 1) = (h, a), with i symmetric with respect to y;, the solution
¢ will satisfy the same symmetry property, thus also its second and fourth derivative will do,
while the first and third will be antisymmetric. In order to extend it by periodicity, we need
¢’ (0) = ¢'(2) and $ (0) = ¢ (277), hence we need zero Neumann boundary conditions.

It is known that Lo is self-adjoint with respect to the L2(X)-scalar product (see [16], sec-
tion 3), thus, L is self adjoint with respect to the scalar product

< (). (o ) > f 6 (OV(©)do (O) + 1.
X

Remark 3 can be rephrased by saying that the operator £ is injective. In fact, if £(¢,1) =0,
multiplying by ¢ and integrating over ¥ we get

/ Lop()p()do(5) = —K/¢(§)d0(§) =0.

by by

By the result of Weiner ([27], Corollary 2, page 34), the elements of the Kernel of Ly are the nor-
mal components of the vector fields generated by conformal transformations. The only ones that

preserve the symmetries of the Torus are dilations, that are excluded by the volume constraint.
This is equivalent to say that X N N =0, where

N:={peCHE):Lop=0},X := {d) e CH (D)0 /¢(<)d; - 0}. (32)
D)

Moreover, once again by [27], Corollary 2, page 34, Lois positive definite on
Nt .= {¢ e CH(xD): /¢ndo(g) =0,Vn e N} (33)
)

thus we conclude that ¢ =0, so A =0.
In order to show the solvability of the linear problem

{L0¢(C)+K=h(§) Viesx, )

fz‘ﬁ:a’
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also surjectivity is needed. For this purpose, we will use the Fredholm theory. First we note that,
if ¢ € CH*(X)j.0, then

Lop = + L9,

for some linear operator of order 3, that will be denoted by L1, that can be computed explicitly
exploiting the parametrization (74) of %, ¢® denotes the fourth derivative with respect to 9
and

2
/qbdo(;)=/¢(ﬂ1><ﬁ+cosm)dm,
) 0

therefore, since h € C%*(X), (34) becomes

dP +Lip+Ar=h Viex, 5)
0T PN = 45 — 5 [T $(91) cos D1d,
or equivalently
L1+ L2) (¢, 2) = (h,a/V?2), (36)
where
2
Li(p, 1) = <¢<‘” + 2, / ¢(ﬁl>dﬁ1) (37)
0
and
27
Lo(p, 1) = <L1¢, %O/mm)cosmdm). (38)

In the next Proposition, we will prove the invertibility of £, whose inverse will enable us to
apply the Fredholm theory.

Proposition 7. For any (h,a) € C%%(X); x R, there exists a unique solution (¢,1) €
C4’°‘(Z)S,0 X R to the problem

(C)) =

5T (01)dv) =a,

satisfying the estimate
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[Plcae(sy + 1A < c(lhlcoe(sy + lal), (40)
for some constant ¢ > 0.

Proof. First we write ¢ = ¢!l + ¢, where ¢! is a constant and ¢+ has zero-average. Rephrasing
(39) in this way, we get ¢!l = a /27 and ¢~ has to satisfy

@D + 1 =hVo €[0,27]

2
/ pt =0, 41)
0

@50 =@H'2r) = "D 0) =@ 0er) =0. (42)

As a consequence, our problem is solved if we set
1

2

1

)‘:g/h"ﬁL(ﬂl):/G(ﬂlvs)(h(s)—)»)ds—i—qﬁo,
0 0

. . 4 .
where G is the Grenn function of ﬁ with double Neumann boundary conditions and ¢o € R
1

is chosen in such a way that ¢ has zero average. Since % is symmetric with respect to ¥ = 7,
then, by uniqueness, the same is true for ¢-. The regularity of ¢ and the estimates of the norms
follow by construction. O

Proposition 8. Problem (34) is uniquely solvable for any (h, a) € C%%(X)s x R, and the solution
(P, 1) € C4’°‘(E)S,0 X R fulfills the estimate

1Bl + 1 < cllhlcoacs) + lal), (43)
for some constant ¢ > 0.
Proof. It is enough to write (34) in the form
(@ W) + L7 Lod, 1) =Ly (h,a)

and to apply the Fredholm alternative theorem. Notice that El_lﬁz is compact and / + El_lﬁz is
injective on the space che(x) 5.0 X R, since L is, as we observed above. 0O

In the sequel, we will often use the notation

Br(1/4) :={¢ € CH* (D)0 1 [plcra(y) < 1/4}.

In constructing approximate solutions, we will generate error terms with high powers of ¢ but
with high derivatives of ¢. To deal with these terms, we introduce some smoothing operators,
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as in [24]. Let us recall that Alinhac and Gérard (see [1]) constructed a family of smoothing
operators {Rg}¢>1 such that

[Ro@l ko) S cldlova (z) ifk+a <k +d (44)
Rl ctacs) < 0K gl o g ifk+a =k +0 (45)
|6 — Rodlcracsy < O 1g] gy ik +o <K+ (46)

We point out that, since the construction of the Ry’s relies on cutting-off high Fourier modes, we
have

/¢> = / Rop, Yo € CH*(2);.
> >

It is possible to find further details in [9], where the periodic (compact) case is specifically treated.

These operators are useful to gain regularity. For instance, we will start our construction of the
approximate solution from a function ¢ € C*%(X), since the operator Ly is a fourth-order one,
but some higher order derivatives will appear in the construction. As a consequence, we replace
¢ by ¢, := Ry/.¢ in the expansion of the Laplacian (29), that is we set t = z — ¢, (¢y), for any
y € X.. We need to estimate the derivatives of ¢, up to order six, which will be done by means
of the properties of the operators Ry.

3.2. Exponentially decaying functions on R
For any 8 > 0 and for any x € RY, we define

s (x) = ¢(|x]) + (1 — ¢ (|x]))e’™

where x : R — R is a C*® cutoff function such that

£(t) = 1 fort<1
“lo forr>2.

Moreover, we introduce the weighted spaces
k ~
Cy(RY) = {u € C**(RY) : |Jits|| cho g3y < 00},

where s := ugps and Ck(R3) is the space of C*(R?) functions whose kth-derivatives are
Holder continuous with exponent «. We point out that functions belonging Cf’“(]l@) decay ex-
ponentially with rate §, and the same is true for their derivatives.

This spaces are endowed with the norm

k

il erarqray = 3 11V lloo + (V¥ il
j=0
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In order to construct solutions to (4) that respect the symmetry of the Torus, we need to introduce
the spaces of functions fulfilling these symmetries, that is

Cye(R?) = {u € C5“ (R 1u(Tx) = u(x) , u(Rx) = u(x) forany R € SO, (3)}.

Remark 9. We note that, for instance, if u € Cgf’ (R?), then Au € Cg’f (R3). In fact, by def-

inition, any u € C?f (R3) satisfies u(x) = ur(x), where ur(x) := u(Tx). Taking the Lapla-
cian, we can see that Au(x) = Aur(x) = Au(Tx), and similarly, if R € SO,;(3) and we set
ur(x) =u(Rx), then Au(x) = Aug(x) = Au(Rx).

3.3. Functions on L x R

First we will show existence and uniqueness of the heteroclinic solution to the ODE —v +
W’ (v,) = 0. The result is known, but since the proof is quite short, we report it for completeness.

Lemma 10. Let W be an even double well potential satisfying (3). Then there exists a unique
solution v, to the problem

—v) +W(v)=0
1,(0) =0 47
v, —> £1 ast — +£o00o,

and this solution is odd.

It is known that, if W(¢) = JT(I — 12)2 is the classical double-well potential, then v,(¢) =

tanh(t/+/2).

Proof. Let v, be the unique solution to the Cauchy Problem

—U;/ + W () =0
1,(0)=0
v.(0) = /2W(0).

Let (a,b) be its maximal interval of definition, with @ < O < b. Since the function w(t) =
—v,(—1) is still a solution to the same Cauchy Problem, v, is an odd function, so it is enough
to study v, in the positive half line and ¢ = —b. Multiplying the ODE by v, and integrating we
have

1 N2
z(v*) =W(v,) +c. 48)

Evaluating at ¢ = 0, it is possible to see that ¢ = 0. As a consequence, v}, > 0 in (0, b). In fact, if
we assume by contradiction that there exists a first 7y such that v/ (t) = 0, then W (v,(fo)) =0,
so in particular v,(#p) = 1, but, by the uniqueness Cauchy Theorem, this implies that v, =1 ina
neighbourhood of #(, a contradiction. As a consequence, it is possible to define
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[:=1lim v, (¢).
t—b

By monotonicity, we know that / > 0. Now we want to rule out the case I = co. In fact, if this
were true, we would have v/ < 0 near 0 and v > 0 near b, so there should exist #; > 0 such that
v/ (1) = 0. Therefore, using the equation and (48), we can see that v,(7;) = 1 and v, (¢;) =0,
which is not possible.

Since ! < oo, we have b = co. Now, always by (48), we get that vi — J/2W () as t — 0.
Since u is bounded, W(l) =0, hence [ = 1.

Uniqueness follows from the Cauchy Theorem. O

It is known that v, converges exponentially to =1 as t — Fo00 at a rate which is given by
JW7 (1) = /W’"(—1), since W is even. More precisely, for any k € N, there exists a constant ¢y
such that

105 (v, — D] < cxe™™Y""' D forany 1 > 0 (49)
and
105 vy + D] < cxe™Y"" D for any 1 < 0. (50)

For instance, in the classical case W (t) = %(1 — 112, we have VW7 (£1) = V2.
For 0 < 8 < /W’ (1), we define the function

Ys(t) = (1+e)o(1+e").

For0 <& <1and 0 <« < 1, we define the space Cg’a(Eg x R) as the set of functions U : X, x
R — R that are k times differentiable and whose k-th partial derivatives are Holder continuous
with exponent «. This space is endowed with the norm

1Ullcka (s, wmy = U sl ok, xm)

where

k

~ IVEu(x) — Viu(y)|
U cha(s, iy = P VI UllLoo(s, k) + sup -
=0 xX#y |.X _Y|

Given the heteroclinic solution v,, we can define the spaces
o0
EFY(Ze x R) := {U € Cy (e x R): / U(y, )v.(t)dt =0 for any y € 28}
—00

of functions that orthogonal, for any y € X, to v,.
Moreover, as above, we will be interested in the spaces of functions that respect the symme-
tries of the Torus, thus we define
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Cye (e x R) :={U € Cy* (S, x R): Ur = U, Ug="U forany R € SO4,(3)}.
where we have set Ur(y,z) := U(Ty,z) and Ug(y,z) := U(RYy, z). Furthermore, we set
Eé‘”f(zs x R) 1= 5§’°‘(28 x R)N Cé‘,’f(zg x R). These spaces consist of functions that are both

symmetric and orthogonal to v.,.
In the sequel, we will often mention the operator

Le[Ul:=~(Ax, + 30U, 1) + W ) U (v, 1),
defined for any U € C?’Q(Es x R).
4. Idea of the proof: Lyapunov-Schmidt reduction
By a rescaling argument, it is enough to construct solutions to
—A(=Au+ W' W) + W) (—Au+ W' @) = *A(1 —u),

whose nodal set is close to X, since we can obtain the required solutions to (4) by setting
u(x) :=u(x/e). Thus we set

Fu)=—A(—Au+ W W) + W u)(—Au+ W' (u)). (51
A computation shows that

F')[v] = —A(=Av + W w)v) + W' w)(—Av + W w)v) (52)
+ W) (—Au + W' u)v

and

F')v, w] = =AW @vw) + (W @)W @) + W @) (=Au+ W @) vw +  (53)
W (w)[w(—=Av + W w)v) + v(—Aw + W w)w)].
In order to produce the required solutions we fix & > 0 small and a small function ¢ € C*%(%) 5,05

in the sense that |¢|c4e(x) < 1/4, and we define the approximate solution v, ¢ in such a way that
its nodal set is close to

Yegp i ={y+dey)v(ey):y € X},

for ¢ small enough and v, 4 = &1 outside a sufficiently small neighbourhood of X 4. More
precisely, we set ¢, := Ry 9,

e g, =1y T Puley)v(ey) 1y € X},
1 if fa(x)>0

H(x):=40 if fo(x)=0

-1 if fo(x) <0
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and, for any ¢ > 0 and for any integer m > 0,

() = ¢t =5 —m)  ifx=Z.(y,t+¢u(ey)) and d(x, T g,) < T/e,
o otherwise.

We look for an approximate solution of the form

Ve, (X) = X5(0) Ve, (v, 1) + (1 — x5 (x))H(x), (54)

where t =z — ¢, (¢y) and v, ¢ is understood to coincide with H outside the support of 5. From
now on, we will consider the expansion of the Laplacian (29) with ¢ replaced by ¢.,. This is more
convenient for the forthcoming computations. Moreover v, ¢ will vanish close to X, 4 and it will
respect the symmetries of the Torus. We stress that these cutoff functions actually depend on ¢,
but we prefer not to put the subscript ¢ to simplify the notation. However, we will see that the
error F(vg ¢) is small, but not zero, therefore we have to add a correction w = wy ¢, depending
on &, ¢ and A in order to obtain a real solution, that is F'(ve,¢ + w) = 0. Rephrasing our problem
in this way, the unknowns are ¢ and w, for any ¢ > 0 small but fixed. Expanding F in Taylor
series, our equation becomes

F(vg,¢) + F'(ve,9)w + Qg p(w) =0, (55)
where
1 '
Qep(w) = /dt/ F"(ve.¢ + sw)[w, wlds. (56)
0 0

However, we are not able to solve it directly, because of the lack of coercivity of F’ (Ve,p)-
4.1. The auxiliary equation: a gluing procedure
We look for a solution of the form
wx) = xoN)U(y, 1)+ V(x), (57)

where V is defined in the whole R, U is defined in the entire ¥, x R. Since we want our
solutions u, to respect the symmetries of the Torus, we look for solutions U and V such that

Uy, t)=U(Ty,t), U(y,t) =U(Ry,t), forany R € §0,,(3) and (y,?) € L, xR
Vx)=V({Tx), V(x)=V(Rx), forany Re SO, (3)andxe R3.

Now we observe that the potential

Tep(x) i= (1 = x1 ()W (ve,p) + x1 ()W (1) (58)



M. Rizzi / J. Differential Equations 262 (2017) 5306-5362 5329

is positive and bounded away from 0 in the whole R, that is, for any 0 < § < /W”(1), 0 < 8 <
[ ¢ (x) < W”(1) provided ¢ is small enough, the estimate is uniform in ¢. Moreover, using that
X2X1 = X1, (51) becomes

0= Xz{F(f)s,q)) + F'(0e,)[U] 4 x1Qe.p (U + V) 4+ x1M¢ (V) (59)
4 ~ 4
—e XAl =V —V)+e AU}

+ (—A+Tep)?V + (1= x2)F(ve.p) + (1 = x1) Qe 02U + V)
+ Nep (U) +Pep(V) — e*a(1 — x1)(1 — v, — V),

where

Me 4 (V) i= (W' (e,g) = WD (=AV + T 4V)  (60)
+ (= A+ W@ p))[(W (Be,9) — W' (1)V]

Nep(U) :==2 < V2, V(=AU + W' (05,9)U) > —Ax2(—AU + W (e 4)U) (61)
+ (=A + W (0e,9)) (=2 < V2, VU > —Ax2U)

Pe (V)= =2 < V1, V(W (Ue.9) = W (I)V) > =Ax1(W'(Te g) — W)V (62)
+ W (0e,0)(—Ave.p + W (ve ) V.

Hence we have reduced our problem to finding a solution (V, U) to the system

(A +Te )V + (1 = x2)F(0e) + (1 = x1) Qe (2U + V)
+Nep(U) +Pe (V) = e*A(1 — x1)(A — e — V) in R3 (63)

F(Ue.p) + F' (Te.p) U1+ x1 Qe (U + V)
+ XM g (V) = e*Ax1(1 = Dep — V) — *AU for |t] < 7/26 +4.  (64)
The system of equations (63) and (64) is known as auxiliary equation. First we solve equation
(63) for any fixed U, thanks to coercivity, due to the fact that I'; 4 is bounded away from 0

uniformly in ¢ and ¢. We will see that our solution also depends on the data U and ¢ in a
Lipschitz way.

Proposition 11. For any & > 0 small enough, for any U € C;‘?(Ze x R) satisfying
||U||C§"’(25xR) <1, for any ¢ € B4(1/4) and for any |A| < 1, equation (63) admits a unique

solution Ve g 5.u € Cy® (R?) satisfying

||Vs,¢,A,U||C4,a(R3) < Clefa/s

Ve a1 = VeprUllcrasy < Cre™ /e ||U — Uallgte s, xmy (65)
Vi a0 — Veugpra Ullcta @y < Cre™ (g1 — dalcaas) + 111 — A2))
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a =48t /2, for any Uy, U, satisfying ||U1||C4,a(2 R)’ ||U2||C4_a(2 xR) = 1, for any ¢1,¢, €
K} & ) £
B4(1/4), for any |A1], |A2| < 1, for some constants a, C1 > 0 independent of U, ¢ and ¢.

The proof of Proposition 11 is based on a fixed point argument (see section 6).

Now we consider equation (64). In order to solve it, we need to extend it to the whole ¥, x R.
First we observe that

F'(ve.)[U1 = L2[U] + Re (U],

where

Re ¢lU]:=Le(D + W' (Te,9) = W @DIUT+ (D + W (Te,9) — W (0)Le[U]
+ D+ W (Be.g) — W)U+ W (5. 9) (— Abe.g + W' (5. 6)) U,

D is defined in (29), with ¢ replaced by ¢.. Therefore we reduced ourselves to consider

LU= =F (@e,9) = X1Qep(U + V) = Re y[U] (66)
— XIMe g (V) +e*ax1(1 = By — V) —e*aU
in the entire ¥, x R. We would like to solve this equation with a fixed point argument, but,

in order to do so, the right-hand side must be orthogonal to the Kernel of Eg, that is the one
dimensional space generated by v.(¢), hence we can solve the problem

L2[U] = —F (Be.p) + e*2x1(1 = Be.p) — T(U, Ve.pa.us ¢) + pOy)VL(2) (67)
o0
/ U(y,t)v,(t)dt =0 for any y € %,
—0o0

where we have set, for the sake of simplicity,

T, V,$) = x1Qc.6(U + V) + R 4(U) + xi1Me 4 (V) + £* 1001V + U)
(0.¢]

1
po) == / (FBesp) — 201 (1 = Te.9) + T(U. Ve g+ ) (v DVL (1)t

*
—00

and ¢, == [ (v} (1))%dt.
Before stating the next proposition, let us observe that any function U : £, x R — R can be
written as the sum of an even part and an odd part, the even part being U,(y, t) := %(U (y, 1)+

U (y, —t)) and the odd part being U, (y, t) := %(U(y, )+ U(y, —1)).

Proposition 12. For any ¢ > 0 small enough, for any ¢ € B4(1/4) and for any |\| < 1, we can
find a solution U, ¢ ; € 5;,’;1(23 X R) to equation (67) satisfying
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||U8,¢,)L||C;-E’(2€X]R) =< C283
1(Ue.p.1)oll b5, iy < Cae® (68)
1Ue.g1.01 = Us.go iall gt 5, iy < €287 (191 = Bl ciacsy + 121 = A2,

for any @1, ¢2 € Ba(1/4), for any |A1], |M2| < 1, for some constant Cy > 0 independent of ¢.
The proof of Proposition 12 will be given in section 6.
4.2. The bifurcation equation

In conclusion, we will show that it is possible to find ¢ that solves

/ (FBag) — €001 (1 = o) + T(U. Verpuro ) (. DU (D)d1 =0 69)

for any y € ¥, and such that the real solution ug(x) := ve ¢(x/€) + we g2 (x/€) satisfies the
volume constraint (8). We will show in Proposition 17 and in the proof of Proposition 12 in
Section 6.4 that equation (69) is equivalent to

~ 2
Lop+ =i = £q} (@, M) () + £2¢2 (0, D (), (70)

where ¢! satisfies

g2 (¢, Ml coacsy < ¢ an
g1 (@1, 1) — g1 (2. A2) | coa(xy < (1 — B2lcoa(x) + 141 — Aa)),

for any (¢, A) € C4’“(Z)S,0 x R fulfilling [¢|c4.a(x) + [A] < 1, and q€2 satisfies
192, M)l cow(zy < C )
g2 (1, 11) — q2(¢2. 42) | coa(xy < CUD1 — 2l coas) + A1 — Aal),

for any (¢, A) € C4’°‘(E)S,0 x R fulfilling [¢|cse(x) + |A] < Ce, for some ¢ > 0. We stress that
the constant C appearing in (72) may depend on ¢. As regards the volume constraint, we note
that, by the change of variables x’ = x /¢,

872V 2¢, = f(1 —u,(x)2dx =& / 1 — (Ve.p (X) 4 we g2 (x))?dx,

R3 R3

o
ce :=1+e/(vf—1)dz.
0

The latter integral can be calculated exploiting the natural change of variables
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x1 =& Lcos(ey,)((z + e~ cos(ey)) + e 1v2),
x2 =& Lsin(ey,) ((z + e~V cos(ey)) +e71v2), (73)
x3=¢"(z+e Dsiney),

on V¢ /¢, induced by the parametrization Y, (y) = 1Y (ey), where

Y (91, 92) := (cos ¥2(cos 91 + v/2), sin 92 (cos 91 + v/2), sin ¥2) (74)
and (91, 92) = &(y;, y,) €[0,27)7%.

Proposition 13. For any & > 0 small enough, for any ¢ € C+*(%) 5,0, we have

/ L= (00, (6) + Wep (1)) 2dx = 738728 2, + e~ / $(0)do (¢
R3 >

o]

163326 f (1 — v (O)dt + 4G (. 3,
0

with G fulfilling

1Ge(@, M <c,
|Ge(p1,21) — Ge(@, 22)| < c(lp1 — P2lcaa(sy + 111 — A2)

if ¢, 1, P2 € CHU(T)y satisfy 1Plca(s), [P1]cta s [92]cia(s) < Ce, for some ¢ > 0, for any
A, AL, Ay such that |A|, |A1], [A2] < 1.

The proof of this Proposition will be given in Section 7. Therefore, in terms of ¢ and X,
equation (8) is equivalent to equation

o0

/¢(§)da(§) = —4ﬁn28/r(1 — v, (0)dt — 2Go (¢, M. (75)
)

0

In order to solve the bifurcation equation (70), we need to couple it with (75), due to the properties
of Ly (see Section 4.1), and we solve the system by a fixed point argument, that will be explained
in this Proposition, whose proof will be carried out in Section 7.

Proposition 14. For any ¢ > 0 small enough, the bifurcation equation
= E o1 2.2
LO¢+ c )\—ng (qb’)") +8 qg (¢1)‘*) (76)

o0

/ ¢ (0)do (§) = —4v/2n% / t(1 — v (0))dt — 2Ge(p, 1), (77)
=

0
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admits a solution (¢, \) € C4’“(E)s,0 x R satisfying

|Plcae sy + 1A < Cae, (78)
for some constant C3 = C3(W, 1) > 0.

Remark 15. (i) In the statement of Proposition 14, we use the term bifurcation equation for a
system. This is a slight abuse of language, however it is convenient since it is consistent with the
bifurcation theory.

(ii) As we will see in the proof of Proposition 17 below, the Willmore equation will appear at
order &3, while the linearized operator

. 3
Lop=L3p + EH2L0¢ — H(Vx¢,VsH)+2(AVsp, Vs H) + (79)
2H <A, V?¢>+¢(2 <A, V*H > +|Vs H|*> + 2HtrA®),

will appear at order £*, thus it is crucial for the remainder to be smaller in order to apply a
contraction mapping principle. This is actually the case thanks to the fact that the odd part of
Ug,¢.5 is of order g%,

5. The approximate solution
5.1. Construction

First one can try to take v.(z — ¢ (ey)) as an approximate solution, where ¢ € B4(1/4) =
{¢p € C4’°‘(E)S,o t|@lcae < 1/4} is some small function that respects the symmetries of ¥ and
(v, z) are the Fermi coordinates of X. We will see that these symmetries will be inherited by
our approximate solution (see Remark 16 below). In this way, our approximate solution vanishes
exactly on

Yep={y+oey)v(ey):y € X} (80)
and goes from —1 to 1 in a monotone way. The speed of the phase transition is independent
of ¢, but it becomes faster and faster when ¢ becomes small if compared to the scale of X, that

increases as 1/¢.
With the change of variables t = z — ¢, (ey), we have

Ua(z — @ () = vu(t + ¢u(ey) — P (£Y)).

We recall that ¢, := Ry/.¢, where the smoothing operators R/, are introduced in Section 3.1
and satisfy (44), (45), (46). We write

Vu(t + u(ey) — @ (ey)) = vu(t) +V1,6,0(y, 1),

where

Vlep (¥, 1) 1= 0u(t + du(ey) — P (eY)) — v.(0).
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Since the Fermi coordinates are just defined in a neighbourhood of the Torus, our approximate
solution is not defined everywhere. For our purposes, it is enough to consider it in the set

B:{x:Za(y,t+¢*(8y))€R3:|t| <t/2e +7}, @1

that is a tubular neighbourhood of

Yo g, ={y +duley)v(ey) 1y € Ze}

of width 7/2¢ + 7. Then it will be extended to the whole R3 with the aid of a cutoff function.

Now let us first compute F (v.(2)). In the sequel, by a Taylor expansion, we will also consider
the contribution of v; ¢ ¢. In the forthcoming computations, v, and its derivatives will always be
evaluated at 7, the geometric quantities, ¢ and its derivatives will always be evaluated at ¢y. By
(26),

—Av, 4+ W (v,) = =] + W (v,) +eH ey, et + )V, (82)
+ &2 Asdav, — 21V + 83 + B (A (B2)ij + b ($)),
— &3t + poay ($2)i (¢n) v
641+ $2(@) (@i + b (@), — (1 + d0)7a) (@i (D) 0!
2@ ($.)i; + 5 (@), — €27 ($):i ()]

The term of order 0 in ¢ vanishes since v, satisfies the ODE —v? + W'(v,) = 0. Thus, in order
to compute F(v,), we need to apply the linear operator —A + W”(v,) to the remaining terms.
We will write down all terms of order less or equal than 4, the other ones being lower order
terms, in some sense that will be clear soon. Let us set, for any function v € C 2(IR), L,v:=
—v” + W”(v,)v. Differentiating the ODE satisfied by v., we get L,v, =0, thus using the Taylor
expansion of H, the first term of (82) gives

T o) = (= A+ W' @) (eH ey, et + ¢)),) = (H* = 2|AP),  (83)

+ 83{(2H|A|2 — 4trA3) (1 + V! + (H|A]> = 2trA%)v. — Ag HV.,
+2(VEH» VEd)*)v;/ - H|V2¢*|2U:ﬁ + HAZ(b*UZ}

+e“{(|A|“ — 6Hy 4+ 2HA?) (1 + )20 + (t + ¢)V.) — As| AP + ¢V,

+2(Vs|A]%, V) (t + ¢)v) — |AP Va2 (t + ¢)v) + Asdul AP (1 + do)v)
— (d Hyj + b H) (1 + v, + 24 Hi(¢0) ;(t + V]!

+ H(a] (@0)ij + b ()t + ¢V — Hay (¢2)i () jvi”} +e5F (0.0,

with Fgl’¢ is small and Lipschitzian in ¢, in the sense that, in view of (44),
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S a
|Se.o F, ¢|C° =) = (84)
|Se.¢, F, €,¢1 — Se.4n 5,¢|c0,a(z) =clg1 — ¢2|C4»°‘(E)7

for any ¢, ¢1, ¢2 € Ba(1/4), for some constant ¢ = c(W, t) > 0 independent of ¢ and ¢.
Similarly, the second term of (82) gives

T2 (. 0) = (= A+ W) (e Asguv)) = e HAz ] (85)

+ e“{ — (Ax)? v, + AP Asdu(t + ¢V +2(Vs As e, Vi)V,
+ (Ax¢)?v] — |V2¢*|2A2¢*vf/} + & F 4 (. 1),

with F2 fulfilling (84).
The th1rd term of (82) is already quadratic in ¢, but, for the sake of completeness, we prefer
to write it down.

T) (.0 = (= A+ W () (=&*| Ve [*v)) = * Ve (0P — W w)v])  (86)

— & H|Vsg.*v) +s4{ — |AP|Vsgu 2t + ¢V + Ax |V de 0]
—2(Vz|Vsoul?, Veov + Ve vl — |V2¢*|2A2¢*vf/} +EF (.1
The fourth term of (82) gives

T, 0) = (= A+ W) (3 @) @0)ij + bl (@) + d)v)) = (87)
— 263 @ (@)ij + by (@)
+ e H(@ @0 + b @00 W, + (1 + )v)) + 5 FL 4 (3. 1).

The fifth term of (82) gives

T2, 0 = (= A+ W) (—e3a) @i (9t + ¢ V) =
30 (@0)i (@) (1 + $ VD — (1 + p) W (v)0! + 207

— e Hal (¢2)i (62); (W] + (¢ + ¢V)) + € F2 4y (v.1),
with F3 5 F},. F o Fa o fulfilling (84).

Now we cons1der the terms involving a;j and bé. We will see that all the contributions of
order £* coming from these terms will simplify, therefore we do not need to know the explicit
expression of a5’ and b5.
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T5?¢<y,z>={(—A+W”(v*>)( (@ (@)ij +bh (@)t + P, (88)
*alf (901 (90)j (1 + D) V)
2@ (h)ij + B (P, — 23 ()i ($4) 0] }

= —e* (@ (Pu)ij + b (P (U, + 4t + p)v))
— e*al (¢)i (90) V) + 40t + ¢V + (1 + 600 + W ()

+(—A+ W”(v»){e @ (@i +B (@), — 2 (p2)i (ha) v } + e FS,(v.0),

with F? , fulfilling (84).
It turns out that, in the expansion of F(v,(t)), the term of order &2 is (H? — 2|A|*)v) +

|V,| (v(4) W (ve)v)). Since it is too large for our purposes, we add a correction to the
approximate solution in order to cancel it. Moreover, there is also a quadratic term appearing at
order &3, that is —2H|V¢*|2vi”. Although it is smaller if, for instance, |@|c4.0(3) < c¢, for some
constant ¢ > 0, we would like to get rid of it in order to improve the approximation.

In order to do so, we set

N

t
7 )2
10 == / w2y [ O

—00

N

() = —v,(t) / (v, (s)) " *ds / vl (0)v] (v)dr.

—0o0

This functions are exponentially decaying, odd and solve

1
L) =—=n"@)+ W' (.)n() = Etvi(t), L,ij(t) = v} (1),

oo o0

/ n(t)v, (t)dt = / (v, (1)dr =
—00 —00
Differentiating this relation once more, it is possible to see that Lfn(t) = —v)/(¢) and L*n =

oW wr (vx)v!. Our new approximate solution will be

Vg, (3, 1) 1= 0x(t) + 01,66 (y, 1) + V2,606V, 1),
where

V2660, 1) = (Y (ey) + L ()N (1) + 2 Va (e) 371 (1), (89)

with ¢ : ¥ — R and L linear in ¢ to be determined later. In the sequel, n, 7 and its derivatives
are evaluated at ¢, the geometric quantities, ¢ and its derivatives will be evaluated at ¢y.
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Taking the Taylor expansion of F,
F(f)s,¢)(yv 1) =F(v)+ F/(v*)[vl,s,(/)] + F/(v*)[UZ,e,(/)]
1
+ EF//(U*)[UI,8,¢’ Viepl + F (V) [V1.6.6, V2.6.6]
1
+ EF”(U*)[UZ,S,qba U2,£,(b] + C6,¢[v1,6,¢ + U2,8,¢]’

where

1 t K
Ce plw] =/dt/ds/F”’ v+ Tw)[w, w, wldr.
0

It follows from the expansion of the Laplacian and the properties of the smoothing operators
((44), (45), (46)) that

F'0) 1691y, 1) =e* A% (¢ — ) + & FL5 (v, 1), (90)

with F Slé satisfying (84). We point out that this extra term does not give rise to terms of order &2
and &3,
Now we compute F'(v,)[v2,,4]. As first we note that

T4 (3.2) = W () (= Av, + W 0)) 20 + 3L + €2 Vpal i)
=SHYW” v, + e HIVo, > W (v)ijv),

e“{ (Y Ashs + HLpx + (t + p)UIAPYW (v, — [V Py W (v)nv!!

+ VAW IR ARt + )V, + 2 Asdav), — [V |*v ”)}
+&F] 4 (.1,
with F » fulfilling (84).
After that, we have to compute ( — A+ W”(v*))2(s2(1p +eLp)n + 2|V, |27). We obtain
(= A+ W))W +eLp)n + &2 |Vouli) =
X (Y Lan + |VPu*Lail) + &> (HYn' + Loy Lun + HIVL ')
+s4{ — Asyn+ (JAPY 4+ ¢) + HLbw +2(Vs ¥, Vsdy) + ¥ As e
— Y| Vsga?n” — AV 27 — V.|

(IAP(t 4+ ¢ IV + Axhu V| +2(V,, vwm%)ﬁ} + & Fe g (3, 1),

with F; 4 satisfying (84).
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Applying the operator once more, we obtain
TY (.0 =(— A+ W' W))W + eLp) L + £* |V’ Li)) = (91)

e*(WL2n + |V > LI7) + 83{L¢*L3n + Hy (L) + H|V¢*I2(L*ﬁ)/}

+s4{ — AsY L+ (IAPY( + ¢2) + HLos +2(Vs ¥, Vi) + Y As ) (Lan)
— Y|V 2(Lan)” — AV Lyt — |V (Lai))”

(1A + ) IVl* + Axu V> +2(V,. V|V¢*|2))(L*ﬁ)/} +EFS 5 (y,1),

with F? | satisfying (84).
Moreover,

T) (. 0)=(— A+ W ))@HYn +H Ve[’ = (92)

EWHL.() + HIVo Lo (i) + * (H* Y + H |V, [*7") + £ F 5 (3, 1),

with F} , satisfying (84).
As regards the term of order e* of (91), we note that

TG =¢"(-A+ W”(v*)){ — Asyn+ (|APY(t+¢) + HLp,  (93)
+2(Vs ¥, V) + U Ash)n — ¥IVsdul®n” — AIVe.* 7 — Ve[ *i7”

(IAP(t 4+ ¢ VP> + Axha V| +2(V o, V|V¢*|2))ﬁ/}

= s“{ — AsY L+ (HLg +2(Vs ¥, Vo) + ¥ Asda) L ()
FAPY L ((t + 0)0) — ¥ IVs P La(n") — AV T — [Vl * (Lo7))”

(AP + ¢)IVh ) + Axul Vo[> +2(V, V|V¢*I2))(L*ﬁ)’} +&F5 (.0,
with F 8‘% satisfying (84). To conclude, also

Flu.)=(—= A+ W @) Feog(y.1)

is negligible, that is it satisfies (84), since I:“g,d) does.

Now we have to considered the contribution of F”(v*)[vz,g,d,, V26,01, since it gives rise to a
term of order £*. However, we will see that this contribution will cancel after projection, since
the term of order &* is orthogonal to v, indeed
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F"(0)[v2,6,6, v2,6.6] (94)
=P (W )W wn> — (W won®) +2W" (w)nL.an) + & FL (. 1),

with F’ sljp satisfying (84). By the properties of the smoothing operators Ry (see (44), (45), (46)),
we can see that

1F" @)01e.90 v2.0.0) | b5, ) < €8l (95)
and the same is true for F”(v.)[v1¢,¢, V1,6,6] and Cg 3[V1,6,6 + V2.6,9]-

We point out that, with this choice of approximate solution, the term of order &2 of F (Vg,g) is
precisely

(H* =2|A1] + ¥ LI+ V> 0P — W (v)v] + L27),

which vanishes if we set ¥ := H2 — 2|A|?, since L2y = —v/ and L%j = —v{" + W’ (v)v’.
Moreover, if we set L = ¢ (2H|A|? — 4trA3) + 2H Ax.¢p — 4(A, V2¢), the term of order &3 is

(H|AP = 2trA%) (200 4 v,) + [V | (=20 + 2(L,7))") — As Hv,
+ (3 QH|A] — 4rA%) + 2HAs ¢, — 4(A, V2P, + LL2y
2H(H? = 2|AP)(Lan) + 2(AV,, Vo) ((t + pve? — (1 + ) W (w)v] +20)) =
(H|A)? = 2trA*) 210! +v)) — As HV, + 2H(H? —2|A1)(L,n)’
+2(AV8,, Vo) ((t + v — (1 + )W (V] +20)'),
since (L,7) = v/ and L2n = —v/.
We recall that v 4 is just defined in B, while our global approximate solution is vg ¢(x) =

x50 Ve, (v, 1) + (1 — x5(x)H(x) (see (54)).

Remark 16. It follows from the construction that our approximate solution respects the symme-
tries of the Torus, that is v, ¢ (x) = ve, ¢ (T x) and v, ¢ (x) = Ve, ¢ (Rx), for any R € §O,,(3).

5.2. Projection onto the Kernel
As we noticed in section 4.2, we need to consider the projection of the error F (Vg ¢).
Proposition 17. Let us set, for any ¢ € B4(1/4) = {¢p € C+*(Z),.0: [Pl caesy < 1/4},
Lp:=—4<A,V3¢>+2HA5d+ ¢p(QH|A|? — 4rA3), (96)

where ¢, = ffooo (vi(t))zdt. Then, for any y € X, the projection of F¢(Vs,4) satisfies

o0
/ (F(Be.p) — e* 0 (1 = Be ) (3, DVL(0)dE = —e*c,Lop — 26* A + & Fepa(ey),  (97)

—00
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with F¢ ¢ uniformly bounded and Lipschitzian in ¢ € B4(1/4) and in &, that is there exists a
constant ¢ = c¢(W, t) > 0 such that

[Fe.p.0lcoe(xy < ¢,

(93)
|-7:6,¢|,)»1 - fa,¢2,kz|c0.a(z) <c(l¢1 — ¢2|c4,w():) + A1 — Az2),

for any ¢, 1.4y € CH*(T); with 1Pl cte sy 191lctasy, [92]cae(s)y < Ce, for any |A], |11l
|A2| < ce, for some C > 0, and for any & > 0 small enough.

Remark 18. It follows from the computations that F 4, (y) = H(y) + €G¢ ¢.2(y), where
|H|co.e(x) < 00 is bounded and

1Ge.p.nlcoa sy < C,if [@|caa(xy + [A] < Cé,
where ¢ > 0 is arbitrary and C may depend on ¢, but not on ¢.

Proof. Above we computed F (7, ) using (28), now we just project it term by term.
Integrating by parts we can show that

]otv;’(t)v;(t)dt = —%c* (99)
]O (Lan (1)) vy (t)dt = %c* (100)
/OOL*(n’(t))vi(t)dt=0, (101)
50 in particular B
70W”’(v*(t))n(t)(vi(t))zdt = 7{Lm(t) — L.(n' (1) }v,(1)dt = %c*.

Moreover, setting b, := [°0_(v](1))?dt = — [ v} (t)v}(t)dt, we can see that

oo Ux
/ {tv@® () — tW" e (1) + 20 ()}, (1) dt = (102)
— / tL,(v! OV, (t)dt — 2b, = — / tv) (1) Lo (V. (1))dt + 2b, — 2b, =0

because L,(v.) =0.
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First we show that the term of order £ vanishes after projection. In fact, by (99), (100), (102)
and the Willmore equation,

(H|A]? —2trA) /(2tv”+v*)v dt — AZH/(U V2dt +2H(H? —2|A1») f(L*n)’v/dt

—0o0 —0o0

+2(AV¢,, Vo) f ((t + ¢v® — (1 + )W (V] + 20 ). dr

—00

1
=c (—AsH + 5H(H2 —2|A*) =0

In the forthcoming calculations, we will only consider the terms of order at least £*. For nota-
tional convenience, we define Tek s to be Tek " minus the terms of order £2 and &3. For instance

7). t) =T}, — e*(H> — 2| A")v]

- 33{(2H|A|2 — 4trA3) (1 + v + (H|A> = 2trA®)0. — As Hv.
+2(VsH, Vs )V — H|Vs . |*v) + HA2¢*UZ}~

Moreover, the right-hand side will always be evaluated at ey. By (99) and (24),

o0

[ Tt

—0o0

1
¢ c*{ G Ax|A> — (Vs|A%, Vs,) — 5|A|2A2¢* — .2 <A, V?H > +|VsH|?)

—2(AVs H,Vs,) — 1H(z <A,V%¢, > +(VsH, Vg(ﬁ*))} +EF),

o0
/ ¢(y,t)v (ndt=¢ c*{ — (Ax) ¢, — —IAI Azqﬁ*} +85J-'2
—0o0
o
/ o DU (Ddt = F 4,
—0oQ
o
/ T} (v, v (Hdt = 84%@11(2 <A, Vi, > +(VsH, Vs$.) +& Ty 4.
—0oQ
with F!, F?  F3 .F satisfying (998).

e e, e,¢°
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By (102),

[e.e]

/ T, (. Oy ()dt =& F, .

—00
with }'85’ ® satisfying (98). Once again by (99), we can see that

]

f TS, (y. DV, ()dr = £ FL

—00

with F ; satisfying (98).
Now let us consider the terms coming from the correction.

o0

/ T (v, v, (t)dt

—00

=cte, - {(H2 2|A|2)A>:¢*+HL¢*+(H2—2|A|2)|A|2¢*}+85}'€7,¢,

o0

/ 78,0y, vl (0)dr

—0o0

1
_sc*{ (H* - 2|A|2)|A|2¢*+1HL¢*+H(VEH,VE¢*)
1
—(VzlAIz,V2¢*)+Z(H2—2|A|2)Az¢*}+85.7:§¢,

with ]—"E e ]—' satisfying (98). To conclude, also

[e.e]

Foo= f {105, )+ TG (v, D}, (1)dr

—0oQ
fulfills (98). The contribution of the term F’(v,)[v2,¢,¢4] is given by

0]

/ F/(v*)[UZ,a,(}J](y’ t)v:(t)dt = _84C*A (¢ — bs) + F 5 ¢»

—00

(103)

(104)

with F, ;?i) satisfying (98). In conclusion, by the choice of L (see (96)) we obtain exactly ZoRl Je+

A2(I d — Ry/¢) as a linear term at order &*. Moreover, by (95), the terms involving F”(v,) and

C¢, do not give rise to terms of order &% in the projection. In conclusion, we have
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o0

/ F(e.9) (v, OV, (1)dt = —e*co (Lo (ey) + A% (¢ — ) (e) + 7 F Ly (e),

—00

where F. slip satisfies (98). We can see that

Logs + A% (b — d0) = Log + (Lo — AR) (¢ — ¢),

and 8‘1(Z0 — A%)(qb* — @) satisfies (98), by the property (46), because I:o — A22 is a second
order operator, thus, for instance

le™ (Lo — AL (fu — D)l o) < 8w — Dlrax) < celdlcra(z)-
Using the oddness of v ¢4 in ¢, we directly compute
—/5&ma—a¢mowxmh=—%ﬁ+wﬁﬁﬁ@x
R
with }'81%1) satisfying (98) O
6. Solving the auxiliary equation

This Section will be devoted to the proofs of Propositions 11 and 12. In both cases, we will
first study the linear problem associated to our equation and then we will apply a contraction
mapping principle.

6.1. Solvability far away from X;: the linear problem
We will prove the following Proposition.

Proposition 19. Let 0 < § < /W”(1). Then, for any & > 0 small enough, for any ¢ € B4(t/4),
and for any f € Cg’ft (R3), the equation

(—A+Tep)’V=Ff (105)

admits a unique solution V. = W, 4(f) in Cg’;‘ (R3) satisfying IV lcaemsy < cllfllcow sy, for
some constant ¢ > 0 independent of € and ¢.

Remark 20. (i) The symmetries of the solution follow for free from the symmetries of the Lapla-
cian and of I'; . In fact, if f € Cg”;’ (R3?), and V is a solution to (—A + F8,¢)2V = f, then also
ur(x) :=u(Tx) is a solution, thus, by uniqueness, u = u7. The same argument also shows that
u=ug, forany R € SO,,(3), hence u € C;’f‘ (R3).

(ii) In particular, if | f| < ce= VW (DIXI then the absolute value of the solution is bounded by
el forany 0 < 8 < /W(I).
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We split the proof into some lemmas and a proposition, with the aid of some remarks. First we
reduce ourselves to consider a second order PDE, then, by a bootstrap argument, we will solve
our forth order equation.

Proposition 21. Let 0 < § < /W' (1). Then, for any & > 0 small enough, for any ¢ € B4(t/4),
and for any f € C?’a(R3), the equation

—Au+Tegu=f (106)

admits a unique solution u = \ffg,(p(f) in C§’a (R3) satisfying Nullc2emsy < cllfllcoems) for
some constant ¢ > 0 independent of € and ¢.
Proof. Step (i): existence, uniqueness and local Holder regularity.

Existence and uniqueness of the weak solution follow from the Riesz representation theorem.
Since f € Cpr*(R?), then u € C;2% (R?).

Step (ii): decay of the solution: ugs € L®R3).

We will use the function e %I as a barrier. More precisely, we fix p > 0 and |z| > p. Then

we fix 0 > 0 and R > |z] so large that u(x) < o for |x| > R. Therefore u fulfills

u <maxaBpu<ke_5p <re % 4o for |x| =p

u<o<ie Rig for [x| =R
(=A+Teg)(u— e £ o)) < <c - Aa%)e—f" <0 forp<|x| <R,
provided A > Ag, with A¢ independent of o. By the maximum principle we get that u(z) <

re %kl 4 &, for any |z| > p and for any o > 0. In the same way, one can prove that u(z) >
—xe %1 — & Letting o — 0, we get that ugs € L (R?).

Step (iii): estimate of the L°°-norm of the solution.

Since ugps € L (R3), then it exists apoint y € R3 such that |u(y)| = ||t||oo. If u(y) > 0, then
y is a maximum point, thus

8u(y) < —Au(y) + Te g (Muy) = f () < I flloos

that is

ull oo w3y < €llf | oo (w3)-

A similar argument shows that the same estimate is true if #(y) < 0 (a minimum).
Step (iv): continuity of the right inverse.

By [12] (chapter 6.1, Corollary 6.3), we have, for any x € R,

||M||c2,a(31(x)) = C(||f||c0-ut(32(x)) + [ullLooBy(x)))- (107)
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Since x is arbitrary, we conclude that

Hullc2e w3y < cllullpoo sy + 1 f1lcoems)) < cll fllcowmsy- (108)

Step (v): decay of the derivatives.

By the decay of u, we already know that ii5 € L*°(R?). Moreover, ii5 satisfies the equation

—ANiig + Tepiis = f5s — 2 < Vu, Vs > —uAgs = (109)
f5 —2¢_5 < Viis, Vs > +iis 2(0—5)*|Vos|* — o_s Ags),

thus, once again by [12] (chapter 6.1, Corollary 6.3),
sl c2.ep, (xy) < cUlits] oo w3y + ||ﬁ$||c0,w(R3)) <0, (110)
for any x € R3, thus u € C§’“(R3). O
Now we can conclude the proof of Proposition 19.

Proof. Given f € Cy"* (R%), we have to find V € C;*(R?) fulfilling

(—A+Tep)*V=Ff
V4o msy < cllfllcoems)-

In order to do so, we use Proposition 21 twice to find u € Cg’o‘(R3) and V € Caz’a(]l@), such that

(—A+ Fs,¢)” =f
(—A+Tep)V =u,

and

ullcze w3y < cllfllcoems)
||V||C2,0{(R3) < C||u||CO,(X(R3)-

Now it remains to estimate the higher order derivatives of u. For this purpose, we differentiate
the equation satisfied by u and we get

(—A+Tep)Vi=uj— Teg);V (111)
for j =1,...,3, hence, applying the regularity estimates for (—A + T ¢),
Vjllc2ews)y < cllujllcoa sy + 11 llcoams)) < cllfllcowws)

and, since the right-hand side of (111) behaves like ¢®"*!, then, arguing as in the proof of Propo-
sition 21, step (ii), we can see that V; € C3*(R?), thatis V € C;*(R).
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Similarly, differentiating the equation once again, we see that
(A+Tep)Vij=uij — Tep)iVi — Te)iVi — (Teg)ijV,
fori,j=1,...,3, soin particular
||Vij||c2,a(]R3) = C(||Mij||c0va(]R3) + ||f||c0va(R3)) = C||f||CO,a(R3),
and V € C;*(R%). O
6.2. The proof of Proposition 11: solving equation (63) by a fixed point argument

Equation (63) is equivalent to the fixed point problem
V=T(V):= —‘I/s,¢{(1 —x2)F(ve,¢) + (1 = x1) Qe (2U + V)
+Neg(U) +Peg(V) = e*2(1 = x)(1 — vep — w},
that we will solve by showing that T is a contraction on the ball

Api={V e CRIR) : IV ]|y < Crem /),

provided the constant Cy is large enough. In fact, by the exponential decay of U far from X, we
get that

|INe.g (U)] gy < G %,

a = §t/2, for some constant ¢ > 0 independent of ¢ and ¢. By (49) and (50), the same is true
for (1 — x2) F (ve,¢). Moreover, by (82), (49) and (50),

—ale
Pep (V)llpta sy = cellVllpta gy = cee ™,

with ¢ > 0 depending on W, , § but not of ¢ and ¢. Moreover, using that
[ — Xl)v||c4,'1(R3) < C||V||C4~°‘(R3)
and
(1 = xDx2U | gt gy < ce™ /%,

where (1 — x1)x2U is understood to be 0 outside the support of 2, and the definition of Q¢ 4
(see (56)), we get

(1= x1) Qe (X2U + V)l sy < ce™ /%,
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Furthermore, we can see that

A = x)(1 = Te.p — V)l cowrsy < A€ + [V o) (112)

Up to now, we have just proved that 71 maps A in itself, provided C is large enough. In order
to show that it is actually a contraction, we need to estimate its Lipschitz constant. The terms
depending on V are P 4, that fulfills

[|Pe.p (V1) — Pe.p (V2| oo m3y < celIVI — Vall oo sy

for some constant ¢ > 0 independent of & and ¢, (1 — x1) Q¢ ¢ (x2U + V), that fulfills
11 = X1)(Qep G2U + V) = Qg (U + V)l gty < ce™/NIVi = Vallgsueqes.

and e*A(1 — x1)V, that satisfies a similar estimate.
Lipschitz dependence on U, ¢ and .

Given ¢ € B4(1/4) and U, U, € C*2(T, x R), the difference between the solutions Ve,o,U1
and V; 4 5y, fulfills

(—A+ F£,¢)2(Vs,¢,A,U1 — Vep.0,0s)
=1 = x1)(Qe,p X2Uz2 + Ve g a,0,) — Qeo 2U1 + Vepa,u1))
+ Ng ¢ (U2) = Ng o (U1) +Pe o (Ve p.0,05) — Pep (Vepa,uy)-

By (61), the terms involving N 4 satisfy

[INe. (U1) = Newg (Ul coaqesy < ce™ /#1102 = Utll gt -

By (62), the terms involving N, 4 can be estimated with the difference between the solutions,
that is

IPe,¢ (Ve,,0.,01) — Pe,g (Ve g0, 0| coem3y = Ce*”/gllVa,zp,x,Ul = Veprallctemsy, (113)

and

N1 = x1(Qep (X2Ut + Vepn.0)) — Qe.p (X2Uz + Ve g 1,0, co.0 (m3y <

ce™ " (Ve 1.0 = Ves i tallcse) + 11U = Vall gt s, gy

Therefore, applying W, 4 to the right-hand side of (113), we obtain

Vepr.u1 = Vepatnllctoms) =

e (1Ve.p.1.01 = Ve 0.0l cheqmsy + 11U1 = Uallcge soxmy):

thus, reabsorbing the norm of the difference between the solutions,
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3 WVepron = Vegrnllctems < (1= ce™ N Vegprtn — Veprvllcrems)

ce™/*|U1 = Unll gt s, -

The Lipschitz dependence on ¢ and A can be treated with a similar argument. It is worth to point
out that also the potential Iy o actually depends on ¢, through the approximate solution and the
cutoff function. However, this dependence is mild enough for our purposes, in fact the difference
of the potentials I'g 4, — I'¢ ¢, is exponentially small in €.

6.3. Invertibility in a neighbourhood of X;: the linear problem

Now we look for a solution to equation (64) respecting the symmetries of the Torus. First we
study the linear operator E?.

Proposition 22. Let 0 < § < /W' (£1) and ¢ € B4(1/4). For any f € 5(?’“(28 x R), there
exists a unique solution U = G.(f) in 8{?’“(28 x R) to EgU = f such that

||U||C4U‘(Z XR) C”f“coa(z XR)’

for some constant C > 0 which is independent of ¢.

If f respects the symmetries of the Torus, then also the solution U = G, f does. In other
words, G, maps 5;"? (2 x R) into 580”5 (X¢ x R). This fact follows from uniqueness.

It is useful to see that we can control the odd part of the solution with the odd part (in #) of f
and the same is true for the even parts.

Lemma 23. Let 0 < 8 < W”(E]) and f € Cy'* (S, x R). Let U € C3* (¢ x R) be the solu-
tionto L2U = f. Then

1Uoll gt
1Uell s

(ZexR) = C”ff’“co"(z xR)

(ZexR) = C”ff”c""(z xR)’
where c is the constant found in Proposition 22.

Proof. We set, for any (y,t) € £, x R, U(y, 1) :=U(y,—t) and f(y, t) := f(y,—t). Using
that W” is even and v, is odd, we can see that EZU f. Therefore, subtracting and multiplying
by 1/2, we get

2

LZ(U(y’ n—U(y. r)) S0 = f0.0
& - 2 ’

that is £L2U,(y, t) = f,. In addition,

9]

/ Us(y. UL (0)d1 = / Foly, DL (D)1 =0,

—00
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for any y € ¥, hence U, = G¢(f,), so in particular the first estimate holds true. The second one
can be proved by a similar argument. 0O

Now we prove Proposition 22, with the aid of some Lemmas and Remarks.

First we consider the spectral decomposition of £,. We will denote by (A, ¢;) j>o the eigen-
data of —Ayx. We observe that 1o =0, A; > A1 > 0, ¢ is constant and, without loss of generality,
we can assume that [|¢;||;2x) =1 (see [24]). Similarly, we will denote by {ui}i>0 the eigen-
values of L, = —d;; + W”(v.(t)). In [22], Miiller proved that uy = 0, and the corresponding
eigenspace, that is the Kernel, is generated by v, (¢), while pg > 1 > 0 (see also [18]).

Remark 24. The eigenvalues of L, are {uy + &2 i}j.k=0, thus all non-zero eigenvalues are pos-
itive and bounded away from 0, indeed py + &2\ ji= &2 1> 0.

Lemma 25. Let
Le:H' (S, xR)—> H (2, xR)

be defined by the duality relation

<£8U17 U2> = / {(Vngl, Vi, U2) 4+ 8,U13, Uz + W (0.(1)) U, Uz}dﬁ(y)dt,
Y xR

forany Uy, U, € Céc’a(Ee x R). Then
Ker(Lg) =span(v.(t)).

Proof. It is possible to see that (Ag j, ¢¢ ) j>0 1= (ezkj, 82¢j (€y)) j>0 are eigendata of X, and
¢¢,j are orthonormal in L2(Z,). Any function w € H 1(£, x R) can be expanded in Fourier
series as follows

Uy, )= Uj(t)ge j(y)

Jj=0

where

mm=/U@ﬁ@ﬂww@»
g

If L. w =0, applying the operator to each term in the series, we get

=0y Uj(t) 4+ 16, jU; (1) + W (v (1)U (1) =0

forany j >0, so Up(t) = cv,(t) and w; =0for j > 1. O



5350 M. Rizzi/ J. Differential Equations 262 (2017) 5306-5362
Let

0= {U eH' (Z, xR): / U(y, Hv.(tH)do (y)dt =0},
X xR

be the orthogonal to v (¢) in H' (T, x R).

Lemma 26. For any f € L>(Z, x R) satisfying
(e.¢]
/ f O, Ov.()dt =0forany y € I,
—00

there exists a unique U € HY(Z, x R) such that

LU=f
2 U, DV, (t)dt =0 forany y € Z,.

Proof. At first we observe that
Ul = / Vs, U, D12+ @ Uy, 0)* + W @, )U*(y, 2)do (y)dt  (114)
Y xR

is an equivalent norm on O, that is, for any U € X, we have

e, 1 NU g1z, xry S U < ce2llU g1 (s, xRy
for some constants c; 1, cs,2 > 0. In fact, by the spectral decomposition of L, (see Remark 24),
f L.UUdo (y)dt > £2h; f U?do (y)ds.
e xR Y xR
Since W (v,(t)) is bounded, a pointwise estimate yields that
/ L.UUdo (y)dt > / Vs, U)? 4 (8,U)*do (y)dt — ¢ / U’do (y)dt, (115)
Ze xR Ze xR 2 xR
for some constant ¢ > (0. Now we point out that, for any 0 < A < 1, we have

LUUdo (y)dt =\ / LUUdo (y)dt+ (1 —21) / LUUdo (y)dt >
xR Y xR . xR

,\( / Vs, U2 4 (8,U)*do (y)dt — ¢ / Uzda(y)dt)+(1—k)szkl / UZdo (y)dt,
e xR xR e xR
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s0, in order to prove the lower bound, it is enough to choose A < &2x /(c+ szkl). As a conse-
quence, by the Riesz representation theorem, for any f € L>(Z, x R) such that

f . D, (Hdo (y)dt =0, (116)
e xR

the equation L,U = f admits a unique solution U € O. We observe that orthogonality condition
(116) is necessary for solvability, since

/f(y,f)vi(t)da(y)dt= / LU (y, v, (t)do (y)dt =
Y xR

A Ye xR

U(y. 1) Lev,(tdo (y)dt =0.
T xR

If in particular f satisfies (114), then, by proposition 8, 4 of [24], also w satisfies (114). O
Now we are ready to conclude the proof of Proposition 22.

Proof. There are two more steps. As first we need some regularity theory to estimate the
Cg’a(Eg x R) norm of the solution U if f € 5?’“(28 x R), then we have to iterate the esti-
mates to deal with the operator Eg. For the first step, see Proposition 8, 3 of [24]. As regards the
second one, we argue as follows.

If fe 5?’“(28 x R), the above discussion yields that we can find Ue 582’“(25 x R) such
that

LU=f
||U||C§’Q(E€XR) =< C||f||C§)'u(ESXR)’
for some constant C > 0 independent of ¢. Now, by the same argument, we can find U €
582’“(25 x R) satisfying

{QU:&

U] 20 CIU|| 0.
Cs Cy

(SexR) = (SexR) = C”f”cg'“(zng)’

for some constant C > 0 independent of ¢. To conclude the proof, we have to show that U €
4,
Cs" (X xR) and

101l gt (117)

@exk) = CllA oo (s, py-

In order to do so we apply a bootstrap argument. We differentiate (117) with respect to y; and
we get

L:U;j=U,;.
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By (117), we get that U; € C;* (S x R) and

ClT o 5, iy < CNU Nl 20

Willc2a (s, ) = TexR) sex®) = Cllf e s, -

In the same way, taking the derivative with respect to ¢, we get

~ 1
LU =U, — —W’”(v,,(t))v;(t)U.
£
Exactly as before, we have

||Ut||C§‘Dt(ESXR) < C(”U’”CQ*“():ExR) + ||W///(U*(Z))U:(t)U||C((S),Q(EEXR)) <

C(||U||C§'Q(EEXR) + ||U||C§'“(EEXR)) S C(||f||Cg’a(2£><]R) + ”U”C(?’O((ESX]R)) S

C||f||C§’a(EEXR)'
Therefore we have

”V?’(UlﬁS)HOO S C||VU||C§’O‘(EE><R) S C||f||Cg’§{(ZXR)'

Differentiating the equation once again, we get

IVHU D)oo + [V U YD) = ClIfll o0 5, -
In conclusion, we have (117). O
6.4. The proof of Proposition 12: solving equation (67) by a fixed point argument

Equation (67) is equivalent to the fixed point problem

U=1U):= Gg{ — F(Ueg) + & X1A(1 — e.9) — T(U, Vepu. 9) + P(y)vi(t)}«
Once again, we will solve it by showing that 7, is a contraction on the ball

Az i= (U € &7 (Se x B) | 1Ull o, gy < 26},

(ZexR)
provided C > 0 is large enough. First we observe that, by definition of p, the right hand side is
orthogonal to v, (¢) for any y € X, thus we can actually apply the operator G,. Moreover, if U
respects the symmetries of the Torus, then also the right-hand side does, thus, applying G, we

get once again something that respects these symmetries. Now we show that, if ||U]|| CH(z, xR) =
) £

Cye3, then also T»(U) satisfies the same upper bound, for some large constant Cj.
We note that

~ 3
1F (ep)ll 05, ey < O
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for some constant C depending just on W, T and the geometric quantities of X, and the same is
true for p(y)v.(¢). The other terms are smaller. For instance, using (56) and the fact that V is
exponentially small,

[1%1Qe,¢ (U + V)”C?’“(ng]R) < ce®.

ce™9/¢ In addition, since all the coefficients

Similarly, we can see that ||M8’¢(V)||C0.a(2 R) =
§ £

of R¢ ¢ are at least of order ¢, we get that

4
||R€’¢(U)||C§'Q(ESXR) S C8||U||C§’Q(ZSXR) S CE .

Moreover,
4 4
||8 )"(XIU—FV)“CE)J"(R’&) SCS |k|(1+||U||Cg'a(R3))

As regards the Lipschitz dependence on U, we observe that

1X1(Qe.p U1 + V) = Qe pUa + V)l b5, ) = €10 = Unll gtz

and

||R€,¢>(U1) - R£,¢>(U2)| |Cg’a(25XR) = C£| |U1 - U2| |Cg’a(EEXR)'

Estimate of the odd part of the solution Ug g .

Up to now we have proved the existence of a solution U ¢ x to equation (67) satisfying
Ue,p, 11l 4 (SoxR) = ce3. However, we point out that the only terms of order &> in the right-hand
5 £

side come from F (¥, ¢). In fact, as we observed above, ||T(U, Ve ¢.1,0, @)l ICO,ot <ce*, 50
8

(ZexR)
in particular the same is true for

1 o
C_< / T(Uv V8,¢,)»,U7 ¢)U;(t)dt> Ui([)

Moreover, by Proposition 17,
o
/ (F(Te,9) — e* A x1(1 = T 9)) (v, OV, (1)d1
—00

is of order &*. Going back to Section 5, it is possible to see that the only terms of order & in
F(vg,4) are even in ¢, thus the odd part of the right-hand side is of order &*, and therefore, by

Lemma 23, the same is true for Ug ¢ 3, namely ||(U5,¢,;\)0||C4,a(2 R) = ce*.
5 £
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Lipschitz dependence on ¢ and A.

Let us fix ¢1, ¢ € C4’°‘(E)S,o with |¢k|c4,a(2) < 1 and |A| < 1. To simplify the notation, we
set, for k =1,2, \7/( = Vg ¢y, 0> Uk := Ug ¢y 1> Vk := Ve ¢, 2,0, and so on. In this proof, & will
always be small but fixed, and we will be interested in the dependence on ¢.

First we note that, by construction,

IF @) = F@)llche s, gy < & l01 = B2l ctacs)

(see Section 5.1). Using the Lipschitz dependence of V on the data proved in Proposition 11 and
the definitions of M ¢, Q¢ ¢ and R, 4, it is possible to see that

”Ml (Vl) _MZ(V2)||C§-O‘(ESXR) =< Ce_a/g(HUl - U2||Cg’a(EEXR)+ |¢1 - ¢2|C4’°‘(2))7
1x1(Q1 U1+ V1) = QU2+ VD))l cte 5, ) <ce(||U) — Uallgsa (s, «my T 191 = S2lcias),

IR UD —Ro(UDlI g5, iy = CENNUL = D2l o, oy + cet|p1 — ¢l caa(s)-

Now it remains to deal with p(y), that also depends on &, ¢ and . We write, for any y € ¥, and
¢ € B4(1/4),

1 o0
Py = / (F(Be.9) — € A(1 = B0.0)) (v, DV, (1)t

+ p1(P, M)(y) + p2(d, )(¥) + p3(d, M) (Y) + pald, A)(¥),

where we have set

PG DG = S:A ]O (1 =)= ) + U + V), Dul0dr,  (118)
PGB0 = 70 $10epU +V)(y, 00,0, (119)

P 0= ]o MM (V) DULOd (120)

PR = ]O Ry Du,0dr  (121)

and U :=U; ¢ 3, V := V¢ ¢ 1, u. Since we want to deal with functions defined on X, we will set,
forany y € ¢, pi(¢, A)(ey) := pi(¢p, 1) (y), fori =1,...,4. It follows from Proposition 17 and
that
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‘ /(F(ﬁe,(p]) — 011 = Te g)) (v, DV, ()1t — /(F(ﬁs,qsz) — " 2a(1 = e 4)) (v, DV, (1)dt

<ce (g1 — ¢alcracy) + 101 — A2).

In addition, by the previous discussion,

{|l31(¢»)h)|coﬂ(2) <ce’ (122)

|P1(@1. A1) — P1(d2, 22)| sy < c8” (161 — 2l caacs) + A1 — A2]).

Furthermore, by the Lipschitz dependence of V' on the data, proved in Proposition 11, and by the

fact that ||U||C§,Q(ZEXR) < (163, we have

|152(¢»)»)|c0.a(2) <ceb
|152(¢1, )\,]) - p~2(¢27 )\-2)|Co,a(2) 5 C83(e_a/8|¢1 — ¢2|C4v°‘(2) (123)
HIUL = Uall gt g, my F 121 = 22D,

and, similarly

—ale

|ﬁ3(¢s )\)|C0.a(2) <ce
|p~3(¢1’ )"1) - ﬁ3(¢27 )"2)|C0a01(2) S ce_“/8(|¢)1 — ¢2|C4’°‘(E) (124)
HIUL = Unll oy, gy + 121 = 22D

As regards pa, we give a first, rough estimate that is enough to prove the Lipschitz dependence
of U on ¢. However, we will see later that this estimate is actually not enough to solve the
bifurcation equation, thus we will improve it in Lemma 27, using the estimate of the odd part of
U (see section 7).

{|ﬁ4(¢, Wleoacs) <cet (125)

|ﬁ4(¢ls )"l) - ﬁ4(¢2a AZ)'COVQ(E) = C6||U1 - U2||C§'H(ESXR)'

In conclusion, the equation satisfied by the difference of the solutions U; — U is of the form

L2(Uy — Ua) = g(p1, A1) (0, 1) — (2, A) (3, 1),

where g(¢;, A;) and U; satisfy

/ (@1, 21) — g2, ) (v, DL (1)dlt = / (U1 — U (. )L (0)d1 =0,

thus, by Proposition 22,
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Uy <cel|lU;

- Uz"C?’“(EEXR) - U2||C;‘-“(>:ng)

+ce’ (191 = P2l s + A1 = al),
and hence, reabsorbing the first term of the right-hand side,
1 3
UL = Uallcto g, gy = €87 (101 = dalcia(s) + A1 = Aal).
7. Solving the bifurcation equation
7.1. The proof of Proposition 13

First we note that, setting w := wg ¢ 2,

/(1 — Ve — w)2dx = /(1 — Ve.g)2dx — 2](1 — Ve g)wdx + f w?dx.

R3 R3 R3 R3

Now let us fix some notation. For any ¢ € C4’°‘(E)s and 0 < ¢ < 1, |Z¢ ¢, |3 Will be the volume
of the interior of X, 4,, that is its 3-Lebesgue measure. Moreover, we set

By :={x=Z;(y,t + ¢u(ey)): =T —1/26 <t <0}
By ={x=Z.(y,2):0<t <7+ t/2¢},

V; will be the volume of B;, fori =1,2,and A := R3\B. Now we note that

/ (1 = ve g (1)) dx = / (1 = ve g () dx + / (1 = vep () dx
R3 A B

and

/(1 — Ve, (X))7dx = 4(Zc 4,13 — V1), (126)
A

where the expression of the volume of X 4, is
B l3 = 2n°V2+ 67 / $+(¢)do (¢) (127)
=
2 2
—1 2 2 3
+2me ¢, (D) (cos ¥ + «/E/Z)dé‘ + Y @3 (V) cos(B)dv.
0 0

In order to compute this integral, we used the change of variables induced by the parametrization
(74) of the Torus. Moreover,
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/(1—u)2=/1—2/v+/v2
B B B B

‘We can see that

/ 1=Vi+ Vs (128)
B
and
T T+1/2¢
—2/1}:—8n/(2¢*(ﬁ)cosz9+8_lx/§)dz9 / o (Ddt + GL@)  (129)
B 0 0
T 6+1/2¢
/v2=4n/(¢3(ﬁ)cosﬁ+e*1¢*(19)(2cosz9+\/§)+e*2)dﬁ / viZ()dr  (130)
B 0 0
+G(@).

Moreover, using that
/ (6 — $)(©)dz =0,
)

we can see that the term v, (f + ¢, — @) — v.(t) does not contribute to the main term of our
integral. Taking the sum of (126), (128), (129), (130),

/(1—v)2—e *8n2«/_(1+e[(v —1)dt>—8n2f f @2 —1ydt (131)

t>6+r/«/—

2 2
+4/¢,+8ns‘1/¢f(ﬂ)(cosﬂ+\/§/2)d19+%/qﬁf(ﬁ)cos(ﬁ)dﬁ
0

6+1/2¢

+8n/(2¢(19)c0s19+8_1«/—) f (1 — vy ())dt

6+1/2¢

+4n/(¢ (z&‘)cosz?+871¢(z§‘)(200319+\/_))dﬂ / (v — Ddt

6+1/2¢
+27 /(452(19) cos® + & ' p(9)(2cos® + V2)) (s — ) (3)dD / vl (t)dt
0

—6—1/2¢
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2 6+1/2¢
+27 f cos ¥ (¢ — @) (3)dY / v ()2dt + G (¢) =
0 —6—1/2¢
8—38n2ﬁ(1 np f (2 - 1)dr> 4 / $.(0)dz
0 z

+ 1672+/267! f:(l — v, (1)dt + G ()

0
=g’38n2x/§c8+4/¢(§)d§ +1672+/267! /t(l — v, (0)dt + G(9),
z 0

where G satisfy (75),i =1,...,4.
It remains to deal with the terms involving w. First we note that, if f € Cg’“(R3), then the
unique solution u of

(—A+2)%u=finR3

is given by the convolution between f and some suitable Green function G : R3\{0} — R,
namely

u(x) = / G(x — ) f()dy.
R3
Since w satisfies

(—A+2)%w =—F(veg) = Qecp(w) + (A +2)7 — F'(ve ) [w], (132)

then it can be written as

wix) = / Gt — ) (= F(ve.p) — Oep @) + (= +2)% — F'(ve oD [w)(»)dy.
R3

Here we are interested in showing the estimate

/ lwx)ldx <c, (133)
R3

for some constant ¢ > 0. We already know by construction that w € Cg’“ (R3) and ||w| |C4,a(R3) <
ce3. We note that, by Fubini’s theorem,
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flw(X)ldx:
R3

/ dx / Gx = Y) (= F(ve.g) — Qo.p) + (—A +2)? — F' (v g wh(y)dy| <
R3 R3
/ dx / Gt =) = F(veg) — Oep@) + (=& +2)% — F'(ve o) [wl | (v)dy =
R3 R3
/ | F(veg) — Qop(w) + (— A +2)° — F/(ve.s))wl(0)dy / Glx — y)dx.
R3 R3

With a change of variables, we get that, for any y € R?

/G(x — y)dx =/G(Z)dZ

R3 R?
is a positive constant, thus it remains to estimate the other integral. We can see that, by construc-
tion
F(veg) = x5F(0g,) —2(V x5, Vg, g) — Axs0g,
F (A + W We ) (W (0 + (1= x5)(H = v 9)) — x5 W' (ve.9)),

therefore it is supported in a ball of radius c/¢, for some constant ¢ > 0, and it is bounded by a
constant times &3, hence

/ |F (ve.p)ldy = / |F (ve.p)ldy < ¢|Bese (0)]e® < c.
R3 B/ (0)

A similar estimate holds for the linear term, since

((—A + 2)2 — F’(vg,¢))w = 2(W”(v) —2)Aw + Z(V(W”(v) —-2),Vw) + A(W”(v) — 2w
+ @ =W WHw — WO W) (—Av+ W (v)w,

is supported in the same ball and it is bounded, in L°°(R3) norm, by a constant times &>. The
term involving Q. 4(w) is the most tricky. It is explicitly given by

1 t
/ 0. (W) Idy < / / dr / AW (05,9 + sw)w?)
R3 0

R3 0
+2W" (v, + sw)(—Aw + W (ve ¢ + sw)w) +
+ (W (v, + sw)W" (ve, ¢ + sw)
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+ WD g+ sw) (= Ave g + sw) + W (ve.g + sw))w?|ds <
83(f(|w(y)| + |Vw(y>|)dy>.
R3

In conclusion,
/|w(x)|dxgc(l+83/(|w(x)|+|Vw(x)|)dx) (134)
R3 R3

Similarly, the first derivatives of w satisfy

djw(x) = / 3;G(x — Y)(—F(Ve,9) — Qe.g(w) + (—A +2)* — F'(ve o) [w) )y,
R3

hence the gradient satisfies an estimate like (134), thus
[ w1+ 1vuenas < c(l e [ Qo+ |Vw(x>|>dx)
R3 R3

that is

f(lw(x)| + [Vw(x)|)dx <c. (135)

In particular, (135) yields that

/|w|dx <c

<ce f lwldx < ce’

‘/(1 — Vg p)wdx| <

‘/ wrdx

The Lipschitz dependence on the data follows from similar arguments.

7.2. The proof of Proposition 14

Before giving the proof, we state a technical Lemma, in which we prove that the term py4 is
small enough.

Lemma 27. For any ¢ > 0 small enough, for any ¢, 1, 9o satisfying 1B cto(zys D1t (s
|¢2lc4,a(2) < 1, for any |A|, |1 1], |A2] < 1, we have



M. Rizzi / J. Differential Equations 262 (2017) 5306-5362 5361
J2ACH )»)|C0-a():) < ced
|Pa(@1, A1) — Pa(@2, 22)lcoa(x) < ce (161 — 2l coacs) + A1 — A2l),

for some constant ¢ > 0.

Proof. We write U = U, + U,, where we have set, for the sake of simplicity, U := Ug ¢ ;.

By Proposition 12, we know that ||U(,||C4,a(): «R) < ce*, therefore ||R8,¢(U(,)||C4,a(2 «R) <ced,
) € 8 €

since all the coefficients of R, 4 are at least of order ¢. It remains to deal with the even part U,. We
will see that all the terms of order ¢* in the expression of R¢ 4 (U.) will vanish after projection.
This can be seen by a direct computation

Re ¢ (Ue) = e[HW" (w)V.U, — As, (8, U, +ai 8;;U.1)
+ HoyUe + W' () (HO,Up + a8 Uet)
+ (Hd, + a7 8,))LeU, + Re g (U,)),

where Iég,d,(Ue) is some linear operator with coefficients of order at least 2. All the terms of
order ¢ are odd, thus they vanish when we multiply by v, and integrate, the other ones give rise

to terms of order &, being U, ¢ of order . o

Remark 28. Before proving Proposition 14, we point out that
1 1 -5~
qe (¢J»)(y)=(c—7i+8 P4(9, 1)) (y)

1
22 (¢, () = (C—gg,m +e0(P1(@, ) + pa(¢. M) + p3 (@, A))) ()

actually satisfy (71) and (72). For the notations, see Remark 18 and Proposition 17.
Now we are ready to prove Proposition 14.

Proof. In view of Proposition 17, the system of equations (70) and (75) is equivalent to the fixed
point problem

(¢, 2) =T3(p, 1) :=L"" (eq; (@, cad/2) () + 22 (¢, cun/2) (),

4\/§n28/t(1 — v, (1))dt + 2G4 (¢, c*x/2)>.

0

Using the properties (71), (72), Proposition 13 and (75), we can show that T3 is a contraction on
the ball

Az:={(p, 1) € CH* (D)0 x R:|$lcaa(y + M < C3e},

provided Cs is large enough. O
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