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Abstract

In this paper we construct entire solutions uε to the Cahn–Hilliard equation −ε2�(−ε2�u + W ′(u)) +
W ′′(u)(−ε2�u + W ′(u)) = ε4λε(1 − uε), under the volume constraint 

∫
R3(1 − uε)

2dx = 8
√

2π2cε , with 
cε → 1 as ε → 0, whose nodal set approaches the Clifford Torus, that is the Torus with radii of ratio 
1/

√
2 embedded in R3, as ε → 0. It is crucial that the Clifford Torus is a Willmore hypersurface and it is 

non-degenerate, up to conformal transformations. The proof is based on the Lyapunov–Schmidt reduction 
and on careful geometric expansions of the Laplacian.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

The Allen–Cahn equation

−ε2�u = u − u3, (1)

arises in several physical contexts, such as the study of the stable configurations of two different 
fluids confined in a bounded container �. If u(x) is the density of one of the two fluids at a point 
x ∈ � and the energy per unit volume is given by a function W of u, it looks reasonable to obtain 
stable configurations by minimizing the energy functional

E(u) =
∫
�

W(u)dx

among all distributions fulfilling the volume constraint

∫
�

udx = m. (2)

If, for instance, W(u) = (1 −u2)2, and m ∈ (−1, 1), any piecewise constant function taking only 
the values ±1 and satisfying (2) is a minimizer, irrespectively of the shape of the interface. There-
fore this model is unsatisfactory, since it is very far from the reasonable physical assumption that 
the interfaces are area minimizers, so one replaces the energy by

Eε(u) =
∫
�

(
ε

2
|∇u|2 + (1 − u2)2

4ε

)
dx.

We can see that there is a competition between the potential energy, that forces u to be close to 
±1, and the gradient term that penalizes the phase transition. By minimizing this functional, we 
are looking for the physical interfaces in which the phase transition can occur.
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The minimizers uε of Eε are solutions to the Euler Lagrange equation, that is (1). In order 
to see if the interfaces are actually minimal surfaces, it is interesting to study the asymptotic 
behaviour of the level sets {uε = c} as the parameter ε → 0. It is useful to exploit the variational 
structure of the problem. It was shown by Modica and Mortola that the energy Eε, seen as a func-
tional on L1(�) and extended to be +∞ when the integrand is not an L1 function, �-converges 
to the functional

E(u) =
{

cP er�({u = 1}) if u = ±1 a.e. in �

+∞ otherwise in L1(�)

in the strong topology of L1(�) (see [21]), where c > 0 is a suitable constant.
Moreover, Modica showed that, if uε are minimizers of Fε under the volume constraint

∫
�

uεdx = m,

for some m ∈ (−1, 1), then there exists a sequence εk → 0 such that uεk
converges to some 

function u in L1(�) (see proposition 3 of [20]). Furthermore, Theorem 1 of [20] asserts that 
u = ±1 a.e. in �, and the set

E = {x ∈ � : u(x) = 1}

is actually a perimeter minimizer between all the subsets F ⊂ � satisfying the volume constraint

|F | = |�| + m

2
.

Further results about the relation between the minimizers of Eε and the minimizers of the perime-
ter can be found in [20] and in [6], where Choksi and Sternberg also described the relation 
between phase transition theory and the study of a certain kind of polymers.

Conversely, it is an interesting problem to understand if any minimal hypersurface can be 
achieved as the limit of nodal sets of minimizers of the Ginzburg–Landau energy Eε.

The first result in this direction is due to Kohn and Sternberg (see [15]). They considered a 
smooth bounded domain � ⊂R

2 and, as an interface, a disjoint union of segments li meeting the 
boundary ∂� orthogonally. They defined u0 to be locally constant on �\ ∪i li , taking the values 
±1, and constructed a sequence of minimizers uε converging to u0 in L1(�).

In [24], Pacard and Ritoré proved a more general result, that holds true for a larger class of in-
terfaces. They started from a minimal hypersurface � in a compact Riemannian manifold M and, 
under suitable assumptions, they showed that it can be achieved as the limit as ε → 0 of nodal 
sets (that is 0-level sets) of solutions uε of the rescaled Allen–Cahn equation (1). These solutions 
uε were constructed with techniques such as fixed point theorems and the Lyapunov–Schmidt 
reduction, and are not necessarily minimizers.

As regards the hypersurface �, they imposed some restrictions. They required it to be admis-
sible, that is the nodal set of a smooth function f : M → R. In the sequel, we will set

M+(�) = {p ∈ M : f (p) > 0} and M−(�) = {p ∈ M : f (p) < 0}.
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Moreover, � has to be non-degenerate. In order to explain the notion of non-degeneracy, let us 
give the variational characterization of minimal hypersurfaces. A hypersurface � in a compact 
Riemannian manifold M is said to be minimal if it is a minimizer for the area functional, whose 
critical points are characterized by the Euler equation H = 0, where H denotes the mean curva-
ture of �. In the sequel, the mean curvature H of a hypersurface � embedded in RN will always 
be

H = k1 + · · · + kN−1,

where the kj ’s are the principal curvatures.
The second variation of the area functional is given by

A′′(�)[φ,ψ] =
∫
�

L0φ(y)ψ(y)dσ (y),

where the self-adjoint operator

L0φ = −��φ − |A|2φ

is called the Jacobi operator of � and

|A|2 = k2
1 + · · · + k2

N−1

is the squared norm of its second fundamental form. By definition, a minimal hypersurface � is 
said to be non-degenerate if its Jacobi operator

L0 : C2,α(�) → C0,α(�)

is an isomorphism. For an introduction to these topics, see also [8].
Moreover, the results in [24] hold even if the potential W(t) = (1 − t2)2/4 is replaced by a 

more general double-well potential, that is a smooth function W such that

⎧⎪⎨
⎪⎩

W(t) ≥ 0 for any t,

W(t) = 0 if and only if t = ±1,

W ′′(±1) > 0.

(3)

To sum up, they proved the following Theorem.

Theorem 1 ([24]). Let W be as in (3). Let � be an admissible non-degenerate minimal hypersur-
face in a compact Riemannian manifold M . Then there exists ε0 > 0 such that for any 0 < ε < ε0
there exists a solution uε to the rescaled Allen–Cahn equation

−ε2�uε + W ′(uε) = 0

such that uε → ±1 on compact subsets of M±(�).
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Anyway, despite several results lead to think that, in some sense, the nodal sets of the solutions 
to the Allen–Cahn equation resemble minimal surfaces, there are also solutions for which the 
nodal set is far from being minimal. For instance, Agudelo, Del Pino and Wei constructed axially 
symmetric solutions u = u(|x ′|, x3) in R3 such that the components of the nodal set, for |x′| large 
enough, look like a catenoid (see [3]).

The Lyapunov–Schmidt reduction was also applied to the non-compact case, to construct 
entire solutions to the Allen–Cahn equation in R9 that are monotone in one variable but not 
one-dimensional, since their nodal set resembles the Bombieri–De Giorgi–Giusti graph, that is 
a minimal graph over R8 that is not affine (see [5,7]). This solutions are related to a famous 
conjecture of De Giorgi, that asserts that, at least for N ≤ 8, any entire bounded solution |u| < 1
to the Allen–Cahn equation

−�u = u − u3

satisfying ∂Nu > 0 in the whole RN must be one-dimensional, that is it must depend just on 
one Euclidean variable, in other words u(x) = u(< a, x >), for some unit vector a ∈ SN−1. The 
result by Del Pino, Kowalczyk and Wei shows that de Giorgi’s conjecture is sharp about the 
upper bound on the dimension. Up to now it is known that the conjecture is true in dimension 
N = 2 (see [11,10]) and N = 3 (see [2,10]). The conjecture is still open in dimension 4 ≤ N ≤ 8, 
although notable progress was made by Savin (see [26]), that proved that the conjecture is true 
in dimension 4 ≤ N ≤ 8 under the reasonable assumption that, for any x′ ∈ R

N−1,

lim
xN→±∞u(x′, xN) = ±1,

that yields that these solutions are minimizers of the energy

E(u) =
∫
R3

(1

2
|∇u|2 + 1

4
(1 − u2)2)dx.

We are interested here in analogues of these results for the Cahn–Hilliard equation

−ε2�(−ε2�u + W ′(u)) + W ′′(u)(−ε2�u + W ′(u)) = 0, (4)

with W satisfying (3). Note that, as in the case of Allen–Cahn, we rescale the equation in order 
to treat �-convergence. If, for instance, we study the equation in a bounded domain � ⊂R

N , it 
is possible to see that it is the Euler equation of the functional

Wε(u) =
{

1
2ε

∫
�

(
ε�u − W ′(u)

ε

)2
dx if u ∈ L1(�) ∩ H 2(�)

+∞ otherwise in L1(�).

As in the case of the functionals Eε related to the Allen–Cahn equation, some �-convergence 
results are known about Wε . More precisely, the asymptotic behaviour of Wε as ε → 0 is related 
to the Willmore functional

W(u) = c

∫
∂E∩�

H 2
∂E(y)dHN−1,
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where E = {u = 1}, if u = ±1 a.e., defined when the interface ∂E is smooth enough. The nodal 
sets of the critical points u of W are called Willmore hypersurfaces. The Euler equation satisfied 
by this kind of hypersurfaces is

−��H = 1

2
H 3 − 2HK,

where H is the mean curvature and K is the Gauss curvature of � = ∂E. In the sequel, the Gauss 
curvature K of hypersurface � embedded in RN will always be

K = k1 . . . kN−1.

An equivalent form of the Willmore equation is

−��H + 1

2
H(H 2 − 2|A|2) = 0. (5)

The Willmore functional arises naturally in general relativity, since it is related to the Hawking 
mass, that is

mH (�) =
√

Area(�)

16π
(1 − 1

16π
W(�)).

Here � can be interpreted as the surface of a body whose mass has to be measured. Furthermore, 
this functional also appears in biology, under the name of Helfrich energy, and it is used to 
describe the behaviour of some lipid bilayer cell membranes. For further details and references, 
we suggest to see [16,13,14].

In [4] Bellettini and Paolini proved the � − lim sup inequality for smooth Willmore hypersur-
faces, while the � − lim inf inequality is much harder to prove. Up to now it has been proved in 
dimension N = 2, 3 by Röger and Schätzle in [25], and, independently, in dimension N = 2, by 
Nagase and Tonegawa in [23]. The problem is still open in higher dimension, while it is known 
that the approximation does not hold, in general, for non-smooth sets, even in dimension N = 2.

In view of these �-convergence results that establish a link between the Cahn–Hilliard func-
tional and the Willmore functional, it is interesting to see if also the above counter-part is true. 
In other words, we try to answer the following question: given a Willmore hypersurface �, is it 
possible to construct a sequence of solutions uε of the Cahn–Hilliard equation (4) whose nodal 
sets approach � as ε → 0? In the paper, we show that this result holds true up to a Lagrange 
multiplier if, for instance, � is the standard Clifford Torus, that is the zero level set of the func-
tion

f (x) =
(√

2 −
√

x2
1 + x2

2

)2 + x2
3 − 1. (6)

It has been recently proved in [17] that the Clifford Torus is the unique minimizer of the Will-
more energy (up to conformal transformations) among surfaces of genus greater or equal than 1. 
The Lagrange multiplier is due to a volume constraint, as it will be clear from the statement of 
Theorem 1 and Remark 3.
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It is interesting to see that it is possible to construct these solutions in such a way that they 
respect the symmetries of the Torus, that is the symmetry with respect to the x1x2-plane and with 
respect to any rotation that fixes the x3-axis. A Lagrange multiplier λε appears due to this volume 
constraint.

Theorem 2. Let W be an even double-well potential satisfying (3). Let � be the Clifford Torus. 
Then there exists ε0 such that for any 0 < ε < ε0 there exists a solution (uε, λε) ∈ C4,α(R3) ×R

to

−ε2�(−ε2�uε + W ′(uε)) + W ′′(uε)(−ε2�uε + W ′(uε)) = ε4λε(1 − uε), (7)

where λε = O(ε) is a Lagrange multiplier, under the volume constraint

∫
R3

(1 − uε)
2dx = 8

√
2π2cε, cε → 1 as ε → 0. (8)

Moreover, uε → ±1 and ∂kuε → 0 uniformly on compact subsets of �±, for 1 ≤ k ≤ 4, and 
u respects the symmetries of the Torus, that is uε(x1, x2, x3) = uε(x1, x2, −x3) and uε(x) =
uε(Rx), for any x = (x1, x2, x3) ∈ R

3 and for any rotation R ∈ SO(3) such that R(0, 0, 1) =
(0, 0, 1).

In the statement of the Theorem, we denoted

�+ := {x ∈R
3 : f (x) > 0} and �− := {x ∈ R

3 : f (x) < 0},

and

cε := 1 + ε

∞∫
0

(v2
� − 1)dt.

This result is a fourth order analogue of Theorem 1 by Pacard and Ritoré (see [24]). The proof is 
based on the Lyapunov–Schmidt reduction, that is we split equation (4) into a system of two equa-
tions. The auxiliary equation will be solved by using the spectral decomposition of the linearized 
Allen–Cahn operator and the bifurcation equation will be solved thanks to the nondegeneracy
of the Clifford Torus, up to conformal maps. For a more detailed introduction to the techniques 
developed in the proof, see section 2.

In order to explain what we mean by nondegeneracy, we go back to the variational definition 
of Willmore hypersurface and we consider the second variation of the Willmore functional, that 
is

W ′′(�)[φ,ψ] =
∫
�

L̃0φψdσ,

where L̃0 is the self-adjoint operator given by
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L̃0φ = L2
0φ + 3

2
H 2L0φ − H(∇�φ,∇�H) + 2(A∇�φ,∇�H) + (9)

2H < A,∇2φ > +φ(2 < A,∇2H > +|∇�H |2 + 2H trA3).

Here we have denoted by (· , · ) the scalar product induced by the metric g on �, indeed, for 
instance (∇φ, ∇H) = gijHiφj , and by <· , · > the trace of the product of two matrices, so for 
instance < A, ∇2φ >= Aij∇2

ij φ, and Aij = gikgjlAkl . It is possible to find the explicit com-
putation of the first and the second variation of the Willmore functional W in [16], section 3. 
This is the analogue of the Jacobi operator in the case of minimal hypersurfaces. In view of a 
result by White [28], the Willmore functional is invariant under conformal transformations of 
the Euclidean space, that is homotheties, isometries and Möbius transformations, i.e. inversions 
with respect to spheres. On the other hand, by Corollary 2, page 34, of [27], we know that its 
second variation is positive definite on the orthogonal complement of the space of conformal 
transformations, hence the kernel of L̃0 exactly consists of these transformations.

Remark 3. In view of the above discussion, L̃0 is injective if restricted to the space of functions 
with zero average and fulfilling the symmetries of the Torus, that is the symmetry with respect 
to the x1x2-plane and with respect to all rotations of R3 that fix the x3 axis. In fact, the variation 
of internal volume under a normal variation φ is given by 

∫
�

φ. Maintaining constant volume 
corresponds to variations φ with zero average. Working in this class we then exclude non-trivial 
homotheties. When considering sharp interfaces, this constraint is equivalent to prescribe the 
integral of (1 − uε)

2, that is to impose

∫
R3

(1 − uε)
2dx = 8

√
2π2cε

= 4|�+|3
(

1 + ε

∞∫
0

(v2
� − 1)dt

)
,

where |�+|3 = 2
√

2π2 is the volume of the interior of the Clifford Torus, that is its 
3-dimensional Lebesgue measure.

2. Some useful facts in differential geometry

For 0 < ε ≤ 1, we define the rescaled Clifford Torus as �ε := {ε−1ζ : ζ ∈ �}. In other words, 
�ε = {y ∈R

3 : fε(y) = 0}, where fε(y) := ε−2f (εy) and f is defined in (6).
For 0 < τ <

√
2 − 1 and 0 < ε ≤ 1, we define the tubular neighbourhood of width τ/ε of �ε

as

Vτ/ε = {x ∈R
3 : dist (x,�ε) < τ/ε}.

On this neighbourhood of �ε, we introduce a new system of coordinates, known as Fermi coor-
dinates. First we define

Zε : �ε × (−τ/ε, τ/ε) → Vτ/ε
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by the relation

Zε(y, z) = expy(zν(εy)) = y + zν(εy), (10)

where ν(εy) is the outward-pointing unit normal to the original Torus � at εy, that coincides with 
the outward-pointing unit normal to �ε at y, and expy is the exponential map of R3 at y seen as 

a point of R3. If τ is small enough, that is 0 < τ <
√

2 − 1 in the case of the Clifford Torus, Zε is 
a diffeomorphism. In other words, Zε is a change of coordinates on Vτ/ε, and the coordinates 
(y, z) = Z−1

ε (x) are known as Fermi coordinates of the rescaled torus �ε, or stretched Fermi 
coordinates of the Torus.

Remark 4. Any function u : Vτ/ε → R can be seen as a function of (y, z). More precisely, we can 
consider the composition u�(y, z) = u(Zε(y, z)). In the sequel, with a slight abuse of notation, 
we will write u = u(y, z).

Let us fix a point ζ0 ∈ � and a parametrization onto a neighbourhood V ⊂ � of ζ0, that is a 
smooth function

Y : U → V

on an open set U ⊂ R
2 such that Y(ξ0) = ζ0, for some ξ0 ∈ U . Then, setting Uε = ε−1U and 

Vε = ε−1V , the function

Yε : Uε → Vε

given by Yε(y) := ε−1Y(εy) is a parametrization of �ε . In the sequel, we will denote by y the 
points in Uε and by y = Yε(y) the points in Vε . For any |z| < τ/ε, we consider the surface

�ε,z := {y + zν(εy), y ∈ �ε}. (11)

On this surface, we consider the parametrization

Xε(y, z) := Yε(y) + zν(εYε(y)). (12)

In particular, X := X1 is a parametrization of �z := �1,z, the homothetic surface to � at dis-
tance z. It is known that the tangent vectors {∂iXε(y, z)}i=1,2 constitute a basis of the tangent 
space Ty+zν(εy)�ε,z, that will be referred to as the standard basis. We define the coefficients of 
the metric of �ε,z at y + zν(εy) as follows

g̃ε,ij (y, z) :=< ∂iXε(y), ∂jXε(y) >= g̃ij (εy, εz), (13)

where <· , · > denotes the scalar product of R3 and i, j = 1, 2. The Laplacian on �ε,z is given 
by

��ε,z = 1√
det g̃ε(y, z)

∂j

(√
det g̃ε(y, z)g̃ij

ε (y, z)∂i

) = g̃ij
ε (y, z)∂ij + b̃i

ε(y, z)∂i , (14)
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where

b̃i
ε(y, z) := ∂j g̃

ij
ε (y, z) + 1

2
∂j

(
log det g̃ε(y, z)

)
g̃ij

ε (y, z) (15)

and g̃ij
ε := (g̃−1

ε )ij are the elements of the inverse of the metric. These quantities are related to 
the ones of �z through the relations

g̃ij
ε (y, z) = g̃ij (εy, εz),

b̃i
ε(y, z) = εb̃i(εy, εz),

with g̃ij := g̃
ij

1 and b̃i := b̃i
1. We define the second fundamental form at y + zν(εy) ∈ �ε,z to 

be the linear application of the tangent space Ty+zν(εy)�ε,z into itself that, in the standard basis 
{∂iXε(y, z)}i=1,2, is represented by the matrix

Ãε,ij (y, z) := − < ∂iν(εy), ∂jXε(y, z) > . (16)

We introduce the mean curvature H̃ε(y, z) of �ε,z at y + zν(εy) as follows

H̃ε(y, z) := (Ãε)
i
i (y, z) = g̃ij

ε (y, z)Ãε,ij (y, z).

In other words

H̃ε(y, z) = k̃ε,1(y, z) + k̃ε,2(y, z),

where k̃ε,i (y, z) are the principal curvatures of �ε,z, that is eigenvalues of the matrix 
g̃−1

ε (y, z)Ãε(y, z). Therefore we can see that the metric g̃ε,ij (y, z) and the matrix representing 
the second fundamental Ãε,ij (y, z) form depend on the parametrization, while this is not the case 
for H̃ε(y, z). Setting, as above Ãij := Ã1,ij and H̃ := H̃1, we have Ãε,ij (y, z) = εÃij (εy, εz)
and H̃ε(y, z) = εH̃ (εy, εz).

Lemma 5. For a function u : Vτ/ε → R of class C2, the Laplacian in Fermi coordinates is given 
by

�u(y, z) = ��ε,zu(y, z) − εH̃ (εy, εz)∂zu(y, z) + ∂zzu(y, z). (17)

For the notation, see Remark 4.

Proof. For any y ∈ �ε and |z| < τ/ε, R3 splits into the direct sum of the tangent space to 
�ε,z and the one dimensional subspace generated by the unit normal ν(εy), that is R3 =
Ty+zν(εy)�ε,z +R. The vectors {∂iXε(y, z), ν(εy)}i=1,2 constitute a basis of R3 = Ty+zν(εy)R

3. 
The metric in this basis is given by

Gε(y, z) =
[
g̃ε(y, z) 0

0 1

]
. (18)
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The inverse is

G−1
ε (y, z) =

[
g̃−1

ε (y, z) 0
0 1

]
. (19)

Here 1 ≤ I, J ≤ 3 and 1 ≤ i, j ≤ 2. The Laplacian on R3 in the metric Gε is given by

�u = 1√
detGε(y, z)

∂J (
√

detGε(y, z)GIJ
ε (y, z)∂I ) =

GIJ
ε (y, z)∂IJ u(y, z) + ∂J GIJ

ε (y, z)∂I u(y, z) + 1

2
∂J (log detGε(y, z))GIJ

ε (y, z)∂I u(y, z).

Thus

GIJ
ε (y, z)∂IJ u(y, z) = g̃ij

ε (y, z)∂ij u(y, z) + ∂zzu(y, z)

∂J GIJ
ε (y, z)∂I u(y, z) = ∂j g̃

ij
ε (y, z)∂iu(y, z)

1

2
∂J (log detGε(y, z))GIJ

ε (y, z)∂I u(y, z) =
1

2
∂j (log det g̃ε(y, z))g̃ij

ε (y, z)∂iu(y, z) + 1

2
∂z(log det g̃ε(y, z))∂zu(y, z).

To conclude, we point out that

1

2
∂z(log det g̃ε(y, z)) = −H̃ε(y, z) = −εH̃ (εy, εz). �

Exploiting the Taylor expansion of H̃ of the mean curvature of a given hypersurface provided 
by Del Pino, Kowalczyk and Wei (see [7]), we have that

H̃ (εy, εz) =
2∑

i=1

ki(εy)

1 − εzki(εy)
=

∑
j≥1

(εz)j−1Hj(εy), Hj (εy) :=
2∑

i=1

k
j
i (εy) (20)

Here ki(εy) := k̃ε,i (y, 0) are the principal curvatures of the Clifford Torus � at εy. Therefore the 
Taylor expansions of the first and the second derivatives of H̃ are

{
H̃z(εy, εz) = ∑

j≥1 j (εz)j−1Hj+1(εy),

H̃zz(εy, εz) = ∑
j≥1 j (j + 1)(εz)j−1Hj+2(εy).

(21)

In the sequel, we will set H(εy) := H1(εy), |A(εy)|2 := H2(εy) and trA3(y) := H3(εy).
Now we need the Taylor expansion in εz of ��ε,z . For our purposes, it is enough to know the 

terms of order zero and one, while we also need the term of order two in the expansion of H̃ . For 
this reason, we prefer not to expand the full Laplacian on R3. In fact, an expansion up to order one 
would not be enough, because we cannot neglect the terms involving trA3, while an expansion 
up to order two would be a useless effort, in fact it would involve the terms of order two of ��ε,z , 
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that will always simplify in our forthcoming calculations. Before stating next Lemma, we recall 
that

��ε = 1√
detgε(y)

∂j

(√
detgε(y)gij

ε (y)∂i

) = gij
ε (y)∂ij + bi

ε(y)∂i, (22)

where

gij
ε (y) := g̃ij

ε (y,0) = g̃ij (εy,0) = gij (εy) (23)

bi
ε(y) := b̃i

ε(y,0) = εb̃i(εy,0) = εbi(εy).

It is possible to find similar computations in [19], where Mahmoudi, Sànchez and Yao treat the 
more general case of a k-dimensional submanifold in an N -dimensional manifold.

Lemma 6. For a function u : Vτ/ε →R of class C2, for any y ∈ �ε , for any |z| ≤ τ/ε,

��ε,zu = ��εu + εz(a
ij

1 (εy)∂ij + εbi
1(εy)∂i)

+ (εz)2(a
ij

2 (εy)∂ij + εbi
2(εy)∂i) + aij (εy, εz)∂ij + εbi(εy, εz)∂i ,

where

a
ij

1 := 2Aij , bi
1 := 2∂jA

ij + 2�k
kjA

ij − gijHj ,

a
ij

2 := 1

2
∂zzg̃

ij (εy,0), bi
2 := 1

2
∂zzb̃

i(εy,0),

everything evaluated at εy, and the remainders satisfy |aij (εy, εz)|, |bi
(εy, εz)| ≤ cε3|z|3, for 

some constant c > 0 depending on �.

Let φ, ψ : � → R be C2 functions. Let us set φi := ∂iφ. We recall that, by the properties of 
the covariant derivative,

∇kA
ij = ∂kA

ij + �i
klA

lj + �
j
klA

li ,

∇2
ij φ = φij − �k

ijφk,

where everything is evaluated at εy. Moreover, by Codazzi’s equation, ∇jA
ij = gik∇kA

j
j , so in 

particular,

a
ij

1 φiψj = 2(A∇φ,∇ψ)

a
ij

1 ψij + bi
1ψi = 2Aijψij − 2�k

jiA
ijψk + 2∇jA

ijψi (24)

− (∇�H,∇�ψ) = 2 < A,∇2ψ > +(∇�ψ,∇�H),

where we have set
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< A,∇2ψ >:= Aij∇2
ijψ = Aijψij + �k

ijψk.

Proof. By (12) and (13), we can see that

g̃ε,ij (y, z) = gij + εz(< ∂iY, ∂j ν > + < ∂jY, ∂iν >) + (εz)2 < ∂iν, ∂j ν > .

In the proof, it is understood that the geometric quantities of � are evaluated at εy. In view of 
(16) with z = 0, we have

∂iν = −Ak
i ∂kY

therefore

g̃ε,ij (y, z) = gij − εz(gikA
k
j + gjkA

k
i ) + (εz)2 < ∂iν, ∂j ν >= (25)

gij − 2εzAij + (εz)2 < ∂iν, ∂j ν > .

In order to expand the Laplacian, we need the expansion of the inverse of the metric. It is useful 
to write it as

g̃ε = L + M,

with Lij = gij and M = −2εzAij +(εz)2 < ∂iν, ∂j ν >. Equivalently, g̃ε = L(I +L−1M), hence

g̃−1
ε = (I + L−1M)−1L−1 = (I − L−1M + O((εz)2))L−1 = L−1 − L−1ML−1 + O((εz)2),

thus

g̃ij
ε (y, z) = gij + 2εzAij + O((εz)2),

where Aij = gikgjlAkl . Moreover

log det g̃ε(y, z) = log detgε(y) + tr(L−1M) + O((εz)2) = log detgε − 2εzH + O((εz)2),

so, since 1
2∂j (log detg)Aij = �k

kjA
ij ,

��ε,z = (gij + 2εzAij )∂ij + ε(∂jg
ij + 2εz∂jA

ij )∂i

+ ε
(1

2
∂j (log detg) − εzHj

)
(gij + 2εzAij )∂i + O((εz)2) =

��ε + εz

{
2Aij ∂ij + ε(2∂jA

ij + 2�k
kjA

ij − gijHj )∂i

}
+ O((εz)2). �
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As a consequence, we have the following expansion of the Laplacian

� = ∂zz − εH̃ (εy, εz)∂z + ��ε + εz(a
ij

1 (εy)∂ij + εbi
1(εy)∂i) (26)

+ (εz)2(a
ij

2 (εy)∂ij + εbi
2(εy)∂i) + aij (εy, εz)∂ij + εb

i
(y, z)∂i .

Although (26) looks nice, we prefer to look for the expression of the Laplacian in a slightly 
different system of coordinates. We fix a C2 function φ : � → R whose L∞(�)-norm is less 
than 1/4 and we introduce a new change of variables, that is we put

t = z − φ(εy). (27)

The expression of the Laplacian will be more complicated than (26), but more appropriate for 
our purposes. The reason is that we know the kernel of the operator −(��ε + ∂tt ) + W ′′(v�(t)), 
that is the one dimensional space generated by v′

�(t), while we do not know exactly the kernel (if 
any) of −(��ε + ∂zz) + W ′′(v�(z − φ(εy))).

Given a function

f : �ε ×R→ R

of class C2, it is possible to define

f : �ε ×R→R

by setting f(y, t) := f (y, z − φ(εy)). A computation shows that

ft (y, t) = fz(y, z − φ)

fi (y, t) = fi(y, z − φ) − εφifz(y, z − φ)

fij (y, t) = fij (y, z − φ) − εφifzj (y, z − φ) − εφifzj (y, z − φ)

+ ε2φijfz(y, z − φ) + εφiφjfzz(y, z − φ),

where φ and its derivatives are evaluated at εy, thus, in these coordinates, the expression of the 
Laplacian of a function u defined in Vτ/ε of class C2 is given by

� = ∂tt + gij ∂ij + εbi∂i + D = ∂tt + ��ε + D, (28)

where the operator D is given by

D := −εĤ (εy, ε(t + φ))∂t − ε2��φ∂t − 2εgijφi∂tj + ε2|∇�φ|2∂tt (29)

+ ε(t + φ)
{
a

ij

1 ∂ij + εbi
1∂i − ε2(a

ij

1 φij + bi
1φi)∂t − 2εa

ij

1 φi∂tj + ε2a
ij

1 φiφj ∂tt

}
+ ε2(t + φ)2{aij

2 ∂ij + εbi
2∂i − ε2(a

ij

2 φij + bi
2φi)∂t − 2εa

ij

2 φi∂tj + ε2a
ij

2 φiφj ∂tt

}
+ âij ∂ij + εb̂i∂i − ε2(âij φij + b̂iφi)∂t − 2εâijφi∂tj + ε2âij φiφj ∂tt .
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Here we have set Ĥ (εy, ε(t + φ)) := H̃ (εy, εz), âij (εy, ε(t + φ)) = aij (εy, εz), b̂i (εy, ε(t +
φ)) = b

i
(εy, εz) and all the geometric quantities of � are evaluated at εy.

3. Functional setting

3.1. Functions on �

As first we define, for 0 < α < 1, the space Ck,α(�) as the set of functions φ : � → R that are 
k times differentiable and whose k-th partial derivatives are Hölder continuous with exponent α. 
We endow these spaces with the norms

|φ|Ck,α(�) :=
k∑

j=0

||∇jφ||∞ + sup
p 
=q

|∇kφ(p) − ∇kφ(q)|
d(p,q)α

.

In order to treat L̃0, we define the spaces of functions that respect the symmetries of the Torus, 
that is the symmetry with respect to the x1x2-plane and with respect to any rotation that keeps 
the x3-axis fixed. To be precise, we set T (x1, x2, x3) := (x1, x2, −x3) and

SOx3(3) := {R ∈ SO(3) : Re3 = e3},
where e3 = (0, 0, 1), and we define

Ck,α(�)s := {φ ∈ Ck,α(�) : φ(ζ ) = φ(T ζ ) for any ζ ∈ �,

φ(ζ ) = φ(Rζ) for any R ∈ SOx3(3)}.
We note that SOx3(2) � SO(2), in the sense that any matrix R ∈ SOx3(3) has the form

R =
[
R̃ 0
0 1

]
,

for some rotation of the x1x2-plane R̃ ∈ SO(2).
Equivalently, we can see the Torus as the quotient of the square [0, 2π]2 by the equivalence 

relation that identifies the opposite sides. In this way, our spaces will become

Ck,α(�)s := {φ ∈ Ck,α([0,2π]) : φ(ϑ1) = φ(2π − ϑ1) for any ϑ1 ∈ [0,π]}. (30)

In other words, functions respecting these symmetries are actually periodic functions of one real 
variable, symmetric with respect to ϑ1 = π . In the sequel, we will also be interested in the spaces

Ck,α(�)s,0 := {φ ∈ Ck,α([0,2π]) : φ(ϑ1) = φ(2π − ϑ1) for any ϑ1 ∈ [0,π], (31)

φ′(0) = φ′(2π) = φ(3)(0) = φ(3)(2π) = 0}.
By the symmetries of the Laplacian, the gradient and the geometric quantities of �, one can 
show that L̃0 preserves the symmetries of functions φ ∈ C4,α(�)s , that is it maps C4,α(�)s into 
C0,α(�)s .
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Let us introduce the operator

L : C4,α(�)s,0 ×R→ C0,α(�)s ×R

defined by

L(φ,λ) :=
(

L̃0φ + λ,

∫
�

φ(ζ )dσ (ζ )

)
.

When we solve the equation L(φ, λ) = (h, a), with h symmetric with respect to y1, the solution 
φ will satisfy the same symmetry property, thus also its second and fourth derivative will do, 
while the first and third will be antisymmetric. In order to extend it by periodicity, we need 
φ′(0) = φ′(2π) and φ(3)(0) = φ(3)(2π), hence we need zero Neumann boundary conditions.

It is known that L̃0 is self-adjoint with respect to the L2(�)-scalar product (see [16], sec-
tion 3), thus, L is self adjoint with respect to the scalar product

< (φ,λ), (ψ,μ) >:=
∫
�

φ(ζ )ψ(ζ )dσ (ζ ) + λμ.

Remark 3 can be rephrased by saying that the operator L is injective. In fact, if L(φ, λ) = 0, 
multiplying by φ and integrating over � we get

∫
�

L̃0φ(ζ )φ(ζ )dσ (ζ ) = −λ

∫
�

φ(ζ )dσ (ζ ) = 0.

By the result of Weiner ([27], Corollary 2, page 34), the elements of the Kernel of L̃0 are the nor-
mal components of the vector fields generated by conformal transformations. The only ones that 
preserve the symmetries of the Torus are dilations, that are excluded by the volume constraint. 
This is equivalent to say that X ∩ N = 0, where

N := {φ ∈ C4(�) : L̃0φ = 0},X :=
{
φ ∈ C4,α(�)s,0 :

∫
�

φ(ζ )dζ = 0

}
. (32)

Moreover, once again by [27], Corollary 2, page 34, L̃0 is positive definite on

N⊥ :=
{
φ ∈ C4,α(�) :

∫
�

φndσ(ζ ) = 0,∀n ∈ N

}
(33)

thus we conclude that φ = 0, so λ = 0.
In order to show the solvability of the linear problem

{
L̃0φ(ζ ) + λ = h(ζ ) ∀ζ ∈ �,∫
�

φ = a,
(34)
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also surjectivity is needed. For this purpose, we will use the Fredholm theory. First we note that, 
if φ ∈ C4,α(�)s,0, then

L̃0φ = φ(4) + L1φ,

for some linear operator of order 3, that will be denoted by L1, that can be computed explicitly
exploiting the parametrization (74) of �, φ(4) denotes the fourth derivative with respect to ϑ1
and

∫
�

φdσ(ζ ) =
2π∫

0

φ(ϑ1)(
√

2 + cosϑ1)dϑ1,

therefore, since h ∈ C0,α(�)s (34) becomes

{
φ(4) + L1φ + λ = h ∀ζ ∈ �,∫ 2π

0 φ(ϑ1)dϑ1 = a√
2

− 1√
2

∫ 2π

0 φ(ϑ1) cosϑ1dϑ1,
(35)

or equivalently

(L1 +L2)(φ,λ) = (h, a/
√

2), (36)

where

L1(φ,λ) :=
(

φ(4) + λ,

2π∫
0

φ(ϑ1)dϑ1

)
(37)

and

L2(φ,λ) :=
(

L1φ,
1√
2

2π∫
0

φ(ϑ1) cosϑ1dϑ1

)
. (38)

In the next Proposition, we will prove the invertibility of L1, whose inverse will enable us to 
apply the Fredholm theory.

Proposition 7. For any (h, a) ∈ C0,α(�)s × R, there exists a unique solution (φ, λ) ∈
C4,α(�)s,0 ×R to the problem

{
φ(4) + λ = h ∀ϑ1 ∈ [0,2π ]∫ 2π

0 φ(ϑ1)dϑ1 = a,
(39)

satisfying the estimate
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|φ|C4,α(�) + |λ| ≤ c(|h|C0,α(�) + |a|), (40)

for some constant c > 0.

Proof. First we write φ = φ|| +φ⊥, where φ|| is a constant and φ⊥ has zero-average. Rephrasing 
(39) in this way, we get φ|| = a/2π and φ⊥ has to satisfy

(φ⊥)(4) + λ = h ∀ϑ1 ∈ [0,2π ]
2π∫

0

φ⊥ = 0, (41)

(φ⊥)′(0) = (φ⊥)′(2π) = (φ⊥)(3)(0) = (φ⊥)(3)(2π) = 0. (42)

As a consequence, our problem is solved if we set

λ = 1

2π

2π∫
0

h,φ⊥(ϑ1) =
1∫

0

G(ϑ1, s)(h(s) − λ)ds + φ0,

where G is the Grenn function of d4

dϑ4
1

with double Neumann boundary conditions and φ0 ∈ R

is chosen in such a way that φ⊥ has zero average. Since h is symmetric with respect to ϑ1 = π , 
then, by uniqueness, the same is true for φ⊥. The regularity of φ⊥ and the estimates of the norms 
follow by construction. �
Proposition 8. Problem (34) is uniquely solvable for any (h, a) ∈ C0,α(�)s ×R, and the solution 
(φ, λ) ∈ C4,α(�)s,0 ×R fulfills the estimate

|φ|C4,α(�) + |λ| ≤ c(|h|C0,α(�) + |a|), (43)

for some constant c > 0.

Proof. It is enough to write (34) in the form

(φ,λ) +L−1
1 L2(φ,λ) = L−1

1 (h, a)

and to apply the Fredholm alternative theorem. Notice that L−1
1 L2 is compact and I +L−1

1 L2 is 
injective on the space C4,α(�)s,0 ×R, since L is, as we observed above. �

In the sequel, we will often use the notation

Bk(1/4) := {φ ∈ Ck,α(�)s,0 : |φ|Ck,α(�) ≤ 1/4}.

In constructing approximate solutions, we will generate error terms with high powers of ε but 
with high derivatives of φ. To deal with these terms, we introduce some smoothing operators, 
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as in [24]. Let us recall that Alinhac and Gérard (see [1]) constructed a family of smoothing 
operators {Rθ }θ≥1 such that

|Rθφ|Ck,α(�) ≤ c|φ|
Ck′,α′

(�)
if k + α ≤ k′ + α′ (44)

|Rθφ|Ck,α(�) ≤ cθk+α−k′−α′ |φ|
Ck′,α′

(�)
if k + α ≥ k′ + α′ (45)

|φ − Rθφ|Ck,α(�) ≤ cθk+α−k′−α′ |φ|
Ck′,α′

(�)
if k + α ≤ k′ + α′. (46)

We point out that, since the construction of the Rθ ’s relies on cutting-off high Fourier modes, we 
have ∫

�

φ =
∫
�

Rθφ, ∀φ ∈ C4,α(�)s.

It is possible to find further details in [9], where the periodic (compact) case is specifically treated.
These operators are useful to gain regularity. For instance, we will start our construction of the 

approximate solution from a function φ ∈ C4,α(�), since the operator L̃0 is a fourth-order one, 
but some higher order derivatives will appear in the construction. As a consequence, we replace 
φ by φ� := R1/εφ in the expansion of the Laplacian (29), that is we set t = z − φ�(εy), for any 
y ∈ �ε . We need to estimate the derivatives of φ� up to order six, which will be done by means 
of the properties of the operators Rθ .

3.2. Exponentially decaying functions on R3

For any δ > 0 and for any x ∈R
N , we define

ϕδ(x) := ζ(|x|) + (1 − ζ(|x|))eδ|x|,

where χ :R → R is a C∞ cutoff function such that

ζ(t) =
{

1 for t < 1

0 for t > 2.

Moreover, we introduce the weighted spaces

C
k,α
δ (R3) := {u ∈ Ck,α(R3) : ||ũδ||Ck,α(R3) < ∞},

where ũδ := uϕδ and Ck,α(R3) is the space of Ck(R3) functions whose kth-derivatives are 
Hölder continuous with exponent α. We point out that functions belonging Ck,α

δ (R3) decay ex-
ponentially with rate δ, and the same is true for their derivatives.

This spaces are endowed with the norm

||u||Ck,α(R3) :=
k∑

j=0

||∇j u||∞ + [∇ku]α.
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In order to construct solutions to (4) that respect the symmetry of the Torus, we need to introduce 
the spaces of functions fulfilling these symmetries, that is

C
k,α
δ,s (R3) := {u ∈ C

k,α
δ (R3) : u(T x) = u(x) , u(Rx) = u(x) for any R ∈ SOx3(3)}.

Remark 9. We note that, for instance, if u ∈ C
2,α
δ,s (R3), then �u ∈ C

0,α
δ,s (R3). In fact, by def-

inition, any u ∈ C
2,α
δ,s (R3) satisfies u(x) = uT (x), where uT (x) := u(T x). Taking the Lapla-

cian, we can see that �u(x) = �uT (x) = �u(T x), and similarly, if R ∈ SOx3(3) and we set 
uR(x) = u(Rx), then �u(x) = �uR(x) = �u(Rx).

3.3. Functions on �ε ×R

First we will show existence and uniqueness of the heteroclinic solution to the ODE −v′′
� +

W ′(v�) = 0. The result is known, but since the proof is quite short, we report it for completeness.

Lemma 10. Let W be an even double well potential satisfying (3). Then there exists a unique 
solution v� to the problem

⎧⎪⎨
⎪⎩

−v′′
� + W ′(v�) = 0

v�(0) = 0

v� → ±1 as t → ±∞,

(47)

and this solution is odd.

It is known that, if W(t) = 1
4 (1 − t2)2 is the classical double-well potential, then v�(t) =

tanh(t/
√

2).

Proof. Let v� be the unique solution to the Cauchy Problem

⎧⎪⎨
⎪⎩

−v′′
� + W ′(v�) = 0

v�(0) = 0

v′
�(0) = √

2W(0).

Let (a, b) be its maximal interval of definition, with a < 0 < b. Since the function w(t) =
−v�(−t) is still a solution to the same Cauchy Problem, v� is an odd function, so it is enough 
to study v� in the positive half line and a = −b. Multiplying the ODE by v′

� and integrating we 
have

1

2
(v′

�)
2 = W(v�) + c. (48)

Evaluating at t = 0, it is possible to see that c = 0. As a consequence, v′
� > 0 in (0, b). In fact, if 

we assume by contradiction that there exists a first t0 such that v′
�(t0) = 0, then W(v�(t0)) = 0, 

so in particular v�(t0) = 1, but, by the uniqueness Cauchy Theorem, this implies that v� ≡ 1 in a 
neighbourhood of t0, a contradiction. As a consequence, it is possible to define
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l := lim
t→b

v�(t).

By monotonicity, we know that l > 0. Now we want to rule out the case l = ∞. In fact, if this 
were true, we would have v′′

� < 0 near 0 and v′′
� > 0 near b, so there should exist t1 > 0 such that 

v′′
� (t1) = 0. Therefore, using the equation and (48), we can see that v�(t1) = 1 and v′

�(t1) = 0, 
which is not possible.

Since l < ∞, we have b = ∞. Now, always by (48), we get that v′
� → √

2W(l) as t → ∞. 
Since u is bounded, W(l) = 0, hence l = 1.

Uniqueness follows from the Cauchy Theorem. �
It is known that v� converges exponentially to ±1 as t → ±∞ at a rate which is given by √

W ′′(1) = √
W ′′(−1), since W is even. More precisely, for any k ∈N, there exists a constant ck

such that

|∂k
t (v� − 1)| ≤ cke

−t
√

W ′′(1) for any t ≥ 0 (49)

and

|∂k
t (v� + 1)| ≤ cke

t
√

W ′′(1) for any t ≤ 0. (50)

For instance, in the classical case W(t) = 1
4 (1 − t2)2, we have 

√
W ′′(±1) = √

2.
For 0 < δ <

√
W ′′(1), we define the function

ψδ(t) = (1 + et )δ(1 + e−t )δ.

For 0 < ε ≤ 1 and 0 < α < 1, we define the space Ck,α
δ (�ε ×R) as the set of functions U : �ε ×

R → R that are k times differentiable and whose k-th partial derivatives are Hölder continuous 
with exponent α. This space is endowed with the norm

||U ||
C

k,α
δ (�ε×R)

= ||Uψδ||Ck,α(�ε×R),

where

||U ||Ck,α(�ε×R) =
k∑

j=0

||∇jU ||L∞(�ε×R) + sup
x 
=y

|∇ku(x) − ∇ku(y)|
|x − y|α .

Given the heteroclinic solution v�, we can define the spaces

Ek,α
δ (�ε ×R) :=

{
U ∈ C

k,α
δ (�ε ×R) :

∞∫
−∞

U(y, t)v′
�(t)dt = 0 for any y ∈ �ε

}

of functions that orthogonal, for any y ∈ �ε , to v′
�.

Moreover, as above, we will be interested in the spaces of functions that respect the symme-
tries of the Torus, thus we define
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C
k,α
δ,s (�ε ×R) := {U ∈ C

k,α
δ (�ε ×R) : UT = U, UR = U for any R ∈ SOx3(3)},

where we have set UT (y, z) := U(Ty, z) and UR(y, z) := U(Ry, z). Furthermore, we set 
Ek,α

δ,s (�ε ×R) := Ek,α
δ (�ε ×R) ∩ C

k,α
δ,s (�ε ×R). These spaces consist of functions that are both 

symmetric and orthogonal to v′
�.

In the sequel, we will often mention the operator

Lε[U ] := −(��ε + ∂tt )U(y, t) + W ′′(v�(t))U(y, t),

defined for any U ∈ C
4,α
δ (�ε ×R).

4. Idea of the proof: Lyapunov–Schmidt reduction

By a rescaling argument, it is enough to construct solutions to

−�(−�u + W ′(u)) + W ′′(u)(−�u + W ′(u)) = ε4λ(1 − u),

whose nodal set is close to �ε, since we can obtain the required solutions to (4) by setting 
ũ(x) := u(x/ε). Thus we set

F(u) = −�(−�u + W ′(u)) + W ′′(u)(−�u + W ′(u)). (51)

A computation shows that

F ′(u)[v] = −�(−�v + W ′′(u)v) + W ′′(u)(−�v + W ′′(u)v) (52)

+ W ′′′(u)(−�u + W ′(u))v

and

F ′′(u)[v,w] = −�(W ′′′(u)vw) + (W ′′′(u)W ′′(u) + W(4)(u)(−�u + W ′(u)))vw + (53)

W ′′′(u)[w(−�v + W ′′(u)v) + v(−�w + W ′′(u)w)].
In order to produce the required solutions we fix ε > 0 small and a small function φ ∈ C4,α(�)s,0, 
in the sense that |φ|C4,α(�) < 1/4, and we define the approximate solution vε,φ in such a way that 
its nodal set is close to

�ε,φ := {y + φ(εy)ν(εy) : y ∈ �ε},
for ε small enough and vε,φ ≡ ±1 outside a sufficiently small neighbourhood of �ε,φ . More 
precisely, we set φ� := R1/εφ,

�ε,φ� := {y + φ�(εy)ν(εy) : y ∈ �ε},

H(x) :=

⎧⎪⎨
⎪⎩

1 if fε(x) > 0

0 if fε(x) = 0

−1 if fε(x) < 0
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and, for any ε > 0 and for any integer m > 0,

χm(x) :=
{

ζ(|t | − τ
2ε

− m) if x = Zε(y, t + φ�(εy)) and d(x,�ε,φ�) < τ/ε,

0 otherwise.

We look for an approximate solution of the form

vε,φ(x) = χ5(x)ṽε,φ(y, t) + (1 − χ5(x))H(x), (54)

where t = z − φ�(εy) and vε,φ is understood to coincide with H outside the support of χ5. From 
now on, we will consider the expansion of the Laplacian (29) with φ replaced by φ�. This is more 
convenient for the forthcoming computations. Moreover vε,φ will vanish close to �ε,φ and it will 
respect the symmetries of the Torus. We stress that these cutoff functions actually depend on φ, 
but we prefer not to put the subscript φ to simplify the notation. However, we will see that the 
error F(vε,φ) is small, but not zero, therefore we have to add a correction w = wε,φ,λ depending 
on ε, φ and λ in order to obtain a real solution, that is F(vε,φ + w) = 0. Rephrasing our problem 
in this way, the unknowns are φ and w, for any ε > 0 small but fixed. Expanding F in Taylor 
series, our equation becomes

F(vε,φ) + F ′(vε,φ)w + Qε,φ(w) = 0, (55)

where

Qε,φ(w) =
1∫

0

dt

t∫
0

F ′′(vε,φ + sw)[w,w]ds. (56)

However, we are not able to solve it directly, because of the lack of coercivity of F ′(vε,φ).

4.1. The auxiliary equation: a gluing procedure

We look for a solution of the form

w(x) = χ2(x)U(y, t) + V (x), (57)

where V is defined in the whole R3, U is defined in the entire �ε × R. Since we want our 
solutions uε to respect the symmetries of the Torus, we look for solutions U and V such that

U(y, t) = U(Ty, t), U(y, t) = U(Ry, t), for any R ∈ SOx3(3) and (y, t) ∈ �ε ×R

V (x) = V (T x), V (x) = V (Rx), for any R ∈ SOx3(3) and x ∈R
3.

Now we observe that the potential

�ε,φ(x) := (1 − χ1(x))W ′′(vε,φ) + χ1(x)W ′′(1) (58)



M. Rizzi / J. Differential Equations 262 (2017) 5306–5362 5329

is positive and bounded away from 0 in the whole R3, that is, for any 0 < δ <
√

W ′′(1), 0 < δ2 <

�ε,φ(x) < W ′′(1) provided ε is small enough, the estimate is uniform in φ. Moreover, using that 
χ2χ1 = χ1, (51) becomes

0 = χ2

{
F(ṽε,φ) + F ′(ṽε,φ)[U ] + χ1Qε,φ(U + V ) + χ1Mε,φ(V ) (59)

− ε4χ1λ(1 − ṽε,φ − V ) + ε4λU

}

+ (−� + �ε,φ)2V + (1 − χ2)F (vε,φ) + (1 − χ1)Qε,φ(χ2U + V )

+ Nε,φ(U) + Pε,φ(V ) − ε4λ(1 − χ1)(1 − vε,φ − V ),

where

Mε,φ(V ) := (W ′′(ṽε,φ) − W ′′(1))(−�V + �ε,φV ) (60)

+ (−� + W ′′(ṽε,φ))
[
(W ′′(ṽε,φ) − W ′′(1))V

]
Nε,φ(U) := −2 < ∇χ2,∇(−�U + W ′′(ṽε,φ)U) > −�χ2(−�U + W ′′(ṽε,φ)U) (61)

+ (−� + W ′′(ṽε,φ))(−2 < ∇χ2,∇U > −�χ2U)

Pε,φ(V ) := −2 < ∇χ1,∇((W ′′(ṽε,φ) − W ′′(1))V ) > −�χ1(W
′′(ṽε,φ) − W ′′(1))V (62)

+ W ′′′(vε,φ)(−�vε,φ + W ′(vε,φ))V .

Hence we have reduced our problem to finding a solution (V , U) to the system

(−� + �ε,φ)2V + (1 − χ2)F (vε,φ) + (1 − χ1)Qε,φ(χ2U + V )

+ Nε,φ(U) + Pε,φ(V ) = ε4λ(1 − χ1)(1 − vε,φ − V ) in R
3 (63)

F(ṽε,φ) + F ′(ṽε,φ)[U ] + χ1Qε,φ(U + V )

+ χ1Mε,φ(V ) = ε4λχ1(1 − ṽε,φ − V ) − ε4λU for |t | ≤ τ/2ε + 4. (64)

The system of equations (63) and (64) is known as auxiliary equation. First we solve equation 
(63) for any fixed U , thanks to coercivity, due to the fact that �ε,φ is bounded away from 0
uniformly in ε and φ. We will see that our solution also depends on the data U and φ in a 
Lipschitz way.

Proposition 11. For any ε > 0 small enough, for any U ∈ C
4,α
δ,s (�ε × R) satisfying

||U ||
C

4,α
δ (�ε×R)

≤ 1, for any φ ∈ B4(1/4) and for any |λ| < 1, equation (63) admits a unique 

solution Vε,φ,λ,U ∈ C
4,α
δ,s (R3) satisfying

⎧⎪⎨
⎪⎩

||Vε,φ,λ,U ||C4,α(R3) ≤ C1e
−a/ε

||Vε,φ,λ,U1 − Vε,φ,λ,U2 ||C4,α(R3) ≤ C1e
−a/ε||U1 − U2||C4,α

δ (�ε×R)

||Vε,φ1,λ1,U − Vε,φ2,λ2,U ||C4,α(R3) ≤ C1e
−a/ε(|φ1 − φ2|C4,α(�) + |λ1 − λ2|)

(65)
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a := δτ/2, for any U1, U2 satisfying ||U1||C4,α
δ (�ε×R)

, ||U2||C4,α
δ (�ε×R)

≤ 1, for any φ1, φ2 ∈
B4(1/4), for any |λ1|, |λ2| < 1, for some constants a, C1 > 0 independent of U , ε and φ.

The proof of Proposition 11 is based on a fixed point argument (see section 6).
Now we consider equation (64). In order to solve it, we need to extend it to the whole �ε ×R. 

First we observe that

F ′(vε,φ)[U ] = L2
ε[U ] + Rε,φ[U ],

where

Rε,φ[U ] := Lε(D + W ′′(ṽε,φ) − W ′′(v�))[U ] + (D + W ′′(ṽε,φ) − W ′′(v�))Lε[U ]
+ (D + W ′′(ṽε,φ) − W ′′(v�))

2[U ] + W ′′′(ṽε,φ)(−�ṽε,φ + W ′(ṽε,φ))U,

D is defined in (29), with φ replaced by φ�. Therefore we reduced ourselves to consider

L2
ε[U ] = −F(ṽε,φ) − χ1Qε,φ(U + V ) − Rε,φ[U ] (66)

− χ1Mε,φ(V ) + ε4λχ1(1 − ṽε,φ − V ) − ε4λU

in the entire �ε × R. We would like to solve this equation with a fixed point argument, but, 
in order to do so, the right-hand side must be orthogonal to the Kernel of L2

ε , that is the one 
dimensional space generated by v′

�(t), hence we can solve the problem

L2
ε[U ] = −F(ṽε,φ) + ε4λχ1(1 − ṽε,φ) − T(U,Vε,φ,λ,U ,φ) + p(y)v′

�(t) (67)

∞∫
−∞

U(y, t)v′
�(t)dt = 0 for any y ∈ �ε,

where we have set, for the sake of simplicity,

T(U,V,φ) := χ1Qε,φ(U + V ) + Rε,φ(U) + χ1Mε,φ(V ) + ε4λ(χ1V + U)

p(y) := 1

c�

∞∫
−∞

(
F(ṽε,φ) − ε4λχ1(1 − ṽε,φ) + T(U,Vε,φ,λ,U ,φ)

)
(y, t)v′

�(t)dt

and c� := ∫ ∞
−∞(v′

�(t))
2dt .

Before stating the next proposition, let us observe that any function U : �ε ×R → R can be 
written as the sum of an even part and an odd part, the even part being Ue(y, t) := 1

2 (U(y, t) +
U(y, −t)) and the odd part being Uo(y, t) := 1

2 (U(y, t) + U(y, −t)).

Proposition 12. For any ε > 0 small enough, for any φ ∈ B4(1/4) and for any |λ| < 1, we can 
find a solution Uε,φ,λ ∈ E4,α

δ,s (�ε ×R) to equation (67) satisfying



M. Rizzi / J. Differential Equations 262 (2017) 5306–5362 5331

⎧⎪⎪⎨
⎪⎪⎩

||Uε,φ,λ||C4,α
δ (�ε×R)

≤ C2ε
3

||(Uε,φ,λ)o||C4,α
δ (�ε×R)

≤ C2ε
4

||Uε,φ1,λ1 − Uε,φ2,λ2 ||C4,α
δ (�ε×R)

≤ C2ε
3(|φ1 − φ2|C4,α(�) + |λ1 − λ2|),

(68)

for any φ1, φ2 ∈ B4(1/4), for any |λ1|, |λ2| < 1, for some constant C2 > 0 independent of ε.

The proof of Proposition 12 will be given in section 6.

4.2. The bifurcation equation

In conclusion, we will show that it is possible to find φ that solves

∞∫
−∞

(
F(ṽε,φ) − ε4λχ1(1 − ṽε,φ) + T(U,Vε,φ,U ,φ)

)
(y, t)v′

�(t)dt = 0 (69)

for any y ∈ �ε and such that the real solution uε(x) := vε,φ(x/ε) + wε,φ,λ(x/ε) satisfies the 
volume constraint (8). We will show in Proposition 17 and in the proof of Proposition 12 in 
Section 6.4 that equation (69) is equivalent to

L̃0φ(y) + 2

c�

λ = εq1
ε (φ,λ)(y) + ε2q2

ε (φ,λ)(y), (70)

where q1
ε satisfies

{
|q1

ε (φ,λ)|C0,α(�) ≤ c

|q1
ε (φ1, λ1) − q1

ε (φ2, λ2)|C0,α(�) ≤ c(|φ1 − φ2|C0,α(�) + |λ1 − λ2|),
(71)

for any (φ, λ) ∈ C4,α(�)s,0 ×R fulfilling |φ|C4,α(�) + |λ| < 1, and q2
ε satisfies

{
|q2

ε (φ,λ)|C0,α(�) ≤ C

|q2
ε (φ1, λ1) − q2

ε (φ2, λ2)|C0,α(�) ≤ C(|φ1 − φ2|C0,α(�) + |λ1 − λ2|),
(72)

for any (φ, λ) ∈ C4,α(�)s,0 × R fulfilling |φ|C4,α(�) + |λ| < c̃ε, for some c̃ > 0. We stress that 
the constant C appearing in (72) may depend on c̃. As regards the volume constraint, we note 
that, by the change of variables x ′ = x/ε,

8π2
√

2cε =
∫
R3

(1 − uε(x))2dx = ε3
∫
R3

1 − (vε,φ(x) + wε,φ,λ(x))2dx,

cε := 1 + ε

∞∫
0

(v2
� − 1)dt.

The latter integral can be calculated exploiting the natural change of variables
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⎧⎪⎨
⎪⎩

x1 = ε−1 cos(εy2)
(
(z + ε−1) cos(εy1) + ε−1

√
2
)
,

x2 = ε−1 sin(εy2)
(
(z + ε−1) cos(εy1) + ε−1

√
2
)
,

x3 = ε−1(z + ε−1) sin(εy1),

(73)

on Vτ/ε , induced by the parametrization Yε(y) = ε−1Y(εy), where

Y(ϑ1, ϑ2) := (cosϑ2(cosϑ1 + √
2), sinϑ2(cosϑ1 + √

2), sinϑ2) (74)

and (ϑ1, ϑ2) = ε(y1, y2) ∈ [0, 2π)2.

Proposition 13. For any ε > 0 small enough, for any φ ∈ C4,α(�)s,0, we have

∫
R3

1 − (vε,φ(x) + wε,φ,λ(x))2dx = ε−38π2
√

2cε + 4ε−2
∫
�

φ(ζ )dσ (ζ )

+ 16
√

2π2ε−1

∞∫
0

t (1 − v�(t))dt + 4Gε(φ,λ),

with Gε fulfilling

{
|Gε(φ,λ)| ≤ c,

|Gε(φ1, λ1) − Gε(φ2, λ2)| ≤ c(|φ1 − φ2|C4,α(�) + |λ1 − λ2|)

if φ, φ1, φ2 ∈ C4,α(�)s satisfy |φ|C4,α(�), |φ1|C4,α(�), |φ2|C4,α(�) ≤ c̃ε, for some c̃ > 0, for any 
λ, λ1, λ2 such that |λ|, |λ1|, |λ2| < 1.

The proof of this Proposition will be given in Section 7. Therefore, in terms of φ and λ, 
equation (8) is equivalent to equation

∫
�

φ(ζ )dσ (ζ ) = −4
√

2π2ε

∞∫
0

t (1 − v�(t))dt − ε2Gε(φ,λ). (75)

In order to solve the bifurcation equation (70), we need to couple it with (75), due to the properties 
of L̃0 (see Section 4.1), and we solve the system by a fixed point argument, that will be explained 
in this Proposition, whose proof will be carried out in Section 7.

Proposition 14. For any ε > 0 small enough, the bifurcation equation

L̃0φ + 2

c�

λ = εq1
ε (φ,λ) + ε2q2

ε (φ,λ) (76)

∫
�

φ(ζ )dσ (ζ ) = −4
√

2π2ε

∞∫
0

t (1 − v�(t))dt − ε2Gε(φ,λ), (77)
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admits a solution (φ, λ) ∈ C4,α(�)s,0 ×R satisfying

|φ|C4,α(�) + |λ| ≤ C3ε, (78)

for some constant C3 = C3(W, τ) > 0.

Remark 15. (i) In the statement of Proposition 14, we use the term bifurcation equation for a 
system. This is a slight abuse of language, however it is convenient since it is consistent with the 
bifurcation theory.

(ii) As we will see in the proof of Proposition 17 below, the Willmore equation will appear at 
order ε3, while the linearized operator

L̃0φ = L2
0φ + 3

2
H 2L0φ − H(∇�φ,∇�H) + 2(A∇�φ,∇�H) + (79)

2H < A,∇2φ > +φ(2 < A,∇2H > +|∇�H |2 + 2H trA3),

will appear at order ε4, thus it is crucial for the remainder to be smaller in order to apply a 
contraction mapping principle. This is actually the case thanks to the fact that the odd part of 
Uε,φ,λ is of order ε4.

5. The approximate solution

5.1. Construction

First one can try to take v�(z − φ(εy)) as an approximate solution, where φ ∈ B4(1/4) =
{φ ∈ C4,α(�)s,0 : |φ|C4,α < 1/4} is some small function that respects the symmetries of � and 
(y, z) are the Fermi coordinates of �. We will see that these symmetries will be inherited by 
our approximate solution (see Remark 16 below). In this way, our approximate solution vanishes 
exactly on

�ε,φ := {y + φ(εy)ν(εy) : y ∈ �ε} (80)

and goes from −1 to 1 in a monotone way. The speed of the phase transition is independent 
of ε, but it becomes faster and faster when ε becomes small if compared to the scale of �ε, that 
increases as 1/ε.

With the change of variables t = z − φ�(εy), we have

v�(z − φ(εy)) = v�(t + φ�(εy) − φ(εy)).

We recall that φ� := R1/εφ, where the smoothing operators R1/ε are introduced in Section 3.1
and satisfy (44), (45), (46). We write

v�(t + φ�(εy) − φ(εy)) = v�(t) + v1,ε,φ(y, t),

where

v1,ε,φ(y, t) := v�(t + φ�(εy) − φ(εy)) − v�(t).
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Since the Fermi coordinates are just defined in a neighbourhood of the Torus, our approximate 
solution is not defined everywhere. For our purposes, it is enough to consider it in the set

B = {x = Zε(y, t + φ�(εy)) ∈ R
3 : |t | < τ/2ε + 7}, (81)

that is a tubular neighbourhood of

�ε,φ� = {y + φ�(εy)ν(εy) : y ∈ �ε}
of width τ/2ε + 7. Then it will be extended to the whole R3 with the aid of a cutoff function.

Now let us first compute F(v�(t)). In the sequel, by a Taylor expansion, we will also consider 
the contribution of v1,ε,φ . In the forthcoming computations, v� and its derivatives will always be 
evaluated at t , the geometric quantities, φ and its derivatives will always be evaluated at εy. By 
(26),

−�v� + W ′(v�) = −v′′
� + W ′(v�) + εĤ (εy, ε(t + φ�))v

′
� (82)

+ ε2��φ�v
′
� − ε2|∇φ�|2v′′

� + ε3(t + φ�)(a
ij

1 (φ�)ij + bi
1(φ�)i)v

′
�

− ε3(t + φ�)a
ij

1 (φ�)i(φ�)j v
′′
�

+ ε4(t + φ�)
2(a

ij

2 (φ�)ij + bi
2(φ�)i)v

′
� − ε4(t + φ�)

2a
ij

2 (φ�)i(φ�)j v
′′
�

ε2(aij (φ�)ij + b
i
(φ�)i)v

′
� − ε2aij (φ�)i(φ�)j v

′′
� .

The term of order 0 in ε vanishes since v� satisfies the ODE −v′′
� + W ′(v�) = 0. Thus, in order 

to compute F(v�), we need to apply the linear operator −� + W ′′(v�) to the remaining terms. 
We will write down all terms of order less or equal than 4, the other ones being lower order 
terms, in some sense that will be clear soon. Let us set, for any function v ∈ C2(R), L�v :=
−v′′ +W ′′(v�)v. Differentiating the ODE satisfied by v�, we get L�v

′
� = 0, thus using the Taylor 

expansion of H̃ , the first term of (82) gives

T 1
ε,φ(y, t) = ( − � + W ′′(v�)

)
(εĤ (εy, ε(t + φ�))v

′
�) = ε2(H 2 − 2|A|2)v′′

� (83)

+ ε3
{
(2H |A|2 − 4trA3)(t + φ�)v

′′
� + (H |A|2 − 2trA3)v′

� − ��Hv′
�

+ 2(∇�H,∇�φ�)v
′′
� − H |∇�φ�|2v′′′

� + H��φ�v
′′
�

}

+ ε4
{
(|A|4 − 6H4 + 2H trA3)((t + φ�)

2v′′
� + (t + φ�)v

′
�) − �� |A|2(t + φ�)v

′
�

+ 2(∇� |A|2,∇�φ�)(t + φ�)v
′′
� − |A|2|∇�φ�|2(t + φ�)v

′′′
� + ��φ�|A|2(t + φ�)v

′′
�

− (a
ij

1 Hij + bi
1Hi)(t + φ�)v

′
� + 2a

ij

1 Hi(φ�)j (t + φ�)v
′′
�

+ H(a
ij

1 (φ�)ij + bi
1(φ�)i)(t + φ�)v

′′
� − Ha

ij

1 (φ�)i(φ�)j v
′′′
�

}
+ ε5F 1

ε,φ(y, t),

with F 1
ε,φ is small and Lipschitzian in φ, in the sense that, in view of (44),
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{
|Sε,φF 1

ε,φ |C0,α(�) ≤ c

|Sε,φ1F
1
ε,φ1

− Sε,φ2F
1
ε,ψ |C0,α(�) ≤ c|φ1 − φ2|C4,α(�),

(84)

for any φ, φ1, φ2 ∈ B4(1/4), for some constant c = c(W, τ) > 0 independent of ε and φ.
Similarly, the second term of (82) gives

T 2
ε,φ(y, t) = ( − � + W ′′(v�)

)
(ε2��φ�v

′
�) = ε3H��φ�v

′′
� (85)

+ ε4
{

− (��)2φ�v
′
� + |A|2��φ�(t + φ�)v

′′
� + 2(∇���φ�,∇�φ�)v

′′
�

+ (��φ�)
2v′′

� − |∇�φ�|2��φ�v
′′′
�

}
+ ε5F 2

ε,φ(y, t),

with F 2
ε,φ fulfilling (84).

The third term of (82) is already quadratic in φ, but, for the sake of completeness, we prefer 
to write it down.

T 3
ε,φ(y, t) = ( − � + W ′′(v�)

)
(−ε2|∇�φ�|2v′′

� ) = ε2|∇�φ�|2(v(4)
� − W ′′(v�)v

′′
� ) (86)

− ε3H |∇�φ�|2v′′′
� + ε4

{
− |A|2|∇�φ�|2(t + φ�)v

′′′
� + �� |∇�φ�|2v′′

�

− 2(∇� |∇�φ�|2,∇�φ�)v
′′′
� + |∇�φ�|4v(4)

� − |∇�φ�|2��φ�v
′′′
�

}
+ ε5F 3

ε,φ(y, t)

The fourth term of (82) gives

T 4
ε,φ(y, t) = ( − � + W ′′(v�)

)(
ε3(a

ij

1 (φ�)ij + bi
1(φ�)i)(t + φ�)v

′
�

) = (87)

− 2ε3(a
ij

1 (φ�)ij + bi
1(φ�)i)v

′′
�

+ ε4H(a
ij

1 (φ�)ij + bi
1(φ�)i)(v

′
� + (t + φ�)v

′′
� ) + ε5F 4

ε,φ(y, t).

The fifth term of (82) gives

T 5
ε,φ(y, t) = ( − � + W ′′(v�)

)
(−ε3a

ij

1 (φ�)i(φ�)j (t + φ�)v
′′
� ) =

ε3a
ij

1 (φ�)i(φ�)j ((t + φ�)v
(4)
� − (t + φ�)W

′′(v�)v
′′
� + 2v′′′

� )

− ε4Ha
ij

1 (φ�)i(φ�)j (v
′′
� + (t + φ�)v

′′′
� ) + ε5F 5

ε,φ(y, t),

with F 3
ε,φ, F 4

ε,φ, F 5
ε,φ fulfilling (84).

Now we consider the terms involving aij

2 and bi
2. We will see that all the contributions of 

order ε4 coming from these terms will simplify, therefore we do not need to know the explicit 
expression of aij

2 and bi
2.
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T 6
ε,φ(y, t) =

{( − � + W ′′(v�)
)(

ε4(a
ij

2 (φ�)ij + bi
2(φ�)i)(t + φ�)

2v′
� (88)

− ε4a
ij

2 (φ�)i(φ�)j (t + φ�)
2v′′

�

)
+ ε2(aij (φ�)ij + b

i
(φ�)i)v

′
� − ε2aij (φ�)i(φ�)j v

′′
�

}

= −ε4(a
ij

2 (φ�)ij + bi
2(φ�)i)(2v′

� + 4(t + φ�)v
′′
� )

− ε4a
ij

2 (φ�)i(φ�)j (2v′′
� + 4(t + φ�)v

′′′
� + (t + φ�)

2v(4)
� + W ′′(v�)v

′′
� )

+ ( − � + W ′′(v�)
){

ε2(aij (φ�)ij + b
i
(φ�)i)v

′
� − ε2aij (φ�)i(φ�)j v

′′
�

}
+ ε5F 6

ε,φ(y, t),

with F 6
ε,φ fulfilling (84).

It turns out that, in the expansion of F(v�(t)), the term of order ε2 is (H 2 − 2|A|2)v′′
� +

|∇φ�|2(v(4)
� − W ′′(v�)v

′′
� ). Since it is too large for our purposes, we add a correction to the 

approximate solution in order to cancel it. Moreover, there is also a quadratic term appearing at 
order ε3, that is −2H |∇φ�|2v′′′

� . Although it is smaller if, for instance, |φ|C4,α(�) ≤ cε, for some 
constant c > 0, we would like to get rid of it in order to improve the approximation.

In order to do so, we set

η(t) := −v′
�(t)

t∫
0

(v′
�(s))

−2ds

s∫
−∞

τ(v′
�(τ ))2

2
dτ,

η̃(t) := −v′
�(t)

t∫
0

(v′
�(s))

−2ds

s∫
−∞

v′
�(τ )v′′

� (τ )dτ.

This functions are exponentially decaying, odd and solve

L�η(t) = −η′′(t) + W ′′(v�(t))η(t) = 1

2
tv′

�(t), L�η̃(t) = v′′
� (t),

∞∫
−∞

η(t)v′
�(t)dt =

∞∫
−∞

η̃(t)v′
�(t)dt = 0.

Differentiating this relation once more, it is possible to see that L2
�η(t) = −v′′

� (t) and L2
�η̃ =

−v
(4)
� + W ′′(v�)v

′′
� . Our new approximate solution will be

ṽε,φ(y, t) := v�(t) + v1,ε,φ(y, t) + v2,ε,φ(y, t),

where

v2,ε,φ(y, t) = ε2(ψ(εy) + εLφ�(εy))η(t) + ε2|∇φ�(εy)|2η̃(t), (89)

with ψ : � → R and L linear in φ to be determined later. In the sequel, η, η̃ and its derivatives 
are evaluated at t , the geometric quantities, φ and its derivatives will be evaluated at εy.
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Taking the Taylor expansion of F ,

F(ṽε,φ)(y, t) = F(v�) + F ′(v�)[v1,ε,φ] + F ′(v�)[v2,ε,φ]
+ 1

2
F ′′(v�)[v1,ε,φ, v1,ε,φ] + F ′′(v�)[v1,ε,φ, v2,ε,φ]

+ 1

2
F ′′(v�)[v2,ε,φ, v2,ε,φ] + Cε,φ[v1,ε,φ + v2,ε,φ],

where

Cε,φ[w] =
1∫

0

dt

t∫
0

ds

s∫
0

F ′′′(v� + τw
)[w,w,w]dτ.

It follows from the expansion of the Laplacian and the properties of the smoothing operators 
((44), (45), (46)) that

F ′(v�)[v1,ε,φ](y, t) = ε4�2
�(φ� − φ) + ε5F 12

ε,φ(y, t), (90)

with F 12
ε,φ satisfying (84). We point out that this extra term does not give rise to terms of order ε2

and ε3.
Now we compute F ′(v�)[v2,ε,φ]. As first we note that

T 7
ε,φ(y, z) = W ′′′(v�)(−�v� + W ′(v�))(ε

2ψη + ε3Lφ�η + ε2|∇φ�|2η̃)

= ε3HψW ′′′(v�)ηv′
� + ε3H |∇φ�|2W ′′′(v�)η̃v′

�

+ ε4
{
(ψ��φ� + HLφ� + (t + φ�)ψ |A|2)W ′′′(v�)ηv′

� − |∇φ�|2ψW ′′′(v�)ηv′′
�

+ |∇φ�|2W ′′′(v�)η̃(|A|2(t + φ�)v
′
� + ε2��φ�v

′
� − |∇φ�|2v′′

� )

}
+ ε5F 7

ε,φ(y, t),

with F 7
ε,φ fulfilling (84).

After that, we have to compute 
( − � + W ′′(v�)

)2
(ε2(ψ + εLφ�)η + ε2|∇φ�|2η̃). We obtain

( − � + W ′′(v�)
)
(ε2(ψ + εLφ�)η + ε2|∇φ�|2η̃) =

ε2(ψL�η + |∇φ�|2L�η̃) + ε3(Hψη′ + Lφ�L�η + H |∇φ�|2η̃′)

+ ε4
{

− ��ψη + (|A|2ψ(t + φ�) + HLφ� + 2(∇�ψ,∇�φ�) + ψ��φ�

)
η′

− ψ |∇�φ�|2η′′ − �|∇φ�|2η̃ − |∇φ�|4η̃′′
(|A|2(t + φ�)|∇φ�|2 + ��φ�|∇φ�|2 + 2(∇φ�,∇|∇φ�|2)

)
η̃′

}
+ ε5F̃ε,φ(y, t),

with F̃ε,φ satisfying (84).
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Applying the operator once more, we obtain

T 8
ε,φ(y, t) = ( − � + W ′′(v�)

)
(ε2(ψ + εLφ�)L�η + ε2|∇φ�|2L�η̃) = (91)

ε2(ψL2
�η + |∇φ�|2L2

�η̃) + ε3
{
Lφ�L

2
�η + Hψ(L�η)′ + H |∇φ�|2(L�η̃)′

}

+ ε4
{

− ��ψL�η + (|A|2ψ(t + φ�) + HLφ� + 2(∇�ψ,∇�φ�) + ψ��φ�

)
(L�η)′

− ψ |∇�φ�|2(L�η)′′ − �|∇φ�|2L�η̃ − |∇φ�|4(L�η̃)′′

(|A|2(t + φ�)|∇φ�|2 + ��φ�|∇φ�|2 + 2(∇φ�,∇|∇φ�|2)
)
(L�η̃)′

}
+ ε5F 8

ε,φ(y, t),

with F 8
ε,φ satisfying (84).

Moreover,

T 9
ε,φ(y, t) = ( − � + W ′′(v�)

)
(ε3Hψη′ + ε3H |∇φ�|2η̃′) = (92)

ε3(ψHL�(η
′) + H |∇φ�|2L�(η̃

′)) + ε4(H 2ψη′′ + H 2|∇φ�|2η̃′′) + ε5F 9
ε,φ(y, t),

with F 9
ε,φ satisfying (84).

As regards the term of order ε4 of (91), we note that

T 10
ε,φ(y, t) = ε4( − � + W ′′(v�)

){ − ��ψη + (|A|2ψ(t + φ�) + HLφ� (93)

+ 2(∇�ψ,∇�φ�) + ψ��φ�

)
η′ − ψ |∇�φ�|2η′′ − �|∇φ�|2η̃ − |∇φ�|4η̃′′

(|A|2(t + φ�)|∇φ�|2 + ��φ�|∇φ�|2 + 2(∇φ�,∇|∇φ�|2)
)
η̃′

}

= ε4
{

− ��ψL�η + (
HLφ� + 2(∇�ψ,∇�φ�) + ψ��φ�

)
L�(η

′)

+ |A|2ψL�((t + φ�)η
′) − ψ |∇�φ�|2L�(η

′′) − �|∇φ�|2η̃ − |∇φ�|4(L�η̃)′′

(|A|2(t + φ�)|∇φ�|2 + ��φ�|∇φ�|2 + 2(∇φ�,∇|∇φ�|2)
)
(L�η̃)′

}
+ ε5F 10

ε,φ(y, t),

with F 10
ε,φ satisfying (84). To conclude, also

F 11
ε,φ(y, t) = ( − � + W ′′(v�)

)
F̃ε,φ(y, t)

is negligible, that is it satisfies (84), since F̃ε,φ does.
Now we have to considered the contribution of F ′′(v�)[v2,ε,φ, v2,ε,φ], since it gives rise to a 

term of order ε4. However, we will see that this contribution will cancel after projection, since 
the term of order ε4 is orthogonal to v′

�, indeed
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F ′′(v�)[v2,ε,φ, v2,ε,φ] (94)

= ε4ψ2(W ′′′(v�)W
′′(v�)η

2 − (W ′′′(v�)η
2)′′ + 2W ′′′(v�)ηL�η

) + ε5F 13
ε,φ(y, t),

with F 13
ε,φ satisfying (84). By the properties of the smoothing operators Rθ (see (44), (45), (46)), 

we can see that

||F ′′(v�)[v1,ε,φ, v2,ε,φ]||
C

4,α
δ (�ε×R)

≤ cε6|φ|C4,α(�) (95)

and the same is true for F ′′(v�)[v1,ε,φ, v1,ε,φ] and Cε,φ[v1,ε,φ + v2,ε,φ].
We point out that, with this choice of approximate solution, the term of order ε2 of F(ṽε,φ) is 

precisely

(H 2 − 2|A|2)v′′
� + ψL2

�η + |∇φ�|2(v(4)
� − W ′′(v�)v

′′
� + L2

�η̃),

which vanishes if we set ψ := H 2 − 2|A|2, since L2
�η = −v′′

� and L2
�η̃ = −v

(4)
� + W ′′(v�)v

′′
� . 

Moreover, if we set Lφ = φ(2H |A|2 − 4trA3) + 2H��φ − 4(A, ∇2φ), the term of order ε3 is

(H |A|2 − 2trA3)(2tv′′
� + v�) + |∇φ�|2(−2v′′′

� + 2(L�η̃)′) − ��Hv′
�

+ (φ�(2H |A|2 − 4trA3) + 2H��φ� − 4(A,∇2φ�))v
′′
� + LφL2

�η

2H(H 2 − 2|A|2)(L�η)′ + 2(A∇φ�,∇φ�)
(
(t + φ�)v

(4)
� − (t + φ�)W

′′(v�)v
′′
� + 2v′′′

�

) =
(H |A|2 − 2trA3)(2tv′′

� + v′
�) − ��Hv′

� + 2H(H 2 − 2|A|2)(L�η)′

+ 2(A∇φ�,∇φ�)
(
(t + φ�)v

(4)
� − (t + φ�)W

′′(v�)v
′′
� + 2v′′′

�

)
,

since (L�η̃)′ = v′′′
� and L2

�η = −v′′
� .

We recall that ṽε,φ is just defined in B , while our global approximate solution is vε,φ(x) =
χ5(x)ṽε,φ(y, t) + (1 − χ5(x))H(x) (see (54)).

Remark 16. It follows from the construction that our approximate solution respects the symme-
tries of the Torus, that is vε,φ(x) = vε,φ(T x) and vε,φ(x) = vε,φ(Rx), for any R ∈ SOx3(3).

5.2. Projection onto the Kernel

As we noticed in section 4.2, we need to consider the projection of the error F(ṽε,φ).

Proposition 17. Let us set, for any φ ∈ B4(1/4) = {φ ∈ C4,α(�)s,0 : |φ|C4,α(�) < 1/4},

Lφ := −4 < A,∇2φ > +2H��φ + φ(2H |A|2 − 4trA3), (96)

where c� := ∫ ∞
−∞(v′

�(t))
2dt . Then, for any y ∈ �ε , the projection of Fε(ṽε,φ) satisfies

∞∫
−∞

(F (ṽε,φ) − ε4χ1λ(1 − ṽε,φ))(y, t)v′
�(t)dt = −ε4c�L̃0φ − 2ε4λ + ε5Fε,φ,λ(εy), (97)
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with Fε,φ uniformly bounded and Lipschitzian in φ ∈ B4(1/4) and in ε, that is there exists a 
constant c = c(W, τ) > 0 such that{

|Fε,φ,λ|C0,α(�) ≤ c,

|Fε,φ1,λ1 −Fε,φ2,λ2 |C0,α(�) ≤ c(|φ1 − φ2|C4,α(�) + |λ1 − λ2|), (98)

for any φ, φ1, φ2 ∈ C4,α(�)s with |φ|C4,α(�), |φ1|C4,α(�), |φ2|C4,α(�) ≤ c̃ε, for any |λ|, |λ1|,
|λ2| < c̃ε, for some C > 0, and for any ε > 0 small enough.

Remark 18. It follows from the computations that Fε,φ,λ(y) = H(y) + εGε,φ,λ(y), where 
|H|C0,α(�) < ∞ is bounded and

|Gε,φ,λ|C0,α(�) ≤ C, if |φ|C4,α(�) + |λ| < c̃ε,

where c̃ > 0 is arbitrary and C may depend on c̃, but not on ε.

Proof. Above we computed F(ṽε,φ) using (28), now we just project it term by term.
Integrating by parts we can show that

∞∫
−∞

tv′′
� (t)v′

�(t)dt = −1

2
c� (99)

∞∫
−∞

(L�η(t))′v′
�(t)dt = 1

4
c� (100)

∞∫
−∞

L�(η
′(t))v′

�(t)dt = 0, (101)

so in particular

∞∫
−∞

W ′′′(v�(t))η(t)(v′
�(t))

2dt =
∞∫

−∞

{
L�η(t) − L�(η

′(t))
}
v′
�(t)dt = 1

4
c�.

Moreover, setting b� := ∫ ∞
−∞(v′′

� (t))2dt = − 
∫ ∞
−∞ v′′′

� (t)v′
�(t)dt , we can see that

∞∫
−∞

{
tv(4)

� (t) − tW ′′(v�(t))v
′′
� (t) + 2v′′′

� (t)
}
v′
�(t)dt = (102)

−
∞∫

−∞
tL�(v

′′
� (t))v′

�(t)dt − 2b� = −
∞∫

−∞
tv′′

� (t)L�(v
′
�(t))dt + 2b� − 2b� = 0

because L�(v
′
�) = 0.
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First we show that the term of order ε3 vanishes after projection. In fact, by (99), (100), (102)
and the Willmore equation,

(H |A|2 − 2trA3)

∞∫
−∞

(2tv′′
� + v�)v

′
�dt − ��H

∞∫
−∞

(v′
�)

2dt + 2H(H 2 − 2|A|2)
∞∫

−∞
(L�η)′v′

�dt

+ 2(A∇φ�,∇φ�)

∞∫
−∞

(
(t + φ�)v

(4)
� − (t + φ�)W

′′(v�)v
′′
� + 2v′′′

�

)
v′
�dt

= c�(−��H + 1

2
H(H 2 − 2|A|2)) = 0

In the forthcoming calculations, we will only consider the terms of order at least ε4. For nota-
tional convenience, we define T̃ k

ε,φ to be T̃ k
ε,φ minus the terms of order ε2 and ε3. For instance

T̃ 1
ε,φ(y, t) = T 1

ε,φ − ε2(H 2 − 2|A|2)v′′
�

− ε3
{
(2H |A|2 − 4trA3)(t + φ�)v

′′
� + (H |A|2 − 2trA3)v′

� − ��Hv′
�

+ 2(∇�H,∇�φ�)v
′′
� − H |∇�φ�|2v′′′

� + H��φ�v
′′
�

}
.

Moreover, the right-hand side will always be evaluated at εy. By (99) and (24),

∞∫
−∞

T̃ 1
ε,φ(y, t)v′

�(t)dt

= ε4c�

{
− φ��� |A|2 − (∇� |A|2,∇�φ�) − 1

2
|A|2��φ� − φ�(2 < A,∇2H > +|∇�H |2)

− 2(A∇�H,∇�φ�) − 1

2
H(2 < A,∇2φ� > +(∇�H,∇�φ�))

}
+ ε5F1

ε,φ,

∞∫
−∞

T̃ 2
ε,φ(y, t)v′

�(t)dt = ε4c�

{
− (��)2φ� − 1

2
|A|2��φ�

}
+ ε5F2

ε,φ,

∞∫
−∞

T̃ 3
ε,φ(y, t)v′

�(t)dt = ε5F3
ε,φ,

∞∫
−∞

T̃ 4
ε,φ(y, t)v′

�(t)dt = ε4 1

2
c�H(2 < A,∇2φ� > +(∇�H,∇�φ�)) + ε5F4

ε,φ,

with F1
ε,φ, F2

ε,φ, F3
ε,φ, F4

ε,φ satisfying (98).
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By (102),

∞∫
−∞

T̃ 5
ε,φ(y, t)v′

�(t)dt = ε5F5
ε,φ,

with F5
ε,φ satisfying (98). Once again by (99), we can see that

∞∫
−∞

T̃ 6
ε,φ(y, t)v′

�(t)dt = ε5F6
ε,φ,

with F6
ε,φ satisfying (98).

Now let us consider the terms coming from the correction.

∞∫
−∞

T̃ 7
ε,φ(y, t)v′

�(t)dt

= ε4c�

1

4

{
(H 2 − 2|A|2)��φ� + HLφ� + (H 2 − 2|A|2)|A|2φ�

}
+ ε5F7

ε,φ,

∞∫
−∞

T̃ 8
ε,φ(y, t)v′

�(t)dt

= ε4c�

{
1

4
(H 2 − 2|A|2)|A|2φ� + 1

4
HLφ� + H(∇�H,∇�φ�)

− (∇� |A|2,∇�φ�) + 1

4
(H 2 − 2|A|2)��φ�

}
+ ε5F8

ε,φ,

with F7
ε,φ, F8

ε,φ satisfying (98). To conclude, also

F9
ε,φ =

∞∫
−∞

{
T̃ 9

ε,φ(y, t) + T̃ 10
ε,φ(y, t)

}
v′
�(t)dt (103)

fulfills (98). The contribution of the term F ′(v�)[v2,ε,φ] is given by

∞∫
−∞

F ′(v�)[v2,ε,φ](y, t)v′
�(t)dt = −ε4c��

2
�(φ − φ�) +F10

ε,φ, (104)

with F10
ε,φ satisfying (98). In conclusion, by the choice of L (see (96)) we obtain exactly L̃0R1/ε +

�2(Id − R1/ε) as a linear term at order ε4. Moreover, by (95), the terms involving F ′′(v�) and 
Cε,φ do not give rise to terms of order ε4 in the projection. In conclusion, we have
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∞∫
−∞

F(ṽε,φ)(y, t)v′
�(t)dt = −ε4c�(L̃0φ�(εy) + �2

�(φ − φ�)(εy)) + ε5F11
ε,φ(εy),

where F11
ε,φ satisfies (98). We can see that

L̃0φ� + �2
�(φ − φ�) = L̃0φ + (L̃0 − �2

�)(φ� − φ),

and ε−1(L̃0 − �2
�)(φ� − φ) satisfies (98), by the property (46), because L̃0 − �2

� is a second 
order operator, thus, for instance

|ε−1(L̃0 − �2
�)(φ� − φ)|C0,α(�) ≤ cε−1|φ� − φ|C2,α(�) ≤ cε|φ|C2,α(�).

Using the oddness of ṽε,φ in t , we directly compute

−
∫
R

ε4λχ1(1 − ṽε,φ(y, t))v′
�(t)dt = −2ε4λ + ε4λF12

ε,φ(y),

with F12
ε,φ satisfying (98) �

6. Solving the auxiliary equation

This Section will be devoted to the proofs of Propositions 11 and 12. In both cases, we will 
first study the linear problem associated to our equation and then we will apply a contraction 
mapping principle.

6.1. Solvability far away from �ε: the linear problem

We will prove the following Proposition.

Proposition 19. Let 0 < δ <
√

W ′′(1). Then, for any ε > 0 small enough, for any φ ∈ B4(τ/4), 
and for any f ∈ C

0,α
δ,s (R3), the equation

(−� + �ε,φ)2V = f (105)

admits a unique solution V = �ε,φ(f ) in C4,α
δ,s (R3) satisfying ||V ||C4,α(R3) ≤ c||f ||C0,α(R3), for 

some constant c > 0 independent of ε and φ.

Remark 20. (i) The symmetries of the solution follow for free from the symmetries of the Lapla-
cian and of �ε,φ . In fact, if f ∈ C

0,α
δ,s (R3), and V is a solution to (−� + �ε,φ)2V = f , then also 

uT (x) := u(T x) is a solution, thus, by uniqueness, u = uT . The same argument also shows that 
u = uR , for any R ∈ SOx3(3), hence u ∈ C

4,α
δ,s (R3).

(ii) In particular, if |f | ≤ ce−√
W ′′(1)|x|, then the absolute value of the solution is bounded by 

e−δ|x|, for any 0 < δ <
√

W ′′(1).
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We split the proof into some lemmas and a proposition, with the aid of some remarks. First we 
reduce ourselves to consider a second order PDE, then, by a bootstrap argument, we will solve 
our forth order equation.

Proposition 21. Let 0 < δ <
√

W ′′(1). Then, for any ε > 0 small enough, for any φ ∈ B4(τ/4), 
and for any f ∈ C

0,α
δ (R3), the equation

−�u + �ε,φu = f (106)

admits a unique solution u = �̃ε,φ(f ) in C2,α
δ (R3) satisfying ||u||C2,α(R3) ≤ c||f ||C0,α(R3), for 

some constant c > 0 independent of ε and φ.

Proof. Step (i): existence, uniqueness and local Hölder regularity.

Existence and uniqueness of the weak solution follow from the Riesz representation theorem. 
Since f ∈ C

0,α
loc (R3), then u ∈ C

2,α
loc (R3).

Step (ii): decay of the solution: uϕδ ∈ L∞(R3).

We will use the function e−δ|x| as a barrier. More precisely, we fix ρ > 0 and |z| > ρ. Then 
we fix σ > 0 and R > |z| so large that u(x) < σ for |x| ≥ R. Therefore u fulfills

⎧⎪⎪⎨
⎪⎪⎩

u < max∂Bρ u < λe−δρ < λe−δρ + σ for |x| = ρ

u < σ < λe−δR + σ for |x| = R

(−� + �ε,φ)(u − (λe−δ|x| + σ)) ≤
(

c − λδ N−1
R

)
e−δr ≤ 0 for ρ < |x| < R,

provided λ ≥ λ0, with λ0 independent of σ . By the maximum principle we get that u(z) <
λe−δ|z| + σ , for any |z| ≥ ρ and for any σ > 0. In the same way, one can prove that u(z) >
−λe−δ|z| − σ Letting σ → 0, we get that uϕδ ∈ L∞(R3).

Step (iii): estimate of the L∞-norm of the solution.

Since uϕδ ∈ L∞(R3), then it exists a point y ∈R
3 such that |u(y)| = ||u||∞. If u(y) > 0, then 

y is a maximum point, thus

δ2u(y) ≤ −�u(y) + �ε,φ(y)u(y) = f (y) ≤ ||f ||∞,

that is

||u||L∞(R3) ≤ c||f ||L∞(R3).

A similar argument shows that the same estimate is true if u(y) < 0 (a minimum).

Step (iv): continuity of the right inverse.

By [12] (chapter 6.1, Corollary 6.3), we have, for any x ∈R
3,

||u||C2,α(B1(x)) ≤ c(||f ||C0,α(B2(x)) + ||u||L∞(B2(x))). (107)
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Since x is arbitrary, we conclude that

||u||C2,α(R3) ≤ c(||u||L∞(R3) + ||f ||C0,α(R3)) ≤ c||f ||C0,α(R3). (108)

Step (v): decay of the derivatives.

By the decay of u, we already know that ũδ ∈ L∞(R3). Moreover, ũδ satisfies the equation

−�ũδ + �ε,φũδ = f̃δ − 2 < ∇u,∇ϕδ > −u�ϕδ = (109)

f̃δ − 2ϕ−δ < ∇ũδ,∇ϕδ > +ũδ(2(ϕ−δ)
2|∇ϕδ|2 − ϕ−δ�ϕδ),

thus, once again by [12] (chapter 6.1, Corollary 6.3),

||ũδ||C2,α(B1(x)) ≤ c(||ũδ||L∞(R3) + ||f̃δ||C0,α(R3)) < ∞, (110)

for any x ∈R
3, thus u ∈ C

2,α
δ (R3). �

Now we can conclude the proof of Proposition 19.

Proof. Given f ∈ C
0,α
δ (R3), we have to find V ∈ C

4,α
δ (R3) fulfilling

{
(−� + �ε,φ)2V = f

||V ||C4,α(R3) ≤ c||f ||C0,α(R3).

In order to do so, we use Proposition 21 twice to find u ∈ C
2,α
δ (R3) and V ∈ C

2,α
δ (R3), such that

{
(−� + �ε,φ)u = f

(−� + �ε,φ)V = u,

and {
||u||C2,α(R3) ≤ c||f ||C0,α(R3)

||V ||C2,α(R3) ≤ c||u||C0,α(R3).

Now it remains to estimate the higher order derivatives of u. For this purpose, we differentiate 
the equation satisfied by u and we get

(−� + �ε,φ)Vj = uj − (�ε,φ)jV (111)

for j = 1, . . . , 3, hence, applying the regularity estimates for (−� + �ε,φ),

||Vj ||C2,α(R3) ≤ c(||uj ||C0,α(R3) + ||f ||C0,α(R3)) ≤ c||f ||C0,α(R3)

and, since the right-hand side of (111) behaves like eδ|x|, then, arguing as in the proof of Propo-

sition 21, step (ii), we can see that Vj ∈ C
2,α
δ (R3), that is V ∈ C

3,α
δ (R3).
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Similarly, differentiating the equation once again, we see that

(−� + �ε,φ)Vij = uij − (�ε,φ)iVj − (�ε,φ)jVi − (�ε,φ)ijV ,

for i, j = 1, . . . , 3, so in particular

||Vij ||C2,α(R3) ≤ c(||uij ||C0,α(R3) + ||f ||C0,α(R3)) ≤ c||f ||C0,α(R3),

and V ∈ C
4,α
δ (R3). �

6.2. The proof of Proposition 11: solving equation (63) by a fixed point argument

Equation (63) is equivalent to the fixed point problem

V = T1(V ) := −�ε,φ

{
(1 − χ2)F (vε,φ) + (1 − χ1)Qε,φ(χ2U + V )

+ Nε,φ(U) + Pε,φ(V ) − ε4λ(1 − χ1)(1 − vε,φ − V )

}
,

that we will solve by showing that T1 is a contraction on the ball

�1 := {V ∈ C
4,α
δ,s (R3) : ||V ||C4,α(R3) ≤ C1e

−a/ε},

provided the constant C1 is large enough. In fact, by the exponential decay of U far from �ε , we 
get that

||Nε,φ(U)||C4,α(R3) ≤ c̃e−a/ε,

a := δτ/2, for some constant c̃ > 0 independent of ε and φ. By (49) and (50), the same is true 
for (1 − χ2)F (vε,φ). Moreover, by (82), (49) and (50),

||Pε,φ(V )||
C

4,α
δ (R3)

≤ cε||V ||
C

4,α
δ (R3)

≤ cεe−a/ε,

with c > 0 depending on W, τ, δ but not of ε and φ. Moreover, using that

||(1 − χ1)V ||C4,α(R3) ≤ c||V ||C4,α(R3)

and

||(1 − χ1)χ2U ||C4,α(R3) ≤ ce−a/ε,

where (1 − χ1)χ2U is understood to be 0 outside the support of χ2, and the definition of Qε,φ

(see (56)), we get

||(1 − χ1)Qε,φ(χ2U + V )||C4,α(R3) ≤ ce−2a/ε.
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Furthermore, we can see that

||λ(1 − χ1)(1 − ṽε,φ − V )||C0,α(R3) ≤ c|λ|(e−a/ε + ||V ||C4,α(R3)). (112)

Up to now, we have just proved that T1 maps �1 in itself, provided C1 is large enough. In order 
to show that it is actually a contraction, we need to estimate its Lipschitz constant. The terms 
depending on V are Pε,φ , that fulfills

||Pε,φ(V1) − Pε,φ(V2)||C4,α(R3) ≤ cε||V1 − V2||C4,α(R3)

for some constant c > 0 independent of ε and φ, (1 − χ1)Qε,φ(χ2U + V ), that fulfills

||(1 − χ1)(Qε,φ(χ2U + V ) − Qε,φ(χ2U + V ))||
C

4,α
δ (R3)

≤ ce−a/ε||V1 − V2||C4,α(R3),

and ε4λ(1 − χ1)V , that satisfies a similar estimate.

Lipschitz dependence on U , φ and λ.

Given φ ∈ B4(1/4) and U1, U2 ∈ C4,α(�ε ×R), the difference between the solutions Vε,φ,U1

and Vε,φ,λ,U1 fulfills

(−� + �ε,φ)2(Vε,φ,λ,U1 − Vε,φ,λ,U2)

= (1 − χ1)(Qε,φ(χ2U2 + Vε,φ,λ,U2) − Qε,φ(χ2U1 + Vε,φ,λ,U1))

+ Nε,φ(U2) − Nε,φ(U1) + Pε,φ(Vε,φ,λ,U2) − Pε,φ(Vε,φ,λ,U1).

By (61), the terms involving Nε,φ satisfy

||Nε,φ(U1) − Nε,φ(U2)||C0,α(R3) ≤ ce−a/ε||U2 − U1||C4,α
δ (�ε×R)

.

By (62), the terms involving Nε,φ can be estimated with the difference between the solutions, 
that is

||Pε,φ(Vε,φ,λ,U1) − Pε,φ(Vε,φ,λ,U2)||C0,α(R3) ≤ ce−a/ε||Vε,φ,λ,U1 − Vε,φ,λ,U2 ||C4,α(R3), (113)

and

||(1 − χ1)(Qε,φ(χ2U1 + Vε,φ,λ,U1) − Qε,φ(χ2U2 + Vε,φ,λ,U2))||C0,α(R3) ≤
ce−a/ε(||Vε,φ,λ,U1 − Vε,φ,λ,U2 ||C4,α(R3) + ||U1 − U2||C4,α

δ (�ε×R)
).

Therefore, applying �ε,φ to the right-hand side of (113), we obtain

||Vε,φ,λ,U1 − Vε,φ,λ,U2 ||C4,α(R3) ≤
ce−a/ε(||Vε,φ,λ,U1 − Vε,φ,λ,U2 ||C4,α(R3) + ||U1 − U2||C4,α

δ (�ε×R)
),

thus, reabsorbing the norm of the difference between the solutions,
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1

2
||Vε,φ,λ,U1 − Vε,φ,λ,U2 ||C4,α(R3) ≤ (1 − ce−a/ε)||Vε,φ,λ,U1 − Vε,φ,λ,U2 ||C4,α(R3)

≤ ce−a/ε||U1 − U2||C4,α
δ (�ε×R)

.

The Lipschitz dependence on φ and λ can be treated with a similar argument. It is worth to point 
out that also the potential �ε,φ actually depends on φ, through the approximate solution and the 
cutoff function. However, this dependence is mild enough for our purposes, in fact the difference 
of the potentials �ε,φ1 − �ε,φ2 is exponentially small in ε.

6.3. Invertibility in a neighbourhood of �ε: the linear problem

Now we look for a solution to equation (64) respecting the symmetries of the Torus. First we 
study the linear operator L2

ε .

Proposition 22. Let 0 < δ <
√

W ′′(±1) and φ ∈ B4(1/4). For any f ∈ E0,α
δ (�ε × R), there 

exists a unique solution U = Gε(f ) in E4,α
δ (�ε ×R) to L2

εU = f such that

||U ||
C

4,α
δ (�ε×R)

≤ C||f ||
C

0,α
δ (�ε×R)

,

for some constant C > 0 which is independent of ε.

If f respects the symmetries of the Torus, then also the solution U = Gεf does. In other 
words, Gε maps E4,α

δ,s (�ε ×R) into E0,α
δ,s (�ε ×R). This fact follows from uniqueness.

It is useful to see that we can control the odd part of the solution with the odd part (in t ) of f
and the same is true for the even parts.

Lemma 23. Let 0 < δ <
√

W ′′(±1) and f ∈ C
0,α
δ,s (�ε ×R). Let U ∈ C

4,α
δ (�ε ×R) be the solu-

tion to L2
εU = f . Then

⎧⎨
⎩

||Uo||C4,α
δ (�ε×R)

≤ c||fo||C0,α
δ (�ε×R)

||Ue||C4,α
δ (�ε×R)

≤ c||fe||C0,α
δ (�ε×R)

,

where c is the constant found in Proposition 22.

Proof. We set, for any (y, t) ∈ �ε × R, Ũ (y, t) := U(y, −t) and f̃ (y, t) := f (y, −t). Using 
that W ′′ is even and v� is odd, we can see that L2

εŨ = f̃ . Therefore, subtracting and multiplying 
by 1/2, we get

L2
ε

(
U(y, t) − Ũ (y, t)

2

)
= f (y, t) − f̃ (y, t)

2
,

that is L2
εUo(y, t) = fo. In addition,

∞∫
−∞

Uo(y, t)v′
�(t)dt =

∞∫
−∞

fo(y, t)v′
�(t)dt = 0,



M. Rizzi / J. Differential Equations 262 (2017) 5306–5362 5349

for any y ∈ �ε , hence Uo = Gε(fo), so in particular the first estimate holds true. The second one 
can be proved by a similar argument. �

Now we prove Proposition 22, with the aid of some Lemmas and Remarks.
First we consider the spectral decomposition of Lε. We will denote by (λj , φj )j≥0 the eigen-

data of −�� . We observe that λ0 = 0, λj ≥ λ1 > 0, φ0 is constant and, without loss of generality, 
we can assume that ||φj ||L2(�) = 1 (see [24]). Similarly, we will denote by {μk}k≥0 the eigen-
values of L� = −∂tt + W ′′(v�(t)). In [22], Müller proved that μ0 = 0, and the corresponding 
eigenspace, that is the Kernel, is generated by v′

�(t), while μk ≥ μ1 > 0 (see also [18]).

Remark 24. The eigenvalues of Lε are {μk + ε2λj }j,k≥0, thus all non-zero eigenvalues are pos-
itive and bounded away from 0, indeed μk + ε2λj ≥ ε2λ1 > 0.

Lemma 25. Let

Lε : H 1(�ε ×R) → H−1(�ε ×R)

be defined by the duality relation

〈
LεU1,U2

〉
=

∫
�ε×R

{
(∇�εU1,∇�εU2) + ∂tU1∂tU2 + W ′′(v�(t))U1U2

}
dσ(y)dt,

for any U1, U2 ∈ C
k,α
δ (�ε ×R). Then

Ker(Lε) = span(v′
�(t)).

Proof. It is possible to see that (λε,j , φε,j )j≥0 := (ε2λj , ε2φj (εy))j≥0 are eigendata of �ε and 
φε,j are orthonormal in L2(�ε). Any function w ∈ H 1(�ε × R) can be expanded in Fourier 
series as follows

U(y, t) =
∑
j≥0

Uj (t)φε,j (y)

where

Uj(t) =
∫
�ε

U(y, t)φε,j (y)dσ (y).

If Lεw = 0, applying the operator to each term in the series, we get

−∂ttUj (t) + λε,jUj (t) + W ′′(v�(t))Uj (t) = 0

for any j ≥ 0, so U0(t) = cv′
�(t) and wj = 0 for j ≥ 1. �
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Let

O :=
{
U ∈ H 1(�ε ×R) :

∫
�ε×R

U(y, t)v′
�(t)dσ (y)dt = 0

}
,

be the orthogonal to v′
�(t) in H 1(�ε ×R).

Lemma 26. For any f ∈ L2(�ε ×R) satisfying

∞∫
−∞

f (y, t)v′
�(t)dt = 0 for any y ∈ �ε,

there exists a unique U ∈ H 1(�ε ×R) such that

{
LεU = f∫ ∞
−∞ U(y, t)v′

�(t)dt = 0 for any y ∈ �ε.

Proof. At first we observe that

||U || =
∫

�ε×R

|∇�εU(y, z)|2 + (∂ttU(y, t))2 + W ′′(v′
�(z))U

2(y, z)dσ (y)dt (114)

is an equivalent norm on O, that is, for any U ∈ X, we have

cε,1||U ||H 1(�ε×R) ≤ ||U || ≤ cε,2||U ||H 1(�ε×R),

for some constants cε,1, cε,2 > 0. In fact, by the spectral decomposition of Lε, (see Remark 24),

∫
�ε×R

LεUUdσ(y)dt ≥ ε2λ1

∫
�ε×R

U2dσ(y)dt.

Since W ′′(v�(t)) is bounded, a pointwise estimate yields that

∫
�ε×R

LεUUdσ(y)dt ≥
∫

�ε×R

|∇�εU |2 + (∂ttU)2dσ(y)dt − c

∫
�ε×R

U2dσ(y)dt, (115)

for some constant c > 0. Now we point out that, for any 0 < λ < 1, we have

∫
�ε×R

LεUUdσ(y)dt = λ

∫
�ε×R

LεUUdσ(y)dt + (1 − λ)

∫
�ε×R

LεUUdσ(y)dt ≥

λ

( ∫
�ε×R

|∇�εU |2 + (∂ttU)2dσ(y)dt − c

∫
�ε×R

U2dσ(y)dt

)
+ (1 − λ)ε2λ1

∫
�ε×R

U2dσ(y)dt,
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so, in order to prove the lower bound, it is enough to choose λ < ε2λ1/(c + ε2λ1). As a conse-
quence, by the Riesz representation theorem, for any f ∈ L2(�ε ×R) such that

∫
�ε×R

f (y, t)v′
�(t)dσ (y)dt = 0, (116)

the equation LεU = f admits a unique solution U ∈O. We observe that orthogonality condition 
(116) is necessary for solvability, since

∫
�ε×R

f (y, t)v′
�(t)dσ (y)dt =

∫
�ε×R

LεU(y, t)v′
�(t)dσ (y)dt =

∫
�ε×R

U(y, t)Lεv
′
�(t)dσ (y)dt = 0.

If in particular f satisfies (114), then, by proposition 8, 4 of [24], also w satisfies (114). �
Now we are ready to conclude the proof of Proposition 22.

Proof. There are two more steps. As first we need some regularity theory to estimate the 
C

2,α
δ (�ε × R) norm of the solution U if f ∈ E0,α

δ (�ε × R), then we have to iterate the esti-
mates to deal with the operator L2

ε . For the first step, see Proposition 8, 3 of [24]. As regards the 
second one, we argue as follows.

If f ∈ E0,α
δ (�ε × R), the above discussion yields that we can find Ũ ∈ E2,α

δ (�ε × R) such 
that {

LεŨ = f

||Ũ ||
C

2,α
δ (�ε×R)

≤ C||f ||
C

0,α
δ (�ε×R)

,

for some constant C > 0 independent of ε. Now, by the same argument, we can find U ∈
E2,α

δ (�ε ×R) satisfying

{
LεU = Ũ

||U ||
C

2,α
δ (�ε×R)

≤ C||Ũ ||
C

0,α
δ (�ε×R)

≤ C||f ||
C

0,α
δ (�ε×R)

,

for some constant C > 0 independent of ε. To conclude the proof, we have to show that U ∈
C

4,α
δ (�ε ×R) and

||U ||
C

4,α
δ (�ε×R)

≤ C||f ||
C

0,α
δ (�ε×R)

. (117)

In order to do so we apply a bootstrap argument. We differentiate (117) with respect to yj and 
we get

LεUj = Ũj .
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By (117), we get that Uj ∈ C
2,α
δ (�ε ×R) and

||Uj ||C2,α
δ (�ε×R)

≤ C||Ũj ||C0,α
δ (�ε×R)

≤ C||Ũ ||
C

2,α
δ (�ε×R)

≤ C||f ||
C

0,α
δ (�ε×R)

.

In the same way, taking the derivative with respect to t , we get

LεUt = Ũt − 1

ε
W ′′′(v�(t))v

′
�(t)U.

Exactly as before, we have

||Ut ||C2,α
δ (�ε×R)

≤ C(||Ũt ||C0,α
δ (�ε×R)

+ ||W ′′′(v�(z))v
′
�(t)U ||

C
0,α
δ (�ε×R)

) ≤
C(||Ũ ||

C
2,α
δ (�ε×R)

+ ||U ||
C

0,α
δ (�ε×R)

) ≤ C(||f ||
C

0,α
δ (�ε×R)

+ ||Ũ ||
C

2,α
δ (�ε×R)

) ≤
C||f ||

C
0,α
δ (�ε×R)

.

Therefore we have

||∇3(Uψδ)||∞ ≤ C||∇U ||
C

2,α
δ (�ε×R)

≤ C||f ||
C

0,α
ε,δ (�×R)

.

Differentiating the equation once again, we get

||∇4(Uψδ)||∞ + [∇4(Uψδ)]α ≤ C||f ||
C

0,α
δ (�ε×R)

.

In conclusion, we have (117). �
6.4. The proof of Proposition 12: solving equation (67) by a fixed point argument

Equation (67) is equivalent to the fixed point problem

U = T2(U) := Gε

{
− F(ṽε,φ) + ε4χ1λ(1 − ṽε,φ) − T(U,Vε,φ,U ,φ) + p(y)v′

�(t)

}
.

Once again, we will solve it by showing that T2 is a contraction on the ball

�2 := {U ∈ E4,α
δ,s (�ε ×R) : ||U ||

C
4,α
δ (�ε×R)

≤ C2ε
3},

provided C2 > 0 is large enough. First we observe that, by definition of p, the right hand side is 
orthogonal to v′

�(t) for any y ∈ �ε , thus we can actually apply the operator Gε. Moreover, if U
respects the symmetries of the Torus, then also the right-hand side does, thus, applying Gε, we 
get once again something that respects these symmetries. Now we show that, if ||U ||

C
4,α
δ (�ε×R)

≤
C2ε

3, then also T2(U) satisfies the same upper bound, for some large constant C2.
We note that

||F(ṽε,φ)||
C

0,α
δ (�ε×R)

≤ Cε3,
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for some constant C depending just on W, τ and the geometric quantities of �, and the same is 
true for p(y)v′

�(t). The other terms are smaller. For instance, using (56) and the fact that V is 
exponentially small,

||χ1Qε,φ(U + V )||
C

0,α
δ (�ε×R)

≤ cε6.

Similarly, we can see that ||Mε,φ(V )||
C

0,α
δ (�ε×R)

≤ ce−a/ε . In addition, since all the coefficients 
of Rε,φ are at least of order ε, we get that

||Rε,φ(U)||
C

0,α
δ (�ε×R)

≤ cε||U ||
C

4,α
δ (�ε×R)

≤ cε4.

Moreover,

||ε4λ(χ1U + V )||
C

0,α
δ (R3)

≤ cε4|λ|(1 + ||U ||
C

4,α
δ (R3)

).

As regards the Lipschitz dependence on U , we observe that

||χ1(Qε,φ(U1 + V ) − Qε,φ(U2 + V ))||
C

0,α
δ (�ε×R)

≤ cε3||U1 − U2||C4,α
δ (�ε×R)

and

||Rε,φ(U1) − Rε,φ(U2)||C0,α
δ (�ε×R)

≤ cε||U1 − U2||C4,α
δ (�ε×R)

.

Estimate of the odd part of the solution Uε,φ,λ.

Up to now we have proved the existence of a solution Uε,φ,λ to equation (67) satisfying 
||Uε,φ,λ||C4,α

δ (�ε×R)
≤ cε3. However, we point out that the only terms of order ε3 in the right-hand 

side come from F(ṽε,φ). In fact, as we observed above, ||T(U, Vε,φ,λ,U , φ)||
C

0,α
δ (�ε×R)

≤ cε4, so 
in particular the same is true for

1

c�

( ∞∫
−∞

T(U,Vε,φ,λ,U ,φ)v′
�(t)dt

)
v′
�(t).

Moreover, by Proposition 17,

∞∫
−∞

(F (ṽε,φ) − ε4λχ1(1 − ṽε,φ))(y, t)v′
�(t)dt

is of order ε4. Going back to Section 5, it is possible to see that the only terms of order ε3 in 
F(ṽε,φ) are even in t , thus the odd part of the right-hand side is of order ε4, and therefore, by 
Lemma 23, the same is true for Uε,φ,λ, namely ||(Uε,φ,λ)o||C4,α

δ (�ε×R)
≤ cε4.
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Lipschitz dependence on φ and λ.

Let us fix φ1, φ2 ∈ C4,α(�)s,0 with |φk|C4,α(�) < 1 and |λ| < 1. To simplify the notation, we 
set, for k = 1, 2, Ṽk := ṽε,φk,λ, Uk := Uε,φk,λ, Vk := Vε,φk,λ,Uk

and so on. In this proof, ε will 
always be small but fixed, and we will be interested in the dependence on φ.

First we note that, by construction,

||F(ṽ1) − F(ṽ2)||C4,α
δ (�ε×R)

≤ cε3|φ1 − φ2|C4,α(�),

(see Section 5.1). Using the Lipschitz dependence of V on the data proved in Proposition 11 and 
the definitions of Mε,φ , Qε,φ and Rε,φ , it is possible to see that

||M1(V1)−M2(V2)||C4,α
δ (�ε×R)

≤ ce−a/ε(||U1 −U2||C4,α
δ (�ε×R)

+ |φ1 − φ2|C4,α(�)),

||χ1(Q1(U1 +V1)−Q2(U2 +V2))||C4,α
δ (�ε×R)

≤ cε3(||U1 − U2||C4,α
δ (�ε×R)

+ |φ1 − φ2|C4,α(�)),

||R1(U1)−R2(U2)||C4,α
δ (�ε×R)

≤ cε||U1 − U2||C4,α
δ (�ε×R)

+ cε4|φ1 − φ2|C4,α(�).

Now it remains to deal with p(y), that also depends on ε, φ and λ. We write, for any y ∈ �ε and 
φ ∈ B4(1/4),

p(y) = 1

c�

∞∫
−∞

(F (ṽε,φ) − ε4λ(1 − ṽε,φ))(y, t)v′
�(t)dt

+ p1(φ,λ)(y) + p2(φ,λ)(y) + p3(φ,λ)(y) + p4(φ,λ)(y),

where we have set

p1(φ,λ)(y) := ε4λ

c�

∞∫
−∞

((1 − ṽε,φ)(1 − χ1) + χ1U + V )(y, t)v′
�(t)dt, (118)

p2(φ,λ)(y) := 1

c�

∞∫
−∞

χ1Qε,φ(U + V )(y, t)v′
�(t)dt, (119)

p3(φ,λ)(y) := 1

c�

∞∫
−∞

χ1Mε,φ(V )(y, t)v′
�(t)dt (120)

p4(φ,λ)(y) := 1

c�

∞∫
−∞

Rε,φ(U)(y, t)v′
�(t)dt (121)

and U := Uε,φ,λ, V := Vε,φ,λ,U . Since we want to deal with functions defined on �, we will set, 
for any y ∈ �ε , p̃i(φ, λ)(εy) := pi(φ, λ)(y), for i = 1, . . . , 4. It follows from Proposition 17 and 
that
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∣∣∣∣
∞∫

−∞
(F (ṽε,φ1) − ε4λ1(1 − ṽε,φ1))(y, t)v′

�(t)dt −
∞∫

−∞
(F (ṽε,φ2) − ε4λ2(1 − ṽε,φ2))(y, t)v′

�(t)dt

∣∣∣∣
≤ cε3(|φ1 − φ2|C4,α(�) + |λ1 − λ2|).

In addition, by the previous discussion,

{
|p̃1(φ,λ)|C0,α(�) ≤ cε7

|p̃1(φ1, λ1) − p̃1(φ2, λ2)|C0,α(�) ≤ cε7(|φ1 − φ2|C4,α(�) + |λ1 − λ2|). (122)

Furthermore, by the Lipschitz dependence of V on the data, proved in Proposition 11, and by the 
fact that ||U ||

C
4,α
δ (�ε×R)

≤ C2ε
3, we have

⎧⎪⎨
⎪⎩

|p̃2(φ,λ)|C0,α(�) ≤ cε6

|p̃2(φ1, λ1) − p̃2(φ2, λ2)|C0,α(�) ≤ cε3(e−a/ε|φ1 − φ2|C4,α(�)

+||U1 − U2||C4,α
δ (�ε×R)

+ |λ1 − λ2|),
(123)

and, similarly

⎧⎪⎨
⎪⎩

|p̃3(φ,λ)|C0,α(�) ≤ ce−a/ε

|p̃3(φ1, λ1) − p̃3(φ2, λ2)|C0,α(�) ≤ ce−a/ε(|φ1 − φ2|C4,α(�)

+||U1 − U2||C4,α
δ (�ε×R)

+ |λ1 − λ2|).
(124)

As regards p̃4, we give a first, rough estimate that is enough to prove the Lipschitz dependence 
of U on φ. However, we will see later that this estimate is actually not enough to solve the 
bifurcation equation, thus we will improve it in Lemma 27, using the estimate of the odd part of 
U (see section 7).

{|p̃4(φ,λ)|C0,α(�) ≤ cε4

|p̃4(φ1, λ1) − p̃4(φ2, λ2)|C0,α(�) ≤ cε||U1 − U2||C4,α
δ (�ε×R)

.
(125)

In conclusion, the equation satisfied by the difference of the solutions U1 − U2 is of the form

L2
ε(U1 − U2) = g(φ1, λ1)(y, t) − g(φ2, λ2)(y, t),

where g(φi, λi) and Ui satisfy

∞∫
−∞

(g(φ1, λ1) − g(φ2, λ2))(y, t)v′
�(t)dt =

∞∫
−∞

(U1 − U2)(y, t)v′
�(t)dt = 0,

thus, by Proposition 22,
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||U1 − U2||C4,α
δ (�ε×R)

≤ cε||U1 − U2||C4,α
δ (�ε×R)

+ cε3(|φ1 − φ2|C4,α(�) + |λ1 − λ2|),

and hence, reabsorbing the first term of the right-hand side,

1

2
||U1 − U2||C4,α

δ (�ε×R)
≤ cε3(|φ1 − φ2|C4,α(�) + |λ1 − λ2|).

7. Solving the bifurcation equation

7.1. The proof of Proposition 13

First we note that, setting w := wε,φ,λ,

∫
R3

(1 − vε,φ − w)2dx =
∫
R3

(1 − vε,φ)2dx − 2
∫
R3

(1 − vε,φ)wdx +
∫
R3

w2dx.

Now let us fix some notation. For any φ ∈ C4,α(�)s and 0 < ε ≤ 1, |�ε,φ� |3 will be the volume 
of the interior of �ε,φ� , that is its 3-Lebesgue measure. Moreover, we set

B1 := {x = Zε(y, t + φ�(εy)) : −7 − τ/2ε < t < 0}
B2 := {x = Zε(y, z) : 0 < t < 7 + τ/2ε},

Vi will be the volume of Bi , for i = 1, 2, and A :=R
3\B . Now we note that

∫
R3

(1 − vε,φ(x))2dx =
∫
A

(1 − vε,φ(x))2dx +
∫
B

(1 − vε,φ(x))2dx

and ∫
A

(1 − vε,φ(x))2dx = 4(|�ε,φ� |3 − V1), (126)

where the expression of the volume of �ε,φ� is

|�ε,φ� |3 = ε−32π2
√

2 + ε−2
∫
�

φ�(ζ )dσ (ζ ) (127)

+ 2πε−1

2π∫
0

φ2
� (ϑ)(cosϑ + √

2/2)dϑ + 2π

3

2π∫
0

φ3
� (ϑ) cos(ϑ)dϑ.

In order to compute this integral, we used the change of variables induced by the parametrization 
(74) of the Torus. Moreover,
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∫
B

(1 − v)2 =
∫
B

1 − 2
∫
B

v +
∫
B

v2.

We can see that ∫
B

1 = V1 + V2 (128)

and

−2
∫
B

v = −8π

2π∫
0

(2φ�(ϑ) cosϑ + ε−1
√

2)dϑ

7+τ/2ε∫
0

tv�(t)dt + G1
ε(φ) (129)

∫
B

v2 = 4π

2π∫
0

(φ2
� (ϑ) cosϑ + ε−1φ�(ϑ)(2 cosϑ + √

2) + ε−2)dϑ

6+τ/2ε∫
0

v2
� (t)dt (130)

+ G2
ε(φ).

Moreover, using that

∫
�

(φ� − φ)(ζ )dζ = 0,

we can see that the term v�(t + φ� − φ) − v�(t) does not contribute to the main term of our 
integral. Taking the sum of (126), (128), (129), (130),

∫
R3

(1 − v)2 = ε−38π2
√

2

(
1 + ε

∞∫
0

(v2
� − 1)dt

)
− 8π2

√
2

∫
t>6+τ/

√
2

(v2
� − 1)dt (131)

+ 4
∫
�

φ� + 8πε−1

2π∫
0

φ2
� (ϑ)(cosϑ + √

2/2)dϑ + 8π

3

2π∫
0

φ3
� (ϑ) cos(ϑ)dϑ

+ 8π

2π∫
0

(2φ(ϑ) cosϑ + ε−1
√

2)

6+τ/2ε∫
0

t (1 − v�(t))dt

+ 4π

2π∫
0

(φ2(ϑ) cosϑ + ε−1φ(ϑ)(2 cosϑ + √
2))dϑ

6+τ/2ε∫
0

(v2
� − 1)dt

+ 2π

2π∫
0

(φ2(ϑ) cosϑ + ε−1φ(ϑ)(2 cosϑ + √
2))(φ� − φ)(ϑ)dϑ

6+τ/2ε∫
−6−τ/2ε

v′
�(t)dt
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+ 2π

2π∫
0

cosϑ(φ� − φ)(ϑ)dϑ

6+τ/2ε∫
−6−τ/2ε

v′
�(t)t

2dt + G3
ε(φ) =

ε−38π2
√

2

(
1 + ε

∞∫
0

(v2
� − 1)dt

)
+ 4

∫
�

φ�(ζ )dζ

+ 16π2
√

2ε−1

∞∫
0

t (1 − v�(t))dt + G4
ε(φ)

= ε−38π2
√

2cε + 4
∫
�

φ(ζ )dζ + 16π2
√

2ε−1

∞∫
0

t (1 − v�(t))dt + G4
ε(φ),

where Gi
ε satisfy (75), i = 1, . . . , 4.

It remains to deal with the terms involving w. First we note that, if f ∈ C
0,α
δ (R3), then the 

unique solution u of

(−� + 2)2u = f in R
3

is given by the convolution between f and some suitable Green function G : R3\{0} → R, 
namely

u(x) =
∫
R3

G(x − y)f (y)dy.

Since w satisfies

(−� + 2)2w = −F(vε,φ) − Qε,φ(w) + ((−� + 2)2 − F ′(vε,φ))[w], (132)

then it can be written as

w(x) =
∫
R3

G(x − y)(−F(vε,φ) − Qε,φ(w) + ((−� + 2)2 − F ′(vε,φ))[w])(y)dy.

Here we are interested in showing the estimate

∫
R3

|w(x)|dx ≤ c, (133)

for some constant c > 0. We already know by construction that w ∈ C
4,α
δ (R3) and ||w||C4,α(R3) ≤

cε3. We note that, by Fubini’s theorem,
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∫
R3

|w(x)|dx =

∫
R3

dx

∣∣∣∣
∫
R3

G(x − y)(−F(vε,φ) − Qε,φ(w) + ((−� + 2)2 − F ′(vε,φ))[w])(y)dy

∣∣∣∣ ≤

∫
R3

dx

∫
R3

G(x − y)| − F(vε,φ) − Qε,φ(w) + ((−� + 2)2 − F ′(vε,φ))[w]|(y)dy =

∫
R3

| − F(vε,φ) − Qε,φ(w) + ((−� + 2)2 − F ′(vε,φ))[w]|(y)dy

∫
R3

G(x − y)dx.

With a change of variables, we get that, for any y ∈R
3

∫
R3

G(x − y)dx =
∫
R3

G(z)dz

is a positive constant, thus it remains to estimate the other integral. We can see that, by construc-
tion

F(vε,φ) = χ5F(ṽε,φ) − 2(∇χ5,∇ṽε,φ) − �χ5ṽε,φ

+ (−� + W ′′(vε,φ))
(
W ′(v + (1 − χ5)(H− vε,φ)) − χ5W

′(vε,φ)
)
,

therefore it is supported in a ball of radius c/ε, for some constant c > 0, and it is bounded by a 
constant times ε3, hence

∫
R3

|F(vε,φ)|dy =
∫

Bc/ε(0)

|F(vε,φ)|dy ≤ c|Bc/ε(0)|ε3 ≤ c.

A similar estimate holds for the linear term, since

((−� + 2)2 − F ′(vε,φ))w = 2(W ′′(v) − 2)�w + 2(∇(W ′′(v) − 2),∇w) + �(W ′′(v) − 2)w

+ (4 − W ′′(v)2)w − W(3)(v)(−�v + W ′(v))w,

is supported in the same ball and it is bounded, in L∞(R3) norm, by a constant times ε3. The 
term involving Qε,φ(w) is the most tricky. It is explicitly given by

∫
R3

|Qε,φ(w)(y)|dy ≤
∫
R3

1∫
0

dt

t∫
0

|�(W ′′(vε,φ + sw)w2)

+ 2W ′′′(vε,φ + sw)(−�w + W ′′(vε,φ + sw)w) +
+ (W ′′(vε,φ + sw)W ′′′(vε,φ + sw)
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+ W(4)(vε,φ + sw)(−�(vε,φ + sw) + W ′(vε,φ + sw)))w2|ds ≤

cε3
(∫
R3

(|w(y)| + |∇w(y)|)dy

)
.

In conclusion,

∫
R3

|w(x)|dx ≤ c

(
1 + ε3

∫
R3

(|w(x)| + |∇w(x)|)dx

)
(134)

Similarly, the first derivatives of w satisfy

∂jw(x) =
∫
R3

∂jG(x − y)(−F(vε,φ) − Qε,φ(w) + ((−� + 2)2 − F ′(vε,φ))[w])(y)dy,

hence the gradient satisfies an estimate like (134), thus

∫
R3

(|w(x)| + |∇w(x)|)dx ≤ c

(
1 + ε3

∫
R3

(|w(x)| + |∇w(x)|)dx

)

that is

∫
R3

(|w(x)| + |∇w(x)|)dx ≤ c. (135)

In particular, (135) yields that

∣∣∣∣
∫
R3

(1 − vε,φ)wdx

∣∣∣∣ ≤ c

∫
R3

|w|dx ≤ c

∣∣∣∣
∫
R3

w2dx

∣∣∣∣ ≤ cε3
∫
R3

|w|dx ≤ cε3.

The Lipschitz dependence on the data follows from similar arguments.

7.2. The proof of Proposition 14

Before giving the proof, we state a technical Lemma, in which we prove that the term p̃4 is 
small enough.

Lemma 27. For any ε > 0 small enough, for any φ, φ1, φ2 satisfying |φ|C4,α(�), |φ1|C4,α(�),

|φ2|C4,α(�) < 1, for any |λ|, |λ1|, |λ2| < 1, we have
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{
|p̃4(φ,λ)|C0,α(�) ≤ cε5

|p̃4(φ1, λ1) − p̃4(φ2, λ2)|C0,α(�) ≤ cε5(|φ1 − φ2|C0,α(�) + |λ1 − λ2|),

for some constant c > 0.

Proof. We write U = Uo + Ue, where we have set, for the sake of simplicity, U := Uε,φ,λ. 
By Proposition 12, we know that ||Uo||C4,α

δ (�ε×R)
≤ cε4, therefore ||Rε,φ(Uo)||C4,α

δ (�ε×R)
≤ cε5, 

since all the coefficients of Rε,φ are at least of order ε. It remains to deal with the even part Ue. We 
will see that all the terms of order ε4 in the expression of Rε,φ(Ue) will vanish after projection. 
This can be seen by a direct computation

Rε,φ(Ue) = ε
{
HW ′′′(v�)v

′
�Ue − ��ε(∂tUe + a

ij

1 ∂ijUet)

+ H∂tttUe + W ′′(v�)(H∂tUe + a
ij

1 ∂ijUet)

+ (H∂t + ta
ij

1 ∂ij )LεUe + R̃ε,φ(Ue)
}
,

where R̃ε,φ(Ue) is some linear operator with coefficients of order at least ε2. All the terms of 
order ε are odd, thus they vanish when we multiply by v′

� and integrate, the other ones give rise 
to terms of order ε5, being Uε,φ of order ε3. �
Remark 28. Before proving Proposition 14, we point out that

q1
ε (φ,λ)(y) = (

1

c�

H+ ε−5p̃4(φ,λ))(y)

q2
ε (φ,λ)(y) =

(
1

c�

Gε,φ,λ + ε−6(p̃1(φ,λ) + p̃2(φ,λ) + p̃3(φ,λ))

)
(y)

actually satisfy (71) and (72). For the notations, see Remark 18 and Proposition 17.

Now we are ready to prove Proposition 14.

Proof. In view of Proposition 17, the system of equations (70) and (75) is equivalent to the fixed 
point problem

(φ,λ) = T3(φ,λ) := L−1
(

εq1
ε (φ, c�λ/2)(y) + ε2q2

ε (φ, c�λ/2)(y),

4
√

2π2ε

∞∫
0

t (1 − v�(t))dt + ε2Gε(φ, c�λ/2)

)
.

Using the properties (71), (72), Proposition 13 and (75), we can show that T3 is a contraction on 
the ball

�3 := {(φ,λ) ∈ C4,α(�)s,0 ×R : |φ|C4,α(�) + |λ| < C3ε},
provided C3 is large enough. �
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