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Abstract
In this paper we derive sharp L p −Lq estimates, 1 ≤ p ≤ q ≤ ∞ (including endpoint
estimates as L1 − L1 and L1 − L∞) for dissipative wave-type equations, under the
assumption that the dissipation dampen the oscillations but it does not cancel them.
We assume that the phase function w is homogeneous of some degree σ > 0 and
that its Hessian matrix has maximal rank, including the critical case σ = 1, while the
dissipative term a(ξ) > 0 may be inhomogeneous. The critical case includes waves
with viscoelastic or structural damping, damped double dispersion equations and plate
equations with rotational inertia, and so on. We also obtain the analogous results for
fractional Schrödinger-type equations with a potential.

Mathematics Subject Classification 35B40 · 42B37 · 42B15 · 42B20 · 35S30

1 Introduction

In this paper, we study L p − Lq estimates under the effect of a perturbation Au and,
respectively, Aut acting on the initial value problem for first order and, respectively,
second order, σ -evolution equations, where σ > 0.

Namely, we investigate the initial value problem for Schrödinger-type equations

{
ut + Au = ±i Lwu, t > 0, x ∈ R

n,

u(0, x) = u0(x),
(1)
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and for wave-type equations⎧⎪⎨
⎪⎩
utt + Lw2u + Aut = 0, t > 0, x ∈ R

n,

u(0, x) = 0,

ut (0, x) = u1(x).

(2)

Here

Lwu = F−1(w(ξ) û), Lw2u = F−1(w(ξ)2 û), (3)

F denotes the Fourier transform in the space of tempered distributions S ′ and
F−1 f (x) = (2π)−nF f (−x) its inverse.

We assume that the phase w is real-valued, homogeneous of degree σ > 0 and
smooth on R

n\{0} (in most cases, w ∈ Cn+3(Rn\{0}) shall be enough). We also
assume that the Hessian matrix Hw has maximal rank, that is, det Hw �= 0 if σ �= 1
and rank Hw = n − 1 if σ = 1 (since the homogeneity of degree 1 implies that
det Hw = 0). In (2) we also assume that w(ξ) > 0 for any ξ �= 0. We define

Au = F−1(a(ξ)û),

with a ∈ Cn+1(Rn\{0}), such that a(ξ) > 0 for ξ �= 0, and that a(ξ) verifies a suitable
control with its derivatives, at low and high frequencies.

The problem in (1) includes (perturbations of) the classical Schrödinger equa-
tion, when w = |ξ |2, as well as fractional Schrödinger equations or higher order
Schrödinger equations,whenw = |ξ |σ ; it also includes the (linear)Korteweg–deVries
equation ut+∂3x u = 0, forwhichw = −ξ3. The problem in (2) includes (perturbations
of) the wave equation when w = |ξ |, the plate equation when w = |ξ |2, the double
dispersion equation or plate equation with rotational inertia, when A = ( Id −�)−1B
for some dissipative operator B, and many other models. Equations as the ones in (1)
and (2) are calledσ -evolution equations, respectively of first order and second order (in
time). This name goes back to [36]; several results of well-posedness for σ -evolution
differential equations have been obtained in recent years, see for instance [1–3, 5].

When A ≡ 0, the study of L p − Lq estimates for (1) and (2) mostly reduces to
the study of the multipliers (1 − χ) e±iw(ξ), where χ ∈ C∞

c verifies χ = 1 in a
neighborhood of the origin. Since w(ξ) is homogeneous, the decay estimates depend
on the homogeneity degree σ ofw (see later, Theorems 2 and 3). This study goes back
to [35, 39, 46] and to many other authors.

The assumption that rank Hw = n − 1 when σ = 1 or rank Hw = n when σ �= 1,
deeply influences dispersive estimates of type L p−L p′

, with p′ = p/(p−1); roughly
speaking, dispersive estimates are worse when Hw is more singular. On the other hand,
the regularity theory, i.e., L p − L p estimates, is better when σ = 1 (for w = |ξ |, see
[46, 54]). Therefore, the case σ = 1 can be considered critical, with respect to σ �= 1.

In both the problems (1) and (2), if the perturbation acts at low frequencies, it
influences the decay estimates, whereas if it acts at high frequencies, it influences
the regularity of the solution. This influence is limited to some region of the (p, q)-
plane (see Remarks 1 and 2). In (1), the influence of the perturbation Au is related
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to the interplay of the two multipliers, e±iw(ξ)t and e−a(ξ)t . In (2), the action of the
dissipation is more complicated. In the damped oscillations regime (see later, (19)),
the dissipation does not cancel the oscillations and it modifies the phase function, so
that the study of the interplay of the multipliers is more complicated. Therefore, we
use a perturbation argument instead of a direct study of the multiplier.

Obtaining L p − Lq estimates in the full range 1 ≤ p ≤ q ≤ ∞, for Cauchy
problems for evolution equations, provides a useful tool to study problems under
the effect of a nonlinear perturbation. In particular, the presence of a damping term
in the damped oscillations regime hints to the possibility to mix decay estimates of
diffusive type, in particular L1 − Lq estimates, and of dispersive type, L p − L p′

.
The first kind of estimates are more related to diffusive problems and generate Fujita
type critical exponents (see, for instance [33, 53], see also [17, 19, 40]), but this type
of critical exponent also appears for model as (2) for σ �= 1 in low dimension, see
[16]. The second type of estimates are more related to hyperbolic problems and their
σ -evolution counterparts, and often involve the so-called Strauss exponent [47, 48],
that appears in the wave equation (see, for instance [22–24, 29, 31, 43, 57], see also
[10]), in the Boussinesq equation [11], and in several other models. We expect that our
L p − Lq estimates in this paper may lead to some critical exponents that is someway
intermediate between the two scenarios.

1.1 Estimates for Fourier multipliers and homogeneous evolution equations

Following [28], in this paper we say that a multiplierm is in Mq
p ifm ∈ S ′(Rn) (space

of tempered distributions), and

‖m‖Mq
p

= sup
{‖F−1(mF ( f ))‖Lq : f ∈ S(Rn), ‖ f ‖L p = 1

}
, (4)

is finite. HereF denotes the Fourier transformwith respect to x andwewrite f̂ = F f

for any f ∈ S ′. The duality propertyMq
p = Mp′

q ′ holds, where p′ = p/(p−1) denotes

the Hölder conjugate exponent of p. We also define M(H1, Lq) and M(H1, H1) as
the space of bounded multipliers from the real Hardy space H1 to Lq and to itself. It is
convenient for us to describe the real Hardy space H1 as the subset of L1 functions f
such that the Riesz transforms of f are also in L1; we put

‖ f ‖H1 = ‖ f ‖L1 +
n∑
j=1

‖R j f ‖L1 , (5)

where R j are the Riesz transforms of f defined by R j f = F−1(i(ξ j/|ξ |) f̂ ) (see
[20]). Therefore,

‖m‖M(H1,Lq ) = sup
{‖F−1(mF ( f ))‖Lq : f ∈ S ∩ H1, ‖ f ‖H1 = 1

}
,

‖m‖M(H1,H1) = sup
{‖F−1(mF ( f ))‖H1 : f ∈ S ∩ H1, ‖ f ‖H1 = 1

}
.

(6)
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For any 1 ≤ p ≤ q ≤ ∞, we define

d(p, q) = n

σ

(
1

p
− 1

q

)
+ nmax

{
1

2
− 1

p
,
1

q
− 1

2

}
σ �= 1,

d(p, q) = n

(
1

p
− 1

q

)
+ (n − 1)max

{
1

2
− 1

p
,
1

q
− 1

2

}
σ = 1.

(7)

The dual property d(q ′, p′) = d(p, q) is related to the dual property of Mq
p . Then we

have the following.

Theorem 1 Let w be homogeneous of degree σ and with maximal rank, and assume
that φ ∈ S−bσ , that is, φ ∈ C∞ and

|∂α
ξ φ(ξ)| ≤ Cα 〈ξ 〉−bσ−|α|.

If b ≥ d(p, q), then

φ e±iw(ξ) ∈ Mq
p, 1 < p ≤ q < ∞,

φ e±iw(ξ) ∈ M(H1, Lq), q ∈ [1,∞]. (8)

Moreover, if σ �= 1 and b ≥ d(1,∞) = n(2 − σ)/2σ , then

φ e±iw(ξ) ∈ M∞
1 . (9)

If φ vanishes in a neighborhood of ξ = 0 and b > d(p, q), then

φ e±iw(ξ) ∈ Mq
1 , q ∈ [1,∞]. (10)

Without the maximal rank assumption, the previous estimates hold for 1 ≤ p ≤ q ≤ 2
and for its dual range 2 ≤ p ≤ q ≤ ∞.

The proof of Theorem 1 for σ = 1 is contained in [50], see chapter IX, §6.16 at p.
428, and it extends the result in [39] for w = |ξ |. Theorem 1 is proved when σ �= 1
for w = |ξ |σ in [35], we prove it in the general case in Sect. 4. The condition on b is
sharp, in general (see [35, 39] for w = |ξ |σ ).

Theorem 1 leads to the following immediate consequences, for the solutions to (1)
and (2), when A = 0.

Theorem 2 Let 1 ≤ p ≤ q ≤ ∞ and d(p, q) as in (7). Let s = (d(p, q))+ if
1 < p ≤ q < ∞ or let s ≥ 0 be such that s > d(p, q) otherwise. If u0 ∈ Hsσ,p(Rn),
then û(t, ξ) = e±i tw(ξ) û0(ξ) verifies the estimate

‖u(t, ·)‖Lq ≤ C t
− n

σ

(
1
p − 1

q

)
(1 + t)s ‖u0‖Hsσ,p , t > 0. (11)

Estimate (11) also holds with s = (d(1,∞))+ if (p, q) = (1,∞) and σ �= 1.
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For the optimality of estimate (11) when w = c|ξ |σ , see, for instance [15,
Propositions 7.1, 7.3].

In the radial case w(ξ) = w(|ξ |), (1) with A ≡ 0 is studied in [12] for w not neces-
sarily homogeneous. For more about dispersive estimates for fractional Schrödinger
equations, see also [25, 30] and the references therein. As far as we know, result anal-
ogous to the one in Theorem 2 are not widely studied when w is non radial. Even in
the case of radial homogeneous w, that is, w = c|ξ |σ , the “critical” case σ = 1 is
excluded in [12].

The solution to (2) in appropriate spaces verifies

û(t, ξ) = t sinc (tw(ξ)) û1(ξ), (12)

where sinc ρ = ρ−1 sin ρ is the cardinal sine function.

Theorem 3 Let 1 ≤ p ≤ q ≤ ∞ and d(p, q) as in (7). Let s = (d(p, q) − 1)+
if 1 < p ≤ q < ∞ or let s ≥ 0 be such that s > d(p, q) − 1 otherwise. If
u1 ∈ Hsσ,p(Rn), then (12) verifies the estimate

‖u(t, ·)‖Lq ≤ C t
1− n

σ

(
1
p − 1

q

)
(1 + t)s ‖u1‖Hsσ,p , t > 0. (13)

Estimate (13) also holds with s = (d(1,∞) − 1)+ if (p, q) = (1,∞) and σ �= 1.
Moreover, if w = c|ξ |, one may take s = 0 in the following two exceptional cases: if
n = 1 and (p, q) = (1,∞), and if n = 3 and p = q = 1 or p = q = ∞.

For the optimality of estimate (13) when w = c|ξ |σ , see, for instance [15, Propo-
sitions 7.1, 7.3]. The regularity assumption is the same obtained for more general
hyperbolic equation in [44, Theorem 4.1] for the case q = p ∈ (1,∞).

1.2 Results for perturbed fractional Schrödinger equations

We consider the problem for the perturbed fractional Schrödinger equation (1), with
L as in (3). The solution to (1) in appropriate spaces verifies

û(t, ξ) = e±i tw(ξ)−ta(ξ) û0(ξ). (14)

Our aim is to show that when d(p, q) > 0, the presence of the potential Au may
improve the previous estimate in different ways. The effect of A is different at low
and high frequencies, so we distinguish two cases. To localize functions at low or high
frequencies, we use the notation

Tχ f = F−1(χ f̂ ),

where χ ∈ C∞
c is a cut-off function with χ = 1 in a neighborhood of the origin (see

later, Notation 6).
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We assume that a ∈ Cn+1(Rn\{0}) and that a(ξ) > 0 for any ξ �= 0. When we
study a problem at low frequencies, we assume that

a(ξ) ≥ a0 |ξ |θ0 , |∂γ
ξ a(ξ)| ≤ C |ξ |θ0−|γ |, |γ | ≤ n + 1, (15)

for some given θ0 > 0, a0 > 0 and C > 0, in a neighborhood of the origin. When we
study a problem at high frequencies, we assume that

a(ξ) ≥ a1 |ξ |θ1 , |∂γ
ξ a(ξ)| ≤ C |ξ |θ1−|γ |, |γ | ≤ n + 1, (16)

for some given θ1 > 0, a1 > 0 and C > 0, out of some compact set of Rn . In
particular, if a ∈ Cn+1(Rn\{0}) is homogeneous of degree θ > 0, (15) and (16)
follow with θ0 = θ1 = θ , as a consequence of the homogeneity.

At low frequencies, the potential Au improves the decay rate with respect to the one
in (11). Clearly, the regularity does not come into play, since the solution is localized
at low frequencies.

Theorem 4 Let 1 ≤ p ≤ q ≤ ∞ be such that d = d(p, q) > 0,where d(p, q) is
as in (7). Moreover, let us assume (15) and that u0 ∈ L p(Rn). If θ0 > σ , then (14)
verifies the following decay estimate:

‖Tχ u(t, ·)‖Lq ≤ C (1 + t)
− n

σ

(
1
p − 1

q

)
+d

(
1− σ

θ0

)
‖u0‖L p , t ≥ 0. (17)

If θ0 ∈ (0, σ ], then we have the following decay estimate:

‖Tχ u(t, ·)‖Lq ≤ C (1 + t)
− n

σ

(
1
p − 1

q

)
‖u0‖L p , t ≥ 0.

Comparing (17) with (11), the term (1+ t)
−d σ

θ0 corresponds to the extra decay rate
associated to the potential Au when θ0 > σ . When θ0 ≤ σ , the extra decay rate is
sufficient to cancel the loss of decay (1+ t)s associated to oscillations in Theorem 2.

At high frequencies, the potential Au allows to reduce the regularity sσ that appears
in Theorem 2 for the initial data, thought a additional singular power appears as t → 0

if θ1 < σ , with respect to t
− n

σ

(
1
p − 1

q

)
.

Theorem 5 Let 1 ≤ p ≤ q ≤ ∞ b be such that d = d(p, q) > 0, where d(p, q) is
as in (7). Moreover, let us assume (16). If θ1 ∈ (0, σ ), assume that u0 ∈ Hsσ,p(Rn),
where

0 ≤ s ≤
(
1 − θ1

σ

)
d.

Then (14) verifies the following estimate:

‖( Id − Tχ ) u(t, ·)‖Lq ≤ C t
− n

σ

(
1
p− 1

q

)
+d−(d−s) σ

θ1 e−ct ‖u0‖Hsσ,p , t > 0. (18)
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If θ1 ≥ σ , assume that u0 ∈ L p(Rn). Then,

‖( Id − Tχ ) u(t, ·)‖Lq ≤ C t
− n

σ

(
1
p − 1

q

)
e−ct ‖u0‖L p , t > 0.

In particular, when q = p, the estimate in Theorem 5 is not singular at t = 0 if
θ1 ≥ σ or if

θ1 ∈ (0, σ ), d(p, p) ≤ s

1 − θ1
σ

.

Remark 1 When d(p, q) ≤ 0, the potential Au has no influence in the L p − Lq

estimates, namely, Tχ u verifies (11) for large t and ( Id −Tχ ) u verifies (11) for small
t , with s as in Theorems 4 and 5. This means that s = 0, with the exception of s > 0
in the limit case d(p, q) = 0 with p = 1 or q = ∞ (exception given for the special
case (p, q) = (1,∞), and σ �= 1, since we may take s = 0 in that case).

The estimates in Theorems 4 and 5 are sharp, in the sense discussed in Sect. 7.
Theorems 4 and 5 may be easily combined if a(ξ) is homogeneous of degree θ .

Let d(p, q) > 0. Then:

‖u(t, ·)‖Lq ≤
⎧⎨
⎩C t

− n
σ

(
1
p − 1

q

)
(1 + t)d(1− σ

θ ) ‖u0‖L p , if θ ≥ σ,

C t
− n

σ

(
1
p − 1

q

) (
1 + t−((d−s) σ

θ
−d)+

) ‖u0‖Hsσ,p , if θ ∈ (0, σ ].

1.3 Results for perturbed wave equations

The study of the effect of the perturbation Au on the Schrödinger equation (1) is
relatively easy using the theory of multipliers. On the other hand, the study of the
initial value problem for the wave equation (2) is more complicated, especially when
σ = 1. This is due to the fact that the phase function in the fundamental solution is
modified by the presence of the dissipation A, see later, (19).

To manage this perturbation in the phase, we expand the fundamental solution
to (2) by Taylor’s theorem in order to isolate the main term with the unperturbed phase
function w. The remaining terms are managed by simpler multiplier lemmas.

As in Sect. 1.2, we are interested in studying how the dissipation Aut influences
estimates at low and at high frequencies. However, now the situation is more compli-
cated. Indeed, performing the Fourier transform on the equation in (2), we obtain the
ODE, depending on the parameter ξ :

ût t + w(ξ)2û + a(ξ)ût = 0,

that is, the ODE of the damped harmonic oscillator, with initial data û(0, ξ) = 0 and
ût (0, ξ) = û1. There are twopossible regimes, according to the sign ofa(ξ)2−4w(ξ)2:

123



M. D’Abbicco, M. Ebert

• when a(ξ)2 < 4w(ξ)2, we are in the “damped oscillations regime”: the attrition
term a(ξ) dampen the oscillations, without canceling them, and the solution is

û(t, ξ) = e−a(ξ) t
2 sinc (w(ξ)

√
1 − ã(ξ) t) û1, where ã(ξ) = a(ξ)2

4w(ξ)2
; (19)

• when a(ξ)2 ≥ 4w(ξ)2, we are in the “overdamping regime”: the attrition term
a(ξ) cancels the oscillations, and the solution is

û(t, ξ) = eλ+t − eλ−t

λ+ − λ−
û1, where λ± = −a(ξ) ± √

a(ξ)2 − 4w(ξ)2

2
,

(20)

where (20) is intended as its limit te−w(ξ)t û1 when a(ξ) = 2w(ξ).

We are interested in the “damped oscillations regime”, since in the “overdamping
regime” oscillations are canceled and the multipliers are exponentials with negative
real part, i.e., of diffusive type.

Since we are only interested in frequencies when ξ → 0 and when |ξ | → ∞, in
order to be in the “damped oscillations regime”, it is sufficient to assume that θ0 > σ

to get that a(ξ)2 < 4w(ξ)2 in some neighborhood of the origin, and that θ1 < σ to
get that a(ξ)2 < 4w(ξ)2 out of some compact set. We stress that the assumption that
w(ξ) > 0 never vanishes for ξ �= 0 and that it is homogeneous, is crucial here.

We are now ready to state our results. As we did in Sect. 1.2, we distinguish low
and high frequencies, and we provide analogous results to Theorems 4 and 5.

Theorem 6 Let 1 ≤ p ≤ q ≤ ∞ be such that d = d(p, q) > 1, where d(p, q)

is as in (7). Moreover, let us assume (15) with θ0 > σ , and that u0 ∈ L p(Rn).
Then (19)–(20) verifies the following decay estimate:

‖Tχ u(t, ·)‖Lq ≤ C (1 + t)
1− n

σ

(
1
p − 1

q

)
+(d−1)

(
1− σ

θ0

)
‖u1‖L p , t ≥ 0. (21)

The term (1 + t)
−(d−1) σ

θ0 corresponds to the extra decay rate associated to the
dissipation Aut , with respect to (13).

Theorem 7 Let 1 ≤ p ≤ q ≤ ∞ b be such that d = d(p, q) > 1, where d(p, q) is
as in (7). Moreover, let us assume (16) with θ1 ∈ (0, σ ), and that u0 ∈ Hsσ,p(Rn),
where

0 ≤ s ≤
(
1 − θ1

σ

)
(d − 1).

Then (19)–(20) verifies the following estimate:

‖( Id − Tχ ) u(t, ·)‖Lq ≤ C t
1− n

σ

(
1
p − 1

q

)
+(d−1)−(d−1−s) σ

θ1 e−ct ‖u1‖Hsσ,p , t > 0.

(22)
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In particular, when q = p, the estimate in Theorem 7 is not singular at t = 0 if

1 < d(p, p) ≤ 1 + s

1 − θ1
σ

.

The estimates in Theorems 6 and 7 are sharp, in the sense discussed in Sect. 7.

Remark 2 When d(p, q) ≤ 1, the dissipation Aut has no influence in the L p − Lq

estimates, namely, Tχ u verifies (13) for large t and ( Id −Tχ ) u verifies (13) for small
t , with s as in Theorems 6 and 7. This means that s = 0, with the exception of s > 0
in the limit case d(p, q) = 1 with p = 1 or q = ∞ (exception given for the special
case (p, q) = (1,∞), and σ �= 1, since we may take s = 0 in that case).

1.3.1 The L2 theory

When p = 2 or q = 2, oscillations become irrelevant in the multipliers, and a much
simpler proof can be provided for Theorems 4 and 5 as well as for Theorems 6 and 7,
directly using Plancherel theorem or Haussdorff–Young inequality. Moreover, for (2),
when (p, q) = (1, 2) or, by duality, (p, q) = (2,∞), this may provide a benefit in
space dimension n = 2σ , with respect to the estimates provided by Theorem 6 and
by Theorem 7 when s = 0. Indeed, d(1, 2) = n/(2σ) so Theorem 3 produces a loss
of decay (1 + t)ε, where ε = s − n/(2σ) > 0. This arbitrarily small polynomial loss
may be relaxed to a logarithmic loss of decay. Similarly, the regularity H εσ,1 may be
reduced to L1, paying a logarithmic singular power as t → 0.

Proposition 8 Let n = 2σ , θ0 > σ , and assume that u1 ∈ L1. Then (19) verifies the
following estimate:

‖Tχ u(t, ·)‖L2 ≤ C (1 + (log t)+)
1
2 ‖u1‖L1 , t ≥ 0. (23)

Proposition 9 Let n = 2σ , θ1 ∈ (0, σ ), and assume that u1 ∈ L p. Then (19) verifies
the following estimate:

‖( Id − Tχ ) u(t, ·)‖L2 ≤ C (1 + (− log t)+)
1
2 e−ct ‖u1‖L1 , t > 0. (24)

The analogous results of Propositions 8 and 9 hold for (p, q) = (2,∞).
The estimates in Proposition 8 and 9 are sharp, see later, Lemma 7.2.

Remark 3 When w = c|ξ |, we have

d(1, q) = n

(
1 − 1

q

)
+ (n − 1)

(
1

q
− 1

2

)
,

so the equality d(1, q) = 1 mentioned in Remark 2 corresponds to the three special
cases; the case n = 1 and (p, q) = (1,∞), and the case n = 3 and p = q = 1, were
already included in Theorem 3. The third special case is n = 2 and (p, q) = (1, 2),
and it is included in Propositions 8 and 9.
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This gives a complete picture of sharp estimates for the wave model, while for other
models the optimality in the limit case d(p, q) = 1 and p = 1 or q = ∞ remains
open (expect for (p, q) = (1,∞) when σ �= 1).

1.4 An example of dissipation

We stress that in this paper we may consider very general dissipative operators, as the
following example shows.

Example 1 Let T be the sum of a positive constant c0 with a singular integral operator:

T f = c0 f + P.V.
�(x/|x |)

|x |n ∗ f ,

where � ∈ L1(Sn−1), has zero average. Then its symbol

m(ξ) = c0 +
∫
Sn−1

�((ξ · y)/|ξ |)�(y) dS(y), �(t) = − iπ

2
sign t − log |t |,

is homogeneous of degree zero. If, moreover, � ∈ C∞(Sn−1), then m ∈ C∞(Rn\{0})
(see, for instance [49, chapter 3, §3.5]) and the converse also holds. Suitable linear
combinations ofRiesz transforms and higher orderRiesz transforms fit in this scenario.

In particular, if m(ξ) > 0, taking the composition of T with operators of type

( Id − �)η(−�)
θ
2 with θ > 0 and η > −θ/2 generates examples of A = ( Id −

�)η(−�)
θ
2 T with θ0 = θ in (15) and θ1 = θ + 2η in (16).

We stress that A is anisotropic, in general, for instance, we may consider

A =
∑
jk

c jk∂x j ∂xk ,

provided that the symbol is elliptic, i.e., a(ξ) = ∑
jk c jkξ jξk > 0.

Wemay also add perturbations to a(ξ)which possibly contain fast oscillations with
respect to ξ . For instance, if a(ξ) verifies (16) for some θ1 > 0, then

a(ξ) + sin(|ξ |−η),

also verifies (16), provided that (n + 1)(1 − η) ≤ θ1.

1.5 Plan of the paper

The plan of the paper is the following:

• in Sect. 2, we discuss the application of our results to several dissipative wave
models;
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• in Sect. 3 we recall some known results on the theory of Mq
p multipliers and we

state several lemmas which were used to deal with the multiplier e−a(ξ)t in the
paper (postponing their proofs to Sect. 8);

• in Sect. 4 we prove Theorem 1 and its direct consequences: Theorems 2 for the
fractional Schrödinger equation, and Theorem 3 for the wave-type equation;

• in Sect. 5, we prove Theorems 4 and 5 for the fractional Schrödinger equation with
potential;

• in Sect. 6, we prove Theorems 6 and 7 for the wave-type equation with dissipation;
• in Sect. 7, we prove the optimality of our L p − Lq estimates;
• in Sect. 8, we provide the proofs of multiplier Lemmas introduced in Sect. 3 to
deal with e−a(ξ)t .

1.6 Notation

In this paper, we use the following notation.

Notation 1 Let f , g: [0,∞) → (0,∞) be two positive functions. We use the notation
f � g if there exists a positive constant C such that f (t) ≤ Cg(t), for all t ≥ 0.

Notation 2 We use the notation sin2(|ξ |) = (sin(|ξ |))2, whereas sin(k) denotes the
kth derivative of sin. We put sinc (|ξ |) = |ξ |−1 sin(|ξ |).
Notation 3 We use the notation 〈ξ 〉 = (1 + |ξ |2) 1

2 , for ξ ∈ R
n .

Notation 4 For a given b ∈ R, we say that φ ∈ C∞(Rn) is in S−b if

|∂α
ξ φ(ξ)| ≤ Cα 〈ξ 〉−b−|α|.

To avoid confusion, we write Sn−1 = {ξ ∈ R
n : |ξ | = 1} for the unit sphere in Rn .

Notation 5 Let f ∈ S ′ and g(t, ·) ∈ S ′ for any t ≥ 0. In this paper, F denotes the
Fourier transform with respect to x and we write f̂ = F f and ĝ(t, ·) = F g(t, ·).
For f ∈ L1,

f̂ (ξ) =
∫
Rn

e−i xξ f (x) dx .

Moreover, F−1( f (ξ)) and F−1(g(t, ξ)) denote the inverse Fourier transform with
respect to ξ . When f̂ ∈ L1,

f (x) = (2π)−n
∫
Rn

eixξ f̂ (ξ) dξ.

With abuse of notation, we also write

‖F−1(g(t, ξ))‖Lr

to mean that the Lr norm is taken with respect to the x variable of the inverse Fourier
transform of ĝ(t, ·).
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Notation 6 In the following, we often use cut-off functions χ ∈ C∞
c (Rn), with χ = 1

in a neighborhood of the origin, and for any t > 0 we put χt (ξ) = χ(t
1
σ ξ). We make

use of the localizing operators

Tχ f = F−1(χ f̂ ), Tχt f = F−1(χt f̂ ).

Notation 7 [see [28]] Let 1 ≤ p ≤ q ≤ ∞. Then Mq
p denotes the space of multipliers

of type (p, q) with norm defined by (4).

Notation 8 In this paper, H1 denotes the real n-dimensional Hardy space introduced
by Fefferman and Stein [21], equipped with norm (5); M(H1, Lq) and M(H1, H1)

denote the space of bounded multipliers from H1 to Lq or to itself, equipped with
norms (6).

Notation 9 In this paper, Hκ,p(Rn), with κ ≥ 0 and p ∈ [1,∞], denotes the Bessel
potential space

Hκ,p(Rn) = { f ∈ L p(Rn) : F−1(〈ξ 〉κ f̂ ) ∈ L p(Rn)},

equipped with norm

‖ f ‖Hκ,p = ‖F−1(〈ξ 〉κ f̂ )‖L p .

Clearly, H0,p(Rn) = L p(Rn). If p ∈ (1,∞) and κ ∈ N, then Hκ,p(Rn) = W κ,p(Rn),
the Sobolev space of L p(Rn) functions with weak derivatives of order κ in L p(Rn).

2 Examples for dissipative wave equations

In this section, we provide examples of application of Theorems 6 and 7 for the wave
equation, i.e. Lw2 = −� in (2), with different dissipative operators A, that is, we
consider ⎧⎪⎨

⎪⎩
utt − �u + Aut = 0, t > 0, x ∈ R

n,

u(0, x) = 0,

ut (0, x) = u1(x).

(25)

Our results are indeed applicable to more general homogeneous hyperbolic equations
and σ -evolution equations, but the peculiarities of the wave equation make the exam-
ples of particular interest, in our opinion. Therefore, for the sake of brevity, we focus
on those examples.

The simplest model is when A = (−�)
θ
2 , i.e., the case of wave equation with a

so-called structural damping. In such a case, a(ξ) = |ξ |θ is radial homogeneous. In
recent years, low frequencies estimates in the case of so-called “effective damping”
θ ∈ (0, 1] have been well-investigated. In particular, the diffusion phenomenon has
been proved in L p − Lq setting in [32, 38, 56] for θ = 0, and in [13] for θ ∈ (0, 1) and
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σ = 1. Similarly, high frequencies estimates in the case of the so-called “noneffective
damping”, θ ∈ [1, 2], have been well-investigated. These estimates were relatively
easy to be obtained due to the fact that oscillations are canceled in the overdamping
regime, see (20). The study of L1 − L1 estimates for these models goes back to [37].

In the case σ �= 1 and θ ∈ [σ, 2σ ], low frequencies estimates have been recently
obtained by the authors [15], but the more difficult case of wave equation σ = 1
remained open, so far.

2.1 The wave equation with viscoelastic damping

When A = −�, that is, θ = 2, the equation in (25) reads as

utt − �u − �ut = 0, t > 0, x ∈ R
n,

it has been investigated in [45] (see also [42]) and it is related to the linearized Navier–
Stokes equation in the following sense. Deriving with respect to t the first equation
in

ρt + ∇ · v = 0,

vt − α�v − β∇∇ · v + ∇ρ = 0,

and applying the divergence to the second one, it follows that the density ρ satisfies
the second order equation

ρt t − (α + β)�ρt − �ρ = 0.

In [45, Theorem 2.1], exception given for the trivial L p − Lq estimates when p = 2
or q = 2 (those estimates are trivial because the oscillations have no influence on the
estimates), low frequencies L1 − L∞ estimates and L1 − L1 estimates are obtained:

‖Tχu(t, ·)‖L∞ ≤ C (1 + t)−
3(n−1)

4 ‖u1‖L1 , (26)

‖Tχu(t, ·)‖L1 ≤ C (1 + t)
n+1
4 ‖u1‖L1 , if n ≥ 3is odd, (27)

‖Tχu(t, ·)‖L1 ≤ C (1 + t)
n+2
4 ‖u1‖L1 , if n ≥ 2is even. (28)

Thanks to Theorem 6 and Remark 2, we find, for any 1 ≤ p ≤ q ≤ ∞,

‖Tχu(t, ·)‖Lq � (1 + t)
1−n

(
1
p − 1

q

)
+ (d(p,q)−1)+

2 ‖u1‖L p ,

where d is as in (7), exception given for the special case n = 2 and (p, q) ∈
{(1, 2), (2,∞)}, forwhichProposition8gives us the estimate (23),where a logarithmic
loss (sharp, see Lemma 7.2) appears:

‖Tχu(t, ·)‖Lq ≤ C(1 + (log t)+)
1
2 ‖u1‖L p . (29)
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In particular, when p = q = 1 and n ≥ 1, due to d = (n − 1)/2, we find

‖Tχu(t, ·)‖L1 � (1 + t)
n+1
4 ‖u1‖L1 .

This latter is consistent with (27), while it improves the estimate in (28). For general
1 ≤ p ≤ q ≤ ∞, our results are better than the obtained by interpolating the endpoints
(26) and (27) in [45].

2.2 The wave equation with noneffective dissipation

As a variant of the viscoelastic damped wave equation, we may consider a wave

equation with a noneffective damping, that is, A = (−�)
θ
2 , with θ ∈ (1, 2). In

particular, if 1 < p ≤ q < ∞, Theorem 6 and Remark 2 provide the decay estimate

‖Tχu(t, ·)‖Lq ≤ C (1 + t)
1−n

(
1
p − 1

q

)
+(d(p,q)−1)+

(
1− 1

θ

)
‖u1‖L p , (30)

exception given for the special case n = 2 and (p, q) ∈ {(1, 2), (2,∞)}, for which
Proposition 8 gives us estimate (29). These estimates are completely new.

The wave equation with the so-called log-damping a(ξ) = log(1 + |ξ |θ ) has been
recently considered in [7, 8]. Even if this damping is not homogeneous, due to log(1+
|ξ |θ ) ≈ |ξ |θ as ξ → 0, the regime at low frequencies is of damped oscillations if
θ > 1; hence, we obtain (30) applying Theorem 6. This result is also new for q �= 2.

2.3 The wave equation with effective damping

When A = (−�)
θ
2 , with θ ∈ (0, 1), a “double diffusion phenomenon” holds, in the

sense that the solution to (25)maybewritten as the sumof two terms,whose asymptotic
profiles as t → ∞ are described by the solutions to the two diffusion problems [13].
At low frequencies, due to the overdamping regime (20), decay estimates are easily
obtained.

Theorem 7 provides new, sharp, high frequencies L p − Lq estimates. In particular,
they are consistent with the result obtained only in the case p = q in [14] when
(n − 1)|1/p − 1/2| ≤ 1, that is, d(p, p) ≤ 1 (even restricting only to L p − L p

estimates, Theorem 7 provides estimate also when d(p, p) > 1). In particular, taking
s = 0 in Theorem 7 and taking into account of Remark 2, we get:

‖( Id − Tχ )u(t, ·)‖Lq ≤ C t
1−n

(
1
p− 1

q

)
−(d(p,q)−1)+

(
1
θ
−1

)
e−ct ‖u1‖L p ,

for any t > 0, exception given for the case n = 2 and (p, q) ∈ {(1, 2), (2,∞)}, for
which Proposition 9 gives us estimate (24), where a logarithmic singularity (sharp,
see Lemma 7.2) appears:

‖( Id − Tχ ) u(t, ·)‖L2 ≤ C (1 + (− log t)+)
1
2 e−ct ‖u1‖L1 , t > 0.
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2.4 The double dispersion equation

The equation

utt − �utt − �u + �2u + But = 0,

is called (damped) double dispersion equation and has been studied by several authors,
since it is related to a generalized Boussinesq equation (see [9, 41, 55] and the refer-
ences therein). This model is also called damped plate equation with rotational inertia
[6, 18, 52].

By applying the Bessel potential ( Id − �)−1, the equation reduces to the one

in (25), with A = ( Id − �)−1B. If B = (−�)
θ
2 , for some θ , we find that

a(ξ) = |ξ |θ
1 + |ξ |2 ,

in particular, is not homogeneous. This model is also of interest because we have
a damped oscillations regime at the both low and high frequencies. Letting θ0 = θ

and θ1 = θ − 2, we find that Theorem 6 is applicable for θ > 1 and Theorem 7 is
applicable for θ ∈ (2, 3). The case θ = 2 is of particular interest; Theorem 6 and
Remark 2 provide the following estimates, that are new as far as we know:

‖Tχ u(t, ·)‖Lq ≤ C (1 + t)
1− n

σ

(
1
p− 1

q

)
+ (d−1)+

2 ‖u1‖L p , t ≥ 0,

exception given, as usual, for the case n = 2 and (p, q) ∈ {(1, 2), (2,∞)}, for which
Proposition 8 gives us (29).

3 Multiplier theorems

We recall some multipliers properties that we will use in this paper.
We stress that Mq

p = {0} when 1 ≤ q < p < ∞ and that Mq
p contains multipliers

that are distributions with positive order if, and only if, 1 ≤ p < 2 < q ≤ ∞, see [28,

Theorem 1.6]; indeed, Mq
p ⊂ Lq ′

loc if q ≤ 2, and Mq
1 = Lq for any q ∈ (1,∞], while

M1
1 is the set of boundedmeasures, see [28, Theorem1.4]. In this paper,multiplierswill

be functions, though, since they are related to the Fourier transform of the fundamental
solutions to (1) and (2).

It holds

Mp1
p1 ⊂ Mp2

p2 ⊂ M2
2 = L∞, 1 ≤ p1 ≤ p2 ≤ 2,

and (see [28, Theorem 1.4])

Mp
1 = {m ∈ S ′: F−1(m) ∈ L p}, p ∈ (1,∞];

M1
1 = {m ∈ S ′: F−1(m) is a bounded measures}, (31)
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in particular, M2
1 = L2, by Plancherel’s theorem. By Young inequality, it holds

{m ∈ S ′: F−1(m) ∈ Lr } ⊂ Mq
p, 1 − 1

r
= 1

p
− 1

q
.

Let H1 denote the real Hardy space (see Notation 8).Then, it holds (see [35, Theorem
3.3]):

‖m‖M(L1,H1) = ‖F−1m‖H1 . (32)

On the other hand (see [21], see also [35, Theorem 3.4]):

‖m‖M(H1,L1) = ‖m‖M(H1,H1).

We stress that

M(L1, H1) ⊂ M1
1 ⊂ M(H1, H1) = M(H1, L1). (33)

By Hardy–Littlewood–Sobolev inequality, if 1 < p < ∞ and 0 < a < n/p,

|ξ |−a ∈ Mp∗
p ,

1

p∗ = 1

p
− a

n
. (34)

The above property holds for p = 1 if M1∗
1 is replaced by M(H1, L1∗

) (see [35,
Theorem F]).

By Mikhlin–Hörmander theorem (see also [27] for several variants of this result),
for any p ∈ (1,∞), Mp

p contains the space of C1+[n/2](Rn\{0}) multipliers (here [·]
denotes the floor function) such that

|∂γ
ξ m(ξ)| ≤ C |ξ |−|γ |, |γ | ≤ 1 + [n/2].

This space is also contained in M(H1, H1) (see [35, Theorem E]). The Mikhlin–
Hörmander theorem may be used to easily prove that the multipliers studied in
Lemmas 3.1–3.3 are in Mp

p when p ∈ (1,∞), and that the regularity of a(ξ) may be
reduced to C1+[n/2](Rn\{0}), asking that (15) and (16) hold only for |γ | ≤ 1+ [n/2].
However, this approach cannot be applied in the endpoints p = 1,∞.

To prove Theorem 1, we will also make use of the following theorem for
M(H1, H1).

Theorem 10 [Theorem G in [35], see also Theorems 1 and 2 in [34]] Assume that
m ∈ C1+[n/2](Rn\{0}) are such that

|∂α
ξ m(t, ξ)| ≤ 〈ξ 〉− n

2 σ |ξ |−|α|((1 + t) 〈ξ 〉σ−1)|α|, |α| ≤ 1 + [n/2],

for t ≥ 0 and σ > 0. Then m(t, ξ) ∈ M(H1, H1) and

‖m(t, ξ)‖M(H1,H1) ≤ (1 + t)
n
2 .
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By the homogeneous property of the Fourier transform,

‖m(tξ)‖Mq
p

= t
−n

(
1
p − 1

q

)
‖m(ξ)‖Mq

p
.

This property clearly also holds when p = 1 if Mq
1 is replaced by M(H1, Lq), or by

M(H1, H1) or M(L1, H1) when q = 1 (see [35, Lemma 3.3]).
To deal with regularity of initial data, we are also going to use that

|ξ |β 〈ξ 〉−β ∈ M1
1 , ∀β ≥ 0, (35)

since themultiplier is theFourier transformof a boundedmeasure (see, for instance [49,
§3.2, Lemma 2]).

We also recall the following result (see [21, Theorem 7]), which may be applied
to obtain estimates for (fractional) derivatives in x of the solution to (1) and (2). If
m ∈ M(H1, H1) and |m(ξ)| ≤ C |ξ |−δ for some δ > 0, then |ξ |θm ∈ Mp

p for any
θ ∈ [0, δ] and p ∈ (1,∞) such that

∣∣∣∣ 1p − 1

2

∣∣∣∣ ≤ 1

2
− θ

2δ
.

In general, our estimates in this paper may be easily modified to take into account of
the presence of (fractional) derivatives of u, or of time derivatives of u, but we avoid
this study for the sake of brevity.

We are now interested in estimates for diffusive multipliers in the form e−ta(ξ) and
their perturbations b(ξ) e−ta(ξ).

In order to deal with multipliers in M1
1 , we cannot rely on Mikhlin–Hörmander

multiplier theorem. A widely used alternative is the integration by parts method. We
use the integration by parts method to prove several results for parameter-dependent
multipliers of the form e−ta(ξ), whose proof we postpone to Sect. 8 for the ease of
reading.

The first basic result is the following.

Lemma 3.1 Let a ∈ Cn+1(Rn\{0}) verifies

a(ξ) ≥ c |ξ |θ , |∂γ
ξ a(ξ)| ≤ C |ξ |θ−|γ |, for 1 ≤ |γ | ≤ n + 1,

for some c > 0, C > 0, θ > 0. Then F−1(e−ta(ξ)) is in Lr and

‖F−1(e−ta(ξ))‖Lr � t
− n

θ

(
1− 1

r

)
,

for any r ∈ [1,∞].
We stress that if a(ξ) is radial homogeneous, that is, a(ξ) = c|ξ |θ , Lemma 3.1

follows as a consequence of the homogeneity property of F and by the asymptotic
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behavior [4]:

lim|x |→∞ |x |n+θ F−1(e−|ξ |θ ) = Cn,θ . (36)

We also have the following generalizations of Lemma 3.1.

Lemma 3.2 Let a ∈ Cn+1(Rn\{0}) verifies

a(ξ) ≥ c |ξ |θ , |∂γ
ξ a(ξ)| ≤ C |ξ |θ−|γ |, for 1 ≤ |γ | ≤ n + 1,

for some c > 0, C > 0, θ > 0, and let b ∈ Cn+1(Rn\{0}) verify

|∂γ
ξ b(ξ)| ≤ C |ξ |η−|γ |, for 0 ≤ |γ | ≤ n + 1,

for some η > −n. Then

‖F−1(b(ξ) e−ta(ξ))‖Lr � t
− n

θ

(
1− 1

r

)
− η

θ ,

for any r ∈ [1,∞], if η > 0 and for any r ∈ (1,∞] such that

n

(
1 − 1

r

)
> −η, (37)

if η ∈ (−n, 0].
The following consequence of Lemma 3.2 is straightforward, but not very standard,

since it involves the real Hardy space H1. Its use is crucial to obtain sharp estimates
with p = 1 or q = ∞ in Theorems 4–7.

Corollary 3.1 Assume that η > 0 in Lemma 3.2. Then the L1 estimate may be improved
to

‖F−1(b(ξ) e−ta(ξ))‖H1 � t−
η
θ ,

where H1 denotes the real Hardy space.

Proof In view of (5), it is sufficient to apply Lemma 3.2 with r = 1 and b j =
b(ξ)ξ j/|ξ | in place of b, since

‖F−1(b(ξ) e−ta(ξ))‖H1 = ‖F−1(b(ξ) e−ta(ξ))‖L1 +
n∑
j=0

‖F−1(b j (ξ) e−ta(ξ))‖L1 .

��
The next generalization of Lemma 3.1 is of interest to treat several critical cases

and we will only use it at low frequencies.
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Lemma 3.3 Let a ∈ Cn+1(Rn\{0}) verifies

a(ξ) ≥ c |ξ |θ , |∂γ
ξ a(ξ)| ≤ C |ξ |θ−|γ |, for 1 ≤ |γ | ≤ n + 1,

for some c > 0, C > 0, θ > 0, and let b ∈ Cn+1(Rn\{0}) verifies

|b(ξ)| ≤ C, and |∂γ
ξ b(ξ)| ≤ C |ξ |ε−|γ |, for1 ≤ |γ | ≤ n + 1,

for some ε > 0. Then

‖F−1(b(ξ) e−ta(ξ))‖Lr � t
− n

θ

(
1− 1

r

)
, for t ≥ 1,

for any r ∈ [1,∞].
Finally, we need the following straightforward result.

Lemma 3.4 Let φ ∈ S−ε for some ε > 0 or, more in general, assume that φ ∈
Cn+1(Rn) verifies

|∂γ
ξ φ(ξ)| ≤ C 〈ξ 〉−ε−|γ |, for |γ | = n − 1, n, n + 1, (38)

for some ε ∈ (0, 1). Then F−1φ ∈ L1. Moreover, φ ∈ M(L1, H1) if φ vanishes in a
neighborhood of the origin.

4 Proof of Theorems 1–3

We preliminarily notice that, thanks to the homogeneity assumption of w, letting
ξ ′ = ξ/|ξ |, we have the following:

|∂γ
ξ w(ξ)| = |ξ |σ−|γ ||∂γ

ξ w(ξ ′)| ≤ Cγ |ξ |σ−|γ |, (39)

w(ξ) = |ξ |σ w(ξ ′) ≥ c|ξ |σ , c = min|ξ |=1
w(ξ) > 0. (40)

We now prove Theorem 1.

Proof of Theorem 1 Since Theorem 1 is already proved for σ = 1, we assume σ �= 1.
We prove (8) using the complex interpolation (for instance, see [51, Chapter 5 §4];

see also [26, §1.3.3]).We first consider the case q = p ∈ (1,∞) in (8), and we assume
without restriction that b < n/2. For s ∈ [0, 1] + iR, we define the multiplier

ms = e(s−θ)2 φ 〈ξ 〉γ (s)σ e±iw(ξ),

where

γ (s) = b − s
n

2
, θ = 2b

n
.
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We notice that γ (θ) = 0, so that mθ = φ e±iw(ξ).
When �s = 0 and �s = t ∈ R,

|mit (ξ)| = |e(i t−θ)2φ(ξ) 〈ξ 〉γ (i t)σ | ≤ C |e(i t−θ)2 | ≤ eθ2 = C1,

with C1 independent on �s, so that

‖mit‖M2
2

= ‖mit‖L∞ ≤ C1.

When �s = 1 and �s = t ∈ R, φ(ξ) 〈ξ 〉γ (1+i t)σ ∈ S− n
2 σ ; applying Theorem 10, due

to

|∂α
ξ m1+i t (ξ)| ≤ C |e(1+i t−θ)2 | (1 + |t |)|α| |ξ |−|α| 〈ξ 〉|α|σ− n

2 σ , |α| ≤ n

2
+ 1,

where we used (39), we find that

‖m1+i t‖M(H1,H1) ≤ C1 e
(1−θ)2−t2 (1 + |t |) n

2 ≤ C2. (41)

We now fix p ∈ (1, 2] with
1

p
= 1

2
+ b

n

andwe use complex interpolation (see [21, §5, Corollary 1]), so thatmθ ∈ Mp
p . Thanks

to the duality argument we conclude the first part of (8) for q = p ∈ (1,∞).
If b ≥ n/2, it is sufficient to use H1 − H1 estimate (41), with t = 0, to derive the

second part of (8), with q = 1 (we recall that M(H1, H1) = M(H1, L1), see (33)).
We now prove (9). Thanks to the Hessian assumption, we may assume without

restriction that for any given x , there is at most one critical point for xξ ± w(ξ) in
the support of φ. Let ξ0 be this critical point, that is, x = ∓∇w(ξ0), and ξ0 = ξ ′

0ρ,
with ρ = |ξ0|. Fix suppφ ⊂ B(ξ0, δ), for some δ > 0 and δ = ρδ′. By the change of
variable ξ �→ ρξ , we obtain

K (x) = F−1(e±iw(ξ)φ) = (2π)−n
∫
B(ξ0,δ)

e±i(w(ξ)−ξ∇w(ξ0)) φ(ξ) dξ

= (2π)−n ρn
∫
B(ξ ′

0,δ
′)
e±i(w(ρξ)−ρξ∇w(ξ0)) φ(ρξ) dξ

= (2π)−n ρn
∫
B(ξ ′

0,δ
′)
e±iρσ (w(ξ)−ξ∇w(ξ ′

0)) φ(ρξ) dξ,

where in the last equality we used the homogeneity of w and ∇w. Due to the fact that
Hw is nonsingular, we may apply Littman’s lemma (see, for instance, Proposition 6
in VIII in [50]) and conclude that

|K (x)| ∼ (2π)−nρn (1 + ρσ )−
n
2 |φ(ρξ ′

0)| ≤ C,
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thanks to assumption

b ≥ d(1,∞) = n
2 − σ

2σ
.

In absence of critical points, |K (x)| ≤ C also holds by Littman’s lemma; hence, we
obtained (9). By interpolation, proceeding as in the first step, this also concludes the
proof of (8), with p < q.

To prove (10), we write φ = φd φε, where φd ∈ S−σd and φε ∈ S−σε, with
ε = b − d > 0. The proof follows since φε ∈ M(L1, H1) by Lemma 3.4.

Without the maximal rank assumption, the proof follows for 1 ≤ p ≤ q ≤ 2,
interpolating L2 − L2, H1 − H1 and H1 − L2 estimates; the latter can be easily
derived by using the Hardy–Littlewood–Sobolev inequality in real Hardy spaces (34).

This concludes the proof of Theorem 1. ��
Having in mind to use the homogeneity of w(ξ) in ei±w(ξ)t , for a given χ ∈ C∞

c
with χ = 1 in a neighborhood of the origin, and for any t > 0 we use the cut-off

function χt (ξ) = χ(t
1
σ ξ) (see Notation 6). It holds:

‖χt e
±iw(ξ)t‖Mq

p
= t

− n
σ

(
1
p − 1

q

)
‖χe±iw(ξ)‖Mq

p
= C t

− n
σ

(
1
p − 1

q

)
(42)

for any 1 ≤ p ≤ q ≤ ∞. Indeed, the fact that χe±iw(ξ) ∈ Mq
p for any 1 ≤ p ≤ q ≤

∞, in (42), is pretty standard. Thanks to (39), for any ξ �= 0 it holds

|∂α
ξ (χe±iw(ξ))| ≤ C |ξ |σ−|α|, |α| = 1, . . . , n + 1.

For instance, it is sufficient to apply Lemma 8.5 in [15] to obtain that χe±iw(ξ) ∈ Mq
p .

In the case 1 < p ≤ q < ∞, it is sufficient to combine Mikhlin–Hörmander theorem
and Hardy–Littlewood inequality.

On the other hand, φ = (1−χ) |ξ |−βσ ∈ S−βσ , vanishes in a neighborhood of the
origin, so that we may apply Theorem 1. In particular,

‖(1 − χt ) |ξ |−βσ e±iw(ξ)t‖Mq
p

= t
β− n

σ

(
1
p − 1

q

)
‖(1 − χ) |ξ |−βσ e±iw(ξ)‖Mq

p

= C t
β− n

σ

(
1
p − 1

q

)
,

(43)

for β ≥ d(p, q) if 1 < p ≤ q < ∞ (and (p, q) = (1,∞) if σ �= 1), or for β >

d(p, q), otherwise. Moreover,

‖(1 − χt ) |ξ |−βσ e±iw(ξ)t‖M(H1,Lq ) = t
β− n

σ

(
1
p − 1

q

)
‖(1 − χ) |ξ |−βσ e±iw(ξ)‖M(H1,Lq )

= C t
β− n

σ

(
1
p − 1

q

)
, forβ ≥ d(1, q).

(44)

We may now prove Theorem 2.
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Proof of Theorem 2 Let û(t, ξ) = e±i tw(ξ) û0(ξ). On the one hand, we may estimate

‖Tχt u(t, ·)‖Lq ≤ ∥∥χt e
±iw(ξ)t‖Mq

p
‖u0‖L p ≤ C t

− n
σ

(
1
p − 1

q

)
‖u0‖L p ,

where we used (42); on the other hand, recalling that w(ξ)t = w(t
1
σ ξ), thanks to (35)

and (43), we may estimate

‖( Id − Tχt )u(t, ·)‖Lq

≤ ∥∥(1 − χt ) |ξ |−sσ e±iw(t
1
σ ξ)‖Mq

p
‖|ξ |sσ 〈ξ 〉−sσ ‖Mq

q
‖u0‖Hsσ,p

= t
s− n

σ

(
1
p − 1

q

) ∥∥(1 − χ1) |ξ |−sσ e±iw(ξ)‖Mq
p
‖|ξ |sσ 〈ξ 〉−sσ ‖Mq

q
‖u0‖Hsσ,p

≤ C t
s− n

σ

(
1
p− 1

q

)
‖u0‖Hsσ,p .

This concludes the proof. ��
The proof of Theorem 3 is relatively similar to the proof of Theorem 2. Similarly

to (42), it holds:

‖χt sinc (w(ξ)t)‖Mq
p

= t
− n

σ

(
1
p − 1

q

)
‖χ sinc (w(ξ))‖Mq

p
= C t

− n
σ

(
1
p − 1

q

)
, (45)

for any 1 ≤ p ≤ q ≤ ∞. Indeed,

|∂α
ξ sinc (w(ξ))| ≤ C |ξ |2σ−|α|, |α| = 1, . . . , n + 1,

and it is sufficient to apply Lemma 8.5 in [15] to obtain that χ sinc (w(ξ)) ∈ Mq
p .

Moreover, we are going to use (43) and (44).

Proof of Theorem 3 Let u be as in (12). On the one hand, we may estimate

‖Tχt u(t, ·)‖Lq ≤ t
∥∥χt sinc (w(ξ)t)‖Mq

p
‖u1‖L p ≤ C t

1− n
σ

(
1
p − 1

q

)
‖u1‖L p ,

where we used (45); on the other hand, recalling that w(ξ)t = w(t
1
σ ξ), thanks to (35)

and (43), we may estimate

‖( Id − Tχt )u(t, ·)‖Lq

≤
∥∥∥(1 − χt ) |ξ |−sσ eiw(t

1
σ ξ) − e−iw(t

1
σ ξ)

2w(ξ)

∥∥∥
Mq

p
‖|ξ |sσ 〈ξ 〉−sσ ‖Mq

q
‖u1‖Hsσ,p

≤ C t
s+1− n

σ

(
1
p − 1

q

)
‖u1‖Hsσ,p .
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When w = c|ξ |, in the two special cases n = 1 and (p, q) = (1,∞), n = 3 and
p = q = 1, there is no need to split in low and high frequencies, since

‖u(t, ·)‖L∞ ≤ t ‖ sinc (c|ξ |t)‖M∞
1

‖u1‖L1

= c−1 ‖ sinc |ξ |‖M∞
1

‖u1‖L1 ≤ C ‖u1‖L1 , n = 1,

‖u(t, ·)‖L p ≤ t ‖ sinc (c|ξ |t)‖M1
1
‖u1‖L p

= t ‖ sinc |ξ |‖M1
1
‖u1‖L p = Ct ‖u1‖L p , n = 3.

Aswell known, this unique peculiarity is due to the fact that in space dimension n = 1,

sinc |ξ | = sinc ξ = 1

2
F (χ[−1,1]),

where χ[−1,1] is the indicator function of the interval [−1, 1], in particular, it is in L∞
(this is also known as d’Alembert formula), while in space dimension n = 3,

sinc |ξ | = F (δ1),

where δ1 is the measure that gives the average of a function on the unit sphere; in
particular, sinc |ξ | ∈ M1

1 = {bounded measures}.
This concludes the proof. ��

5 Proof of Theorems 4 and 5

In this section, we prove Theorems 4 and 5, using Theorem 1 and the results for the
perturbation multiplier collected in Lemmas 3.1–3.4.

We first prove Theorem 4.

Proof of Theorem 4 We want to estimate the following term:

‖Tχu(t, ·)‖Lq ≤ ∥∥e±iw(ξ)t χ e−a(ξ)t‖Mq
p
‖u0‖L p .

Since χ is compactly supported, the uniform estimate

∥∥e±iw(ξ)t χ e−a(ξ)t‖Mq
p

≤ C, t ∈ [0, 1],

is trivial. Indeed, due to

|∂γ
ξ (e±iw(ξ)t e−a(ξ)t )| ≤ C |ξ |min{σ,θ0}−|γ |, |γ | = 1, . . . , n + 1,

for ξ ∈ suppχ and for t ∈ [0, 1], it is sufficient to apply Lemma 8.5 in [15].
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Now let t ≥ 1. On the one hand, we get

∥∥χt e
±iw(ξ)t χ e−a(ξ)t‖Mq

p
≤ ‖χt e

±iw(ξ)t‖Mq
p
‖χ e−a(ξ)t‖Mq

q

≤ C t
− n

σ

(
1
p − 1

q

)
,

where we used (42) and Lemma 3.3 with b = χ (since χ = 1 in a neighborhood of
the origin, we may take ε > 0 as we want); on the other hand, if 1 < p ≤ q < ∞, we
estimate∥∥(1 − χt )e

±iw(ξ)t χ e−a(ξ)t
∥∥
Mq

p
≤ ‖(1 − χt )|ξ |−βσ e±iw(ξ)t‖Mq

p
‖χ |ξ |βσ e−a(ξ)t‖Mq

q

≤ C t
β− n

σ

(
1
p − 1

q

)
−β σ

θ0 ,

where we used (43) with β = d(p, q) and Lemma 3.2 with b = χ |ξ |βσ . If p = 1,
q ∈ [1,∞], we use the real Hardy space H1; thanks to (44), and to Corollary 3.1, we
get the following estimate

∥∥(1 − χt )e
±iw(ξ)t χ e−a(ξ)t

∥∥
Mq

1

≤ ‖(1 − χt )|ξ |−βσ e±iw(ξ)t‖M(H1,Lq ) ‖χ |ξ |βσ e−a(ξ)t‖M(L1,H1)

≤ C t
β− n

σ

(
1− 1

q

)
−β σ

θ0 ,

where β = d(1, q). By duality, the same estimate holds for q = ∞ and p ∈ [1,∞].
We notice that

β − β
σ

θ0
≥ 0 ⇐⇒ θ0 ≥ σ.

Therefore, we obtain the desired estimates and this concludes the proof. ��
We now prove Theorem 5.

Proof of Theorem 5 We want to estimate the following term:

‖( Id − Tχ )u(t, ·)‖Lq = ∥∥F−1(e±iw(ξ)t (1 − χ) e−a(ξ)t û0
)∥∥

Lq .

First, let θ1 ∈ (0, σ ). On the one hand,

∥∥F−1(χt e
±iw(ξ)t (1 − χ) e−a(ξ)t û0

)∥∥
Lq

≤ ‖χt e
±iw(ξ)t‖Mq

p
‖(1 − χ) e−a(ξ)t‖Mq

q
‖u0‖L p

≤ C t
− n

σ

(
1
p− 1

q

)
e−ct ‖u0‖L p ,

where we used (42) together with

‖(1 − χ) e−a(ξ)t‖Mq
q

= e−ct ‖(1 − χ) e−(a(ξ)−c)t‖Mq
q

≤ C e−ct .
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This latter is a consequence of (16) for sufficiently small c so that

a(ξ) ≥ a1|ξ |θ1 ≥ a1
2

|ξ |θ1 + c, ξ ∈ supp (1 − χ), (46)

and of Lemma 3.4 with φ = 1 − χ , together with Lemma 3.1. On the other hand, if
1 < p ≤ q < ∞, then

∥∥F−1((1 − χt )e
±iw(ξ)t (1 − χ) e−a(ξ)t û0

)∥∥
Lq

≤ ‖(1 − χt )|ξ |−βσ e±iw(ξ)t‖Mq
p
‖(1 − χ) |ξ |(β−s)σ e−a(ξ)t‖Mq

q

× ‖|ξ |sσ 〈ξ 〉−sσ ‖Mq
q
‖u0‖Hsσ,p

≤ C t
β− n

σ

(
1
p − 1

q

)
t
−(β−s) σ

θ1 e−ct ‖u0‖Hsσ,p ,

where we used (35) and (43) with β = d(p, q) and s such that

d(p, q) − (d(p, q) − s)
σ

θ1
≤ 0,

together with

‖(1 − χ) |ξ |(β−s)σ e−a(ξ)t‖Mq
q

= e−ct ‖(1 − χ) |ξ |(β−s)σ e−(a(ξ)−c)t‖Mq
q

≤ C t
−(β−s) σ

θ1 e−ct .

This latter is a consequence of (46), as in the previous step, together with Lemma 3.2
with b = (1−χ) |ξ |(β−s)σ (we notice that β > s, due to θ1 > 0). If p = 1, q ∈ [1,∞],
then∥∥(1 − χt )e

±iw(ξ)t (1 − χ) |ξ |sσ e−a(ξ)t
∥∥
Mq

1

≤ ‖(1 − χt )|ξ |−βσ e±iw(ξ)t‖M(H1,Lq ) ‖(1 − χ) |ξ |(β−s)σ e−a(ξ)t‖M(L1,H1)

≤ C t
β− n

σ

(
1− 1

q

)
t
−(β−s) σ

θ1 e−ct ,

where we used (44) with β = d(1, q) and Corollary 3.1 (we notice that β − s > 0).
By duality, the same estimate holds for q = ∞ and p ∈ [1,∞].

Therefore,

‖( Id − Tχ)u(t, ·)‖Lq ≤ C t
− n

σ

(
1
p − 1

q

)
+d(p,q)−(d(p,q)−s) σ

θ1 e−ct ‖u0‖Hs,p .

If θ1 ≥ σ , we just fix s = 0 and we get

‖( Id − Tχ)u(t, ·)‖Lq ≤ C t
− n

σ

(
1
p − 1

q

)
e−ct ‖u0‖L p ,

wherewe used (43) or (44)withβ = d(p, q) togetherwith Lemma3.4withφ = 1−χ ,
and with Lemma 3.1. This concludes the proof. ��
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6 Proof of Theorems 6 and 7

Before giving the proof of Theorems 6 and 7, the following localization argument is
helpful.

6.1 Localization of the fundamental solution

Let û(t, ξ) = K̂ (t, ξ)û1 be as in (19)–(20). For any χ, χ ′ ∈ C∞
c (Rn), with χ = 1 in

a neighborhood of the origin,

‖(1 − χ) χ ′ K̂ (t, ξ)‖Mq
p

≤ e−ct ,

for some c > 0, since (1 − χ) χ ′ K̂ (t, ξ) ∈ Cn+1
c (Rn) and a(ξ) ≥ c > 0 for any

ξ ∈ supp (1 − χ) χ ′. Therefore, we may assume without restriction that the support
of χ is contained in a sufficiently small neighborhood of the origin, or that χ = 1 in
a sufficiently large compact. This allows us to use the expression in (19) (“damped
oscillations regime”), that is,

K̂ (t, ξ) = e−t a(ξ)
2 t sinc (tw(ξ)

√
1 − ã(ξ)), where ã(ξ) = a(ξ)2

4w(ξ)2
, (47)

with no loss of generalization, due to a(ξ) = o(w(ξ)), so that ã(ξ) = o(1). Indeed,
this latter property is guaranteed by the fact that w(ξ) > 0 is homogeneous (see (40)),
and by the assumptions θ0 > σ in Theorem 6 and θ1 < σ in Theorem 7. In the cases
θ0 < σ or θ1 > σ , the equation would be in the “overdamping regime”, while in the
limit cases θ0 = σ or θ1 = σ , the regime would possibly be mixed.

Let us define

g(ξ) = √
1 − ã(ξ) − 1, g(ξ) = − ã(ξ)

2

∫ 1

0

1√
1 − ã(ξ)τ

dτ.

We notice that

|∂γ
ξ g(ξ)| ≤

{
C |ξ |2(θ0−σ)−|γ | if ξ ∈ suppχ,

C |ξ |−2(σ−θ1)−|γ | if ξ ∈ supp (1 − χ),

for |γ | ≤ n + 1. By using Taylor’s formula w.r.t. g(ξ), we have

K̂ (t, ξ) =
N∑

�=0

1

�!
(

∂�
t
sin(tw(ξ))

w(ξ)

)
e−ta(ξ)/2

1 + g(ξ)
(tg(ξ))� + e−ta(ξ)/2RN (t, ξ), (48)
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where

RN (t, ξ) = 1

2iw(ξ)(1 + g(ξ)) N !
×

∫ 1

0
(1 − s)N

[
eitw(ξ)(1+sg(ξ))(i tw(ξ)g(ξ))N+1

− e−i tw(ξ)(1+sg(ξ))(−i tw(ξ)g(ξ))N+1
]
ds.

Indeed, this follows from

e±i tw(ξ)g(ξ) = 1 ± i tw(ξ)g(ξ) − 1

2
(tw(ξ)g(ξ))2 + . . . + 1

N ! (±i tw(ξ)g(ξ))N

+ 1

N ! (±i tw(ξ)g(ξ))N+1
∫ t

0
(1 − s)Ne±istw(ξ)g(ξ) ds,

and

(i tw(ξ)g(ξ))�eitw(ξ) − (−i tw(ξ)g(ξ))�e−i tw(ξ) = ∂�
t

(
eitw(ξ) − e−i tw(ξ)

)
(tg(ξ))�,

so that

t sinc (tw(ξ)(1 + g(ξ))) = t
N∑

�=0

∂�
t

(
eitw(ξ) − e−i tw(ξ)

2i�!

)

× (tg(ξ))�

tw(ξ)(1 + g(ξ))
+ RN (t, ξ)

=
N∑

�=0

1

�!
(
∂�
t
sin(tw(ξ))

w(ξ)

) (tg(ξ))�

1 + g(ξ)
+ RN (t, ξ).

The leading term in (48) is obtained for � = 0, i.e., it is

t sinc (tw(ξ))
e−ta(ξ)/2

1 + g(ξ)
.

6.2 Proof of Theorem 6

Due to the compact support of χ , it is easy to see that there exists C > 0 such that

‖χ K̂ (t, ·)‖Mq
p

≤ C, t ∈ [0, 1],

for any 1 ≤ p ≤ q ≤ ∞, so that we may assume t ≥ 1 in the following. For instance,
it is sufficient to apply Lemma 8.5 in [15], as in the proof of Theorem 4.
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We first prove that the leading term

χ t sinc (tw(ξ))
e−ta(ξ)/2

1 + g(ξ)

verifies the desired estimate.Wemay follow the proof of Theorem 4. On the one hand,

t ‖χt sinc (tw(ξ))‖Mq
p

∥∥∥χ
e−ta(ξ)/2

1 + g(ξ)

∥∥∥
Mq

q
≤ C t

1− n
σ

(
1
p − 1

q

)
,

where we used (45) together with Lemma 3.3 with b = χ/(1 + g(ξ)); indeed,

∣∣∣∂γ
ξ

1

1 + g(ξ)

∣∣∣ =
∣∣∣∂γ

ξ

g(ξ)

1 + g(ξ)

∣∣∣ ≤ C |ξ |2(θ0−σ)−|γ |, |γ | = 1, . . . , n + 1.

On the other hand, if 1 < p ≤ q < ∞, then

‖(1 − χt ) |ξ |−dσ sin(tw(ξ))‖Mq
p

∥∥∥χ |ξ |dσ e−ta(ξ)/2

w(ξ)(1 + g(ξ))

∥∥∥
Mq

q

≤ C t
d− n

σ

(
1
p − 1

q

)
−(d−1) σ

θ0 = C t
1− n

σ

(
1
p− 1

q

)
+(d−1)

(
1− σ

θ0

)
,

(49)

where we used (43) together with Lemma 3.2 with

b = χ |ξ |dσ 1

w(ξ)(1 + g(ξ))
, η = (d − 1)σ.

In the case p = 1, we may use (44) together with Corollary 3.1 to get

‖(1 − χt ) |ξ |−dσ sin(tw(ξ))‖M(H1,Lq )

∥∥∥χ |ξ |dσ e−ta(ξ)/2

w(ξ)(1 + g(ξ))

∥∥∥
M(L1,H1)

≤ C t
1− n

σ

(
1− 1

q

)
+(d−1)

(
1− σ

θ0

)
.

(50)

Byduality,we also obtain the estimatewhenq = ∞. Therefore, the proof ofTheorem6
is concluded if we prove the following.

Lemma 6.1 There exists δ > 0 such that

‖χ
(

∂�
t
sin(tw(ξ))

w(ξ)

)
e−ta(ξ)/2

1 + g(ξ)
(tg(ξ))�‖Mq

p
= t

1− n
σ

(
1
p − 1

q

)
+(d−1)

(
1− σ

θ0

)
−δ

, � ≥ 1,

‖χ e−ta(ξ)/2RN (t, ξ)‖Mq
p

= t
1− n

σ

(
1
p − 1

q

)
+(d−1)

(
1− σ

θ0

)
−δ

, for sufficiently largeN ,

for any t ≥ 1.
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Proof The reminder term RN verifies any desired polynomial decay estimate, for
sufficiently large N . Indeed,

|∂γ
ξ (RN (t, ξ))| ≤ C |ξ |(2θ0−σ)(N+1)−σ−|γ |t N+1.

Due to the fact that (2θ0 − σ)(N + 1) > σ for any N ≥ 0, we may apply Lemma 3.2,
obtaining

‖F−1[χRN (t, ξ)e−ta(ξ)/2]‖Lr ≤ Ct
−(N+1)

(
1− σ

θ0

)
− n

θ0

(
1− 1

r

)
+ σ

θ0 ;

in particular, ‖χ e−ta(ξ)/2RN (t, ξ)‖Mq
p
decays faster than any given polynomial, as

t → ∞, for sufficiently large N , due to θ0 > σ .
Now we consider the expansion terms for � ≥ 1. On the one hand,

‖χt sin
(�)(tw(ξ))‖Mq

p
t�

∥∥∥χ
e−ta(ξ)/2

w(ξ)(1 + g(ξ))
(w(ξ)g(ξ))�

∥∥∥
Mq

q

≤ C t
�− n

σ

(
1
p − 1

q

)
−2�+ (�+1)σ

θ0 = t
1− n

σ

(
1
p − 1

q

)
−(�+1)

(
1− σ

θ0

)
,

where we used (45) together with Lemma 3.2 with

b(ξ) = χ
(w(ξ)g(ξ))�

w(ξ)(1 + g(ξ))
, η = 2�θ0 − (� + 1)σ.

In particular, η > 0 due to � ≥ 1 and θ0 > σ . On the other hand, if 1 < p ≤ q < ∞,

‖(1 − χt ) |ξ |−dσ sin(�)(tw(ξ))‖Mq
p
t�

∥∥∥χ |ξ |dσ e−ta(ξ)/2

w(ξ)(1 + g(ξ))
(w(ξ)g(ξ))�

∥∥∥
Mq

q

≤ C t
�+d− n

σ

(
1
p − 1

q

)
−2�+(�+1−d) σ

θ0 = C t
1− n

σ

(
1
p − 1

q

)
+(d−�−1)

(
1− σ

θ0

)
,

where we used (43), together with Lemma 3.2 with

b(ξ) = χ |ξ |dσ (w(ξ)g(ξ))�

w(ξ)(1 + g(ξ))
, η = 2�θ0 + (d − � − 1)σ.

We get the desired result for any � ≥ 1. When p = 1 or q = ∞, we proceed in the
usual way, replacing (43) and Lemma 3.2 with (44) and Corollary 3.1. This concludes
the proof. ��

Remark 4 Thanks to Lemma 6.1, Theorem 6 is sharp, as far as (49) is sharp. We
explicitly prove the optimality of this latter in the radial case in Lemma 7.1.
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6.3 Proof of Theorem 7

Wemay follow the proof of Theorem 6, with some modifications. A crucial difference
is that now

e−t a(ξ)
2 = e−c1t e−t

a(ξ)−2c1
2 ,

where a(ξ)−2c1 still verifies the same assumption (16) on a(ξ) for sufficiently small
c1, due to

a(ξ) − 2c1 ≥ a1|ξ |θ1 − 2c1 ≥ a1
2

|ξ |θ1 , for sufficiently large|ξ |.

Since we produced exponential decay in time, we are only interested in a regularity
result and in controlling the possible singular behavior of the estimate as t → 0.

We first prove that the leading term

(1 − χ) t sinc (tw(ξ))
e−ta(ξ)/2

1 + g(ξ)

verifies the desired estimate. We may follow the proof of Theorem 5. First, let θ1 ∈
(0, σ ). On the one hand,

t ‖χt sinc (tw(ξ))‖Mq
p

∥∥∥(1 − χ)
e−ta(ξ)/2

1 + g(ξ)

∥∥∥
Mq

q
≤ C t

1− n
σ

(
1
p − 1

q

)
,

thanks to (45) and of Lemma 3.4 with

φ(ξ) = (1 − χ)
1

1 + g(ξ)
,

together with Lemma 3.1. On the other hand, if 1 < p ≤ q < ∞, then

‖(1 − χt ) |ξ |−dσ sin(tw(ξ))‖Mq
p

∥∥∥(1 − χ) |ξ |(d−s)σ e−ta(ξ)/2

w(ξ)(1 + g(ξ))

∥∥∥
Mq

q

≤ C t
d− n

σ

(
1
p − 1

q

)
−(d−s−1) σ

θ1 = C t
1− n

σ

(
1
p − 1

q

)
+(d−1)−(d−1−s) σ

θ1 ,

(51)

thanks to (43) and Lemma 3.2 with

b(ξ) = (1 − χ) |ξ |(d−s)σ 1

w(ξ)(1 + g(ξ))
, η = (d − s − 1)σ.

We notice that d − 1 > s, due to θ1 > 0. As in the proof of Theorem 5,

‖|ξ |sσ 〈ξ 〉−sσ ‖Mq
q

‖F−1(〈ξ 〉sσ û1)‖L p ≤ C ‖u1‖Hsσ,p .
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If p = 1 and q ∈ [1,∞], we may use (44) together with Corollary 3.1 to get

‖(1 − χt ) |ξ |−dσ sin(tw(ξ))‖M(H1,Lq )

×
∥∥∥(1 − χ) |ξ |(d−s)σ e−ta(ξ)/2

w(ξ)(1 + g(ξ))

∥∥∥
M(L1,H1)

≤ C t
1− n

σ

(
1− 1

q

)
+(d−1)−(d−1−s) σ

θ1 .

(52)

By duality, we obtain the estimate when q = ∞.
Since producing the exponential decay for the other terms of the Taylor expansion

is obvious, the proof of Theorem 7 is concluded if we prove the following.

Lemma 6.2 There exists δ > 0 such that

‖(1 − χ)

(
∂�
t
sin(tw(ξ))

w(ξ)

)
e−ta(ξ)/2

1 + g(ξ)
(tg(ξ))�‖Mq

p

= t
1− n

σ

(
1
p − 1

q

)
+(d−1)−(d−1−s) σ

θ1
+δ

, � ≥ 1,

‖(1 − χ) e−ta(ξ)/2RN (t, ξ)‖Mq
p

= t
1− n

σ

(
1
p − 1

q

)
+(d−1)−(d−1−s) σ

θ1
+δ

, for sufficiently largeN ,

for any t ∈ (0, 1].
Proof Since we are interested in t → 0, we restrict to t ∈ (0, 1]. We will use (48) and
we proceed as we did in the proof of Theorem 6. We have

|∂γ
ξ RN (t, ξ)| � |ξ |(2θ1−σ)(N+1)−σ−|γ |t N+1.

If θ1 ∈ (σ/2, σ ), we can apply Lemma 3.2 for sufficiently large N , so that

‖(1 − χ) RN (t, ξ)e−ta(ξ)/2‖Mq
p

≤ ‖F−1((1 − χ) RN (t, ξ)e−ta(ξ)/2)‖Lr

� t
(N+1)

(
σ
θ1

−1
)
+ 1

θ1

(
σ−n

(
1
p − 1

q

))
.

For sufficiently large N , this gives the desired estimate. If θ1 ∈ (0, σ/2], we may
weaken the estimate for the derivative to

|∂γ
ξ RN (t, ξ)| � |ξ |η−|γ |t N+1,

for some η > 0. Then we apply Lemma 3.2, obtaining

‖(1 − χ) RN (t, ξ)e−ta(ξ)/2‖Mq
p

� t
N+1+ 1

θ1

(
−η−n

(
1
p− 1

q

))
.

For sufficiently large N , this gives the desired estimate.
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Now we consider the expansion terms for � ≥ 1. On the one hand, we estimate

‖χt sin
(�)(tw(ξ))‖Mq

p
= t

− n
σ

(
1
p − 1

q

)
,

using (45), while we estimate

t�
∥∥∥(1 − χ)

e−ta(ξ)/2

w(ξ)(1 + g(ξ))
(w(ξ)g(ξ))�

∥∥∥
Mq

q
≤ Ct

1+(�+1)
(

σ
θ1

−1
)
,

by using Lemma 3.2 with

b(ξ) = (1 − χ)
(w(ξ)g(ξ))�

w(ξ)(1 + g(ξ))
,

and letting η = 2�θ1−(�+1)σ if this latter is positive. Otherwise, we fix η ∈ (0, �θ1),
and we use Lemma 3.2 to estimate

t�
∥∥∥(1 − χ)

e−ta(ξ)/2

w(ξ)(1 + g(ξ))
(w(ξ)g(ξ))�

∥∥∥
Mq

q
≤ Ct

�− η
θ1 .

On the other hand, if 1 < p ≤ q < ∞, then

‖(1 − χt ) |ξ |−dσ sin(�)(tw(ξ))‖Mq
p
t�

×
∥∥∥(1 − χ) |ξ |(d−s)σ e−ta(ξ)/2

w(ξ)(1 + g(ξ))
(w(ξ)g(ξ))�

∥∥∥
Mq

q

≤ Ct
− n

σ

(
1
p− 1

q

)
+d−(d−s−1) σ

θ1
+�

(
σ
θ1

−1
)
,

where we used (43), together with Lemma 3.2 with

b(ξ) = χ |ξ |(d−s)σ (w(ξ)g(ξ))�

w(ξ)(1 + g(ξ))
,

and letting η = 2�θ1+(d−s−�−1)σ , when η is positive, so we get the desired result.
Otherwise, we proceed as before, choosing η > 0, sufficiently small. When p = 1 or
q = ∞, we proceed in the usual way, replacing (43) and Lemma 3.2 with (44) and
Corollary 3.1. This concludes the proof. ��

Remark 5 Thanks to Lemma 6.2, Theorem 7 is sharp, as far as (51) is sharp. We
explicitly prove the optimality of this latter in the radial case in Lemma 7.1.
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6.4 Proofs with L2 regularity

In order to prove Proposition 8, it is sufficient to modify the proof of Theorem 6
in Sect. 6.2 for the leading term

χ t sinc (tw(ξ))
e−ta(ξ)/2

1 + g(ξ)
,

for t ≥ 1, as follows. Thanks to M2
1 = L2 and n = 2σ , using the change of

variable t
1
θ0 ξ �→ ξ , we now estimate

t
∥∥∥(1 − χt ) χ sinc (tw(ξ))

e−ta(ξ)/2

1 + g(ξ)

∥∥∥
L2

≤ C
( ∫

|ξ |≥Mt− 1
σ

|ξ |−n e−2a0t |ξ |θ0 dξ
) 1

2

= C
( ∫

|ξ |≥Mt
1
θ0

− 1
σ

|ξ |−n e−2a0|ξ |θ0 dξ
) 1

2

≤ C1 (1 + log t)
1
2 .

Similarly, to prove Proposition 9, it is sufficient to modify the proof of Theorem 7
in Sect. 6.3 for the leading term

(1 − χ) t sinc (tw(ξ))
e−ta(ξ)/2

1 + g(ξ)
,

for t ∈ (0, 1] as follows. Thanks to M2
1 = L2 and n = 2σ , using the change of

variable t
1
θ1 ξ �→ ξ , we now estimate

t
∥∥∥(1 − χt ) (1 − χ) sinc (tw(ξ))

e−ta(ξ)/2

1 + g(ξ)

∥∥∥
L2

≤
( ∫

|ξ |≥Mt− 1
σ

|ξ |−n e−2a1t |ξ |θ1 dξ
) 1

2

= C
( ∫

|ξ |≥Mt
1
θ1

− 1
σ

|ξ |−n e−2a1|ξ |θ1 dξ
) 1

2

≤ C (1 − log t)
1
2 .

We stress that the different sign in front of the log t term depends on the sign of

− log t
1
θ j

− 1
σ =

(
1

σ
− 1

θ j

)
log t, j = 0, 1.

7 Optimality of the estimates

The optimality of the estimates is expected from the proofs, since it is related to the
different scaling of e±iw(ξ) or sincw(ξ), and of e−a(ξ). However, we can provide a
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direct proof of optimality, at least in the radial case. That is, we assume that w(ξ) =
c|ξ |σ for some c > 0 (we may assume c = 1 with no loss of generality) and that
a(ξ) = a0|ξ |θ0 , for some θ0 > σ , or a(ξ) = a1|ξ |θ1 , for some θ1 ∈ (0, σ ).

We may indeed relax the radial assumption for a(ξ). For instance, it is sufficient to
assume that there exists r ∈ Cn+1 such that

a(ξ) = a0|ξ |θ0 (1 + r(ξ)), |∂γ r(ξ)| ≤ C |ξ |ε−|γ |,

in a neighborhood of the origin, or

a(ξ) = a1|ξ |θ1 (1 + r(ξ)), |∂γ r(ξ)| ≤ C |ξ |−ε−|γ |,

out of some compact, for some ε > 0. Indeed, it is easy to prove that the solution to (1)
and to (2) with a(ξ) = a0|ξ |θ0 r(ξ) verifies better estimates than the ones provided
by Theorems 4 and 6 for a(ξ) = a0|ξ |θ0 , and that the solution to (1) and to (2) with
a(ξ) = a1|ξ |θ1 r(ξ) verifies better estimates than the ones provided by Theorems 5
and 7 for a(ξ) = a1|ξ |θ1 .

As expected, the crucial point of the optimality is based on the optimality of the
estimates

‖(1 − χt ) |ξ |−sσ e±i |ξ |σ t−a0|ξ |θ0 t‖Mq
p

≤ t
− n

σ

(
1
p− 1

q

)
+s+(d−s)

(
1− σ

θ0

)
, t ≥ 1, (53)

‖(1 − χt ) |ξ |−sσ e±i |ξ |σ t−a1|ξ |θ1 t‖Mq
p

≤ t
− n

σ

(
1
p− 1

q

)
+s−(d−s)

(
σ
θ1

−1
)
, t ∈ (0, 1],

(54)

for s ∈ [0, d], where d is as in (7). Indeed, the optimality of (17) and (21) follows
from (53) (for s = 0 and s = 1, respectively), while the optimality of (18) and (22)
follows from (54) (replacing s by s + 1 for the latter).

By the change of variable t |ξ |σ �→ |ξ |σ , the previous estimates reduce to

‖(1 − χ) |ξ |−sσ e±i |ξ |σ −a0|ξ |θ0 t− θ0
σ +1‖Mq

p
≤ t

(d−s)
(
1− σ

θ0

)
, t ≥ 1,

‖(1 − χ) |ξ |−sσ e±i |ξ |σ −a1|ξ |θ1 t1− θ1
σ ‖Mq

p
≤ t

(d−s)
(
1− σ

θ1

)
, t ∈ (0, 1],

that is, setting τ = a
1
θ

j t
1
θ
− 1

σ where we put θ = θ0 in the first case and θ = θ1 in the
second one, we shall prove the optimality of the singular estimate

‖(1 − χ) |ξ |−sσ e±i |ξ |σ −(|ξ |τ)θ ‖Mq
p

≤ τ−(d−s)σ , τ ∈ (0, 1].

Lemma 7.1 Let n ≥ 1, σ > 0, θ > 0, 1 ≤ p ≤ q ≤ ∞ and d as in (7). Assume that
s ∈ [0, d]. Then there exist C > 0 such that

‖(1 − χ) |ξ |−sσ e±i |ξ |σ −(|ξ |τ)θ ‖Mq
p

≥ C τ−(d−s)σ , τ ∈ (0, 1]. (55)
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Proof By duality, we assume without restriction that p ≤ q ′.
The case σ �= 1 is proved in [15, Proposition 7.2], so we only need to prove the

statement for σ = 1. We fix g ∈ C∞
c , radial, and we define gτ (x) = τ

− n
p g(τ−1x), so

that ‖gτ‖L p = ‖g‖L p . Then ĝτ (ξ) = τ
n
p′ ĝ(τξ). Using the representation formula of

the Fourier transform for radial functions, we have (abusing notation, we write χ(ρ))

F−1((1 − χ(ξ)) |ξ |−s e±i |ξ |−(τ |ξ |)θ gτ )(|x |)
=

∫ ∞

0
(1 − χ(ρ)) ρ−s e±iρ−(τρ)θ ĝτ (ρ) Jn−2

2
(|x |ρ) |x |1− n

2 ρ
n
2 dρ,

where Jn−2
2

denotes theBessel function of first kind.Now let |x | ∈ I = [1−δτ, 1+δτ ],
for some δ � τ−1 which we will fix later. Due to the fact that 1 − χ(ρ) vanishes for
ρ ≤ 1 and |x | ≈ 1, inside the integral we may use the asymptotic expansion of the
Bessel function

Jν(z) = cνz
− 1

2 cos
(
z − ν

π

2
− π

4

)
+ O (|z|−3/2), |z| → ∞.

The leading term in the asymptotic expansion above may be estimated if we estimate

|x |− n−1
2 τ

n
p′

∫ ∞

0
(1 − χ(ρ)) eiρ(1±|x |) ĝ(τρ) ρ

n−1
2 −se−(τρ)θ dρ

= |x |− n−1
2 τ

(
n
p′ − n+1

2 +s
) ∫ ∞

0
(1 − χ(sτ−1)) eisτ

−1(1±|x |) ĝ(s) s
n−1
2 −se−sθ ds

= |x |− n−1
2 τ

(
n
p′ − n+1

2 +s
) (

(2π)n h(τ−1(1 ± |x |)) − J (τ )
)
,

where

ĥ(t) = ĝ(t) t
n−1
2 −se−ctθ , J (τ ) =

∫ ∞

0
χ(tτ−1) eitτ

−1(1±|x |) ĝ(t) t
n−1
2 −se−tθ dt .

In the last equality, we may assume without restriction that ĝ(t) t
n−1
2 −s is integrable

near t = 0, so that

|J (τ )| ≤
∫ 2τ

0
|ĝ(t)| t n−1

2 −se−tθ dt

vanishes as τ → 0. By Riemann–Lebesgue theorem, h(τ−1(1 + |x |)) vanishes as
τ → 0, due to ĥ ∈ L1, for any given x . Choosing g such that

h(0) = (2π)−n
∫ ∞

0
ĝ(t) t

n−1
2 −se−tθ dt �= 0,
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there exists δ > 0 such that |h(τ−1(1 − |x |))| ≥ |h(0)|/2 > 0 for |x | ∈ I =
[1 − δτ, 1 + δτ ]. Therefore

‖F−1((1 − χ(ξ)) |ξ |−s e±i |ξ |−(τ |ξ |)θ gτ )‖Lq

≥ ‖F−1((1 − χ(ξ)) |ξ |−s e±i |ξ |−(τ |ξ |)θ gτ )‖Lq (I )

≥ C τ

(
n
p′ − n+1

2 +s
) ( ∫

|x |∈I
1 dx

) 1
q ≈ τ

(
s+ n

p′ − n+1
2 + 1

q

)
= τ s−d ,

with d as in (7). This concludes the proof. ��

We may easily prove the optimality of the estimates in Propositions 8 and 9. In
this case, a logarithmic loss appears with respect to what provided by Lemma 7.1, but
such loss is also sharp, in the sense that the estimate from below in Lemma 7.1 may
be improved.

Lemma 7.2 Let n ≥ 1 and σ = n/2, θ > 0. Then there exist C > 0 and τ0 > 0 such
that

‖(1 − χ) sinc (|ξ |σ ) e−a(|ξ |τ)θ ‖M2
1

≥ C (1 − log τ)
1
2 , τ ∈ (0, τ0]. (56)

Proof For a given χ , there exists τ0 ≤ 1 be such that suppχ ⊂ [0, τ−1
0 ). Let τ ∈

(0, τ0]. Noticing that e−2a(|ξ |τ)θ ≥ e−2a for |ξ | ≤ τ−1, we may estimate

‖(1 − χ) |ξ |−σ sin(|ξ |σ ) e−a(|ξ |τ)θ ‖M2
1

=
( ∫

Rn
(1 − χ)2 |ξ |−n sin2(|ξ |σ ) e−2a(|ξ |τ)θ dξ

) 1
2

≥ e−a
( ∫

{ξ∈Rn :τ−1
0 ≤|ξ |≤τ−1}

|ξ |−n sin2(|ξ |σ )dξ
) 1

2

= e−a |Sn−1|
( ∫ τ−1

τ−1
0

ρ−1 sin2(ρσ ) dρ
) 1

2

≥ C (log τ0 − log τ)
1
2 ≥ C1(1 − log τ)

1
2 ,

for sufficiently small τ (we use that sin2(ρσ ) ≥ 1/
√
2 when ρσ ∈ [(π/4) +

mπ, (3π/4) + mπ ], for m ∈ N). This concludes the proof. ��

8 Proofs of Lemmas 3.1–3.4

As discussed in Sect. 3, we will prove the multipliers Lemmas 3.1–3.4, using the
integration by parts method. Let h ∈ C1(Rn\{0}), be in L1(Rn) with its derivatives
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(as a consequence, h(ξ) vanishes as |ξ | → ∞). Then

(2π)nF−1h =
∫
Rn

eixξh(ξ) dξ = i |x |−2
n∑
j=1

x j

∫
Rn

eixξ ∂ξ j h(ξ) dξ.

Iterating this process, if h ∈ Cκ(Rn\{0}), in L1(Rn) with all its derivatives, then

(2π)nF−1h = |x |−κ
∑

|γ |=κ

cγ (i x/|x |)γ
∫
Rn

eixξ ∂γ
ξ h(ξ) dξ. (57)

In the case in which h ∈ C1(Rn\{0}), is in L1(Rn), and its derivatives are in
L1(Rn\B(0, δ)), it may be useful to perform integration by parts only in Rn\B(0, δ),
obtaining

(2π)nF−1h =
∫
B(0,δ)

eixξh(ξ) dξ + i |x |−2
n∑
j=1

x j

∫
Rn\B̄(0,δ)

eixξ ∂ξ j h(ξ) dξ

− i |x |−2
n∑
j=1

x j

∫
∂B(0,δ)

eixξh(ξ) ν j dS(ξ).

(58)

Employing (57) and (58), we may prove the results stated in Sect. 3.
We first prove Lemma 3.1.

Proof of Lemma 3.1 By the inversion formula of Fourier transform, it is clear that

|F−1(e−ta(ξ))| ≤ (2π)−n
∫
Rn

e−ta(ξ) dξ �
∫
Rn

e−ct |ξ |θ dξ = Ct−
n
θ ,

where we used the change of variable t
1
θ ξ �→ ξ . We fix ε ∈ (0, 1) such that ε ≤ θ .

For any |γ | ≥ 1, we may estimate

|∂γ
ξ e

−ta(ξ)| � t |ξ |θ−|γ |(1 + t |ξ |θ )|γ |−1
e−ct |ξ |θ � t

ε
θ |ξ |ε−|γ | e− c

2 t |ξ |θ .

In particular, ∂γ
ξ e

−ta(ξ) is in L1 for |γ | ≤ n, since ε > 0. Integrating by parts n times

as in (57) and then once as in (58) with δ = |x |−1; we obtain:

|F−1(e−ta(ξ))| � t
ε
θ |x |−n

∫
B(0,|x |−1)

|ξ |ε−ndξ

+ t
ε
θ |x |−(n+1)

∫
Rn\B̄(0,|x |−1)

|ξ |ε−(n+1) dξ

+ t
ε
θ |x |−(n+1)

∫
∂B(0,|x |−1)

|ξ |ε−n dS(ξ)

� t
ε
θ |x |−(n+ε).
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Then:

‖F−1(e−ta(ξ))‖Lr � t−
n
θ

( ∫
|x |≤t

1
θ

1dx
) 1

r + t
ε
θ

( ∫
|x |≥t

1
θ

|x |−(n+ε)r dx
) 1

r

� t
− n

θ

(
1− 1

r

)
.

This concludes the proof. ��
We then prove Lemma 3.2. This lemma is a variant of [15, Lemma 8.5], which

takes into account of exponential terms.

Proof of Lemma 3.2 By the inversion formula of Fourier transform, it is clear that

|F−1(b(ξ) e−ta(ξ))| ≤ (2π)−n
∫
Rn

|b(ξ)| e−ta(ξ) dξ

�
∫
Rn

|ξ |η e−ct |ξ |θ dξ = Ct−
n+η
θ ,

where we used the change of variable t
1
θ ξ �→ ξ ′.

We now distinguish two cases. First, let η > 0. We fix ε ∈ (0, 1) such that ε ≤ η.
For any |γ | ≥ 1, we may estimate

|∂γ
ξ (b(ξ) e−ta(ξ))| � |ξ |η−|γ |(1 + t |ξ |θ )|γ |

e−ct |ξ |θ � t−
η−ε
θ |ξ |ε−|γ | e− c

2 t |ξ |θ .

In particular, ∂γ
ξ (b(ξ) e−ta(ξ)) is in L1 for |γ | ≤ n, since ε > 0. We now integrate by

parts n times as in (57) and then one time as in (58) with δ = |x |−1; we obtain:

|F−1(b(ξ) e−ta(ξ))| � t−
η−ε
θ |x |−n

∫
B(0,|x |−1)

|ξ |ε−ndξ

+ t−
η−ε
θ |x |−(n+1)

∫
Rn\B̄(0,|x |−1)

|ξ |ε−(n+1) dξ

+ t−
η−ε
θ |x |−(n+1)

∫
∂B(0,|x |−1)

|ξ |ε−n dS(ξ)

� t−
η−ε
θ |x |−(n+ε).

Then:

‖F−1(b(ξ) e−ta(ξ))‖Lr � t−
n+η
θ

( ∫
|x |≤t

1
θ

1dx
) 1

r + t−
η−ε
θ

( ∫
|x |≥t

1
θ

|x |−(n+ε)r dx
) 1

r

� t
− n

θ

(
1− 1

r

)
− η

θ .
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This concludes the proof for η > 0. Now let η ∈ (−n, 0]; for any |γ | ≥ 1, we may
estimate

|∂γ
ξ (b(ξ) e−ta(ξ))| � |ξ |η−|γ | e−ct |ξ |θ .

Let κ be the largest integer such that η − κ > −n. Assume for a moment that η is not
an integer. Since η is not an integer, then η − κ − 1 < −n. We now integrate by parts
κ times as in (57) and then one time as in (58) with δ = |x |−1; we obtain:

|F−1(b(ξ) e−ta(ξ))| � |x |−κ

∫
B(0,|x |−1)

|ξ |η−κdξ

+ |x |−(κ+1)
∫
Rn\B̄(0,|x |−1)

|ξ |η−(κ+1) dξ

+ |x |−(κ+1)
∫

∂B(0,|x |−1)

|ξ |η−κ dS(ξ)

� |x |−(n+η).

Then:

‖F−1(b(ξ) e−ta(ξ))‖Lr � t−
n+η
θ

( ∫
|x |≤t

1
θ

1dx
) 1

r +
( ∫

|x |≥t
1
θ

|x |−(n+η)r dx
) 1

r

� t
− n

θ

(
1− 1

r

)
− η

θ ,

provided that

(n + η)r > n,

that is, (37) holds. If η is an integer, then we just integrate by parts κ = η + n − 1
times as in (57) and then twice as in (58) with δ = |x |−1. ��

We then prove Lemma 3.3.

Proof of Lemma 3.3 We proceed as in the proof of Lemmas 3.1 and 3.2, but now we
notice that for any |γ | ≥ 1, we may estimate

|∂γ
ξ (b(ξ) e−ta(ξ))| �

(|ξ |ε−|γ | + t |ξ |θ−|γ |) e− c
2 t |ξ |θ � t

ε
θ |ξ |ε−|γ |,

due to t ≥ 1, where we assumed with no loss of generality that ε < 1 and ε ≤ θ

(otherwise, it is sufficient to replace ε in the following by ε1 < min{1, θ}). When we
integrate by parts, we obtain

|F−1(b(ξ) e−ta(ξ))| � t
ε
θ |x |−(n+ε),
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so that

‖F−1(b(ξ) e−ta(ξ))‖Lr � t−
n
θ

( ∫
|x |≤t

1
θ

1dx
) 1

r + t
ε
θ

( ∫
|x |≥t

1
θ

|x |−(n+ε)r dx
) 1

r

� t
− n

θ

(
1− 1

r

)
,

as in the proof of Lemma 3.1. ��
Finally, we prove Lemma 3.4.

Proof of Lemma 3.4 We first notice that for any |γ | = n, n + 1, we have

(i x)γF−1φ = F−1(∂
γ
ξ φ) ∈ C0,

due to ∂
γ
ξ φ ∈ L1. On the one hand, letting |γ | = n + 1, we find

|F−1φ(x)| ≤ C |x |−(n+1).

On the other hand, letting |γ | = n and γ = α + ek for some k, where |α| = n − 1,
we may integrate by parts

|(i x)γF−1φ(x)| � |xk |
∫
B(0,|x |−1)

|∂α
ξ φ(ξ)| dξ +

∫
Rn\B̄(0,|x |−1)

|∂γ
ξ φ(ξ)| dξ

+
∫

∂B(0,|x |−1)

|∂α
ξ φ(ξ)| dS(ξ)

� |x |
∫
B(0,|x |−1)

|ξ |−ε−(n−1) dξ +
∫
Rn\B̄(0,|x |−1)

|ξ |−ε−n dξ

+
∫

∂B(0,|x |−1)

|ξ |−ε−(n−1) dS(ξ)

� |x |ε.

Therefore,

|F−1φ(x)| ≤ C |x |−(n−ε).

In turn, this proves that F−1φ ∈ L1. If φ vanishes in a neighborhood of the origin,
it is sufficient to notice that φ j = iξ jφ(ξ)/|ξ | still verify the assumptions of the first
part of Lemma 3.4, so that [see (5) and (32)]

‖φ‖M(L1,H1) = ‖F−1φ‖H1 ≤ ‖F−1φ‖L1 +
n∑
j=1

‖F−1φ j‖L1 < ∞.

��

123



Sharp Lp − Lq estimates for evolution equations with…

Funding Open access fundingprovidedbyUniversità degli Studi diBariAldoMorowithin theCRUI-CARE
Agreement. This paper has been partly realized during the stay of the second author at the Department of
Mathematics of University of Bari in the period September–December 2022 and in the period June-August
2024, supported by the “Visiting professor program” of University of Bari. The first author is supported
by PNR MUR Project CUP_H93C22000450007, by “PANDORA” Project CUP_H99J21017500006 and
by INdAM-GNAMPA Project CUP_E55F22000270001. The second author is partially supported by
“Conselho Nacional de Desenvolvimento Científico e Tecnológico (CNPq)” Grant 304408/2020-4.

Data availability The authors declare that the data supporting the findings of this study are available within
the paper.

Declarations

Conflict of interest The authors have no relevant financial or non-financial interests to disclose.

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Arias Junior, A., Ascanelli, A., Cappiello, M.: On the Cauchy problem for p-evolution equations with
variable coefficients: a necessary condition for Gevrey well-posedness. J. Differ. Equ. 405, 220–246
(2024)

2. Ascanelli, A., Boiti, C.: Cauchy problem for higher order p-evolution equations. J. Differ. Equ. 255,
2672–2708 (2013)

3. Ascanelli, A., Boiti, C., Zanghirati, L.: Well-posedness of the Cauchy problem for p-evolution
equations. J. Differ. Equ. 253(10), 2765–2795 (2012)

4. Blumenthal, R., Getoor, R.: Some theorems on stable processes. Trans. Am. Math. Soc. 95, 263–273
(1960)

5. Cicognani, M., Hirosawa, F., Reissig, M.: Loss of regularity for p-evolution type models. J. Math.
Anal. Appl. 347, 35–58 (2008)

6. Coimbra Charão, R., da Luz, C.R., Ikehata, R.: New decay rates for a problem of plate dynamics with
fractional damping. J. Hyperbolic Differ. Equ. 10, 563–575 (2013)

7. Coimbra Charão, R., D’Abbicco, M., Ikehata, R.: Asymptotic profiles for a wave equation with
parameter-dependent logarithmic damping. Math. Methods Appl. Sci. 44(18), 14003–14024 (2021).
https://doi.org/10.1002/mma.7671

8. Coimbra Charão, R., Ikehata, R.: Asymptotic profile and optimal decay of solutions of some wave
equations with logarithmic damping. Z. Angew. Math. Phys. 71, 51 (2020). https://doi.org/10.1007/
s00033-020-01373-x

9. Chen,G.,Wang,Y.,Wang, S.: Initial boundary value problemof the generalized cubic double dispersion
equation. J. Math. Anal. Appl. 299, 563–577 (2004)

10. Chen, W., Reissig, M.: On the critical regularity of nonlinearities for semilinear classical wave
equations. Math. Ann. (2024). https://doi.org/10.1007/s00208-024-02853-5

11. Cho, Y., Ozawa, T.: On small amplitude solutions to the generalized Boussinesq equations. Discrete
Contin. Dyn. Syst. 17, 691–711 (2007)

12. Cho, Y., Ozawa, T., Xia, S.: Remarks on some dispersive estimates. Commun Pure Appl Anal. 10,
1121–1128 (2011)

123

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1002/mma.7671
https://doi.org/10.1007/s00033-020-01373-x
https://doi.org/10.1007/s00033-020-01373-x
https://doi.org/10.1007/s00208-024-02853-5


M. D’Abbicco, M. Ebert

13. D’Abbicco, M., Ebert, M.R.: Diffusion phenomena for the wave equation with structural damping in
the L p − Lq framework. J. Differ. Equ. 256, 2307–2336 (2014). https://doi.org/10.1016/j.jde.2014.
01.002

14. D’Abbicco, M., Ebert, M.R.: An application of L p − Lq decay estimates to the semilinear wave
equation with parabolic-like structural damping. Nonlinear Anal. 99, 16–34 (2014). https://doi.org/10.
1016/j.na.2013.12.021

15. D’Abbicco, M., Ebert, M.R.: L p − Lq estimates for a parameter-dependent multiplier with oscillatory
and diffusive components. J. Math. Anal. Appl. 504, 125393 (2021). https://doi.org/10.1016/j.jmaa.
2021.125393

16. D’Abbicco, M., Ebert, M.R.: The critical exponent for semilinear-evolution equations with a strong
non-effective damping. Nonlinear Anal. 215, Article 112637 (2022)

17. D’Abbicco, M., Reissig, M.: Semilinear structural damped waves. Math. Methods Appl. Sci. 37,
1570–1592 (2014)

18. da Luz, C.R., Coimbra Charão, R.: Asymptotic properties for a semilinear plate equation in unbounded
domains. J. Hyperbolic Differ. Equ. 6, 269–294 (2009)

19. Ebert,M.R., Girardi, G., Reissig,M.: Critical regularity of nonlinearities in semilinear classical damped
wave equations. Math. Ann. 378, 1311–1326 (2020). https://doi.org/10.1007/s00208-019-01921-5

20. Fefferman, C.: Characterizations of bounded mean oscillation. Bull. Am. Math. Soc. 77(4), 587–588
(1971). https://doi.org/10.1090/S0002-9904-1971-12763-5

21. Fefferman, C., Stein, E.A.: H p spaces of several variables. Acta Math. 129, 137–193 (1972)
22. Georgiev, V.:Weighted estimate for the wave equation. In: NonlinearWaves, Proceedings of the Fourth

MSJ International Research Institute, vol. 1, pp. 71–80. Hokkaido University (1996)
23. Georgiev,V., Lindblad,H., Sogge, C.:Weighted Strichartz estimates and global existence for semilinear

wave equations. Am. J. Math. 119(6), 1291–1319 (1997)
24. Glassey, R.T.: Existence in the large for�u = F(u) in two space dimensions.Math. Z. 178(2), 233–261

(1981)
25. Guo, Z., Peng, L., Wang, B.: Decay estimates for a class of wave equations. J. Funct. Anal. 254,

1642–1660 (2008)
26. Grafakos, L.: Classical Fourier Analysis. GTM 249, 3rd edn. Springer, New York (2014)
27. Grafakos, L.: Some remarks on the Mikhlin–Hörmander and Marcinkiewicz multiplier theorems: a

short historical account and a recent improvement. J. Geom. Anal. 31, 6987–7007 (2021). https://doi.
org/10.1007/s12220-020-00588-8

28. Hörmander, L.: Estimates for translation invariant operators in L p spaces. Acta Math. 104, 93–140
(1960)

29. John, F.: Blow-up of solutions of nonlinear wave equations in three space dimensions. Manuscr. Math.
28(1–3), 235–268 (1979)

30. Laskin, N.: Fractional Schrödinger equation. Phys. Rev. E 191, 56–108 (2002)
31. Lindblad, H., Sogge, C.: Long-time existence for small amplitude semilinear wave equations. Am. J.

Math. 118(5), 1047–1135 (1996)
32. Marcati, P., Nishihara, K.: The L p-Lq estimates of solutions to one-dimensional damped wave equa-

tions and their application to the compressible flow through porous media. J. Differ. Equ. 191, 445–469
(2003)

33. Matsumura, A.: On the asymptotic behavior of solutions of semi-linear wave equations. Publ. RIMS.
12, 169–189 (1976)

34. Miyachi, A.: On some Fourier multiplier for Hp(n). J. Fac. Sci. Univ. Tokyo Sect. 1A Math. 27,
157–179 (1980)

35. Miyachi, A.: On some singular Fourier multiplier. J. Fac. Sci. Univ. Tokyo Sect. 1A, Math. 28(2),
267–315 (1981)

36. Mizohata, S.: Some remarks on the Cauchy problem. J. Math. Kyoto Univ. 1(1), 109–127 (1961)
37. Narazaki, T., Reissig, M.: L1 estimates for oscillating integrals related to structural damped wave

models. In: Cicognani, M., Colombini, F., Del Santo, D. (eds) Studies in Phase Space Analysis with
Applications to PDEs. Progress in Nonlinear Differential Equations and Their Applications, pp. 215–
258. Birkhäuser (2013)

38. Nishihara, K.: L p − Lq estimates for solutions to the damped wave equations in 3-dimensional space
and their applications. Math. Z. 244, 631–649 (2003)

39. Peral, J.: L p estimates for the wave equation. J. Funct. Anal. 36, 114–145 (1980)

123

https://doi.org/10.1016/j.jde.2014.01.002
https://doi.org/10.1016/j.jde.2014.01.002
https://doi.org/10.1016/j.na.2013.12.021
https://doi.org/10.1016/j.na.2013.12.021
https://doi.org/10.1016/j.jmaa.2021.125393
https://doi.org/10.1016/j.jmaa.2021.125393
https://doi.org/10.1007/s00208-019-01921-5
https://doi.org/10.1090/S0002-9904-1971-12763-5
https://doi.org/10.1007/s12220-020-00588-8
https://doi.org/10.1007/s12220-020-00588-8


Sharp Lp − Lq estimates for evolution equations with…

40. Pham,D.T.,Kainane,M.,Reissig,M.:Global existence for semi-linear structurally dampedσ -evolution
models. J. Math. Anal. Appl. 431, 569–596 (2015)

41. Polat, N., Ertas, A.: Existence and blow-up of solution of Cauchy problem for the generalized damped
multidimensional Boussinesq equation. J. Math. Anal. Appl. 349, 10–20 (2009)

42. Ponce, G.: Global existence of small solutions to a class of nonlinear evolution equations. Nonlinear
Anal. TMA 9(5), 399–418 (1985)

43. Schaeffer, J.: The equation utt − �u = |u|p for the critical value of p. Proc. R. Soc. Edinb. Sect. A
101, 31–44 (1985)

44. Seeger, A., Sogge, C.D., Stein, E.M.: Regularity properties of Fourier integral operators. Ann. Math.
134, 231–251 (1991)

45. Shibata, Y.: On the rate of decay of solutions to linear viscoelastic equation. Math. Methods Appl. Sci.
23, 203–226 (2000)

46. Sjöstrand, S.: On the Riesz means of the solution of the Shrödinger equation. Ann. Sc. Normale Super.
Pisa Classe Sci. 24(2), 331–348 (1970)

47. Strauss, W.A.: Nonlinear scattering theory at low energy. J. Funct. Anal. 41(1), 110–133 (1981)
48. Strauss, W.A.: Nonlinear wave equations. In: CBMS Regional Conference Series in Mathematics, vol.

73. American Mathematical Society, Providence (1989)
49. Stein, E.M.: Singular Integrals and Differentiability Properties of Functions (PMS-30). Princeton

University Press, Princeton (1970)
50. Stein, E.M.: Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals

(PSM-43). Princeton University Press, Princeton (1993)
51. Stein, E.M., Weiss, G.: Introduction to Fourier Analysis on Euclidean Spaces. Princeton University

Press, Princeton (1971)
52. Sugitani, Y., Kawashima, S.: Decay estimates of solutions to a semi-linear dissipative plate equation.

J. Hyperbolic Differ. Equ. 7, 471–501 (2010)
53. Todorova, G., Yordanov, B.: Critical exponent for a nonlinear wave equation with damping. J. Differ.

Equ. 174, 464–489 (2001)
54. Wainger, S.: Special trigonometric series in k-dimensions. Mem. Am. Math. Soc. 59 (1965)
55. Wang, S., Chen, G.: Cauchy problem of the generalized double dispersion equation. Nonlinear Anal.

64, 159–173 (2006)
56. Han Yang, A.: Milani, On the diffusion phenomenon of quasilinear hyperbolic waves. Bull. Sci. Math.

124(5), 415–433 (2000)
57. Zhou, Y.: Cauchy problem for semilinear wave equations in four space dimensions with small initial

data. J. Differ. Equ. 8, 135–144 (1995)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

123


	Sharp Lp-Lq estimates for evolution equations with damped oscillations
	Abstract
	1 Introduction
	1.1 Estimates for Fourier multipliers and homogeneous evolution equations
	1.2 Results for perturbed fractional Schrödinger equations
	1.3 Results for perturbed wave equations
	1.3.1 The L2 theory

	1.4 An example of dissipation
	1.5 Plan of the paper
	1.6 Notation

	2 Examples for dissipative wave equations
	2.1 The wave equation with viscoelastic damping
	2.2 The wave equation with noneffective dissipation
	2.3 The wave equation with effective damping
	2.4 The double dispersion equation

	3 Multiplier theorems
	4 Proof of Theorems 1–3
	5 Proof of Theorems 4 and 5
	6 Proof of Theorems 6 and 7
	6.1 Localization of the fundamental solution
	6.2 Proof of Theorem 6
	6.3 Proof of Theorem 7
	6.4 Proofs with L2 regularity

	7 Optimality of the estimates
	8 Proofs of Lemmas 3.1–3.4
	References


