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Abstract

In this paper we derive sharp L? — L? estimates, | < p < g < oo (including endpoint
estimates as L' — L! and L' — L) for dissipative wave-type equations, under the
assumption that the dissipation dampen the oscillations but it does not cancel them.
We assume that the phase function w is homogeneous of some degree o > 0 and
that its Hessian matrix has maximal rank, including the critical case o = 1, while the
dissipative term a(§) > 0 may be inhomogeneous. The critical case includes waves
with viscoelastic or structural damping, damped double dispersion equations and plate
equations with rotational inertia, and so on. We also obtain the analogous results for
fractional Schrodinger-type equations with a potential.

Mathematics Subject Classification 35B40 - 42B37 - 42B15 - 42B20 - 35S30

1 Introduction

In this paper, we study L? — L7 estimates under the effect of a perturbation Au and,
respectively, Au, acting on the initial value problem for first order and, respectively,
second order, o-evolution equations, where o > 0.

Namely, we investigate the initial value problem for Schrodinger-type equations

us +Au ==+iLyu, t>0,xeR"?
u(0, x) = up(x),
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and for wave-type equations

uy + Lypou+ Au, =0, t>0, x e R",
u(,x) =0, (2)
ur(0, x) = u1(x).

Here
Lyu=F Y (w)d), Lyou=F'(wE)?a), A3)

Z denotes the Fourier transform in the space of tempered distributions S" and
Ff(x) = Qn)™".Z f(—x) its inverse.

We assume that the phase w is real-valued, homogeneous of degree o > 0 and
smooth on R™\{0} (in most cases, w € C"3(R™\{0}) shall be enough). We also
assume that the Hessian matrix H,, has maximal rank, that is, det H,, # 0 if o # 1
and rank H, = n — 1 if 0 = 1 (since the homogeneity of degree 1 implies that
det Hy,, = 0). In (2) we also assume that w(§) > 0 for any & # 0. We define

Au = F N a@®)n),

witha € C"T1(R"\{0}), such that a(£) > O for & # 0, and that a (&) verifies a suitable
control with its derivatives, at low and high frequencies.

The problem in (1) includes (perturbations of) the classical Schrodinger equa-
tion, when w = |&|%, as well as fractional Schrodinger equations or higher order
Schrodinger equations, when w = |£|7; it also includes the (linear) Korteweg—de Vries
equation u; + Biu = 0, for which w = —&3. The problem in (2) includes (perturbations
of) the wave equation when w = |£|, the plate equation when w = |€ |2, the double
dispersion equation or plate equation with rotational inertia, when A = (Id — A)~'B
for some dissipative operator B, and many other models. Equations as the ones in (1)
and (2) are called o -evolution equations, respectively of first order and second order (in
time). This name goes back to [36]; several results of well-posedness for o -evolution
differential equations have been obtained in recent years, see for instance [1-3, 5].

When A = 0, the study of L? — L7 estimates for (1) and (2) mostly reduces to
the study of the multipliers (1 — x) e*%®) where x € C° verifies x = 1in a
neighborhood of the origin. Since w (&) is homogeneous, the decay estimates depend
on the homogeneity degree o of w (see later, Theorems 2 and 3). This study goes back
to [35, 39, 46] and to many other authors.

The assumption that rank H,, = n — 1 when o0 = 1 or rank H,, = n when o # 1,
deeply influences dispersive estimates of type L? — L', with p' = p/(p—1);roughly
speaking, dispersive estimates are worse when H,, is more singular. On the other hand,
the regularity theory, i.e., L? — L? estimates, is better when o = 1 (for w = |£]|, see
[46, 54]). Therefore, the case ¢ = 1 can be considered critical, with respect to o # 1.

In both the problems (1) and (2), if the perturbation acts at low frequencies, it
influences the decay estimates, whereas if it acts at high frequencies, it influences
the regularity of the solution. This influence is limited to some region of the (p, g)-
plane (see Remarks 1 and 2). In (1), the influence of the perturbation Au is related
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Sharp [P — L9 estimates for evolution equations with. ..

to the interplay of the two multipliers, e and e=*©)_ n (2), the action of the
dissipation is more complicated. In the damped oscillations regime (see later, (19)),
the dissipation does not cancel the oscillations and it modifies the phase function, so
that the study of the interplay of the multipliers is more complicated. Therefore, we
use a perturbation argument instead of a direct study of the multiplier.

Obtaining L? — L7 estimates in the full range 1 < p < g < oo, for Cauchy
problems for evolution equations, provides a useful tool to study problems under
the effect of a nonlinear perturbation. In particular, the presence of a damping term
in the damped oscillations regime hints to the possibility to mix decay estimates of
diffusive type, in particular L! — L7 estimates, and of dispersive type, LP — LY.
The first kind of estimates are more related to diffusive problems and generate Fujita
type critical exponents (see, for instance [33, 53], see also [17, 19, 40]), but this type
of critical exponent also appears for model as (2) for o # 1 in low dimension, see
[16]. The second type of estimates are more related to hyperbolic problems and their
o-evolution counterparts, and often involve the so-called Strauss exponent [47, 48],
that appears in the wave equation (see, for instance [22-24, 29, 31, 43, 57], see also
[10]), in the Boussinesq equation [11], and in several other models. We expect that our
L? — L4 estimates in this paper may lead to some critical exponents that is someway
intermediate between the two scenarios.

1.1 Estimates for Fourier multipliers and homogeneous evolution equations

Following [28], in this paper we say that a multiplier m is in MZ ifm € S'(R") (space
of tempered distributions), and

Imllygg = sup {7~ nF (P)lza: f € SR, [ fllr = 1}, “)

is finite. Here .% denotes the Fourier transform with respect to x and we write f =Zf
forany f € S’. The duality property M = M ;, holds, where p’ = p/(p—1) denotes

the Holder conjugate exponent of p. We also define M(H', L9) and M(H', H') as
the space of bounded multipliers from the real Hardy space H! to L4 and to itself. It is
convenient for us to describe the real Hardy space H! as the subset of L! functions f
such that the Riesz transforms of f are also in L!; we put

Il = f N+ ) IR Flig, ©)

j=1

where R; are the Riesz transforms of f defined by R; f = FNi &;/1ED f) (see
[20]). Therefore,

lm Wl g Loy = sup { " (f)llea: f e SOH | flln =1},

Ea
©)
Imll s gy = sup {1~ T (D llgpr: £ € SAH | fll g = 1).
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Forany 1 < p < g < oo, we define

n({1 1 1 11 1
dip,g) =—|———-)+nmnmaxy- ——, — — = o #1,
o\p ¢ 2 pgqg 2 )
1 1 1 11 1
dip,g)=n|———-|+m—-—Dmaxy= ——, — — = o=1.
P g 2 pg 2

The dual property d(q’, p’) = d(p, q) is related to the dual property of MZ. Then we
have the following.

Theorem 1 Let w be homogeneous of degree o and with maximal rank, and assume
that ¢ € S=b9 that is, ¢ € C* and

0 ¢ (&)] < Cy (£) 777120,
Ifb=d(p,q), then

¢eiiw(é) GMZ, l<p<gqg<oo,

. 8)
¢ etV e M(H', LY, qell, o0l
Moreover, if o # 1 and b > d(1,00) = n(2 — 0)/20, then
¢ e e M. ©)
If ¢ vanishes in a neighborhood of § =0 and b > d(p, q), then
pet® e Ml g ell, o0l (10

Without the maximal rank assumption, the previous estimates holdfor1 < p < g <2
and for its dual range 2 < p < q < oo.

The proof of Theorem 1 for o = 1 is contained in [50], see chapter IX, §6.16 at p.
428, and it extends the result in [39] for w = |£|. Theorem 1 is proved when o # 1
for w = |&]° in [35], we prove it in the general case in Sect. 4. The condition on b is
sharp, in general (see [35, 39] for w = |£]7).

Theorem 1 leads to the following immediate consequences, for the solutions to (1)
and (2), when A = 0.

Theorem2 Let 1 < p < g < oo and d(p,q) as in (7). Let s = (d(p,q))+ if
l < p <gq <ooorlets > 0besuchthats > d(p, q) otherwise. If ug € H**F(R"),
then ii(t, &) = e &) [ (€) verifies the estimate

nf(l_1

llu(t, e = Ct_g(ﬁ_a) (L+ 0" lluollgsor,  t > 0. (11)

Estimate (11) also holds with s = (d(1, 00))+ if (p, q) = (1,00) and o # 1.
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For the optimality of estimate (11) when w = c|&|°, see, for instance [15,
Propositions 7.1, 7.3].

In the radial case w(£) = w(|&]), (1) with A = 0 is studied in [12] for w not neces-
sarily homogeneous. For more about dispersive estimates for fractional Schrédinger
equations, see also [25, 30] and the references therein. As far as we know, result anal-
ogous to the one in Theorem 2 are not widely studied when w is non radial. Even in
the case of radial homogeneous w, that is, w = ¢|£|?, the “critical” case 0 = 1 is
excluded in [12].

The solution to (2) in appropriate spaces verifies

u(r,§) =1t sinc tw()) i1 (§), 12)

1

where sinc p = p~ ' sin p is the cardinal sine function.

Theorem3 Let 1 < p < q < oo and d(p,q) as in (7). Let s = (d(p,q) — D+
ifl < p <gq < ooorlets > 0 be such that s > d(p,q) — 1 otherwise. If
uy € H*P(R"), then (12) verifies the estimate

1

_n(l_1
lu(t, )lra SCtl "(” q)(1+l)s luillgsor, ¢t >0. (13)

Estimate (13) also holds with s = (d(1,00) — )4 if (p,q) = (1,00) and o # 1.
Moreover, if w = c|&|, one may take s = 0 in the following two exceptional cases: if
n=1land (p,q) = (1,00),andifn =3and p=q =1or p=q = cc.

For the optimality of estimate (13) when w = ¢|&]|?, see, for instance [15, Propo-
sitions 7.1, 7.3]. The regularity assumption is the same obtained for more general
hyperbolic equation in [44, Theorem 4.1] for the case ¢ = p € (1, 00).

1.2 Results for perturbed fractional Schrodinger equations

We consider the problem for the perturbed fractional Schrodinger equation (1), with
L as in (3). The solution to (1) in appropriate spaces verifies

i(r, ) = MO g £). (14)
Our aim is to show that when d(p, g) > 0, the presence of the potential Au may
improve the previous estimate in different ways. The effect of A is different at low

and high frequencies, so we distinguish two cases. To localize functions at low or high
frequencies, we use the notation

T f = FZ ' (x ),

where x € CZ° is a cut-off function with x = 1 in a neighborhood of the origin (see
later, Notation 6).
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We assume that a € C*t1(R"\{0}) and that a(¢) > 0 for any & # 0. When we
study a problem at low frequencies, we assume that

a) > ag g™, [9fa@| < ClE*, Jyl<n+1, (15)

for some given 6y > 0, ap > 0 and C > 0, in a neighborhood of the origin. When we
study a problem at high frequencies, we assume that

a@) =a ", [8fa@®|<ClEOV yl<n+1, (16)

for some given 8; > 0, a; > 0 and C > 0, out of some compact set of R”. In
particular, if a € C*t!'(R"\{0}) is homogeneous of degree & > 0, (15) and (16)
follow with 6y = 61 = 0, as a consequence of the homogeneity.

At low frequencies, the potential Au improves the decay rate with respect to the one
in (11). Clearly, the regularity does not come into play, since the solution is localized
at low frequencies.

Theorem4 Let 1 < p < g < 00 be such that d = d(p,q) > O,where d(p, q) is
as in (7). Moreover, let us assume (15) and that ug € LP(R"). If 6y > o, then (14)
verifies the following decay estimate:

_n(l_1 _ o
1Tt e < €140t G DH0F) pgin, o> 0. (17)

If 6y € (0, o], then we have the following decay estimate:

n

n(1_1
1Ty u(t, s <CA+1) ”(” "> luollr, t=0.

Comparing (17) with (11), the term (1 + t)_d% corresponds to the extra decay rate
associated to the potential Au when 6y > o. When 6y < o, the extra decay rate is
sufficient to cancel the loss of decay (1 + 7)* associated to oscillations in Theorem 2.

Athigh frequencies, the potential Au allows to reduce the regularity so that appears
in Theorem 2 for the initial data, thought a additional singular power appears as ¢t — 0

_n(l_1
if 61 < o, with respect to ¢ "(” ‘l),

Theorem5 Let 1 < p < g < 00 b be such thatd = d(p, q) > 0, where d(p, q) is
as in (7). Moreover, let us assume (16). If 61 € (0, o), assume that uy € H*%P (R"),

where
0
0<s< (1 _ —1) d.
o

Then (14) verifies the following estimate:

_n(l1_ 1 —(d—s5) 2
1 — Ty ute e < €0 Gmal @8 e, 150, ()
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If 61 > o, assume that ug € L?(R"). Then,

n

_n(l1_1
I(Id —Ty)u(t, e <Ct "(" q)e‘” luollzr, t>0.

In particular, when ¢ = p, the estimate in Theorem 5 is not singular at + = 0 if
61 > o orif

S
0 €(0,0), d(p,p) = R

Remark 1 When d(p,q) < 0, the potential Au has no influence in the L? — L9
estimates, namely, T}, u verifies (11) for large # and (Id — T, ) u verifies (11) for small
t, with s as in Theorems 4 and 5. This means that s = 0, with the exception of s > 0
in the limit case d(p, g) = 0 with p = 1 or ¢ = oo (exception given for the special
case (p,q) = (1,00), and o # 1, since we may take s = 0 in that case).

The estimates in Theorems 4 and 5 are sharp, in the sense discussed in Sect. 7.
Theorems 4 and 5 may be easily combined if a(£) is homogeneous of degree 6.
Letd(p, q) > 0. Then:

1 1
ci5G-3) (1 4+ 0)%=5) Juo| Lo, ifo > o,
e, Yo < (1 v

Ct °

Iz q) (1 +t—((d—s)%—d)+) ol gsor, if0 € (0, o]

1.3 Results for perturbed wave equations

The study of the effect of the perturbation Au on the Schrédinger equation (1) is
relatively easy using the theory of multipliers. On the other hand, the study of the
initial value problem for the wave equation (2) is more complicated, especially when
o = 1. This is due to the fact that the phase function in the fundamental solution is
modified by the presence of the dissipation A, see later, (19).

To manage this perturbation in the phase, we expand the fundamental solution
to (2) by Taylor’s theorem in order to isolate the main term with the unperturbed phase
function w. The remaining terms are managed by simpler multiplier lemmas.

As in Sect. 1.2, we are interested in studying how the dissipation Au; influences
estimates at low and at high frequencies. However, now the situation is more compli-
cated. Indeed, performing the Fourier transform on the equation in (2), we obtain the
ODE, depending on the parameter &:

fg + w(E)2a + a®)i, =0,

that is, the ODE of the damped harmonic oscillator, with initial data (0, £) = 0 and
i;(0, &) = i11. There are two possible regimes, according to the sign of a (€)% —4w (£)?:
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e when a(£)? < 4w(€)2, we are in the “damped oscillations regime”: the attrition
term a (&) dampen the oscillations, without canceling them, and the solution is

a®)?

At £) = e O sinc (w(E)V/1 —a@) 1)y, where a(€) = yTSER

19)

e when a(£)? > 4w(£)?, we are in the “overdamping regime”: the attrition term
a(&) cancels the oscillations, and the solution is

Ayt A _ PR 5
ﬁ(t,é):uﬁl’ where AL — a) ++/a() 4w(§)’

(20)

where (20) is intended as its limit re~*®)" i when a (&) = 2w (&).

We are interested in the “damped oscillations regime”, since in the “overdamping
regime” oscillations are canceled and the multipliers are exponentials with negative
real part, i.e., of diffusive type.

Since we are only interested in frequencies when & — 0 and when |£] — o0, in
order to be in the “damped oscillations regime”, it is sufficient to assume that 8y > o
to get that a(§ )2 < 4w (& )2 in some neighborhood of the origin, and that 6; < o to
get that a(§ )2 < 4w(& )2 out of some compact set. We stress that the assumption that
w(€) > 0 never vanishes for £ # 0 and that it is homogeneous, is crucial here.

We are now ready to state our results. As we did in Sect. 1.2, we distinguish low
and high frequencies, and we provide analogous results to Theorems 4 and 5.

Theorem6 Let 1 < p < g < o0 be such that d = d(p,q) > 1, where d(p, q)
is as in (7). Moreover, let us assume (15) with 6y > o, and that ug € LP(R").
Then (19)—(20) verifies the following decay estimate:

_n(1l_1 _ _ o
0Tt e = €A+ 0 E G ED0-E) L, is00 @

The term (1 + t)_(d_l)% corresponds to the extra decay rate associated to the
dissipation Au,, with respect to (13).

Theorem7 Let 1 < p < g < 00 b be such thatd = d(p, q) > 1, where d(p, q) is
as in (7). Moreover, let us assume (16) with 6 € (0, 0), and that ug € H*%P(R"),
where

Then (19)—(20) verifies the following estimate:

—2(L-b)+a-n-@-1-9g .

1 e
I(d = T)ut, e =Ct 7\ 1 “Nurll s, 1> 0.

(22)
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In particular, when g = p, the estimate in Theorem 7 is not singular at t = 0 if

S
1<d(p,p)§1+1_9_1.

(e
The estimates in Theorems 6 and 7 are sharp, in the sense discussed in Sect. 7.

Remark2 When d(p, q) < 1, the dissipation Au; has no influence in the L? — L9
estimates, namely, T}, u verifies (13) for large # and (Id — T, ) u verifies (13) for small
t, with s as in Theorems 6 and 7. This means that s = 0, with the exception of s > 0
in the limit case d(p, g) = 1 with p = 1 or ¢ = oo (exception given for the special
case (p,q) = (1,00), and o # 1, since we may take s = 0 in that case).

1.3.1 The L? theory

When p = 2 or g = 2, oscillations become irrelevant in the multipliers, and a much
simpler proof can be provided for Theorems 4 and 5 as well as for Theorems 6 and 7,
directly using Plancherel theorem or Haussdorff—Young inequality. Moreover, for (2),
when (p, g) = (1, 2) or, by duality, (p, q) = (2, 00), this may provide a benefit in
space dimension n = 20, with respect to the estimates provided by Theorem 6 and
by Theorem 7 when s = 0. Indeed, d(1,2) = n/(20) so Theorem 3 produces a loss
of decay (1 + 1), where ¢ = s — n/(20') > 0. This arbitrarily small polynomial loss
may be relaxed to a logarithmic loss of decay. Similarly, the regularity H°>! may be
reduced to L', paying a logarithmic singular power as r — 0.

Proposition 8 Let n = 20, 6y > o, and assume that u; € L'. Then (19) verifies the

following estimate:

1
1Ty u(t, )iz = C A+ (ogr)1)2 llurlipr, ¢=0. (23)

Proposition9 Let n = 20, 01 € (0, o), and assume that u; € L. Then (19) verifies
the following estimate:

I(Id =Ty u(, )2 <CA+ (—logH)Z e~ Juill, £>0.  (24)

The analogous results of Propositions 8 and 9 hold for (p, ¢) = (2, 00).
The estimates in Proposition 8 and 9 are sharp, see later, Lemma 7.2.

Remark 3 When w = c|&|, we have

1 11
d(l,q)=n(l——>+(n—1)(—__>,
q q 2

so the equality d(1, g) = 1 mentioned in Remark 2 corresponds to the three special
cases; the case n = 1 and (p, q) = (1, 00), and the case n = 3 and p = g = 1, were
already included in Theorem 3. The third special case is n = 2 and (p, q) = (1, 2),
and it is included in Propositions 8 and 9.
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This gives a complete picture of sharp estimates for the wave model, while for other
models the optimality in the limit case d(p,gq) = 1 and p = 1 or ¢ = 0o remains
open (expect for (p, g) = (1, 0c0) when o # 1).

1.4 An example of dissipation

We stress that in this paper we may consider very general dissipative operators, as the
following example shows.

Example 1 Let T be the sum of a positive constant co with a singular integral operator:

L/l

Tf=cof +P.V.
| x[”

/s

where Q € L' (S"™1), has zero average. Then its symbol
i,
m(§) = co +/S [ TE-0/ED QM ASG), T®) = 5 Sleni— log |z],

is homogeneous of degree zero. If, moreover, 2 € C®(S" 1), thenm e C®(R™\{0})
(see, for instance [49, chapter 3, §3.5]) and the converse also holds. Suitable linear
combinations of Riesz transforms and higher order Riesz transforms fit in this scenario.

In particular, if m(§) > 0, taking the composition of 7' with operators of type

(Id — A)”(—A)% with 6 > 0 and n > —6/2 generates examples of A = (Id —
A)YI(—A)3T with 6y = 6 in (15) and 6; = 6 + 27 in (16).
We stress that A is anisotropic, in general, for instance, we may consider

A= ciid, O
Jjk

provided that the symbol is elliptic, i.e., a(§) = ij cikéiék > 0.

We may also add perturbations to a(£) which possibly contain fast oscillations with
respect to &. For instance, if a(£) verifies (16) for some 6 > 0, then

a(&) +sin(l€]7"),
also verifies (16), provided that (n + 1)(1 — n) < 6;.

1.5 Plan of the paper

The plan of the paper is the following:

e in Sect. 2, we discuss the application of our results to several dissipative wave
models;
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e in Sect. 3 we recall some known results on the theory of MZ multipliers and we
state several lemmas which were used to deal with the multiplier e=*®* in the
paper (postponing their proofs to Sect. 8);

e in Sect. 4 we prove Theorem 1 and its direct consequences: Theorems 2 for the
fractional Schrodinger equation, and Theorem 3 for the wave-type equation;

e in Sect. 5, we prove Theorems 4 and 5 for the fractional Schrodinger equation with
potential;

e in Sect. 6, we prove Theorems 6 and 7 for the wave-type equation with dissipation;

e in Sect. 7, we prove the optimality of our L” — L7 estimates;

e in Sect. 8, we provide the proofs of multiplier Lemmas introduced in Sect. 3 to
deal with e~

1.6 Notation

In this paper, we use the following notation.

Notation 1 Let f, g: [0, co) — (0, co) be two positive functions. We use the notation
f < g if there exists a positive constant C such that f(z) < Cg(¢), for all t > 0.

Notation 2 We use the notation sin(|£]) = (sin(|€]))?, whereas sin® denotes the
kth derivative of sin. We put sinc (|£]) = 1€~ sin(J€]).

Notation 3 We use the notation (¢§) = (1 + |"§|2)%, for &£ € R".
Notation 4 For a given b € R, we say that ¢ € C*°(R") is in S~ if

0 (€)] < Co (£) 7120

To avoid confusion, we write S"~! = {¢ € R": |£| = 1} for the unit sphere in R”.

Notation5 Let f € S"and g(,-) € ' for any # > 0. In this paper, .# denotes the
Fourier transform with respect to x and we write f = % f and g(¢,-) = Fg(t, ).
For f € L',

fe) = /R e fode

Moreover, .Z 1 (f €)) and .%Z ~!(g(1, £)) denote the inverse Fourier transform with
respect to £. When f € L',

£ = @) /R e e e

With abuse of notation, we also write

1.7 (g (t, €))l1r

to mean that the L” norm is taken with respect to the x variable of the inverse Fourier
transform of g(z, -).
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Notation 6 In the following, we often use cut-off functions x € C2°(R"), with x =1

in a neighborhood of the origin, and for any ¢ > 0 we put x;(§) = x (téé). We make
use of the localizing operators

T f=Z7 ' f) Tuf=F"0uh.

Notation 7 [see [28]]Let1 < p < g < co. Then MZ denotes the space of multipliers
of type (p, g) with norm defined by (4).

Notation 8 In this paper, H' denotes the real n-dimensional Hardy space introduced
by Fefferman and Stein [21], equipped with norm (5); M(H', L?) and M(H', H")
denote the space of bounded multipliers from H! to L4 or to itself, equipped with
norms (6).

Notation 9 In this paper, H"?(R"), with « > 0 and p € [1, co], denotes the Bessel
potential space

HPR") ={f e LF(R") : .F~'((£) f) € LP(RM)},
equipped with norm

£ ller = 127 1UE Pllzr.

Clearly, HO?(R") = LP(R").1f p € (1, oo) andk € N, then H?(R") = WP (R"),
the Sobolev space of L?(R") functions with weak derivatives of order « in L? (R").

2 Examples for dissipative wave equations

In this section, we provide examples of application of Theorems 6 and 7 for the wave
equation, i.e. L,» = —A in (2), with different dissipative operators A, that is, we
consider

Uy — Au+ Au; =0, t>0, x e R,
u(0,x) =0, (25)
u; (0, x) = up(x).

Our results are indeed applicable to more general homogeneous hyperbolic equations
and o -evolution equations, but the peculiarities of the wave equation make the exam-
ples of particular interest, in our opinion. Therefore, for the sake of brevity, we focus
on those examples.

The simplest model is when A = (—A)%, i.e., the case of wave equation with a
so-called structural damping. In such a case, a(§) = |€ 1? is radial homogeneous. In
recent years, low frequencies estimates in the case of so-called “effective damping”
6 € (0, 1] have been well-investigated. In particular, the diffusion phenomenon has
been proved in L? — L9 setting in [32, 38, 56] for & = 0, and in [13] for 6 € (0, 1) and
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o = 1. Similarly, high frequencies estimates in the case of the so-called “noneffective
damping”, 6 € [1, 2], have been well-investigated. These estimates were relatively
easy to be obtained due to the fact that oscillations are canceled in the overdamping
regime, see (20). The study of L' — L' estimates for these models goes back to [37].

In the case 0 # 1 and 0 € [0, 20], low frequencies estimates have been recently
obtained by the authors [15], but the more difficult case of wave equation 0 = 1
remained open, so far.

2.1 The wave equation with viscoelastic damping
When A = —A, that is, 6§ = 2, the equation in (25) reads as
Uy — Au—Au; =0, t>0, x e R?,
it has been investigated in [45] (see also [42]) and it is related to the linearized Navier—
Stokes equation in the following sense. Deriving with respect to ¢ the first equation

m

pr+V.v=0,
vy —aAv—BVV.-v+4+Vp =0,

and applying the divergence to the second one, it follows that the density p satisfies
the second order equation

prr — (@ + B)Ap — Ap = 0.
In [45, Theorem 2.1], exception given for the trivial L” — L7 estimates when p = 2

or g = 2 (those estimates are trivial because the oscillations have no influence on the
estimates), low frequencies L! — L estimates and L' — L! estimates are obtained:

_ 3(n=1)
I Tyu(t, Hire <CA+0)" "% luilg, (26)
1 Tyu(t, ) <CA+ t)% lurllpo, ifn > 3is odd, 27
I TyuCt, Hp <CA+ z‘)”%2 el 1, ifn > 2is even. (28)

Thanks to Theorem 6 and Remark 2, we find, forany 1 < p < g < oo,

l—n(Ll_ 1)y @@-Dy
ITyu, Hlee S (A +1) n(p ")+ * 0 ullee,

where d is as in (7), exception given for the special case n = 2 and (p,q) €
{(1,2), (2, 00)}, for which Proposition 8 gives us the estimate (23), where alogarithmic

loss (sharp, see Lemma 7.2) appears:

1Tu(t, e < CA + (logt)4)? fluyllLr- (29)
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In particular, when p =g = landn > 1,duetod = (n — 1)/2, we find

ntl
ITyu(, g S A +0)4 Jlurllp

This latter is consistent with (27), while it improves the estimate in (28). For general
1 < p < g < oo, our results are better than the obtained by interpolating the endpoints
(26) and (27) in [45].

2.2 The wave equation with noneffective dissipation

As a variant of the viscoelastic damped wave equation, we may consider a wave
equation with a noneffective damping, that is, A = (—A)%, with 0 € (1,2). In
particular, if 1 < p < g < oo, Theorem 6 and Remark 2 provide the decay estimate

1 1 1
ITgutt, Mo = € (140~ Gma)dwa-n-(-4)

lurlizr, (30)
exception given for the special case n = 2 and (p, q) € {(1,2), (2, c0)}, for which
Proposition 8 gives us estimate (29). These estimates are completely new.

The wave equation with the so-called log-damping a(£) = log(1 + |£|?) has been
recently considered in [7, 8]. Even if this damping is not homogeneous, due to log(1 +
I€]7) ~ |£]” as & — 0, the regime at low frequencies is of damped oscillations if
6 > 1; hence, we obtain (30) applying Theorem 6. This result is also new for g # 2.

2.3 The wave equation with effective damping

When A = (—A)%, with 6 € (0, 1), a “double diffusion phenomenon” holds, in the
sense that the solution to (25) may be written as the sum of two terms, whose asymptotic
profiles as t — oo are described by the solutions to the two diffusion problems [13].
At low frequencies, due to the overdamping regime (20), decay estimates are easily
obtained.

Theorem 7 provides new, sharp, high frequencies L? — L9 estimates. In particular,
they are consistent with the result obtained only in the case p = ¢ in [14] when
(n—1D|1/p —1/2] < 1, that is, d(p, p) < 1 (even restricting only to L? — L?
estimates, Theorem 7 provides estimate also when d(p, p) > 1). In particular, taking
s = 0 in Theorem 7 and taking into account of Remark 2, we get:

1 75)—(d(p,q)*1)+($71>

1-n(L e
I(Id — T)u(t, e < Ct (5 e utller,

for any ¢ > 0, exception given for the case n = 2 and (p, q) € {(1,2), (2, 00)}, for

which Proposition 9 gives us estimate (24), where a logarithmic singularity (sharp,
see Lemma 7.2) appears:

I(Id —Ty)u, g2 < CA+ (—logn))2 e~ Jurflr, 1> 0.
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2.4 The double dispersion equation
The equation
Ur — AM” — Au + Azu + Bu, = O,

is called (damped) double dispersion equation and has been studied by several authors,
since it is related to a generalized Boussinesq equation (see [9, 41, 55] and the refer-
ences therein). This model is also called damped plate equation with rotational inertia
[6, 18, 52].

By applying the Bessel potential (Id — A)~!, the equation reduces to the one
in (25), with A = (Id — A)"!B.If B = (—A)%, for some 9, we find that

HE

a) = T|§|2,

in particular, is not homogeneous. This model is also of interest because we have
a damped oscillations regime at the both low and high frequencies. Letting 6y = 0
and ) = 6 — 2, we find that Theorem 6 is applicable for & > 1 and Theorem 7 is
applicable for 8 € (2, 3). The case § = 2 is of particular interest; Theorem 6 and
Remark 2 provide the following estimates, that are new as far as we know:

I,Q(L,L)+(d*”+
1Ty u(@, Hpg <CA+1) 7\P 4 * lurllge, t=0,

exception given, as usual, for the case n = 2 and (p, ¢q) € {(1, 2), (2, 00)}, for which
Proposition 8 gives us (29).

3 Multiplier theorems

We recall some multipliers properties that we will use in this paper.
We stress that Mf, = {0} when 1 < g < p < oo and that MZ contains multipliers

that are distributions with positive order if, and only if, | < p < 2 < g < 00, see [28,
Theorem 1.6]; indeed, MZ C L‘{OC ifg <2, and Mi’ = L4 for any g € (1, oo], while
M 11 is the set of bounded measures, see [28, Theorem 1.4]. In this paper, multipliers will

be functions, though, since they are related to the Fourier transform of the fundamental
solutions to (1) and (2).
It holds

Ml CcMPPcM;=L®, 1<p <pp<2,
and (see [28, Theorem 1.4])

M ={meS:F (m)eLl}, pel,ocl;

1 PSR D (31)
M| ={m e §": %" (m)is a bounded measures},
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in particular, M 12 = L?, by Plancherel’s theorem. By Young inequality, it holds

1 1 1
meS:F myel’yc M), 1—-=———.
r P 4

Let H! denote the real Hardy space (see Notation 8).Then, it holds (see [35, Theorem
3.3]):

lmllprr ey = 17~ mll g (32)
On the other hand (see [21], see also [35, Theorem 3.4]):
Imllprcar,ry = Imliygcar, 1y
We stress that
ML, HY c Ml c M(H', HYY = M(H!, L"). (33)

By Hardy-Littlewood—Sobolev inequality, if 1 < p <occand 0 < a < n/p,

- 1
17 e My, >y (34)

*

< |-
I

The above property holds for p = 1 if Mll* is replaced by M(H!, L") (see [35,
Theorem FJ).

By Mikhlin—-H6rmander theorem (see also [27] for several variants of this result),
for any p € (1, 00), M ,’,’ contains the space of C!t*/21(R"\ {0}) multipliers (here [-]
denotes the floor function) such that

10y m@&)| < CIEI"", |yl < 1+1[n/2].

This space is also contained in M (H 1 H") (see [35, Theorem E]). The Mikhlin—
Hormander theorem may be used to easily prove that the multipliers studied in
Lemmas 3.1-3.3 are in M 1[,7 when p € (1, 00), and that the regularity of a(§) may be
reduced to C'+1"/21(R™\ {0}), asking that (15) and (16) hold only for |y| < 1+ [n/2].
However, this approach cannot be applied in the endpoints p = 1, oc.

To prove Theorem 1, we will also make use of the following theorem for
M(H!, HY.
Theorem 10 [Theorem G in [35], see also Theorems 1 and 2 in [34]] Assume that
m e C1H/2Z(R™M\(0}) are such that

0gm(t. &) < )72 1E 7A@+ 0 EHL ol < 14 n/21,
fort >0ando > 0. Thenm(t, &) € M(H', H') and

lm (., &)y pny < (1 +1)2.
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By the homogeneous property of the Fourier transform,

_nfi_1
lm (&)l pg =1 (” ")Ilm(é)llMg-

This property clearly also holds when p = 1 if Mf is replaced by M(H', L?), or by
M(H', HY or M(L', H') when ¢ = 1 (see [35, Lemma 3.3]).
To deal with regularity of initial data, we are also going to use that

&P )P e M{, VB=0, (35)

since the multiplier is the Fourier transform of abounded measure (see, for instance [49,
§3.2, Lemma 2]).

We also recall the following result (see [21, Theorem 7]), which may be applied
to obtain estimates for (fractional) derivatives in x of the solution to (1) and (2). If
m e M(H', H") and [m(&)| < C|£|7? for some § > 0, then |£|"m € M}, for any
0 € [0, 6] and p € (1, co) such that

0

1
2 28

=

In general, our estimates in this paper may be easily modified to take into account of
the presence of (fractional) derivatives of u, or of time derivatives of u, but we avoid
this study for the sake of brevity.

We are now interested in estimates for diffusive multipliers in the form e ~*¢®) and
their perturbations b (&) e/,

In order to deal with multipliers in M, we cannot rely on Mikhlin—~Hérmander
multiplier theorem. A widely used alternative is the integration by parts method. We
use the integration by parts method to prove several results for parameter-dependent
multipliers of the form ¢~*®) whose proof we postpone to Sect. 8 for the ease of
reading.

The first basic result is the following.

Lemma 3.1 Let a € C"T1(R"\{0}) verifies
a) zclgl’, 1fa@®<ClE forl <yl <n+1,

forsomec >0,C > 0,0 > 0. Then F (e '*®) isin L" and

3

_nf1_1
1.7 e @)l St 1(0-7)

foranyr € [1, ool

We stress that if a (&) is radial homogeneous, that is, a(£) = c|£|°, Lemma 3.1
follows as a consequence of the homogeneity property of .% and by the asymptotic
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behavior [4]:

lim |x"* 77 e k") = Cpp. (36)

|x|—00

We also have the following generalizations of Lemma 3.1.

Lemma3.2 Leta € C"T1(R™\{0}) verifies
a@ = clEl’, 10fa@®l<CIELT, forl<lyl <n+1,
for somec > 0,C > 0,0 >0, and let b € C"t (R"\{0}) verify
0/b@©) < Cle™ ", forO <yl <n+1,

for some n > —n. Then

SS S

1.7 L b(E) e )| < 00)-

’

foranyr € [1,00], if n > 0 and for any r € (1, oo] such that
1
n (l — —) > —n, 37
r
ifn € (=n,0].

The following consequence of Lemma 3.2 is straightforward, but not very standard,
since it involves the real Hardy space H'!. Its use is crucial to obtain sharp estimates
with p = 1 or ¢ = oo in Theorems 4-7.

Corollary 3.1 Assume thatn > 0 in Lemma 3.2. Then the L' estimate may be improved
to

177 bE) e O S 177

where H' denotes the real Hardy space.

Proof In view of (5), it is sufficient to apply Lemma 3.2 with r = 1 and b; =
b(§)&; /€| in place of b, since

L7 BE) el = 177 BE) e )i+ Y IF T B ) e @)l
j=0

O

The next generalization of Lemma 3.1 is of interest to treat several critical cases
and we will only use it at low frequencies.
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Lemma 3.3 Leta € C"t1(R"\{0}) verifies
a) =clgl’, 1fa@®|<ClE’ forl <yl <n+1,
for somec > 0,C > 0,0 >0, and let b € C"T(R"\{0}) verifies
bE)| <C, and [9[bE)| < CIEI,  forl <lyl<n+1,

for some ¢ > 0. Then

1.7 b(E) e @) S fg(‘*f), fort > 1,

foranyr € [1, ool
Finally, we need the following straightforward result.

Lemma3.4 Let ¢ € S™¢ for some ¢ > 0 or, more in general, assume that ¢ €
C"HH(R") verifies

plp@l<C& ", forlyl=n—1nn+1, (38)
for some ¢ € (0, 1). Then ﬁz’lqb e LY. Moreover, ¢ € M(LY, HY if ¢ vanishes in a
neighborhood of the origin.
4 Proof of Theorems 1-3

We preliminarily notice that, thanks to the homogeneity assumption of w, letting
&' = &/|&|, we have the following:

07 w®| = 1517 "1of wE"| < €, &7, (39)
w(E) =517 wE) = gl = minw(@) > 0. (40)

We now prove Theorem 1.

Proof of Theorem 1 Since Theorem 1 is already proved for o = 1, we assume o # 1.
We prove (8) using the complex interpolation (for instance, see [51, Chapter 5 §4];

see also [26, §1.3.3]). We first consider the case ¢ = p € (1, 00) in (8), and we assume

without restriction that b < n/2. For s € [0, 1] + iR, we define the multiplier

my = 670 g (£)7 W pEIWE)
where
y@s)=b—s—-, 6=—.

@ Springer



M. D’Abbicco, M. Ebert

We notice that ¥ () = 0, so that mg = ¢ e=* ),
When Ns =0and Js =1 € R,

Imif (&) = 197 ¢ (&) (5) 7| < €17 < =y,
with C independent on Js, so that

Imiellpz = lImicllzee < Ci.
M;

When %is = 1and Js =1 € R, ¢(&) (£)7 (109 ¢ §739; applying Theorem 10, due
to

|08 m 140 ()] < C 107 (14 eplel g1l gy lelo =3 o < % +1,
where we used (39), we find that
—0)2_42 n
Imisiellpea gy < Cre ™" (1 +11)2 < G (41)

We now fix p € (1, 2] with

+

N =
S| s

1
p
and we use complex interpolation (see [21, §5, Corollary 1]), sothatmy € M f,’ . Thanks
to the duality argument we conclude the first part of (8) forg = p € (1, 00).

If b > n/2, it is sufficient to use H! — H! estimate (41), with t = 0, to derive the
second part of (8), with ¢ = 1 (we recall that M(H', HY = M(H', L"), see (33)).

We now prove (9). Thanks to the Hessian assumption, we may assume without
restriction that for any given x, there is at most one critical point for x§ + w(£) in
the support of ¢. Let &y be this critical point, that is, x = FVw (&), and &y = 56 0,
with p = |&|. Fix supp¢ C B(&, 8), for some § > 0 and § = p8’. By the change of
variable & — p&, we obtain

K(x) = j‘—l(e:l:iw@)(p) = Q)" / T w(E)—=EVw(&o)) (&) dE
B(%0.9)

— Q)" / WO =PEVWED) (e g
B(&;8)

=@y [ g ot e,
B8

where in the last equality we used the homogeneity of w and Vw. Due to the fact that
H,, is nonsingular, we may apply Littman’s lemma (see, for instance, Proposition 6
in VIII in [50]) and conclude that

IK(x)| ~ 2m) ™" p" (14 p°) "2 | (p&))| < C.,
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thanks to assumption

2—0
b>d(,00)=n
20

In absence of critical points, |K (x)| < C also holds by Littman’s lemma; hence, we
obtained (9). By interpolation, proceeding as in the first step, this also concludes the
proof of (8), with p < q.

To prove (10), we write ¢ = ¢4 P, Where ¢y € §774 and ¢, € S7°¢, with
e = b —d > 0. The proof follows since ¢. € M(L', H') by Lemma 3.4.

Without the maximal rank assumption, the proof follows for 1 < p < g < 2,
interpolating L> — L?, H' — H' and H' — L? estimates; the latter can be easily
derived by using the Hardy-Littlewood—Sobolev inequality in real Hardy spaces (34).

This concludes the proof of Theorem 1. O

Having in mind to use the homogeneity of w(£) in ¢/** )" for a given x € C®°
with x = 1 in a neighborhood of the origin, and for any ¢ > 0 we use the cut-off

function x, (&) = x (¢ g &) (see Notation 6). It holds:

n

. _n(l_1 .oy _n(1_1
||Xteilw(§)l”MZ —¢ rr(p q) ||Xeilw(§)||MZ —Ct zr(p q) (42)

forany 1 < p < g < oo. Indeed, the fact that Xeiiw(S) € MZ foranyl < p <g <
00, in (42), is pretty standard. Thanks to (39), for any £ # 0 it holds

10 (xe™™ ) < Clgl°7 el =10+ 1.

For instance, it is sufficient to apply Lemma 8.5 in [15] to obtain that ye®*®) ¢ MZ.
Inthe case 1 < p < g < 00, itis sufficient to combine Mikhlin—-Hormander theorem
and Hardy-Littlewood inequality.

On the other hand, ¢ = (1 — x) |€|7#° € $7A% vanishes in a neighborhood of the
origin, so that we may apply Theorem 1. In particular,

1

11— xo) (&P PO e = ) T I
4 P (43)

for 8 > d(p,q)ifl < p <q < oo (and (p,q) = (1,00) if ¢ # 1), or for B >
d(p, q), otherwise. Moreover,

=Ct 75(575), forg > d(1, q).
(44)

We may now prove Theorem 2.
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Proof of Theorem 2 Let ii(t, &) = ™" fjo(£). On the one hand, we may estimate

n

1_1
P
1T ue, e < | xe e Ny lluollLer < Ct G huol,

where we used (42); on the other hand, recalling that w (&)t = w(¢ 4 &), thanks to (35)
and (43), we may estimate

I(Id = Ty )u(t, )La

o1 ) .
< [ =) 181757 Ty NIEFT (6) 7 agg ol rsonr
_n(l_1 .
e ey 11T (E) 7 Nlggg llo s

< Crs‘?(5‘5)||uo||mw.

This concludes the proof. O

The proof of Theorem 3 is relatively similar to the proof of Theorem 2. Similarly
to (42), it holds:

n(l 1 n(l 1
I sne gy =170 [ sine @l = ¢ F75), s
forany 1 < p < g < oo. Indeed,
¢ sinc (@) < ClEP7 el=1.....n+1,

and it is sufficient to apply Lemma 8.5 in [15] to obtain that x sinc (w(§)) € M;f,.
Moreover, we are going to use (43) and (44).

Proof of Theorem 3 Let u be as in (12). On the one hand, we may estimate

. j_n(l_1
I Ty,ut, )liLa <t x sinc @Dy llurllier < Ct 4G ")Ilulllu,

where we used (45); on the other hand, recalling that w (&)t = w(¢ 4 &), thanks to (35)
and (43), we may estimate
I(Id — Ty, )u(t, -)|lLe
JWTE) _ (7 E)
2w($)
1

—n(l_1
<678 g o,

= |a-were

SO —SO
u s
|y MEP7 €77 g et
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When w = cl|], in the two special cases n = 1 and (p,q) = (1,00), n = 3 and
p = q = 1, there is no need to split in low and high frequencies, since

llu(t, Lo <t | sinc (c[E[0) | ppe lull
S .
=c " |Isinc|&]llpe lurllpr < Cllurllyr,  n=1,
e, e =t | sinc (cl& 1)1y Nlurlier

=t sinc|&llly Nutller = Ct llurlir,  n=3.

As well known, this unique peculiarity is due to the fact that in space dimensionn = 1,

. . 1
sinc |§] = sinc§ = EJ(X[—l,l]),

where x[_1,1] is the indicator function of the interval [—1, 1], in particular, it is in L*°
(this is also known as d’ Alembert formula), while in space dimension n = 3,

sinc|§| = .F (1),

where §; is the measure that gives the average of a function on the unit sphere; in
particular, sinc || € M! = {bounded measures}.
This concludes the proof. O

5 Proof of Theorems 4 and 5

In this section, we prove Theorems 4 and 5, using Theorem 1 and the results for the
perturbation multiplier collected in Lemmas 3.1-3.4.
We first prove Theorem 4.

Proof of Theorem 4 We want to estimate the following term:
I Tyue, Hiza < [ x ey lluoll -
Since x is compactly supported, the uniform estimate
[e=w®r e*“@)’nMZ <C, tel0,1],
is trivial. Indeed, due to
0] (O e @ < C g =1, 41
for £ € supp x and for ¢ € [0, 1], it is sufficient to apply Lemma 8.5 in [15].
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Now let # > 1. On the one hand, we get

e x e g < e O g I e lygg

where we used (42) and Lemma 3.3 with b = x (since x = 1 in a neighborhood of
the origin, we may take ¢ > 0 as we want); on the other hand, if 1 < p < g < oo, we
estimate

+i - —Bo *i -

[0 = e x e O g < 10 = X187 O o 1 16177 7y
< Ctﬂ_g(%_é)_ﬂ%,

where we used (43) with 8 = d(p, ¢) and Lemma 3.2 with b = x |£|P7. If p = 1,

q € [1, oo], we use the real Hardy space H L. thanks to (44), and to Corollary 3.1, we
get the following estimate

- x)eE W@ 5 p=a®)r ||M?
< = x)IE 7= O e pay 1 1P e g )

< C[ﬂ_g(l_é)_ﬂ%’

where 8 = d(1, ¢q). By duality, the same estimate holds for ¢ = oo and p € [1, oo].
We notice that

B-BL >0 = 6 >o.
o
Therefore, we obtain the desired estimates and this concludes the proof. O

We now prove Theorem 5.

Proof of Theorem 5 We want to estimate the following term:
I(1d = Tut, )lee = [ F7H (O A =) e O i) |,
First, let 61 € (0, o). On the one hand,

||54"1()(;eiiw@)t (1— X)efa@)l ﬁO) ”Lq

< Iore™ ™ g 11— 0 €@l lluoll o
< c178(577) e lluoll e
where we used (42) together with

I =) e @@y = e (1= x) e @EN g < Ce™.
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This latter is a consequence of (16) for sufficiently small ¢ so that

a®) > ag" > %mel +e, &esupp(l—x), (46)

and of Lemma 3.4 with ¢ = 1 — yx, together with Lemma 3.1. On the other hand, if
I < p <q < oo, then

”"@_1((1 - Xt)é’iiw(g)t (1- X)e_a@)t 120) ”Lq
< (= x)lg 1P O g 11— 20 161F797 e g
* N1 (€)™l ygg ol 500

—n(l_1) g o
Sctﬁ a(p q)t (ﬁ 5)9] e—Ct ||u()||[—]5f7,ﬁ,

where we used (35) and (43) with 8 = d(p, ¢g) and s such that
o
d(p,q) — d(p.q) — s)e—1 =0,
together with
(L= 30 1§1F797e @1 | g = &7 |(1 = x) [§] P97 @O g
< Ct—(ﬁ—S)ﬁ et
This latter is a consequence of (46), as in the previous step, together with Lemma 3.2
withd = (1—x) |£]#~97 (we notice that 8 > s,duetod; > 0).If p = 1,4 € [1, 00],
then
(1= x)e= O 1 = ) 1617 e
1
<A = x)IEI POy 1oy 1A= 30 1E1P797 O 4y
<Ct 7;(175) t*(ﬂfx)éll e—ct’

where we used (44) with 8 = d(1, g) and Corollary 3.1 (we notice that § — s > 0).
By duality, the same estimate holds for ¢ = oo and p € [1, oo].
Therefore,

—n(L_ )\ p.g)—d(p,q)—s) S _
”(Id _TX)M([,)”L(I ECt U(p q) (p.q)—(d(p.q) S)()] e ct ||M0||HSI’

If 61 > o, we just fix s = 0 and we get

n

af1_1
I(Id — T x)u(t, e <Ct ”(” q) e " uollze,

where we used (43) or (44) with 8 = d(p, g) together with Lemma 3.4 with¢p = 1—y,
and with Lemma 3.1. This concludes the proof. O
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6 Proof of Theorems 6 and 7

Before giving the proof of Theorems 6 and 7, the following localization argument is
helpful.

6.1 Localization of the fundamental solution

Letu(t,&) = K, &)1 be as in (19)~(20). For any x, x' € C2°(R"), with x = 1 in
a neighborhood of the origin,

(=30 XK@, 8)llyg < e,

for some ¢ > 0, since (1 — X)x’l%(t,é) € CZ'H(R”) and a(§) > ¢ > 0 for any
& € supp (1 — x) x’. Therefore, we may assume without restriction that the support
of x is contained in a sufficiently small neighborhood of the origin, or that x = 1 in
a sufficiently large compact. This allows us to use the expression in (19) (“damped
oscillations regime”), that is,

a(§)?

Ie(t, &)= e_'@ t sinc (tw (€)1 —a(§)), wherea(§) = W,

(47)

with no loss of generalization, due to a(&§) = o(w(§)), so that a(§) = o(1). Indeed,
this latter property is guaranteed by the fact that w(§) > 0 is homogeneous (see (40)),
and by the assumptions 6y > ¢ in Theorem 6 and 8; < o in Theorem 7. In the cases
6o < o or 81 > o, the equation would be in the “overdamping regime”, while in the
limit cases 8y = o or 61 = o, the regime would possibly be mixed.

Let us define

g&)=v1l—-a@ -1, g =-

a) fl 1 e
2 b J1—a®r
We notice that

8 g(8)] < Clg[P@=)=Irl if¢ ¢ supp x,
$ ~ | clg|72e=t-rl it e supp (1 — x),

for |y| < n + 1. By using Taylor’s formula w.r.t. g(£), we have

N

. LR 1 sin(w(©) ) e 9©/2 ¢, —ta®)2
K(t,s)—ZEG, o ® )Hg@)(rg(s» e Ry(1.£). (48)

=0

@ Springer



Sharp [P — L9 estimates for evolution equations with. ..

where

1
2iw(§)(1 4 g(§)) N!

1
x / (1 = )N OO iy (g) g (6)) !
0

— e—izw<s>(1+sg<s>)(—itw(é)g(é))N+l] as.

Ry(1,8) =

Indeed, this follows from

eEWERE) | 4 (E)g (&) — %(tu)(g)g(f))z +.. % (Hirw(€)g &)Y

t
+%(iitw($)g(§))N“ / (1 —5)" @@ gs,
: 0
and
(1w () e ® — (—itw@g(E)'e ™ = of (MO — TO) (1g(e),

so that
N itw(€) _ ,—itw(&)
e e
t si t 1+ =1 3(2 —_—
sinc (Fw(§)( g(&))) ;0 t ( 2500 )

y (tg(£))*
rwE)(1+ g())

N1 sinGw @) ()t
— —(af
2l )

+ Ry(2,8)

R ,E).
FTw@®) ) Tte TRNEE

The leading term in (48) is obtained for £ = 0, i.e., it is

o 1a(6)/2
t sinc (tU)(E)) Tg(s)

6.2 Proof of Theorem 6

Due to the compact support of y, it is easy to see that there exists C > 0 such that
XK@ Jlyg <€, 1o, 1],

forany 1 < p < g < o0, so that we may assume ¢ > 1 in the following. For instance,
it is sufficient to apply Lemma 8.5 in [15], as in the proof of Theorem 4.
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We first prove that the leading term

e1a(§)/2

x t sinc (tw(§)) Tg(g)

verifies the desired estimate. We may follow the proof of Theorem 4. On the one hand,

Ctl_g(%_é)

e 1a(§)/2
X TV
1+g()

tll e sine (tw (@)l i =
q

where we used (45) together with Lemma 3.3 with b = x /(1 4 g(&)); indeed,

)ag—l +1 |= ‘ag—g@) < CIEP@O- W =1, nt1.
8(&) 1+g(&)
On the other hand, if | < p < g < o0, then
e 1a€)/2
wE) (1 +g(§))
- Ctd7§<%7%)7(d7])% :Ctlfg(%fé)+(d7])(l—é’—o)’

L= xe) 151747 sin(w (@) pyg | x 1617

M (49)

where we used (43) together with Lemma 3.2 with

b=xlgl° n=(d - 1o.

w1 +g©)

In the case p = 1, we may use (44) together with Corollary 3.1 to get

e~ 1a(§)/2

_ —do -
(1= o) IE17 Sin(w @ g 1o SHTT 86 Inawrm

<C tl_g(l_é)—’_(d_l)(l_%),

|x 1g1%

By duality, we also obtain the estimate when g = oo. Therefore, the proof of Theorem 6
is concluded if we prove the following.

Lemma 6.1 There exists § > 0 such that

1_1 fed

(18 @) Ny = A ran ()-8,

’ — 4

agsin(tw(é)) e 1a®)/2
”X(’ w(E) )1+g(s)
1 1

a® )2 e e 1-2(LoL a-n(1-2)- .
llx e m@)/zRN(t,é)”MZ =t ”(” q)+( 1)<1 "0) 6, for sufficiently largeN ,
foranyt > 1.
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Proof The reminder term Ry verifies any desired polynomial decay estimate, for
sufficiently large N. Indeed,

1] (Ry (1, €))] < C|g| P WNHD=o=lyI N+,

Due to the fact that (26) —o)(N + 1) > o forany N > 0, we may apply Lemma 3.2,
obtaining

— —o\_n(y 1), o
17 R 0, 09021 < o VHOE) K-,

in particular, || x e “©/2Ry (1, £) || M decays faster than any given polynomial, as
t — oo, for sufficiently large N, due to 6y > o.

Now we consider the expansion terms for £ > 1. On the one hand,
e—1a©)/2

—

w(&)(1+ g(§))

< cr-3h- e | 1-s(-)-enn(-g)

e sin® (tw(€))lpyg 1*

wEsE) ],

where we used (45) together with Lemma 3.2 with

14
b(E) = (w(&)g(§))

_, wEBE) = 20600 — (£ + 1)o.
L@ +g@) 7o

In particular, > O dueto £ > 1 and 6y > o. On the other hand, if | < p < g < oo,

101 = 10 6179 sin @@l ¢ [ 6197 — < (weee|
’ M wE)(1+ (&) Mg
- Ctl+d—§(%—%)—2l+(£+l—d)% _Cy —g(%—$)+(d—2—l)(l—%)’

where we used (43), together with Lemma 3.2 with

(w(E)g ()"

b — dU—’
@ =xE O+ @)

n=2000+(d—{—1)o.

We get the desired result for any £ > 1. When p = 1 or ¢ = 0o, we proceed in the
usual way, replacing (43) and Lemma 3.2 with (44) and Corollary 3.1. This concludes
the proof. O

Remark 4 Thanks to Lemma 6.1, Theorem 6 is sharp, as far as (49) is sharp. We
explicitly prove the optimality of this latter in the radial case in Lemma 7.1.
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6.3 Proof of Theorem 7

We may follow the proof of Theorem 6, with some modifications. A crucial difference
is that now

e =e e )

where a (&) — 2c¢ still verifies the same assumption (16) on a(¢) for sufficiently small
c1, due to

a€) —2c; > a1|§|91 —2c; > % |f§|9‘, for sufficiently large|£].

Since we produced exponential decay in time, we are only interested in a regularity
result and in controlling the possible singular behavior of the estimate as ¢t — 0.
We first prove that the leading term

e 1a(©)/2

(1 — X)[ sinc (tw(E)) Tg(%‘)

verifies the desired estimate. We may follow the proof of Theorem 5. First, let 6] €
(0, o). On the one hand,

o 1a(®)/2 1
a-x) —” <Ct ,
1+ g(&) lImg

tllxe sinc (tw (&)l 9

thanks to (45) and of Lemma 3.4 with

=(1—- _—
¢(&) = ( X)1+g($)

together with Lemma 3.1. On the other hand, if 1 < p < g < oo, then

-y |§|(d—s)oﬂ”
w@) (A +g@E) M 51y

- Ctd—g(%—;)—(d—s—l)% _Cy —g(%—$)+(d—l)—(d—l—s)%’

11— xo) &7 sin(tw (€)1l

thanks to (43) and Lemma 3.2 with

b(E) = (1 — x)|g|@ n=(d—s—1o.

1
w1+ &)’

We notice that d — 1 > s, due to #; > 0. As in the proof of Theorem 5,
IEIP (&)™ Il g2 1.7 (Y an e < C llurll gsow.
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If p =1and g € [1, co], we may use (44) together with Corollary 3.1 to get

(L= x0) 16179 sin(twEN |l et e
e—ta€)/2
(5)(1 Fg®) Hmu 1Y) (52)
- Ctl—g<1—5)+(d—1)—(d—1—s)ﬂ'

x| a ==

By duality, we obtain the estimate when g = oo

Since producing the exponential decay for the other terms of the Taylor expansion
is obvious, the proof of Theorem 7 is concluded if we prove the following.

Lemma 6.2 There exists § > 0 such that

—ta(§)/2
- agsm(lw(é))> e
11 —=x) ( © g (g)(lg(é)) Il s

_, —;(1—7——)-&-(01 D-(d—1-5)& +

{>1,
I =0 e O Ry 2, 6)l g

=t _3(7’_7)4_(‘1 D=@=1=9)g; +6 for sufficiently largeN ,
foranyt € (0, 1].

Proof Since we are interested in t — 0, we restrict toz € (0, 1]. We will use (48) and
we proceed as we did in the proof of Theorem 6. We have

18] Ry (1, §)] < |§|N=0)NFD=o=lylpN+L
If 61 € (0/2, o), we can apply Lemma 3.2 for sufficiently large N, so that
(L= ) R (@, §)e™ O ya < 1 F 711 = x) Ry (1, §)e O )1
< () (1)),

For sufficiently large N, this gives the desired estimate. If 6; € (0, 0/2], we may
weaken the estimate for the derivative to

0 Ry (1, &)] S |&17~INF,
for some 1 > 0. Then we apply Lemma 3.2, obtaining
1 1_1
1= 0 Ry (e, e a2y < M1 o (G3)
P

For sufficiently large N, this gives the desired estimate.
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Now we consider the expansion terms for £ > 1. On the one hand, we estimate

_n(l_1
nmmmbmmawMg=t“@ 2

using (45), while we estimate

e—1a(§)/2
w@)(1 +g(§))

1+(z+1)(%—1)

“la-n w®s®)| ,=<cr ,
q

by using Lemma 3.2 with

(w(©)g )"

b&)==U-x) m,

and letting n = 2£01 — (£ + 1)o if this latter is positive. Otherwise, we fix n € (0, £61),

and we use Lemma 3.2 to estimate

o 1a(®)/2
w&)(1 +g&))

“Ja- w®gE)'| , =cr' .

On the other hand, if 1| < p < g < oo, then

(L= xe) 161747 sin (tw(©)) g 1°
—ta(§)/2
NOREFIO))

- Ct—(';l(%—é)—&-d—(d—s—l)%HZ(%—l)

x a9 @@,

where we used (43), together with Lemma 3.2 with

¢
b(E) = x |€|(d—s)g (w(é)g)) ’
w&)(1+ g(§))
and letting n = 240+ (d —s — £ — 1)o, when ) is positive, so we get the desired result.
Otherwise, we proceed as before, choosing > 0, sufficiently small. When p = 1 or
q = 00, we proceed in the usual way, replacing (43) and Lemma 3.2 with (44) and
Corollary 3.1. This concludes the proof. O

Remark 5 Thanks to Lemma 6.2, Theorem 7 is sharp, as far as (51) is sharp. We
explicitly prove the optimality of this latter in the radial case in Lemma 7.1.
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6.4 Proofs with L? regularity

In order to prove Proposition 8, it is sufficient to modify the proof of Theorem 6
in Sect. 6.2 for the leading term

e—1a(€)/2

x t sinc (fw(§)) Tg(é)

for ¢t > 1, as follows. Thanks to M12 = L? and n = 20, using the change of
1

variable 1% & — &, we now estimate

e 1a(€)/2

1+ ¢(§)

i —n ,—2apt|£ | 3
tH(l = X¢) x sinc (tw(§)) 2= C(/lleMZ_; |&| 7 ¢~ 2a0t 510 d.g)

1
= C(/ Lyl el )
|E|=Mt% ©

< C1 (1 +1logn)?.

Similarly, to prove Proposition 9, it is sufficient to modify the proof of Theorem 7
in Sect. 6.3 for the leading term

o 1a(®)/2

(I = x) 1 sinc (tw(§)) T52@)

for t € (0, 1] as follows. Thanks to M]2 = L%?and n = 20, using the change of

1
variable 7% £ +— &, we now estimate

, e 1@ YN LIPAY.
o= a o smewwen L= (el ag)

1
—o( [ a e e
=

1
<C(l—logt)2.

We stress that the different sign in front of the log# term depends on the sign of

L (11 .
—logt® =|———)logt, j=0,l1.
o Qj

7 Optimality of the estimates

The optimality of the estimates is expected from the proofs, since it is related to the
different scaling of eF &) or sinc w(&), and of e~ %@ However, we can provide a
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direct proof of optimality, at least in the radial case. That is, we assume that w(§) =
c|&|° for some ¢ > 0 (we may assume ¢ = 1 with no loss of generality) and that
a(€) = ag|&|®, for some Oy > o, or a(&) = a;|£|?", for some 6; € (0, o).

We may indeed relax the radial assumption for a(§). For instance, it is sufficient to
assume that there exists r € C"*! such that

a€) =aplg| (1+r@E)), |3,r@)| <CElF7]

in a neighborhood of the origin, or

a@) =alg" 1 +r@E), 18,r@E|<Clgl~* ]

out of some compact, for some ¢ > 0. Indeed, it is easy to prove that the solution to (1)
and to (2) with a(£) = ag|&|% r(&) verifies better estimates than the ones provided
by Theorems 4 and 6 for a(&) = ag|£|%, and that the solution to (1) and to (2) with
a(g) = ay|€|%" r(&) verifies better estimates than the ones provided by Theorems 5
and 7 for a(€) = a1 |£|7.

As expected, the crucial point of the optimality is based on the optimality of the
estimates

o n(l_1 . _ _ o
11— x) 1§17 e menlélry Ly < ma)rraa(8) o )

’

Cero _n(l_1 —(d—s) = —
(1 = xo) |]757 XEIT el < FGa)ta(G-) o,
P
(54)

for s € [0, d], where d is as in (7). Indeed, the optimality of (17) and (21) follows
from (53) (for s = 0 and s = 1, respectively), while the optimality of (18) and (22)
follows from (54) (replacing s by s + 1 for the latter).

By the change of variable 7|£|” +— |£]°, the previous estimates reduce to

o _% (1o
11 = ) [0 et —aleror 3ty @0 (=)
P
e _0 _ _o
10— el =Ty @9028) e o,

. . Fo11 . .
that is, setting T = a? 17~ o where we put § = 6 in the first case and § = 6; in the
second one, we shall prove the optimality of the singular estimate

11— 0 [g] 7 I =EDTy Ly < p=@m e (0,11,

Lemma7.1 Letn > 1,0 >0,0 >0,1 < p <q <ooandd asin (7). Assume that
s € [0, d]. Then there exist C > 0 such that

11— ) Jg 177 HET=EIT g > crm00 e (0,11, (55)

v
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Proof By duality, we assume without restriction that p < ¢’.
The case o # 1 is proved in [15, Proposition 7.2], so we only need to prove the

statement for o = 1. We fix g € C2°, radial, and we define g; (x) = T g(t71x), s0

that ||g:|lr = llgllLr. Then g7 (§) = t 7" g(r&). Using the representation formula of
the Fourier transform for radial functions, we have (abusing notation, we write x (p))

FNA = x(@®) €] e EI-CED o y((x))

o0
_ i 0— 0 _n n
=/ (1= () o~ 0= £(0) a1l 151~ 3 dp.
0

where J 02 denotes the Bessel function of firstkind. Now let |x| € I = [1-487, 1+687],

for some 8 <« v~ which we will fix later. Due to the fact that 1 — x (p) vanishes for
p < 1and |[x| & 1, inside the integral we may use the asymptotic expansion of the
Bessel function

— oyt r_’- -3/2
Jy(z) = ¢yz” 2 cos e +0(|zI7777), |z| = oo.

The leading term in the asymptotic expansion above may be estimated if we estimate

n oo . n—
I~ e / (1= x () e HD g(p) p* T —te= ap
0

n
7

—_1 n+l
- |x|_nTT<P 2

+S) /Oo(l — X(S‘L'_l)) ei”_l(li|x|) 8(s) S%—Se—se ds
0
= |x|_%r(ﬁ_%ﬂ) ((271')” h(‘L'_l(l + |x]) — J(‘L’)),

where

n—1_

o0
hity = 80y t'7 e~ J(0) =f x (et~ T AERD g gy f 5 s gy
0

. . - N nl_ . .
In the last equality, we may assume without restriction that g(z) r z ~° is integrable
near t = 0, so that

n=1_

2t o
J(2)] s/o 8] 17 e di

vanishes as T - 0. By Riemann—Lebesgue theorem, h(z71(1 + |x])) vanishes as
T — 0,dueto i € L', for any given x. Choosing g such that

n=1__

h(0) = 2m)™" /ooé’(t) "7 e dt £0,
0
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there exists § > 0 such that |[A(z~'(1 — |x]))| > |h(0)|/2 > O for x| € [ =
[1 —46t, 14 ét]. Therefore

L7711 = x(€) [€]7* X =B oy
> 1LZ (1 = x (@) €] e E=TED oy

n _ntl L ( n _ntl i)
> col7 2“)(f 1dx>q%rs+!” T hy) =
|x|el

)

with d as in (7). This concludes the proof. O

We may easily prove the optimality of the estimates in Propositions 8 and 9. In
this case, a logarithmic loss appears with respect to what provided by Lemma 7.1, but
such loss is also sharp, in the sense that the estimate from below in Lemma 7.1 may
be improved.

Lemma7.2 Letn > 1 and o = n/2, 0 > 0. Then there exist C > 0 and 19 > 0 such
that

1= ) sine (€17 e EI7") o > € (1 —logr)?, €Ol (56)

Proof For a given y, there exists 7o < 1 be such that supp x C [0, 7, D Lett €
(0, 79]. Noticing that e—2a(lD)’ > e~ 2 for |£] < ™!, we may estimate

— . _ 0
(L= 20 16177 sin(l§|7) e
1

= ( / (1= 07 67" sin(&|7) e 201" g )
R7

e ( / 1 67" sin’(|7)d )"
{(geRmry ' <|g|<r )

—1

T 1
=e—“|S"—1|(/ o sin?(0%)dp)”

v

> C (log o —log7)? > C1(1 — log 7)2,

for sufficiently small r (we use that sin®(p®) > 1/4/2 when p® € [(w/4) +
mm, 3w /4) + mn], for m € N). This concludes the proof. O

8 Proofs of Lemmas 3.1-3.4

As discussed in Sect. 3, we will prove the multipliers Lemmas 3.1-3.4, using the
integration by parts method. Let & € C'(R"\{0}), be in L!(R") with its derivatives
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(as a consequence, /(&) vanishes as |£| — co0). Then
(Zn)"%‘h=/R " h(8) ds =i|x|*22xj'/R 50 h(§) dé.
j=1

Iterating this process, if 2 € C*(R"\{0}), in L' (R™) with all its derivatives, then

Qo' Z'h = |x|7¢ Z ¢y (ix/Ix])? /R e"xfagh(g)dg. (57)

lyl=x

In the case in which & € C!(R"\{0}), is in L'(R"), and its derivatives are in
L'(R™\B(0, 8)), it may be useful to perform integration by parts only in R"\ B(0, §),
obtaining

¢S h(g) de +i|x|*2zx,-/ 50, h(§) d§

Qr)'F h = / )
R™\ B(0,5)
(58)

B(0,8) =

n
—ilx|? x'/ eEhE)v; dS(E).
JX_; ! 9B(0,8) !

Employing (57) and (58), we may prove the results stated in Sect. 3.
We first prove Lemma 3.1.

Proof of Lemma 3.1 By the inversion formula of Fourier transform, it is clear that

|7 e ) < em) " /

e—la(éf) d& 5 f e_ctléla dé = Ct_g,
Rﬂ

n

where we used the change of variable tég — & Wefixe € (0,1) such that e < 6.
For any |y| > 1, we may estimate

|a§’e—m(§)| <t |§|9—|V|(1 +t|§__|9)|y|—l e—Ctlélg < t% |§|8—|V| e—%flflg_

In particular, 9} e ~'“® is in L' for |y| < n, since & > 0. Integrating by parts  times
as in (57) and then once as in (58) with § = |x|~!; we obtain:

|F e ) < 1d x| " / €15 d&
B(0,]x|1)

oD [ e g
RM\B(0,]x|~1)

T8 [0 / £ dS(E)
dB(0,|x|~1)

5 t;% |x|—(n+8).
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Then:

1 1
||55_1(e_m(§))||u § t—% (/ : 1dx>’ _'_tﬁ(/ ! |x|—(n+8)r dx)r
| \

x|<tf x|>t0

< tirﬁ(]*%).

This concludes the proof. O

We then prove Lemma 3.2. This lemma is a variant of [15, Lemma 8.5], which
takes into account of exponential terms.

Proof of Lemma 3.2 By the inversion formula of Fourier transform, it is clear that

F7 @) e ) = e [ b1 ag
Rﬂ

n+n

§/ g1" e~ g = co
RVL

where we used the change of variable téé — £
We now distinguish two cases. First, let > 0. We fix ¢ € (0, 1) such that ¢ < 7.
For any |y| > 1, we may estimate

n—e

07 (b)) S L1+ 1l )”) " e Bl S gl s

In particular, 8; (b(E) e @)y isin L for |y| < n, since & > 0. We now integrate by
parts n times as in (57) and then one time as in (58) with § = |x|_1; we obtain:

\F BE) ) < x| / £ dE
B(0,|x]=1)
+ t*no%s |x|*(n+1) / |%-|8*(n+1) d%—
R™\B(0,|x|~1)
4 e / £ dS(E)
dB(0,|x|~1)

S a0,

Then:

1 e 1
177 b e O 5 ([ aa) e T ([ e an)
2 [x|>t8

lx|<t6

< #0-7)-#,

@ Springer



Sharp [P — L9 estimates for evolution equations with. ..

This concludes the proof for n > 0. Now let n € (—n, 0]; for any |y| > 1, we may
estimate

0] (b&) e @) < g7 emerkl,

Let k be the largest integer such that n — x > —n. Assume for a moment that 7 is not
an integer. Since 7 is not an integer, then n — x — 1 < —n. We now integrate by parts
k times as in (57) and then one time as in (58) with § = |x|_1 ; we obtain:

\Z B(E) e O)] < x| f P de

B(0,1x|™1)

+ x| 0D f i §17 0D g
RI\B(0.|x|7H)

bt / £ dS(E)
dB(0,]x|~1)

< |x|—(n+7/).

Then:

1 1
177 bE e ) < ( /  tdx) "+ ( / x0T dx )
\

|x|<t& x|>t0

)

)

provided that
(n+nr > n,

that is, (37) holds. If n is an integer, then we just integrate by parts k = n +n — 1
times as in (57) and then twice as in (58) with § = |x|~!. m]

We then prove Lemma 3.3.

Proof of Lemma 3.3 We proceed as in the proof of Lemmas 3.1 and 3.2, but now we
notice that for any |y | > 1, we may estimate

0] (b(E) e ) < (15157 + 115171 751 < 1 eI,

due to ¢ > 1, where we assumed with no loss of generality that e < 1 and ¢ < 6
(otherwise, it is sufficient to replace ¢ in the following by ¢; < min{1, 6}). When we
integrate by parts, we obtain

| F 7 b(E) e 9O < 1 x|,
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so that

1 1
17 @) e O <o ( /| 1dx) e ([ )

x|<t?

<301

)

as in the proof of Lemma 3.1. O
Finally, we prove Lemma 3.4.

Proof of Lemma 3.4 We first notice that for any |y| = n, n + 1, we have
()" F77¢ =770 ¢) € Co,
due to ag¢ € L'. On the one hand, letting |y| = n + 1, we find
177 g0 < C x|~ D,

On the other hand, letting |y| = n and y = « + ¢ for some k, where |o| = n — 1,
we may integrate by parts

|<ix>V%‘¢(x>|5|xk|/ |a§‘¢>(s>|ds+/ el
B(0,|x|~1) R™\B(0,|x|~1)
+ / 086 (€)| dS (&)
dB(0,|x|~1)
< Il B0 g 4 / O ererae
B(0,]x|™1) R\ B(0,|x]|~1)
+ f £ s (@)
3B(0,|x|~1)

S Ixl
Therefore,
|70 < C e,
In turn, this proves that .# !¢ e L!. If ¢ vanishes in a neighborhood of the origin,

it is sufficient to notice that ¢; = i&;¢(§)/|&] still verify the assumptions of the first
part of Lemma 3.4, so that [see (5) and (32)]

n
el mny = 1F Bl < 1Z "Bl + D 1F ¢l < oo
j=1
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