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The Financial Risk Meter (FRM) employs Quantile-LASSO regression to identify systemic finan-
cial risk and dependencies among tail events across financial assets. This paper establishes, both
theoretically and empirically, a meaningful economic relationship between the FRM index, derived
from the penalization parameter in quantile LASSO regression, and the volatility of assets’ pricing
kernels, the attainable maximal Sharpe ratio, and market volatility. Despite the rapid growth of the
crypto market and its increasing integration with traditional financial markets, there remains a dearth
of risk measures in this space. FRM @Crypto exhibits robust predictive capabilities in anticipating
future market risk, potentially filling a critical void in this market.

Keywords: Network dynamics; Quantile LASSO regression; Market risk; Regularisation; Penalisa-
tion parameter; Cryptocurrencies

JEL Classification: G14, G17, C58

1. Introduction

The basic element of the FRM methodology is the CoVaR
risk measure developed by Adrian and Brunnermeier (2016).
CoVaR measures the stress level of a defined node (e.g. a
financial institution) in a network given that another node (e.g.
another financial institution) is at risk. FRM exploits this idea
while allowing for either all or a subset of nodes to be at
risk and it is based on the TENET risk measure of Härdle
et al. (2016) and Fan et al. (2018), which combines CoVaR
with a network model of risk exposures.

In its essence, the FRM is an average over the optimal
Lagrangian parameters in a Quantile LASSO Regression, as
explained for example by Mihoci et al. (2020). FRM is a

∗Corresponding author. Email: valerio.poti@ucd.ie

multifunctional tool capable of assessing both the tail risk
at the market level and the dynamic risk contagion between
different assets within the market. Before the present applica-
tion to cryptocurrencies, it has been applied to equity markets
in America, Europe, and Asia, as well as in other devel-
oped and emerging markets. The up-to-date FRM indices are
available online at frm.wiwi.hu-berlin.de.

On May 22, 2010, the first significant retail transaction
involving Bitcoin and physical goods occurred when 10,000
mined Bitcoin were exchanged for two pizzas from a local
pizza restaurant in Florida.† Then, after years of obscurity,
Bitcoin saw a massive bull market in 2017-2018 that pro-
pelled its price to an all-time high of $66,002.23 in October
2021, according to Coinmarketcap. This corresponded to a

† https://en.wikipedia.org/wiki/History_of_bitcoin
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surge of interest that sparked an explosion in the offering
of new cryptocurrencies. Today, the cryptocurrency market
boasts more than 22,163 tradable cryptocurrencies, with a
total market capitalization exceeding $1.1 trillion. The rapid
growth of the cryptocurrency market is positioning it to play
an increasingly pivotal role in the broader financial system.
Though once ignored, cryptocurrencies like Bitcoin are now
demanding attention as this emerging asset class continues to
expand its influence.

Research has examined interconnectedness and contagion
effects between cryptocurrencies, as well as between cryp-
tocurrency and traditional financial markets. One strand
focuses on the downside risk contagion between different
cryptocurrencies. Borri (2019) showed that crypto-assets are
highly exposed to tail risk from crypto markets but not from
traditional assets. Building on this, Ahelegbey et al. (2021)
examined relationships between crypto assets during stressful
times using two econometric modeling techniques for mea-
suring tail risk: extreme downside hedge (EDH) and extreme
downside correlation (EDC). They found cryptocurrencies
can be clustered into two groups: Speculative assets like Bit-
coin that are mainly ‘givers’ of tail contagion and technical
assets like Ethereum that are mainly ‘receivers’ of contagion.
Giudici et al. (2022) utilized a spillover modeling methodol-
ogy to evaluate the contagion effect amongst basket curren-
cies and concludes that a stablecoin pegged to a basket of cur-
rencies exhibits lower volatility than all single currencies. The
second strand explored the correlations between cryptocurren-
cies and conventional financial markets. Klein et al. (2018)
used a BEKK-GARCH model to confirm flight-to-quality
from Bitcoin to gold in times of crisis, questioning Bitcoin’s
‘virtual gold’ role. However, GARCH-based models are lim-
ited in only capturing average correlations, missing informa-
tion about the whole distribution, especially the tails. Other
studies have also uncovered downside risk spillover effects
between Bitcoin and traditional assets using pairwise correla-
tion analysis (Feng et al. 2018, Shahzad et al. 2019, 2020).
Jiang et al. (2022) expanded on this work by quantifying the
complex network effects. Their work instead concentrated on
left-tail risk spillovers rather than average volatility spillovers
between Bitcoin and traditional assets. However, despite evi-
dence of tail risk contagion between crypto and traditional
markets, rigorous mathematical arguments and empirical evi-
dence connecting tail-event contagion to broad market risk
in a clear-cut way are still lacking. The discussion of risk
interconnectedness within the FinTech market extends beyond
cryptocurrencies. Giudici et al. (2019) advance credit risk
assessments on peer-to-peer lending platforms by embed-
ding the topological data into similarity networks, which are
derived from the financial information of borrowers. In the
context of these research endeavors, the present article makes
two major contributions.

First, our study expands existing work on the FRM by pro-
viding a deeper economic interpretation of the risk index.
Supported by simulation based empirical tests, Zbonakova
et al. (2017) show that the index depends on three major fac-
tors: the variance of the error term, the correlation structure of
the covariates and the number of non-zero coefficients of the
asset return model used in the construction of the index. Ren
et al. (2022) and Wang et al. (2023) further extend the anal-
ysis by adding a Lagrange multiplier interpretation. Building

on their analysis, this work offers both empirical and analyt-
ical evidence of the connection between the FRM index and
the volatility of the pricing kernel. This way, we contribute
to the literature (e.g. Kozak et al. 2020, Chen and Potì 2024)
that is establishing a connection between optimal measures of
regularization in regressions of asset returns and the volatility
of the kernel that prices the assets.

Second, our study demonstrates that FRM carries forward-
looking information for risk in cryptocurrencies. This can
be very useful in managing cryptocurrency risk because, for
many (though not all)† cryptocurrencies, option markets are
still underdeveloped and less mature in comparison to other
assets. For such cryptocurrencies, forward-looking informa-
tion about risk provided by option markets is harder to obtain
and in some cases unavailable.‡ Therefore, in such situa-
tions, the forward-looking risk information offered by FRM
becomes even more valuable.

In this paper, we examine the dependencies among tail
events (TE) in cryptocurrency markets as well as construct-
ing a novel market risk measure through the utilization of the
FRM framework (Härdle et al. 2016), which is based on the
TENET Quantile LASSO Regressions. In the theoretical part,
we provide an interpretation of the lasso penalty parameter λ

based on the properties of Lagrangian multiplier. We then elu-
cidate its relationship with the spread between the in-sample
and the out-of-sample asset return predictability, the pricing
kernel’s volatility and the maximal attainable Sharpe ratio, as
well as its association with market volatility. In the empirical
section, we demonstrate how to compute the market risk index
FRM @Crypto by averaging the penalty parameters from each
regression for individual cryptocurrencies. Our initial analysis
focuses on evaluating the ability of FRM @Crypto to fore-
cast future market volatility and returns. Our analysis reveals
that FRM @Crypto predictively accounts for 63.8–76.6% of
out-of-sample market volatility. In addition, a comparison
with other commonly utilized risk measures demonstrates that
FRM @Crypto outperforms in predicting market volatility
over a horizon of up to 5 weeks. We also highlight its capac-
ity to explain Sharpe ratio volatility, thereby reinforcing the
empirical support for the properties of FRM that we demon-
strate in our theoretical analysis. To assess if FRM @Crypto
can mitigate losses in portfolio construction, we integrate
FRM into a portfolio construction approach that builds on the
Markowitz framework. Our analysis shows that by incorporat-
ing FRM into the portfolio construction process, we can create
a portfolio that withstands extreme market movements (tail
events) effectively. Additionally, when examining the ‘co-
stress’ coefficients within the cryptocurrency market network,
we find a negative correlation between closeness centrality
and FRM @Crypto. In contrast, there is a positive correlation
between eigenvector centrality and FRM @Crypto.

† Deribit, founded in 2016, has emerged as the largest exchange for
cryptocurrency options. It has deep liquidity, similar to traditional
options markets, yet the underlying assets of the options traded on
this market include only a fraction of the large set of cryptocurrencies
that exist.
‡ The risk-neutral distribution that prices the options reflects, under
a change of measure, the option market participants’ beliefs about
the distribution of the underlying asset. In the absence of quoted or
traded prices for liquid option contracts, the calculation of such risk-
neutral distribution presents greater challenges and the result might
not be at all meaningful.
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The structure of the remainder of the paper is as follows:
Section 2 provides an overview of the FRM construction
methodology; Section 3 delves into the economic interpreta-
tion of the regularization parameter, highlighting its signifi-
cance in capturing the spread between in-sample and out-of-
sample predictability of asset returns, thus between in-sample
and out-of-sample pricing kernel volatility and Sharpe ratios;
Section 4 presents empirical evidence supporting the theo-
retical analysis using cryptocurrency market data; Section 5
scrutinizes risk contagion within the network of cryptocurren-
cies; Finally, Section 6 summarizes our findings. Tables and
figures are in the appendix.

All the underlying code is available as quantlets through
www.quantlet.de and the corresponding results are marked

with a sign, which serves as a link. The courselet on
FRM@Crypto is available at www.quantinar.com .

2. The FRM construction

FRM’s fundamental framework is developed from CoVaR
(Adrian and Brunnermeier 2016). The FRM uses quantile
regression to capture cryptocurrencies’ TE risk transmission
and market risk. Linear quantile lasso regression for log return
series rj,t in a window of k days is given by

rj,t = αj + A�
j,tβj + εj,t, j ∈ {1, 2, . . . , N} (1)

with N cryptocurrencies and m macro-state variables. A�
j,t

def=
[Mt−1, r−j,t] represents a p = N + m − 1 dimensional vector
of covariates and t ∈ {1, . . . , k}. r−j,t is the daily log return of
all the cryptocurrencies except the jth cryptocurrency on day
t. M contains the macroeconomic variables on day t − 1. βj is
a p × 1 vector.

The estimated coefficients are obtained by performing the
minimization in equation (2) for each rolling window k, with
�1-norm penalization, lasso parameter λj, and loss function
ρτ .

β̂τ = arg min
βj

EXj,Aj

{
ρτ (rj − αj − Ajβj)

}
(2)

where the quantile level τ represents the probability of tail
events (in the main part of our analysis, we set τ = 5%) and
the quantile loss function here is defined as:

ρτ (u) = |τ − I{u ≤ 0}||u| (3)

To reduce the variance of the estimator A�
j βj, the prob-

lem is regularized under the �1-norm, according to Tibshi-
rani (1996), thus becoming a Quantile LASSO regression.
That is, equation (2) is supplemented with the constraint ‖
βj ‖1≤ b. The constraint level b is optimized so that it min-
imizes the objective expected loss function over all possible
levels:

b∗ = arg min
b

Erj,Aj

[
ρτ

{
rj − αj − Ajβτ (b)

}]
(4)

Thus, the overall task can be summarized as a consecutive
three-fold extrema search:

min
b

max
λj

min
βj

{
Erj,Aj

(
ρτ

[
rj − αj − Ajβj

{
λj (b)

}])

+λj(b) ‖ βj
{
λj (b)

} ‖1
}

(5)

Letting at each time point t ∈ 1 : T logarithmic returns rt,j of
cryptocurrency j ∈ 1 : J constitute the response variables for
the quantile regressions, the optimal λj according to GACV is
thus defined as:

min
λj

GACV(λj) = min
λj

∑k
t=1 ρτ {rj,t − αj,t − A�

j,tβj(λj)}
n − tr{S(λj)} (6)

The FRM daily index is then defined as:

FRM
def= 1

N

N∑
j=1

λj (7)

The standard FRM index for each trading day is calcu-
lated as the average of the penalty parameters from Quantile
LASSO regressions, which are estimated based on the past
3-month rolling-window of data. The evolution of averaged
λj represents the variation of the systemic tail risks (Härdle
et al. 2016, Mihoci et al. 2020, Ren et al. 2022). Thus, the
FRM index measures joint tail events.

3. The FRM interpretation

3.1. Shadow price from the perspective of lagrangian
multiplier

The convex programing problem that quantile LASSO solves
is as follows:

min
β

Erj,Aj

{
ρτ (rj − αj − A�

j βj)
}

s.t. ‖ βj ‖1≤ b
(8)

If we denoted the expected gain R(β) = −Erj,Aj{ρτ (rj −
αj − A�

j βj)}, and the constraint function B(βj) =‖ βj ‖1, the
Lagrangian formulation of the optimization objective in
equation (8) is:

L(βj, λj) = R(βj) − λj
{
B(βj) − b

}
To find the optimum, one can turn to the Karush–Kuhn–
Tucker (KKT) conditions:

∇βj,λjL(β∗
j , λ∗

j ) = 0 (9)

If one views the Lagrangian L{βj(b), λj(b), b} as a function of
the budget constraint b, the Lagrangian multiplier λj becomes
a derivative with respect to b when evaluated at the solution
{β∗

j (b), λ∗
j (b)}, due to KKT conditions equation (9) and the

chain rule:

d

db
L
{
β∗

j (b), λ∗
j (b), b

}
= dL

dβj︸︷︷︸
=0

dβ∗
j

db
+ dL

dλj︸︷︷︸
=0

dλ∗
j

db
+ dL

db

= λ∗
j (b) (10)

https://github.com/QuantLet/FRM_Quantlet_Crypto
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Furthermore, note that at the optimal value the Lagrangian
equals the expected gain R:

L(β∗
j , λ∗

j , b) = R(β∗) − λ∗
j {B(β∗

j ) − b}︸ ︷︷ ︸
=0

= R∗(b) (11)

Combing equations (10) and (11), we see that we can regard
λj as the rate of change of the expected gain with respect to
the budget constraint:

λ∗
j (b0) = dR∗

db

∣∣∣∣
b=b0

(12)

This holds for cases of both positive and zero λj.
When considering a regression model as a predictive tool,

the value of λj can be seen as a shadow price, reflecting
the impact on the model’s predictive power of loosening the
budget constraint imposed by limiting the size of the model
parameters. In other words, λj represents the additional pre-
dictive gain obtained from relaxing this constraint by a small
amount, and is thus referred to as the marginal predictability
gain.

3.2. FRM’s relation with market volatility and pricing
kernel volatility

We next illustrate the relation between the FRM index, the
volatility of pricing kernels and the maximal attainable Sharpe
ratio in the context of the simpler special case in which FRM
is obtained from linear LASSO regressions. The extension to
the quantile case is considered in Appendix A.1. This section
is inspired by Kirby (1998), Potì and Wang (2010), Huang
and Zhou (2017), Potì (2018), Kozak et al. (2020), Korsaye
et al. (2021) and Chen and Potì (2024).

In the absence of arbitrage opportunities, as discussed in
Cochrane (2009), the following relationship holds for the con-
ditional expectation under the real-world (physical) measure
denoted as P:

EP
Ft

[mt+1Rj,t+1] = 1 (13)

Here, the filtration Ft represents the information available up
to time t for the investors with rational expectations (RE),
mt+1 > 0 represents a pricing kernel (stochastic discount fac-
tor), and Rj,t+1 is the return on asset j adapted to the filtration

Ft, with Rj,t+1
def= xj,t+1

xj,t
, where xj,t denotes the asset payoff at

time t (hence, following the convention in the asset pricing
literature, by return we mean the ratio of next period payoff to
the current period payoff which, by no-arbitrage, must coin-
cide with the current price), j = 1, . . . , N , where N is the num-
ber of tradable assets. Since, in general, mt+1 is not unique,
we refer here to the least volatile (minimum-variance) one. In
this setup, mt+1 > 0 is therefore the minimum-variance ker-
nel or stochastic discount factor that prices the asset returns
under the probability distribution, P, embodying beliefs of
a marginal investor endowed with RE, hence the objective
physical measure.

Denoting excess-returns as rj,t+1
def= Rj,t+1 − rf

t − 1, where

rf
t is the risk-free rate, we can rewrite equation (13) as follows:

EP
Ft

[(1 + rf
t + rj,t+1) mt+1] ≈ 1 (14)

Applying equation (13) to the return on risk-free asset, 1 +
rf

t ≈ 1, we have that

EP
Ft

[mt+1] = 1

(1 + rf
t )

≈ 1 (15)

Based on the law of one price (implied by the no-arbitrage
assumption), we can combine equations (14) and (15) and
obtain the following expression:

EP
Ft

[mt+1rj,t+1] ≈ 0 (16)

Taking unconditional expectations of both sides of equation
(15), one arrives at

EP[mt+1] ≈ 1 (17)

Similarly, taking unconditional expectations of both sides of
equation (16), one gets

EP[mt+1rj,t+1] ≈ 0 (18)

Hence,

EP[mt+1]︸ ︷︷ ︸
≈ 1

EP[rj,t+1] + Cov[mt+1, rj,t+1] ≈ 0

Therefore,

EP[rj,t+1] ≈ − Corr[mt+1, rj,t+1]︸ ︷︷ ︸
∈[−1,1]

σ(mt+1) σ (rj,t+1) (19)

Under the real-world (physical) measure, Cov[mt+1, rj,t+1]
represents the covariance between the pricing kernel and the
return of asset j at time t + 1, while Corr[mt+1, rj,t+1] denotes
the correlation between them. Also, σ(mt+1) and σ(rj,t+1) rep-
resent the standard deviations of the pricing kernel and the
return of asset j at time t + 1, respectively.

Under the empirical distribution, the approximate equation
in equation (19) still holds:

Ê
P
[rj,t+1] ≈ − Ĉorr[mt+1rj,t+1]︸ ︷︷ ︸

∈[−1,1]

σ̂ (mt+1) σ̂ (rj,t+1) (20)

Here, Ê
P
[rj,t+1] represents an in-sample estimate of expected

return, while Ĉorr[mt+1rj,t+1], σ̂ (mt+1) and σ̂ (rj,t+1) are in-
sample estimates of the correlation between the pricing ker-
nel and the asset’s excess return, along with their standard
deviations, respectively.

Subtracting equations (20) from (19), we have:

EP[rj,t+1] − Ê
P
[rj,t+1] ≈ Ĉorr[mt+1rj,t+1]︸ ︷︷ ︸

∈[−1,1]

σ̂ (mt+1) σ̂ (rj,t+1)
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− Corr[mt+1rj,t+1]︸ ︷︷ ︸
∈[−1,1]

σ(mt+1) σ (rj,t+1)

(21)

If we disregard the sampling errors of Ĉorr[mt+1rj,t+1] and
σ̂ (rj,t+1), equation (21) can be rewritten as follows:†

EP[rj,t+1] − Ê
P
[rj,t+1] ≈ Corr[mt+1rj,t+1]︸ ︷︷ ︸

∈[−1,1]

σ(rj,t+1)

× [̂σ(mt+1) − σ(mt+1)] (22)

By the Cauchy inequality, we thus have:

|EP[rt+1,k] − Ê
P
[rj,t+1]| ≤ σ(rj,t+1)|̂σ(mt+1) − σ(mt+1)|

(23)

The in-sample estimated expected return (Ê
P
[rj,t+1]) in

equation (23) can be modeled using the OLS estimate of the
regression in equation (1), denoted as EOLS

n [rj,t+1]. A consis-
tent estimate of EP[rt+1,k] is instead provided by ECV

n [rj,t+1],
where ECV

n [.] represents the cross-validation estimate of the
FRM regression.‡ Thus, equation (23) can be rewritten as
follows:

|ECV
n [rj,t+1] − EOLS

n [rj,t+1]| ≤ σ(rj,t+1)|σ̂ (mt+1) − σ(mt+1)|
(24)

Moreover, denoting the ex-ante Sharpe ratio (‘Sharpe ratio’

for short) as Sharpej = EP[rj,t+1]
σ(rj,t+1)

and recalling the well-known
duality between pricing kernel volatility and the attainable
maximal Sharpe ratio (Hansen and Jagannathan 1991), we get
the following additional insight based on equation (19):

Sharpej = EP[rj,t+1]

σ(rj,t+1)
≈ − Corr[mt+1, rj,t+1]︸ ︷︷ ︸

∈[−1,1]

σ(mt+1) (25)

max(Sharpej) = σ(mt+1) (26)

|ECV
n [rj,t+1] − EOLS

n [rj,t+1]|
≤ σ(rj,t+1)|max ̂(Sharpej) − max(Sharpej)| (27)

This leads to the following proposition.

Proposition 3.1 In the absence of arbitrage opportunities,
λj is proportional to both the asset volatility and the absolute
value of the spread between the minimum-variance kernels
that price the assets in-sample and ex-ante. That is, ∀ j

λj ∝ σ(rj,t+1)

λj ∝ ∣∣σ̂ (mt+1) − σ(mt+1)
∣∣

λj ∝
∣∣∣max ̂(Sharpej) − max(Sharpej)

∣∣∣ (28)

† Ĉorr[mt+1rj,t+1]̂σ(rj,t+1) ≈ Corr[mt+1rj,t+1]∈[−1,1]σ(rj,t+1).
‡ The details of the mathematical argument are provided in Appendix
A.2.

Proof The existence of mt is guaranteed under the assump-
tion that the law of one price holds (implicitly assumed
when assuming mt+1 > 0) whereas the existence of m̂t is triv-
ially guaranteed by the weak stationarity assumption (which
guarantees finite variances). The magnitude of the left-hand
side of equation (24) depends on λj since the greater the
value of λk , the larger the value on the left-hand side of
equation (24). Thus, λj ∝ |ECV

n [rj,t+1] − EOLS
n [rj,t+1]|.§ Con-

sequently, the right-hand side of the equation is also propor-
tional to λj. That is,

λj ∝ σ(rj,t+1) |̂σ(mt+1) − σ(mt+1)| (29)

Hence, keeping |̂σ(mt+1) − σ(mt+1)| constant,

λj ∝ σ(rj,t+1) (30)

Similarly, keeping σ(rj,t+1) constant,

λj ∝ |̂σ(mt+1) − σ(mt+1)| (31)

λj ∝
∣∣∣max ̂(Sharpej) − max(Sharpej)

∣∣∣ (32)

�

Remark 3.1 Due to the duality between volatility of the
minimum variance pricing kernel and the maximal attain-
able Sharpe ratio attainable by investing in the N assets, λj

is proportional to |̂σ(mt+1) − σ(mt+1)| and |max ̂(Sharpej) −
max(Sharpej)|.
Remark 3.2 The following properties of λj can be derived
from Remark 3.1:

(i) The positive relationship between λj and asset price
volatility implies its contemporaneous correlation with
risk measures.

(ii) λj is proportional to the spread between in-sample and
(the unobservable) true pricing kernel volatility and
maximal Sharpe ratios.

Remark 3.3 As indicated by the expression in equation (7),
the FRM is the average value of all the λj of LASSO regres-
sions within the given network with N assets. Therefore, the
FRM keep the essential properties of the individual λj.

4. Data and empirical design

4.1. Data description

We used price data from 62 cryptocurrencies available in the
market, sourced from the Blockchain Research Center. For the
dynamic construction of the tail-risk contagion network based
on FRM and the calculation of the FRM @Crypto index, we
employed data on the 15 largest cryptocurrencies on each trad-
ing day within rolling windows of 63 days. It is worth noting
that at the beginning, only 8 highly liquid cryptocurrencies
were in existence. As a result, we allowed the parameter J

§ Further discussion on this is given in Appendix A.3.
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to remain dynamic until June 14, 2017, when the minimum
requirement of J = 15 coins was first met. The total time span
is from 1st June 2015 until the end of May 2022. Follow-
ing the Adrian and Brunnermeier (2016), we also consider the
impact of macro and macro-financial variables such as the US
dollar index, the yield on USD Government T-Bill, the VIX,
CVIX, and the S&P 500 index.

4.2. FRM and CRIX volatility

Yu et al. (2019) explored the relationship between FRM index
and other well-established risk measures such as VIX and
SRISK, in the context of the American stock market. How-
ever, given the absence of conventional risk measures for
the cryptocurrency market, we compare FRM @Crypto with
the 63-day rolling window variance of CRIX’s returns. CRIX
offered the first carefully constructed index of the cryptomar-
ket (analogous to S&P 500), as detailed in Trimborn and
Härdle (2018). The comparison is depicted in figure 1. It is
noteworthy to observe the strong positive relation between
FRM @Crypto and the 63-day variance of CRIX return.
Table 1 shows that the Pearson correlation coefficient is
78.8%.

Increasing market volatility, which is measured as the
rolling window variance of CRIX’s price, signifies increased
uncertainty in the out-of-sample prediction of returns,
as well as a wider spread between in-sample and out-
of-sample estimation outcomes. This strong correlation
between FRM @Crypto and CRIX volatility aligns with λj ∝
|ECV

n [rj,t+1] − EOLS
n [rj,t+1]| and Proposition 3.1, particluarly

with Remarks 3.2 and 3.3.

4.3. FRM’s predictive power for price volatility and returns

According to Proposition 3.1, there exists a direct rela-
tionship between FRM @Crypto and the volatility of the

Table 1. Correlation between FRM @Crypto and variance of
CRIX log return.

FRM
Variance of CRIX

log return

FRM 0.788∗∗∗
Variance of CRIX log return 0.788∗∗∗

Note: ∗∗∗, ∗∗, ∗ denote significance at 1%, 5%, 10% level.

cryptocurrencies’ returns. To evaluate this assertion, we con-
duct regression analysis using lagged FRM as the independent
variable and assess its relationship with both market volatil-
ity and return. We analyze both the in-sample and out-of-
sample R2. Furthermore, we conduct a comparative analysis
of FRM’s performance against other risk measures.

The market return is calculated as the market capitalization-
weighted average of the daily returns of all cryptocurrencies.
The risk measures (Risk) consist of FRM and four other
measures described in Appendix A.3, namely the Bayesian
Graphical VAR index (Ahelegbey et al. 2016), the Princi-
pal Components index (Billio et al. 2012), the Degree of
Granger Causality index (Billio et al. 2012), and the Total
Connectedness index (Diebold and Yilmaz 2012).

The regressions are specified as follows:

yMarket
t = α + βtRiskt−l + εt (33)

In the regression, we use as the dependent variable, yMarket,
alternatively either the 63-day rolling average of the market
return or, as an estimate of market volatility, its 63-day stan-
dard deviation. βt is the coefficient of the risk measure. The
term Riskt−l represents the risk measure calculated on day
t − l, where l represents the number of lagged days.

Following Campbell and Thompson (2008), we compute
in-sample and out-of-sample R2 coefficients as follows, with

Figure 1. 5% FRM@Crypto and 63-day variance of CRIX log return.

https://github.com/QuantLet/FRM_Quantlet_Crypto
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Table 2. In-sample β of predictive regressions of market volatility on risk measures.

FRM 5%

10 days 5 weeks 3 months 5 months
β 0.5902∗∗∗ 0.5377∗∗∗ 0.2780∗∗∗ 0.1510∗∗∗
Newey-West standard errors 0.027 0.031 0.033 0.035

FRM 25%

10 days 5 weeks 3 months 5 months
β 1.0785∗∗∗ 1.0092∗∗∗ 0.5990∗∗∗ 0.3461∗∗∗
Newey-West standard errors 0.051 0.052 0.059 0.057

FRM 50%

10 days 5 weeks 3 months 5 months
β 0.6687∗∗∗ 0.6140∗∗∗ 0.3458∗∗∗ 0.2110∗∗∗
Newey-West standard errors 0.032 0.033 0.038 0.039

Granger Causality

10 days 5 weeks 3 months 5 months
β 0.0001 0.0027 − 0.0090 0.0056
Newey-West standard errors 0.015 0.017 0.020 0.020

Bayesian Graphical VAR

10 days 5 weeks 3 months 5 months
β 0.0002 0.0004∗∗ 0.0008∗∗∗ 0.0005∗∗∗
Newey-West standard errors 0.000 0.000 0.000 0.000

Principal Components

10 days 5 weeks 3 months 5 months
β 0.0001∗∗∗ 0.0001∗∗∗ 0.0001 − 0.0000
Newey-West standard errors 0.000 0.000 0.000 0.000

Total Connectedness

10 days 5 weeks 3 months 5 months
β 0.0002∗∗∗ 0.0002∗∗∗ 0.0001∗∗∗ 0.0001∗∗∗
Newey-West standard errors 0.000 0.000 0.000 0.000

Note: ∗∗∗, ∗∗, ∗ denote significance at 1%, 5%, 10% level.

Table 3. In-sample and out-of-sample R2 with w = 63 for crypto market’s 63-day volatility regressed on risk indicators lagged with 10
days, 5 weeks, 3 months, and 5 months.

RHS LHS 10 days 5 weeks 3 months 5 months

R2

FRM 5% var 0.789 0.727 0.720 0.679
FRM 25% var 0.747 0.699 0.635 0.649
FRM 50% var 0.725 0.686 0.663 0.639
Bayesian Graphical VAR var 0.739 0.700 0.664 0.725
Granger Causality var 0.589 0.615 0.611 0.642
Principal Components var 0.654 0.663 0.765 0.705
Total Connectedness var 0.777 0.719 0.692 0.704

R2
OOS

FRM 5% var 0.766 0.689 0.683 0.638
FRM 25% var 0.722 0.668 0.601 0.611
FRM 50% var 0.699 0.650 0.630 0.601
Bayesian Graphical VAR var 0.701 0.666 0.632 0.697
Granger Causality var 0.551 0.572 0.568 0.606
Principal Components var 0.604 0.610 0.734 0.664
Total Connectedness var 0.741 0.654 0.656 0.622
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Table 4. In-sample and out-of-sample R2 with w = 63 for crypto market’s 63-day mean return regressed on risk indicators lagged with 10
days, 5 weeks, 3 months, and 5 months.

RHS LHS 10 days 5 weeks 3 months 5 months

R2

FRM 5% return 0.554 0.634 0.611 0.615
FRM 25% return 0.527 0.585 0.582 0.589
FRM 50% return 0.538 0.596 0.586 0.587
Bayesian Graphical return 0.556 0.596 0.603 0.610
Granger Causality return 0.555 0.492 0.597 0.533
Principal Components return 0.698 0.652 0.634 0.608
Total Connectedness return 0.686 0.660 0.657 0.681

R2
OOS

FRM 5% return 0.504 0.594 0.560 0.574
FRM 25% return 0.480 0.545 0.541 0.552
FRM 50% return 0.491 0.557 0.541 0.548
Bayesian Graphical return 0.504 0.555 0.560 0.573
Granger Causality return 0.507 0.443 0.554 0.492
Principal Components return 0.661 0.602 0.591 0.558
Total Connectedness return 0.641 0.604 0.562 0.600

Figure 2. In-sample β and its 95% interval of regressions of market volatility on the 10-day lag of FRM (τ = 0.05) estimated with non-over-

lapping yearly windows (one per year). The standard errors of the coefficients are calculated based on the Newey-West estimator.

a rolling estimation window (w = 62):

R2 = 1 −
∑T−1

t=w

(
yt+1 − ŷt+1

)2∑T−1
t=w (yt+1 − ȳw+1)

2
(34)

R2
OOS = 1 −

∑T−1
t=w

(
yt+1 − ŷt+1 | t

)2∑T−1
t=w (yt+1 − ȳw+1)

2
(35)

Here, R2 is the in-sample coefficient of determination and
R2

OOS is its out-of-sample counterpart; ŷt+1 is a linear

prediction for t + 1 based on observations from t − w + 2
to t + 1 (ŷt+1 = β̂t+1Riskt+1−l); ŷt+1 | t is a linear prediction
for t + 1 based on observations from t − w + 1 to t (ŷt+1 | t =
β̂tRiskt+1−l); ȳw+1 = (T − w)−1∑T

s=w+1 ys.
The results are shown in tables 2, 3 and 4. In table 2,

we report and compare the in-sample estimates of the coef-
ficient (β) of risk measures used as regressors of market
volatility in predictive regressions like equation (33). Accord-
ing to these estimates, FRM with τ = 5%, τ = 25%, and
τ = 50% exhibits statistically significant positive relations

https://github.com/QuantLet/FRM_Quantlet_Crypto
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Table 5. In-sample and out-of-sample R2 with w = 63 for market volatility regressed on itself lagged with 10 days, 5 weeks, 3 months, and
5 months.

R2 R2
OOS

RHS 10 days 5 weeks 3 months 5 months 10 days 5 weeks 3 months 5 months

var 0.8883 0.7201 0.7434 0.7143 0.7855 0.5556 0.681 0.5812

with future 10-day, 5-week, 3-month, and 5-month market
volatility. To overcome autocorrelation and heteroskedastic-
ity in the error terms in the models, we use the Newey-West
estimator to adjust the standard error estimates. The results
in tables 3 and 4 illustrate whether the FRM indexes with
different τ perform well in predicting market volatility and
return. The tables indicate that FRM demonstrates a stronger
predictive capability for market volatility than for returns,
especially when compared with other risk measures within
the 5-week prediction horizon. This result supports Proposi-
tion 3.1 that FRM @Crypto is proportional to volatility. The
FRM @Crypto has higher out-of-sample R2 in market volatil-
ity prediciton than other indicators at both the 10-day and
5-week horizons. However, the Bayesian Graphical VAR and
the Principal Component Index show slightly stronger pre-
dictive capabilities as the forecast horizon increases when
horizon extends to 5 months.

We further regress market volatility on the 10-day lag of
FRM (τ = 0.05) over yearly non-overlapping estimation win-
dows (one per year). The in-sample estimates of the β coeffi-
cient of these regressions and their 95% interval are depicted
in figure 2. It is evident that the β of FRM (τ = 5%) in each
year’s sample is consistently and significantly positive.

To determine if the predictive capacity of FRM stems from
capturing the persistence of the market volatility, we conduct
regressions of the market volatility on its own lagged values.
The outcomes are presented in table 5. As can be observed
therein, while the predictive capability of lagged volatility is
relatively strong, it does not outperform either FRM or the
other alternative risk predictors. This implies that each pre-
dictor captures predictability in market volatility beyond its
inherent persistence.

In Appendix A.3, We detail and present the findings from
a series of robustness tests concerning the predictive effec-
tiveness of FRM in forecasting future market volatility. We
assess possible concerns of bias and/or arbitrariness in select-
ing the prediction horizon by estimating the out-of-sample
R2 in a continuous time span of up to 110 days. The results
still support that FRM with τ = 5% has the highest average
predictive ability within 110 days than others. To investi-
gate whether FRM demonstrates superior predictive power for
future market volatility in comparison to other risk measures,
we further utilize eXtreme Gradient Boosting (XGBoost) to
predict future market volatility based on the risk measures
with 10 day lagged. To distinguish the contribution of differ-
ent risk measures in a non-linear model (XGBoost), we further
calculate their Shapley value (Lundberg and Lee 2017) for
model explanation and find that FRM τ = 5% contributes the
most.

4.4. FRM’s explanatory power for the sharpe ratio

According to Proposition 3.1, FRM is proportional to the
spread between in-sample and true pricing kernel volatility.
As such, due to the duality between pricing kernel volatility
and the maximal attainable Sharpe ratio, it should be propor-
tional to the sampling error of the Sharpe ratio and, therefore,
to its volatility. To assess this, we explore the link between the
FRM @Crypto index and the volatility of the Sharpe ratio for
each crypto currency by estimating by Ordinary Least Squares
(OLS) the following regression model:

Sharpe Ratio Volatilityi,t = θ0FRMt−l + Controls + αi + εi,t

(36)
Here, Sharpe Ratio Volatilityi,t represents crypto i’s Sharpe
ratio volatility over the previous 63 trading days relative to
time t. FRMt−l is the FRM @Crypto index at time t − l, and
we set l = 0, l = 10, l = 25, l = 110 to test for a predictive
relationship on a contemporaneous basis and with a lag of 10
days, 5 weeks, and 5 months, respectively. Controls are vari-
ables that reflect the time trend, different currencies’ market
values at t − 1, and macro features at t − 1. To be more spe-
cific, the macro features include the US dollar index, yield
level in USD, VIX, CVIX, S&P 500 index. αi is the fixed
effects for each crypto currency. If Remark 3.1 works, we
assume θ0 is positive.

Table 6 shows the estimated effects of FRM @Crypto on
the volatility of the Sharpe ratio. These findings link increases
in FRM @Crypto and heightened Sharpe ratio volatility, and
validate the posited connection between these two variables.
This relationship remains consistent across various τ levels
when calculating FRM @Crypto as well as with different lags
of the FRM @Crypto index.

4.5. Application of FRM in portfolio construction

We initiate portfolio construction using the Markowitz frame-
work, or mean-variance (MV) rule. Specifically, we minimize
risk, as measured by variance, for a given level of return. Fol-
lowing this, we evaluate the out-of-sample predictive ability
of risk measures for the optimized portfolio’s volatility for
future 10-day, 5-week, and 5-month periods to test whether
FRM has the best predictive power. The portfolio construction
methodology is outlined as follows:

Consider N coins with a vector of expected returns μ, and
covariance matrix (�). The problem is to define the opti-
mal portfolio weights vector w, which minimizes the portfolio
variance subject to w�1N = 1, where 1N represents a column
vector with the size N whose components are equivalent to
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Table 6. FRM @Crypto’s explanatory power for Sharpe ratio’s
volatility.

FRM 5% FRM 25% FRM 50%

l = 0

θ0 0.0908∗∗∗ 0.2838∗∗∗ 0.1211∗∗∗
Standard Error 0.009 0.020 0.012
Adjusted R-squared 0.245 0.247 0.245
Controls YES YES YES
Crypto FE YES YES YES
Obs 26,264 26,264 26,264

l = 10

θ0 0.0850∗∗∗ 0.2716∗∗∗ 0.1126∗∗∗
Standard Error 0.009 0.020 0.011
Adjusted R-squared 0.248 0.250 0.248
Controls YES YES YES
Crypto FE YES YES YES
Obs 25,989 25,989 25,989

l = 25

θ0 0.0748∗∗∗ 0.2629∗∗∗ 0.1059∗∗∗
Standard Error 0.010 0.023 0.013
Adjusted R-squared 0.269 0.272 0.270
Controls YES YES YES
Crypto FE YES YES YES
Obs 21,924 21,924 21,924

l = 63

θ0 0.0981∗∗∗ 0.3129∗∗∗ 0.1310∗∗∗
Standard Error 0.012 0.027 0.015
Adjusted R-squared 0.284 0.287 0.285
Controls YES YES YES
Crypto FE YES YES YES
Obs 16,280 16,280 16,280

l = 110

θ0 0.1040∗∗∗ 0.3501∗∗∗ 0.1401∗∗∗
Standard Error 0.017 0.035 0.020
Adjusted R-squared 0.149 0.154 0.150
Controls YES YES YES
Crypto FE YES YES YES
Obs 10,229 10,229 10,229

Note: ∗∗∗, ∗∗, ∗ denote significance at 1%, 5%, 10% level. The con-
trol variables consist of a time trend, different cryptos’ market value
and the macro variables of t − 1 period. The sample period is 1 June
2015 to 31 May 2022.

one (Markowitz 1959). The MV portfolio can be obtained by
solving the following optimization problem:

min
w∈Rp

w��w

s.t. x�w ≥ μ

w�1N = 1

(37)

Here, w = (w1, w2, . . . , wN )� are the weights of N coins, and
x is the (N × 1) vector of their mean returns.

The problem in equation (37) is solved sequentially for a
rolling window of data of fixed length. Specifically we set the
window size s to 120 days. We adopt daily re-balancing, hence

Table 7. Out-of-sample predictive ability of risk measures for
volatility of MV portfolio.

RHS 10 days 5 weeks 3 months 5 months

FRM 5% 0.801 0.646 0.836 0.687
FRM 25% 0.742 0.632 0.747 0.597
FRM 50% 0.735 0.630 0.741 0.618
Bayesian Graphical VAR 0.724 0.740 0.771 0.641
Granger Causality 0.671 0.624 0.610 0.647
Principal Components 0.677 0.760 0.712 0.777
Total Connectedness 0.630 0.557 0.855 0.498

rolling the window by one day at a time. On each rebalancing
day, we use the data of the previous 120 days to estimate the
weight w for the portfolio strategy, and use this information
to calculate the weighted return on the day after rebalanc-
ing. The out-of-sample cumulative wealth (W ) is calculated as
below:

Wt+1 = Wt + RPortfolio
t

= Wt + ŵ�
t Xt+1 (38)

Here, RPortfolio
t represents the portfolio’s daily return on day t,

while Xt+1 is the vector of coins’ returns on day t + 1, Xt+1 =
(r1t+1, r2t+1, . . . , rNt+1)

�. The initial value of W is set to $1.
The variable wt denotes the vector of weights of the coins,
representing the solution of equation (37) based on the sample
from day t − 119 to day t.

We then employ equations (33) to (35) to assess and com-
pare the out-of-sample predictive capabilities of FRM and
other risk measures for the volatility of the portfolio con-
structed using the MV rule. The results are presented in
table 7, where FRM with τ = 5% demonstrates the highest
prediction power.

To further assess whether the FRM indicator enhances port-
folio performance, we also employ FRM to construct two
Tail Event Comovement (TEC) portfolios (Ren et al. 2022).
The concept of a TEC portfolio is to minimize tail risk co-
movement or joint tail events for a specified level of returns.
Considering λj as an indicator of tail risk for crypto j, the
natural approach is to minimize the value across all cryp-
tocurrencies. Consequently, a Linear Tail Event Comovement
(LTEC) portfolio method can be developed:

min
w∈Rp

λ�w

s.t. x�w ≥ μ

w�1N = 1

(39)

where λ = (λ1, λ2, . . . , λN )� denotes joint tail events.
The second TEC approach is to construct Quadratic Tail

Event Co-movement (QTEC) portfolios,

min
w∈Rp

γ w��λw + (1 − γ )λ�w

s.t. x�w ≥ μ

w�1N = 1

(40)
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Figure 3. Cumulative wealth of MV, QTEC and LTEC (FRM with τ = 0.05 and γ = 0.8).

Table 8. Portfolio performance based on mean-variance (MV) rule, TEC and QTEC.

Methodology Cumulative Return Annualized Daily Return Annualized Volatility of Return Annualized Sharpe Ratio

QTEC 1.825 0.203 0.355 0.572
MV 1.262 0.074 10.711 0.007
LTEC 1.492 0.131 0.295 0.444

Note: Annualized Daily Return is calculated as Cumulative Return
1

3.25 − 1Annualized Volatility of Return is calculated as
√

252 ×
Standard Deviation of Daily ReturnAnnualized Sharpe Ratio is calculated as Annualized Daily Return

Annualized Volatility of Return .

with �λ the covariance matrix of λ; γ denotes the scale
parameter between 0 and 1. If γ = 0, the QTEC portfolio
turns to LTEC portfolio.

The portfolio wealth based on MV, LTEC, and QTEC are
shown in figure 3. To compare their distinctions, we report
the accumulated return, average daily return, volatility of
daily return, and Sharpe ratio in table 8. Our findings indi-
cate that both the QTEC and LTEC portfolio approaches
exhibit higher returns and Sharpe ratios, accompanied by
lower volatility compared to MV methodologies. This pro-
vides evidence that the inclusion of FRM enhances portfolio
construction.

5. Risk contagion in tail-event network

For each trading day, the quantile LASSO regression coef-
ficients from equation (1) can be arranged into an N × N
adjacency matrix A = {βi,j}, where βi,i = 0 and N represent
the number of cryptocurrencies. Based on graph theory, the
adjacency matrix representation allows us to detect the TE
risk interaction between the selected cryptocurrencies. The

adjacency matrix can be denoted as:

A =

⎛⎜⎜⎜⎝
0 β1,2 · · · β1,N

β2,1 0 · · · β2,N
...

...
. . .

...
βN ,1 βN ,2 · · · 0

⎞⎟⎟⎟⎠ (41)

Consider a network G = {N , ω}, constituted by a set of links
ω that connecting pairs of nodes and a set of nodes n =
1, 2, . . . , n. If there is a connection between two nodes i and j,
we denote it as (i, j) ∈ ω.

Figure 4 displays graph representation on 4 July, 2021 for
15 coins. The lines that are highlighted are the incoming and
outgoing links for Bitcoin, and the node size is proportional
to λj,t.

To further explore the tail-event contagion between differ-
ent coins, we calculate different centrality indexes to quantify
the average importance of nodes within a network or graph.

Eigenvector centrality
According to the definition of Bonacich (1987), eigenvec-

tor centrality measures the importance of a node in a network

https://github.com/QuantLet/FRM_Quantlet_Crypto
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Figure 4. Network representation of FRM@Crypto for 4 July 2021.

based on its connections to other important nodes in the net-
work. In other words, a node is considered important if it is
connected to other nodes that are also important.

We could express the adjacency matrix (A) as:

A ∗ v = δv (42)

where δ is the largest eigenvalue and v denotes the eigenvector
which corresponds to the centrality scores of the nodes in the
network. On each trading day, the eigenvector centrality score
of node i (vi) and the eigenvector centrality index EG Index
for the crypto market are computed as follows:

vi = δ−1
∑
j 
=i

βijvj, EG Index = 1

N

N∑
i=1

vi (43)

In equation (43), centrality score of a node i is proportional to
the sum of the centrality scores of its neighbors, weighted by
the strength of the connections between them. A large value of
vi means that the node i is highly central, implying that node
i is linked either to several other nodes or is linked to a few
highly central nodes.

Closeness centrality
Closeness is a measure of centrality that was originally pro-

posed by Freeman (1978). It focuses on the distance between

one node and all other nodes in the network, and can be inter-
preted as the time it takes for information to spread from one
node to another. Specifically, the closeness of a given node
i and the market’s closeness centrality index (CC Index) on
each trading day are defined as follows:

CCi =
N∑

i=1

1

d(i,j)
, CC Index = 1

N

N∑
i=1

CCi (44)

where d(i,j) measure the distance between a node i and another
node j in the network (Ben Amor et al. 2022).

We conducted a comparison between FRM @Crypto and
the two centrality indices, namely closeness index and eigen-
vector centrality (Billio et al. 2012). Figure 5(a,b) depicts
the time series trend of these indices, and table 9 presents
the correlation between FRM @Crypto and the centrality
indices. As the number of non-zero βij in the adjacency
matrix (see equation (41)) decreases, the TE risk spillover
channels are concentrated within a minimal number of cryp-
tocurrencies, and the links between these coins also reduce
drastically. In this situation, we observe a decline in the close-
ness index, but an increase in FRM @Crypto, indicating a
serious market risk. However, eigenvector centrality showed
a positive relationship with FRM @Crypto. This is because
eigenvector centrality measures the importance of a node in

https://github.com/QuantLet/FRM_Quantlet_Crypto
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Figure 5. 5% FRM @Crypto and centrality index (a) closeness centrality (b) eigenvector centrality.

Table 9. Pearson test results of FRM @Crypto and centrality
indexes.

FRM
Closeness
centrality

Eigenvector
centrality

FRM − 0.602∗∗∗ 0.156∗∗∗
Closeness centrality − 0.602∗∗∗ − 0.310∗∗∗
Eigenvector centrality 0.156∗∗∗ − 0.310∗∗∗

Note: ∗∗∗, ∗∗, ∗ denote significance at 1%, 5%, 10% level.

a network by assigning relative scores based on how con-
nected they are to the central node in the TE risk contagion
network. When the systemic TE risks concentrate in a few
coins, the influential impacts of these core coin also increase
significantly, which could trigger the rise of the average
eigenvector centrality. We also compare FRM’s relationship
with other centrality index in Appendix A.3, FRM @Crypto
still maintains a significant association with these centrality
indexes.

6. Conclusions

This paper extends the existing literature on FRM by provid-
ing a deeper economic interpretation of the FRM risk index.
In the theoretical section, we first analyze the FRM index as
a Lagrangian multiplier, representing a ‘shadow price’ that
reflects the marginal gain (in terms of fit) achieved by relaxing
the constraint on model parameters. Furthermore, we show
that the penalized term in Quantile LASSO is directly linked
to the difference between estimated mean returns derived
from in-sample and pseudo-out-of-sample cross-validation
methods. We use this to establish that FRM has a positive
correlation with the volatility of asset return, as well as with
the discrepancy between the in-sample estimations and the
true (but unobservable) volatilities of the pricing kernel and
maximal Sharpe ratios.

In the empirical section, this study explores the interdepen-
dencies among tail events (TE) within cryptocurrency markets
while introducing an innovative market risk measure using the

https://github.com/QuantLet/FRM_Quantlet_Crypto
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FRM framework. Confirming the characteristics of FRM out-
lined in the theoretical section, we find a strong correlation
between FRM @Crypto and CRIX volatility. Additionally, we
assess the predictive ability of FRM @Crypto for future mar-
ket volatility and compare its efficacy against other commonly
used risk measures. Our findings indicate that FRM @Crypto
demonstrates superior predictive performance compared to
other risk measures over short-term horizons. The empiri-
cal findings demonstrating FRM @Crypto’s ability to explain
Sharpe ratio volatility further reinforce the empirical support
for the theoretical properties of FRM that we have derived. In
addition, we integrate FRM in a Markowitz-type framework
to construct tail event comovement portfolios, and show that
this new portfolio attains significant improvements in Sharpe
ratio as well as return. Furthermore, by examining the tail-
event network created from the coefficients of the Quantile
LASSO, we discover varying correlations between FRM and
different centrality indices. Our findings strongly support the
notion that FRM @Crypto carries valuable forward-looking
information about risk in crypto markets.
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Appendices

Appendix 1. Additional mathematical proofs

A.1. Quantile regression as weighted linear regression

In this section we show that quantile regression is a special case
of weighted least squares (WLS), which is an extension of OLS
regression for the class of linear predictors. Thus, results for WLS
regression will apply to quantile regression too. The WLS optimiza-
tion problem for the sample size n with true parameter β0 is as
follows:

β̂n = arg min
β

∑
i

wi(yi − x�
i β)2 =

(∑
i

wixix
�
i

)−1 ∑
i

wixiyi

=
∑

i

w̃iyi =
∑

i

w̃ix
�
i β0 +

∑
i

w̃iεi = β0 +
∑

i

w̃iεi (A1)

Here, w̃i = (
∑

i wixix�
i )−1 ∑

i wixi so that
∑

i w̃ix�
i = (

∑
i wixix�

i )−1∑
i wixix�

i = In, where In is an identity matrix conformable to β0.
Now, pre-multiply each side of equation (A1) by x� to obtain the
sample WLS conditional mean

x�β̂n = x�β0 + x�∑
i

w̃iεi (A2)

Next, note that, according to the Bahadur expansion for sample con-
ditional quantiles, see Bahadur (1966), the following representation
holds

Q̂τ ,n(x) = Qτ (x) + τ − FY | X , n{Qτ (x) | x}
fY | X {Qτ (x) | x} + OP(Rn) (A3)

Here, Qτ (x) = x�βτ is the theoretical conditional quantile, Rn =
n−3/4(log n)3/2 and the density fY |X is assumed to be twice differ-
entiable. Expressing the above in terms of the empirical conditional

cumulative distribution function , equation (A3) becomes

Q̂τ ,n(x) = Qτ (x) + n−1
∑

i

τ − 1{xi=x}1{yi≤Qτ (xi)}
fY | X {qτ (x) | x} + OP(Rn)

(A4)
Now, compare the expression for the sample WLS conditional
mean in equation (A2) with the sample conditional quantile in

equation (A4). This comparison clarifies that we can obtain asymp-
totic equivalence of the conditional quantile estimator with the
WLS estimator, or the equivalence between Q̂τ ,n(x) = x�β̂τ ,n in
equation (A4) and x�β̂n in equation (A2), by choosing the WLS
weights wi such that, ∀x,

x�
(∑

i

w̃i(wi)εi

)
=
∑

i

τ − 1{xi=x}1{yi≤qτ (xi)}
nfY | X {qτ (x) | x}

That is, the conditional quantile regression is a special case of
infeasible WLS for the above choice of WLS weights. Comparing
equations (2) with (A1), we see that the unfeasible weights must be

wi = ρ(yi − x�
i β0)

(yi − x�
i β0)2

(A5)

With this WLS view of quantile regression, Proposition 3.1 can be
extended from the OLS optimization objective to the case of quantile
loss, with the same �1 constraint.

A.2. Mathematical explanation of EP[rt+1,k]

EP[rt+1,k] can be written as:

EP[rj,t+1]
def= EP

[
EP[rj,t+1 |Ft]

]
= EP

[
EP[rj,t+1 | EP

Ft
[r−j,t+1],Ft]

]
(A6)

where EP
Ft

[r−j,t+1] denotes the conditional expectation for the
(excess) return on all other assets except the k-th one.

If the data generating process of rj,t+1 is strongly stationary, such
that EP

Ft
[rj,t+1] as constant for all t, or at least if the variation of

EP
Ft

[rj,t+1] is limited enough that we can treat it as constant for all t
within the estimation window of FRM (the 62-day rolling estimation
window in our case), then equation (A6) can be written as:

EP
[
EP[rj,t+1 | EP

Ft
[r−j,t+1],Ft]

]
= EP[rj,t+1 | r−j,t+1,Ft] (A7)

Based on equations (A6) and (A7), we then get:

EP[rj,t+1] = EP[rj,t+1|r−j,t+1,Ft] (A8)

The right-hand side of equation (A8) can be modeled as a risk-
consistent estimate of the FRM regression outlined in equation (1).
This estimate can be obtained using a LASSO estimation, with the
parameters determined through the cross-validation methodology (as
depicted in equation (5)). We denote such estimate as En

CV[rj,t+1].

A.3. FRM and the spread between in- and out-of-sample
predictability

For linear LASSO under the penalized regression formulation, the
solution β̂(λj) to the Lagrangian dual function g(λj) for a fixed λj
satisfies the equation (Mihoci et al. 2020):

λj = ε̂�Ajβ̂j(λj)

‖ β̂j(λj) ‖1
= ε̂�r̂j(λj)

‖ β̂j(λj) ‖1
∝ Ê

P
(ε̂) (A9)

Here, ε ∈ R and ε̂ = (ε̂1, . . . , ε̂T )� are theoretical (population) and
sample errors for the linear regression model, hence for the regres-
sion without penalization. Only if λj = 0, β̂j(λj) is the OLS estimate

of βj and the sample mean of residuals to zero (Ê
P
(ε̂) = 0). Thus,

λj reflects the difference between estimates of the mean return based
on (in-sample) OLS and estimates based on pseudo-out-of-sample
cross-validation (GACV).

https://doi.org/10.1515/9781400881970-018
https://github.com/QuantLet/FRM_Quantlet_Crypto
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Appendix 2. Alternative risk predictors

In this sector, we describe the four popular indicators/risk predictors
with which we compare FRM.

(1) The Bayesian graphical VAR index is calculated based
on the coefficient matrix of Bayesian graphical VAR (Ahelegbey
et al. 2016). The index definition is as follows:

D =
N∑

i=1

N∑
j=1

1(βi,j)/N2

1(βi,j) =
{

1 if βi,j 
= 0
0 if βi,j = 0

where D is the Bayesian graphical VAR index on a trading day; N
represents the total number of cryptocurrencies; j and i represent the
specific cryptocurrency; βj,i is the structural coefficient.

(2) The Granger causality index (GC) is estimated using a VAR
(vector autoregression) model, where the time series data for each
node is used to estimate the causal relationships between the nodes.
The resulting Granger causality index matrix provides a quantitative
measure of the strength of the causal relationships between nodes in
the network. Following Billio et al. (2012), this index is defined as:

GC = 1

N(N − 1)

N∑
i=1

N∑
j 
=i

(j → i)

(j → i) =
{

1 if j Granger causes i
0 Otherwise

(3) The principal components index is the first principal component
of the variance-covariance matrix of the cryptocurrencies’ returns,
and we construct this indicator based on Billio et al. (2012). The
period when few principal components explain a larger percentage
of total variation are associated with an increased interconnectedness
between cryptocurrencies.

(4) The total connectedness index (TCI) measures the total con-
nectedness or spillover effects among all markets in the system based
on the forecast error variance decomposition (FEVD) matrices.
Following Diebold and Yilmaz (2012), we construct it as follows:

TCI(H) = 1

H

H∑
h=1

p∑
i=1

|FEVDi(h)| (A10)

FEVDi(h) = σ 2
i (h)

σ 2(h)
× 100 (A11)

σ 2
i (h) = VAR(ei,t+h | yt) (A12)

where FEVDi(h) is the forecast error variance decomposition matrix
for cryptocurrency i at horizon h; σ 2

i (h) is the variance of the fore-
cast errors of cryptocurrency i’s stock return at horizon h = 200, and
σ 2(h) is the total variance of the forecast errors of all assets at hori-
zon h; ei,t+h is the forecast error of cryptocurrency i’s stock return at
horizon h and yt is the vector of all cryptocurrencies’ returns up to
time t, which are estimated based on a VAR model.

Appendix 3. Alternative centrality indexes

To deepen the investigation into the robust relationship between
FRM and centrality indexes, we compute three additional central-
ity indexes as suggested by Klein et al. (2018) and Ahelegbey
et al. (2021) – Extreme Downside Correlation (EDC), Extreme
Downside Hedge (EDH), and BEKK-GARCH – with the aim of
exploring their correlation with FRM.
(1) EDC centrality index
EDC is a correlation-based method that assesses the marginal asso-
ciation between a pair of continuous variables, emphasizing the tail
of their joint return distributions.

Let ri represent the returns of coin i at time t, and let μi denote
the historical mean of coin i. The EDC quantifies the tail correlation
between coins i and j as follows:

EDCτ ,ij =
∑T

t=1[(rit − μi)τ (rjt − μj)τ ]∑T
t=1[(rit − μi)2

τ ]0.5[(rjt − μj)2
τ ]0.5

(A13)

where

(rit − μi)τ =
{

rit − μi if rit < rτ i = F−1
ri

(τ )

0 Otherwise

where rτ i is the left-side τ -quantile of the standardized distribution
on the coin’s return ri, and Fri(τ ) = Pr(ri ≤ τ) is the cumulative
distribution function (cdf) of ri.

The EDC centrality index is defined as:

EDCi =
N∑

j=1,j 
=i

1

EDCτ ,ij
, EDC Index = 1

N

N∑
i=1

EDCi (A14)

(2) EDH centrality index
EDH reflects the sensitivity of coin-i’s return with respect to

conditional value at risk CV aR of coin j:

rit = αi +
N∑

j=1,j 
=i

βi | j�CVaRjt + εit (A15)

where �CVaRjt = CVaRjt − CVaRjt−1.
The EDH centrality index is defined as:

EDHi =
N∑

j=1,j 
=i

1

βi | j
, EDH Index = 1

N

N∑
i=1

EDHi (A16)

(3) BEKK-GARCH centrality index
The BEKK-GARCH model was initially developed by Engle and

Kroner (1995). Let Rt be a N-dimemsional vector of coin return at
time t, denoted as:

Rt = μt + εt (A17)

where μt is a N-dimensional conditional mean structure. For the
N-dimensional vector εt, we assume εt |Ft−1 ∼ N(0, Ht). εt can be
expressed as:

εt = H
1
2

t ξt (A18)

where Ht denotes the (N × N) – sized conditional variance matrix
and ξt refers to a N-dimensional vector of standard normally dis-
tributed and i.i.d. random variables with zero mean and E(ξt, xi�t )
= It.

Ht = C�C + A�εt−1ε
�
t−1A + G�Ht−1G (A19)

where A, G, C are N × N parameter matrices and C is lower
triangular. We use the information of G to construct centrality index.

Table A1. Robust test of correlation of FRM @Crypto and
other centrality indices.

EDC
centralility

EDH
centrality

BEKK-GARCH
centrality

FRM 0.303∗∗∗ 0.314∗∗∗ − 0.124∗∗∗

Note: ∗∗∗, ∗∗, ∗ denote significance at 1%, 5%, 10% level.
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Figure A1. Dynamic out-of-sample R2 of risk measures (The calculation process of out-of-sample R2 is described in Section 4.3. FRM
with τ = 5%, FRM with τ = 25%, FRM with τ = 50%, Bayesian Graphical VAR, Principal Components, Granger Causality, Total

Connectedness).

Table A2. Mean value of risk measures’ out-of-sample R2 with 110 days forecasting horizon.

FRM with
τ = 5%

FRM with
τ = 25%

FRM with
τ = 50%

Bayesian
Graphical VAR

Principal
Components

Granger
Causality

Total
Connectedness

Mean Value 0.674 0.630 0.629 0.666 0.576 0.664 0.646

The BEKK-GARCH centrality index is defined as:

BEKK − GARCH Indicatori =
N∑

j=1,j 
=i

1

Gi,j
,

BEKK − GARCH Index = 1

N

N∑
i=1

Gi

(A20)

The Pearson corelation between FRM and the above three centrality
index is shown in table A1. Our findings reveal a positive associa-
tion between FRM and extreme downside centrality (EDC and EDH
index), while displaying a negative correlation with the variance cor-
relation among the coins. This outcome aligns with the characteristic
of FRM, which focuses on capturing tail risk rather than correlation.

Appendix 4. Robust analysis for FRM’s prediction
power

A.4. Sensitivity to the selection of prediction horizon

The reason that we choose 10 days, 5 weeks, and 5 months as the lag
parameter in the main part is to signify short-term, medium-term, and
long-term horizons, respectively. In order to mitigate potential bias
arising from parameter selection, we extend the horizon to encom-
pass a continuous daily interval ranging from 5 day to 5 months (110
days). The out-of-sample R2 at each prediction horizon of the risk
measures is plotted in figure A1.

The findings indicate that FRM with τ = 5% outperforms other
indicators when the prediction horizon is within 32 days. Despite a

decrease in the prediction ability of FRM with τ = 5% as the hori-
zon period increases, its mean value still surpasses that of other risk
measures (see table A2).

A.5. FRM’s prediction ability test based on non-linear
model

To investigate whether FRM demonstrates superior predictive power
for future market volatility in comparison to other risk measures,
we utilize eXtreme Gradient Boosting (XGBoost), which is a robust
and widely adopted machine learning algorithm within the ensem-
ble learning methods.The XGBoost algorithm is a scalable boosting
algorithm proposed by Chen and Guestrin (2016). It is an improved
version of the gradient boosting decision tree, using boosting to itera-
tively learn multiple decision trees. To distinguish the contribution of
different risk measures in a non-linear model (XGBoost), we further
calculate their Shapley value (Lundberg and Lee 2017) for model
explanation.

In XGBoost model, We use FRM with τ = 5%, τ = 25%, τ =
50%, Bayesian Graphical VAR index, the Principal Components
index, the Degree of Granger Causality index, and the Total Connect-
edness index as the input of the algorithm to predict market volatilty.
The algorithm is trained in a 62-day rolling window:

yMarket
t = XGBoost(x1t, x2t, . . . , xkt) + εt (A21)

where yMarket
t represents the market volatility on day t, x1t, x2t, . . . , xkt

are the features that are used in predicting the market volatility. In
our case, we use the risk measures. The XGBoost(.) is the XGBoost
algorithm determined within a rolling window using historical data
from the past 62 days. The prediction error εt is measured by the
difference between the real value and the predicted value.

In addition to out-of-sample R2 that we use in our main result,
we utilize mean absolute error (MAE) and root mean square error

https://github.com/QuantLet/FRM_Quantlet_Crypto
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Figure A2. Shapley value of risk measures in explaining market volatility based on XGBoost methodology.

Table A3. Out-of-Sample predictive ability of risk
measures for future market volatility based on

XGBoost methodology.

Roos
XGBoost MAEXGBoost RMSEXGBoost

0.929 0.002 0.004

(RMSE) to assess prediction accuracy. Table A3 demonstrates an
out-of-sample R2 of 0.929, accompanied by a MAE of 0.002 and
an RMSE of 0.004. These results support the algorithm’s robust
predictive capabilities for market volatility.

The Shapley values were derived based on coalitional game the-
ory (Shapley 1953) to explain machine learning model output by
calculating the contribution of each feature to the model prediction
results. The R package that we used in calculating Shapley value is

called SHAP developed by Liu and Just (2020).

ŷMarket
t = ŷbase + f (x1t) + f (x2t) + · · · + f (xkt),

SHAPk =
∑T

t=1 f (xkt)

T

where ŷMarket
t is the predicted value of market volatility; xkt repre-

sents the feature k on day t (t ∈ [1, T]). f (xkt) is the Shapley value
of xkt, which reflects the contribution of xkt on the prediction. If
f (xkt) > 0, it indicates that this feature has a positive effect on the
prediction results. Otherwise, the prediction results play a reverse
role. We then calculate the mean value of the Shapley value in the
whole time span as the kth risk measure’s Shapley value.

Figure A2 reflects that the contribution of the FRM with τ =
5%(Shapley value: 0.00512) is more prominent than other risk mea-
sure in predicting future market volatility. FRM with τ = 25% ranks
the second. This result supports that FRM with smaller τ have better
prediction power in market risk.

https://github.com/QuantLet/FRM_Quantlet_Crypto
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