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Localization of Bott-Chern classes and

Hermitian residues

Mauŕıcio Corrêa Jr∗and Tatsuo Suwa†

Abstract : We develop a theory of Čech-Bott-Chern cohomology and in this context
we naturally come up with the relative Bott-Chern cohomology. In fact Bott-Chern
cohomology has two relatives and they all arise from a single complex. Thus we study
these three cohomologies in a unified way and obtain a long exact sequence involving the
three. We then study the localization problem of characteristic classes in the relative Bott-
Chern cohomology. For this we define the cup product and integration in our framework
and we discuss local and global duality morphisms. After reviewing some materials on
connections, we give a vanishing theorem relevant to our localization. With these, we
prove a residue theorem for vector bundles admitting a Hermitian connection compatible
with an action of the non-singular part of a singular distribution. As a typical case, we
discuss the action of a distribution on the normal bundle of an invariant submanifold (the
so-called Camacho-Sad action) and give a specific example.

Mathematics Subject Classification (2010) : Primary 32A27, 32C35, 32S65, 53C56; Sec-
ondary 14C30, 53B35, 53C05, 57R20.

Keywords : Relative Bott-Chern cohomology, local duality morphism, metric connection,
Bott type vanishing theorem, localization and Hermitian residue, singular holomorphic
distribution.

1 Introduction

Čech-de Rham cohomology, particularly the relative version, together with its integration
theory has been extensively used in the localization problem of characteristic classes. It
started with the residue problem of singular holomorphic foliations (cf. [17], [18], [21]) and
the theory was then transferred to the fixed point theory of discrete dynamics (cf. [1]).
The philosophy behind is rather simple. Namely, once we have some kind of vanishing
theorem on the non-singular part, certain characteristic classes are localized at the set of
singular points and the localization gives rise to residues and the residue theorem via the
Alexander duality. The relative easiness of computing the residues is another advantage
of this method. The idea and the techniques turned out to be effective in many other
problems, characteristic classes of singular varieties and localized intersection theory, to
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name a few (cf. [10], [22]). A similar theory is developed for the Dolbeault complex, the
relevant characteristic classes in this case being the Atiyah classes (cf. [2], [23], [24], [26]).

In this paper we study the localization problem in Bott-Chern cohomology. The coho-
mology, which was introduced in [8], refines both de Rham and Dolbeault cohomologies.
It is a powerful tool in the study of non-Kähler manifolds (cf. [3], [4] and references
therin) and is also related to arithmetic characteristic classes (cf. [11], [14]). We first
develop a theory of Čech-Bott-Chern cohomology and the relative Bott-Chern cohomol-
ogy naturally arises in this context. In fact Bott-Chern cohomology has some relatives,
i.e., Aeppli cohomology and one more, and they all come from a single complex (cf. (2.1)
below). This viewpoint allows us to deal with the three types of cohomologies in a unified
way and leads to a long exact sequence involving the three (Theorem 3.26). As to the
local and global dualities, we are mainly interested in the one between Bott-Chern and
Aeppli. For this the cup product is defined on the cochain level and the integration is
defined via Čech-de Rham cohomology.

In the de Rham case, the usual Chern-Weil theory of characteristic classes fits nicely
into the theory with some modifications and, in the Dolbeault case, a similar strategy
works by considering connections of type (1, 0). In the Bott-Chern case we impose one
more condition on the connections, i.e., we require the connections to be Hermitian. We
then define characteristic classes in the Čech-Bott-Chern cohomology using the Bott-
Chern form. The relevant vanishing theorem in our case is the one proved in [2] together
with the Hermitian condition (Corollary 6.4). With these at hand, we have a general
residue theorem for a holomorphic vector bundle admitting a Hermitian connection com-
patible with an action of the non-singular part of a singular distribution (Theorem 7.3).

Here is an outline of the paper. In Section 2, we recall the three types of cohomologies,
including Bott-Chern and Aeppli, by considering the complex (2.1). We then recall, in
Section 3, the theory of Čech cohomology of a complex of sheaves of differential forms and
we discuss its relative version. These are applied to the three cases and we have the relative
Bott-Chern, the relative Aeppli cohomologies and one more. As mentioned above, we give
a long exact sequence relating these three cohomologies (Theorem 3.26). We also dicuss
the relation with the Dolbeault case (Theorem 3.29). In order to state local and global
duality morphisms, we discuss, in Section 4, the cup product in this cohomology theory,
in particular the one between Bott-Chern and Aeppli. Then we discuss the integration
theory mainly on Aeppli cohomology. In Section 5, we define the characteristic classes
of a holomorphic vector bundle in Čech-Bott-Chern cohomology. The vanishing theorem
we need is given in Section 6 (Corollary 6.4). It arises from an action of a non-singular
distribution on a vector bundle and, as an example, we present the action on the normal
bundle of an invariant submanifold of a distribution, the so-called Camacho-Sad action.
In Section 7, we discuss localization theory of characteristic classes of vector bundles with
actions of singular distributions and the associated Hermitian residues (Theorem 7.3).
Finally we give an example in Section 8. It concerns with a Hopf surface with a fibration
of elliptic curves on the projective line. We show that the Bott-Chern class of the pull-back
of the hyperplane bundle is localized at one of the fibers.

Acknowledgment : The first named author is grateful to Hokkaido University for hospital-
ity. The both authors would like to thank the referees for precious comments, in particular
on Bott-Chern forms, which improved the presentation of the paper greatly.
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2 Bott-Chern cohomology and its companions

We list [3], [4] and [20] as references for this section.
Let M denote a complex manifold of dimension n. Also let Er and Ep,q denote the

sheaves of C∞ differential r-forms and (p, q)-forms on M . For a sheaf S and an open set
U in M , we denote by S(U) the set of sections on U .

We have the decomposition

Er =
⊕
p+q=r

Ep,q

and accordingly the exterior derivative d : Er → Er+1 has the decomposition d = ∂ + ∂̄ :

∂ : Ep,q −→ Ep+1,q, ∂̄ : Ep,q −→ Ep,q+1.

Recall that the r-th de Rham cohomology Hr
d(M) of M is the r-th cohomology of the

complex (E•(M), d) and the Dolbeault cohomology Hp,q

∂̄
(M) of type (p, q) of M is the

q-th cohomology of the complex (Ep,•(M), ∂̄).
We set

E (p,q)+1 = Ep+1,q ⊕ Ep,q+1

and consider the complex

· · · d−→ E (p−2,q−2)+1 ∂̄+∂−→ Ep−1,q−1 ∂̄∂−→ Ep,q d−→ E (p,q)+1 ∂̄+∂−→ Ep+1,q+1 ∂̄∂−→ · · · . (2.1)

Bott-Chern cohomology : The Bott-Chern cohomology Hp,q
BC(M) of type (p, q) of M

is the cohomology of the complex

Ep−1,q−1(M)
∂̄∂−→ Ep,q(M)

d−→ E (p,q)+1(M).

We have canonical morphisms

Hp,q
BC(M) −→ Hp,q

∂̄
(M),

⊕
p+q=r

Hp,q
BC(M) −→ Hr

d(M). (2.2)

If M is compact Kähler, for instance, the above morphisms are isomorphisms.

Aeppli cohomology : The Aeppli cohomology Hp,q
A (M) of type (p, q) of M is the coho-

mology of the complex

E (p−1,q−1)+1(M)
∂̄+∂−→ Ep,q(M)

∂̄∂−→ Ep+1,q+1(M).

In particular, Hn,n
A (M) = H2n

d (M). We have canonical morphisms

Hp,q

∂̄
(M) −→ Hp,q

A (M), Hr
d(M) −→

⊕
p+q=r

Hp,q
A (M). (2.3)

Note that the differential ∂ : Ep,q(M) → Ep+1,q(M) induces a morphism

∂ : Hp,q
A (M) −→ Hp+1,q

∂̄
(M). (2.4)
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The third cohomology : We have one more cohomology, i.e., the cohomology of the
complex

Ep,q(M)
d−→ E (p,q)+1(M)

∂̄+∂−→ Ep+1,q+1(M),

which will be denoted by H(p,q)+1(M).

3 Relative Bott-Chern cohomology

3.1 Relative cohomology of a complex of sheaves

A general theory of relative cohomology for complexes of sheaves is developed in [25].
Here we recall some of the relevant materials.

Suppose we have a complex (K•, dK) of sheaves of differential forms on M . In fact
what we have in mind here are the de Rham and Dolbeault complexes and the one as in
(2.1). We denote by Hr

dK
(M) the r-th cohomology of (K•(M), dK).

Čech cohomology of a complex : Let U = {U0, U1} be an open covering of M and
set U01 = U0 ∩ U1. We set

Kr(U) = Kr(U0)⊕Kr(U1)⊕Kr−1(U01).

Thus an element σ in Kr(U) is given by a triple σ = (σ0, σ1, σ01) with σi ∈ Kr(Ui), i = 0, 1,
and σ01 ∈ Kr−1(U01). We define the differential

DK = Dr
K : Kr(U) −→ Kr+1(U) by DKσ = (dKσ0, dKσ1, σ1 − σ0 − dKσ01).

Then we see that DK ◦DK = 0.

Definition 3.1 The r-th cohomology Hr
DK

(U) of K• on U is the r-th cohomology of the
complex (K•(U), DK) :

Hr
DK

(U) = KerDr
K/ ImDr−1

K .

If we set Zr
dK
(U) = KerDr

K and Br
dK
(U) = ImDr−1

K , by definition

Zr
dK
(U) = {σ | dKσ0 = dKσ1 = 0, σ1 − σ0 − dKσ01 = 0 },

Br
dK
(U) = {σ | ∃τ, σ0 = dKτ0, σ1 = dKτ1, σ01 = τ1 − τ0 − dKτ01 },

(3.2)

where σ = (σ0, σ1, σ01) ∈ Kr(U) and τ = (τ0, τ1, τ01) ∈ Kr−1(U). We may somewhat
simplify the expression of Br

dK
(U), i.e., if we set

B = {σ ∈ Kr(U) | ∃(τ0, τ1), σ0 = dKτ0, σ1 = dKτ1, σ01 = τ1 − τ0 },

where (τ0, τ1) ∈ Kr−1(U0)⊕Kr−1(U1), we have :

Lemma 3.3 Br
dK
(U) = B.
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Proof: Clearly we have B ⊂ Br
dK
(U). Suppose σ ∈ Br

dK
(U). Then σ0 = dKτ0, σ1 =

dKτ1, σ01 = τ1 − τ0 − dKτ01. Letting {ρ0, ρ1} be a partition of unity subordinate to U ,
we set

τ ′0 = τ0 + dK(ρ1τ01), τ ′1 = τ1 − dK(ρ0τ01).

Then σ0 = dKτ
′
0, σ1 = dKτ

′
1, σ01 = τ ′1 − τ ′0. 2

Theorem 3.4 The map Kr(M) −→ Kr(U) given by ω 7→ ω̃ = (ω, ω, 0) is compatible with
the differentials and induces an isomorphism

α : Hr
dK
(M)

∼−→ Hr
DK

(U).

Proof: The first part follows from the definitions so that α is well-defined. We show
that α is surjective and injective. To see the surjectivity, given σ = (σ0, σ1, σ01) ∈ Zr

dK
(U).

We take a partition of unity {ρ0, ρ1} subordinated to U and set

ω =

{
σ0 + dK(ρ1σ01) in U0,

σ1 − dK(ρ0σ01) in U1.

Then we see that it is a cocycle in Kr(M). We claim that ω̃ − σ = (ω − σ0, ω − σ1,−σ01)
is in Br

dK
(U). Indeed, setting τ0 = ρ1σ01, τ1 = −ρ0σ01, we see that

ω̃ − σ = DK(τ0, τ1, 0),

which shows that ω̃ − σ ∈ Br
dK
(U) and thus α is surjective.

To see the injectivity of α, given ω ∈ Kr(M) with dKω = 0 such that [ω̃] = 0, we claim
that there exist θ ∈ Kr−1(M) such that ω = dKθ. The condition [ω̃] = 0 means that there
exists (τ0, τ1, 0) such that (cf. Lemma 3.3)

(ω, ω, 0) = DK(τ0, τ1, 0) = (dKτ0, dKτ1, τ1 − τ0).

Thus θ = τ0 = τ1 is a global form with ω = dKθ. 2

Remark 3.5 The cohomology Hr
DK

(U) as defined above is the hypercohomology of the
complex K• on U . It can be defined for an arbitrary covering of M and Theorem 3.4 may
be proved in the general case, for instance by a spectral sequence argument (cf. [15], [21],
[23],[25]).

Relative cohomology of a complex : Let S be a closed set in M . Setting U0 = M∖S
and U1 a neighborhood of S, we consider the covering U = {U0, U1} of M . We set

Kr(U , U0) = {σ ∈ Kr(U) | σ0 = 0 } = Kr(U1)⊕Kr−1(U01).

Thus an element σ in Kr(U , U0) is given by a pair σ = (σ1, σ01) with σ1 ∈ Kr(U1)
and σ01 ∈ Kr−1(U01). Clearly (K•(U , U0), DK) is a subcomplex of (K•(U), DK) with
DK : Kr(U , U0) → Kr+1(U , U0) given by DKσ = (dKσ1, σ1 − dKσ01). Sometimes (σ1, σ01)
is denoted by (0, σ1, σ01) to remember that it is an element in Kr(U).
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Definition 3.6 The r-th relative cohomology Hr
DK

(U , U0) of K is the r-th cohomology
of the complex (K•(U , U0), DK).

Note that, in the relative case, we may not simplify the expression of the coboundaries
as in Lemma 3.3.

From the exact sequence of complexes

0 −→ K•(U , U0) −→ K•(U) −→ K•(U0) −→ 0,

we have :

Theorem 3.7 There is an exact sequence

· · · −→ Hr−1
dK

(U0)
δ∗−→ Hr

DK
(U , U0)

j∗−→ Hr
DK

(U) i∗−→ Hr
dK
(U0) −→ · · · ,

where δ∗[θ] = [(0,−θ)], j∗[(σ1, σ01)] = [(0, σ1, σ01)] and i∗[(σ0, σ1, σ01)] = [σ0].

By Theorem 3.4 and the five lemma we have :

Corollary 3.8 The cohomology Hr
DK

(U , U0) is determined uniquely up to canonical iso-
morphisms, independently of the choice of U1.

In view of the above, we may denote Hr
DK

(U , U0) by Hr
dK
(M,M∖S). Then we have :

Corollary 3.9 (Excision) For any open set U containing S, there is a canonical iso-
morphism

Hr
dK
(M,M∖S) ≃ Hr

dK
(U,U∖S).

Example 3.10 1. In the case K• = E• and dK = d, we write DK = D. The cohomologies
defined as above are the Čech-de Rham cohomology Hr

D(U) and the relative de Rham
cohomology Hr

D(U , U0) (cf. [9], [21]). Thus Hr
D(U) is the cohomology of the complex

(E•(U), D), where
Er(U) = Er(U0)⊕ Er(U1)⊕ Er−1(U01)

and D : Er(U) → Er+1(U) is given by D(ζ0, ζ1, ζ01) = (dζ0, dζ1, ζ1 − ζ0 − dζ01).
By Theorem 3.4, there is a canonical isomorphism

Hr
d(M) ≃ Hr

D(U). (3.11)

The relative de Rham cohomology Hr
D(U , U0) is the cohomology of the subcomplex

(E•(U , U0), D) of (E•(U), D), where

Er(U , U0) = Er(U1)⊕ Er−1(U01).

2. In the case K• = Ep,• and dK = ∂̄, we write DK = ϑ̄. The cohomologies as defined
above are the Čech-Dolbeault cohomology Hp,q

ϑ̄
(U) and the relative Dolbeault cohomology

Hp,q

ϑ̄
(U , U0) (cf. [23], where the operator ϑ̄ is denoted by D̄, and [26]). Thus Hp,q

ϑ̄
(U) is

the cohomology of the complex (Ep,•(U), ϑ̄), where

Ep,q(U) = Ep,q(U0)⊕ Ep,q(U1)⊕ Ep,q−1(U01)
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and ϑ̄ : Ep,q(U) → Ep,q+1(U) is given by ϑ̄(ζ0, ζ1, ζ01) = (∂̄ζ0, ∂̄ζ1, ζ1 − ζ0 − ∂̄ζ01).
By Theorem 3.4, there is a canonical isomorphism

Hp,q

∂̄
(M) ≃ Hp,q

ϑ̄
(U). (3.12)

The relative Dolbeault cohomology Hp,q
D (U , U0) is the cohomology of the subcomplex

(Ep,•(U , U0), ϑ̄) of (Ep,•(U), ϑ̄), where

Ep,q(U , U0) = Ep,q(U1)⊕ Ep,q−1(U01).

In the sequel we examine each cohomology arising from (2.1). For this we set

Ep,q
BC(U) = Ep,q(U0)⊕ Ep,q(U1)⊕ Ep−1,q−1(U01),

Ep,q
A (U) = Ep,q(U0)⊕ Ep,q(U1)⊕ E (p−1,q−1)+1(U01),

E (p,q)+1(U) = E (p,q)+1(U0)⊕ E (p,q)+1(U1)⊕ Ep,q(U01)

(3.13)

and
Ep,q
BC(U , U0) = Ep,q(U1)⊕ Ep−1,q−1(U01),

Ep,q
A (U , U0) = Ep,q(U1)⊕ E (p−1,q−1)+1(U01),

E (p,q)+1(U , U0) = E (p,q)+1(U1)⊕ Ep,q(U01).

(3.14)

3.2 Relative Bott-Chern cohomology

The relevant part of the complex is

E (p−2,q−2)+1 ∂̄+∂−→ Ep−1,q−1 ∂̄∂−→ Ep,q d−→ E (p,q)+1.

Čech-Bott-Chern cohomology : The group of Čech-Bott-Chern cochains of type (p, q)
is Ep,q

BC(U). Thus an element σ in Ep,q
BC(U) is given by a triple σ = (σ0, σ1, σ01). The groups

of cocycles and coboundaries are given by (cf. (3.2))

Zp,q
BC(U) = {σ | dσ0 = dσ1 = 0, σ1 − σ0 − ∂̄∂σ01 = 0 },

Bp,q
BC(U) = {σ | ∃τ, σ0 = ∂̄∂τ0, σ1 = ∂̄∂τ1, σ01 = τ1 − τ0 − ∂̄τ

(1)
01 − ∂τ

(2)
01 },

(3.15)

where σ ∈ Ep,q
BC(U) and τ = (τ0, τ1, τ

(1)
01 , τ

(2)
01 ) ∈ Ep−1,q−1

A (U).

Definition 3.16 The Čech-Bott-Chern cohomology of type (p, q) of U is defined by

Hp,q
BC(U) = Zp,q

BC(U)/B
p,q
BC(U).

By Theorem 3.4, the map Ep,q(M) → Ep,q
BC(U) given by ω 7→ (ω, ω, 0) induces an

isomorphism
Hp,q

BC(M)
∼−→ Hp,q

BC(U). (3.17)

The inverse assigns to the class of σ = (σ0, σ1, σ01) the class of the global form

ω = ρ0σ0 + ρ1σ1 + ∂ρ0 ∧ ∂̄σ01 − ∂̄ρ0 ∧ ∂σ01 − ∂̄∂ρ0 ∧ σ01,

where (ρ0, ρ1) is a partition of unity subordinate to U .
By Lemma 3.3, we may simplify the expression of the coboundary group, i.e., we may

drop τ
(1)
01 and τ

(2)
01 in (3.15).
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Relative Bott-Chern cohomology : The group of relative Bott-Chern cochains is
Ep,q
BC(U , U0). The relative cocycle and coboundary groups are given by

Zp,q
BC(U , U0) = {σ | dσ1 = 0, σ1 − ∂̄∂σ01 = 0 },

Bp,q
BC(U , U0) = {σ | ∃τ, σ1 = ∂̄∂τ1, σ01 = τ1 − ∂̄τ

(1)
01 − ∂τ

(2)
01 },

where σ ∈ Ep,q
BC(U , U0) and τ = (τ1, τ

(1)
01 , τ

(2)
01 ) ∈ Ep−1,q−1

A (U , U0).

Definition 3.18 The relative Bott-Chern cohomology is defined by

Hp,q
BC(U , U0) = Zp,q

BC(U , U0)/B
p,q
BC(U , U0).

3.3 Relative Aeppli cohomology

The relevant part of the complex is

Ep−1,q−1 d−→ E (p−1,q−1)+1 ∂̄+∂−→ Ep,q ∂̄∂−→ Ep+1,q+1.

Čech-Aeppli cohomology : Let U = {U0, U1} be an open covering of M as before.
The group of Čech-Aeppli cochains of type (p, q) is Ep,q

A (U). Thus an element ξ in Ep,q
A (U)

is given by a quadruple (ξ0, ξ1, ξ
(1)
01 , ξ

(2)
01 ). The cocycle and coboundary groups of type (p, q)

are given by

Zp,q
A (U) = { ξ | ∂̄∂ξ0 = ∂̄∂ξ1 = 0, ξ1 − ξ0 − ∂̄ξ

(1)
01 − ∂ξ

(2)
01 = 0 },

Bp,q
A (U) = { ξ | ∃η, ξi = ∂̄η

(1)
i + ∂η

(2)
i , ξ

(1)
01 = η

(1)
1 − η

(1)
0 − ∂η01, ξ

(2)
01 = η

(2)
1 − η

(2)
0 − ∂̄η01 },

(3.19)

where ξ ∈ Ep,q
A (U) and η = (η

(1)
0 , η

(2)
0 , η

(1)
1 , η

(2)
1 , η01) ∈ E (p−1,q−1)+1(U), i.e., η(1)i ∈ Ep,q−1(Ui),

η
(2)
i ∈ Ep−1,q(Ui), i = 0, 1, and η01 ∈ Ep−1,q−1(U01).

Definition 3.20 The Čech-Aeppli cohomology of type (p, q) of U is defined by

Hp,q
A (U) = Zp,q

A (U)/Bp,q
A (U).

By Theorem 3.4, the map Ep,q(M) → Ep,q
A (U) given by ω 7→ (ω, ω, 0, 0) induces an

isomorphism
Hp,q

A (M)
∼−→ Hp,q

A (U). (3.21)

The inverse is given by assigning to the class of σ the class of the global form

ω = ρ0ξ0 + ρ1ξ1 − ∂ρ0 ∧ ξ
(1)
01 − ∂̄ρ0 ∧ ξ

(2)
01 .

By Lemma 3.3, we may simplify the expression of the coboundary group, i.e., we may
set η01 = 0 in (3.19).

We may also relax the coboundary condition. Thus we set

B′ = { ξ | ξi = ∂̄η
(1)
i + ∂η

(2)
i , ξ

(k)
01 = η

(k)
1 − η

(k)
0 − ∂̄η

(k1)
01 − ∂η

(k2)
01 , i = 0, 1, k = 1, 2 },

where ξ ∈ Ep,q
A (U), η

(1)
i ∈ Ep,q−1(Ui), η

(2)
i ∈ Ep−1,q(Ui), i = 0, 1, η

(11)
01 ∈ Ep,q−2(U01),

η
(12)
01 = η

(21)
01 ∈ Ep−1,q−1(U01), η

(22)
01 ∈ Ep−2,q(U01).
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Lemma 3.22 We have Bp,q
A (U) = B′.

Proof: Clearly Bp,q
A (U) ⊂ B′. Take an element ξ ∈ B′. Denoting by {ρ0, ρ1} a

partition of unity subordinate to U we set

χ
(k)
0 = η

(k)
0 + ∂̄(ρ1η

(k1)
01 ) + ∂(ρ1η

(k2)
01 ), χ

(k)
1 = η

(k)
1 − ∂̄(ρ0η

(k1)
01 )− ∂(ρ0η

(k2)
01 ).

Then ξi = ∂̄χ
(1)
i + ∂χ

(2)
i , ξ

(k)
01 = χ

(k)
1 − χ

(k)
0 , i = 0, 1, k = 1, 2. 2

The following is proved by applying Lemma 3.3 for the Čech-de Rham coboundaries
or by applying Lemma 3.22 :

Proposition 3.23 The morphism En,n
A (U) → E2n(U) given by

(ξ0, ξ1, ξ
(1)
01 , ξ

(2)
01 ) 7→ (ξ0, ξ1, ξ

(1)
01 + ξ

(2)
01 )

induces an isomorphism
Hn,n

A (U) ∼−→ H2n
D (U).

The above isomorphism is compatible with the identity Hn,n
A (M) = H2n

d (M) via the
isomorphisms of Theorem 3.4 for the Aeppli and de Rham cases.

Relative Aeppli cohomology : Let S be a closed set in M . Setting U0 = M∖S and
U1 a neighborhood of S, we consider the covering U = {U0, U1} of M . The group of
relative Aeppli cochains is Ep,q

A (U , U0). The relative cocycle and coboundary groups are
given by

Zp,q
A (U , U0) = { ξ | ∂̄∂ξ1 = 0, ξ1 − ∂̄ξ

(1)
01 − ∂ξ

(2)
01 = 0 },

Bp,q
A (U , U0) = { ξ | ∃η, ξ1 = ∂̄η

(1)
1 + ∂η

(2)
1 , ξ

(1)
01 = η

(1)
1 − ∂η01, ξ

(2)
01 = η

(2)
1 − ∂̄η01 },

where ξ ∈ Ep,q
A (U , U0) and η = (η

(1)
1 , η

(2)
1 , η01) ∈ E (p−1,q−1)+1(U , U0).

Definition 3.24 The relative Aeppli cohomology is defined by

Hp,q
A (U , U0) = Zp,q

A (U , U0)/B
p,q
A (U , U0).

In the relative case, Lemma 3.3 or 3.22 does not apply and we do not have an isomor-
phism as in Proposition 3.23. However we have :

Proposition 3.25 The morphism En,n
A (U , U0) → E2n(U , U0) given by

(ξ1, ξ
(1)
01 , ξ

(2)
01 ) 7→ (ξ1, ξ

(1)
01 + ξ

(2)
01 )

induces an epimorphism
Hn,n

A (U , U0) −→ H2n
D (U , U0).
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3.4 An exact sequence

Considering

Ep−1,q−1 ∂̄∂−→ Ep,q d−→ E (p,q)+1 ∂̄+∂−→ Ep+1,q+1,

we may also define H(p,q)+1(U) and H(p,q)+1(U , U0) using the cochains E (p,q)+1(U) and
E (p,q)+1(U , U0) (cf. (3.13) and (3.14)).

By focusing on the Bott-Chern cohomology in Theorm 3.7, we have :

Theorem 3.26 There is an exact sequence

· · · −→Hp−1,q−1
A (U) −→ Hp−1,q−1

A (U0)
δ∗−→ Hp,q

BC(U , U0)
j∗−→ Hp,q

BC(U)
i∗−→ Hp,q

BC(U0)

−→ H(p,q)+1(U , U0) −→ H(p,q)+1(U) −→ H(p,q)+1(U0) −→ Hp+1,q+1
A (U , U0) −→ · · · .

Now we discuss the relation with the Dolbeault case (cf. Example 3.10. 2). The
following two propositions follow directly from the definition :

Proposition 3.27 1. The map Ep,q
BC(U) → Ep,q(U) given by (σ0, σ1, σ01) 7→ (σ0, σ1, ∂σ01)

induces a morphism
Hp,q

BC(U) −→ Hp,q

ϑ̄
(U),

which is compatible with the first morphism in (2.2) via the isomorphisms (3.17) and
(3.12).

2. The map Ep,q
BC(U , U0) → Ep,q(U , U0) given by (σ1, σ01) 7→ (σ1, ∂σ01) induces a morphism

Hp,q
BC(U , U0) −→ Hp,q

ϑ̄
(U , U0).

Proposition 3.28 1. The map Ep,q
A (U) → Ep+1,q(U) given by

(ξ0, ξ1, ξ
(1)
01 , ξ

(2)
01 ) 7→ (∂ξ0, ∂ξ1,−∂ξ

(1)
01 )

induces a morphism
∂ : Hp,q

A (U) −→ Hp+1,q

ϑ̄
(U),

which is compatible with the morphism (2.4) via the isomorphisms (3.21) and (3.12).

2. The map Ep,q
A (U , U0) → Ep+1,q(U , U0) given by

(ξ1, ξ
(1)
01 , ξ

(2)
01 ) 7→ (∂ξ1,−∂ξ

(1)
01 )

induces a morphism
∂ : Hp,q

A (U , U0) −→ Hp+1,q

ϑ̄
(U , U0).

Theorem 3.29 We have the following commutative diagram with exact rows :

Hp−1,q−1
A (U , U0) //

∂
��

Hp−1,q−1
A (U) //

∂
��

Hp−1,q−1
A (U0) //

∂
��

Hp,q
BC(U , U0)

��

// Hp,q
BC(U)

��

// Hp,q
BC(U0)

��

Hp,q−1

ϑ̄
(U , U0) // Hp,q−1

ϑ̄
(U) // Hp,q−1

∂̄
(U0) // Hp,q

ϑ̄
(U , U0) // Hp,q

ϑ̄
(U) // Hp,q

∂̄
(U0).

In the above, the first row is a part of the sequence in Theorem 3.26 and the second
row is the one in Theorem 3.7 for the Dolbeault complex (cf. Example 3.10. 2).
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4 Cup product, integration and duality

Let M be a complex manifold of dimension n.

4.1 Cup product

Recall that the exterior product induces a bilinear map (cf. [20])

Hp,q
BC(M)×Hr,s

A (M)
∧−→ Hp+r,q+s

A (M). (4.1)

Now we try to find a product in Čech-Bott-Chern and Čech-Aeppli cohomologies that
corresponds to the above. We define a cup product

Ep,q
BC(U)× Er,s

A (U) ⌣−→ Ep+r,q+s
A (U)

by assigning to (σ, ξ), σ = (σ0, σ1, σ01), ξ = (ξ0, ξ1, ξ
(1)
01 , ξ

(2)
01 ), the cochain σ ⌣ ξ given by

(σ ⌣ ξ)i = σi ∧ ξi, i = 0, 1,

(σ ⌣ ξ)
(1)
01 = (−1)p+qσ0 ∧ ξ

(1)
01 + ∂σ01 ∧ ξ1 −

1

2
∂(σ01 ∧ ξ1),

(σ ⌣ ξ)
(2)
01 = (−1)p+qσ0 ∧ ξ

(2)
01 − ∂̄σ01 ∧ ξ1 +

1

2
∂̄(σ01 ∧ ξ1).

(4.2)

Proposition 4.3 The above cup product induces a bilinear map

Hp,q
BC(U)×Hr,s

A (U) ⌣−→ Hp+r,q+s
A (U).

Proof: We need to show that

(1) If σ ∈ Zp,q
BC(U) and ξ ∈ Zr,s

A (U), then σ ⌣ ξ ∈ Zp+r,q+s
A (U).

(2) If σ ∈ Bp,q
BC(U) and ξ ∈ Zr,s

A (U), then σ ⌣ ξ ∈ Bp+r,q+s
A (U).

(3) If σ ∈ Zp,q
BC(U) and ξ ∈ Br,s

A (U), then σ ⌣ ξ ∈ Bp+r,q+s
A (U).

First, we note that, for a (p, q)-form ω and an (r, s)-form θ,

∂̄∂(ω ∧ θ) = ∂̄∂ω ∧ θ + (−1)p+q+1∂ω ∧ ∂̄θ + (−1)p+q∂̄ω ∧ ∂θ + ω ∧ ∂̄∂θ. (4.4)

The statement (1) follows from direct computations using (4.4).
To prove (2), take σ ∈ Bp,q

BC(U) and ξ ∈ Zr,s
A (U). Thus σi = ∂̄∂τi, i = 0, 1, and

σ01 = τ1 − τ0 (cf. Lemma 3.3). Also ∂̄∂ξi = 0, i = 0, 1, and ξ1 − ξ0 − ∂̄ξ
(1)
01 − ∂ξ

(2)
01 = 0.

Then we may write
(σ ⌣ ξ)i = ∂̄α

(1)
i + ∂α

(2)
i ,

where

α
(1)
i = −(−1)p+qτi ∧ ∂ξi +

1

2
∂(τi ∧ ξi), α

(2)
i = (−1)p+qτi ∧ ∂̄ξi −

1

2
∂̄(τi ∧ ξi).

11



We compute

(σ ⌣ ξ)
(1)
01 = α

(1)
1 − α

(1)
0 − ∂̄α

(11)
01 − ∂α

(12)
01 , (σ ⌣ ξ)

(2)
01 = α

(2)
1 − α

(2)
0 − ∂̄α

(21)
01 − ∂α

(22)
01 ,

where

α
(11)
01 = −(−1)p+q∂τ0 ∧ ξ

(1)
01 , α

(12)
01 = α

(21)
01 = −1

2
τ0 ∧ (∂̄ξ

(1)
01 − ∂ξ

(2)
01 ),

α
(22)
01 = (−1)p+q∂̄τ0 ∧ ξ

(2)
01 .

Thus σ ⌣ ξ ∈ Bp+r,q+s
A (U) (cf. Lemma 3.22).

To prove (3), take σ ∈ Zp,q
BC(U) and ξ ∈ Br,s

A (U). Thus dσi = 0, i = 0, 1, σ1 − σ0 −
∂̄∂σ01 = 0 and ξi = ∂̄η

(1)
i + ∂η

(2)
i , ξ

(k)
01 = η

(k)
1 − η

(k)
0 , i = 0, 1, k = 1, 2, (cf. Lemma 3.3).

Then we may write

(σ ⌣ ξ)i = ∂̄β
(1)
i + ∂β

(2)
i , β

(k)
i = (−1)p+qσi ∧ η

(k)
i .

We compute

(σ ⌣ ξ)
(1)
01 = β

(1)
1 − β

(1)
0 − ∂̄β

(11)
01 − ∂β

(12)
01 , (σ ⌣ ξ)

(2)
01 = β

(2)
1 − β

(2)
0 − ∂̄β

(21)
01 − ∂β

(22)
01 ,

where

β
(11)
01 = (−1)p+q∂σ01 ∧ η

(1)
1 , β

(12)
01 = β

(21)
01 =

1

2
σ01 ∧ (∂̄η

(1)
1 − ∂η

(2)
1 ),

β
(22)
01 = −(−1)p+q∂̄σ01 ∧ η

(2)
1 .

Thus σ ⌣ ξ ∈ Bp+r,q+s
A (U). 2

Note that the cup product in Proposition 4.3 is compatible with (4.1) via the isomor-
phisms (3.17) and (3.21).

Remark 4.5 If we do not use Lemma 3.3 and write σ01 = τ1 − τ0 − ∂̄τ
(1)
01 − ∂τ

(2)
01 in the

step (2) above, the terms (σ ⌣ ξ)i, i = 0, 1, remain the same and we have

(σ ⌣ ξ)
(1)
01 = α

(1)
1 − α

(1)
0 − ∂̄(α

(11)
01 + γ

(11)
01 )− ∂(α

(12)
01 + γ

(12)
01 ),

(σ ⌣ ξ)
(2)
01 = α

(2)
1 − α

(2)
0 − ∂̄(α

(21)
01 + γ

(21)
01 )− ∂(α

(22)
01 + γ

(22)
01 ),

(4.6)

where α
(kl)
01 , k, l = 1, 2, are as before and

γ
(11)
01 = −(−1)p+qτ

(1)
01 ∧ ∂ξ1, γ

(12)
01 = γ

(21)
01 =

1

2
(∂̄τ

(1)
01 − ∂τ

(2)
01 ) ∧ ξ1,

γ
(22)
01 = (−1)p+qτ

(2)
01 ∧ ∂̄ξ1.

Thus σ ⌣ ξ is still in Bp+r,q+s
A (U) (cf. Lemma 3.22). This is necessary when we consider

the relative case (cf. the proof of Proposition 4.9 below).
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Now we consider the relative case. Thus let S be a closed set in M . Let U0 = M∖S
and U1 a neighborhood of S and consider the covering U = {U0, U1} as before. By setting
σ0 = 0 in (4.2), we see that it induces a cup product

Ep,q
BC(U , U0)× Er,s(U1)

⌣−→ Ep+r,q+s
A (U , U0)

given by

(σ, ξ) 7→ (σ1 ∧ ξ1, ∂σ01 ∧ ξ1 −
1

2
∂(σ01 ∧ ξ1),−∂̄σ01 ∧ ξ1 +

1

2
∂̄(σ01 ∧ ξ1)). (4.7)

It does not induce the cup product on the corresponding cohomologies, since Lemma 3.22
does not apply in the relative case. However, for our purpose it suffices to consider
the case p + r = q + s = n and in this case, we can make the receiving cohomology
the relative de Rham cohomology (cf. Example 3.10. 1). Namely, if we consider the

composition of (4.7) and En,n
A (U , U0) → E2n(U , U0) given by (ξ1, ξ

(1)
01 , ξ

(2)
01 ) 7→ (ξ1, ξ

(1)
01 +ξ

(2)
01 )

(cf. Proposition 3.25), we have a bilinear map

Ep,q
BC(U , U0)× En−p,n−q(U1)

·−→ E2n(U , U0)

given by

(σ, ξ1) 7→ σ · ξ1 = (σ1 ∧ ξ1, ((∂ − ∂̄)σ01) ∧ ξ1 −
1

2
(∂ − ∂̄)(σ01 ∧ ξ1)). (4.8)

Proposition 4.9 The above bilinear map induces a bilinear map

Hp,q
BC(U , U0)×Hn−p,n−q

A (U1)
·−→ H2n

D (U , U0).

Proof: We need to show that

(1) If σ ∈ Zp,q
BC(U , U0) and ξ1 ∈ Zn−p,n−q

A (U1), then σ · ξ1 ∈ Z2n(U , U0).

(2) If σ ∈ Bp,q
BC(U , U0) and ξ1 ∈ Zn−p,n−q

A (U1), then σ · ξ1 ∈ B2n(U , U0).

(3) If σ ∈ Zp,q
BC(U , U0) and ξ1 ∈ Bn−p,n−q

A (U1), then σ · ξ1 ∈ B2n(U , U0).

In the above Zn−p,n−q
A (U1) and Bn−p,n−q

A (U1) denote the Aeppli cocycles and coboundaries
on U1 and Z2n(U , U0) and B2n(U , U0) the relative de Rham cocycles and coboundaries.

To prove (1), take σ ∈ Zp,q
BC(U , U0) and ξ1 ∈ Zn−p,n−q

A (U1). Thus dσ1 = 0, σ1− ∂̄∂σ01 =
0 and ∂̄∂ξ1 = 0. We have d(σ · ξ1)1 = d(σ1 ∧ ξ1) = 0 by the degree reason. By (4.4) and
the degree reason we compute (σ · ξ1)1 − d(σ · ξ1)01 = 0. Thus σ · ξ1 ∈ Z2n(U , U0).

To prove (2), take σ ∈ Bp,q
BC(U , U0) and ξ ∈ Zn−p,n−q

A (U1). Thus σ1 = ∂̄∂τ1 and

σ01 = τ1 − ∂̄τ
(1)
01 − ∂τ

(2)
01 (cf. Remark 4.5). Also ∂̄∂ξ1 = 0. Then we may write, again by

the degree reason,
(σ · ξ1)1 = d(α

(1)
1 + α

(2)
1 ),

where α
(k)
1 , k = 1, 2, are as in the proof of Proposition 4.3. In (4.6), we have α

(kl)
01 = 0

as τ0 = 0. Also ∂̄γ
(11)
01 = dγ

(11)
01 and ∂γ

(22)
01 = dγ

(22)
01 as γ

(11)
01 and γ

(22)
01 are (n, n − 2) and

(n− 2, n)-forms, respectively. Thus we have

(σ · ξ1)01 = α
(1)
1 + α

(2)
1 − d(γ

(11)
01 + γ01 + γ

(22)
01 ),
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where γ01 = γ
(12)
01 = γ

(21)
01 . This shows σ · ξ1 ∈ B2n(U , U0).

To prove (3), take σ ∈ Zp,q
BC(U , U0) and ξ1 ∈ Bn−p,n−q

A (U1). Thus dσ1 = 0, σ1 −
∂̄∂σ01 = 0 and ξ1 = ∂̄η

(1)
1 + ∂η

(2)
1 . Then we have, with β

(k)
1 and β

(kl)
01 as in the proof of

Proposition 4.3,

(σ · ξ1)1 = d(β
(1)
1 + β

(2)
1 ), (σ · ξ1)01 = β

(1)
1 + β

(2)
1 − d(β

(11)
01 + β01 + β

(22)
01 ),

where β01 = β
(12)
01 = β

(21)
01 , which shows σ · ξ1 ∈ B2n(U , U0). 2

4.2 Integration

We may define integration on Čech-Bott-Chern or Čech-Aeppli cohomology by making use
of the integration theory on Čech-de Rham cohomology. The Čech-de Rham cohomology
and its integration theory may be developed for an arbitrary covering of a C∞ manifold.
Here we briefly recall the theory in our situation and refer to [16] and [21] for the general
case and details.

Let M be a complex manifold of dimension n and U = {U0, U1} a covering of M as
before. The Čech-de Rham cohomology Hr

D(U) is defined as in Example 3.10. 1. Let
{R0, R1} be a “honeycomb system” adapted to U . In our case we may assume that each
Ri is a closed real 2n-dimensional manifold with C∞ boundary ∂Ri in Ui, i = 0, 1, such
that R0 ∪ R1 = M and IntR0 ∩ IntR1 = ∅, where “Int” means the interior. We set
R01 = R0 ∩ R1, which coincides with ∂R0 and is endowed with the orientation of ∂R0 so
that R01 = ∂R0 = −∂R1, as oriented manifolds.

Suppose M is compact. Then we may assume that R0 and R1 are compact and we
have the integration∫

M

: E2n(U) −→ C given by

∫
M

ζ =

∫
R0

ζ0 +

∫
R1

ζ1 +

∫
R01

ζ01,

which induces the integration on H2n
D (U). It is compatible with the integration on the

de Rham cohomology H2n
d (M) via the isomorphism (3.11).

In the relative case we proceed as follows. Thus let S be a closed set in M . Let
U0 = M ∖S and U1 a neighborhood of S and consider the covering U = {U0, U1} of M
as before. We have the relative de Rham cohomology Hr

D(U , U0) as in Example 3.10. 1.
Suppose S is compact (M may not be). Let R1 be a 2n-dimensional compact submanifold
of M with C∞ boundary containing S in its interior and set R01 = −∂R1. Then we have
the integration∫

M

: H2n
D (U , U0) −→ C induced by

∫
M

ζ =

∫
R1

ζ1 +

∫
R01

ζ01. (4.10)

Now we consider the Aeppli case. First supposeM is compact. Then the integration on
Hn,n

A (M) is defined using the identity Hn,n
A (M) = H2n

d (M). The integration on the Čech-
Aeppli cohomology is defined using Proposition 3.23. Namely, we have the integration∫

M

: Hn,n
A (U) −→ C induced by

∫
M

ξ =

∫
R0

ξ0 +

∫
R1

ξ1 +

∫
R01

(ξ
(1)
01 + ξ

(2)
01 ). (4.11)
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In the relative case we may use Proposition 3.25. Thus if S is compact, we have the
integration∫

M

: Hn,n
A (U , U0) −→ C induced by

∫
M

ξ =

∫
R1

ξ1 +

∫
R01

(ξ
(1)
01 + ξ

(2)
01 ).

Remark 4.12 Noting that there is a canonical morphism Hn,q

ϑ̄
(U) → Hn+q

D (U), we may
define the integration on Hn,n

BC (U) as the composition

Hn,n
BC (U) −→ Hn,n

ϑ̄
(U) −→ H2n

D (U)
∫
M−→ C.

4.3 Duality morphisms

If M is compact, we have a bilinear map

Hp,q
BC(M)×Hn−p,n−q

A (M)
∧−→ Hn,n

A (M)

∫
M−→ C, (4.13)

which is non-degenerate so that we have an isomorphism (cf. [20])

Φ : Hp,q
BC(M)

∼−→ Hn−p,n−q
A (M)∗. (4.14)

Now we consider the duality between Čech-Bott-Chern and Čech-Aeppli cohomologies.
If M is compact, we have a pairing (cf. Proposition 4.3 and (4.11)) :

Hp,q
BC(U)×Hn−p,n−q

A (U) ⌣−→ Hn,n
A (U)

∫
M−→ C,

which is compatible with (4.13). Thus we have an isomorphism

Φ : Hp,q
BC(U)

∼−→ Hn−p,n−q
A (U)∗ ≃ Hn−p,n−q

A (M)∗.

In the relative case, suppose S is compact. We then have a pairing (cf. Proposition 4.9
and (4.10)) :

Hp,q
BC(U , U0)×Hn−p,n−q

A (U1)
·−→ H2n

D (U , U0)

∫
M−→ C,

which induces a morphism Hp,q
BC(U , U0) → Hn−p,n−q

A (U1)
∗. If we set

Hn−p,n−q
A [S] = lim

−→
U1⊃S

Hn−p,n−q
A (U1),

the inductive limit over the open neighborhoods U1 of S, we have a morphism (cf. Corol-
lary 3.8)

Ψ : Hp,q
BC(U , U0) −→ Hn−p,n−q

A [S]∗. (4.15)

Proposition 4.16 If M is compact, we have the following commutative diagram :

Hp,q
BC(U , U0)

j∗
//

Ψ
��

Hp,q
BC(M)

Φ≀
��

Hn−p,n−q
A [S]∗

i∗ // Hn−p,n−q
A (M)∗.

15



5 Characteristic classes in Čech-Bott-Chern cohomol-

ogy

5.1 Chern forms

We start by briefly recalling the Chern-Weil theory of characteristic classes. For details
we refer to [5], [8], [19] and [21].

Let M be a C∞ manifold and E → M a C∞ complex vector bundle of rank l. For an
open set U in M , we denote by Er(U,E) the vector space of E-valued r-forms on U , i.e.,
C∞ sections of the bundle

∧r τ ∗ ⊗E on U , where τ = T c
RM denotes the complexification

of the real tangent bundle TRM of M .
A connection for E is a C-linear map

∇ : E0(M,E) −→ E1(M,E)

which is a derivation : ∇(fs) = df⊗s+f∇(s) for f ∈ E0(M), s ∈ E0(M,E). For a vector
field u, we denote ∇(s)(u) by ∇u(s), which is in E0(M,E). A connection ∇ induces a
derivation ∇ : E1(M,E) → E2(M,E) and the composition

K = ∇ ◦∇ : E0(M,E) −→ E2(M,E)

is the curvature of ∇. It is E0(M)-linear so that it can be thought of as a 2-form with
coefficients in Hom(E,E). Thus, for the p-th elementary invariant polynomial σp, p =
1, . . . , l, σp(K) is a 2p-form on M , which is shown to be closed. The p-th Chern form of
∇ is defined by

cp(∇) =
(√−1

2π

)p

σp(K).

More generally, if φ is an invariant polynomial homogeneous of degree k, we have a
well-defined 2k-form φ(K), which is closed. By a slight abuse of notation, we set

φ(∇) =
(√−1

2π

)k

φ(K).

Alternatively, for such φ, there is a polynomial P such that φ = P (σ1, σ2, . . . ). Then
φ(∇) = P (c1(∇), c2(∇), . . . ).

Noting that a connection is a local operator, we have local representations of the
connection and curvature. For a (local) frame e = (e1, . . . , el) of E, the connection
matrix θ = (θij) is determined by ∇ei =

∑l
i=1 θjiej. Also the curvature matrix κ = (κij)

is determined by Kei =
∑l

i=1 κjiej. We then have

κ = dθ + θ ∧ θ. (5.1)

By a frame change e′ = eA, the connection and curvature matrices become

θ′ = A−1 · dA+ A−1θA, κ′ = A−1κA.

The form φ(∇) above is locally given by (
√
−1
2π

)kφ(κ).
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Bott difference form : Let φ be as above. For two connections ∇ and ∇′ for E, there
exists a (2k − 1)-form φ(∇,∇′) such that φ(∇′,∇) = −φ(∇,∇′) and that

dφ(∇,∇′) = φ(∇′)− φ(∇).

As to the construction of such forms, we refer to [7], [8] and [21]. One of the consequences
of this is that the class of [φ(∇)] in H2k

d (M) is independent of the choice of the connection
∇ for E. The class will be denoted by φ(E). In particular the class of cp(∇) is the p-th
Chern class cp(E) of E.

5.2 Metric connections

Connections of type (1,0) : Now let M be a complex manifold of dimension n and
E → M a holomorphic vector bundle of rank l. A connection ∇ for E is of type (1, 0)
(a (1, 0)-connection for short) if the entries of the connection matrix with respect to a
holomorphic frame are forms of type (1, 0). Note that this property does not depend on
the choice of the holomorphic frame and that every holomorphic vector bundle admits a
(1, 0)-connection. If ∇ is a (1, 0)-connection for E, we may write its curvature K as

K = K2,0 +K1,1

with K2,0 and K1,1 a (2, 0)-form and a (1, 1)-form with coefficients in Hom(E,E). Locally,
if θ and κ are the connection and curvature matrices of ∇ with respect to a holomorphic
frame, we can decompose as κ = κ2,0+κ1,1 according to the types, and K2,0 and K1,1 are
represented by (cf. (5.1))

κ2,0 = ∂θ + θ ∧ θ and κ1,1 = ∂̄θ. (5.2)

Thus K1,1, being locally ∂̄-exact, is a ∂̄-closed (1, 1)-form with coefficients in Hom(E,E).

Atiyah forms : In the above situation, for a (1, 0)-connection ∇, we have the ∂̄-closed
(p, p)-form σp(K

1,1) on M , which is locally given by σp(κ
1,1). The p-th Atiyah form of ∇

is defined by (cf. [2])

ap(∇) =
(√−1

2π

)p

σp(K
1,1).

If ∇ is a (1, 0)-connection, the p-th Chern form cp(∇) is a 2p-form having components
of types (2p, 0), . . . , (p, p). The Atiyah form ap(∇) is the (p, p)-component of cp(∇). In
particular, an(∇) = cn(∇).

If φ is an invariant polynomial homogeneous of degree k and if ∇ is a (1, 0)-connection,
φ(∇) is a closed 2k-form having components of types (2k, 0), . . . , (k, k). We denote the
(k, k)-component of φ(∇) by φA(∇) and call it the Atiyah form of ∇ with respect to φ.
If φ = P (σ1, σ2, . . . ), then φA(∇) = P (a1(∇), a2(∇), . . . ), which is a ∂̄-closed (k, k)-form
on M .

If we have two (1, 0)-connections∇ and∇′ for E, we have the difference form φA(∇,∇′).
It is the (k, k − 1)-component of φ(∇,∇′) and satisfies

∂̄φA(∇,∇′) = φA(∇′)− φA(∇).

Thus, if ∇ is a (1, 0)-connection for E, the class of φA(∇) in Hk,k

∂̄
(M) does not depend on

the choice of ∇. It is denoted by φA(E) and is called the Atiyah class of E with respect
to φ. In particular, the class of ap(∇) in Hp,p

∂̄
(M) is the p-th Atiyah class ap(E) of E.
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Hermitian connections : A Hermitian vector bundle (E, h) is a C∞ complex vector
bundle E together with a Hermitian metric h on E. A connection ∇ for E is an h-
connection if it is compatible with h :

dh(s, t) = h(∇s, t) + h(s,∇t) for s, t ∈ E0(M,E).

A connection ∇ for E is Hermitian, if it is an h-connection for some h. Note that
every Hermitian vector bundle (E, h) admits an h-connection. Thus every complex vector
bundle admits a Hermitian connection.

Metric connections : Let M be a complex manifold and E → M a holomorphic vector
bundle. Recall that, for any Hermitian metric h on E, there exists a unique h-connection
of type (1, 0). We call such a connection the h-metric connection. Let ∇ be the h-metric
connection. Let e = (e1, . . . , el) be a (local) holomorphic frame and θ the connection
matrix of ∇ with respect to e. We also set H = (hij), hij = h(ei, ej). Then the connection
matrix with respect to e is given by

θ = tH−1 · ∂tH. (5.3)

We call a Hermitian connection of type (1, 0) a metric connection. From (5.3) we
see that, if ∇ is a metric connection for E, its curvature matrix κ with respect to a
holomorphic frame is of type (1, 1) :

κ = κ1,1 = ∂̄θ. (5.4)

Thus we have :

Proposition 5.5 Let E be a holomorphic vector bundle. If ∇ is a metric connection for
E, the Chern forms and the Atiyah forms are the same :

φ(∇) = φA(∇).

Thus they are simultaneously d and ∂̄-closed.

Remark 5.6 1. For two metric connections ∇ and ∇′, we also have

φ(∇,∇′) = φA(∇,∇′).

2. Let (E, h) be a Hermitian line bundle and s a non-vanishing holomorphic section of
E. We may think of s as a frame and set N(s) = H = h(s, s), the square of the norm of
s. Then, by (5.3) and (5.4), the first Chern form of the h-metric connection ∇ is given by

c1(∇) =

√
−1

2π
κ =

√
−1

2π
∂̄∂ logN(s),

which is also equal to a1(∇).
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5.3 Bott-Chern classes

Let E → M be a holomorphic vector bundle on a complex manifold. For an invariant
polynomial φ and a Hermitian metric h on E we set φ(E, h) = φ(∇), where ∇ is the
h-metric connection. If we have two metrics h and h′ on E, we have the Bott-Chern form
φ(E, h, h′) which relates φ(E, h) and φ(E, h′). It was first introduced in [8] and then has
been studied by a number of authors via different approaches (cf. [6], [11], [12], [14] and
references therein). We may summarize what we need in our situation as :

Theorem 5.7 Let φ be an invariant polynomial homogeneous of degree k. There is a
unique way of assigning to (E, h, h′) a (k − 1, k − 1)-form φ(E, h, h′) so that

(1) ∂̄∂φ(E, h, h′) = φ(E, h′)− φ(E, h),

(2) f ∗φ(E, h, h′) = φ(f ∗(E, h, h′)) for every holomorphic map f : M ′ → M ,

(3) φ(E, h, h′) = 0, if h = h′.

In particular from (1) above we see that the class of φ(E, h) in Hk,k
BC(M) does not

depend on the choice of the metric h.

Definition 5.8 The Bott-Chern class φBC(E) of E with respect to φ is the class in
Hk,k

BC(M) of φ(E, h) for some Hermitian metric h on E.

In the sequel we denote φ(E, h) and φ(E, h, h′) simply by φ(h) and φ(h, h′), if the
bundle under consideration is understood.

Remark 5.9 1. The Bott-Chern Chern class and the Bott-Chern Atiyah class are the
same : cpBC(E) = apBC(E) in Hp,p

BC(M). It goes to the Atiyah class ap(E) by the first
morphism in (2.2) and to the Chern class cp(E) by the second.

2. Suppose E is a line bundle with Hermitian metrics h and h′. For a non-vanishing
section s, we set N(s) = h(s, s) and N ′(s) = h′(s, s). Then, for φ = c1, we have

c1(h, h′) =

√
−1

2π
log

N ′(s)

N(s)
.

3. In general, if h0 and h1 are Hermitian metrics on E defined on open sets U0 and U1 in
M , respectively, the form φ(h0, h1) as above is defined on U01 = U0 ∩ U1.

5.4 Characteristic classes in Čech-Bott-Chern cohomology

Let E be a holomorphic vector bundle on a complex manifold M and U = {U0, U1} an
open covering of M . For i = 0, 1, let hi be a metric for E on Ui. If φ is an invariant
polynomial homogeneous of degree k, the cochain

φ(h∗) = (φ(h0), φ(h1), φ(h0, h1)) (5.9)

in
Ek,k
BC(U) = Ek,k(U0)⊕ Ek,k(U1)⊕ Ek−1,k−1(U01).

is a cocycle. Thus we have a class [φ(h∗)] in Hk,k
BC(U).
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Proposition 5.10 The class does not depend on the choice of the metrics. Moreover it
corresponds to φBC(E) ∈ Hk,k

BC(M) via the isomorphism (3.17).

Proof: We recall (cf. [11, Proposition 4.23]) that, for three metrics (h, h′, h′′), there
exist a (k− 1, k− 2)-form φ(1)(h, h′, h′′) and a (k− 2, k− 1)-form φ(2)(h, h′, h′′) such that

φ(h′, h′′)− φ(h, h′′) + φ(h, h′) + ∂̄φ(1)(h, h′, h′′) + ∂φ(2)(h, h′, h′′) = 0.

Let h′
0 be another metric on E on U0 and set

φ(h′
∗) = (φ(h′

0), φ(h1), φ(h
′
0, h1)).

Then we have

φ(h′
∗)− φ(h∗) = (φ(h′

0)− φ(h0), 0, φ(h
′
0, h1)− φ(h0, h1))

= (∂̄∂φ(h0, h
′
0), 0,−φ(h0, h

′
0)− ∂̄φ(1)(h0, h

′
0, h1)− ∂φ(2)(h0, h

′
0, h1),

which is in Bk,k
BC(U) (cf. (3.15)) so that [φ(h′

∗)] = [φ(h∗)].
Likewise Let h′

1 be another metric on E on U1 and set

φ(h′
∗) = (φ(h0), φ(h

′
1), φ(h0, h

′
1)).

Then we have

φ(h′
∗)− φ(h∗) = (0, φ(h′

1)− φ(h1), φ(h0, h
′
1)− φ(h0, h1))

= (0, ∂̄∂φ(h1, h
′
1), φ(h1, h

′
1) + ∂̄φ(1)(h0, h1, h

′
1) + ∂φ(2)(h0, h1, h

′
1),

which is in Bk,k
BC(U) (in fact in Bk,k

BC(U , U0)).
The last part can be seen by comparing with the class defined by a global metric. 2

6 A vanishing theorem

6.1 Actions of distributions

Let M be a complex manifold of dimension n and F a non-singular distribution of dimen-
sion p, i.e., a subbundle of TM of rank p.

Definition 6.1 A (holomorphic) action of F on a holomorphic vector bundle E over M
is a C-bilinear map

α : E0(M,F )× E0(M,E) −→ E0(M,E)

satisfying the following conditions, for f ∈ E0(M), u ∈ E0(M,F ), s ∈ E0(M,E) :

(1) α(fu, s) = fα(u, s),

(2) α(u, fs) = u(f)s+ fα(u, s) and

(3) α(u, s) is holomorphic whenever u and s are.

A vector bundle E with an action of F is called an F -bundle.
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Definition 6.2 Let E be an F -bundle with action α. An F -connection for E is a (1, 0)-
connection ∇ with

∇u(s) = α(u, s), for s ∈ E0(M,E), u ∈ E0(M,F ).

From the fact that an action is a local operation, we see that an F -bundle always
admits an F -connection.

We note that the above material can be equivalently treated in terms of partial holo-
morphic connections instead of actions (cf. [2]), the condition (4) in Remark 6.5. 1 below
corresponding to the fact that the partial connection is flat. We have the following Bott
type vanishing theorem for F -connections, which is proved in [2, Theorem 6.10] in the
context of partial connections.

Theorem 6.3 Let M and F be as above. Let E be an F -bundle and ∇ an F -connection
for E. For an invariant polynomial φ homogeneous of degree k > n− p, we have :

φA(∇) = 0.

Corollary 6.4 If, in addition, ∇ is Hermitian,

φ(∇) = 0.

Remark 6.5 1. For two connections ∇ and ∇′ and an invariant polynomial φ as in
Theorem 6.3, we have the vanishing φA(∇,∇′) = 0. Thus if, in addition, ∇ and ∇′ are
Hermitian, φ(∇,∇′) = 0 (cf. Remark 5.6. 1). However if ∇ and ∇′ are Hermitian with
respect to different metrics h and h′, the form φ(h, h′) does not vanish in general, as the
following example, which was communicated to us by the referee, shows.

Let E = M × C be the product bundle and F = TM so that p = n. Then there
is a natural action of F on E (the action of vector fields on functions). The exterior
derivative d is an F -connection for E. It is also the metric connection with respect to any
constant metric on E, i.e., a metric h given by h(e, e) = a (a positive real number) with
e the frame of E defined by x 7→ (x, 1). Note that for φ = c1, degφ = 1 > n − p = 0.
However, for the two metrics h and h′ given by h(e, e) = 1 and h′(e, e) = a ̸= 1, we have
(cf. Remark 5.9. 3)

c1(h, h′) =

√
−1

2π
log a ̸= 0.

2. In Theorem 6.3, if F is involutive and if the action satisfies

(4) α([u, v], s) = α(u, α(v, s))− α(v, α(u, s)),

we have φ(∇) = 0 for φ with k > n− p. This is usually referred to as the Bott vanishing
theorem.

3. Let h be a Hermitian metric on E. Under the condition of Corollary 6.4, we have

u(h(s, t)) = h(∇u(s), t),

for u in A0(M,F ) and a holomorphic section t of E.

4. Some special cases of this Bott type vanishing theorem are proved in [13].
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6.2 Action on the normal bundle of an invariant submanifold

Let M be a complex manifold of dimension n and V a complex submanifold of dimension
d of M . Let NV be the normal bundle of V in M so that we have the exact sequence

0 −→ TV −→ TM |V
π−→ NV −→ 0. (6.6)

Let F be a distribution of dimension p on M . We say that F leaves V invariant if
F |V ⊂ TV . In this case we set FV = F |V , which is a a distribution of dimension p on
V . The following is proved in [17] (see also [18]) for the case of foliations. In fact the
involutivity of F is not necessary and a proof is given in [2] in terms of partial connections
and in [24] in terms of actions.

Theorem 6.7 In the above situation, there is a natural holomorphic action of FV on NV .

The action is constructed as follows. Let u and ν be C∞ sections of FV and NV ,
respectively. Take sections ũ of F and ṽ of TM so that ũ|V = u and π(ṽ|V ) = ν, where
|V means the restriction as sections. Define

α : E0(V, FV )× E0(V,NV ) −→ E0(V,NV ) by α(u, ν) = π([ũ, ṽ]|V ). (6.8)

Then it is a well-defined action, which is referred to as the Camacho-Sad action.

Corollary 6.9 In the above situation, let ∇ be an FV -connection for NV , which is also
Hermitian with respect to some Hermitian metric on NV . Then, for an invariant polyno-
mial φ homogeneous of degree k > d− p, we have φ(∇) = 0.

7 Localization and Hermitian residues

We briefly recall singular holomorphic distributions, for which we refer to [24] for details.
Then we prove a residue theorem for vector bundles admitting a Hermitian connection
compatible with an action of the non-singular part of a singular distribution.

Singular holomorphic distributions : Let M be a complex manifold of dimension n.
We denote by OM and ΘM its structure sheaf and the tangent sheaf. For simplicity we
assume that M is connected. A singular distribution on M is a coherent subsheaf F of
ΘM . We set

S(F) = {x ∈ M | (ΘM/F)x is not OM,x-free }

and call it the singular set of F . Away from S(F), F is a locally free O-module and its
rank is called the dimension of F . For instance, if F is generated by a single vector field
v, S(F) is the set of zeros of v.

If F is involutive, i.e., if [F ,F ] ⊂ F , then F is called a singular foliation.
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The residue theorem : Let F be a singular distribution of dimension p on M with
singular set S = S(F). There is a rank p subbundle F0 of TM |U0 , U0 = M∖S, so that
F|U0 = OU0(F0), the sheaf of holomorphic sections of F0. Letting U1 be a neighborhood
of S, we consider the covering U = {U0, U1} of M . Let E be a holomorphic vector bundle
on M with an action of F0 on U0. Let ∇0 be an F0-connection for E on U0 and suppose
there exists a Hermitian metric h0 of E on U0 such that ∇0 is also an h0-connection. Take
a Hermitian metric h1 of E on U1 and let ∇1 be the h1-metric connection for E on U1.
Recall that for an invariant polynomial φ homogeneous of degree k, the characteristic
class φBC(E) in Hk,k

BC(M) ≃ Hk,k
BC(U) is represented by the cocycle φ(h∗) in Ek,k

BC(U) given
by (5.9). If k > n− p, then by Corollary 6.4, φ(h0) = φ(∇0) = 0 and φ(h∗) is expressed
as

φ(h∗) = (0, φ(h1), φ(h0,h1))

so that it is in Ek,k
BC(U , U0). Thus it defines a class in Hk,k

BC(U , U0), which we denote by
φBC(E;F) and call the localization of φBC(E) by F at S. It is sent to the class φBC(E)
by the canonical morphism

j∗ : Hk,k
BC(U , U0) −→ Hk,k

BC(M).

Remark 7.1 1. The localization φBC(E;F) above depends a priori on the metric h0. Let
h′
0 be another metric of E on U0 and ∇′

0 the h
′
0-F0-connection for E on U0. For the usual

proof of the independence of the localization (cf. [21, Ch. III, Lemma 3.1]), we need to
have the vanishing of φ(h0, h

′
0), however this is not the case in general (cf. Remark 6.5. 1).

On the contrary the localization is independent of the choice of the metric h1 on U1, for
a fixed h0 (cf. the second half of the proof of Proposition 5.10).

2. In the above situation we have the “Atiyah localization” φA(E;F) in Hk,k

ϑ̄
(U , U0)

(cf. [2]). It is represented by the cocycle (0, φA(∇1), φ
A(∇0,∇1)), which is equal to

(0, φ(∇1), φ(∇0,∇1)) in this case (cf. Proposition 5.5 and Remark 5.6 1).

Suppose S is compact. Then the image of φBC(E;F) by the morphism (cf. (4.15))

Ψ : Hk,k
BC(U , U0) −→ Hn−k,n−k

A [S]∗

is denoted by ResφBC
(F , E;S) and called the residue of F for E at S with respect to φ.

If S has a finite number of connected components (Sλ), we take an open neighborhood
Uλ of Sλ in U1 for each λ so that Uλ ∩ Uµ = ∅ if λ ̸= µ. Then we have the residue

ResφBC
(F , E;Sλ) in Hn−k,n−k

A [Sλ]
∗ for each λ, Hn−p,n−q

A [Sλ] = lim
−→

Uλ⊃Sλ

Hn−p,n−q
A (Uλ).

Let Rλ be a 2n-dimensional manifold with C∞ boundary in Uλ containing Sλ in its
interior and set R0λ = −∂Rλ. Then the residue ResφBC

(F , E;Sλ) is represented by a
functional (cf. (4.8) and (4.10))

ξ 7→
∫
Rλ

φ(h1) ∧ ξ +

∫
R0λ

(
((∂ − ∂̄)φ(h0,h1)) ∧ ξ − 1

2
(∂ − ∂̄)(φ(h0,h1) ∧ ξ)

)
(7.2)

for every ∂̄∂-closed (n− k, n− k)-form ξ in a neighborhood of Sλ.
From the above considerations and Proposition 4.16, we have the following :

23



Theorem 7.3 Let M , F and S be as above. Suppose S is a compact set with a finite
number of connected components (Sλ)λ. Let E be a holomorphic vector bundle on M .
Assume that there is an action of F0 on E and that there is a Hermitian F0-connection
for E on U0. Let φ be an invariant polynomial homogeneous of degree k > n− p. Then :

(1) for each λ we have the residue ResφBC
(F , E;Sλ) in Hn−k,n−k

A [Sλ]
∗, which is repre-

sented by the functional (7.2),

(2) if moreover M is compact,∑
λ

(iλ)∗ResφBC
(F , E;Sλ) = Φ(φBC(E)) in Hn−k,n−k

A (M)∗,

where iλ : Sλ ↪→ M denotes the inclusion.

A residue as ResφBC
(F , E;Sλ) is referred to as a Hermitian residue.

Remark 7.4 If k = n and if M is compact and connected, Hn−k,n−k
A (M)∗ = H0,0

A (M)∗

may be identified with C, and in this case, (iλ)∗ResφBC
(F , E;Sλ) is a complex number

given by ∫
Rλ

φ(h1) +
1

2

∫
R0λ

(∂ − ∂̄)φ(h0,h1),

and Φ(φBC(E)) may be expressed as
∫
M
φBC(E).

8 An example

For λ ∈ C∗ with |λ| < 1, we consider the Hopf surface V = (C2 ∖ {0})/ ∼, where
(x, y) ∼ (λx, λy). There is a fibration ρ : V → P1 by elliptic curves. Let L denote the
pull-back by ρ of the hyperplane bundle on P1. Then, asH2

d(V ) = 0 andH1,1

∂̄
(V ) = 0, both

the Chern class c1(L) and the Atiyah class a1(L) vanish. On the other hand, H1,1
BC(V ) ≃ C

(cf. [3]) and the Bott-Chern class c1BC(L) is a generator. We show that it is localized at
one of the fibers C of ρ. For this we realize V as an invariant submanifold of a singular
foliation on an ambient manifold whose singular set on V is C. Then the Camacho-Sad
action of the foliation on L away from C gives the localization (cf. Subsection 6.2).

We consider the Hopf manifold M = (C3∖{0})/ ∼, where (x, y, z) ∼ (λx, λy, λz). Let
F be the two-dimensional foliation on M induced by the vector fields

v1 = y
∂

∂y
+ z

∂

∂z
and v2 =

∂

∂x
,

which leaves invariant the Hopf surface V = {z = 0}/ ∼ ⊂ M . The singular set S(F) of
F is given by

S(F) = C = {y = z = 0}/ ∼ ⊂ V.

There is a fibration ρ̃ : M → P2 by elliptic curves. It restricts to the fibration ρ : V → P1,
of which C is a fiber. Recall the exact sequence (6.6) :

0 −→ TV −→ TM |V
π−→ NV −→ 0.
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If we denote by L̃ the pull-back of the hyperplane bundle on P2 by ρ̃, we have L = L̃|V .
The normal bundle of V is given by NV = L, since TM = L̃⊕ L̃⊕ L̃ and TV = L⊕ L.

We try to localize c1BC(NV ) on C. Denoting by [x, y] the image of (x, y) by the canonical
surjection C2∖ {0} → V , we set U0 = { [x, y] | y ̸= 0} and U1 = { [x, y] | x ̸= 0} and
consider the covering U = {U0, U1} of V . We have that V ∖C = U0 and C ⊂ U1. The
bundle L is described as

L = (U0 × C) ∪ (U1 × C),
where ([x, y], ζ0) and ([x, y], ζ1) are identified if and only if ζ0 = x/y · ζ1.

Also, if we set s = x/y on U0, s is a base coordinate and y is a (covering) fiber
coordinate of the fibration ρ : V → P1 and, if we set t = y/x on U1, t is a base coordinate
and x is a fiber coordinate of the fibration ρ.

The foliation F defines a subbundle F0 of TV |U0 of rank 2 and there is the Camacho-
Sad action of F0 on NV |U0 . Let ∇ be an F0-connection for NV |U0 and we compute the
connection form for ∇ (cf. Definition 6.2 and (6.8)). The connection is uniquely deter-
mined in our case and turns out to be Hermitian.

We compute the connection form locally and find that the expression is valid globally
on U0. At each point of U0, (x, y, z) is a coordinate system on M in a neighborhood W̃
of the point. We set W = V ∩ W̃ . We take ν = π(∂/∂z) as a holomorphic frame of NV

on W and let θ be the connection form of ∇ with respect to ν. Since θ is of type (1, 0),
we may write θ = fdx+ gdy. Thus ∇v1(ν) = ygν and ∇v2(ν) = fν. On the other hand,
we compute

∇v1(ν) = π
([

y
∂

∂y
+ z

∂

∂z
,
∂

∂z

]∣∣∣
W

)
= −ν and ∇v2(ν) = π

([ ∂

∂x
,
∂

∂z

]∣∣∣
W

)
= 0.

Thus we conclude that

θ = −dy

y
= −∂ log |y|2.

Note that the expression is a priori on W , however it is valid on the whole U0. Moreover,
this shows that ∇ is Hermitian. In fact, on U0, [x, y] 7→ ζ0 = 1/y is a frame defining
a connection form −∂ log |y|2 with respect to the standard Hermitian metric on L|U0 ≃
U0×C (cf. (5.3), Remark 5.6. 2). In this case, we can directly verify the vanishing theorem
(Corollary 6.4) as

c1(∇) =

√
−1

2π
∂̄θ = −

√
−1

2π
∂̄∂ log |y|2 = 0.

Now, also we take on U1 the standard metric and consider 1/x as a non-vanishing
section of NV = L on U1. Then, setting γ = 1

2π
√
−1

, the class c1BC(NV ) is represented by

the cocycle (cf. Remark 5.9. 3)

γ (∂̄∂ log |y|2, ∂̄∂ log |x|2, log |x/y|2) = (0, 0, γ log |x/y|2) = −(0, 0, γ log |t|2)

and it defines the localization c1BC(L;F) ∈ H1,1
BC(U , U0) of c

1
BC(L).

Now we examine its residue Resc1BC
(F , L;C) ∈ H1,1

A [C]∗. We have the following dia-
gram, of which the square part is commutative (cf. Proposition 4.16) :

H1,1
BC(U , U0)

j∗
//

Ψ
��

H1,1
BC(V )

Φ≀
��

H1,1
A (C)∗

ι∗ // H1,1
A [C]∗

i∗ // H1,1
A (V )∗,
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where ι∗ is the transpose of the restriction ι∗ : H1,1
A [C] → H1,1

A (C). We have H1,1
A (C) ≃ C

and the composition ι∗ ◦ i∗ : H1,1
A (V ) → H1,1

A (C) is an isomorphism, however note that
H1,1

A [C] is infinite dimensional.
The residue Resc1BC

(F , L;C) is the functional that assigns to each ∂̄∂-closed (1, 1)-form
ξ in a neighborhood of C the value (cf. (7.2))

−γ

∫
R01

(
(∂ log t− ∂̄ log t̄) ∧ ξ − 1

2
(∂ − ∂̄)(log |t|2 · ξ)

)
, (8.1)

where R1 = { (t, x) ∈ U1 | |t| ≤ δ } for some δ > 0 and R01 = −∂R1.
The canonical generator of H1,1

A (C) = C is given by

ξ0 =
γ

log |λ|
d log x ∧ d log x̄.

It may be thought of as representing the class in H1,1
A (V ) dual to c1BC(L), which is rep-

resented by γ∂̄∂ log(|x|2 + |y|2), in H1,1
BC(V ). Now we calculate Resc1BC

(F , L;C)(ξ0) (cf.

(8.1)) and verify that it is equal to one. Since ∂ξ0 = ∂̄ξ0 = 0, ∂(log |t|2 · ξ0) = (∂ log t)∧ ξ0
and ∂̄(log |t|2 · ξ0) = ∂̄(log t̄) ∧ ξ0. Thus

Resc1BC
(F , L;C)(ξ0) =

γ

2

∫
∂R1

(∂ log t− ∂̄ log t̄) ∧ ξ0 =

∫
C

ξ0 = 1.
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