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Localization of Bott-Chern classes and
Hermitian residues

Mauricio Corréa Jr*and Tatsuo Suwal

Abstract: We develop a theory of Cech-Bott-Chern cohomology and in this context
we naturally come up with the relative Bott-Chern cohomology. In fact Bott-Chern
cohomology has two relatives and they all arise from a single complex. Thus we study
these three cohomologies in a unified way and obtain a long exact sequence involving the
three. We then study the localization problem of characteristic classes in the relative Bott-
Chern cohomology. For this we define the cup product and integration in our framework
and we discuss local and global duality morphisms. After reviewing some materials on
connections, we give a vanishing theorem relevant to our localization. With these, we
prove a residue theorem for vector bundles admitting a Hermitian connection compatible
with an action of the non-singular part of a singular distribution. As a typical case, we
discuss the action of a distribution on the normal bundle of an invariant submanifold (the
so-called Camacho-Sad action) and give a specific example.

Mathematics Subject Classification (2010): Primary 32A27, 32C35, 32565, 53C56; Sec-
ondary 14C30, 53B35, 53C05, 57R20.

Keywords: Relative Bott-Chern cohomology, local duality morphism, metric connection,
Bott type vanishing theorem, localization and Hermitian residue, singular holomorphic
distribution.

1 Introduction

Cech-de Rham cohomology, particularly the relative version, together with its integration
theory has been extensively used in the localization problem of characteristic classes. It
started with the residue problem of singular holomorphic foliations (cf. [17], [18], [21]) and
the theory was then transferred to the fixed point theory of discrete dynamics (cf. [1]).
The philosophy behind is rather simple. Namely, once we have some kind of vanishing
theorem on the non-singular part, certain characteristic classes are localized at the set of
singular points and the localization gives rise to residues and the residue theorem via the
Alexander duality. The relative easiness of computing the residues is another advantage
of this method. The idea and the techniques turned out to be effective in many other
problems, characteristic classes of singular varieties and localized intersection theory, to
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name a few (cf. [10], [22]). A similar theory is developed for the Dolbeault complex, the
relevant characteristic classes in this case being the Atiyah classes (cf. [2], [23], [24], [26]).

In this paper we study the localization problem in Bott-Chern cohomology. The coho-
mology, which was introduced in [8], refines both de Rham and Dolbeault cohomologies.
It is a powerful tool in the study of non-Kéahler manifolds (cf. [3], [4] and references
therin) and is also related to arithmetic characteristic classes (cf. [11], [14]). We first
develop a theory of Cech-Bott-Chern cohomology and the relative Bott-Chern cohomol-
ogy naturally arises in this context. In fact Bott-Chern cohomology has some relatives,
i.e., Aeppli cohomology and one more, and they all come from a single complex (cf. (2.1)
below). This viewpoint allows us to deal with the three types of cohomologies in a unified
way and leads to a long exact sequence involving the three (Theorem 3.26). As to the
local and global dualities, we are mainly interested in the one between Bott-Chern and
Aeppli. For this the cup product is defined on the cochain level and the integration is
defined via Cech-de Rham cohomology.

In the de Rham case, the usual Chern-Weil theory of characteristic classes fits nicely
into the theory with some modifications and, in the Dolbeault case, a similar strategy
works by considering connections of type (1,0). In the Bott-Chern case we impose one
more condition on the connections, i.e., we require the connections to be Hermitian. We
then define characteristic classes in the Cech-Bott-Chern cohomology using the Bott-
Chern form. The relevant vanishing theorem in our case is the one proved in [2] together
with the Hermitian condition (Corollary 6.4). With these at hand, we have a general
residue theorem for a holomorphic vector bundle admitting a Hermitian connection com-
patible with an action of the non-singular part of a singular distribution (Theorem 7.3).

Here is an outline of the paper. In Section 2, we recall the three types of cohomologies,
including Bott-Chern and Aeppli, by considering the complex (2.1). We then recall, in
Section 3, the theory of Cech cohomology of a complex of sheaves of differential forms and
we discuss its relative version. These are applied to the three cases and we have the relative
Bott-Chern, the relative Aeppli cohomologies and one more. As mentioned above, we give
a long exact sequence relating these three cohomologies (Theorem 3.26). We also dicuss
the relation with the Dolbeault case (Theorem 3.29). In order to state local and global
duality morphisms, we discuss, in Section 4, the cup product in this cohomology theory,
in particular the one between Bott-Chern and Aeppli. Then we discuss the integration
theory mainly on Aeppli cohomology. In Section 5, we define the characteristic classes
of a holomorphic vector bundle in Cech-Bott-Chern cohomology. The vanishing theorem
we need is given in Section 6 (Corollary 6.4). It arises from an action of a non-singular
distribution on a vector bundle and, as an example, we present the action on the normal
bundle of an invariant submanifold of a distribution, the so-called Camacho-Sad action.
In Section 7, we discuss localization theory of characteristic classes of vector bundles with
actions of singular distributions and the associated Hermitian residues (Theorem 7.3).
Finally we give an example in Section 8. It concerns with a Hopf surface with a fibration
of elliptic curves on the projective line. We show that the Bott-Chern class of the pull-back
of the hyperplane bundle is localized at one of the fibers.

Acknowledgment: The first named author is grateful to Hokkaido University for hospital-
ity. The both authors would like to thank the referees for precious comments, in particular
on Bott-Chern forms, which improved the presentation of the paper greatly.



2 Bott-Chern cohomology and its companions

We list [3], [4] and [20] as references for this section.

Let M denote a complex manifold of dimension n. Also let £ and £P? denote the
sheaves of C* differential r-forms and (p, ¢)-forms on M. For a sheaf S and an open set
U in M, we denote by S(U) the set of sections on U.

We have the decomposition

&= p e

ptg=r

and accordingly the exterior derivative d : £ — £"*! has the decomposition d = 9 + 9
0 EP1 —y gPTLa 0 : &P —s grath

Recall that the r-th de Rham cohomology Hj (M) of M is the r-th cohomology of the
complex (£°(M),d) and the Dolbeault cohomology H2?(M) of type (p,q) of M is the
g-th cohomology of the complex (EP*(M), D).

We set
g+l — eptla g gpatl

and consider the complex

d 9 g O+0 op_1g—1 00 d o+0 90
. s £(p=2,9-2)+1 +; gr—Lla-1 s £P s £pa)+1 +; gptlatl N (2'1)

Bott-Chern cohomology: The Bott-Chern cohomology HEL (M) of type (p,q) of M
is the cohomology of the complex

gr-La-1(]r) 08, gPa(M) BN gwDHL()Y),
We have canonical morphisms
Hgl(M) — Hy* (M), P HEAM) — Hy(M). (2.2)

ptg=r
If M is compact Kahler, for instance, the above morphisms are isomorphisms.

Aeppli cohomology : The Aeppli cohomology HY*(M) of type (p,q) of M is the coho-
mology of the complex

g(p—l,q—1)+1(M) %’) gPa( M) ﬂ gPrLatL (),

In particular, Hy" (M) = H2"(M). We have canonical morphisms

HEY(M) — HYI(M),  Hy(M)— @ HYI(M). (2.3)

pta=r
Note that the differential 9 : EP9(M) — EPT14(M) induces a morphism
0 HYI(M) — HPM(M). (2.4)



The third cohomology: We have one more cohomology, i.e., the cohomology of the
complex

Sp’q(]\/[> i> (C/'(Pﬂ)Jrl(M) ﬁ (c/*p+1,q+1(M)’
which will be denoted by H®9+1(M).

3 Relative Bott-Chern cohomology

3.1 Relative cohomology of a complex of sheaves

A general theory of relative cohomology for complexes of sheaves is developed in [25].
Here we recall some of the relevant materials.

Suppose we have a complex (K°® dx) of sheaves of differential forms on M. In fact
what we have in mind here are the de Rham and Dolbeault complexes and the one as in
(2.1). We denote by Hj_(M) the r-th cohomology of (K*(M), dx).

Cech cohomology of a complex: Let U = {Uy, U;} be an open covering of M and
set Uy = UgNU;. We set

K" (U) = K (Vo) @ K7 (Ur) & K™ (Uny).-

Thus an element o in K" (U) is given by a triple o = (0, 01, 0¢1) with o; € K"(U;), 1 = 0, 1,
and og; € K" ' (Up1). We define the differential

Dx = Dy : K"(U) — K™ (U) by Dxo = (dxoo,dxor, 01 — 09 — dxoor).
Then we see that Dy o D = 0.
Definition 3.1 The r-th cohomology Hj, (U) of K*® on U is the r-th cohomology of the
complex (K*(U), Dx):
H}, (U) = Ker D/ Im Dy
If we set Zj (U) = Ker Dy and B} _(U) = Im Di- ', by definition

Zy (U) ={0|dcog=dxoy =0, o1 —09—dxop =0},

3.2
BQK(L{) = {U ’ ar, 09 = dx7o, 01 =diT1, oo = T1 — To — dxTo }, ( )

where o = (0¢,01,001) € K"(U) and 7 = (79,71, 701) € K" ({U). We may somewhat
simplify the expression of By (U), i.e., if we set

B={oceK"U)|Ir,7), 0o =dxry, 01 =dxT1, Oor =T1 —To},
where (79, 71) € K'Y (Up) & K" 1(U;), we have:

Lemma 3.3 B (U) = B.



Proor:  Clearly we have B C B} _(U). Suppose o € By (U). Then oy = dxo, 01 =
dxm1, 001 =71 — To — dxTo1- Letting {po, p1} be a partition of unity subordinate to U,
we set

70 = To + dic(p1701), 7 =11 — dc(poTo1)-

Then oy = di7), 01 = dier{, 001 =7 — 7). O

Theorem 3.4 The map K"(M) — K"(U) given by w — @ = (w,w,0) is compatible with
the differentials and induces an isomorphism

o: Hy (M) — Hp, (U).

ProoF:  The first part follows from the definitions so that « is well-defined. We show
that « is surjective and injective. To see the surjectivity, given o = (09, 01, 001) € Zj_(U).
We take a partition of unity {po, p1} subordinated to U and set

_ O'o—i‘dic(plO'()l) in Uo,

o1 — dK(pOUOI) in Ul.
Then we see that it is a cocycle in K" (M). We claim that © — o = (w — 0¢,w — 01, —001)
is in By (U). Indeed, setting 1o = p1oo1, 71 = —pooor, we see that

W — 0 = Dx(19,71,0),

which shows that w — o € B} () and thus « is surjective.

To see the injectivity of a, given w € K" (M) with dxw = 0 such that [@] = 0, we claim
that there exist § € K"~'(M) such that w = dif. The condition [&] = 0 means that there
exists (79, 71, 0) such that (cf. Lemma 3.3)

(w,w,0) = Dy (710, 71,0) = (dicTo, dicT1, 71 — T0)-

Thus 0 = 19 = 71 is a global form with w = di6. O

Remark 3.5 The cohomology H}, (U) as defined above is the hypercohomology of the
complex K*® on U. It can be defined for an arbitrary covering of M and Theorem 3.4 may
be proved in the general case, for instance by a spectral sequence argument (cf. [15], [21],
[23],(25]).

Relative cohomology of a complex: Let S be a closed set in M. Setting Uy = M~.S
and U a neighborhood of S, we consider the covering U = {Uy, U, } of M. We set

K'(U,Uy) ={cecK'(U)|oo=0}=K"(U) @K (Up).

Thus an element o in K"(U,Uy) is given by a pair o0 = (01,001) with o7 € K"(Uy)
and og; € K" (Upy). Clearly (K*(U,Uy), Dx) is a subcomplex of (K*(U), Dx) with
Dy : K"(U,Uy) — K™Y(U, Uy) given by Dyo = (dxoy, 01 — diogy). Sometimes (o7, 0g;)
is denoted by (0, 01, 001) to remember that it is an element in K" (U).



Definition 3.6 The r-th relative cohomology H}, (U,Up) of K is the r-th cohomology
of the complex (K*(U,Uy), D).

Note that, in the relative case, we may not simplify the expression of the coboundaries
as in Lemma 3.3.
From the exact sequence of complexes

0— KU, Uy) — K*(U) — K*(Uy) — 0,
we have :
Theorem 3.7 There is an exact sequence
e HY 2 (Uo) = Hy (U, Ug) = Hp, (U) = Hy (Ug) — -+
where 6*[0] = [(0, =0)], j*[(01,001)] = [(0, 01, 001)] and i*[(00, 01, 001)] = [o0]-
By Theorem 3.4 and the five lemma we have:

Corollary 3.8 The cohomology Hp, (U, Uy) is determined uniquely up to canonical iso-
morphisms, independently of the choice of Uy.

In view of the above, we may denote Hp, (U,Us) by Hy (M, M~ .S). Then we have:

Corollary 3.9 (Excision) For any open set U containing S, there is a canonical iso-
morphism
Hy (M, M~\S)~H (UU\S).

Example 3.10 1. In the case K* = £°® and dx = d, we write D = D. The cohomologies
defined as above are the Cech-de Rham cohomology H7,(U) and the relative de Rham
cohomology H},(U,Uy) (cf. [9], [21]). Thus H}(U) is the cohomology of the complex
(E*(U), D), where

E'U)=E(Uy) @ E(U) @ E HUn)
and D : ET(U) — €T+1(U) is given by D(Co, Clv COI) = (dCO, dgl, Cl — CO — dCOl)-

By Theorem 3.4, there is a canonical isomorphism

HI(M) ~ HY(U). (3.11)

The relative de Rham cohomology H7, (U, Up) is the cohomology of the subcomplex
(&*(U,Uy), D) of (E°(U), D), where

E"U,Up) =E"(Uh) @ EHUp).
2. In the case K* = £P* and dx = 0, we write D = 9. The cohomologies as defined

above are the Cech-Dolbeault cohomology H P9(U) and the relative Dolbeault cohomology
HE(U, Uy) (cf. [23], where the operator ¢ is denoted by D, and [26]). Thus HZ?(U) is

the cohomology of the complex (EP*(U), 1), where
EPUU) = EPI(Uy) ® EPI(Ur) ® EMH(Un)
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and 0 : EPIU) — EPITI(U) is given by §<C07 C1,Co1) = <5C07 91, ¢ — Go — 5(01)-
By Theorem 3.4, there is a canonical isomorphism

H24(M) ~ HEY(U). (3.12)

The relative Dolbeault cohomology H%Y (U, Uy) is the cohomology of the subcomplex

(EP* (U, Uy), V) of (EP*(U), 1), where
EPUU,Uy) = EPUUL) @ EPTH(Upy).

In the sequel we examine each cohomology arising from (2.1). For this we set
ELAU) = EPY(Up) & EPI(Uy) @ EP 111 (Upy),
ERUU) = EPUU,) @ EPUU,) @ EP~1a=DF (), (3.13)
g(p,q)H(u) _ g(p,q)Jrl(UO) ® g(p,q)H(Ul) @ EPI(Uyy)

and
EREWU, Uy) = EPI(Uy) @ EP~ 191 (Uny),

EX(U. Up) = EM(Ur) @ X7 DT Uy, (3.14)
EPDTUY, Uy) = EPVTHUL) & EPY(Upy).

3.2 Relative Bott-Chern cohomology
The relevant part of the complex is

£P—2,4-2)+1 5+8} gr—Lg-1 53} Por d) gpa)+1.

Cech-Bott-Chern cohomology : The group of Cech-Bott-Chern cochains of type (p, q)
is ELA(U). Thus an element o in ELZ(U) is given by a triple o = (00, 01, 001). The groups
of cocycles and coboundaries are given by (cf. (3.2))
Z8(U) = {0 | dog = doy =0, 01— 09— 0dog; =07}, (3.15)
BELU) = {0 | 3T, 00 = 0079, 01 = DOT1, 001 =T1 — To — 57(%) — 57(%) } .
where 0 € ELE(U) and T = (79, 1, Té}),Té?) e EMINU).
Definition 3.16 The Cech-Bott-Chern cohomology of type (p,q) of U is defined by
Hyg(U) = Zgt(U)/Bge(U).
By Theorem 3.4, the map EP9(M) — ERE(U) given by w — (w,w,0) induces an
isomorphism
HEZ(M) — HEL(U). (3.17)
The inverse assigns to the class of o = (09, 01, 0¢1) the class of the global form

w = poog + p101 + Opo A oo — Dpg A Do — Dpy A oy,

where (pg, p1) is a partition of unity subordinate to U.

By Lemma 3.3, we may simplify the expression of the coboundary group, i.e., we may
drop 73, and 73 |

p 7o, and 75, in (3.15).



Relative Bott-Chern cohomology: The group of relative Bott-Chern cochains is
ELE(U, Up). The relative cocycle and coboundary groups are given by

Z{;;g(u, Up) ={0o|doy =0, o1 - 0o = 0},
BRAU,Uy) ={o |31, 01 = 00T, 0p =T — 57'(%) — 87’5? }

where o € E54(U, Up) and 7 = (1,701, 74

77'01 ) €&y b 1(“ Uo).
Definition 3.18 The relative Bott-Chern cohomology is defined by

3.3 Relative Aeppli cohomology

The relevant part of the complex is

gr—Lg-1 d) gr—1g-1)+1 5+3} Por 53) grtla+tl

Cech-Aeppli vcohomology: Let U = {Uy, U} be an open covering of M as before.
The group of Cech-Aeppli cochains of type (p,q) is EX*(U). Thus an element & in EY*(U)

is given by a quadruple (&g, &1, 5(%), 5(()?)). The cocycle and coboundary groups of type (p, q)
are given by

ZRUU) = { €] D0 = DOE =0, & — & — DE) — a&é? =0},

BYU) = {¢|3m, &=an" +anl, &) =ntY =0l —onr, &7 =0 — 4P —?_7701 }5
3.19

where ¢ € EX1(U) and = (1", 06 nt” n? mon) € ECTHITVR U, fe, ) € EPaTN V),
D e erti(U;), i = 0,1, and o1 € E771 (Upy).
Definition 3.20 The Cech-Aeppli cohomology of type (p,q) of U is defined by
HYU) = Z5(U)/BRUU).

By Theorem 3.4, the map EP4(M) — EVI(U) given by w — (w,w,0,0) induces an
isomorphism

HY(M) = HYUU). (3.21)
The inverse is given by assigning to the class of o the class of the global form
W= pofo + pr&y — po A ES) — Dpo NE.

By Lemma 3.3, we may simplify the expression of the coboundary group, i.e., we may
set nor = 0 in (3.19).
We may also relax the coboundary condition. Thus we set

B ={¢c|g=an" +on®, & =n® —p —onlV —onl?, i=0,1, k=1,2},

where ¢ € EXVI(U), n,fl) e Er Y1), n,fQ) e ey, i = 0,1, 77&1) € EPT2(Uy),
e =i € ErLL(Uy), niy? € EP72(Uy).
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Lemma 3.22 We have B (U) = B'.

PROOF: Clearly BYY(U) C B'. Take an element & € B’. Denoting by {po,p1} a
partition of unity subordinate to U we set

k k2 k k 5 k1 k
X( )= 770 + a(P17701 ) + 3([)17781 ))7 Xg ) = 77§ - a(ﬂon((n )> a(POW((n ))-

Then & = dx!" + x?, &) =P =X, i=0,1, k=1,2. O

The following is proved by applying Lemma 3.3 for the Cech-de Rham coboundaries
or by applying Lemma 3.22:

Proposition 3.23 The morphism £, (U) — E*™(U) given by

(€0, 61,657, €)= (€0, 61, €5 + E5)

induces an isomorphism

HY"(U) — HE'U).

The above isomorphism is compatible with the identity Hy" (M) = H32"(M) via the
isomorphisms of Theorem 3.4 for the Aeppli and de Rham cases.

Relative Aeppli cohomology: Let S be a closed set in M. Setting Uy = M ~.S and
U; a neighborhood of S, we consider the covering U = {Uy,U;} of M. The group of
relative Aeppli cochains is EV?(U, Up). The relative cocycle and coboundary groups are
given by

Z2UU, Uy) = {€] 006 =0, & — el — 0 = 0}
B/I;q(uv UO) = {f | dn, & = 577%” + 877 501 = 771 87701, 501 = 77 - 37701}

where f € EZ:Q(U’ UO) and n= (779)7 77§2)7 7701) € g(p—l,q—l)—&-l(u’ UO)
Definition 3.24 The relative Aeppli cohomology is defined by
HYU, Uo) = ZY*(U, Uo) /B (U, Uy).

In the relative case, Lemma 3.3 or 3.22 does not apply and we do not have an isomor-
phism as in Proposition 3.23. However we have:

Proposition 3.25 The morphism £, (U, Uy) — E*(U, Uy) given by

(1,657, 60) = (61,65 + &)

induces an epimorphism

HZ”(“» UO) — HQDn(u7 UO)



3.4 An exact sequence

Considering
—1,q—1 o0 , d , 1 0+9 +1,g+1
gr—1la s gpa 2y elpa)t y gptlatl

we may also define H®9+1 (/) and HPDT(U, Uy) using the cochains EPD*H (1Y) and
EPDTL Y, Uy) (cf. (3.13) and (3.14)).
By focusing on the Bott-Chern cohomology in Theorm 3.7, we have:

Theorem 3.26 There is an exact sequence
S HETNTNU) — HY (U)o HESWU, Uy) S HESWU) - HES(U)
— HPOY Y Uy) — HPOT (YY) — HPOTH(Uy) — HTI’QH(L[, Ug) — -+

Now we discuss the relation with the Dolbeault case (cf. Example 3.10.2). The
following two propositions follow directly from the definition:

Proposition 3.27 1. The map ELL(U) — EPIU(U) given by (o9, 01,001) — (00,01, 0001)
induces a morphism
Hgd(U) — Hg"(U),

which is compatible with the first morphism in (2.2) via the isomorphisms (3.17) and
(3.12).

2. The map ELEU, Uy) — EP YU, Uy) given by (o1, 001) — (01,0001) induces a morphism
HEé U, Uog) — HY'(U, Up).
Proposition 3.28 1. The map EXYU) — EPTHU(U) given by

(507 617 5((]1)’ é?)) = (6507 851, —({9&%))

induces a morphism
0 HRI(U) — HEH(U),

which is compatible with the morphism (2.4) via the isomorphisms (3.21) and (3.12).
2. The map EXI(U, Uy) — EPTHUU, Uy) given by

(61,660, €53) v (061, —0E))

induces a morphism
0« HY(U,Uy) — HE™M (U, Up).

Theorem 3.29 We have the following commutative diagram with exact rows:

HY M7 U Ug) — HY M7 U) — HY VY (Uy) — HEE(U, Up) — HEE(U) — HEE(Uy)

L l I | |

HPN U, Ug) — HPHU) —— HETH (Ug) — H2(U, Uo) — HEI(U) — HE(Uy).

In the above, the first row is a part of the sequence in Theorem 3.26 and the second
row is the one in Theorem 3.7 for the Dolbeault complex (cf. Example 3.10. 2).

10



4 Cup product, integration and duality

Let M be a complex manifold of dimension n.

4.1 Cup product

Recall that the exterior product induces a bilinear map (cf. [20])

HEL(M) x HY (M) L HE0H (0. (4.1)

Now we try to find a product in Cech-Bott-Chern and Cech-Aeppli cohomologies that
corresponds to the above. We define a cup product

EEEU) x EX°(U) — X (U)
by assigning to (o,§), o = (09, 01,001), £ = ({0,{:1,5&),{8?), the cochain o « £ given by
(o~ &i=0;NE&, 1=0,1,
(o~ 5)811) = (1" gy A f((&) + dogrt A& — %3(001 N&r), (4.2)

_ 1_
(0 ~ 5)(()21) = (_1)p+q0_0 A\ f(()?) — 60'01 A 61 + 58(001 N 51)

Proposition 4.3 The above cup product induces a bilinear map
HEg(U) < Hy'(U) — HZ™ 7 (U).
PrROOF:  We need to show that
(1) If o € ZB&E(U) and € € ZY*(U), then o — & € ZXT°(UY).
(2) If 0 € BRA(U) and € € Z°(U), then o — & € BRI (UY).
(3) If o € ZB&(U) and & € BY*(U), then o — & € B (UY).
First, we note that, for a (p, ¢)-form w and an (r, s)-form 6,

00w A 0) = 00w A+ (1P 19w A 00 + (—1)PT90w A 00 + w A DI6. (4.4)

The statement (1) follows from direct computations using (4.4).

To prove (2), take 0 € BR4(U) and ¢ € Z*(U). Thus o; = 997, i = 0,1, and
001 = 71 — 7o (cf. Lemma 3.3). Also 99¢; = 0,4 = 0,1, and & — & — 55&) — afé?) = 0.
Then we may write

(0« &); = oM + 8,

where

Ck(l) = _(_1)p+q7_i A 851 + %G(Tl N fz), CMZ@) = (_1)p+q7_i A\ 5& - %5(7’2 VAN fl)

(2

11



We compute
(0~ O =a’ —af’ = daf) —0ali?, (0w OF =l — af = daf” - 0ag?,
where
1 2 21 1 A 2
ap = —(=1PMom Ny ag? = o = A (06 - 0657,
04(()212) = (- )p+qa¢ A 5(2)

Thus ¢ « & € BX™7"*(U) (cf. Lemma 3.22).

To prove (3), take o0 € ZE4(U) and € BY*(U). Thus do; =0, i = 0,1, 01 — 0¢ —
9005, = 0 and & = on™ + on@, ¢ =B — ¥ i = 0,1, k = 1,2, (cf. Lemma 3.3).
Then we may write

(0~ ;=080 +08", B = (=10 A,
We compute

(0w =80 - —asi" =982, (0w )P =82 — P —9pY — 0p?,

where
1
for) = (=P o Any”, By = 86" = Som A @O0 — on?),
5(%?2) _ _( )p+q8001 A 77( ).
Thus o « &€ € BX™(U). O

Note that the cup product in Proposition 4.3 is compatible with (4.1) via the isomor-
phisms (3.17) and (3.21).

Remark 4.5 If we do not use Lemma 3.3 and write ogy = 7 — 79 — 57’5}) (97'(5%) in the
step (2) above, the terms (o -« &);, # = 0, 1, remain the same and we have

1 1 = 11 12 12
(0~ f)él) = 0‘5 - ao a(%l +’V(()1 )) 8(0481 ) +’Y((Jl ))7

_ (4.6)
(0w OF =a? —af? = d(ai) +45Y) — 0(al? + 452,

(k1)

where oy, k,l = 1,2, are as before and
11 12 21 5. (1 2
7(()1 ) = —(= 1)p+q7' N &y, ’7((]1 ) = 7(()1 ) = (870(1) - 37'(51)) AXST
1 = (P A 9g.

Thus o « ¢ is still in BY™"*(U) (cf. Lemma 3.22). This is necessary when we consider
the relative case (cf. the proof of Proposition 4.9 below).
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Now we consider the relative case. Thus let S be a closed set in M. Let Uy = M .S
and U; a neighborhood of S and consider the covering U = {Uy, U, } as before. By setting
oo = 0 in (4.2), we see that it induces a cup product

ERAU, Up) x E™(Uy) — EXTT (U, Uy)

given by

<U7 5) = (01 A 51780'01 A é-l - %a<0'01 VAN 61), —50’01 N 51 -+ %3(001 AN 51)) (47)

It does not induce the cup product on the corresponding cohomologies, since Lemma 3.22
does not apply in the relative case. However, for our purpose it suffices to consider
the case p+r = ¢+ s = n and in this case, we can make the receiving cohomology
the relative de Rham cohomology (cf. Example 3.10.1). Namely, if we consider the

composition of (4.7) and £y (U, Uy) — E*(U, Up) given by (&1, gé?, 58?)) — (&1, f((ﬁ)—{—&(ﬁ))
(cf. Proposition 3.25), we have a bilinear map

ERAU, Uy) x EMPMIUUL) — E2(U, Uy)

given by

(0,6) — 0 & = (01 A&, (O — D)oor) A &r — %(8 — 9)(o01 A&r)). (4.8)

Proposition 4.9 The above bilinear map induces a bilinear map
HEE (U, Ug) x HY P"(Uy) — HE (U, Uy).
PrROOF:  We need to show that
(1) If o € ZEL(U,Up) and & € Z P U(U), then o - & € Z*(U, Uyp).
(2) If 0 € BEL(U,Up) and & € Zy " Y(U,), then o - & € B*™ (U, Up).
(3) If o € ZEL(U,Uy) and & € By P"71(U,), then o - & € B*(U, Uy).

In the above Z) """9(U;) and By """ 9(U;) denote the Aeppli cocycles and coboundaries
on Uy and Z?"(U,Uy) and B**(U,Uy) the relative de Rham cocycles and coboundaries.

To prove (1), take o € ZE4(U, Uy) and & € Zy P"9(Uy). Thus doy = 0, 01 — 0oy, =
0 and 99¢, = 0. We have d(o - &)1 = d(0y A &) = 0 by the degree reason. By (4.4) and
the degree reason we compute (0 - &)y — d(o - &)1 = 0. Thus o - & € Z2"(U, Uy).

To prove (2), take ¢ € BREU,Uy) and € € Z, P"7(U,). Thus oy = 991 and
o01 =TI — 57'(%) — 87'8%) (cf. Remark 4.5). Also 99¢; = 0. Then we may write, again by
the degree reason,

(0 &)1 = d(0” +af”),

where agk), k = 1,2, are as in the proof of Proposition 4.3. In (4.6), we have a(()’il) =0
as 1o = 0. Also 5781) = d’yéil) and 87(()?2) = d’y(()?) as ’y&l) and 76?2) are (n,n — 2) and
(n — 2,n)-forms, respectively. Thus we have

1 2 11 22
(0 &)or = af" +ai? —d(rpy" + 00 +76,7).
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where vy, = 7(12) = 701 2D This shows o - & € B2 (U, Uy).

To prove (3), take 0 € ZE&(U,Up) and & € By """ 9(U;). Thus doy = 0, oy —
000y = 0 and & = 577%” + 8779. Then we have, with ﬂk) and 58?” as in the proof of
Proposition 4.3,

(0-&)1 =dBV +87),  (o-&)o =B + 8P —d(BSY + Bor + B8,

where [y = 50}2 (()?1), which shows o - & € B> (U, Up). O

4.2 Integration

We may define integration on Cech-Bott-Chern or Cech-Aeppli cohomology by making use
of the integration theory on Cech-de Rham cohomology. The Cech-de Rham cohomology
and its integration theory may be developed for an arbitrary covering of a C'*° manifold.
Here we briefly recall the theory in our situation and refer to [16] and [21] for the general
case and details.

Let M be a complex manifold of dimension n and U = {Uy, U} a covering of M as
before. The Cech-de Rham cohomology H7,(U) is defined as in Example 3.10.1. Let
{Ry, R1} be a “honeycomb system” adapted to U. In our case we may assume that each
R; is a closed real 2n-dimensional manifold with C* boundary dR; in U;, i = 0, 1, such
that Ry U Ry = M and Int Ry N Int Ry = 0, where “Int” means the interior. We set
Ro1 = Ry N Ry, which coincides with OR, and is endowed with the orientation of JRy so
that Ry; = ORy = —0R;, as oriented manifolds.

Suppose M is compact. Then we may assume that Ry and R; are compact and we
have the integration

/M:52”(u)—>c given by /MC:/ROC°+/31Q+ Rmcm,

which induces the integration on HZ'(U). It is compatible with the integration on the
de Rham cohomology H?"(M) via the isomorphism (3.11).

In the relative case we proceed as follows. Thus let S be a closed set in M. Let
Up = M~ S and U; a neighborhood of S and consider the covering U = {Uy, U} of M
as before. We have the relative de Rham cohomology HJ,(U,Uy) as in Example 3.10. 1.
Suppose S is compact (M may not be). Let R; be a 2n-dimensional compact submanifold
of M with C* boundary containing .S in its interior and set Rg; = —JR;. Then we have
the integration

/ : H%n(u) U()) — C induced by / C = / Cl + COI' (410)
M M Ry Ro1

Now we consider the Aeppli case. First suppose M is compact. Then the integration on
HY"(M) is defined using the identity Hy" (M) = H3"(M). The integration on the Cech-
Aeppli cohomology is defined using Proposition 3.23. Namely, we have the integration

/M cHY"(U) — C induced by /M /RO &)—l—/R1 &+ /Rm —|—§01 (4.11)
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In the relative case we may use Proposition 3.25. Thus if S is compact, we have the
integration

/ CHY"(U,Uy) — C induced by / éz/ &1 —i—/ (f&) +§§ﬁ)).
M M Ry Ro1

Remark 4.12 Noting that there is a canonical morphism H}(U) — Hpj M (U), we may
define the integration on Hyi (U) as the composition

Hit(U) — H3"(U) — HE(U) NG

4.3 Duality morphisms

If M is compact, we have a bilinear map

HES(M) x HP"9(M) 5 HY" (M) 2 ¢, (4.13)
which is non-degenerate so that we have an isomorphism (cf. [20])

@ : HEA(M) = HY P =9( M), (4.14)

Now we consider the duality between Cech-Bott-Chern and Cech-Aeppli cohomologies.
If M is compact, we have a pairing (cf. Proposition 4.3 and (4.11)):

HEAU) x HLP 1) 5 HY (@) 25 €,
which is compatible with (4.13). Thus we have an isomorphism
G : HEI(U) > HYP"IU)* = HEPO9(M)".
In the relative case, suppose S is compact. We then have a pairing (cf. Proposition 4.9
and (4.10)) :
HESWU, Uy) x HY P 9(Uy) — HEU, Ug) 25 €,
which induces a morphism HEA (U, Uy) — Hy 7" (Uy)*. If we set

HP 7S] = tim HY P 7(0))

U1DS

the inductive limit over the open neighborhoods U; of S, we have a morphism (cf. Corol-
lary 3.8)
v HEAU,Uy) — Hy P S)" (4.15)

Proposition 4.16 If M is compact, we have the following commutative diagram. :

HEE (U, Uy) —— HEE(M)
J{W ZldS

TP S) = HET (M)
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5 Characteristic classes in Cech-Bott-Chern cohomol-
ogy

5.1 Chern forms

We start by briefly recalling the Chern-Weil theory of characteristic classes. For details
we refer to [5], [8], [19] and [21].

Let M be a C'*° manifold and £ — M a C* complex vector bundle of rank /. For an
open set U in M, we denote by E"(U, E) the vector space of E-valued r-forms on U, i.e.,
C* sections of the bundle A" 7 ® E on U, where 7 = T§M denotes the complexification
of the real tangent bundle Tg M of M.

A connection for E is a C-linear map

V:E(M,E) — (M, E)

which is a derivation: V(fs) = df @ s+ fV(s) for f € E°(M), s € E°(M, F). For a vector
field u, we denote V(s)(u) by V,(s), which is in E°(M, E). A connection V induces a
derivation V : EY(M, E) — £?(M, E) and the composition

K=VoV:&(ME)— E(M,E)

is the curvature of V. Tt is E°(M)-linear so that it can be thought of as a 2-form with
coefficients in Hom(E, E). Thus, for the p-th elementary invariant polynomial o,, p =
1,...,1, 0,(K) is a 2p-form on M, which is shown to be closed. The p-th Chern form of

V is defined by
,/_]_ p
( 2 ) 7p(K).

More generally, if ¢ is an invariant polynomial homogeneous of degree k, we have a
well-defined 2k-form ¢(K'), which is closed. By a slight abuse of notation, we set

(\/—_1

!

(V) =

(V) =

Alternatively, for such ¢, there is a polynomial P such that ¢ = P(01,09,...). Then
o(V) = P(c(V),*(V),...).

Noting that a connection is a local operator, we have local representations of the
connection and curvature. For a (local) frame e = (ey,...,¢;) of E, the connection
matrix 6 = (6;;) is determined by Ve; = 31_, 6;;e;. Also the curvature matrix & = (k)
is determined by Ke; = 22:1 kjie;. We then have

k=d0+0N0. (5.1)
By a frame change € = eA, the connection and curvature matrices become
0 =A"1. dA+ AT19A, K = A7'RA.
E)k
2m

The form ¢(V) above is locally given by ( o(K).
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Bott difference form: Let ¢ be as above. For two connections V and V' for E, there
exists a (2k — 1)-form p(V, V') such that ¢(V',V) = —p(V, V') and that

de(V,V') = o(V') = o(V).

As to the construction of such forms, we refer to [7], [8] and [21]. One of the consequences
of this is that the class of [p(V)] in H2*(M) is independent of the choice of the connection
V for E. The class will be denoted by ¢(FE). In particular the class of ¢?(V) is the p-th
Chern class ¢’(E) of E.

5.2 Metric connections

Connections of type (1,0): Now let M be a complex manifold of dimension n and
E — M a holomorphic vector bundle of rank I. A connection V for FE is of type (1,0)
(a (1,0)-connection for short) if the entries of the connection matrix with respect to a
holomorphic frame are forms of type (1,0). Note that this property does not depend on
the choice of the holomorphic frame and that every holomorphic vector bundle admits a
(1,0)-connection. If V is a (1, 0)-connection for F, we may write its curvature K as

K = KQ,O +K1’1

with K20 and K'! a (2,0)-form and a (1, 1)-form with coefficients in Hom(E, E). Locally,
if  and k are the connection and curvature matrices of V with respect to a holomorphic
frame, we can decompose as k = k>° + k1! according to the types, and K?° and K1 are
represented by (cf. (5.1))

K0 =00+0N0 and kb= 00. (5.2)
Thus K, being locally J-exact, is a d-closed (1, 1)-form with coefficients in Hom(E, E).

Atiyah forms: In the above situation, for a (1, 0)-connection V, we have the d-closed
(p, p)-form o,(K™') on M, which is locally given by o,(xk"!). The p-th Atiyah form of V

is defined by (cf. [2])
Y
(5 o)

If Vis a (1,0)-connection, the p-th Chern form (V) is a 2p-form having components
of types (2p,0),...,(p,p). The Atiyah form a”(V) is the (p, p)-component of ¢’(V). In
particular, a™(V) = ¢"(V).

If  is an invariant polynomial homogeneous of degree k and if V is a (1, 0)-connection,
©(V) is a closed 2k-form having components of types (2k,0),..., (k, k). We denote the
(k, k)-component of p(V) by ¢*(V) and call it the Atiyah form of V with respect to (.
If p = P(0y,09,...), then p*(V) = P(a'(V),a*(V),...), which is a d-closed (k, k)-form
on M.

If we have two (1, 0)-connections V and V' for E, we have the difference form ¢*(V, V').
It is the (k, k — 1)-component of ¢(V, V') and satisfies

0™ (V. V') = (V') = ¢*(V).
Thus, if V is a (1, 0)-connection for E, the class of ¢*(V) in Hg’k(l\/[) does not depend on

the choice of V. It is denoted by ©*(E) and is called the Atiyah class of E with respect
to ¢. In particular, the class of a?(V) in HE?(M) is the p-th Atiyah class a?(E) of E.

a’(V) =
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Hermitian connections: A Hermitian vector bundle (E,h) is a C* complex vector
bundle E together with a Hermitian metric h on E. A connection V for E is an h-
connection if it is compatible with h:

dh(s,t) = h(Vs,t) + h(s, Vi) for s,t € E%(M, E).

A connection V for E is Hermaitian, if it is an h-connection for some h. Note that
every Hermitian vector bundle (£, h) admits an h-connection. Thus every complex vector
bundle admits a Hermitian connection.

Metric connections: Let M be a complex manifold and £ — M a holomorphic vector
bundle. Recall that, for any Hermitian metric h on E, there exists a unique h-connection
of type (1,0). We call such a connection the h-metric connection. Let V be the h-metric
connection. Let e = (eq,...,¢e) be a (local) holomorphic frame and 6 the connection
matrix of V with respect to e. We also set H = (h;;), h;j = h(e;, e;). Then the connection
matrix with respect to e is given by

0="H"' 0H. (5.3)

We call a Hermitian connection of type (1,0) a metric connection. From (5.3) we
see that, if V is a metric connection for F, its curvature matrix x with respect to a
holomorphic frame is of type (1,1):

k= kb = 00. (5.4)
Thus we have:

Proposition 5.5 Let E be a holomorphic vector bundle. If V is a metric connection for
E, the Chern forms and the Atiyah forms are the same:

Thus they are simultaneously d and O-closed.

Remark 5.6 1. For two metric connections V and V', we also have
p(V, V') = o*(V, V).

2. Let (E,h) be a Hermitian line bundle and s a non-vanishing holomorphic section of
E. We may think of s as a frame and set N(s) = H = h(s, s), the square of the norm of
s. Then, by (5.3) and (5.4), the first Chern form of the hA-metric connection V is given by

e V—1_
= K= 00log N(s),
2m 2m

c'(V)

which is also equal to a'(V).
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5.3 Bott-Chern classes

Let £ — M be a holomorphic vector bundle on a complex manifold. For an invariant
polynomial ¢ and a Hermitian metric h on E we set ¢(E,h) = ¢(V), where V is the
h-metric connection. If we have two metrics h and h' on E, we have the Bott-Chern form
©(E, h,h') which relates p(FE, h) and ¢(E, h’). It was first introduced in [8] and then has
been studied by a number of authors via different approaches (cf. [6], [11], [12], [14] and
references therein). We may summarize what we need in our situation as:

Theorem 5.7 Let ¢ be an invariant polynomial homogeneous of degree k. There is a
unique way of assigning to (E,h,h') a (k — 1,k — 1)-form @(E, h,h') so that

(1) 00p(E, h, 1) = o(E, 1) — ¢(E.h),

(2) f*e(E,h, 1) =@(f*(E,h,1")) for every holomorphic map f: M' — M,

(3) w(E,h,h') =0, if h="H.

In particular from (1) above we see that the class of p(E,h) in Hye(M) does not
depend on the choice of the metric h.

Definition 5.8 The Bott-Chern class ppc(F) of E with respect to ¢ is the class in
HEE(M) of o(E, h) for some Hermitian metric h on E.

In the sequel we denote ¢(F,h) and ¢(E, h,h') simply by ¢(h) and (h,h'), if the
bundle under consideration is understood.

Remark 5.9 1. The Bott-Chern Chern class and the Bott-Chern Atiyah class are the
same: cpo(E) = aho(E) in HRE(M). It goes to the Atiyah class a”(E) by the first
morphism in (2.2) and to the Chern class ¢’(E) by the second.

2. Suppose E is a line bundle with Hermitian metrics A and A’. For a non-vanishing
section s, we set N(s) = h(s,s) and N'(s) = I'(s,s). Then, for ¢ = c', we have

V-1, N'(s)

YR, W) = 1 .
e (h ) =~ %8 N (s)

3. In general, if hy and h; are Hermitian metrics on F defined on open sets Uy and U; in
M, respectively, the form ¢(hg, h1) as above is defined on Uy = Uy N U;.

5.4 Characteristic classes in Cech-Bott-Chern cohomology

Let E be a holomorphic vector bundle on a complex manifold M and U = {Uy,U;} an
open covering of M. For ¢ = 0,1, let h; be a metric for E on U;. If ¢ is an invariant
polynomial homogeneous of degree k, the cochain

@(he) = (p(ho), p(h1), p(ho, h1)) (5.9)
- EEEU) = EFF(Uy) @ EXF(UL) @ EFVEL(Uyy).

is a cocycle. Thus we have a class [p(h,)] in Hyg(U).
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Proposition 5.10 The class does not depend on the choice of the metrics. Moreover it
corresponds to opc(E) € Hys (M) via the isomorphism (3.17).

PrROOF:  We recall (cf. [11, Proposition 4.23]) that, for three metrics (h, ', h"), there
exist a (k — 1,k — 2)-form o) (h, h', h") and a (k — 2,k — 1)-form @ (h, h', h") such that

p(W W) = @(h, B") + @(h, 1) + 0" (h, B, B") + 9@ (h, W' ") = 0.
Let hj be another metric on £ on Uy and set

Then we have

p(h) = p(hs) = (p(ho) — @(ho), 0, o (hg, ) = ¢ (ho, ha))
- (58¢(h07 h{))’ 07 —QO(h(), hé)) - 590(1) (hOJ h{)v h’l) - agp(z)<h0’ h67 h1)7

which is in Beg(U) (cf. (3.15)) so that [p(hL)] = [p(h.)].

Likewise Let h| be another metric on £ on U; and set

p(h,) = (p(ho), e(h}), ¢(ho, hY)).
Then we have

@(h,) — o(he) = (0,¢(h}) — @(h1), p(ho, h}) — ©(ho, h1))
= (0,00¢(h1, By), p(he, By) + 0pW (ho, by, BY) + 0 (ho, by, 1)),

which is in BEE(U) (in fact in Bis(U, Uy)).
The last part can be seen by comparing with the class defined by a global metric. O

6 A vanishing theorem

6.1 Actions of distributions

Let M be a complex manifold of dimension n and F' a non-singular distribution of dimen-
sion p, i.e., a subbundle of T'M of rank p.

Definition 6.1 A (holomorphic) action of F on a holomorphic vector bundle E over M
is a C-bilinear map

a:EYM,F)x E(M,E) — E°(M, E)
satisfying the following conditions, for f € E%(M), u € E%(M, F), s € EY (M, E) :
(1) a(fu,s) = fo(u,s),
(2) a(u, fs) =u(f)s + fa(u,s) and
(3) a(u,s) is holomorphic whenever u and s are.

A vector bundle E with an action of F' is called an F-bundle.
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Definition 6.2 Let E be an F-bundle with action ae. An F'-connection for E is a (1,0)-
connection V with

Vu(s) = a(u, s), for s € E%(M,E), ue E(M,F).

From the fact that an action is a local operation, we see that an F-bundle always
admits an F-connection.

We note that the above material can be equivalently treated in terms of partial holo-
morphic connections instead of actions (cf. [2]), the condition (4) in Remark 6.5. 1 below
corresponding to the fact that the partial connection is flat. We have the following Bott
type vanishing theorem for F-connections, which is proved in [2, Theorem 6.10] in the
context of partial connections.

Theorem 6.3 Let M and F' be as above. Let E be an F-bundle and V an F'-connection
for E. For an invariant polynomial o homogeneous of degree k > n — p, we have:

o™ (V) =0.

Corollary 6.4 If, in addition, V is Hermitian,
p(V) = 0.

Remark 6.5 1. For two connections V and V' and an invariant polynomial ¢ as in
Theorem 6.3, we have the vanishing ©*(V, V') = 0. Thus if, in addition, V and V' are
Hermitian, ¢(V,V’) = 0 (cf. Remark 5.6.1). However if V and V' are Hermitian with
respect to different metrics h and A/, the form ¢(h, h’) does not vanish in general, as the
following example, which was communicated to us by the referee, shows.

Let E = M x C be the product bundle and F = T'M so that p = n. Then there
is a natural action of F' on E (the action of vector fields on functions). The exterior
derivative d is an F-connection for E. It is also the metric connection with respect to any
constant metric on F, i.e., a metric h given by h(e,e) = a (a positive real number) with
e the frame of E defined by = — (x,1). Note that for ¢ = ¢!, degp =1 >n—p = 0.
However, for the two metrics h and b’ given by h(e,e) = 1 and h'(e,e) = a # 1, we have
(cf. Remark 5.9.3)

1
log a # 0.
2m

c(h, b)) =

2. In Theorem 6.3, if F' is involutive and if the action satisfies
(4) a([u, 'U], S) = Oé(uv Oé(?), S)) - Oé(’U, a(ua 8))7

we have (V) = 0 for ¢ with k£ > n — p. This is usually referred to as the Bott vanishing
theorem.

3. Let h be a Hermitian metric on £. Under the condition of Corollary 6.4, we have
u(h(s, 1)) = h(u(s), 1),
for u in A°(M, F') and a holomorphic section ¢ of E.

4. Some special cases of this Bott type vanishing theorem are proved in [13].
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6.2 Action on the normal bundle of an invariant submanifold

Let M be a complex manifold of dimension n and V' a complex submanifold of dimension
d of M. Let Ny be the normal bundle of V' in M so that we have the exact sequence

0— TV — TM|y 5 Ny — 0. (6.6)

Let F' be a distribution of dimension p on M. We say that F' leaves V invariant if
Fly € TV. In this case we set Fy, = F|y, which is a a distribution of dimension p on
V. The following is proved in [17] (see also [18]) for the case of foliations. In fact the
involutivity of F' is not necessary and a proof is given in [2] in terms of partial connections
and in [24] in terms of actions.

Theorem 6.7 In the above situation, there is a natural holomorphic action of Fyy on Ny .

The action is constructed as follows. Let u and v be C* sections of Fy and Ny,
respectively. Take sections 4 of F' and © of T'M so that d|y = w and 7(d|y) = v, where
lv means the restriction as sections. Define

a: NV, Fy) x E%V, Ny) — E°(V, Ny) by a(u,v) = n([a,d]|y). (6.8)
Then it is a well-defined action, which is referred to as the Camacho-Sad action.

Corollary 6.9 In the above situation, let V be an Fy -connection for Ny, which is also
Hermatian with respect to some Hermitian metric on Ny. Then, for an invariant polyno-
mial @ homogeneous of degree k > d — p, we have ¢(V) = 0.

7 Localization and Hermitian residues

We briefly recall singular holomorphic distributions, for which we refer to [24] for details.
Then we prove a residue theorem for vector bundles admitting a Hermitian connection
compatible with an action of the non-singular part of a singular distribution.

Singular holomorphic distributions: Let M be a complex manifold of dimension n.
We denote by Oy, and O, its structure sheaf and the tangent sheaf. For simplicity we
assume that M is connected. A singular distribution on M is a coherent subsheaf F of
Oyr. We set

S(F)={xze M| (On/F), is not Op,-free}

and call it the singular set of F. Away from S(F), F is a locally free O-module and its
rank is called the dimension of F. For instance, if F is generated by a single vector field
v, S(F) is the set of zeros of v.

If F is involutive, i.e., if [F, F] C F, then F is called a singular foliation.
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The residue theorem: Let F be a singular distribution of dimension p on M with
singular set S = S(F). There is a rank p subbundle Fy of TM|y,, Uy = M .S, so that
Flu, = Ou,(Fp), the sheaf of holomorphic sections of Fy. Letting U; be a neighborhood
of S, we consider the covering U = {Uy, U, } of M. Let E be a holomorphic vector bundle
on M with an action of Fy on Uy. Let Vi be an Fy-connection for £ on Uy and suppose
there exists a Hermitian metric hg of E on Uy such that V is also an hg-connection. Take
a Hermitian metric h; of £ on U; and let V; be the hi;-metric connection for £ on Uj.
Recall that for an invariant polynomial ¢ homogeneous of degree k, the characteristic
class ppc(E) in HEE(M) ~ HEE(U) is represented by the cocycle ¢(h,) in Eps(U) given
by (5.9). If £ > n — p, then by Corollary 6.4, p(hg) = ©(Vo) = 0 and ¢(h,) is expressed
as

o(hi) = (0,(h1), p(ho h1))

so that it is in EL5(U, Up). Thus it defines a class in Hp (U, Uy), which we denote by
vpc(E; F) and call the localization of ppc(E) by F at S. It is sent to the class ppc(FE)
by the canonical morphism

JF Hyb (U, Uy) — HES(M).

Remark 7.1 1. The localization ppc(E; F) above depends a priori on the metric hg. Let
h{, be another metric of E on U, and V{ the h{-Fy-connection for £ on Uy. For the usual
proof of the independence of the localization (cf. [21, Ch.III, Lemma 3.1]), we need to
have the vanishing of ¢(hy, h{), however this is not the case in general (cf. Remark 6.5.1).
On the contrary the localization is independent of the choice of the metric h; on Uy, for
a fixed hy (cf. the second half of the proof of Proposition 5.10).

2. In the above situation we have the “Atiyah localization” ¢*(E;F) in Hg’k(u, Up)
(cf. [2]). Tt is represented by the cocycle (0,9*(V1),»*(Vo, V1)), which is equal to
(0,(V1),9(Vo, V1)) in this case (cf. Proposition 5.5 and Remark 5.6 1).

Suppose S is compact. Then the image of ppc(E; F) by the morphism (cf. (4.15))
W Hyts (U, Ug) — Hy "5 (S)

is denoted by Res,,(F, E;S) and called the residue of F for E at S with respect to ¢.
If S has a finite number of connected components (S)), we take an open neighborhood
Uy of Sy in U; for each X so that Uy NU, = 0 if A # p. Then we have the residue
Resppe (F, B; Sy) in Hy ¥ 7F[S,\]* for each A, HY """ 79[Sy] = lim H""(U).
Uy DSy

Let R) be a 2n-dimensional manifold with C'*° boundary in U, containing S in its
interior and set Rgy = —0R,. Then the residue Res,,,(F, E;S)) is represented by a
functional (cf. (4.8) and (4.10))

e [ pngs [ (0= Dpliut) A~ 50— Delu) AO) (72

Ry Rox

for every d0-closed (n — k,n — k)-form £ in a neighborhood of S).
From the above considerations and Proposition 4.16, we have the following:
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Theorem 7.3 Let M, F and S be as above. Suppose S is a compact set with a finite
number of connected components (Sy)x. Let E be a holomorphic vector bundle on M.
Assume that there is an action of Fy on E and that there is a Hermitian Fy-connection
for E on Uy. Let ¢ be an invariant polynomial homogeneous of degree k > n — p. Then:

(1) for each A we have the residue Res,,.(F, E; Sy) in Hy "™ *[S\]*, which is repre-
sented by the functional (7.2),

(2) if moreover M is compact,

Z(ZA)* ReSsOBc (Fﬂ E; S)\) = QS(QDBC<E)) in Hz_km_k(M)*v
A

where iy : Sy < M denotes the inclusion.
A residue as Res,, (F, E; S)) is referred to as a Hermitian residue.

Remark 7.4 If k = n and if M is compact and connected, Hy """ (M)* = HY(M)*
may be identified with C, and in this case, (i)).Resp.(F, E; Sy) is a complex number
given by

/RA o(h1) + % /ROA@ — 0)p(ho hy),

and ®(ppc(E)) may be expressed as [, ¢pc(E).

8 An example

For A € C* with |[A\] < 1, we consider the Hopf surface V' = (C?\ {0})/ ~, where
(z,y) ~ (A\z, \y). There is a fibration p : V — P! by elliptic curves. Let L denote the
pull-back by p of the hyperplane bundle on P!. Then, as H3(V) = 0 and H(%’l(V) = 0, both
the Chern class ¢! (L) and the Atiyah class a'(L) vanish. On the other hand, Hg,(V) ~ C
(cf. [3]) and the Bott-Chern class ¢ (L) is a generator. We show that it is localized at
one of the fibers C of p. For this we realize V' as an invariant submanifold of a singular
foliation on an ambient manifold whose singular set on V' is C. Then the Camacho-Sad
action of the foliation on L away from C' gives the localization (cf. Subsection 6.2).

We consider the Hopf manifold M = (C*\.{0})/ ~, where (z,y, 2) ~ (A\z, \y, A\z). Let
F be the two-dimensional foliation on M induced by the vector fields

0 0 0
Ulzya—y—}‘Z& and ng%,

which leaves invariant the Hopf surface V = {z =0}/ ~ C M. The singular set S(F) of
F is given by
S(F)=C={y=2=0}/~ CV.

There is a fibration p : M — P? by elliptic curves. It restricts to the fibration p : V' — P!,
of which C'is a fiber. Recall the exact sequence (6.6):

0— TV — TM|y — Ny — 0.
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If we denote by L the pull-back of the hyperplane bundle on P? by j, we have L = i]v.
The normal bundle of V is given by Nyy = L, since TM = L® LS L and TV =L & L.

We try to localize cy(Ny) on C. Denoting by [z, y] the image of (z, y) by the canonical
surjection C*~ {0} — V, we set Uy = {[x,y] | y # 0} and U; = {[z,9] | z # 0} and
consider the covering U = {Uy, U} of V. We have that V~\C = Uy and C C U;. The
bundle L is described as

= (UQ X C) U (Ul X (C),
where ([z,y], (o) and ([z,y], (1) are identified if and only if (s = z/y - (3.

Also, if we set s = z/y on Uy, s is a base coordinate and y is a (covering) fiber
coordinate of the fibration p : V' — P! and, if we set t = y/z on Uy, t is a base coordinate
and z is a fiber coordinate of the fibration p.

The foliation F defines a subbundle Fy of TV|y, of rank 2 and there is the Camacho-
Sad action of Fy on Ny|y,. Let V be an Fy-connection for Ny |y, and we compute the
connection form for V (cf. Definition 6.2 and (6.8)). The connection is uniquely deter-
mined in our case and turns out to be Hermitian.

We compute the connection form locally and find that the expression is valid globally
on Uy. At each point of Uy, (x,y, z) is a coordinate system on M in a neighborhood W
of the point. We set W =V N W. We take v = 7(9/9z) as a holomorphic frame of Ny
on W and let 0 be the connection form of V with respect to v. Since 0 is of type (1,0),
we may write 0 = fdx + gdy. Thus V,, (v) = ygv and V,,(v) = fr. On the other hand,
we compute

i =s{lrfy o 2|, = i ot =a(( 2 2]],) =

Thus we conclude that
o= — —dlog |y|*.
Yy

Note that the expression is a priori on W, however it is valid on the whole U,. Moreover,
this shows that V is Hermitian. In fact, on Uy, [z,y] — (o = 1/y is a frame defining
a connection form —dlog|y|* with respect to the standard Hermitian metric on L|y, =~
Uy xC (cf. (5.3), Remark 5.6.2). In this case, we can directly verify the vanishing theorem

(Corollary 6.4) as

Now, also we take on U; the standard metrlc and consider 1/ as a non-vanishing
section of Ny, = L on U;. Then, setting v = ﬁ, the class cho(Ny) is represented by

the cocycle (cf. Remark 5.9.3)

(09 1og|yl*, 00 log |z [*,log |z /y[*) = (0,0, log |x/y|*) = —(0,0,~log [¢t|*)

and it defines the localization chq(L; F) € Hgh(U, Up) of cho(L).
Now we examine its residue Res (F,L;C) € Hy'[C)*. We have the following dia-
gram, of which the square part is commutative (cf. Proposition 4.16):

HYL U, Ug) —2— HEL (V)

E o

HYN ) — = HY'CT —— HY (V)"

25



where ¢, is the transpose of the restriction ¢* : Hy'[C] — Hy'(C). We have Hy'(C) ~ C
and the composition ¢* o 7* : Hy'(V) — Hy'(C) is an isomorphism, however note that
H'[C] is infinite dimensional.

The residue Res (F, L; C) is the functional that assigns to each 00-closed (1, 1)-form
¢ in a neighborhood of C' the value (cf. (7.2))

_ 1 _
~1 [ ((91ogt ~ Blogh) A& — (0 - D)o P ) (8.)
Ro1
where Ry = {(t,z) € Uy | [t| <} for some 6 > 0 and Ry = —OR;.

The canonical generator of Hy'(C) = C is given by

v

S = log ||

dlogx A dlogx.

It may be thought of as representing the class in Hy' (V) dual to che (L), which is rep-
resented by v00log(|z|* + |y|?), in Hy,(V). Now we calculate Resg (F, L; C) (&) (cf.
(8.1)) and verify that it is equal to one. Since 3¢, = 9&; = 0, d(log [t|*- &) = (Dlogt) A&
and d(log [t|? - &) = d(logt) A &. Thus

Resa (F, L; C) (&) = %/

ORy

(0logt — Dlogt) A& = / & =1.
c
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