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A  B  S  T  R  A  C  T 
Granular flows consist of discrete macroscopic particles. If they are non-cohesive, their status is determined by the interaction of particle-

particle frictional forces, external boundaries and gravity. In particular, the under- standing of the transport mechanisms of granular materials 

is of paramount importance for the characterization of volcanic granular flows and for hazard assessments associated with these flows. In 

order to investigate dy- namics of these kinds of flows, we replicated large-scale experiments with multiphase computational fluid dy- namic 

(CFD) simulations using the Two-Fluid Model approach, with an emphasis on the polydispersity effect on the flow behaviour. The CFD 

simulations were run using the software MFIX. The present work consists of: 1) investigations on the drag force relationships implemented in 

MFIX; 2) applications of MFIX to replicate large- scale experiments on volcanic dry granular flows sliding on an inclined channel; 3) 

comparisons between experimental and simulated data with particular emphasis on the velocity of the granular flow front. Simulations on 

polydisperse granular flows demonstrated the simulated flows capability to replicate segregation dynamics active in real granular flows, and 

the polydispersity effects on velocities and shapes of granular flows. The non- uniformity of solid phases highly affects the dynamic of the whole 

flow and results in a better agreement between simulated and experimental flow velocities than the simplest monodisperse particles systems. In 

particular, the greater the number of the solid phases, the lower the velocity of granular flows and the mean square error, which decreases by ca. 

50% 

 

 

 

1. Introduction 

 
Volcanic granular flows are gravity-driven mixtures generated by 

gravitational collapse of summit lava domes and of eruptive columns 
generated during explosive eruptions. The community’s interest about 
these volcanic events is justified by the hazard posed by their capability 
to propagate over kilometric distances, affecting thereby very extensive 
areas. A better understanding of dynamics ruling the mobility of vol- 
canic granular flows is fundamental to predict their run-out distances, 
velocities and dynamic pressures. The solid mixtures constituting vol- 
canic granular flows like debris flows, pyroclastic density currents and 
debris avalanches are usually polydisperse, with a continuous grain-size 
distribution from coarse to fine sizes and with a wide range of densities 
(Iverson, 1997; Sarocchi et al., 2011; Sulpizio et al., 2016; Lube et al., 
2020). Furthermore, movement of polydisperse particulate mixtures are 
involved in a wide range of industrial processes as fluidised beds, 
pneumatic transport, generic particle flows in and from hoppers, silos 

and conveyor belts (Cleary and Sawley, 2002). 
In volcanic phenomena involving polydisperse mixtures, the fine- 

grained particles play a crucial role in the flow dynamics, promoting 
high pore fluid pressures that maintain the fluidization state (Druitt, 
1998; Roche et al., 2005, 2010). As well known in multiphase flow 
dynamics, for a particle settling in a fluid, the finer the particle’s size, the 
lower the settling velocity, which implies a greater facility for escaping 
gas phases to support finer solid phases. Furthermore, in fine-rich 
grain-sizes the smaller particles fill the inter-granular voids of the 
larger ones inducing low porosities, which, according to the classic 
Ergun equation (Ergun, 1952), promotes favorouble conditions for the 
fluidization phenomenon (Sulpizio et al., 2014). Hence, the fine parti- 
cles induce a porosity decrease in the granular flows and have greater 
chance of being transported to the top flow by the escaping fluids, while 
the grains having settling velocities too high to be fluidised are subjected 
to downward segregation. In granular flow regimes, the fluidisation 
state is not reached, and the fine-grained particles concentrate at the 
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Table 1 
List of symbols with description and physical dimension. 

Symbol Description Dimension 
 

A constant of Eq. P∗ = A(ε∗ — εg )10 Pa 

Cf friction coefficient between the solid phases - 

C1 segregation sloping coefficient s m—2 
d 
ep 

particle diameter 

restitution coefficient for the particle-particle collision 

M 

- 

g 

g0 

gravitational acceleration 

radial distribution function 

m s—2 

- 

I unit tensor - 

Igm momentum transfer from fluid phase to mth solid phase kg m—2 s—1 

Iml momentum transfer from mth to lth solid phase kg m—2 s—1 
P Pressure Pa 

r term of Yu and Standish relation (Eq. 14) - 

t Time s 

U velocity m s—1 

Greek symbol Description Dimension 

αsml drag coefficient between mth and lth solid phase kg m—3 s—1 

βgm drag coefficient between fluid and solid phase kg m—3 s—1 
δint internal friction angle of the granular material ◦ (degree) 
δw wall friction angle of the granular material ◦ (degree) 

ε 
θ 

volume concentration 
granular temperature 

- 

m2 s—2 

μ viscosity Pa s 

μb bulk viscosity Pa s 
ρ density kg m—3 

τ stress tensor Pa 

ϕ specularity coefficient - 

Subscripts   

g fluid phase  

m solid phase mth  

s solid phase  

Superscript   

* maximum packing  

f frictional  

k kinetic  

 

base of the flow due to processes of kinetic sieving and kinematic 
squeezing affecting the larger particles (Le Roux, 2003; Sulpizio et al., 
2014). This means they underwent most of the frictional processes 
occurring at the contact between the flow and the topography. For these 
reasons, it is very important to investigate how the particles size dis- 
tribution of the granular media affect natural or experimental granular 
flows, with particular emphasis on the fine-grained phases. 

This work deals with the study of the influence of polydispersity of 
particle size on computational fluid dynamics (CFD) simulations of 
multiphase granular flows, highlighting the solids-solids drag force’s 
role in segregation processes and the relationship between the number 
of solid phases and the flow propagation dynamics. It represents the 
prosecution of the work of Neglia et al. (2022), which instead focused on 
the effect of the selected wall-solid phase boundary condition on the 
dynamics of the granular flow. In that work, the simulated granular 
mixtures were approximated by purely monodisperse particles systems, 
thus neglecting the polydispersity effects on the simulations results and 
the processes induced by non-uniformity of the particle sizes. The results 
of Neglia et al. (2022) were used to optimally set-up the boundary 
conditions and inputs of the numerical simulation presented in this 
works, which take into account the complexity of approximating the 
granular mixtures as a polydisperse particle system. 

To achieve this goal, the multiphase CFD simulation tool MFIX 
(http://mfix.netl.doe.gov/) (Syamlal et al., 1993) (version 20.2.1) was 
used. MFIX provides various models that treat multiphase flows simu- 
lations with different approaches, e.g. the Discrete Element Method 
(DEM) (Cundall and Strack, 1979 Garg et al., 2012; Li et al., 2012) and 
the Two-Fluid Model (TFM) (Campbell, 1990; Lun et al., 1984). As 
already discussed in Neglia et al. (2022), the more feasible approach for 

granular flows involving large numbers of particles is the TFM approach, 
which treats the gas and solid phase as interpenetrating continua whose 
motion is ruled by the Navier-Stokes Equation. Since the motion of in- 
dividual particles is not directly solved in the TFM, closure relationships 
for modelling the momentum coupling between the solid and the fluid 
phase, the particle-particle momentum exchange and the solid-wall in- 
teractions. When using this approach to simulate polydisperse systems, 
each class of particle is treated as a separate solid phase, hence resulting 
in the conservation equations being solved for each solid phase. The 
presence of multiple solid phases leads to additional terms in mo- 
mentum conservations equations of the TFM, namely terms accounting 
for the momentum transfer between the different solid phases, which in 
turn depend on the solid-solid interactions (e.g. collisions). The latter is 
given by the drag force experienced between the solid phases and is 
difficult to model (Lu et al., 2018). The problem of the drag force 
modelling was addressed by Syamlal et al. (1987) who developed a 
particle-particle drag term using the kinetic theory of granular flow. 

The current work consists of: 1) an investigation on the drag force 
relationships implemented in MFIX by means of sensitivity analysis of 
simulated bidisperse granular mixtures on different flow parameters; 2) 
an application of MFIX to replicate three large-scale experiments on 
volcanic dry granular flows sliding on an inclined channel (including the 
experiment already analysed in Neglia et al. (2022)); and, 3) a com- 
parison between experimental and simulated data obtained from simu- 
lations of mono-, bi- and tridisperse granular mixtures, analysing the 
difference in the flow parameters with particular emphasis on the ve- 
locity of the granular flow front. Input and output data of MFIX reported 
in the current paper are available in Zenodo (10.5281/zen- 
odo.7818452). The Zenodo repository includes an input files directory, 
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where every file is identified by means of an ID, a table listing the input 
files ID and the corresponding simulation parameters and finally an 
output directory containing the output data used to develop the graphs 
reported in the manuscript. 

 
2. Two-fluid model and drag force equations implemented in 
MFIX code 

 
In the TFM the gas and solid phase are treated as interpenetrating 

continua, whose motion is solved using the Eulerian-Eulerian approach. 
Flow variables are volume-averaged over a region named control vol- 
ume (CV), which is large if compared with particle size but small 
compared with the scale of macroscopic variations inside the flow 

and 5 accounts for the net rate of momentum variation and the second 
states for the net rate of momentum transported by convection. The first 
and second term on the right -hand side represent forces due to the stress 
tensor and the body forces, respectively. 

τsm is described by means of kinetic and frictional components, 
where the kinetic-collisional stress is calculated applying the kinetic 
theory to the granular systems (Boyle and Massoudi, 1989) and the 
frictional term is computed using the rigid-plastic rheological model 
proposed by Schaeffer (1987). MFIX combines the kinetic and the fric- 
tional theories by considering a “switch” value represented by is the void 

volume concentration at the maximum packing ε∗ (Syamlal et al., 1993): 

⎧
⎨ —Pf I + 2μf S εg ≤ ε∗ 

 
Navier-Stokes equations for the conservation of mass, momentum and 

sm b s sm g g 

granular energy are solved, with constitutive equations accounting for 
the interphase interactions. In this work, the flow is considered 
isothermal and the energy conservation equations are not reported. 

The conservation equations of mass for gas and mth solid phase are: 

where Pf and Pk are the solid pressure for the frictional and kinetic- 
collisional regime, respectively, I is the unit tensor, S is the strain rate 

tensor, η = (1 +ep)/2 with ep being the particle-particle restitution co- 
efficient, μk and μf  are the kinetic and solid viscosity, respectively, and 

∂
 
εg ρg

) 

+ ∇⋅
 
ε ρ U 

) 
= 0 (1) 

  

μb is the bulk viscosity. ep is proportional to the fraction of the original 
kinetic energy that is restored to the particles after collision. The greater 
the restitution coefficient, the lower the dissipation rate of the inelastic 

∂(εsmρsm) 
∂t 

+ ∇⋅( sm ρsm Usm ) = 0 (2) collisions. Pf can be calculated using the models proposed by Schaeffer 

 
where ε is the volume concentration, ρ is the density, U is the velocity 
vector and the subscripts s and g denote the solid and fluid phase, 
respectively. All symbols are listed in Table 1. The first term on the left- 
hand side states for the mass change rate per unit volume and the second 
one is the convective mass flux. Potential sinks and sources due to phase 
changes and chemical reactions are neglected. 

The conservation equation of the granular energy is given by: 

(1987) and by Srivastava and Sundaresan (2003). The former was pro- 
posed for a plastic flow of granular medium occurring when the solid 
volume concentration exceeds ε∗ and uses an arbitrary function to pre- 

vent unphysically large solid volume concentration (Gera et al., 2004) 
and to take a certain amount of compressibility in the solid phase into 
account (Pritchett et al., 1978). The latter, also named “Princeton 
model”, was implemented in MFIX more recently, and starts from the 
quasi-static model proposed by Schaeffer (1987) modifying it to 
consider strain rate fluctuations associated to the shear layers that 

3
ρ 

(
∂(εsmθm) + ∇⋅(ε 

θ U )
) 

= —∇⋅q + τ decrease the shear stress in the granular material (Savage, 1998). Using 
2 sm ∂t sm m  sm sm 

 

 

: ∇ Usm — γθm + φgm + 

 
M 

 

 
l=1 

l=/m 

 

 
φlm (3) 

the Princeton model, the numerical singularities are avoided in the re- 
gion where the tensor of strain rate equals 0 as long as θ /= 0. For the 
simulations discussed in the present work, the Princeton frictional 
model was selected since tests on two frictional models carried out by 
Breard et al. (2019) demonstrated that this model resulted in a more 

where θ is the granular temperature, which is proportional to the mean 
quadratic fluctuating velocity due to the random motion of the particles, 
q is the diffusive flux of granular energy, γθ represents the granular 

gradual variation of solid pressures into the granular material and in a 
better dissipation of the pore pressures than that obtained with the 
frictional model proposed by Schaeffer (1987). We remind the reader to 
the above-mentioned papers for a detailed description of Pf 

energy dissipation due to inelastic collisions, φgm is the transferred 
granular energy between gas and the mth solids phase and φlm accounts The momentum transferred between the mth and lth 

sm 

solid phase (Iml 

for the transferred granular energy between the mth and lth solid phase. 
The terms on the left-hand side are the rate of change and the advection 
of the granular temperature, respectively. The first term on the right- 
hand side is the diffusive transport of granular energy, the second 
term is the net rate of granular energy produced by shear and the third 
term represent dissipation of granular energy. 

The conservation equations of momentum for the gas and solid phase are reported below: 

also referred to as solid-solid interaction force is represented by drag 
forces caused by velocity difference between the different solid phase 
and was modelled by Syamlal et al. (1987) using a simplified version of 
the kinetic theory: 

Iml = —αsml(Usl — Usm) (7) 

where αsml is the drag coefficient, which is equal to: 

 
∂

 
ε ρ U 

) 
) ∑M 

 

αsml = 3
 

1 + ep
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π
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2 + Cfπ2 
/

8
)
εslρslεsmρ (dl + dm)2g 
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0lm |Usl — Usm| 

g g g + ∇⋅ ε ρ U U = ∇⋅τ + ε ρ g — I (4) sl l sm m 
 

∂t 

 
∂(εsm ρ Usm) 

g g  g g g g g gm 
m=1 

 
∑M 

+ C1P∗ (8) 
 
where Cf is the friction coefficient between the solid phases, d is the 

sm + ∇⋅(εsm ρ 
t sm Usm Usm) = ∇⋅τsm + εsm ρsm g + Igm +  

l=1 

l/=m 

Iml  (5) 
particles diameter, g0 is the radial distribution coefficient, C1 is the 
segregation sloping coefficient (Gera et al., 2004) and P∗ is represented 
by an empirical power law equals to P∗ = A(ε∗ — ε )10, where A is equal 

g g 

here g is the gravitational acceleration, τg and τsm are the fluid and solid 
phase stress tensors, respectively, Igm and Iml represent the transferred 
momentum between the gas phase and the mth solid phase and between 
the different solid phases, respectively, and subscripts m and l indicate 
the mth and lth solid phase. The first term on the left-hand side of Eqs. 4 

to 1024 Pa. g0 describes the probability of finding two particles at that 
specific location (Boyle and Massoudi, 1989), and it represents a cor- 
recting factor acting when concentration is quite high to break molec- 
ular chaos assumption (Dartevelle, 2004). The first term on the 
right-hand side of Eq. 8 accounts for the momentum transfer between 

domain  (Anderson  and  Jackson,  1967).  For  each  phase  the 

sm sm 

ε sm 
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Fig. 1. Grid layout for the computational domain. The granular material is shaded grey, and the focus area is outlined by the solid red line. 
 

the phases due to the collision and friction, while the second one is 
required to account for “hindrance” effects caused by enduring contacts 
between particles of different sizes and densities in real polydisperse 
granular mixtures (Gera et al., 2004). This happens when the particles 
are closely packed and the fines cannot percolate through the interstices 
of the packed bed, because of their size. However, in the TFM approach 
the solid phases are modelled as different interpenetrating continua, 
which will segregate by contrast of density even in packed bed. In order 
to take the “hindrance” effect into account avoiding the solid phases 
segregation in packed beds, Gera et al. (2004) proposed the simple 
expedient of increasing the upward solid-solid drag, forcing the different 
solid phases to move together and behave as a single phase. On basis of 
his work, Gera et al. (2004) suggest C1 value of 0.3. 

There are different radial distribution functions implemented in 
MFIX, which can be used either for polydisperse or monodisperse 
granular mixtures. In the present work, the radial distribution functions 
derived by Lebowitz (1964) and Mansoori et al. (1971) for polydisperse 
mixtures of hard-spheres and pure hard-spheres, respectively, were 
used. The Mansoori relation is written in MFIX as a Taylor series 
approximation (Van Wachem et al., 2001). Lebowitz and Mansoori 
models were modified by Iddir and Arastoopour (2005) and by Van 
Wachmen et al. (2001), respectively, to prevent non-converging itera- 
tions near maximum solid concentration. The used radial distribution 
functions are listed below: 

pressions to calculate the drag coefficient, among which Wen and Yu 
(1966), Gidaspow (1994), Syamlal and O’Brien (1988), Hill et al., 
(2001) and Benyahia et al. (2006). These relationships, which are listed 
in the summary of MFIX equations (https://mfix.netl.doe.gov/doc/mfix 
-archive/mfix_current_documentation/MFIXEquations2012-1.pdf; 
Benyahia et al., 2012), were selected for the sensitivity analysis reported 
in the Supplementary Material (Appendix). The drag coefficient is 
calculated for each solid phase considering it as a monodisperse system 
of equal overall void concentration. Hence, the calculation of the drag 
force exerted by the fluid on the mth solid phase does not consider the 
presence of the lth solid phase. Several authors proposed different ex- 
pressions for the drag force experienced by a polydisperse particles 
system (Beetstra et al., 2007; Gidaspow, 1994; Patwardhan and Tien, 
1985), and MFIX provides the possibility to use the relation proposed by 
Beetstra et al. (2007), which is based on the Carman-Kozeny 
approximation. 

The maximum packing, which is fundamental for a correct calcula- 
tion of the momentum exchange, is different for mono- and polydisperse 
systems in response to mixing of particles of different sizes. This leads to 
an increase of the maximum packing with increasing polydispersity 
because smaller particles fill initial voids of the coarser ones. To emulate 
this effect, two correlations to calculate the maximum packing of poly- 
disperse mixtures are implemented in MFIX: Fedors and Landel (1979) 
and Yu and Standish (1987) correlations. The former is only suitable for 
bidisperse mixtures, while the latter is suitable for bi- and polydisperse 

1   dldm  ∑M  ελ systems. Both the correlations do not consider mixtures composed of 
g g  l m λ=1  λ irregular-shaped particles. In order to simulate granular flows without 

any limitation on the solid phases number, for the following simulations, 
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the Yu and Standish relation was selected: 

 
 

 

ε 

⎧
⎨ ε∗ + ε∗ 

1 — ε∗ )
(1 — 2.35 rml + 1.35 r2 

 
if rml ≤ 0.741 
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(15) 
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)2 (
1 — ε∗)3 ∗ 

+ 2 l m 

dl + dm 
2  g 
i εg 

modified Mansoori (12) where εsml is the maximum packing of the mixture composed by the solid 
constituents mth and lth. The diameters are ordered from coarsest to 
finest particles (d1 ≥ d2 ≥ d3 ≥ ... ≥ dn) so that the solid phase m cor- 

where xi is equal to m (εsi /di). 
The transferred momentum between the gas and solid phase (Igm also 

referred to as gas-solid interaction force is mainly due to drag forces 

responds to the coarsest particle (d1) and solid phase l change from the 
second to the last particle size (d2, d3,… dn). Thus, the Yu and Standish 
relationship calculates the maximum packings for the different particles 

exerted by the fluid on the solid phases and to buoyancy force generated sizes couples (ε∗ ∗ 
s13 

∗ 
s1n ) and finally, the greatest ε∗ will be 

by gas pressure gradient: 

Igm = —εsm∇Pg — βgm
 
Usm — Ug

) 
(13) 

 
in which the first and the second term on the right-hand side indicate the 
buoyancy and the drag forces, respectively, while βgm represents the 
solid-gas drag coefficient. Several researchers proposed different ex- 

selected by MFIX code as the maximum solid concentration of the 
polydisperse granular mixture. 

ε g 
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g 0lm 
g l m g 
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Fig. 2. Gas volume concentration (εg ) at t = 0 s and t = 0.65 s. The green and blue arrows denote the gravitational accelerations in the x and y direction, while the 
black arrow indicates the resulting gravitational acceleration (from Neglia et al., 2022). 

 

 
Table 2 
Summary of solid and fluid phase parameters used in the simulations. 
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3. The effect of the different drag formulations on bidisperse 
granular flow simulations 

 
Sensitivity analysis of drag forces on g0, ep and βgmwere conducted in 

order to study the effect of changes in the drag force calculation on 
simulated bidisperse granular flows. Sensitivity analysis of the drag 
force exerted by the flow on the solid phases showed simulated granular 
flows almost insensitive to the variation of βgm. This should not surprise 

because the granular flows under analysis are at high solids concentra- 
tions (εs > 0.5), in which case the gas-solid interaction play a negligible 
role. For this reason, the results of the sensitivity analysis on the fluid- 
solid drag force are reported in the Supplementary Material (Appen- 
dix). Instead, the results for the drag forces exerted by the lth on the mth 
solid phase (Eq. 7) are reported in the following Section. In the presented 
CFD simulations, the rectangular computational domain of 20.0 m 
length x 1.8 m height is discretized with a finer grid with rectangular 

 

 
 
Fig. 3. Profiles of solid volume concentration (a), solid velocity in x (b) and y (c) direction and granular temperature (d) at 9 m from the right side of the domain (or 
5.5 m downstream the initial position of the granular material) against the distance from the wall at changing g0. The subscripts 1 and 2 refer to solid phases of 2 mm 

and 1 mm, respectively. t = 1.40 s. 

Parameters (unit) Symbols Bidisperse 1 Bidisperse 2 

Solid density (kg/m3) ρs 2300 2300 

Particles diameter (m) d 2 ⋅ 10—3, 1 ⋅ 10—3 1 ⋅ 10—3, 0.1 ⋅ 10—3 

Particle-particle restitution coefficient ep 0.9 0.9 

Particle-wall restitution coefficient ew 0.7 0.7 

Internal friction angle (◦) δint 35◦ 35◦ 
Basal friction angle (◦) δw 13◦ 13◦ 
Max packing fraction ε∗ 0.65 0.65 

Solid concentrations εs 0.25, 0.25 0.25, 0.25 

Fluid density (kg/m3) ρg 1.2 1.2 

Fluid dynamic viscosity (Pa s) μg 1.8 ⋅ 10—5 1.8 ⋅ 10—5 



  
 

 

 

 
 
Fig. 4. Profiles of solid volume concentration (a), solid velocity in x (b) and y (c) direction and granular temperature (d) at 9 m from the right side of the domain (or 
5.5 m downstream the initial position of the granular material) against the distance from the wall at changing g0. The subscripts 1 and 2 refer to solid phases of 1 mm 

and 0.1 mm, respectively. t = 1.40 s. 
 

cells of 0.02 m x 0.005 m in the focus area and with a coarser grid close 
to the boundaries (Fig. 1). All the simulations presented in the current 
work were ran using an adaptive time step and a second-order dis- 
cretization scheme (Superbee) to solve the equations. The independence 
of the numerical solution from the choice of the grid size here presented 
is not reported in the current work because it was already demonstrated 
in Neglia et al. (2022) work. 

The simulations were carried out by dropping granular material from 
a height of 0.40 m on a 40◦ inclined channel, which was reproduced 
through tilting the component of gravitational acceleration at the 
instant when the center of gravity of the granular mixture impacts onto 
the channel surface (Fig. 2). 

The particles diameters of the simulated mixtures were set to 1 mm – 
0.1 mm and to 2 mm – 1 mm. The simulations were performed by using 
for solid and gas phases partial-slip and no-slip boundary conditions, 
respectively. The used partial-slip wall condition was that proposed by 
Jenkins (1992). The reader is referred to Neglia et al. (2022) for a 
detailed analysis of the partial-slip wall conditions for the solid phases 
implemented in MFIX. The solid and fluid phase physical parameters are 
listed in Table 2. 

 
 
3.1. Sensitivity analysis of drag forces experienced between solid phases 
on radial distribution function and restitution coefficient 

 
The drag force experienced between two solid phases is calculated by 

means of Eq. 7, which is regulated by the drag constant αsml that depends 
on iteratively calculated flow parameters (εs, g0, Us) and on constant 
granular flow parameters (ep, d, ρs, Cf , C1) Eq. 8). For the following 

sensitivity analysis, the effect of the radial distribution function g0 and 
the particle-particle restitution coefficient ep on the drag force calcula- 
tion and consequently, on the simulated bidisperse granular flows was 
studied. As above-mentioned, g0 differs for mono- and polydisperse 
particles systems and for this study, the Lebowitz and Mansoori models 
(Eqs. 9 – (12) were selected. The segregation slope coefficient C1 (Gera 
et al., 2004) was not considered because the simulated granular mix- 
tures were composed by solid phases with identical densities. 

For changing g0 and for bidisperse granular flows of 2 mm – 1 mm 
and 1 mm – 0.1 mm, profiles of solid volume concentration (εs), solid 

velocity in x and y direction (us and vs) and granular temperature (θ), at 
a simulation time (t) of 1.40 s, are reported in Figs. 3 and 4, respectively. 

The vertical profiles of εs (Fig. 3a) show almost identical flow 
thickness, with very slight variations in the maximum solid concentra- 
tions, which range between values of 0.5 – 0.6, and in the maximum us 

for the two solid phases, which reach maximum values of ca. 7.6 m s—1 
(Fig. 3b). On the other hand, vs profiles show different behaviour at 
changing g0 (Fig. 3c). The standard and modified Lebowitz profiles 
exhibit positive values (upward particles movement) for the top 80% of 
the flow height for both the solid phases, whereas for the 20% close the 
flow base the coarse and fine particles record different regimes. In 
particular, the solid phases 1 and 2 (d1 = 2 mm, d2 = 1 mm) show 
neutral values (close to vs = 0 m s—1) and a small negative peak 
(downward particles movement), respectively. Negative vertical veloc- 
ities indicate solid phase fall driven by gravity and by solid volume 
concentration; positive vertical velocities indicate solid phase moving 
upward into upper layers. On the other hand, the standard Mansoori 
trend follows the previous ones, while the modified Mansoori profile for 

 

 
 
Fig. 5. Profiles of solid volume concentration (a), solid velocity in x (b) and y (c) direction and granular temperature (d) at 9 m from the right side of the domain (or 
5.5 m downstream the initial position of the granular material) against the distance from the wall at changing ep. The subscripts 1 and 2 refer to solid phases of 2 mm 

and 1 mm, respectively. t = 1.55 s. 



  
 

 

 

 
 
Fig. 6. Grain size histograms of a, e) the experimental modified Weibull and Gaussian granulometric distributions, and of the b, f) mono-, c, g) bi- and d, h) tri- 
disperse granulometric distribution used for the simulations. phi = — log2d. 

 

d2 diverges from the other ones exhibiting negative values for the whole 
flow thickness (Fig. 3c). It is worth noting that the coarsest solid phase 
tends to migrate upward whereas the finest one tends to be segregated in 
the basal layer. Finally, all θ profiles record the highest values in the 
portion of the flow where εs is at its minimum (Fig. 3d) and then θ de- 
creases approaching the channel surface where εs increases. Greater εs 
results in lower θ because the particle fluctuations are inhibited or 
almost suppressed in the most concentrated layer of the flow where εs is 
maximum, and enhanced in the top flow that is more diluted. Further- 
more, high εs promote the granular temperature dissipation as heat 
during the inelastic collisions. 

The simulations’ results for the bidisperse granular flow of 1 mm – 
0.1 mm (Fig. 4) do not report the profiles for the Mansoori models, 
because they showed numerical solution divergence when the granular 
mixture impacts the channel surface, i.e. during the material compaction 
phase. εs, us and vs profiles show almost equal flow thicknesses and 
velocities for both the radial distribution functions (Fig. 4a, b and c). us 
reaches maximum values that range from 8.0 m s—1 to 8.5 m s—1, which 
are 0.5 m s—1 higher than velocities developed by the bidisperse mixture 
of 2 mm – 1 mm (Fig. 3b). vs profiles generally show negative velocities 
in the entire flow thickness, with small positive or neutral values close to 
the channel surface for the coarse solid phase (d1 = 1 mm). θ profiles for 

the solid phase 1 record high θ of ca. 0.3 m2 s—2 – 0.5 m2 s—2 close to the 

channel surface that decrease in the flow center and again increase to 
the top of the flow, whereas the solid phase 2 shows θ close to 0 m2 s—2 
for the 20 % near the flow base that upward increase (Fig. 4d). 

The flow parameters profiles at changing ep for bidisperse granular 
flows of 2 mm – 1 mm, at a simulation time of 1.55 s, are reported in 
Fig. 5. The simulated bidisperse granular mixture of 1 mm – 0.1 mm 
developed numerical instabilities and numerical solution divergence 
during the critical compaction phase for each ep lower than 0.9 (ep < 
0.9). For this reason, the results for bidisperse granular flow of 2 mm – 1 
mm are only reported (Fig. 5). Solution divergence, observed during the 
compaction phase for the sensitivity analysis on the restitution coeffi- 
cient and the radial distribution function, could be due to exceeding the 
maximum packing enabled in MFIX. The high mobility of the finer solid 
phase enhanced by kinetic energy acquired from the material dropping 
could be the reason of this instability condition. 

εs vertical profiles show almost identical flow thickness of ca. 0.03 m, 
with maximum solid concentration of ca. 0.55 (Fig. 5a), while us profiles 
exhibit velocities increase for higher restitution coefficients. The ve- 
locity increase at increasing ep should not surprise because the restitu- 
tion coefficient measures the recovery of kinetic energy after the 
collision and can be obtained from the ratio of the velocity of the par- 
ticles after and before the collision. Hence, the greater ep, the lower the 
dissipation rate given by inelastic collisions, which results in lower 



  
 

 

 

 
 

Fig. 7. Grid configuration for the computational domain. The granular material is shaded grey. 
 

 
Table 3 
Summary of solid and fluid phase parameters used in the simulations. 
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momentum dissipation and higher flow velocities (Fig. 5b). vs profiles 
show gradual changes at increasing restitution coefficient, with positive 
velocities that pass into negative values (Fig. 5c). The positive-negative 
transition is recorded at different ep values for the two solid phases 

indeed, the coarse solid phase (d1 = 2 mm) captures the passage from 
positive to negative velocities for ep greater than 0.7, whereas the fine 
solid phase (d2 = 1 mm) shows this transition for ep greater than 0.5. As 
regards the granular temperatures, all the profiles record values close to 
0 m2 s—2 for the flow where εs reaches its maximum, after increasing to 
the top of the flow (Fig. 5d). 

 
4. Increasing the model complexity: from mono- to tridisperse 
granular flows 

 
In order to conduct a sensitivity analysis of the flow variables on the 

number of solid phases and in order to observe the polydispersity effects 
on the granular flow front velocities, three large-scale experiments 
produced at the Mexican large-scale flume facility (LAIMA laboratory, 
Geology Institute of the University of San Luis Potosì, Mexico) were 
simulated, approximating the experimental granular material with 
mono-, bi- and tridisperse granular mixtures. Other solid phases were 
not added because of the required considerable computational power. 
The flume facility was composed by a hopper with a remotely controlled 
opening located 0.40 m above the inlet of a 5-2 long and 0.30 m wide 

channel with an inclination of 40◦. Specific details on the instrumental 
apparatus and the experiments are available in (Rodriguez-Sedano et al., 
2016; Sulpizio et al., 2016). The granular material of the first experi- 
ment is the same used for the benchmark analysis of Neglia et al. (2022), 
in which the particles diameters ranged between 1 mm and 2 mm; the 
second and the third ones correspond to two of the experiments reported 
in the work of Sulpizio et al (2016), where the experimental material 
had a modified Weibull-type, to which was added a coarse-grained 
material of 8 mm, and a Gaussian-type granulometric distributions, 
respectively (Fig. 6a and e). The volcanic material used in the 

above-mentioned experiments was composed by samples of poorly ve- 
sicular dacitic clasts (ρs ≅ 2300 kg/m3) with a weight of ca. 41 kg. The 
first experiment was approximated by mono- (1 mm), bi- (1 mm and 2 
mm) and tridisperse (1 mm, 1.5 mm and 2 mm) granular mixtures, while 
the solid phases sizes of granular flows used to simulate the second 
(Weibull) and the third (Gaussian) experiments were set to 1 mm, 2 mm 
– 0.5 mm and 2 mm – 1 mm – 0.5 mm, considering the particles sizes 
range with the greater percentage by weight (Fig. 6). Bidisperse flows of 
2 mm – 0.5 mm were selected for the Weibull and Gaussian cases to 
emphasize the polydispersity effect on the flow. It is worth noting that 

the greatest particles size (phi = — log2d = —3) for the Weibull case 
(Fig. 6a), which would be the third granulometric class in terms of 
percentage by weight, was not considered because it would require very 
large computational cells (ca. 8 cm) in order to maintain the TFM 
assumption on the size of the CV that has to be at least ten times greater 
to the particles one. 

The rectangular computational grid of 7.5 m x 1.8 m is made of a 
finer grid with square cells of 0.01 m side in the compacting and sliding 
zone and of a coarser one to the top and to the right of the domain 
(Fig. 7). 

Because the action of the fluid on the coarser solid phases has proven 
to be poorly influent on the flow parameters, the MFIX default drag force 
relationship, i.e. the Syamlal and O’Brien (1988) one, was selected for 
the calculation of the drag coefficient βgm. The standard and modified 
Lebowitz relationships (Eqs. 9 and 10, respectively) resulted in very 
similar flow variables profiles, avoiding problems of numerical solution 
divergence during the material compaction phase (Fig. 4). For the 
above-mentioned reasons, the Lebowitz expression was selected to 
calculate g0 for polydisperse systems. The fluid and solid phase param- 
eters are listed in Table 3. 

Parameters (unit) Symbols 1◦ experiment 2◦ experiment (Gaussian) 3◦ experiment (Weibull) 

Solid density (kg/m3) ρs 2300 2300 2300 
Monodisperse particles size (m) d 1 ⋅ 10—3 1 ⋅ 10—3 1 ⋅ 10—3 

Bidisperse particles size (m) d 2 ⋅ 10—3, 1 ⋅ 10—3 2 ⋅ 10—3, 0.5 ⋅ 10—3 2 ⋅ 10—3, 0.5 ⋅ 10—3 

Tridisperse particles size (m) d 2 ⋅ 10—3, 1.5 ⋅ 10—3, 1 ⋅ 10—3 2 ⋅ 10—3, 1 ⋅ 10—3, 0.5 ⋅ 10—3 2 ⋅ 10—3, 1 ⋅ 10—3, 0.5 ⋅ 10—3 

Particle-particle restitution coefficient ep 0.9 0.9 0.9 

Particle-wall restitution coefficient ew 0.7 0.7 0.7 
Internal friction angle (◦) δint 33◦ 30◦ 30◦ 
Basal friction angle (◦) δw 13◦ 13◦ 13◦ 
Max packing fraction ε∗ 0.65 0.65 0.65 

Monodisperse solid concentration εs 0.5 0.5 0.5 

Bidisperse solid concentrations εs 0.25, 0.25 0.26, 0.24 0.21, 0.29 

Tridisperse solid concentrations εs 0.15, 0.20, 0.15 0.15, 0.20, 0.15 0.13, 0.19, 0.18 

Fluid density (kg/m3) ρg 1.2 1.2 1.2 

Fluid dynamic viscosity (Pa s) μg 1.8 ⋅ 10—5 1.8 ⋅ 10—5 1.8 ⋅ 10—5 

Specularity coefficient ϕ 0.1 0.1 0.1 



  
 

 

 

 

Fig. 8. Plots of gas volume concentration (εg ) of the mono-, bi- and tridisperse granular flows. The yellow dotted line marks the profiles position shown below. t = 
simulation time. 

 

 
Fig. 9. Mono-, bi- and tridisperse granular mixtures profiles of solid volume concentration (a), solid velocity in x (b) and y (c) direction and granular temperature (d) 
at 4.35 m of the sloped channel against the distance from the wall. us, vs and θ of polydisperse granular flows are referred to solid phase of 1 mm, while the coarser 

solid phases are not reported. t = 1.25 s. 
 

4.1. Sensitivity analysis of the flow parameters to the number of solid 
phases 

 
Simulations at increasing number of solid phases were carried out in 

order to analyse the effect of polydispersity on the flow variables and on 
the diluted layer that forms at the base of the simulated granular flows, 
when the Johnson and Jackson boundary condition is selected. This 
diluted layer was referred by Neglia and Co-Workers (2022) as “air-- 
cushion” and a very similar phenomenon was shown by Lube et al. 
(2019) by coupling numerical multiphase modelling (MFIX-DEM) and 
large-scale experiments on dilute pyroclastic flows. After a preliminary 
benchmark study of the boundary conditions implemented in MFIX 
against one experimental granular flow, the same authors showed how 
the simulations with the Johnson and Jackson boundary condition and 
with a specularity coefficient (ϕ) of 0.1 resulted in the best match with 
the experimental data. ϕ depends on the particle and wall properties, 
including the surface roughness, and varies between zero for perfectly 
specular collision and unity for perfectly diffuse collisions (Johnsons and 
Jackson, 1987). For the reason explained before, we used the same 
boundary condition for this analysis. We only reported the results of the 
simulations on the first experiment because they are very similar to 

those ones obtained from the simulations on the other two test cases. 
Plots and profiles of solid volume concentration, solid velocity in x and y 
direction and granular temperature are reported in Figs. 8 and 9. 

Mono-, bi- and tridisperse particles systems show different flow front 
shape (Fig. 8). The monodisperse mixture has a dispersed flow front with 
a well-developed diluted layer at the base, while the bi- and tridisperse 
fronts develop elliptical and spherical shape, respectively (Fig. 8). The 
greatest εs of polydisperse mixtures are associated to the granular flow 
fronts (Fig. 8). Vertical profiles of the solid volume concentration detect 
diluted layer at the flow base for mono- and poly-disperse granular flows 
(Fig. 9a). The slight difference in the thickness of this layer between 
mono- and polydisperse mixtures is given by the different position of the 
granular flow front regarding the profile position (yellow dotted line in 
Fig. 8). In fact, εs plots clearly show that the monodisperse granular flow 
is faster than the polydisperse ones (Fig. 8). This is also observed from 
the profiles of solid velocities in the x-direction (us), which exhibit 
greater maximum velocities by decreasing the solid phases number 
(Fig. 9b). vs profiles show different behaviours between mono- and poly- 
disperse granular mixtures (Fig. 9c): the bi- and tridisperse granular 
flows have almost neutral velocities close to the channel surface that 
pass into positive values in the upper flow, while the monodisperse one 
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Fig. 10. Simulated and experimental granular flow front velocities of the three 
experimental cases plotted against the channel flume. Dots indicate laser de- 
tectors (L) position along the channel. 

 
yields a complex velocity trend, showing neutral and small negative 
values in the basal layer that pass into positive values in the flow centre 
and slightly negative to the top of the flow (Fig. 9c). In particular, the 
positive vs recorded by the tridisperse system are ca. 0.40 m s—1 – 0.60 m 
s—1 greater than mono- and bidisperse case. Finally, the solid phases 
number also influences θ profiles showing the highest values of 1.70 m2 
s—2 for the tridisperse flow (Fig. 9d). All profiles exhibit values close to 0 

m2 s—2 at maximum εs (Fig. 9a) that increase in the upper and lower part 
of the granular flow. The high granular temperatures in the basal layer 
are allowed by the air-cushion presence. 

 
4.2. Polydispersity effects on the granular flow front velocity 

 
The polydispersity effect on the front propagation velocity was 

studied comparing mono-, bi- and tridisperse granular flow front ve- 
locities with the experimental ones obtained by seven laser detectors 
along the inclined channel flume used to produce the three large-scale 
experiments (Sulpizio et al. 2016). The velocity profiles are reported 
in Fig. 10. 

Considering the 2 mm- 1 mm case, the initial experimental rapid 
increase of velocity followed by an oscillatory trend around ca. 4.0 m s—1 

with a final larger velocity peak of 5.4 m s—1 is well replicated by the 
simulated granular flows (Fig. 10). The monodisperse granular flow also 
mimic the final velocity oscillation of 6.1 m s—1 in proximity of the laser 

detector L6, reaching the final velocity value of 5.9 m s—1 at L7. On the 
contrary, the simulated bi- and tridisperse granular flows do not capture 
this experimental feature, resulting in an approximately linear increase 
in velocity from positions L5 to L7 reaching maximum velocities of 5.8 m 
s—1 and 5.6 m s—1, respectively. Deviation of the simulated data from the 

experimental ones was calculated by means of the mean square error 
equals to 0.36 m2 s—2, 0.32 m2 s—2 and 0.15 m2 s—2 for mono-, bi- and 
tridisperse granular flows, respectively. 

In the Weibull and the Gaussian cases, the granular flows record 
gradual velocities increase overlaid by velocity oscillations, reaching the 
maximum values of 5.9 m s—1 and 5.4 m s—1, at the laser detectors L7 and 
L5, respectively (Fig. 10). The monodisperse granular flows, which are 
equal for both the cases, replicate quite well the experimental velocity 
trend and generate flow front velocities generally greater than experi- 
mental ones. The great final velocity peaks of 7.1 m s—1 recorded by the 
monodisperse flow in proximity of L6 is not detected for the experi- 
mental Weibull case, while it is recorded ahead, at the fifth laser de- 
tector, for the experimental Gaussian case. As seen for the first 
experiment, the simulated polydisperse granular flows show very low 
amplitude oscillations and magnitude velocities closer to the real ones. 
Mono-, bi- and tridisperse granular mixtures used to replicate the Wei- 
bull and the Gaussian cases produce maximum flow front velocities of 
7.1 m s—1, 5.8 m s—1 and 5.7 m s—1 and of 7.1 m s—1, 6.0 m s—1 and 5.8 m 
s—1, respectively, and mean square errors thereon of 1.37 m2 s—2, 0.64 
m2 s—2 and 0.44 m2 s—2 and of 2.11 m2 s—2, 1.01 m2 s—2 and 0.83 m2 s—2, 
respectively (Fig. 10). The latter are higher than errors obtained for the 
Weibull case. 

 
5. Final discussions 

 
In polydisperse multiphase mixtures, the drag forces between the 

individual solid phases are required to the momentum conservation 
equations for the solid phases Eqs. 4 and (5). This drag force modelled by 
means of the drag constant αsml, which depends on constant and on 
iteratively calculated flow parameters (Eq. 8). For this study, we selected 
two parameters in order to study their effect on the drag force calcula- 
tion and consequently, on the simulated motion of bidisperse granular 
flows: i) the radial distribution function g0 and ii) the particle-particle 
restitution coefficient ep. The sensitivity analysis was carried out using 
two different bidisperse granular mixtures composed by particles di- 
ameters of 2 mm and 1 mm and of 1 mm and 0.1 mm, respectively. 

The sensitivity analysis of bidisperse granular flow of 2 mm – 1 mm 
on g0 showed vs profiles with different behaviour for fine and coarse 
particles. Indeed, the coarser ones recorded particles overpassing into 
the upper layer, whereas the finer solid phase captured a flow domi- 
nated in the basal part by particles fallout (Fig. 3c). The different 
behaviour of fine and coarse particles emulates segregation phenomena 
as kinetic sieving and kinematic squeezing active in real granular flows, 
which promote the downward migration of smaller particles through 
inter-granular voids of the larger ones and induce the apparent upward 
migration of the coarser particles, respectively (Sulpizio et al., 2014). 
The segregation of the finer solid phases increases the solid volume 
concentration at the flow base, which can raise up to the maximum 
packing calculated by means of the Yu and Standish (1987) correlation. 
Thus, a simulated bidisperse granular flow, which is able to replicate 
segregation dynamics, better approach the behaviour of the real gran- 
ular flows than the simplest monodisperse systems. Finally, the modified 
Masoori model diverges from the others radial distribution functions 
showing a flow completely dominated by downward particles move- 
ment. This evidence, coupled with absence of detailed benchmark of g0 
against large-scale experiments on polydisperse mixtures, suggests the 
usage of Lebowitz and standard Mansoori relationships to simulate 
bidisperse granular flows. 

The sensitivity analysis of bidisperse granular flows of 2 mm – 1 mm 
to ep showed the increase of the flow front velocity with increasing the 
restitution coefficient (Fig. 5b). As mentioned above, the restitution 
coefficient is related to the amount of the original kinetic energy that is 
restored to the particles after collision. Hence, the greater ep, the lower 
the dissipation rate of the inelastic collisions and, consequently, the 
faster simulated granular flows. The effect is significant even in flows 
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Fig. 11. Profiles of solid volume concentration (a), solid velocity in x (b) and y (c) direction and granular temperature (d) at 9 m from the right side of the domain (or 
5.5 m downstream the initial position of the granular material) against the distance from the wall at changing βgm. The subscripts 1 and 2 refer to solid phases of 1 

mm and 0.1 mm, respectively. PCF states for “polydisperse correction factor”. t = 1.20 s. 

 

like those presented in this work, in which the particle concentration is 
close to the maximum packing, the granular temperature (a proxy of the 
collisions rate) is low almost everywhere in the flow (e.g., Fig. 3), hence 
the contacts between particles are primarily frictional. The seemingly 
contradictory sensitivity of the flow velocity on ep is justified by the 
presence of the restitution coefficient in the drag constant (αsml) calcu- 
lation (Eq. 8), in which it acts as multiplier of the velocity difference 

between two solid phases (|Usl — Usm|). The significance effect of ep also 
in flows dominated by frictional processes justifies the effort to obtain 
realistic estimates of ep, which is not trivial. Even if the measurement of 
ep for two spherical particles is relatively simple because it requires the 
measurement of the particles velocities after and before the collision, the 
restitution coefficient calculation for irregularly shaped polydisperse 
particles (as is the case of volcanic particles) becomes very challenging 
and remains an unsolved problem. For CFD simulations of complex 
particles systems, and in the absence of directly measured ep, this 
parameter is derived from comparison between experimental and nu- 
merical data (Li and Benyahia, 2012; Louge et al., 1991). Unfortunately, 
the number of granular flows in the experimental campaign we refer to 
in this work is still no enough to obtain a reasonable value of ep, and 
consequently we used ep as a starting reference value of 0.9 in agreement 
with previous analogous works(Breard et al., 2019; Dartevelle, 2004; 
Gera et al., 2004; Li and Benyahia, 2012; Louge et al., 1991; Srivastava 
and Sundaresan, 2003), but we remain aware of the fact that ep should 
be analyzed in detail by means of ad hoc studies. 

The sensitivity analysis on the solid phases number emphasized the 
polydispersity effect on the flow propagation (Figs. 8 and 9). Indeed, by 
increasing the number of the solid phases, the flow front velocity 
decreased (Fig. 8). On the contrary, vs and θ values increased for greater 
solid phases number (Fig. 9c and d). Hence, if on one hand the poly- 
disperse granular flows developed lower velocities along the channel 
flume direction (us), on the other hand they resulted in greater velocity 
in the vertical direction (vs), which enhances the segregation dynamics. 
us and vs variations and the different flow fronts shape can be explained 
considering the solid-solid and gas-solid interaction forces Iml and Igm, 
which on basis of their sign exert on the solid phases downward/left- 
ward (-) or upward/rightward (+) forces. Both the interaction forces 
depend on the solid phase concentration, which in the simulated poly- 
disperse systems is calculated by means of Yu and Standish (1987) 
correlation (Eq. 14) that, by emulating the void filling by the smaller 
particles, results in greater εs. Consequently, the greater solid concen- 
trations of the polydisperse mixtures, affecting Iml and Igm, play an 
important role in mixing and segregation processes of polydisperse 
system, resulting in granular flow front with higher εs and more defined 
shapes than monodisperse simulation (Fig. 8). 

Generally, the polydisperse granular flows showed linear velocity 
increase from L2 to L7 with oscillations smoother than those ones 
recorded by monodisperse granular flows, which better mimic the 
experimental oscillatory trend. Nonetheless, the bi- and tridisperse 
simulations developed front velocities closer to the experimental ones 
(Fig. 10). The greater error decrease for the second and the third ex- 
periments is due to the higher heterogeneity of the used experimental 
material that was composed by seven or eight grains sizes (Fig. 6) 
against the single grain size of 0 phi (1 mm < d < 2 mm) that composed 
the granular material of the first experiment. Hence, three solid phases 
significantly increase the accuracy of the simulated data and probably a 
further increase in the number of simulated solid phases number would 
further improve the accuracy of the simulation, especially in the case of 
the second experiment. These findings suggest that polydispersity effect 
on the simulated granular flow front velocity is tangible and should not 
be neglected in simulations setting of experimental and natural poly- 
disperse mixtures. 

 
6. Conclusions and future perspectives 

 
This work collects insights of polydispersity effect on the momentum 

calculation of gas and solid phases and hence, on the simulated poly- 
disperse flow behaviour. Critical factors to consider to simulate poly- 
disperse particles systems were highlighted, mixing and segregation 
phenomenon induced by non-uniformity of solid phases size were 
recorded and analysed and important findings on the granular flow 
velocities were carried out. Indeed, the polydisperse granular flows 
proved that the greater the number of the solid components, the lower 
the flow velocity. This evidence suggests that a best match between 
simulated and real flow velocities could occur researching feasible and 
simple methods, in terms of computational cost, to adequately represent 
the polydispersity of real granular flows in CFD simulations. However, 
many comparisons between simulated and experimental granular mix- 
tures are still required to definitively understand if mono- and bidisperse 
particles systems, usually used to approximate real granular flows (e.g. 
Dartevelle et al., 2004; Sweeney and Valentine, 2017; Valentine and 
Sweeney, 2018; Breard et al., 2019; Valentine, 2020), are able to capture 
fundamental physics of polydisperse granular flows, as the volcanic 
ones, characterized by intrinsic complexity of the solid phase, which is 
represented by volcanic sediments that usually show a wide range of 
sizes, densities and shapes. Furthermore, the complexity of the volcanic 
particles systems is associated to the need to find experimental solutions 
to satisfactorily and accurately calculate the restitution coefficient, 
which impacts on the dissipation rate of the inelastic particle-particle 
collisions, and thus on the velocity of the simulated granular flows. 
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Fig. 12. Profiles of solid volume concentration (a), solid velocity in x (b) and y (c) direction and granular temperature (d) at 9 m from the right side of the domain (or 
5.5 m downstream the initial position of the granular material) against the distance from the wall at changing βgm. The subscripts 1 and 2 refer to solid phases of 2 

mm and 1 mm, respectively. PCF states for “polydisperse correction factor”. t = 1.28 s. 
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Appendix: sensitivity analysis of drag force exerted by the flow on solid phases 

 
The drag force exerted by the flow on the solid phases depends on the drag coefficient βgm (Eq. 13), which can be calculated by different re- 

lationships. The expressions tested with MFIX were those proposed by Wen and Yu (1966), Syamlal and O’Brien (1988), Gidaspow (1994) and Hill 
et al. (2001). All these models, except the Syamlal and O’Brien relationship, are implemented in MFIX with the polydisperse correction factor 
introduced by Beetstra et al. (2007). Sensitivity analysis on the listed relationships were carried out to study their incidence on the simulated 
bidisperse granular flow behaviour. The drag relationships with the polydisperse correction factor will be indicated in the following by the acronym 
“PCF”. 

Profiles of solid volume concentration (εs), solid velocity in x and y direction (us and vs) and granular temperature (θ) at changing βgm for bidisperse 
granular flows of 1 mm – 0.1 mm and 2 mm – 1 mm, at a simulation time of 1.20 s, are reported in Figs. 11 and 12, respectively. 

The simulated bidisperse granular mixtures proved to be less sensitive to the variations of the drag force exerted by the flow on the solid phases 
with regard of the drag force between two solid phases. As mentioned in Section 3, in dense granular flows, the gas-solids interaction play a negligible 
role. Nonetheless, the simulated flow regimes in the uppermost parts of the flow were sensitive to the relationships to calculate the drag coefficient βgm, 
showing important changes in the vertical velocity profiles (Fig. 11c), with particular emphasis on the fine solid phase of the bidisperse granular flow 
of 1 mm – 0.1 mm. More precisely, for the fine solid phase (d2 = 0.1 mm), Hill et al. (2001), Hill et al. PCF, Gidaspow (1994) and Wen and Yu (1966) 
relationships resulted in flows dominated by particles fall; Syamlal and O’Brien (1988) and Gidaspow PCF resulted in two-piece flows, where the 
upper and the basal flow were dominated by upward particles movement and by particles fall, respectively; Wen and Yu PCF generated a flow 
dominated by the downward particles movement (Fig. 11c). On contrary, the coarse solid phase (d1 = 1 mm) recorded upward particles movements 
for every drag relationship (Fig. 11c). The sensitivity analysis of this bidisperse granular mixture leads to three main conclusions: 1) the same drag 
model, whether or not the polydisperse correction factor, resulted in different flow regimes in the uppermost parts of the flow with particular emphasis 
on Wen and Yu (1966) and Wen and Yu PCF relationships, which developed opposite flow regimes demonstrating PCF impact on the simulated 
bidisperse granular flows; 2) the fine and coarse solid phases tend to move downward and upward, respectively, inside the simulated flow, triggering 
segregation phenomenon; 3) the downward movement of fine solid phases has important consequence on the velocity of the simulated flow indeed, 

the bidisperse granular flow of 2 mm – 1 mm records maximum velocities of 1.0 m s—1 lower than those ones recorded by bidisperse granular flow of 1 
mm – 0.1 mm (Figs. 11b and 12b), highlighting the role of the fine solid phases on the flow mobility. To quantitatively evaluate the fines incidence on 
the flow velocity, ad hoc large-scale experiments coupled with polydisperse simulations are required. 
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