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Abstract
We introduce and study a special class of almost contact metric manifolds, which we call
anti-quasi-Sasakian (aqS).Among the class of transverselyKähler almost contactmetricman-
ifolds (M, ϕ, ξ, η, g), quasi-Sasakian and anti-quasi-Sasakian manifolds are characterized,
respectively, by the ϕ-invariance and the ϕ-anti-invariance of the 2-form dη. A Boothby–
Wang type theorem allows to obtain aqS structures on principal circle bundles over Kähler
manifolds endowed with a closed (2, 0)-form. We characterize aqS manifolds with constant
ξ -sectional curvature equal to 1: they admit an Sp(n) × 1-reduction of the frame bundle
such that the manifold is transversely hyperkähler, carrying a second aqS structure and a null
Sasakian η-Einstein structure. We show that aqS manifolds with constant sectional curvature
are necessarily flat and cokähler. Finally, by using a metric connection with torsion, we pro-
vide a sufficient condition for an aqSmanifold to be locally decomposable as the Riemannian
product of a Kähler manifold and an aqS manifold with structure of maximal rank. Under
the same hypothesis, (M, g) cannot be locally symmetric.
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structure · S1-bundle · Complex (2, 0)-form · Hyperkähler structure · η-Einstein ·
Connection with torsion
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Introduction

Quasi-Sasakian manifolds are a special class of almost contact metric manifolds first intro-
duced by Blair [6], and afterwards studied by various authors [10, 20, 21, 26, 28]. They
are normal almost contact metric manifolds (M, ϕ, ξ, η, g), whose fundamental 2-form �,
defined by �(X , Y ) = g(X , ϕY ), is closed. They include both cokähler and Sasakian mani-
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folds, which satisfy dη = 0 and dη = 2�, respectively. In fact in these two cases the 1-form
η attains the minimum and the maximum rank in the sense of the definition given in [6].
The normality condition of the structure expresses the integrability of an almost complex
structure J defined on the product manifold M × R: this is equivalent to the vanishing of
the tensor field Nϕ = [ϕ, ϕ] + dη ⊗ ξ , where [ϕ, ϕ] denotes the Nijenhuis torsion of ϕ. The
Reeb vector field ξ of any quasi-Sasakian manifold is Killing. This, together with normality
and d� = 0, ensures that the structure (ϕ, g) is projectable along the 1-dimensional foliation
generated by ξ and the transverse geometry is Kähler (see [10]).

In the present paper, we want to introduce a new class of almost contact metric mani-
folds (M, ϕ, ξ, η, g) with projectable structure (ϕ, g) and such that the transverse geometry
with respect to ξ is given by a Kähler structure endowed with a closed (2, 0)-form. This
even dimensional geometry is of particular interest: hyperkähler manifolds are well known
examples of Kähler manifolds with a (nondegenerate) closed (2, 0)-form. In general, the
nondegeneracy of the (2, 0)-form forces the dimension of the manifold to be multiple of 4.
By a result of Beauville, compact Kähler manifolds endowed with a nondegenerate closed
(2, 0)-form (also called complex symplectic) admit a hyperkähler structure (cfr. [3] and [4,
14.B]).

In order to define the new class of almost contact metric manifolds, which will be called
anti-quasi-Sasakian manifolds (aqS manifolds for short), we need to modify the normality
condition to an anti-normal condition, in such a way that we loose the integrability of the
structure J defined on M ×R, but not the projectability of ϕ along ξ and the integrability of
the induced transverse almost complex structure. Precisely, we define an anti-quasi-Sasakian
manifold as an almost contact metric manifold such that

d� = 0, Nϕ = 2dη ⊗ ξ.

The Reeb vector field ξ is again Killing. It is easily seen that the manifold is both quasi-
Sasakian and anti-quasi-Sasakian if and only if it is cokähler. This is coherent with the placing
of these manifolds in the Chinea–Gonzalez classification of almost contact metric manifolds.
Indeed, it is known that quasi-Sasakianmanifolds coincidewith the classC6⊕C7, andwe show
that anti-quasi-Sasakian manifolds coincide with manifolds in the class C10 ⊕ C11 satisfying
the additional condition Lξ ϕ = 0, where Lξ denotes the Lie derivative with respect to ξ .
We characterize manifolds in the class C6 ⊕ C7 ⊕ C10 ⊕ C11, calling them generalized quasi-
Sasakian manifolds, and showing that they are exactly all transversely Kähler almost contact
metric manifolds, provided that Lξ ϕ = 0.

Among the class of transversely Kähler almost contact metric manifolds, quasi-Sasakian
and anti-quasi-Sasakian manifolds are characterized, respectively, by

dη(ϕX , ϕY ) = dη(X , Y ), dη(ϕX , ϕY ) = −dη(X , Y ),

that is the ϕ-invariance and the ϕ-anti-invariance of dη, which justifies the name for the new
class (see Fig. 1). In fact, for an anti-quasi-Sasakianmanifold (M, ϕ, ξ, η, g), considering the
local Riemannian submersion π : M → M/ξ onto a Kähler manifold, dη is the projectable
2-form which induces a closed (2, 0)-form ω on the Kähler base space. Under the hypothesis
that the Reeb vector field is regular with compact orbits, a Boothby–Wang type theorem
holds, namely, M is a principal circle bundle over M/ξ and η is a connection form, whose
curvature is dη = π∗ω (Theorem 2.10). Conversely, considering a Kähler manifold endowed
with a closed (2, 0)-form ω defining an integral cohomology class, we show that there exists
a principal S1-bundle M endowed with an anti-quasi-Sasakian structure (ϕ, ξ, η, g) such that
η is a connection form with curvature dη = π∗ω (Theorem 2.11).
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If the 1-form η of an aqS manifold is a contact form, or equivalently the transverse (2, 0)-
form is nondegenerate, owing to the ϕ-anti-invariance of dη, the dimension of M turns out to
be of type 4n + 1. In the general case, one can consider the ϕ-invariant distribution defined
by E = ker η ∩ ker(dη). If it is of constant rank 2q , then dim M = 2q + 4p + 1, where
η ∧ (dη)2p �= 0 and (dη)2p+1 = 0: we say that the aqS structure has rank 4p + 1. Obviously
cokähler manifolds are aqS manifolds of minimal rank 1.

Examples of anti-quasi-Sasakianmanifolds are discussed in Sect. 3. Compact nilmanifolds
endowed with an aqS structure can be obtained as quotients of a 2-step nilpotent Lie group,
which we call weighted Heisenberg Lie group, with structure constants depending on some
weights λ1, . . . , λn . This Lie group (which is transversely flat) actually carries two anti-
quasi-Sasakian structures and one quasi-Sasakian structure; the latter coincides with the
well-known Sasakian structure of the Heisenberg Lie group when the weights are all equal to
1. Compact aqS manifolds which are not quotients of the weighted Heisenberg Lie group can
be obtained applying the S1-bundle construction to non-flat compact hyperkähler manifolds
with integral 2-forms (see Example 3.8).

Anti-quasi-Sasakian structures of maximal rank arise naturally on a special class of Rie-
mannian manifolds (M, g), for which the structure group of the frame bundle is reducible to
Sp(n) × 1. Such a reduction is equivalent to the existence of three compatible almost con-
tact structures (ϕi , ξ, η), i = 1, 2, 3, sharing the same Reeb vector field, and satisfying the
quaternionic identities ϕiϕ j = ϕk = −ϕ jϕi for every even permutation (i, j, k) of (1, 2, 3).
If the fundamental 2-forms satisfy

d�1 = 0, d�2 = 0, dη = 2�3,

we show that the first two structures are anti-normal, and thus, anti-quasi-Sasakian, and the
third one is normal, and thus Sasakian. We say that (ϕi , ξ, η, g) (i = 1, 2, 3) is a double
aqS-Sasakian structure. For n = 1, it is a special kind of K -contact hypo SU (2)-structure
[15]. Double aqS-Sasakian manifolds are transversely hyperkähler along the Reeb foliation,
and hence, transversely Ricci-flat. In particular, (ϕ3, ξ, η, g) is a null Sasakian η-Einstein
structure [9]. It is well known that for any Sasakian manifold, the ξ -sectional curvatures,
that is, sectional curvatures of 2-planes containing ξ , are all equal to 1. We will show that
the class of double aqS-Sasakian manifolds provides all anti-quasi-Sasakian manifolds of
constant ξ -sectional curvature K (ξ, X) = 1.

In general, every anti-quasi-Sasakian manifold (M, ϕ, ξ, η, g) admits a triplet of 2-forms
(A,�,	) satisfying

dA = 0, d� = 0, dη = 2	.

Beside �, which is the fundamental 2-form of the structure,A and 	 are the 2-forms associ-
ated with the skew-symmetric operators A := −ϕ ◦ ∇ξ and ψ := Aϕ, both anticommuting
with ϕ. Here,∇ denotes the Levi-Civita connection of the metric g. The spectrum of the sym-
metric operatorψ2 = A2 encodes information on the Riemannian geometry of the manifold.
The requirement forψ and A to be both almost contact structures, namely Sp(ψ2) = {0,−1}
with 0 simple eigenvalue, is equivalent to constant ξ -sectional curvature 1, in which case
(A, ϕ, ψ, ξ, η, g) is a double aqS-Sasakian structure (Theorem 4.7).

We will see that for an aqS manifold the condition to be of constant sectional curvature
forces the manifold to be flat and cokähler (Theorem 4.16). This is consequence of general
properties of the Riemannian Ricci curvature. In this regard, assuming the transverse Kähler
structure of an aqS manifold (M, ϕ, ξ, η, g) to be Einstein, we show that M is η-Einstein if
and only if Sp(ψ2) = {0,−λ2}, with 0 simple eigenvalue and λ constant, in which case M
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is necessarily transversely Ricci-flat (Theorem 4.12). An example of transversely Kähler–
Einstein aqS manifold, which is not transversely Ricci-flat, can be obtained applying the
S
1-bundle construction to the complex unit disc D2 with constant holomorphic sectional

curvature c < 0. In this case, the unique nonvanishing eigenvalue of the operator ψ2 is
non-constant (see Example 4.15). Other obstructions to the existence of aqS structures are
discussed in the compact and homogeneous cases.

Finally, in the last section of the paper we consider a metric connection ∇̄ with nonvanish-
ing torsion, adapted to the aqS structure. We prove that the parallelism ofψ with respect to ∇̄
provides a sufficient condition for the manifold to be locally decomposable as the Rieman-
nian product of a Kähler manifold and an aqS manifold of maximal rank. We also prove that,
in the non-cokähler case, under the hypothesis ∇̄ψ = 0, the Riemannian manifold (M, g)

cannot be locally symmetric.

1 The class of anti-quasi-Sasakianmanifolds

1.1 Review of almost contact structures

An almost contact manifold is an odd dimensional smooth manifold M2n+1 endowed with a
(1, 1)-tensor field ϕ, a vector field ξ , called the Reeb vector field, and a 1-form η satisfying

ϕ2 = −I + η ⊗ ξ, η(ξ) = 1,

which imply ϕ(ξ) = 0 and η ◦ ϕ = 0. The tangent bundle splits as T M = D ⊕ 〈ξ 〉, where
〈ξ 〉 = Rξ and D := ker η = Im ϕ is a hyperplane distribution. In particular, ϕ2 = −I
on D. The two distributions 〈ξ 〉 and D are called vertical and horizontal, respectively. We
will denote by �(D) the module of smooth sections of D. Given an almost contact manifold
(M, ϕ, ξ, η), on the product manifold M ×R one can define an almost complex structure J
by

J
(

X , a
d

dt

)
=

(
ϕX − aξ, η(X)

d

dt

)
, (1.1)

where X ∈ X(M) and a is a differentiable function on M ×R. (M, ϕ, ξ, η) is called normal
if J is integrable; this is equivalent to the vanishing of the tensor field Nϕ := [ϕ, ϕ]+dη⊗ξ ,
explicitly given by

Nϕ(X , Y ) = [ϕX , ϕY ] + ϕ2[X , Y ] − ϕ[X , ϕY ] − ϕ[ϕX , Y ] + dη(X , Y )ξ

for every X , Y ∈ X(M). Throughout the paper, we will use the following convention for the
differential of a 1-form: dη(X , Y ) = X(η(Y )) − Y (η(X)) − η([X , Y ]).

A Riemannian metric g is compatible with the almost contact structure (ϕ, ξ, η) if
g(ϕX , ϕY ) = g(X , Y ) − η(X)η(Y ) for every X , Y ∈ X(M). With respect to such a met-
ric, ξ is a unit vector field orthogonal to D and (ϕ, ξ, η, g) is called an almost contact
metric structure on M . The fundamental 2-form associated with the structure is defined by
�(X , Y ) = g(X , ϕY ). An almost contact metric manifold is called

– cokähler if Nϕ = 0, dη = 0, d� = 0;
– Sasakian if Nϕ = 0, dη = 2�;
– quasi-Sasakian if Nϕ = 0, d� = 0.

The condition dη = 2� defines contact metric structures. If in addition ξ is Killing, M is
called a K -contact manifold. In general, the Reeb vector field of any quasi-Sasakianmanifold
is Killing.
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The Levi-Civita connection of an almost contact metric manifold can be expressed by
means of the following equation [5, Lemma 6.1]:

2g((∇Xϕ)Y , Z) = d�(X , ϕY , ϕZ) − d�(X , Y , Z) + g(Nϕ(Y , Z), ϕX)

+dη(ϕY , Z)η(X) − dη(ϕZ , Y )η(X) (1.2)

+dη(ϕY , X)η(Z) − dη(ϕZ , X)η(Y ).

In particular, cokähler and Sasakian manifolds are, respectively, characterized by

(∇Xϕ)Y = 0, (∇X ϕ)Y = g(X , Y )ξ − η(Y )X ∀X , Y ∈ X(M).

Finally, we recall a technical fact which will be used various times in the following.

Remark 1.1 In any almost contact manifold (M, ϕ, ξ, η), the condition Nϕ(ξ, ·) = 0 is equiv-
alent to Lξ ϕ = 0, in which case dη(ξ, ·) = 0. This is consequence of the following two
identities, both obtained by direct computations:

Nϕ(ξ, X) = −ϕ(Lξ ϕ)X + dη(ξ, X)ξ, (1.3)

dη(ξ, X) = η((Lξ ϕ)ϕX), (1.4)

for every X ∈ X(M).

1.2 Anti-normal almost contact structures

The notion of anti-quasi-Sasakian manifolds will involve a condition on the tensor field Nϕ

for which the integrability of the structure J defined in (1.1) will depend on the rank of the
1-form η.

Definition 1.2 We say that an almost contact manifold (M, ϕ, ξ, η) is anti-normal if

Nϕ(X , Y ) = 2dη(X , Y )ξ ∀X , Y ∈ X(M). (1.5)

It turns out that if the structure is both normal and anti-normal, then η is closed, that is, the
distribution D is integrable.

Proposition 1.3 For an anti-normal almost contact manifold (M, ϕ, ξ, η), the following prop-
erties hold:

(i) dη(ξ, ·) = 0, or equivalently Lξ η = 0;
(ii) Lξdη = 0;
(iii) Lξ ϕ = 0;
(iv) dη(ϕX , ϕY ) = −dη(X , Y ), or equivalently dη(ϕX , Y ) = dη(X , ϕY ) for every X , Y ∈

X(M).

Proof Comparing (1.3) and (1.5), for every X ∈ X(M) we have −ϕ(Lξ ϕ)X = dη(ξ, X)ξ ,
which both vanish, being the left hand side horizontal and the right hand side vertical. Using
also (1.4), Lξ ϕ = 0, so that (i) and (iii) are proved. Since the exterior differential commutes
with the Lie derivative, by (i) we also have Lξdη = 0. As regards (iv), by the definition of
Nϕ , for every X , Y ∈ X(M) one has

η(Nϕ(X , Y )) = −dη(ϕX , ϕY ) + dη(X , Y ). (1.6)

Thus, by (1.5)weget dη(ϕX , ϕY ) = −dη(X , Y ) for every X , Y ∈ X(M),which is equivalent
to dη(ϕX , Y ) = dη(X , ϕY ) because dη(ξ, ·) = 0. ��
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Remark 1.4 The defining condition (1.5) of an anti-normal structure is equivalent to

Nϕ(ξ, X) = 0, Nϕ(X , Y ) = 2dη(X , Y )ξ ∀X , Y ∈ �(D). (1.7)

Indeed, if the structure is anti-normal, from the above proposition dη(ξ, ·) = 0, so that
Nϕ(ξ, ·) = 0. Conversely, assuming (1.7), by Remark 1.1, again dη(ξ, ·) = 0, and hence
(1.5) holds.

Remark 1.5 Notice that for any almost contact structure (ϕ, ξ, η), equation (1.6) implies:

– dη is ϕ-invariant if and only if η(Nϕ(X , Y )) = 0, as in the normal case;
– dη is ϕ-anti-invariant if and only if η(Nϕ(X , Y )) = 2dη(X , Y ), as in the anti-normal

case.

In particular, referring to horizontal vector fields, the second equation in (1.7) is equivalent
to

η(Nϕ(X , Y )) = 2dη(X , Y ), ϕ(Nϕ(X , Y )) = 0 ∀X , Y ∈ �(D),

and thus to

dη(ϕX , ϕY ) = −dη(X , Y ), Nϕ(X , Y )D = 0 ∀X , Y ∈ �(D),

where Nϕ(X , Y )D denotes the component along D.

Given an almost contact manifold (M, ϕ, ξ, η), according to the definition of Blair [6],
we say that the 1-form η has constant rank 2r if (dη)r �= 0 and η ∧ (dη)r = 0, and it has
constant rank 2r +1 if η∧ (dη)r �= 0 and (dη)r+1 = 0.We also say that this is the rank of the
almost contact structure (ϕ, ξ, η). As in the quasi-Sasakian case, the condition dη(ξ, ·) = 0
implies that the rank of η cannot be even. For an anti-quasi-Sasakian manifold, we will prove
that rk(η) = 4p + 1. To this aim, we prove the following:

Lemma 1.6 Let V be a finite dimensional real vector space endowed with a complex structure
J and a 2-form ω �= 0 such that

ω(J X , Y ) = ω(X , JY ). (1.8)

Then, there exists a basis {uh, Juh, ek, fk, Jek, J fk}, h = 1, . . . , q, k = 1, . . . , p, with
respect to which the matrix of ω is

⎛
⎜⎜⎜⎜⎝

02q 0 0 0 0
0 0 Ip 0 0
0 −Ip 0 0 0
0 0 0 0 −Ip

0 0 0 Ip 0

⎞
⎟⎟⎟⎟⎠

In particular, dim V = 2q + 4p, taking q = 0 if ω is nondegenerate.

Proof Let U := {u ∈ V | ω(u, ·) = 0}. If ω is nondegenerate, U is trivial. Otherwise,
being JU = U by (1.8), U admits a basis {uh, Juh}, h = 1, . . . , q . Now, let W be a
complementary space toU in V : since ω is nondegenerate on W , there exist e1, f1 ∈ W such
that ω(e1, f1) = 1 = −ω(Je1, J f1). By the skew-symmetry of ω and (1.8), one has:

ω(e1, e1) = ω( f1, f1) = 0, ω(e1, Je1) = ω( f1, J f1) = 0.
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Putting a = ω(e1, J f1), up to replacing f1 with f ′
1 := 1

1+a2
f1 + a

1+a2
J f1, f1 can be chosen

such that

ω(e1, J f1) = ω(Je1, f1) = ω( f1, Je1) = ω(J f1, e1) = 0.

One can check that e1, f1, Je1, J f1 are linearly independent and span a linear subspace W1.
If dim V > 2q +4, one can decompose W = W1⊕ W ω

1 , where W ω
1 := {w ∈ W | ω(w, v) =

0 ∀v ∈ W1} is J -invariant because of the J -invariance of W1 and (1.8). As before one can
choose e2, f2 ∈ W ω

1 such that ω(e2, f2) = 1 and ω(e2, J f2) = 0, and define a second
4-dimensional vector space W2 spanned by e2, f2, Je2, J f2. Iterating the argument one gets
the result. ��
Proposition 1.7 Let (M, ϕ, ξ, η) be an anti-normal almost contact manifold of constant rank.
Then, rk(η) = 4p + 1 and dim M = 2q + 4p + 1, where 2q is the rank of the subbundle E
of T M defined by Ex := {X ∈ Dx | dηx (X , ·) = 0} for every x ∈ M.

Proof Consider the splitting T M = D ⊕ 〈ξ 〉 of the tangent bundle of M . In view of (iv) of
Proposition 1.3, at every x ∈ M , dηx is a 2-form satisfying (1.8) on the complex vector space
(Dx , Jx := ϕ|Dx ). Thus, by the previous lemma dimDx = 2q + 4p and dηx |Dx has rank
4p, i.e., (dηx )

2p �= 0 and (dηx )
2p+1 = 0 on Dx . Moreover, since dη(ξ, ·) = 0, one has that

η ∧ (dη)2p �= 0 and (dη)2p+1 = 0, namely rk(η) = 4p + 1. ��
Remark 1.8 Unless dη = 0, i.e., rk(η) = 1, an anti-normal almost contact manifold has
dimension at least 5.

We will see now how the rank of the 1-form η measures the non-integrability of the almost
complex structure J defined in (1.1).

Let (M, ϕ, ξ, η) be an almost contact manifold. Consider the splitting T M = D ⊕ 〈ξ 〉
and the endomorphism JD = ϕ|D satisfying J 2

D = −I . By complexification, one has

T MC = DC ⊕ Cξ = D1,0 ⊕ D0,1 ⊕ Cξ,

where D1,0 and D0,1 are the eigendistributions associated with eigenvalues i and −i of JC

D .
One can easily verify that (ϕ, ξ, η) is a normal structure if and only if

[
ξ,D1,0] ⊂ D1,0,

[D1,0,D1,0] ⊂ D1,0.

In the case of anti-normal structures, we have the following:

Proposition 1.9 An almost contact manifold (M, ϕ, ξ, η) is anti-normal if and only if
[
ξ,D1,0] ⊂ D1,0,

[D1,0,D1,0]
DC ⊂ D1,0,

[D1,0,D0,1] ⊂ DC. (1.9)

where [·, ·]DC denotes the component along DC.

Proof We show that (1.9) is equivalent to (1.7). The first equation in (1.9) is equivalent to
Nϕ(ξ, ·) = 0. Indeed, for any Z = X − iϕX ∈ �(D1,0), with X ∈ �(D), we have

[ξ, Z ] ∈ �(D1,0) ⇔ [ξ, ϕX ] = ϕ[ξ, X ] ⇔ (Lξ ϕ)X = 0,

namely, Nϕ(ξ, X) = 0 by Remark 1.1. Now, we claim that the second and the third equations
in (1.9) are equivalent, respectively, to ϕ(Nϕ(X , Y )) = 0 and dη(ϕX , ϕY ) = −dη(X , Y )

for every X , Y ∈ �(D), which in turn are equivalent to Nϕ(X , Y ) = 2dη(X , Y )ξ (see
Remark 1.5).
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Let Z , W ∈ �(D1,0), with Z = X − iϕX and W = Y − iϕY , for some X , Y ∈ �(D),
and let us denote by ηC the C-linear extension of η. Then,

[Z , W ]DC = [Z , W ] − ηC[Z , W ]ξ
= [X , Y ] − [ϕX , ϕY ] − i([X , ϕY ] + [ϕX , Y ])

−η([X , Y ] − [ϕX , ϕY ])ξ + iη([X , ϕY ] + [ϕX , Y ])ξ.

Therefore:

[Z , W ]DC ∈ �(D1,0) ⇔ �[Z , W ]DC = −ϕ�[Z , W ]DC

⇔ −[X , ϕY ]−[ϕX , Y ]+η[X , ϕY ]ξ+η[ϕX , Y ]ξ=−ϕ[X , Y ]+ϕ[ϕX , ϕY ]
⇔ ϕ2[X , ϕY ] + ϕ2[ϕX , Y ] = ϕ[ϕX , ϕY ] − ϕ[X , Y ]
⇔ ϕ(Nϕ(X , Y )) = 0.

Analogously, taking Z = X − iϕX ∈ �(D1,0) and W = Y + iϕY ∈ �(D0,1) for some
X , Y ∈ �(D) one has:

[Z , W ] ∈ �(DC) ⇔ ηC[Z , W ] = 0

⇔ η([X , Y ] + [ϕX , ϕY ]) + iη([X , ϕY ] − [ϕX , Y ]) = 0

⇔ dη(X , Y ) + dη(ϕX , ϕY ) = 0.

��

Remark 1.10 Differently from the case of normal structures, here the complex distribution
D1,0 in general is not involutive: the commutator of any complex fields of type (1, 0), Z =
X − iϕX , W = Y − iϕY , has a component along ξ given by

ηC([Z , W ])ξ = η([X , Y ] − [ϕX , ϕY ])ξ − iη([X , ϕY ] + [ϕX , Y ])ξ
= −2dη(X , Y )ξ + 2idη(X , ϕY )ξ,

where we applied the ϕ-anti-invariance of dη. Therefore, D1,0 is involutive if and only if the
dη = 0.

The rank of η represents an obstruction even for the integrability of the almost complex
structure J on M × R defined in (1.1). Indeed, following [5, §6.1], an easy computation
shows that the Nijenhuis tensor is given by

[J , J ]
((

X , a
d

dt

)
,
(
Y , b

d

dt

)) =
(
2dη(X , Y )ξ, 2dη(X , ϕY )

d

dt

)
.

1.3 Anti-quasi-Sasakianmanifolds

Definition 1.11 We define an anti-quasi-Sasakian manifold (aqS manifold for short) as an
anti-normal almost contact metric manifold (M, ϕ, ξ, η, g)with closed fundamental 2-form,
i.e.,

d� = 0, Nϕ = 2dη ⊗ ξ. (1.10)

Notice that cokähler structures are aqS structures with rk(η) = 1. In fact, the
class of cokähler manifolds represents the intersection between quasi-Sasakian and anti-
quasi-Sasakian manifolds. Regarding quasi-Sasakian manifolds, we recall that they are
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characterized by means of the following identity involving the covariant derivative of the
structure tensor field ϕ with respect to the Levi-Civita connection:

(∇Xϕ)Y = η(Y )AX − g(X , AY )ξ, (1.11)

where A is a (1, 1)-tensor field such that g(AX , Y ) = g(X , AY ) and Aϕ = ϕ A, given
by A = −ϕ ◦ ∇ξ + kη ⊗ ξ , for some smooth function k (see [20, 21]). We prove now a
characterization theorem for aqS manifolds.

Theorem 1.12 An almost contact metric manifold (M, ϕ, ξ, η, g) is anti-quasi-Sasakian if
and only if there exists a skew-symmetric (1, 1)-tensor field A such that Aϕ = −ϕ A and

(∇Xϕ)Y = 2η(X)AY + η(Y )AX + g(X , AY )ξ (1.12)

for every X , Y ∈ X(M). The tensor field A is uniquely determined by A = −ϕ ◦ ∇ξ .

Proof Let us assume that M is an aqS manifold. For every X ∈ X(M), let us define

AX := (∇X ϕ)ξ = −ϕ∇X ξ.

Applying (1.2), (1.10) and (iv) of Proposition 1.3, for every X , Y , Z ∈ X(M), we get:

2g((∇X ϕ)Y , Z) = 2dη(Y , ϕZ)η(X) + dη(ϕY , X)η(Z) − dη(ϕZ , X)η(Y ). (1.13)

Replacing Y by ξ , we obtain:

2g(AX , Z) = dη(X , ϕZ), (1.14)

which implies that A is skew-symmetric with respect to g since dη(X , ϕZ) = dη(ϕX , Z).
Using (1.14) in (1.13), we have:

g((∇Xϕ)Y , Z) = 2g(AY , Z)η(X) − g(AX , Y )η(Z) + g(AX , Z)η(Y )

which gives (1.12). It remains to show that A and ϕ anticommute each other. First, we note
that Aϕ is skew-symmetric with respect to g. Indeed, from (1.14) it follows that

2g(AϕX , Y ) = dη(ϕX , ϕY ) = −dη(ϕY , ϕX) = −2g(AϕY , X).

Then, by the skew-symmetry of A, ϕ and Aϕ, for every X , Y ∈ X(M), we get:

g(AϕX , Y ) = −g(ϕX , AY ) = g(X , ϕ AY ) = −g(ϕ AX , Y ),

which implies that Aϕ = −ϕ A.
Conversely, assume that there exists a skew-symmetric (1, 1)-tensor field A which anti-

commutes with ϕ and satisfies (1.12). Firstly, we point out that Aξ = 0 and η ◦ A = 0.
Indeed, by the skew-symmetry of A, g(Aξ, ξ) = 0 and for every X ∈ X(M)

g(Aξ, ϕX) = −g(ξ, AϕX) = g(ξ, ϕ AX) = 0.

Thus, Aξ = 0 and then, η(AX) = g(AX , ξ) = −g(X , Aξ) = 0. Now, applying (1.12) for
Y = ξ we have (∇Xϕ)ξ = −ϕ∇X ξ = AX , that is ∇X ξ = ϕ AX .

In order to show that the structure is anti-normal, it is convenient to express Nϕ as:

Nϕ(X , Y ) = (∇ϕX ϕ)Y − (∇ϕY ϕ)X + (∇Xϕ)ϕY − (∇Y ϕ)ϕX

+η(X)∇Y ξ − η(Y )∇X ξ (1.15)

for every X , Y ∈ X(M). Therefore,

Nϕ(X , Y ) = η(Y )AϕX + g(ϕX , AY )ξ − η(X)AϕY − g(ϕY , AX)ξ
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+2η(X)AϕY + g(X , AϕY )ξ − 2η(Y )AϕX − g(Y , AϕX)ξ

+η(X)ϕ AY − η(Y )ϕ AX

= 4g(ϕX , AY )ξ.

Moreover,

dη(X , Y ) = g(∇X ξ, Y ) − g(X ,∇Y ξ) = g(ϕ AX , Y ) − g(X , ϕ AY ) = 2g(ϕX , AY ),

where the last equality follows again from the fact that A anticommutes with ϕ and it is
skew-symmetric. Thus, we obtained that Nϕ(X , Y ) = 2dη(X , Y )ξ . Finally, � is closed.
Indeed, for every X , Y , Z ∈ X(M)

d�(X , Y , Z) = S
X ,Y ,Z

(∇X�)(Y , Z) = − S
X ,Y ,Z

g((∇Xϕ)Y , Z)

= − 2η(X)g(AY , Z) − η(Y )g(AX , Z) − g(X , AY )η(Z)

− 2η(Y )g(AZ , X) − η(Z)g(AY , X) − g(Y , AZ)η(X)

− 2η(Z)g(AX , Y ) − η(X)g(AZ , Y ) − g(Z , AX)η(Y ),

which vanishes by the skew-symmetry of A. ��
Proposition 1.13 Let (M, ϕ, ξ, η, g) be an anti-quasi-Sasakian manifold. Then, the following
properties hold:

(i) ∇ξ ξ = 0;
(ii) ∇ϕX ξ = −ϕ∇X ξ ;
(iii) ξ is Killing.

Proof From A = −ϕ ◦ ∇ξ , we have that ∇ξ = ϕ A = −Aϕ, which immediately gives both
(i) and (ii). Concerning (iii), since A and ϕ anticommute and they are skew-symmetric with
respect to g, so is ϕ A = ∇ξ . ��

2 AqSmanifolds as transversely Kähler manifolds

In this section, first we place the class of anti-quasi-Sasakian manifolds in the framework
of the Chinea–Gonzalez classification of almost contact metric manifolds, enlightening the
relationship with quasi-Sasakian manifolds. Then, we will focus on the transverse geometry
of aqS manifolds with respect to the 1-dimensional foliation generated by ξ .

2.1 Chinea–Gonzalez classification

We briefly recall the Chinea–Gonzalez classifying criterion [12]. Given a (2n + 1)-
dimensional real vector space V endowed with an almost contact metric structure
(ϕ, ξ, η, 〈, 〉), let C(V ) be the finite dimensional vector space consisting of all tensors of
type (0, 3) having the same symmetries of the covariant derivative ∇� in the case of mani-
folds, that is

α(X , Y , Z) = −α(X , Z , Y ) = −α(X , ϕY , ϕZ) + η(Y )α(X , ξ, Z) + η(Z)α(X , Y , ξ)

for every X , Y , Z ∈ V . The space C(V ) decomposes into twelve orthogonal irreducible
factors Ci (i = 1, . . . , 12) under the action of the group U (n) × 1, providing 212 invariant
subspaces. In particular, the null subspace {0} corresponds to the class of cokähler manifolds
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(∇� = 0). Next, we will be interested in the four classes listed in Table 1 where (c12α)ξ =∑
i α(ei , ei , ξ), for any orthonormal basis {ei } of V . Straightforward computations give the

characterizations of the three reducible classes in Table 2.
Recall that an almost contact metric structure (ϕ, ξ, η, g) on a smooth manifold M is

of class C6 ⊕ C7 if and only if it is quasi-Sasakian. In the following, we will provide a
characterization of the class C6 ⊕ C7 ⊕ C10 ⊕ C11 which, as we will see later, also includes
anti-quasi-Sasakian structures. From Table 2, the defining condition of C6 ⊕ C7 ⊕ C10 ⊕ C11
in terms of ∇� is

(∇X�)(Y , Z) = η(Z)(∇X�)(Y , ξ) − η(Y )(∇ϕZ �)(ϕX , ξ) − η(X)(∇ξ�)(ϕY , ϕZ),

which can be written also as

(∇X�)(Y , Z) = η(Z)(∇Xη)ϕY + η(Y )(∇ϕZ η)X − η(X)(∇ξ�)(ϕY , ϕZ), (2.1)

since (∇X�)(Y , ξ) = −g((∇X ϕ)Y , ξ) = −η(∇XϕY ) = (∇Xη)ϕY and (∇Xη)ξ = 0.
The following notion was introduced in [27] for 5-dimensional almost contact metric

manifolds. We extend it for manifolds of any dimension:

Definition 2.1 Analmost contactmetricmanifold (M, ϕ, ξ, η, g) is calledgeneralized-quasi-
Sasakian if ξ is a Killing vector field and

d�(X , Y , Z) = Nϕ(X , Y , Z) = 0 ∀X , Y , Z ∈ �(D),

where Nϕ(X , Y , Z) := g(Nϕ(X , Y ), Z).

Proposition 2.2 An almost contact metric structure (ϕ, ξ, η, g) on a smooth manifold M is
of class C6 ⊕ C7 ⊕ C10 ⊕ C11 if and only if it is generalized-quasi-Sasakian.

Proof Assume that (M, ϕ, ξ, η, g) belongs to C6 ⊕ C7 ⊕ C10 ⊕ C11. From (2.1), it follows
that (∇X �)(Y , Z) = 0 for every X , Y , Z ∈ �(D), and thus,

d�(X , Y , Z) = S
X ,Y ,Z

(∇X�)(Y , Z) = 0.

By an equivalent formulation of (1.15), we also have

Nϕ(X , Y , Z) = (∇Y �)(X , ϕZ) + (∇ϕY �)(X , Z) − (∇X�)(Y , ϕZ)

−(∇ϕX �)(Y , Z) + η(Z)dη(X , Y ) = 0.

Applying (2.1) for X = Z = ξ , we get that (∇ξ η)ϕY = 0, and hence ∇ξ η = 0. Moreover,

(∇X�)(ξ, Y ) = (∇ϕY η)X , (∇X�)(Y , ξ) = (∇Xη)ϕY ,

Table 1 Four irreducible Chinea-Gonzalez classes

Class Defining condition

C6 α(X , Y , Z) = 1
2n [〈X , Y 〉 η(Z) − 〈X , Z〉 η(Y )](c12α)ξ

C7 α(X , Y , Z) = η(Z)α(Y , X , ξ) − η(Y )α(ϕX , ϕZ , ξ), (c12α)ξ = 0

C10 α(X , Y , Z) = −η(Z)α(Y , X , ξ) + η(Y )α(ϕX , ϕZ , ξ)

C11 α(X , Y , Z) = −η(X)α(ξ, ϕY , ϕZ)
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Table 2 Three reducible Chinea-Gonzalez classes

Class Defining condition

C6 ⊕ C7 α(X , Y , Z) = η(Z)α(Y , X , ξ) − η(Y )α(ϕX , ϕZ , ξ)

C10 ⊕ C11 α(X , Y , Z) = −η(Z)α(Y , X , ξ) + η(Y )α(ϕX , ϕZ , ξ) − η(X)α(ξ, ϕY , ϕZ)

C6 ⊕ C7 ⊕ C10 ⊕ C11 α(X , Y , Z) = η(Z)α(X , Y , ξ) − η(Y )α(ϕZ , ϕX , ξ) − η(X)α(ξ, ϕY , ϕZ)

and thus, by the skew-symmetry of∇X �, one has that (∇ϕY η)X+(∇X η)ϕY = 0.On the other
hand, (∇Xη)ξ = 0 = (∇ξ η)X and then, for every X , Y ∈ X(M)weget (∇Xη)Y +(∇Y η)X =
0, which proves that ξ is a Killing vector field.

Conversely, assume that (M, ϕ, ξ, η, g) is a generalized-quasi-Sasakian manifold. Since
ξ is Killing, for every X , Y ∈ X(M)

dη(X , Y ) = (∇Xη)Y − (∇Y η)X = 2(∇Xη)Y = −2(∇Y η)X . (2.2)

In particular, dη(ξ, X) = −2(∇X η)ξ = 0. Now, we show that

Nϕ(ξ, X , ϕY ) = d�(ξ, X , Y ) (2.3)

for every X , Y ∈ X(M). Indeed:

Nϕ(ξ, X , ϕY ) = g(Nϕ(ξ, X), ϕY )

= g(ϕ2[ξ, X ] − ϕ[ξ, ϕX ] + dη(ξ, X)ξ, ϕY )

= g(ϕ[ξ, X ], Y ) − g([ξ, ϕX ], Y ) + η([ξ, ϕX ])η(Y )

= g(ϕ∇ξ X , Y ) − g(ϕ∇X ξ, Y ) − g(∇ξ ϕX , Y ) + g(∇ϕX ξ, Y )

= − g((∇ξ ϕ)X , Y ) + g((∇Xϕ)ξ, Y ) − g(ϕX ,∇Y ξ)

= (∇ξ�)(X , Y ) + (∇X�)(Y , ξ) − g(X , (∇Y ϕ)ξ)

= S
ξ,X ,Y

(∇ξ�)(X , Y ) = d�(ξ, X , Y ).

Now, by equation (1.2), we have

2(∇ξ�)(ϕY , ϕZ) = − g((∇ξ ϕ)ϕY , ϕZ)

= d�(ξ, ϕY , ϕZ) − d�(ξ, ϕ2Y , ϕ2Z) + dη(Y , ϕZ) − dη(Z , ϕY ).

Applying again (1.2), and using the fact that d�(X , Y , Z) = Nϕ(X , Y , Z) = 0 along D,
together with equations (2.3) and (2.2), for every X , Y , Z ∈ X(M) we get:

2(∇X�)(Y , Z) = − d�(X , ϕY , ϕZ) + d�(X , ϕ2Y , ϕ2Z)

− η(Y )d�(X , ξ, ϕ2Z) − η(Z)d�(X , ϕ2Y , ξ)

+ η(Y )Nϕ(ξ, ϕ2Z , ϕX) + η(Z)Nϕ(ϕ2Y , ξ, ϕX) − η(X)dη(ϕY , Z)

+ η(X)dη(ϕZ , Y ) − η(Z)dη(ϕY , X) + η(Y )dη(ϕZ , X)

= η(X)[d�(ξ, ϕ2Y , ϕ2Z) − d�(ξ, ϕY , ϕZ) − dη(ϕY , Z) + dη(ϕZ , Y )]
− η(Z)dη(ϕY , X) + η(Y )dη(ϕZ , X)

= − 2η(X)(∇ξ�)(ϕY , ϕZ) + 2η(Z)(∇Xη)ϕY − 2η(Y )(∇ϕZ η)X .

This proves (2.1), so that the almost contactmetricmanifold is of class C6⊕C7⊕C10⊕C11. ��
Remark 2.3 Observe that in a generalized-quasi-Sasakian manifold the fact that ξ is Killing
gives dη(ξ, ·) = 0, or equivalently Nϕ(ξ, ·, ξ) = 0.
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The following two results clarify the place of anti-quasi-Sasakianmanifolds in theChinea–
Gonzalez classification.

Corollary 2.4 A generalized-quasi-Sasakian structure (ϕ, ξ, η, g) on M belongs to C10 ⊕C11
if and only if

Nϕ(X , Y , ξ) = 2dη(X , Y ) ∀X , Y ∈ X(M).

In particular, every anti-quasi-Sasakian structure is of class C10 ⊕ C11.

Proof From Table 2, an almost contact metric structure (ϕ, ξ, η, g) on M belongs to the class
C10 ⊕ C11 if and only if ∇� satisfies the following condition:

(∇X�)(Y , Z) = −η(Z)(∇Y �)(X , ξ) + η(Y )(∇ϕX �)(ϕZ , ξ) − η(X)(∇ξ�)(ϕY , ϕZ)

or equivalently,

(∇X�)(Y , Z) = −η(Z)(∇Y η)ϕX − η(Y )(∇ϕX η)Z − η(X)(∇ξ�)(ϕY , ϕZ).

Comparing this with (2.1), we have that a generalized-quasi-Sasakian manifold is of class
C10 ⊕ C11 if and only if (∇Xη)ϕY = −(∇Y η)ϕX for every X , Y ∈ X(M). Being ξ Killing,
this is equivalent to dη(X , ϕY ) = −dη(Y , ϕX), namely to the ϕ-anti-invariance of dη or
Nϕ(X , Y , ξ) = 2dη(X , Y ). ��

Proposition 2.5 Let (M, ϕ, ξ, η, g) be an almost contact metric manifold of class C10 ⊕ C11.
Then, it is anti-quasi-Sasakian if and only if Lξ ϕ = 0.

Proof Since the structure is of class C10 ⊕ C11, then for every X , Y , Z ∈ �(D)

d�(X , Y , Z) = 0, Nϕ(X , Y ) = 2dη(X , Y )ξ, Nϕ(ξ, X , ξ) = 0.

Hence, taking into account (1.7), (ϕ, ξ, η, g) is anti-quasi-Sasakian if and only if

d�(ξ, X , Y ) = Nϕ(ξ, X , ϕY ) = 0

for every X , Y ∈ X(M). The first identity is equation (2.3) already showed in the proof of
Proposition 2.2 for every generalized-quasi-Sasakian manifold. Owing to Nϕ(ξ, ·, ξ) = 0,
the vanishing of Nϕ(ξ, X , ϕY ) is equivalent to Nϕ(ξ, ·) = 0, namelyLξ ϕ = 0 byRemark 1.1.

��

Remark 2.6 The only anti-quasi-Sasakian manifolds of pure type C10 or C11 are cokähler.
Indeed, from the defining conditions of C10, C11 and C10 ⊕ C11, one has that M is of class C10
if and only if

0 = −η(X)(∇ξ�)(ϕY , ϕZ) = −2η(X)g(AY , Z) ∀X , Y , Z ∈ X(M)

which is equivalent to A = 0. Similarly, M belongs to C11 if and only if

0 = −η(Z)(∇Y η)ϕX − η(Y )(∇ϕXη)Z = η(Z)g(AX , Y ) − η(Y )g(AX , Z)

for every X , Y , Z ∈ X(M). This is equivalent to g(AX , Y )ξ − η(Y )AX = 0 for any
X , Y ∈ X(M). Being AX orthogonal to ξ , it implies A = 0.
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2.2 The transverse geometry of aqSmanifolds

Before treating the metric case, we focus on the transverse geometry with respect to the Reeb
vector field, determined by the anti-normal condition on an almost contact manifold.

Proposition 2.7 Every anti-normal almost contact manifold (M, ϕ, ξ, η) locally fibers onto
a complex manifold endowed with a closed 2-form ω of type (2, 0). In particular, if η is a
contact form, then M locally fibers onto a complex symplectic manifold.

Proof Consider the local submersion π : M → M/ξ . By (iii) of Proposition 1.3, ϕ

descends to an almost complex structure J on M/ξ which turns out to be integrable, being
Nϕ(X , Y )D = 0 for every X , Y ∈ �(D). Furthermore, since Lξdη = 0 and dη is ϕ-anti-
invariant, dη projects onto a closed J -anti-invariant 2-form ω, i.e., a 2-form of type (2, 0).

In particular, if η is a contact form,ω is a symplectic 2-formof type (2, 0), thus determining
a complex symplectic structure (J , ω) on M/ξ (see [2, 4]). ��

As a consequence, we have the following:

Theorem 2.8 Every anti-quasi-Sasakian manifold (M, ϕ, ξ, η, g) admits a local Riemannian
submersion over a Kähler manifold endowed with a closed 2-form ω of type (2, 0).

Proof ByProposition 1.13,we already know that ξ is aKilling vector field. Therefore, locally,
the space of leaves M/ξ is endowed with a Hermitian structure (J , k), with respect to which
the projectionπ : M → M/ξ is actually a local Riemannian submersion.Moreover, denoting
by 
 the fundamental 2-form of (J , k), d� = 0 immediately gives d
 = 0, which proves
that (J , k) is a Kähler structure. ��

Notice that every quasi-Sasakian manifold (M, ϕ, ξ, η, g) locally fibers over a Kähler
manifold (M/ξ, J , k) and the ϕ-invariant 2-form dη projects onto a closed 2-form of type
(1, 1), with the same rank of dη. In fact, both quasi-Sasakian and anti-quasi-Sasakian mani-
folds can be viewed as subclasses of transversely Kähler almost contact metric manifolds.

Precisely, we say that an almost contact metric manifold (M, ϕ, ξ, η, g) is transversely
Kähler if the structure tensor fields (ϕ, g) are projectable along the 1-dimensional foliation
generated by ξ and induce a transverse Kähler structure [10].

Proposition 2.9 An almost contact metric manifold (M, ϕ, ξ, η, g) is transversely Kähler if
and only if

d� = 0, Nϕ(ξ, X) = 0, Nϕ(X , Y , Z) = 0 ∀X , Y , Z ∈ �(D),

i.e., if and only if M is generalized-quasi-Sasakian with Lξ ϕ = 0.

Proof According to the above definition, (M, ϕ, ξ, η, g) is transversely Kähler if and only
if

(Lξ ϕ)X = 0, (Lξ g)(X , Y ) = 0, Nϕ(X , Y , Z) = 0, d�(X , Y , Z) = 0 (2.4)

for all X , Y , Z ∈ �(D). By Remark 1.1, the first equation in (2.4) is equivalent to Nϕ(ξ, ·) =
0. By a direct computation, the following formula holds:

d�(ξ, X , Y ) = (Lξ g)(X , ϕY ) + g(X , (Lξ ϕ)Y ) (2.5)

for every X , Y ∈ X(M). Therefore, whenLξ ϕ = 0, the second equation in (2.4) is equivalent
to d�(ξ, X , Y ) = 0. Regarding the last claim, if M transversely Kähler, by (2.4), it is
generalized quasi-Sasakian provided that (Lξ g)(ξ, ·) = 0, but this is consequence of (2.5)
for X = ξ . ��
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Generalized-
quasi-Sasakian

Lξg = 0
Φ(X, Y, Z) = 0 Nϕ(X, Y, Z) = 0

∀X, Y, Z ∈ Γ(D)
C6 ⊕ C7 ⊕ C10 ⊕ C11

Transversely
relhäK

quasi-Sasakian

η(ϕX, ϕY ) = η(X, Y )

Nϕ(X, Y, ξ) = 0
)

anti-quasi-Sasakian

η(ϕX, ϕY ) = − η(X, Y )

Nϕ(X, Y, ξ) = 2 η(X, Y )
)

Φ = 0 Nϕ(ξ, X) = 0 Nϕ(X, Y, Z) = 0
∀X, Y, Z ∈ Γ(D)

Lξϕ = 0

C6 ⊕ C7 C10 ⊕ C11 with Lξϕ = 0

d

d

d d

d

d d

Fig. 1 Quasi-Sasakian and anti-quasi-Sasakian structures within C6 ⊕ C7 ⊕ C10 ⊕ C11

Taking into account the above characterization of transversely Kähler almost contact
metric manifolds, it is clear that whithin this class, quasi-Sasakian and anti-quasi-Sasakian
manifolds are characterized, respectively, by the ϕ-invariance and ϕ-anti-invariance of dη,
which justifies the name for anti-quasi-Sasakian structures (Fig. 1).

As consequence of Theorem 2.8, we have the following Boothby–Wang type theorem.

Theorem 2.10 Let (M, ϕ, ξ, η, g) be an anti-quasi-Sasakian manifold, such that ξ is regular,
with compact orbits. Then, up to scaling ξ , it generates a free S

1-action on M, so that M
is a principal circle bundle over a Kähler manifold M/ξ endowed with a closed 2-form ω

of type (2, 0). In particular, η is a connection form on M and its curvature form is given by
dη = π∗ω, where π : M → M/ξ is the bundle projection.

Conversely, we have the following:

Theorem 2.11 Let (B, J , k) be a Kähler manifold endowed with a closed 2-form ω of type
(2, 0) which represents an element of the integral cohomology group H2(B,Z). Then, there
exist a principal circle bundle M over B and a connection form η on M such that the curvature
form is given by dη = π∗ω. Moreover, M is endowed with an anti-quasi-Sasakian structure
(ϕ, ξ, η, g).

Proof The first part is due to the theorem of Kobayashi (see [5, Theorem 2.5]). Let η be a
connection form on M such that dη = π∗ω and let us consider ξ ∈ X(M) as the fundamental
vector field associated with the generator 1 ≡ d

dt of the abelian Lie algebra R of S1. Then, ξ
is vertical and η(ξ) = 1. We define the (1, 1)-tensor field ϕ by

ϕξ = 0, ϕX∗ = (J X)∗,
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where X∗ denotes the horizontal lift of a vector field X ∈ X(B). Then, one has that η◦ϕ = 0
and

ϕ2X∗ = (J 2X)∗ = −X∗,

so that ϕ2 = −I + η ⊗ ξ . Moreover, let us define the Riemannian metric g = π∗k + η ⊗ η

on M . For every X , Y ∈ X(B), it satisfies:

g(ϕX∗, ϕY ∗) = k(J X , JY ) ◦ π = k(X , Y ) ◦ π = g(X∗, Y ∗).

Being also g(X∗, ξ) = 0 and g(ξ, ξ) = 1, (ϕ, ξ, η, g) is an almost contact metric structure on
M . Clearly, its fundamental 2-form� is given by� = π∗
, being
 the fundamental 2-form
of the Kähler structure (J , k) on B. Thus, d� = π∗(d
) = 0. Now, for every X , Y ∈ X(B),

[
X∗, ξ

] = 0, h[X∗, Y ∗] = [X , Y ]∗, π∗[X∗, Y ∗] = [X , Y ],
where h denotes the horizontal component. Then, we obtain

Nϕ(X∗, ξ) = ϕ2[X∗, ξ ] − ϕ[ϕX∗, ξ ] + dη(X∗, ξ)ξ

= −ϕ[(J X)∗, ξ ] − η([X∗, ξ ])ξ = 0,

and also

Nϕ(X∗, Y ∗) = ϕ2[X∗, Y ∗] + [ϕX∗, ϕY ∗] − ϕ[ϕX∗, Y ∗] − ϕ[X , ϕY ∗] + dη(X∗, Y ∗)ξ
= ϕ2([X , Y ]∗) + [(J X)∗, (JY )∗] − ϕ([J X , Y ]∗)

− ϕ([X , JY ]∗) + dη(X∗, Y ∗)ξ
= (J 2[X , Y ])∗ + [J X , JY ]∗ + η([(J X)∗, (JY )∗])ξ − (J [J X , Y ])∗

− (J [X , JY ])∗ + dη(X∗, Y ∗)ξ
= (NJ (X , Y ))∗ − dη((J X)∗, (JY )∗)ξ + dη(X∗, Y ∗)ξ
= (−ω(J X , JY ) ◦ π + ω(X , Y ) ◦ π)ξ

= 2(ω(X , Y ) ◦ π)ξ = 2dη(X∗, Y ∗)ξ.

This shows that (M, ϕ, ξ, η, g) is an anti-quasi-Sasakian manifold. ��
A well-known example of Kähler manifolds endowed with a closed (2, 0)-form is given

by hyperkähler manifolds (see for instance [4, 14.B]). In this regards, we point out that, in
the hypotheses of Theorem 2.10, if M is compact and the anti-quasi-Sasakian structure has
maximal rank, then the base manifold M/ξ is a compact Kähler manifold endowed with a
complex symplectic structure. In fact, a result due to Beauville ([3], or [4, Theorem 14.16])
ensures that there exists a hyperkähler metric on M/ξ .

In the next section, we will see how anti-quasi-Sasakian structures naturally appear on a
special class of Riemannian manifolds with a 1-dimensional foliation whose space of leaves
admits a hyperkähler structure.

3 Special classes of anti-quasi-Sasakianmanifolds

3.1 Sp(n)-almost contact metric structures

Definition 3.1 Wecall Sp(n)-almost contact metric manifold any smoothmanifold M admit-
ting three almost contact metric structures (ϕi , ξ, η, g), i = 1, 2, 3, sharing the same Reeb
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vector field ξ and Riemannian metric g, and satisfying the quaternionic identities

ϕiϕ j = ϕk = −ϕ jϕi (3.1)

for every even permutation (i, j, k) of (1, 2, 3). This is equivalent to require that the structure
group of the frame bundle is reducible to Sp(n) × 1.

An Sp(n)-almost contact metric manifold M has dimension 4n + 1. The tangent bundle
splits as T M = D ⊕ 〈ξ 〉, where D = Ker η = Im ϕi = 〈ξ 〉⊥, i = 1, 2, 3. In particular, the
manifold admits local orthonormal frames of type {Xl , ϕ1Xl , ϕ2Xl , ϕ3Xl , ξ}, l = 1, . . . , n.
In the following, an Sp(n)-almost contact metric structure will be denoted by (ϕi , ξ, η, g),
omitting to specify that the index i runs in {1, 2, 3}.
Remark 3.2 For a 4n-dimensional Riemannian manifold (M, g), an Sp(n)-reduction of the
structure group of the frame bundle is equivalent to the existence of three compatible almost
complex structures J1, J2, J3 satisfying Ji J j = Jk = −J j Ji for every even permutation
(i, j, k) of (1, 2, 3). One says that (J1, J2, J3, g) is an almost hyperhermitian structure.
For these manifolds, the Hitchin’s Lemma [19] states that if the three fundamental 2-forms
are closed, then all the almost complex structures are integrable, and thus, the manifold is
hyperkähler.

For an Sp(n)-almost contact metric manifold, we will see how the closedness of the
fundamental 2-forms�i , i = 1, 2, 3, effects on the normality of the almost contact structures.
To this aim, we will use the following lemma; the proof is omitted since it is exactly the same
as in [11, Lemma 4.1], where it is shown in the 5-dimensional case for an SU (2)-structure.

Lemma 3.3 Let (M, ϕi , ξ, η, g) be an Sp(n)-almost contact metric manifold. Then,

g(Nϕi (X , Y ), ϕ j Z) = d� j (X , Y , Z) − d� j (ϕi X , ϕi Y , Z)

− d�k(ϕi X , Y , Z) − d�k(X , ϕi Y , Z),

for every X , Y , Z ∈ X(M) and (i, j, k) even permutation of (1, 2, 3).

Theorem 3.4 Let (M, ϕi , ξ, η, g) be an Sp(n)-almost contact metric manifold such that

d�1 = 0, d�2 = 0, dη = 2�3. (3.2)

Then, (ϕ1, ξ, η, g) and (ϕ2, ξ, η, g) are anti-quasi-Sasakian structures, while (ϕ3, ξ, η, g) is
a Sasakian structure. In particular, M locally fibers onto a hyperkähler manifold.

Proof Since the fundamental 2-forms are closed, Lemma3.3 implies g(Nϕi (X , Y ), ϕ j Z) = 0
for every X , Y , Z ∈ X(M), that is Nϕi (X , Y )D = 0 for i = 1, 2, 3. Now, observe that the
fundamental 2-form �3 is ϕ3-invariant, while for i = 1, 2, it is ϕi -anti-invariant. Indeed,

�3(ϕi X , ϕi Y ) = g(ϕi X , ϕ3ϕi Y ) = −g(ϕi X , ϕiϕ3Y ) = −g(X , ϕ3Y ) = −�3(X , Y ).

Since dη = 2�3, as argued in Remark 1.5,

η(Nϕ3(X , Y )) = 0, η(Nϕi (X , Y )) = 2dη(X , Y ).

Therefore, the structure (ϕ3, ξ, η, g) is normal and hence Sasakian, while (ϕi , ξ, η, g), i =
1, 2, are anti-normal and hence anti-quasi-Sasakian.

Now, considering the local submersion π : M → M/ξ , by Proposition 1.3 and the fact
that the third structure is Sasakian, all the structure tensor fields are projectable onto an almost
hyperhermitian structure (J1, J2, J3, k). Denoting by 
i the fundamental 2-form of (Ji , k),
one has that π∗
i = �i . Therefore, d
i = 0 for every i = 1, 2, 3 and then, (Ji , k) is a
hyperkähler structure by the Hitchin’s Lemma. ��
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Definition 3.5 An Sp(n)-almost contact metric structure (ϕi , ξ, η, g) satisfying (3.2) will be
called a double aqS-Sasakian structure.

Notice that for a double aqS-Sasakian manifold the two anti-quasi-Sasakian structures
(ϕ1, ξ, η, g) and (ϕ2, ξ, η, g) project onto Kähler structures for which the (2, 0)-form ω

claimed in Theorem 2.8 coincides with 
3. The following proposition characterizes double
aqS-Sasakian manifolds in terms of the Levi-Civita connection.

Proposition 3.6 An Sp(n)-almost contact metric manifold (M, ϕi , ξ, η, g) is double aqS-
Sasakian if and only if any two of the following conditions hold:

(i) (∇Xϕ1)Y = −2η(X)ϕ2Y − η(Y )ϕ2X − g(X , ϕ2Y )ξ ;
(ii) (∇Xϕ2)Y = 2η(X)ϕ1Y + η(Y )ϕ1X + g(X , ϕ1Y )ξ ;
(iii) (∇Xϕ3)Y = g(X , Y )ξ − η(Y )X.

In particular, each one of the above three conditions is consequence of the other two.

Proof If (M, ϕi , ξ, η, g) is a double aqS-Sasakianmanifold, Theorem3.4 holds. In particular,
since (ϕ3, ξ, η, g) is a Sasakian structure, it satisfies (iii) and ∇ξ = −ϕ3. Then, (i) and (ii)
follow from Theorem 1.12, where the operators Aϕ1 and Aϕ2 associated with the two anti-
quasi-Sasakian structures are given by Aϕ1 = −ϕ1 ◦∇ξ = −ϕ2 and Aϕ2 = −ϕ2 ◦∇ξ = ϕ1.

Conversely, first assume that (i) and (ii) hold. Since ϕ1 and ϕ2 are skew-symmetric and
anticommute each other, by Theorem 1.12 both the structures (ϕi , ξ, η, g), i = 1, 2, are
anti-quasi-Sasakian and thus, d�1 = d�2 = 0. Applying (i) or (ii) for Y = ξ , one has that
∇X ξ = −ϕ3X , and then

dη(X , Y ) = g(∇X ξ, Y ) − g(X ,∇Y ξ) = 2g(X , ϕ3Y ) = 2�3(X , Y ),

which proves (3.2). Now, assume that (i) and (iii) hold. As above, (ϕ1, ξ, η, g) is anti-quasi-
Sasakian and hence, d�1 = 0. On the other hand, (iii) means that (ϕ3, ξ, η, g) is a Sasakian
structure, and hence, dη = 2�3. Moreover, since ϕ2 = ϕ3ϕ1, one has that ∇ϕ2 = ∇ϕ3 ◦
ϕ1 +ϕ3 ◦∇ϕ1 and thus, (ii) follows form (i) and (iii). Therefore, d�2 = 0 as before. Finally,
assuming (ii) and (iii), one gets the conclusion arguing analogously. ��

Weconclude the section treating the 5-dimensional case, namelyn = 1, forwhich Sp(1) =
SU (2). In [13], SU (2)-structures on 5-dimensional manifolds are described in terms of a
quadruplet (η, ω1, ω2, ω3), where η is a 1-form andωi , for i = 1, 2, 3, are 2-forms satisfying

ωi ∧ ω j = δi jv, (3.3)

for some 4-form v such that v∧η �= 0, andω1(X , ·) = ω2(Y , ·) ⇒ ω3(X , Y ) ≥ 0. These 2-
forms are related to the underlying almost contactmetric structures (ϕi , ξ, η, g) byωi = −�i

(see for instance [11]). Therefore, equations in (3.2) defining a double aqS-Sasakian structure
can be rephrased as

dω1 = 0, dω2 = 0, dη = −2ω3. (3.4)

We remark that the class of double aqS-Sasakianmanifolds coincideswith the class of contact
Calabi-Yau 5-manifolds defined as in [29]. Indeed, assuming (3.4), Theorem 3.4 ensures that
(ϕ3, ξ, η, g) is Sasakian. Furthermore, ε = ω1 + iω2 is a nowhere vanishing basic complex
(2, 0)-form on D, satisfying dε = 0 and ε ∧ ε̄ = 1

2 (dη)2. Conversely, if (M5, ϕ, ξ, η, g, ε)

is contact Calabi-Yau, a double aqS-Sasakian structure is defined by ω1 = �(ε), ω2 = �(ε)

and ω3 = − 1
2dη.
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Finally, as observed in [15], these are a special type of K -contact hypo SU (2)-structures,
i.e., ξ is a Killing vector field and

d(η ∧ ω1) = 0, d(η ∧ ω2) = 0, dη = −2ω3. (3.5)

Indeed, by (3.4) and (3.3), for i = 1, 2

d(η ∧ ωi ) = dη ∧ ωi = −2ω3 ∧ ωi = 2δ3iv = 0.

The converse is not true, although a K -contact hypo 5-manifold still carries a Sasakian
structure as stated in the following:

Proposition 3.7 Let (M, η, ω1, ω2, ω3) be a 5-dimensional manifold with a K -contact hypo
SU (2)-structure. Let (ϕi , ξ, η, g), i = 1, 2, 3, be the underlying almost contact metric
structures. Then, (ϕ3, ξ, η, g) is Sasakian and (ϕi , ξ, η, g), i = 1, 2, are generalized-quasi-
Sasakian structures of class C10 ⊕ C11. Moreover, M is a double aqS-Sasakian manifold (or
equivalently the structure is contact Calabi-Yau) if and only if Lξ ϕ1 or Lξ ϕ2 vanishes.

Proof If (3.5) holds, taking i = 1, 2 and X , Y , Z ∈ �(D) one has that

0 = d(η ∧ ωi )(ξ, X , Y , Z) = (dη ∧ ωi )(ξ, X , Y , Z) − (η ∧ dωi )(ξ, X , Y , Z)

= − dωi (X , Y , Z),

where in the third equality we used ωi (ξ, X) = 0 and dη(ξ, X) = 0. Therefore,
d�i (X , Y , Z) = −dωi (X , Y , Z) = 0 for every X , Y , Z ∈ �(D). Being also d�3 =
−dω3 = 0, Lemma 3.3 implies Nϕi (X , Y , Z) = 0 for every X , Y , Z ∈ �(D) and for every
i = 1, 2, 3. Now, arguing as in the proof of Theorem 3.4, since dη = 2�3 is ϕ3-invariant
and ϕi -anti-invariant for i = 1, 2, one has

Nϕ1(X , Y , ξ) = Nϕ2(X , Y , ξ) = 2dη(X , Y ), Nϕ3(X , Y , ξ) = 0.

Being ξ Killing by assumption, this proves that the almost contact metric structures
(ϕ1, ξ, η, g) and (ϕ2, ξ, η, g) belong to C10 ⊕ C11 (see Corollary 2.4). Moreover, from equa-
tion (2.5) and Lξ g = 0, we have Lξ ϕ3 = 0 and hence, Nϕ3(ξ, ·) = 0 (see Remark 1.1).
Therefore, (ϕ3, ξ, η, g) is normal and thus Sasakian.

Concerning the last statement, (M, ϕi , ξ, η, g), i = 1, 2, 3, is a double aqS-Sasakian
manifold if and only if d�1(ξ, ·, ·) = d�2(ξ, ·, ·) = 0. By equation (2.5), this is equivalent
to Lξ ϕ1 = Lξ ϕ2 = 0. Assuming Lξ ϕ1 identically zero, (ϕ1, ξ, η, g) is aqS with Aϕ1 =
−ϕ1 ◦∇ξ = ϕ1ϕ3 = −ϕ2; thus, applying Proposition 3.6, also (ϕ2, ξ, η, g) is aqS. The same
holds assuming Lξ ϕ2 = 0. ��

3.2 Weighted Heisenberg Lie groups and compact nilmanifolds

LetG be a (4n+1)-dimensionalLie groupwithLie algebrag, and let ξ, τr , τn+r , τ2n+r , τ3n+r ,
r = 1, . . . , n, be a basis of g. We consider three left invariant almost contact metric structures
(ϕi , ξ, η, g), i = 1, 2, 3, where g is the Riemannian metric with respect to which the basis
is orthonormal, η is the dual form of ξ , and ϕi is given by

ϕi =
n∑

r=1

(
θr ⊗ τin+r − θin+r ⊗ τr + θ jn+r ⊗ τkn+r − θkn+r ⊗ τ jn+r

)
,
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where θl (l = 1, . . . , 4n) is the dual 1-form of τl , and (i, j, k) is an even permutation of
(1, 2, 3). Explicitly, ϕi (ξ) = 0 and

ϕ1τr = τn+r ϕ1τn+r = −τr ϕ1τ2n+r = τ3n+r ϕ1τ3n+r = −τ2n+r

ϕ2τr = τ2n+r ϕ2τn+r = −τ3n+r ϕ2τ2n+r = −τr ϕ2τ3n+r = τn+r

ϕ3τr = τ3n+r ϕ3τn+r = τ2n+r ϕ3τ2n+r = −τn+r ϕ3τ3n+r = −τr .

Clearly, ϕ1, ϕ2, ϕ3 satisfy (3.1), so that (ϕi , ξ, η, g) is an Sp(n)-almost contact metric struc-
ture. The fundamental 2-forms are

�i = −
n∑

r=1

(θr ∧ θin+r + θ jn+r ∧ θkn+r ).

Now, assume that the nonvanishing commutators are
[
τr , τ3n+r

] = [
τn+r , τ2n+r

] = 2λr ξ,

for some constants λ1, . . . , λn ∈ R. The 1-forms θl are closed for every l = 1, . . . , 4n and
then d�i = 0 for every i = 1, 2, 3. Furthermore,

dη = −2
n∑

r=1

λr (θr ∧ θ3n+r + θn+r ∧ θ2n+r ).

Notice that when the weights λ1, . . . , λn are all equal to 1, then g is the real Heisenberg Lie
algebra of dimension 4n + 1. Furthermore, dη = 2�3, and thus, (G, ϕi , ξ, η, g) is a double
aqS-Sasakian manifold. In particular, (ϕ3, ξ, η, g) is the standard Sasakian structure on the
real Heisenberg Lie algebra.

Now, we show that in the general case, (ϕ1, ξ, η, g) and (ϕ2, ξ, η, g) are anti-quasi-
Sasakian structures, while (ϕ3, ξ, η, g) is quasi-Sasakian. From the expression of the Lie
brackets, one immediately has that

g(Nϕi (X , Y ), θl) = 0,

for every X , Y ∈ g and l = 1, . . . , 4n. In fact, this is coherent with Lemma 3.3 since all the
fundamental 2-forms are closed. It remains to compute

g(Nϕi (X , Y ), ξ) = −dη(ϕi X , ϕi Y ) + dη(X , Y ).

For i = 1:

dη(ϕ1X , ϕ1Y ) = −2
n∑

r=1

λr [θr (ϕ1X)θ3n+r (ϕ1Y ) − θ3n+r (ϕ1X)θr (ϕ1Y )

+θn+r (ϕ1X)θ2n+r (ϕ1Y ) − θ2n+r (ϕ1X)θn+r (ϕ1Y )]

= 2
n∑

r=1

λr [θn+r (X)θ2n+r (Y ) − θ2n+r (X)θn+r (Y )

+θr (X)θ3n+r (Y ) − θ3n+r (X)θr (Y )]
= −dη(X , Y ).

Thus, we have proved that Nϕ1(X , Y ) = 2dη(X , Y )ξ . Then, (ϕ1, ξ, η, g) is an anti-quasi-
Sasakian structure. Analogously one obtains that Nϕ2 = 2dη ⊗ ξ and Nϕ3 = 0, which prove
that (ϕ2, ξ, η, g) is anti-quasi-Sasakian and (ϕ3, ξ, η, g) is quasi-Sasakian.
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Now,we determine the operators Aϕ1 and Aϕ2 associated with the two anti-quasi-Sasakian
structures. From identity (1.14), 2g(Aϕi X , Y ) = dη(X , ϕi Y ) (i = 1, 2), and with similar
computation as above, we get:

Aϕ1 = −
n∑

r=1

λr (θr ⊗ τ2n+r − θ2n+r ⊗ τr + θ3n+r ⊗ τn+r − θn+r ⊗ τ3n+r ),

Aϕ2 =
n∑

r=1

λr (θr ⊗ τn+r − θn+r ⊗ τr + θ2n+r ⊗ τ3n+r − θ3n+r ⊗ τ2n+r ).

Explicitly, Aϕ1ξ = Aϕ2ξ = 0 and

Aϕ1τr = −λr τ2n+r Aϕ1τn+r = λr τ3n+r Aϕ1τ2n+r = λr τr Aϕ1τ3n+r = −λrτn+r

Aϕ2τr = λrτn+r Aϕ2τn+r = −λr τr Aϕ2τ2n+r = λrτ3n+r Aϕ2τ3n+r = −λr τ2n+r .

When theweights are equal to 1, we have that Aϕ1 = −ϕ2 and Aϕ2 = ϕ1 as in Proposition 3.6.
However, in general Aϕ1 and Aϕ2 do not define almost contact structures.

The Lie group G is a 2-step nilpotent Lie group, and the only eventually nonzero structure
constants of its Lie algebra are the weights λr . A result due to Malcev [23] ensures that when
all the weights λr are rational numbers, then G admits a cocompact discrete subgroup �, so
that an anti-quasi-Sasakian structure on the compact nilmanifold G/� is induced.

3.3 Further examples

Example 3.8 Given a hyperkähler manifold (B, Ji , k) (i = 1, 2, 3), the Kähler forms 
2,
3

associated with J2, J3, respectively, are closed and J1-anti-invariant. Thus, if they define
integral cohomology classes, they determine principal circle bundles over B endowed with
anti-quasi-Sasakian structures in view of Theorem 2.11. At least locally, one can always
consider an open contractible set U ⊂ B on which the Kähler forms are exact, thus defining
the trivial cohomology class which corresponds to the trivial bundle U × S

1.
In [14], V. Cortés shows the existence of non-flat compact hyperkähler manifolds with

integral 2-forms, obtained as products of m copies of a K3 surface. In particular, applying
Theorem 2.11 to these manifolds, one obtains examples of compact aqS manifolds, which
are not quotients of the weighted Heisenberg Lie group, as it is transversely flat.

Example 3.9 Let (B4n, J , k) be a Kähler manifold and fix a coordinate neighborhood U
with respect to which the complex structure J is given by J ∂

∂xi
= ∂

∂ yi
and J ∂

∂ yi
= − ∂

∂xi
,

i = 1, . . . , 2n. On U , let us consider the following 2-form

ω =
p∑

i=1

(dxi ∧ dxn+i − dyi ∧ dyn+i ),

where 1 ≤ p ≤ n. Clearly,ω is a 2-formof type (2, 0) and rank 4p.Moreover, it is exact, being
β = ∑p

i=1(xidxn+i − yidyn+i ) a primitive 1-form. Thus, ω defines the trivial cohomology
class on U and hence, the trivial bundle U × S

1 is endowed with an anti-quasi-Sasakian
structure (ϕ, ξ, η, g), where the connection form η and the Riemannian metric g are given
by

η = dt + π∗β, g = π∗k + η ⊗ η.

We point out that, in order to have a global example, one can apply the above construction to
the complex unit disc D2n ⊂ C

2n endowedwith theKähler structure of constant holomorphic
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sectional curvature c < 0, or to a Hermitian symmetric space of non-compact type which
can be realized as a bounded symmetric domain in C2n (see [22, Vol. II, Chap. XI.9]).

Example 3.10 Let (M2n+1, ϕ, ξ, η, g) be an anti-quasi-Sasakian manifold and (M2m, J , h)

be a Kähler manifold. Then, the product manifold M2n+1 × M2m is an anti-quasi Sasakian
manifold with respect to the almost contact metric structure (ϕ̃, ξ̃ , η̃, g̃) defined by:

ϕ̃X = (ϕX1, J X2), ξ̃ = (ξ, 0), η̃(X) = η(X1), g̃(X , Y ) = g(X1, Y1) + h(X2, Y2),

where X = (X1, X2), Y = (Y1, Y2) ∈ X(M2n+1 × M2m). Indeed, denoting by 
 the
Kähler form of M2m , and by �, �̃ the fundamental 2-forms of the structures (ϕ, ξ, η, g) and
(ϕ̃, ξ̃ , η̃, g̃), respectively, one has �̃ = � + 
, and hence, d�̃ = 0. Moreover, Nϕ̃ is given
by

Nϕ̃ (X , Y ) = (Nϕ(X1, Y1), NJ (X2, Y2)) = (2dη(X1, Y1)ξ, 0) = 2dη̃(X , Y )ξ̃ .

Finally, we observe that if M2n+1 has rank 4p + 1, then M2n+1 × M2m has the same rank.
Considering the weighted Heisenberg Lie group G described in Sect. 3.2, assuming

λp+1 = · · · = λn = 0 for some1 ≤ p ≤ n−1, then one can easily see thatG = G ′×R
4(n−p),

where G ′ is a weighted Heisenberg Lie group with structure of maximal rank and the abelian
Lie group R4(n−p) is actually endowed with a hyperkähler structure.

In Sect. 5, we will provide a sufficient condition for an anti-quasi-Sasakian manifold to be
decomposable as Riemannian product of an anti-quasi-Sasakian manifold of maximal rank
and a Kähler manifold.

4 Riemannian curvature properties

In this section, we will further investigate the geometric structure of an anti-quasi-Sasakian
manifold, showing that it carries a triplet of closed 2-forms (A,�,	), the third one being
exact. This allows to provide a characterization of anti-quasi-Sasakian manifolds of constant
ξ -sectional curvature equal to 1, and to obtain remarkable properties of the Riemannian
Ricci tensor. Then, we show that an aqS manifold of constant sectional curvature is flat and
cokähler. Other obstructions to the existence of aqS structures are discussed in the compact
and homogeneous cases.

4.1 The triplet of closed 2-forms (A,8,9)

Let (M, ϕ, ξ, η, g) be an anti-quasi-Sasakian manifold, and consider the operator A =
(∇ϕ)ξ = −ϕ ◦ ∇ξ defined in Theorem 1.12. We set

ψ := Aϕ = −ϕ A = −∇ξ. (4.1)

Being ξ Killing, ψ is skew-symmetric with respect to g. Moreover, by the fact that A anti-
commutes with ϕ and Aξ = 0, the following identities hold:

ϕψ = A = −ψϕ, (4.2)

ψ A = −ϕ A2 = −Aψ. (4.3)

From (1.14), we also get:

2g(X , ψY ) = dη(X , Y ). (4.4)
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Remark 4.1 Note that

ψ2 = (Aϕ)(Aϕ) = −A2ϕ2 = −A2(−I + η ⊗ ξ) = A2.

Moreover, since ψ is skew-symmetric, ψ2 is symmetric with respect to g, with nonpositive
eigenfunctions. In particular, if X ∈ �(D) is an eigenvector field of ψ2 with eigenfunction
−λ2 < 0, then X , ϕX , ψ X , AX are mutually orthogonal eigenvector fields associated with
the sameeigenfunction.This follows fromEqs. (4.1), (4.2), (4.3) and from the skew-symmetry
of ϕ, A,ψ andψ A with respect to g. Finally, Kerψ2 = Kerψ is ϕ-invariant and it coincides
with 〈ξ 〉 ⊕ E by (4.4), where E is defined as in Proposition 1.7. In particular, ψ = 0 if and
only if the manifold is cokähler.

Proposition 4.2 Let (M, ϕ, ξ, η, g) be an anti-quasi-Sasakian manifold. Then:

Lξψ = 0, Lξ A = 0.

Proof The first identity is an immediate consequence of the fact that ξ is a Killing vector
field, Lξdη = 0 by Proposition 1.3, and Eq. (4.4). The second identity follows from (4.2)
and Lξ ϕ = Lξψ = 0. ��

Proposition 4.3 Let (M, ϕ, ξ, η, g) be an anti-quasi-Sasakian manifold. Then:

∇ξ ϕ = 2A, ∇ξψ = 0, ∇ξ A = −2ψ A. (4.5)

Proof The first equation is a direct consequence of (1.12) applied for X = ξ . For every
X ∈ X(M), we have:

(Lξψ)X = [ξ, ψ X ] − ψ[ξ, X ]
= ∇ξψ X − ∇ψ X ξ − ψ∇X ξ + ψ∇X ξ

= (∇ξψ)X + ψ2X − ψ2X = (∇ξψ)X ,

and hence, the second equation follows from Proposition 4.2. Finally, we have:

∇ξ A = (∇ξ ϕ)ψ + ϕ∇ξψ = 2Aψ = −2ψ A.

��

Now, let us consider the 2-forms associated with the skew-symmetric operators A and ψ ,
defined by:

A(X , Y ) := g(X , AY ), 	(X , Y ) := g(X , ψY )

for every X , Y ∈ X(M). Equation (4.4) immediately implies d	 = 0. We are going to show
that A is closed as well, and to this aim, we prove some useful identities for ∇	.

Lemma 4.4 Let (M, ϕ, ξ, η, g) be an anti-quasi-Sasakian manifold. Then, for every
X , Y , Z ∈ X(M) the following identities hold:

(∇X	)(ϕY , Z) − (∇X	)(Y , ϕZ) = η(Y )g(ψ2X , ϕZ) + η(Z)g(ψ2X , ϕY ),

(∇X	)(ϕY , ϕZ) + (∇X	)(Y , Z) = − η(Y )g(ψ2X , Z) + η(Z)g(ψ2X , Y ),

(∇ϕX	)(ϕY , Z) + (∇X	)(Y , Z) = − η(Y )g(ψ2X , Z) + 2η(Z)g(ψ2X , Y ).
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Proof Recall that A = ϕψ = −ψϕ so that, applying Theorem 1.12 and using η ◦ ψ = 0
and ψξ = 0, one obtains:

(∇X A)Y = (∇Xϕψ)Y

= (∇Xϕ)ψY + ϕ(∇Xψ)Y

= 2η(X)AψY + g(X , AψY )ξ + ϕ(∇Xψ)Y , (4.6)

and

(∇X A)Y = −(∇Xψϕ)Y

= −(∇Xψ)ϕY − ψ(∇Xϕ)Y

= −(∇Xψ)ϕY − 2η(X)ψ AY − η(Y )ψ AX .

Therefore, since ψ and A anticommute each other, we get:

(∇X ψ)ϕY + ϕ(∇Xψ)Y = η(Y )Aψ X − g(X , AψY )ξ

= η(Y )ϕψ2X − g(ψ2X , ϕY )ξ.

Using (∇X	)(Y , Z) = −g((∇X ψ)Y , Z), the first identity is proved. The second equation
follows from the first one just by replacing Z by ϕZ :

(∇X	)(ϕY , ϕZ) + (∇X	)(Y , Z) = η(Z)(∇X 	)(Y , ξ) − η(Y )g(ψ2X , Z)

= η(Z)g((∇X ψ)ξ, Y ) − η(Y )g(ψ2X , Z)

= η(Z)g(ψ2X , Y ) − η(Y )g(ψ2X , Z).

Finally, using d	 = 0 and applying the first two identities, one has:

0 = d	(X , Y , Z) + d	(ϕX , ϕY , Z) + d	(ϕX , Y , ϕZ) − d	(X , ϕY , ϕZ)

= (∇X	)(Y , Z) + (∇Y 	)(Z , X) + (∇Z 	)(X , Y )

+ (∇ϕX 	)(ϕY , Z) + (∇ϕY 	)(Z , ϕX) + (∇Z 	)(ϕX , ϕY )

+ (∇ϕX 	)(Y , ϕZ) + (∇Y 	)(ϕZ , ϕX) + (∇ϕZ 	)(ϕX , Y )

− (∇X 	)(ϕY , ϕZ) − (∇ϕY 	)(ϕZ , X) − (∇ϕZ 	)(X , ϕY )

= (∇X	)(Y , Z) + (∇ϕX	)(ϕY , Z) + (∇ϕX 	)(Y , ϕZ) − (∇X	)(ϕY , ϕZ)

− η(Z)g(ψ2Y , X) + η(X)g(ψ2Y , Z) − η(X)g(ψ2Z , Y ) + η(Y )g(ψ2Z , X)

− η(Z)g(ψ2ϕY , ϕX) − η(X)g(ψ2ϕY , ϕZ) + η(X)g(ψ2ϕZ , ϕY ) + η(Y )g(ψ2ϕZ , ϕX)

= (∇X	)(Y , Z) + (∇ϕX	)(ϕY , Z) + (∇ϕX 	)(Y , ϕZ) − (∇X	)(ϕY , ϕZ)

− 2η(Z)g(ψ2Y , X) + 2η(Y )g(ψ2Z , X).

Then, by adding and subtracting (∇ϕX	)(ϕY , Z) + (∇ϕX	)(Y , Z), and applying again the
first two identities, one has:

2{(∇X 	)(Y , Z) + (∇ϕX	)(ϕY , Z)}
= (∇ϕX 	)(ϕY , Z) − (∇ϕX	)(Y , ϕZ) + (∇X	)(ϕY , ϕZ) + (∇X	)(Y , Z)

+2η(Z)g(X , ψ2Y ) − 2η(Y )g(X , ψ2Z)

= η(Y )g(ψ2ϕX , ϕZ) + η(Z)g(ψ2ϕX , ϕY ) − η(Y )g(ψ2X , Z) + η(Z)g(ψ2X , Y )

+2η(Z)g(ψ2X , Y ) − 2η(Y )g(ψ2X , Z)

= 4η(Z)g(ψ2X , Y ) − 2η(Y )g(ψ2X , Z),

and this concludes the proof of the third equation. ��
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Proposition 4.5 For every anti-quasi-Sasakian manifold (M, ϕ, ξ, η, g), the 2-form A is
closed.

Proof By using A(ξ, ·) = 0, ξ Killing and Lξ A = 0, for every X , Y ∈ X(M), we have:

dA(ξ, X , Y ) = ξ(A(X , Y )) + X(A(Y , ξ)) + Y (A(ξ, X))

−A([ξ, X ], Y ) − A([X , Y ], ξ) − 10A([Y , ξ ], X)

= ξ(g(X , AY )) − g([ξ, X ], AY ) − g([Y , ξ ], AX)

= g(X , [ξ, AY ]) − g(A[ξ, Y ], X)

= g(X , (Lξ A)Y ) = 0.

Now, for every X , Y , Z ∈ �(D), equation (4.6) gives that g((∇X A)Y , Z) = (∇X 	)(Y , ϕZ).
Thus, we have:

dA(X , Y , Z) = − g((∇X A)Y , Z) − g((∇Y A)Z , X) − g((∇Z A)X , Y )

= − (∇X	)(Y , ϕZ) − (∇Y 	)(Z , ϕX) − (∇Z 	)(X , ϕY ).

Since d	(X , Y , ϕZ) = 0, we get

−(∇X	)(Y , ϕZ) = (∇Y 	)(ϕZ , X) + (∇ϕZ 	)(X , Y ).

Substituting in the previous equation and applying the first and the third identities in
Lemma 4.4, we obtain:

dA(X , Y , Z) = (∇Y 	)(ϕZ , X) + (∇ϕZ 	)(X , Y ) − (∇Y 	)(Z , ϕX) − (∇Z 	)(X , ϕY )

= (∇ϕZ 	)(ϕ2Y , X) + (∇Z 	)(ϕY , X) = 0.

��

4.2 Sectional curvatures and Ricci curvature

Let us denote by R the Riemannian curvature tensor field of (M, g), defined by R(X , Y )Z =
[∇X ,∇Y ]Z−∇[X ,Y ] Z . The sectional curvature at x ∈ M of a 2-plane spanned by orthonormal
u, v ∈ Tx M is given by K (u, v) = gx (Rx (u, v)v, u). In the following, for an almost contact
metric manifold (M, ϕ, ξ, η, g) and for any unit vector field X ∈ �(D), we will consider the
ξ -sectional curvature K (ξ, X) defined at each point x ∈ M by K (ξx , Xx ).

Proposition 4.6 Let (M, ϕ, ξ, η, g) be an anti-quasi-Sasakian manifold. Then, for every
X , Y ∈ X(M) one has:

(i) (∇Xψ)Y = R(ξ, X)Y ;
(ii) R(X , Y )ξ = −(∇Xψ)Y + (∇Y ψ)X;
(iii) ψ2X = R(ξ, X)ξ .

In particular, M has nonnegative ξ -sectional curvatures, and for every unit eigenvector field
X ∈ �(D) of ψ2, with eigenfunction −λ2, K (ξ, X) = λ2.

Proof Since ξ is Killing andψ = −∇ξ , the first identity follows from a well-known formula
(see [22, vol. I, Chap. VI, Proposition 2.6]). Then, (ii) follows from the Bianchi identity:

R(X , Y )ξ = −R(Y , ξ)X − R(ξ, X)Y = R(ξ, Y )X − R(ξ, X)Y .
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Applying (i) for Y = ξ , we get (iii):

R(ξ, X)ξ = (∇Xψ)ξ = −ψ∇X ξ = ψ2X .

Moreover, for a unit X ∈ �(D), the ξ -sectional curvature is:

K (ξ, X) = −g(R(ξ, X)ξ, X) = −g(ψ2X , X) = g(ψ X , ψ X) ≥ 0, (4.7)

which also immediately justifies the last statement. ��
Notice that the ξ -sectional curvatures of an anti-quasi-Sasakian manifold M are all van-

ishing if and only if M is cokähler. Next, we provide a characterization of anti-quasi-Sasakian
manifolds with K (ξ, X) = 1, showing that they are all double aqS-Sasakian manifolds.

Theorem 4.7 Let (M, ϕ, ξ, η, g) be anti-quasi-Sasakian manifold. Then, the following are
equivalent:

(a) K (ξ, X) = 1 for every X ∈ �(D);
(b) ψ2 = A2 = −I + η ⊗ ξ ;
(c) (A, ϕ, ψ, ξ, η, g) is a double aqS-Sasakian structure.

Proof Recall that the (1, 1)-tensor fields A andψ attached to the anti-quasi-Sasakian structure
satisfyψ2 = A2 andψξ = Aξ = 0. Thus, they define almost contact structures with respect
to (ξ, η) if and only if ψ2|D = −I , i.e., the spectrum of ψ2 is {0,−1}, with 0 simple
eigenvalue. By Proposition 4.6, this is equivalent to require that the ξ -sectional curvatures
are equal to 1.

Assuming ψ2 = A2 = −I + η ⊗ ξ , the compatibility of the almost contact structures
(ψ, ξ, η) and (A, ξ, η) with the Riemannian metric g is consequence of the skew-symmetry
of ψ and A. Indeed, for every X , Y ∈ X(M):

g(ψ X , ψY ) = −g(ψ2X , Y ) = g(X , Y ) − η(X)η(Y ),

and similarly for A. Finally, (4.3) becomes ψ A = ϕ = −Aψ and, together with (4.1) and
(4.2), it implies that (A, ϕ, ψ, ξ, η, g) is an Sp(n)-almost contact metric structure. Moreover,
d� = 0 (by definition of aqS structure), dA = 0 byProposition 4.5, and dη = 2	 by equation
(4.4), so that (A, ϕ, ψ, ξ, η, g) is a double aqS-Sasakian structure. ��
Remark 4.8 Assuming K (ξ, X) = λ2 for every X ∈ �(D), or equivalently ψ2|D = −λ2 I ,
with λ ∈ R \ {0}, one can always find an underlying double aqS-Sasakian structure. Indeed,
first notice that the class of aqS structures is invariant under homothetic deformations, defined
by

ϕ′ = ϕ, ξ ′ = 1

λ
ξ, η′ = λη, g′ = λ2g,

and the associated operators A′ and ψ ′ are given by A′ = 1
λ

A and ψ ′ = 1
λ
ψ . Therefore, if

ψ2|D = −λ2 I , then

ψ ′2 = A′2 = −I + η′ ⊗ ξ ′,

and (A′, ϕ′, ψ ′, ξ ′, η′, g′) is double aqS-Sasakian by the previous theorem. In particular, by
Theorem 3.4, it locally projects onto a hyperkähler structure. Moreover, g and g′ project
on homothetic Riemannian metrics along the vertical distribution, so that both g and g′ are
transversely Ricci-flat (cfr. Theorem 4.12).
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Remark 4.9 The condition K (ξ, X) = λ2 > 0 (or in particular K (ξ, X) = 1) for every
X ∈ �(D) is not always satisfied. For instance, considering the two anti-quasi-Sasakian
structures of the weighted Heisenberg Lie group (Sect. 3.2), one has:

Sp(A2
ϕ1

) = Sp(A2
ϕ2

) = {0,−λ21, . . . ,−λ2n}.
Proposition 4.10 Let (M, ϕ, ξ, η, g) be an anti-quasi-Sasakian manifold. Then, the Ricci
tensor field satisfies the following identities:

(i) Ric(ξ, ξ) = |∇ξ |2 = |ψ |2;
(ii) Ric(ξ, X) = 0;
(iii) Ric(X , Y ) = RicT (X ′, Y ′) − 2g(ψ X , ψY ),

where RicT is the Ricci tensor field of the base space of the local Riemannian submersion
π : M → M/ξ , and X , Y ∈ �(D) are basic vector fields projecting on X ′, Y ′, respectively.
Furthermore, the scalar curvatures of M and M/ξ are related by

s = sT − |∇ξ |2 = sT − |ψ |2.
Proof Choosing a local orthonormal frame {ξ, e1, . . . , e2n} (where dim M = 2n + 1), as in
(4.7) we have that

Ric(ξ, ξ) =
2n∑

i=1

K (ξ, ei ) =
2n∑

i=1

g(ψei , ψei ) = |ψ |2.

In order to prove equation (ii), we fix a local orthonormal ϕ-basis, that is en+i = ϕei for
i = 1, . . . , n. For every X ∈ �(D), applying property (i) of Proposition 4.6, we have:

Ric(ξ, X) =
n∑

i=1

{g(R(ξ, ei )ei , X) + g(R(ξ, ϕei )ϕei , X)}

=
n∑

i=1

{g((∇ei ψ)ei , X) + g((∇ϕei ψ)ϕei , X)}

= −
n∑

i=1

{(∇ei 	)(ei , X) + (∇ϕei 	)(ϕei , X)} = 0,

where we applied the third identity of Lemma 4.4, being η(ei ) = η(X) = 0.
Now, consider the local Riemannian submersion π : M → M/ξ and let T and A be the

O’Neill tensors related to π . Since ∇ξ ξ = 0, the leaves of the distribution spanned by ξ are
totally geodesic, and hence, T = 0. Moreover, for every X , Y horizontal vector fields

AX Y = 1

2
v([X , Y ]) = 1

2
η([X , Y ])ξ = −1

2
dη(X , Y )ξ = −	(X , Y )ξ,

where v denotes the vertical component. Then, applying equations in [17, Proposition 1.7],
for every X , Y basic vector fields projecting on X ′, Y ′, respectively, one has:

Ric(X , Y ) = RicT (X ′, Y ′) − 2
2n∑

i=1

g(AX ei ,AY ei )

= RicT (X ′, Y ′) − 2
2n∑

i=1

	(X , ei )	(Y , ei )
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= RicT (X ′, Y ′) − 2
2n∑

i=1

g(ψ X , ei )g(ψY , ei )

= RicT (X ′, Y ′) − 2g(ψ X , ψY ).

Finally, applying equations (i) and (iii), we get:

s =
2n∑

i=1

Ric(ei , ei ) + Ric(ξ, ξ) =
2n∑

i=1

RicT (e′
i , e′

i ) − 2
2n∑

i=1

g(ψei , ψei ) + |ψ |2 = sT − |ψ |2.

��
Corollary 4.11 The Reeb vector field of an anti-quasi-Sasakian manifold (M, ϕ, ξ, η, g) is
an eigenvector field of the Ricci operator Q. Moreover, Qϕ = ϕQ.

Proof Recall that the Ricci operator Q is defined by g(Q X , Y ) = Ric(X , Y ) for every
X , Y ∈ X(M). Then, the first two identities in the above proposition easily yield Qξ = |ψ |2ξ .
Moreover, given two basic vector fields X , Y ∈ �(D) projecting onto X ′, Y ′ ∈ X(M/ξ), ϕX
and ϕY project onto J X ′ and JY ′, respectively. Using the third equation in Proposition 4.10,
since the Ricci curvature of a Kähler manifold is J -invariant and ψϕ = −ϕψ , we have:

Ric(ϕX , ϕY ) = RicT (J X ′, JY ′) − 2g(ψϕX , ψϕY )

= RicT (X ′, Y ′) − 2g(ψ X , ψY )

= Ric(X , Y ).

The equality holds true replacing Y by ξ , since Ric(X , ξ) = 0 for every X ∈ �(D). Hence,
we showed that −g(ϕQϕX , Y ) = g(Q X , Y ) for every X ∈ �(D) and Y ∈ X(M), i.e.,
ϕQϕ = −Q along D. This, together with ϕQξ = 0, gives ϕQ = Qϕ. ��

Recall that an almost contact metric manifold is called η-Einstein if

Ric = μg + νη ⊗ η, μ, ν ∈ R. (4.8)

We investigate this condition for the class of anti-quasi-Sasakian manifolds.

Theorem 4.12 Let (M, ϕ, ξ, η, g) be a transversely Einstein, non-cokähler, anti-quasi-
Sasakian manifold. Then, it is η-Einstein if and only if ψ2|D = −λ2 I , with λ ∈ R\{0}.
In this case, M turns out to be transversely Ricci-flat; the Ricci tensor and the scalar curva-
ture of g are given by

Ric = −2λ2g + (4n + 2)λ2η ⊗ η, s = −4nλ2, (4.9)

where dim M = 4n + 1.

Proof Since (M, ϕ, ξ, η, g) is transversely Einstein, equation (iii) in Proposition 4.10 reduces
to

Ric(X , Y ) = ρg(X , Y ) + 2g(X , ψ2Y ) (4.10)

for some ρ ∈ R and for every X , Y ∈ �(D) basic vector fields. Taking into account also
equations (i) and (ii) of the same proposition, we conclude that M is η-Einstein if and only if
ψ2|D = −λ2 I , for some constant λ ∈ R\ {0}. In this case, by Remark 4.8, M is transversely
Ricci-flat (ρ = 0). Since the aqS structure is of maximal rank, dim M = 4n + 1 and hence,
Ric(ξ, ξ) = 4nλ2. Using also equation (4.10) with ρ = 0 and Ric(ξ, X) = 0 for every
X ∈ �(D), one gets the expressions for the Ricci tensor and the scalar curvature. ��
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Remark 4.13 It is worth remarking that, arguing as in the proof of the above theorem, the
condition ψ2|D = −λ2 I , λ �= 0, together with Remark 4.8, gives the explicit expression of
the Ricci tensor field in (4.9), without assuming the metric to be transversely Einstein.

In particular, for anti-quasi-Sasakian manifolds with K (ξ, X) = 1 (see Theorem 4.7),

Ric = −2g + (4n + 2)η ⊗ η, s = −4n

and (M, ψ, ξ, η, g) turns out to be a null Sasakian η-Einstein manifold (see [9]).

In general, the Riemannian metric of an anti-quasi-Sasakian manifold is not necessarily
η-Einstein as in the following two examples.

Example 4.14 The weighted Heisenberg Lie group is transversely flat, and by Proposi-
tion 4.10, in the fixed orthonormal basis of left invariant vector fields, the Riemannian Ricci
tensor is represented by the following diagonal matrix

⎛
⎜⎜⎜⎝

−8
∑n

i=1 λ2i −2λ21 I4
. . .

−2λ2n I4

⎞
⎟⎟⎟⎠ .

Example 4.15 Consider the principal S1-bundle M over the complex unit disc (D2, J , k),
endowed with the aqS structure (ϕ, ξ, η, g) defined as in Example 3.9. Since D2 has con-
stant holomorphic sectional curvature c < 0, the manifold M is transversely Einstein (not
transversely Ricci-flat). In fact, the structure here is not η-Einstein because ψ2 has a single
non-constant eigenfunction as shown in the following. In the global frame { ∂

∂xi ,
∂

∂ yi ,
d
dt },

i = 1, 2, the Riemannian metric g and the 2-form dη = π∗ω are represented by the matrices

G =

⎛
⎜⎜⎜⎜⎝

b2 b3 0 b4 0
b3 b1 + x21 −b4 −x1y1 x1
0 −b4 b2 b3 0
b4 −x1y1 b3 b1 + y21 −y1
0 x1 0 −y1 1

⎞
⎟⎟⎟⎟⎠

, F =

⎛
⎜⎜⎜⎜⎝

0 1 0 0 0
−1 0 0 0 0
0 0 0 −1 0
0 0 1 0 0
0 0 0 0 0

⎞
⎟⎟⎟⎟⎠

where

b1 = a(1 − x21 − y21 ), b2 = a(1 − x22 − y22 ), b3 = a(x1x2 + y1y2), b4 = a(x1y2 − x2y1),

with a = −4
c(1−|z|2)2 and z = (x1, x2, y1, y2).

Using dη = 2g(·, ψ ·), the matrix of ψ is P = 1
2G−1F , and the matrix P2 associated

with ψ2 admits a unique strictly negative eigenfunction of multiplicity 4 given by

−λ2 = −c2(1 − |z|2)3
64

.

Notice that, since RicT = 3
2c k, from Proposition 4.10 it follows that Ric = μg + νη ⊗ η

with μ = 3
2c − 2λ2 and ν = 6λ2 − 3

2c nonconstant functions. It is worth remarking that
this provides a difference with respect to the class of K -contact manifolds. Indeed, for such
manifolds, assuming dim M ≥ 5, if equation (4.8) is satisfied for some functions μ and ν,
then these are necessarily constant (see [8, Proposition 11.8.1]).

We apply the above results on the Riemannian Ricci curvature to the case of aqSmanifolds
with constant sectional curvature.
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Theorem 4.16 Let (M, ϕ, ξ, η, g) be an anti-quasi-Sasakian manifold with constant sec-
tional curvature κ . Then, κ = 0 and the manifold is cokähler.

Proof Since M has constant sectional curvature κ , then M is Einstein and for every X , Y , Z ∈
X(M)

R(X , Y )Z = κ(g(Y , Z)X − g(X , Z)Y ).

In particular for X = Z = ξ , applying (iii) of Proposition 4.6, we getψ2 = κ(−I +η⊗ξ). If
κ �= 0, by Remark 4.13, M turns out to be η-Einstein, non-Einstein, which is a contradiction.
Therefore, κ = 0, which implies ψ = 0 and thus, the manifold is cokähler. ��

Remark 4.17 In [26], Z. Olszak proved that for a quasi-Sasakian manifold of constant sec-
tional curvature κ , then κ ≥ 0. In particular, if κ = 0, the manifold is cokähler, while if
κ > 0, the quasi-Sasakian structure is obtained by a homothetic deformation of a Sasakian
one.

Other obstructions to the existence of anti-quasi-Sasakian structures come from the fact
that no holomorphic (p, 0)-forms (p > 0) can exist on compact Kähler manifolds with
positive definite Ricci tensor field ( [24, Theorem 20.5]).

Proposition 4.18 There exist no compact regular, non-cokähler, anti-quasi-Sasakian mani-
folds with Ric > 0, and no compact regular anti-quasi-Sasakian manifolds of maximal rank
with Ric ≥ 0.

Proof Assume that (M, ϕ, ξ, η, g) is a compact regular, non cokähler, anti-quasi-Sasakian
manifold. Then M/ξ is a compact Kähler manifold endowed with a non-vanishing closed
(hence holomorphic) (2, 0)-form, whose Ricci tensor field satisfies

RicT (X ′, X ′) = Ric(X , X) + 2|ψ X |2 (4.11)

for every X ′ ∈ X(M/ξ) and X ∈ �(D) basic vector field projecting on X ′ (see Proposi-
tion 4.10). In both cases of the statement, it turns out that RicT > 0, thus contradicting the
above-mentioned result. ��

Proposition 4.19 There exist no connected homogeneous anti-quasi-Sasakian manifolds of
maximal rank with Ric ≥ 0.

Proof Assume that (M, ϕ, ξ, η, g) is a connected homogeneous aqS manifold of maximal
rank, with Ric ≥ 0. Since homogeneous contact manifolds are regular [7], the space of leaves
M/ξ is a homogeneous Kähler manifold with RicT > 0 by (4.11). Then, Myers’ theorem
implies the compactness of M/ξ , and thus, M/ξ cannot admit any holomorphic form of type
(2, 0). ��

Corollary 4.20 There exist no connected η-Einstein homogeneous anti-quasi-Sasakian man-
ifolds of maximal rank, with Ric = μg + νη ⊗ η and μ ≥ 0.

Proof In this case, Ric(X , X) = μ|X |2 ≥ 0 for every X ∈ �(D). Being also Ric(ξ, X) = 0
and Ric(ξ, ξ) = μ+ν = |ψ |2, Ric ≥ 0 and the result follows from the previous proposition.

��
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5 The canonical connection

In this section, we prove the existence of a compatible metric connection with torsion for
an aqS manifold, and we deduce some consequences on the Riemannian geometry of the
manifold.

Recall that for every Riemannian manifold (M, g), the difference ∇̄ − ∇ between any
linear connection on M and the Levi-Civita connection is a (1, 2)-tensor field H , which is
related to the torsion T̄ of ∇̄ by

T̄ (X , Y ) = H(X , Y ) − H(Y , X) (5.1)

for every X , Y ∈ X(M). Let us denote with the same symbols the (0, 3)-tensor fields derived
from H and T̄ by contraction with the metric:

H(X , Y , Z) = g(H(X , Y ), Z), T̄ (X , Y , Z) = g(T̄ (X , Y ), Z).

Recall also that ∇̄ is a metric connection (i.e., ∇̄g = 0) if and only if

H(X , Y , Z) + H(X , Z , Y ) = 0, (5.2)

in which case ∇̄ is completely determined by its torsion, by means of

2H(X , Y , Z) = T̄ (X , Y , Z) − T̄ (Y , Z , X) + T̄ (Z , X , Y ).

A metric connection ∇̄ is said to have totally skew-symmetric torsion if T̄ ∈ �3(M), in
which case 2H = T̄ . We refer the reader to [1] for a more complete treatment of the theory
of connections with torsion.

In [18], Friedrich and Ivanov proved that necessary and sufficient conditions for an almost
contact metric manifold (M, ϕ, ξ, η, g) to admit a metric connection ∇̄ with totally skew-
symmetric torsion preserving the almost contact structure (i.e., such that ∇̄ϕ = 0 and ∇̄ξ =
0), are ξ Killing and Nϕ ∈ �3(M). This applies to a large class of almost contact metric
manifolds, includingquasi-Sasakianmanifolds (since Nϕ = 0), but not to anti-quasi-Sasakian
manifolds. Indeed, in this case we have that Nϕ = 2dη ⊗ ξ , namely

Nϕ(X , Y , Z) = 2dη(X , Y )η(Z) = 4g(X , ψY )η(Z).

Thus, it can be easily seen that Nϕ is not a 3-form, unless dη = 0. Hence, we conclude that an
aqS manifold cannot admit a metric connection ∇̄ with totally skew-symmetric torsion and
preserving the structure, unless it is cokähler, in which case ∇̄ coincides with the Levi-Civita
connection. However, we have the following:

Theorem 5.1 Let (M, ϕ, ξ, η, g) be an anti-quasi-Sasakian manifold. Then, there exists a
metric connection ∇̄ such that ∇̄ϕ = 0, ∇̄ξ = 0, and the torsion T̄ is totally skew-symmetric
on D and satisfies T̄ (ξ, ·) = 0. The connection ∇̄ is uniquely determined by ∇̄ = ∇ + H,
where

H(X , Y ) = η(X)ψY + η(Y )ψ X + g(X , ψY )ξ, (5.3)

and its torsion is given by

T̄ (X , Y ) = 2g(X , ψY )ξ = dη(X , Y )ξ. (5.4)
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Proof Let ∇̄ be a metric connection with torsion T̄ as in the statement, and let H := ∇̄ − ∇.
Equation (5.1) and conditions T̄ (ξ, ·) = 0 and ∇̄ξ = 0 imply that H(ξ, X) = H(X , ξ) =
ψ X for every X ∈ X(M). Thus, since ∇̄g = 0 (i.e., (5.2) holds), one has

H(X , Y , ξ) = −H(X , ξ, Y ) = −H(ξ, X , Y ) = −g(ψ X , Y ) = 1

2
dη(X , Y ).

Moreover,

(∇̄Xϕ)Y = (∇Xϕ)Y + H(X , ϕY ) − ϕH(X , Y ),

and, being ∇̄ϕ = 0, for every X , Y , Z ∈ X(M) we have:

H(X , ϕY , Z) + H(X , Y , ϕZ) = −g((∇X ϕ)Y , Z).

In particular, for X , Y , Z ∈ �(D), by equation (1.12) we get:

H(X , ϕY , Z) + H(X , Y , ϕZ) = 0. (5.5)

Since T̄ is totally skew-symmetric onD, H is a 3-form onD. Then, taking the cyclic sum of
(5.5) over X , Y , Z ∈ �(D), one has:

0 = S
X ,Y ,Z

{H(X , ϕY , Z) + H(X , Y , ϕZ)}
= 2{H(X , Y , ϕZ) + H(Y , Z , ϕX) + H(Z , X , ϕY )}.

Replacing Y by ϕY and using again (5.5):

H(X , ϕY , ϕZ) + H(ϕY , Z , ϕX) − H(Z , X , Y ) = H(X , Y , Z) = 0

for every X , Y , Z ∈ �(D). Therefore, together with H(X , Y , ξ) = 1
2dη(X , Y ) we obtain

H(X , Y ) = 1

2
dη(X , Y )ξ ∀X , Y ∈ �(D).

Finally, since H(ξ, ξ) = 0, for any X , Y ∈ X(M)

H(X , Y ) = H(ϕ2X , ϕ2Y ) − η(X)H(ξ, ϕ2Y ) − η(Y )H(ϕ2X , ξ)

= 1

2
dη(ϕ2X , ϕ2Y )ξ − η(X)ψϕ2Y − η(Y )ψϕ2X

= g(X , ψY )ξ + η(X)ψY + η(Y )ψ X ,

which proves (5.3). From this and equation (5.1), (5.4) follows. ��
We will call the above connection ∇̄ the canonical connection of the aqS structure

(ϕ, ξ, η, g). Notice that if the structure has maximal rank, ∇̄ coincides with the canoni-
cal connection defined in [16] on a contact manifold (M, η) with admissible metric g, for
which the Reeb vector field ξ is Killing.

In the following, we investigate some geometric properties of aqS manifolds under the
additional assumption that ∇̄ has parallel torsion, i.e., ∇̄ T̄ = 0. In view of (5.4), this is
equivalent to ∇̄ψ = 0, in which case ∇̄ also parallelizes A = ϕψ . Now, notice that

(∇̄Xψ)Y = (∇Xψ)Y + H(X , ψY ) − ψ H(X , Y )

= (∇Xψ)Y + g(X , ψ2Y )ξ − η(Y )ψ2X ,

and thus, ∇̄ψ = 0 if and only if

(∇Xψ)Y = −g(X , ψ2Y )ξ + η(Y )ψ2X . (5.6)

There are two special cases in which ∇̄ψ = 0.
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1. For a double aqS-Sasakian manifold (M, ϕi , ξ, η, g) (i = 1, 2, 3), the canonical con-
nections associated with the two aqS structures (ϕ1, ξ, η, g) and (ϕ2, ξ, η, g) coincide.
This is the metric connection ∇̄ with torsion T̄ (X , Y ) = dη(X , Y )ξ , which obviously
parallelizes ψ = ϕ3 = ϕ1ϕ2. In fact, ∇̄ is the Tanaka-Webster connection of the Sasakian
structure (ϕ3, ξ, η, g).

2. In the weighted Heisenberg Lie group G discussed in Sect. 3.2, the canonical connec-
tions associated with the aqS structures (ϕ1, ξ, η, g) and (ϕ2, ξ, η, g) coincide with the
connection ∇̄ such that ∇̄X Y = 0 for every X , Y ∈ g. Indeed, one can easily see that ∇̄
parallelizes all the structure tensor fields and the torsion is given by

T̄ (X , Y ) = −[X , Y ] = −η([X , Y ])ξ = dη(X , Y )ξ

for every X , Y ∈ g. In particular, since ∇̄ T̄ = 0, one has ∇̄ψ = 0.

Now, given an anti-quasi-Sasakian manifold (M, ϕ, ξ, η, g) of rank 4p + 1, let us recall
that dim M = 2q + 4p + 1 and the tangent bundle T M splits into the orthogonal sum of two
ϕ-invariant distributions

T M = E2q ⊕ E4p+1,

where E2q = Ker(ψ |D). Next, we show that ∇̄ψ = 0 is a sufficient condition for themanifold
to be locally decomposable as a Riemannian product.

Theorem 5.2 Let (M, ϕ, ξ, η, g) be an anti-quasi-Sasakian manifold with ∇̄ψ = 0. Then:

(i) the distributions E2q , E4p+1 are integrable with totally geodesic leaves and M is locally
isometric to a Riemannian product N 2q × M4p+1 of a Kähler manifold and an anti-
quasi-Sasakian manifold of maximal rank;

(ii) if M is connected, then ψ2 has constant eigenvalues. Denoting by Dμ the eigendistri-
bution of ψ2 associated with a nonvanishing eigenvalue μ, 〈ξ 〉 ⊕ Dμ is integrable with
totally geodesic leaves. Moreover, every leaf is endowed with a double aqS-Sasakian
structure, up to a homothetic deformation.

Proof First, we show that for all X ∈ X(M) and Y ∈ �(E2q), ∇X Y ∈ �(E2q). Indeed, being
ψY = 0 and η(Y ) = 0, we have:

η(∇X Y ) = X(η(Y )) − g(∇X ξ, Y ) = g(ψ X , Y ) = −g(X , ψY ) = 0;
furthermore, since ∇̄ψ = 0, applying (5.6), we get:

ψ∇X Y = −(∇X ψ)Y + ∇XψY = g(X , ψ2Y )ξ − η(Y )ψ2X = 0.

In particular, E2q turns out to be integrable with totally geodesic leaves. The same holds for
E4p+1 since for every X , Z ∈ �(E4p+1) and Y ∈ �(E2q), one has:

g(∇X Z , Y ) = X(g(Z , Y )) − g(Z ,∇X Y ) = 0,

where each term vanishes because of the orthogonality of the distributions E2q and E4p+1.
Therefore, M turns out to be locally isometric to theRiemannian product of aKählermanifold
N 2q tangent to E2q , and an aqS manifold of maximal rank M4p+1, tangent to E4p+1.

Concerning (ii), ∇̄ψ = 0 implies that the eigenvalues of ψ2 are constant and 〈ξ 〉 ⊕Dμ is
a ∇̄-parallel distribution. Moreover, being ∇ = ∇̄ − H , with H as in (5.3), one immediately
gets that 〈ξ 〉⊕Dμ is integrable with totally geodesic leaves. Finally, the fact that the leaves of
〈ξ 〉 ⊕Dμ are endowed with a double aqS-Sasakian structure is consequence of Remark 4.8.

��

123



    5 Page 34 of 35 Annals of Global Analysis and Geometry             (2023) 64:5 

Remark 5.3 In [20, 21], a similar decomposition theorem has been proved in the quasi-
Sasakian case. We already mentioned that for a quasi-Sasakian manifold (M2n+1ϕ, ξ, η, g)

the covariant derivative of ϕ is expressed, by means of equation (1.11), in terms of a (1, 1)-
tensor field A = −ϕ ◦∇ξ + kη⊗ ξ . For k = 1, if A is parallel with respect to the Levi-Civita
connection and has constant rank 2p + 1 (1 ≤ p ≤ n − 1), then M is locally a product of a
Kähler manifold N 2q and a Sasakian manifold M2p+1.

For an anti-quasi-Sasakian manifold, requiring the parallelism of ψ or A with respect to
the Levi-Civita connection implies that ψ = A = 0, i.e., the manifold is cokähler. Indeed,
assuming ∇ψ = 0, applying the first equation in Lemma 4.4 for Y = ξ , one has that for
every X , Z ∈ X(M), g(ψ2X , ϕZ) = 0 which means ψ2 = 0 and hence ψ = 0. Assuming
∇ A = 0, from the third equation in (4.5), ψ A = 0, and by (4.3), A2ϕ = 0, which gives
A = 0.

We prove that for an anti-quasi-Sasakianmanifold the condition ∇̄ψ = 0 is not compatible
with local Riemannian symmetry.

Theorem 5.4 There exist no connected, locally symmetric, non-cokähler, anti-quasi-Sasakian
manifolds with ∇̄ψ = 0.

Proof First, we point out that a double aqS-Sasakian manifold cannot be locally symmetric.
Indeed, a general result due to Okumura [25], states that every locally symmetric Sasakian
manifold has constant sectional curvature 1. By Theorem 4.16, this is not compatible with
the existence of the other two aqS structures in a double aqS-Sasakian manifold.

Now, let (M, ϕ, ξ, η, g) be a non-cokähler aqS manifold with ∇̄ψ = 0, and assume
that (M, g) is a locally symmetric Riemannian space, i.e., ∇ R = 0. Let −λ2 be a nonzero
eigenvalue ofψ2. By Theorem 5.2, let N be amaximal integral submanifold of 〈ξ 〉⊕D−λ2 . N
is totally geodesic and hence locally symmetric.Moreover, up to a homothetic deformation of
the structure which preserves the local symmetry, N is endowed with a double aqS-Sasakian
structure, which is impossible in view of the initial remark. ��

A similar argument shows that the condition ∇̄ψ = 0 is also not compatible with non-
negative sectional curvatures.

Proposition 5.5 There exist no connected, non-cokähler, anti-quasi-Sasakian manifolds with
nonnegative sectional curvature and such that ∇̄ψ = 0.

Proof Assume that ψ2 has a nonzero eigenvalue −λ2, and consider a maximal integral
submanifold N of the distribution 〈ξ 〉 ⊕ D−λ2 . Being totally geodesic, N has nonnegative
sectional curvature, and hence, nonnegative scalar curvature.On the other hand, N is endowed
with an aqS structure satisfyingψ2|D−λ2

= −λ2 I , and hence, N has negative scalar curvature
according to (4.9). ��
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