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Abstract

We introduce and study a special class of almost contact metric manifolds, which we call
anti-quasi-Sasakian (aqS). Among the class of transversely Kédhler almost contact metric man-
ifolds (M, ¢, &, n, g), quasi-Sasakian and anti-quasi-Sasakian manifolds are characterized,
respectively, by the g-invariance and the ¢-anti-invariance of the 2-form dn. A Boothby—
Wang type theorem allows to obtain agS structures on principal circle bundles over Kahler
manifolds endowed with a closed (2, 0)-form. We characterize aqS manifolds with constant
&-sectional curvature equal to 1: they admit an Sp(n) x 1-reduction of the frame bundle
such that the manifold is transversely hyperkéhler, carrying a second agS structure and a null
Sasakian n-Einstein structure. We show that aqS manifolds with constant sectional curvature
are necessarily flat and cokihler. Finally, by using a metric connection with torsion, we pro-
vide a sufficient condition for an agS manifold to be locally decomposable as the Riemannian
product of a Kihler manifold and an aqS manifold with structure of maximal rank. Under
the same hypothesis, (M, g) cannot be locally symmetric.
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Introduction

Quasi-Sasakian manifolds are a special class of almost contact metric manifolds first intro-
duced by Blair [6], and afterwards studied by various authors [10, 20, 21, 26, 28]. They
are normal almost contact metric manifolds (M, ¢, &, n, g), whose fundamental 2-form @,
defined by ® (X, Y) = g(X, ¢Y), is closed. They include both cokéhler and Sasakian mani-
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folds, which satisfy dn = 0 and dn = 2®, respectively. In fact in these two cases the 1-form
n attains the minimum and the maximum rank in the sense of the definition given in [6].
The normality condition of the structure expresses the integrability of an almost complex
structure J defined on the product manifold M x R: this is equivalent to the vanishing of
the tensor field Ny, = [¢, @]+ dn ® &, where [¢, ¢] denotes the Nijenhuis torsion of ¢. The
Reeb vector field & of any quasi-Sasakian manifold is Killing. This, together with normality
and d® = 0, ensures that the structure (¢, g) is projectable along the 1-dimensional foliation
generated by & and the transverse geometry is Kahler (see [10]).

In the present paper, we want to introduce a new class of almost contact metric mani-
folds (M, ¢, &, n, g) with projectable structure (¢, g) and such that the transverse geometry
with respect to & is given by a Kihler structure endowed with a closed (2, 0)-form. This
even dimensional geometry is of particular interest: hyperkihler manifolds are well known
examples of Kihler manifolds with a (nondegenerate) closed (2, 0)-form. In general, the
nondegeneracy of the (2, 0)-form forces the dimension of the manifold to be multiple of 4.
By a result of Beauville, compact Kihler manifolds endowed with a nondegenerate closed
(2, 0)-form (also called complex symplectic) admit a hyperkéhler structure (cfr. [3] and [4,
14.B]).

In order to define the new class of almost contact metric manifolds, which will be called
anti-quasi-Sasakian manifolds (aqS manifolds for short), we need to modify the normality
condition to an anti-normal condition, in such a way that we loose the integrability of the
structure J defined on M x R, but not the projectability of ¢ along & and the integrability of
the induced transverse almost complex structure. Precisely, we define an anti-quasi-Sasakian
manifold as an almost contact metric manifold such that

dd =0, N, =2dpQE.

The Reeb vector field & is again Killing. It is easily seen that the manifold is both quasi-
Sasakian and anti-quasi-Sasakian if and only if it is cokihler. This is coherent with the placing
of these manifolds in the Chinea—Gonzalez classification of almost contact metric manifolds.
Indeed, itis known that quasi-Sasakian manifolds coincide with the class C¢®C7, and we show
that anti-quasi-Sasakian manifolds coincide with manifolds in the class Cjo & Cq; satisfying
the additional condition Lg¢ = 0, where L denotes the Lie derivative with respect to &.
We characterize manifolds in the class Cs @ C7 @ Ci0 @ C11, calling them generalized quasi-
Sasakian manifolds, and showing that they are exactly all transversely Kéhler almost contact
metric manifolds, provided that Le¢ = 0.

Among the class of transversely Kihler almost contact metric manifolds, quasi-Sasakian
and anti-quasi-Sasakian manifolds are characterized, respectively, by

dn(eX, ¢Y) =dn(X,Y), dn(eX,¢Y)=—dn(X,Y),

that is the p-invariance and the g-anti-invariance of dz, which justifies the name for the new
class (see Fig. 1). In fact, for an anti-quasi-Sasakian manifold (M, ¢, &, n, g), considering the
local Riemannian submersion 7 : M — M /& onto a K&hler manifold, d7 is the projectable
2-form which induces a closed (2, 0)-form w on the Kihler base space. Under the hypothesis
that the Reeb vector field is regular with compact orbits, a Boothby—Wang type theorem
holds, namely, M is a principal circle bundle over M /& and 7 is a connection form, whose
curvature is dn = 7 *w (Theorem 2.10). Conversely, considering a Kdhler manifold endowed
with a closed (2, 0)-form w defining an integral cohomology class, we show that there exists
aprincipal S!-bundle M endowed with an anti-quasi-Sasakian structure (¢, £, 7, g) such that
n is a connection form with curvature dn = 7 *w (Theorem 2.11).
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If the 1-form 5 of an aqS manifold is a contact form, or equivalently the transverse (2, 0)-
form is nondegenerate, owing to the ¢-anti-invariance of dn, the dimension of M turns out to
be of type 4n + 1. In the general case, one can consider the g-invariant distribution defined
by £ = kern N ker(dn). If it is of constant rank 2¢, then dim M = 2q + 4p + 1, where
7 A (dn)?P £ 0 and (dn)?P*! = 0: we say that the aq$ structure has rank 4 p + 1. Obviously
cokéhler manifolds are aqS manifolds of minimal rank 1.

Examples of anti-quasi-Sasakian manifolds are discussed in Sect. 3. Compact nilmanifolds
endowed with an aqS structure can be obtained as quotients of a 2-step nilpotent Lie group,
which we call weighted Heisenberg Lie group, with structure constants depending on some
weights Ap, ..., A,. This Lie group (which is transversely flat) actually carries two anti-
quasi-Sasakian structures and one quasi-Sasakian structure; the latter coincides with the
well-known Sasakian structure of the Heisenberg Lie group when the weights are all equal to
1. Compact aqS manifolds which are not quotients of the weighted Heisenberg Lie group can
be obtained applying the S!-bundle construction to non-flat compact hyperkihler manifolds
with integral 2-forms (see Example 3.8).

Anti-quasi-Sasakian structures of maximal rank arise naturally on a special class of Rie-
mannian manifolds (M, g), for which the structure group of the frame bundle is reducible to
Sp(n) x 1. Such a reduction is equivalent to the existence of three compatible almost con-
tact structures (¢;, &, n), i = 1,2, 3, sharing the same Reeb vector field, and satisfying the
quaternionic identities ¢;¢; = ¢ = —@;¢; for every even permutation (i, j, k) of (1, 2, 3).
If the fundamental 2-forms satisfy

dd; =0, ddy =0, dn=2d;,

we show that the first two structures are anti-normal, and thus, anti-quasi-Sasakian, and the
third one is normal, and thus Sasakian. We say that (¢;, &, 1, g) (i = 1,2,3) is a double
aqS-Sasakian structure. For n = 1, it is a special kind of K-contact hypo SU (2)-structure
[15]. Double aqS-Sasakian manifolds are transversely hyperkihler along the Reeb foliation,
and hence, transversely Ricci-flat. In particular, (¢3, &, 1, g) is a null Sasakian n-Einstein
structure [9]. It is well known that for any Sasakian manifold, the £-sectional curvatures,
that is, sectional curvatures of 2-planes containing &, are all equal to 1. We will show that
the class of double aqS-Sasakian manifolds provides all anti-quasi-Sasakian manifolds of
constant &-sectional curvature K (&£, X) = 1.

In general, every anti-quasi-Sasakian manifold (M, ¢, &, n, g) admits a triplet of 2-forms
(A, &, W) satisfying

dA=0, dd=0, dy=2V.

Beside @, which is the fundamental 2-form of the structure, A and W are the 2-forms associ-
ated with the skew-symmetric operators A := —¢ o V& and ¢ := Ag, both anticommuting
with ¢. Here, V denotes the Levi-Civita connection of the metric g. The spectrum of the sym-
metric operator /> = A2 encodes information on the Riemannian geometry of the manifold.
The requirement for ¥ and A to be both almost contact structures, namely Sp(wz) ={0, —1}
with 0 simple eigenvalue, is equivalent to constant £-sectional curvature 1, in which case
(A, @, ¥, &, n, g) is a double aqS-Sasakian structure (Theorem 4.7).

We will see that for an agS manifold the condition to be of constant sectional curvature
forces the manifold to be flat and cokihler (Theorem 4.16). This is consequence of general
properties of the Riemannian Ricci curvature. In this regard, assuming the transverse Kéhler
structure of an aqS manifold (M, ¢, &, n, g) to be Einstein, we show that M is n-Einstein if
and only if Sp(¥2) = {0, —A2}, with 0 simple eigenvalue and A constant, in which case M
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is necessarily transversely Ricci-flat (Theorem 4.12). An example of transversely Kahler—
Einstein aqS manifold, which is not transversely Ricci-flat, can be obtained applying the
S'-bundle construction to the complex unit disc D? with constant holomorphic sectional
curvature ¢ < 0. In this case, the unique nonvanishing eigenvalue of the operator 2 is
non-constant (see Example 4.15). Other obstructions to the existence of aqS structures are
discussed in the compact and homogeneous cases.

Finally, in the last section of the paper we consider a metric connection V with nonvanish-
ing torsion, adapted to the aqS structure. We prove that the parallelism of ¥ with respect to V
provides a sufficient condition for the manifold to be locally decomposable as the Rieman-
nian product of a Kéhler manifold and an aqS manifold of maximal rank. We also prove that,
in the non-cokihler case, under the hypothesis Vi = 0, the Riemannian manifold (M, g)
cannot be locally symmetric.

1 The class of anti-quasi-Sasakian manifolds
1.1 Review of almost contact structures

An almost contact manifold is an odd dimensional smooth manifold M2*+! endowed with a
(1, 1)-tensor field ¢, a vector field &, called the Reeb vector field, and a 1-form 7 satisfying

' =—1+n®E nE) =1,

which imply ¢(§) = 0 and 1 o ¢ = 0. The tangent bundle splits as TM = D & (&), where
() = R& and D := kern = Img is a hyperplane distribution. In particular, 9> = —I
on D. The two distributions (£) and D are called vertical and horizontal, respectively. We
will denote by I'(D) the module of smooth sections of D. Given an almost contact manifold
(M, ¢, &, 1), on the product manifold M x R one can define an almost complex structure J
by

J(X, a%) - (¢X — at, n(X)%), (1.1)

where X € X(M) and a is a differentiable function on M x R. (M, ¢, &, n) is called normal
if J is integrable; this is equivalent to the vanishing of the tensor field Ny, := [¢, ¢] +dn ®&,
explicitly given by

Ny(X,Y) = [pX, oY1+ @*[X, Y] — o[X, oY1 — ¢loX, Y] + dn(X, Y)&

for every X, Y € X(M). Throughout the paper, we will use the following convention for the
differential of a 1-form: dn(X,Y) = X(n(Y)) — Y(n(X)) — n([X, Y].

A Riemannian metric g is compatible with the almost contact structure (¢, &, n) if
gpX,9Y) = g(X,Y) —n(X)n(Y) for every X,Y € X(M). With respect to such a met-
ric, £ is a unit vector field orthogonal to D and (¢, &, n, g) is called an almost contact
metric structure on M. The fundamental 2-form associated with the structure is defined by
P (X,Y) = g(X, ¢Y). An almost contact metric manifold is called

— cokdhler it Ny = 0,dn =0,d® = 0;

— Sasakian if N, = 0, dn = 2®;

— quasi-Sasakian if Ny = 0,d® = 0.
The condition dn = 2® defines contact metric structures. If in addition £ is Killing, M is
called a K -contact manifold. In general, the Reeb vector field of any quasi-Sasakian manifold
is Killing.
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The Levi-Civita connection of an almost contact metric manifold can be expressed by
means of the following equation [5, Lemma 6.1]:
28((Vx)Y, Z) = dO(X, ¢Y,9Z) —dP(X, Y, Z) + g(Ny(Y, Z), 9 X)
+dn(eY, Z)n(X) —dn(eZ, Y)n(X) (1.2)
+dn(eY, X)n(Z) —dn(eZ, X)n(Y).

In particular, cokéhler and Sasakian manifolds are, respectively, characterized by
(Vxp)Y =0,  (Vxp)¥V =g(X,Y)§ —n(Y)X VX, Y € X(M).
Finally, we recall a technical fact which will be used various times in the following.

Remark 1.1 In any almost contact manifold (M, ¢, &, ), the condition N, (£, -) = Ois equiv-
alent to L¢@ = 0, in which case dn(§, -) = 0. This is consequence of the following two
identities, both obtained by direct computations:

Ny(§, X) = —p(Lep)X +dn(§, X)E, (1.3)
dn(§, X) = n((Lep)pX), (1.4)
for every X € X(M).

1.2 Anti-normal almost contact structures

The notion of anti-quasi-Sasakian manifolds will involve a condition on the tensor field Ny,
for which the integrability of the structure J defined in (1.1) will depend on the rank of the
1-form 7.

Definition 1.2 We say that an almost contact manifold (M, ¢, &, n) is anti-normal if
Ny(X,Y)=2dn(X,Y)s VX,Y € X(M). (1.5)

It turns out that if the structure is both normal and anti-normal, then 7 is closed, that is, the
distribution D is integrable.

Proposition 1.3 Foran anti-normal almost contact manifold (M, ¢, &, n), the following prop-
erties hold:

() dn(,-) =0, or equivalently Len = 0;
(i) Ledn =0;
(iil) Lep =0;
(v) dn(pX,@Y) = —dn(X,Y), or equivalently dn(pX,Y) = dn(X, ¢Y) for every X, Y €
X(M).

Proof Comparing (1.3) and (1.5), for every X € X(M) we have —p(L:@)X = dn(&, X)&,
which both vanish, being the left hand side horizontal and the right hand side vertical. Using
also (1.4), L@ = 0, so that (i) and (iii) are proved. Since the exterior differential commutes
with the Lie derivative, by (i) we also have L¢dn = 0. As regards (iv), by the definition of
Ny, forevery X, Y € X(M) one has

N(Ny(X, Y)) = —dn(pX, oY) +dn(X, Y). (1.6)
Thus, by (1.5)wegetdn(pX, ¢Y) = —dn(X, Y) forevery X, Y € X(M), whichisequivalent
todn(eX,Y) =dn(X, ¢Y) because dn(&, -) = 0. O
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Remark 1.4 The defining condition (1.5) of an anti-normal structure is equivalent to
Ny(€,X) =0, Ny(X,Y)=2dn(X,Y)E VX,Y € ['(D). (1.7)

Indeed, if the structure is anti-normal, from the above proposition dn(§, ) = 0, so that
Ny (&, -) = 0. Conversely, assuming (1.7), by Remark 1.1, again dn(§, -) = 0, and hence
(1.5) holds.

Remark 1.5 Notice that for any almost contact structure (¢, &, 1), equation (1.6) implies:

— dn is g-invariant if and only if (N, (X, Y)) = 0, as in the normal case;
— dn is g-anti-invariant if and only if n(Ny(X, Y)) = 2dn(X, Y), as in the anti-normal
case.

In particular, referring to horizontal vector fields, the second equation in (1.7) is equivalent
to

N(Np(X,Y)) =2dn(X,Y), @(Ny,(X,Y))=0 VX,Y e I'(D),
and thus to
dn(eX, ¢Y) = —dn(X,Y), Ny(X,Y)p=0 VX,Y e ['(D),

where N, (X, Y)p denotes the component along D.

Given an almost contact manifold (M, ¢, £, n), according to the definition of Blair [6],
we say that the 1-form 7 has constant rank 2r if (dn)” # 0 and n A (dn)" = 0, and it has
constant rank 2r + 1 if n A (dn)" # 0 and (dn)" ! = 0. We also say that this is the rank of the
almost contact structure (¢, &, ). As in the quasi-Sasakian case, the condition dn(§, ) =0
implies that the rank of 1 cannot be even. For an anti-quasi-Sasakian manifold, we will prove
that tk(n) = 4p + 1. To this aim, we prove the following:

Lemma 1.6 LetV be a finite dimensional real vector space endowed with a complex structure
J and a 2-form w # 0 such that

o(JX,Y)=w(X,JY). (1.8)

Then, there exists a basis {uy, Juy, ex, fi, Jex, Jfx}, h = 1,...,q, k = 1,..., p, with
respect to which the matrix of w is

0 0 00 O
0 01,0 0
0 -1,00 0
0 0 00 —I,
0 0 01, 0

In particular, dim V = 2q + 4p, taking g = 0 if o is nondegenerate.

Proof Let U := {u € V | w(u,-) = 0}. If w is nondegenerate, U is trivial. Otherwise,
being JU = U by (1.8), U admits a basis {up, Jup}, h = 1,...,q. Now, let W be a
complementary space to U in V: since w is nondegenerate on W, there exist e, f; € W such
that w(ey, f1) =1 = —w(Jey, Jf1). By the skew-symmetry of @ and (1.8), one has:

w(er,er) =w(f1, f1) =0, wle,Je) =w(f,Jf1)=0.
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Putting a = w(ey, Jf1), up to replacing f; with f{ := 1+17f1 + 1J;17Jf1’ /1 can be chosen
such that

wler, Jf1) =w(Jey, f1) = o(f1, Jer) = w(J f1,e1) =0.

One can check that e, f1, Jey, Jfi are linearly independent and span a linear subspace Wj.
If dim V > 2¢ +4, one can decompose W = W @ W{”, where W’ :=={w € W |w(w,v) =
0 Vv € W;} is J-invariant because of the J-invariance of W; and (1.8). As before one can
choose ez, fo € W[’ such that w(ez, f2) = 1 and w(ez, Jf2) = 0, and define a second
4-dimensional vector space W, spanned by e», f2, Jea, J f>. Iterating the argument one gets
the result. O

Proposition 1.7 Let (M, ¢, &, ) be an anti-normal almost contact manifold of constant rank.
Then, tk(n) =4p + 1 and dim M = 2q + 4p + 1, where 2q is the rank of the subbundle £
of TM defined by £, = {X € Dy | dny (X, ) = 0} for every x € M.

Proof Consider the splitting TM = D @ (&) of the tangent bundle of M. In view of (iv) of
Proposition 1.3, atevery x € M, dn, is a 2-form satisfying (1.8) on the complex vector space
(Dx, Jy := ¢|p,). Thus, by the previous lemma dim D, = 2¢g + 4p and dn,|p, has rank
4p,ie., (dny)?P # 0 and (dn)2P*! = 0 on D,. Moreover, since dnj(£, -) = 0, one has that
n A (dn)?P # 0 and (dn)>PT! = 0, namely rk(n) = 4p + 1. o

Remark 1.8 Unless dn = 0, i.e., tk(n) = 1, an anti-normal almost contact manifold has
dimension at least 5.

We will see now how the rank of the 1-form 1 measures the non-integrability of the almost
complex structure J defined in (1.1).

Let (M, ¢, &, n) be an almost contact manifold. Consider the splitting TM = D & (§)
and the endomorphism Jp = ¢|p satisfying J2 = —I. By complexification, one has

TM® =Dt g Ct =DV o D! @ C,

where D0 and D! are the eigendistributions associated with eigenvalues i and —i of ]%.
One can easily verify that (¢, &, n) is a normal structure if and only if

[S, Dl,o] c D\, [Dl,o’ DI,O] c pho.
In the case of anti-normal structures, we have the following:
Proposition 1.9 An almost contact manifold (M, ¢, &, n) is anti-normal if and only if
[57 DI,O] c D\, [D1,07 D1,0]DC c D\, [D1,07 Do,l] c pC. (1.9)
where |-, -]pc denotes the component along DC.

Proof We show that (1.9) is equivalent to (1.7). The first equation in (1.9) is equivalent to
Ny(&,-) =0.Indeed, forany Z = X —ipX € (P9, with X € I'(D), we have

[£,Z1e T(D"0) & [, ¢X]=9lE, X] & (Lep)X =0,

namely, N, (&, X) = 0 by Remark 1.1. Now, we claim that the second and the third equations
in (1.9) are equivalent, respectively, to (N, (X, Y)) = 0 and dn(pX, ¢Y) = —dn(X,Y)
for every X,Y € I'(D), which in turn are equivalent to Ny(X,Y) = 2dn(X, Y)& (see
Remark 1.5).
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Let Z,W € I'(D"0), with Z = X —ipX and W = Y — igY, for some X, Y € I'(D),
and let us denote by n® the C-linear extension of 7. Then,
[Z, Wlpe = [Z, W] —n°[Z, W&
=[X, Y] —[pX, Y] —i([X, Y]+ [¢pX, Y]
(X, Y] —[pX, oY D§ +in([X, Y]+ [pX, Y])§.

Therefore:

[Z, Wlpe € T(D"0) & I(Z, Wipe = —pR[Z, Wlpe
< —[X, oY]-[oX, YIHn[X, oY [E+nlpX, YIE=—¢[X, Y]+olpX, Y]
& @’ [X. oY1+ ¢’ [9X. Y] = plpX. Y] — ¢[X. Y]
& ¢(Ny(X,Y)) =0.
Analogously, taking Z = X — ipX € % andw =v + ipY € (D% for some
X,Y € I'(D) one has:
[Z, W] eT (D% & n%[Z, W] =0
S (X, Y]+ [eX, oY D) +in((X, Y] — [¢X,Y]) =0
< dn(X,Y) +dn(pX, ¢Y) = 0.

[m}

Remark 1.10 Differently from the case of normal structures, here the complex distribution
D10 in general is not involutive: the commutator of any complex fields of type (1, 0), Z =
X —ipX,W =Y —igY, has a component along & given by

n(LX, Y1 = loX, Y& —in(IX, oY1+ [0 X, YDE
= —2dn(X, Y)& + 2idn(X, pY)E,

1z, W&

where we applied the g-anti-invariance of dz. Therefore, D!C is involutive if and only if the
dn =0.

The rank of n represents an obstruction even for the integrability of the almost complex
structure J on M x R defined in (1.1). Indeed, following [5, §6.1], an easy computation
shows that the Nijenhuis tensor is given by

d d d
[J, J] ((X, a2 (Y. ba)) - (Zdn(X, Y)E, 2dn(X, ¢Y)a).

1.3 Anti-quasi-Sasakian manifolds

Definition 1.11 We define an anti-quasi-Sasakian manifold (aqS manifold for short) as an
anti-normal almost contact metric manifold (M, ¢, &, n, g) with closed fundamental 2-form,
1.e.,

dd =0, N, =2dy®E. (1.10)

Notice that cokihler structures are aqS structures with rk(n) = 1. In fact, the
class of cokihler manifolds represents the intersection between quasi-Sasakian and anti-
quasi-Sasakian manifolds. Regarding quasi-Sasakian manifolds, we recall that they are
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characterized by means of the following identity involving the covariant derivative of the
structure tensor field ¢ with respect to the Levi-Civita connection:

(Vxp)Y = n(Y)AX — g(X, AY)E, (1.1D)

where A is a (1, 1)-tensor field such that g(AX,Y) = g(X, AY) and Ap = @A, given
by A = —¢ o V& + kn ® &, for some smooth function k (see [20, 21]). We prove now a
characterization theorem for aqS manifolds.

Theorem 1.12 An almost contact metric manifold (M, ¢, &, n, g) is anti-quasi-Sasakian if
and only if there exists a skew-symmetric (1, 1)-tensor field A such that Ap = —pA and

(Vxo)Y =2n(X)AY +n(Y)AX + g(X, AY)& (1.12)
forevery X, Y € X(M). The tensor field A is uniquely determined by A = —¢ o VE&.
Proof Let us assume that M is an agS manifold. For every X € X(M), let us define
AX = (Vxp)§ = —¢Vx§.
Applying (1.2), (1.10) and (iv) of Proposition 1.3, for every X, Y, Z € X(M), we get:
28((Vx@)Y, Z) =2dn(Y, 9 Z)n(X) +dn(eY, X)n(Z) — dn(eZ, X)n(¥). (1.13)
Replacing Y by &, we obtain:
2¢(AX,Z) =dn(X, ¢2), (1.14)

which implies that A is skew-symmetric with respect to g since dn(X, ¢Z) = dn(epX, Z).
Using (1.14) in (1.13), we have:

g((Vxp)Y, Z) = 2g(AY, Z)n(X) — g(AX, Y)n(Z) + g(AX, Z)n(Y)

which gives (1.12). It remains to show that A and ¢ anticommute each other. First, we note
that Ag is skew-symmetric with respect to g. Indeed, from (1.14) it follows that

28(ApX.Y) =dn(pX, ¢Y) = —dn(pY, X) = —2g(AgY, X).
Then, by the skew-symmetry of A, ¢ and Ag, for every X, Y € X(M), we get:
8(ApX,Y) = —g(pX, AY) = g(X, pAY) = —g(pAX.Y),

which implies that Ap = —@A.

Conversely, assume that there exists a skew-symmetric (1, 1)-tensor field A which anti-
commutes with ¢ and satisfies (1.12). Firstly, we point out that A& = 0 and no A = 0.
Indeed, by the skew-symmetry of A, g(A&, §) = 0 and for every X € X(M)

g(Ag, pX) = —g(§, ApX) = g(§,pAX) = 0.

Thus, A = 0 and then, n(AX) = g(AX, &) = —g(X, A§) = 0. Now, applying (1.12) for
Y =& we have (Vxp)é = —9pVx& = AX, thatis Vx& = pAX.
In order to show that the structure is anti-normal, it is convenient to express N, as:

Ny(X,Y) = (Vpxo)Y — (Voro) X + (Vxp)oY — (Vyp)pX
+n(X)Vy§ —n(¥Y)Vx§ (1.15)
for every X, Y € X(M). Therefore,
Np(X,Y) =n(Y)ApX + g(pX, AY)§ —n(X)ApY — g(pY, AX)E
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F2n(X)ApY + g(X, ApY)§ —2n(Y)ApX — g(Y, ApX)§
+n(X)pAY —n(Y)pAX
=4g(pX, AY)E.
Moreover,
dn(X,Y) = g(Vx§,Y) — g(X, Vy§) = g(pAX,Y) — g(X, pAY) = 2g(p X, AY),

where the last equality follows again from the fact that A anticommutes with ¢ and it is
skew-symmetric. Thus, we obtained that N, (X, Y) = 2dn(X, Y)&. Finally, ® is closed.
Indeed, for every X, Y, Z € X(M)

do(X,Y,Z2)= 6 (Vx®)(Y,Z2)=—- 6 g((Vxp)Y,Z)
X,Y.Z X.Y.Z
= —2n(X)g(AY,Z) —n(Y)g(AX, Z) — g(X, AY)n(Z)
—2n(Y)g(AZ, X) —n(Z)g(AY, X) — g(Y, AZ)n(X)
—2(2)g(AX.Y) —n(X)g(AZ.Y) — g(Z, AX)n(Y),
which vanishes by the skew-symmetry of A. O

Proposition 1.13 Let (M, ¢, &, 1, g) be an anti-quasi-Sasakian manifold. Then, the following
properties hold:

(i) Ve& =0;
(i) Vyx& = —pVxé&;
(i) & is Killing.

Proof From A = —¢ o V&, we have that V& = ¢ A = —Ag, which immediately gives both
(i) and (ii). Concerning (iii), since A and ¢ anticommute and they are skew-symmetric with
respect to g, so is p A = VE. O

2 AgS manifolds as transversely Kahler manifolds

In this section, first we place the class of anti-quasi-Sasakian manifolds in the framework
of the Chinea—Gonzalez classification of almost contact metric manifolds, enlightening the
relationship with quasi-Sasakian manifolds. Then, we will focus on the transverse geometry
of agS manifolds with respect to the 1-dimensional foliation generated by &.

2.1 Chinea-Gonzalez classification

We briefly recall the Chinea—Gonzalez classifying criterion [12]. Given a (2n + 1)-
dimensional real vector space V endowed with an almost contact metric structure
(p,&,1,(,)), let C(V) be the finite dimensional vector space consisting of all tensors of
type (0, 3) having the same symmetries of the covariant derivative V& in the case of mani-
folds, that is

a(X, Y, Z) = —a(X, Z,Y) = —a(X, oY, 9Z) + n(V)a(X, &, Z) + n(Z)a(X, Y, §)

for every X,Y,Z € V. The space C(V) decomposes into twelve orthogonal irreducible
factors C; (i = 1, ..., 12) under the action of the group U (n) x 1, providing 2'2 invariant
subspaces. In particular, the null subspace {0} corresponds to the class of cokihler manifolds
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(V® = 0). Next, we will be interested in the four classes listed in Table 1 where (cj2x)é =
> i alei, e, €), for any orthonormal basis {e;} of V. Straightforward computations give the
characterizations of the three reducible classes in Table 2.

Recall that an almost contact metric structure (¢, &, n, g) on a smooth manifold M is
of class C¢ @ C7 if and only if it is quasi-Sasakian. In the following, we will provide a
characterization of the class C¢ @ C7 @ Ci0 @ C11 which, as we will see later, also includes
anti-quasi-Sasakian structures. From Table 2, the defining condition of C¢ & C7 @ C10 D C11
in terms of V& is

(Vx®)(Y, Z) = n(Z)(VxP)(Y,§) — n(Y)(Vuz®)(9X, &) — n(X)(Ve D) (Y, 9Z),
which can be written also as
(Vx®)(Y, Z) = n(Z)(VxmeY + n(Y)(Vezm X — n(X)(Ve D) (@Y, 0Z), (2.1)

since (VxP)(Y,§) = —g((Vxp)Y, &) = —n(VxeY) = (Vxn)eY and (Vxn)é§ = 0.
The following notion was introduced in [27] for 5-dimensional almost contact metric
manifolds. We extend it for manifolds of any dimension:

Definition 2.1 Analmost contact metric manifold (M, ¢, &, n, g) is called generalized-quasi-
Sasakian if & is a Killing vector field and

dO(X,Y,Z) =N,(X,Y,Z)=0 VX,Y,Z (D),
where Ny(X, Y, Z) := g(Ny(X,Y), Z2).

Proposition 2.2 An almost contact metric structure (¢, &, n, g) on a smooth manifold M is
of class Ce ® C7 @ C19 @ C11 if and only if it is generalized-quasi-Sasakian.

Proof Assume that (M, ¢, &, n, g) belongs to Cs & C7 @ C10 ® Ci1. From (2.1), it follows
that (Vx®)(Y, Z) =0 forevery X, Y, Z € I'(D), and thus,

dO(X.Y.2)= & (Vx®)(¥.2)=0.

By an equivalent formulation of (1.15), we also have

Ny(X, Y, Z) = (Vy®)(X, 9Z) + (Vpy ®)(X, Z) — (Vx ®)(Y, ¢ 2Z)
—(Vox®)(Y, Z) +n(Z)dn(X,Y) =0.

Applying (2.1) for X = Z = &, we get that (Ven)pY = 0, and hence Vgn = 0. Moreover,

(Vx®)(E.Y) = (VoymX,  (VxP)(Y,§) = (Vxn)eY,

Table 1 Four irreducible Chinea-Gonzalez classes

Class Defining condition

Ce a(X,Y,Z2) = ﬁ[(X, Y)n(2) — (X, Z) n(")I(c120)§

C7 a(X,Y, 2) =Y, X, §) —n(Y)a(pX, ¢Z,§), (cpa)§ =0
Cio a(X, Y, Z) = —n(DaY, X, §) + n(NaleX, 9Z,§)

Ci a(X,Y,Z) = —n(X)aE, oY, 9Z)
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Table 2 Three reducible Chinea-Gonzalez classes

Class Defining condition

Co®Cy a(X,Y,Z) =n(2)a(Y, X,§) —n(ValpX, 9Z,§)

Cio®Cn a(X.Y,Z) = —n(DaY, X, &) + n(Na(eX,¢Z,§) —n(X)ai, oY, 9Z)
Ce ®C7 ®C10®Cr1 a(X,Y,2) =n(Da(X,Y,§) —n(Na(eZ, pX, &) — n(X)a(§, ¢Y, ¢Z)

and thus, by the skew-symmetry of Vy ®, one has that (Vyyn) X+(Vx )@Y = 0.On the other
hand, (Vxn)§ = 0 = (Ven) X and then, forevery X, Y € X(M) weget (Vxn)Y+(Vyn)X =
0, which proves that £ is a Killing vector field.

Conversely, assume that (M, ¢, £, n, g) is a generalized-quasi-Sasakian manifold. Since
& is Killing, for every X, Y € X(M)

dn(X,Y) = (Vxn)Y — (VymX = 2(Vxn)Y = =2(Vyn) X. (2.2)
In particular, dn(€, X) = —2(Vxn)& = 0. Now, we show that
Ny, X, 9Y) =dP(, X, Y) 2.3)

forevery X, Y € X(M). Indeed:

Ny(§, X, 0Y) = g(Ny(§, X), ¢Y)

= g(@*[E, X1 — ¢l€, p X1+ dn(&, X)&, oY)

= g(pl&. X1, Y) — g([&, ¢X1.Y) + n([E. o XD (Y)
8@VeX,Y) — g(oVxE, Y) — g(VepX, Y) + g(Vyx§, Y)
—g(Ve@) X, Y) + g((Vx@)E, ¥) — g(pX, Vyé)
(Ve ®)(X, V) + (Vx D) (Y, &) — g(X, (Vyp)E)
E’gy(%d))(X, Y)=dd (¢, X, Y).

Now, by equation (1.2), we have

2(Ve®) (@Y, 9Z) = —g(Vep)pY, 9Z)
= A, ¢Y. 9Z) —dD(E ¢Y, 92) +dn(Y. 9Z) — dn(Z, ).
Applying again (1.2), and using the fact that d®(X, Y, Z) = N,(X,Y,Z) = 0 along D,
together with equations (2.3) and (2.2), for every X, Y, Z € X(M) we get:
2(Vx®)(Y,Z) = —do(X,¢Y,9Z)+dd(X, (sz, ¢>2Z)
— (AP (X, £, ¢°Z) = (Z)dD(X, ¢°Y, §)
+ (V)N (. 9> Z, 0X) + N(Z)Ny(9°Y . &, 9 X) — n(X)dn(¢Y, Z)
+n(X)dn(eZ,Y) —n(Z)dn(eY, X) +n(Y)dn(pZ, X)
= NI &, *Y, 9> Z) — dD(E, ¢Y ., 9Z) — dn(pY . Z) + dn(¢Z. Y)]
—n(Z)dn(eY, X) +n(Y)dn(pZ, X)
= —2n(X)(VeP) (Y, 9Z) + 2n(Z)(VxmeY —2n(Y)(Vezn) X.
This proves (2.1), so that the almost contact metric manifold is of class Cs ©C7BC1oBC11. O

Remark 2.3 Observe that in a generalized-quasi-Sasakian manifold the fact that & is Killing
gives dn(§, ) = 0, or equivalently Ny (&, -, &) = 0.
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The following two results clarify the place of anti-quasi-Sasakian manifolds in the Chinea—
Gonzalez classification.

Corollary 2.4 A generalized-quasi-Sasakian structure (¢, &, 1, g) on M belongs to C10 ® C11
if and only if

Ny(X,Y,&) =2dn(X,Y) VX,Y € X(M).
In particular, every anti-quasi-Sasakian structure is of class C1o @ Cy1.

Proof From Table 2, an almost contact metric structure (¢, &, 1, g) on M belongs to the class
C10 @ Cy; if and only if V@ satisfies the following condition:

(Vx®)(Y, Z) = —n(Z)(Vy P)(X, §) + n(Y)(Vex P)(9Z, §) — n(X) (Ve D) (@Y, 9 Z)
or equivalently,
(Vx®)(Y, Z) = —n(Z2)(VymeX —n(Y)(VexmZ — n(X)(Ve D) (Y, ¢ Z).

Comparing this with (2.1), we have that a generalized-quasi-Sasakian manifold is of class
Ci0 @ Cyq if and only if (Vxn)eY = —(Vyn)eX for every X, Y € X(M). Being £ Killing,
this is equivalent to dn(X, ¢Y) = —dn(Y, ¢X), namely to the g-anti-invariance of dn or
Ny(X, Y, &) =2dn(X, 7). O

Proposition 2.5 Let (M, ¢, &, n, g) be an almost contact metric manifold of class C1o ® Cq1.-
Then, it is anti-quasi-Sasakian if and only if Leg = 0.

Proof Since the structure is of class Cjg @ Cy1, then for every X, Y, Z € I'(D)
dP(X,Y,Z) =0, Ny(X,Y)=2dn(X,Y)E, Ny& X, &) =0.
Hence, taking into account (1.7), (¢, &, n, g) is anti-quasi-Sasakian if and only if
dP(E, X, Y) =Ny, X,9Y) =0

for every X, Y € X(M). The first identity is equation (2.3) already showed in the proof of
Proposition 2.2 for every generalized-quasi-Sasakian manifold. Owing to Ny, (&, -, &) = 0,
the vanishing of N, (¢, X, ¢Y)isequivalentto Ny (&, -) = 0,namely L¢¢ = Oby Remark 1.1.

O

Remark 2.6 The only anti-quasi-Sasakian manifolds of pure type Cjo or C;; are cokéhler.
Indeed, from the defining conditions of Cy¢, C11 and C1p @ C11, one has that M is of class Cjg
if and only if

0=—nX)(Ve®) (@Y, 9pZ) = —-2n(X)g(AY,Z) VX,Y,Z € X(M)
which is equivalent to A = 0. Similarly, M belongs to Cy; if and only if
0= —n(Z)(VyneX — n(V)(VoxmZ = 1(Z)g(AX, Y) — n(Y)g(AX, Z)
for every X,Y,Z € X(M). This is equivalent to g(AX,Y)§ — n(Y)AX = O for any
X,Y € X(M). Being AX orthogonal to &, it implies A = 0.
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2.2 The transverse geometry of aqS manifolds

Before treating the metric case, we focus on the transverse geometry with respect to the Reeb
vector field, determined by the anti-normal condition on an almost contact manifold.

Proposition 2.7 Every anti-normal almost contact manifold (M, ¢, &, n) locally fibers onto
a complex manifold endowed with a closed 2-form o of type (2, 0). In particular, if n is a
contact form, then M locally fibers onto a complex symplectic manifold.

Proof Consider the local submersion # : M — M/&. By (iii) of Proposition 1.3, ¢
descends to an almost complex structure J on M /& which turns out to be integrable, being
Ny(X,Y)p = 0 for every X,Y € I'(D). Furthermore, since Lgdn = 0 and d7 is ¢-anti-
invariant, dn projects onto a closed J-anti-invariant 2-form w, i.e., a 2-form of type (2, 0).
In particular, if  is a contact form, w is a symplectic 2-form of type (2, 0), thus determining
a complex symplectic structure (J, @) on M /& (see [2, 4]). O

As a consequence, we have the following:

Theorem 2.8 Every anti-quasi-Sasakian manifold (M, ¢, &, n, g) admits a local Riemannian
submersion over a Kdihler manifold endowed with a closed 2-form w of type (2, 0).

Proof By Proposition 1.13, we already know that £ is a Killing vector field. Therefore, locally,
the space of leaves M /& is endowed with a Hermitian structure (J, k), with respect to which
the projection : M — M /£ is actually alocal Riemannian submersion. Moreover, denoting
by 2 the fundamental 2-form of (J, k), d® = 0 immediately gives d2 = 0, which proves
that (J, k) is a Kéhler structure. ]

Notice that every quasi-Sasakian manifold (M, ¢, &, n, g) locally fibers over a Kihler
manifold (M /&, J, k) and the ¢-invariant 2-form d7 projects onto a closed 2-form of type
(1, 1), with the same rank of dn. In fact, both quasi-Sasakian and anti-quasi-Sasakian mani-
folds can be viewed as subclasses of transversely Kihler almost contact metric manifolds.

Precisely, we say that an almost contact metric manifold (M, ¢, &, n, g) is transversely
Kahler if the structure tensor fields (¢, g) are projectable along the 1-dimensional foliation
generated by & and induce a transverse Kahler structure [10].

Proposition 2.9 An almost contact metric manifold (M, ¢, &, n, g) is transversely Kéihler if
and only if

d® =0, NyE,X)=0, Ny(X,Y,Z2)=0 VX,Y,ZecD'(D),
i.e., if and only if M is generalized-quasi-Sasakian with Lep = 0.

Proof According to the above definition, (M, ¢, &, 1, g) is transversely Kihler if and only
if

(Lep)X =0, (Leg)(X,Y) =0, Ny(X,Y,Z)=0, dd(X,Y,Z)=0 2.4)

forall X, Y, Z € I'(D). By Remark 1.1, the first equation in (2.4) is equivalent to Ny (§, -) =
0. By a direct computation, the following formula holds:

d(€, X, Y) = (Leg)(X, ¢Y) + (X, (Lzp)Y) 2.5

forevery X, Y € X(M). Therefore, when L@ = 0, the second equation in (2.4) is equivalent
to d® (&, X,Y) = 0. Regarding the last claim, if M transversely Kéhler, by (2.4), it is
generalized quasi-Sasakian provided that (Lg¢g)(§, -) = 0, but this is consequence of (2.5)
for X =&. m]
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Leg=0
dB(X,Y,Z) =0 N,(X,Y,Z)=0
VXY, Z € (D)

Generalized-

Ce ® Cr ® Cr0 ®C11 Q1
quasi-Sasakian

Lep=0
Transversely d® =0 Ny(§X)=0 No(X,Y,2)=0
Kéhler VX,Y,Z eT(D)
dn(eX, oY) =dn(X,Y) dn(eX, ¢Y) = —dn(X,Y)
(N (X,Y,€) =0) (N (X,Y,6) = 2dn(X,Y))
quasi-Sasakian anti-quasi-Sasakian
Ce ®Cr Ci0 ® C11 with Lep =0

Fig. 1 Quasi-Sasakian and anti-quasi-Sasakian structures within Cq & C7 @ C19 @ C11

Taking into account the above characterization of transversely Kéhler almost contact
metric manifolds, it is clear that whithin this class, quasi-Sasakian and anti-quasi-Sasakian
manifolds are characterized, respectively, by the g-invariance and g-anti-invariance of dn,
which justifies the name for anti-quasi-Sasakian structures (Fig. 1).

As consequence of Theorem 2.8, we have the following Boothby—Wang type theorem.

Theorem 2.10 Let (M, ¢, &, n, g) be an anti-quasi-Sasakian manifold, such that & is regular,
with compact orbits. Then, up to scaling &, it generates a free S'-action on M, so that M
is a principal circle bundle over a Kdhler manifold M /& endowed with a closed 2-form w
of type (2,0). In particular, n is a connection form on M and its curvature form is given by
dn = n*w, where w1 : M — M /€ is the bundle projection.

Conversely, we have the following:

Theorem 2.11 Let (B, J, k) be a Kdiihler manifold endowed with a closed 2-form w of type
(2, 0) which represents an element of the integral cohomology group H*(B, 7). Then, there
exist a principal circle bundle M over B and a connection form n on M such that the curvature
Sform is given by dn = *w. Moreover, M is endowed with an anti-quasi-Sasakian structure

(0. &.n,8).

Proof The first part is due to the theorem of Kobayashi (see [5, Theorem 2.5]). Let n be a
connection form on M such that dn = 7*w and let us consider & € X(M) as the fundamental
vector field associated with the generator 1 = % of the abelian Lie algebra R of S!. Then, &
is vertical and n(§) = 1. We define the (1, 1)-tensor field ¢ by

pE =0, oX* = (JX)¥,
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where X* denotes the horizontal lift of a vector field X € X(B). Then, one has that pog = 0
and

(/)ZX* — (JZX)* — —X*,

so that (p2 = —1 4+ n ® &. Moreover, let us define the Riemannian metric g = 7*k 4+ n ® n
on M. For every X, Y € X(B), it satisfies:

g@X*, oY)y =k(JX,JY)omr =k(X,Y)om = g(X*, Y¥).

Beingalso g(X*, &) = 0and g(&, &) = 1, (¢, &, n, g) is an almost contact metric structure on
M. Clearly, its fundamental 2-form @ is given by ® = 7 *Q, being 2 the fundamental 2-form
of the Kéhler structure (J, k) on B. Thus, d® = 7*(d2) = 0. Now, forevery X, Y € X(B),

[X*,&] =0, AIX*,Y*]=[X, Y], mIX*,Y*]=[X, Y],
where i denotes the horizontal component. Then, we obtain

No(X*,8) = @*[X*, ] — ploX*, £+ dn(X*, £)&
= —p[(JX)*, £] — n([X*, £DE = 0,

and also
Np(X*,Y*) = @[X*, Y*]+ [pX*, oY *] = 9o X", Y*] = ¢[X, Y *] + dn(X*, Y*)§
= QX YT +[(JX)*. (U] — o(lJX, YT
— (X, JYT") +dn(X*, Y&
= (JPIX.YD*+ UX, JYT + n(((JX)*, (JY)*DE — (J[JX, Y])*
— (JIX, JYD* +dn(X*, Y )&
= (NJ(X, V)" —dn((JX)", (JY))E +dn(X*, Y)E
= (—o(JX,JY)om +w(X,Y)om)E
= 2(w(X,Y)om)E =2dn(X*, Y&,
This shows that (M, ¢, &, n, g) is an anti-quasi-Sasakian manifold. O

A well-known example of Kéhler manifolds endowed with a closed (2, 0)-form is given
by hyperkéhler manifolds (see for instance [4, 14.B]). In this regards, we point out that, in
the hypotheses of Theorem 2.10, if M is compact and the anti-quasi-Sasakian structure has
maximal rank, then the base manifold M /& is a compact Kihler manifold endowed with a
complex symplectic structure. In fact, a result due to Beauville ([3], or [4, Theorem 14.16])
ensures that there exists a hyperkihler metric on M /&.

In the next section, we will see how anti-quasi-Sasakian structures naturally appear on a
special class of Riemannian manifolds with a 1-dimensional foliation whose space of leaves
admits a hyperkéhler structure.

3 Special classes of anti-quasi-Sasakian manifolds
3.1 Sp(n)-almost contact metric structures

Definition 3.1 We call Sp(n)-almost contact metric manifold any smooth manifold M admit-
ting three almost contact metric structures (¢;, &, n, g), i = 1, 2, 3, sharing the same Reeb
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vector field & and Riemannian metric g, and satisfying the quaternionic identities

VY] =Yk = —Q;P; 3.D

for every even permutation (i, j, k) of (1, 2, 3). This is equivalent to require that the structure
group of the frame bundle is reducible to Sp(n) x 1.

An Sp(n)-almost contact metric manifold M has dimension 4n + 1. The tangent bundle
splitsas TM =D & (&), where D = Kern = Im¢; = (5){ i = 1,2, 3. In particular, the
manifold admits local orthonormal frames of type {X;, 91 X7, 02 X1, 93 X1, €}, 1 =1,...,n.
In the following, an Sp(n)-almost contact metric structure will be denoted by (¢;, &, 1, g),
omitting to specify that the index i runs in {1, 2, 3}.

Remark 3.2 For a 4n-dimensional Riemannian manifold (M, g), an Sp(n)-reduction of the
structure group of the frame bundle is equivalent to the existence of three compatible almost
complex structures Ji, Jz, J3 satisfying J;J; = Jp = —J;J; for every even permutation
(i, j, k) of (1,2,3). One says that (Ji, J2, J3, g) is an almost hyperhermitian structure.
For these manifolds, the Hitchin’s Lemma [19] states that if the three fundamental 2-forms
are closed, then all the almost complex structures are integrable, and thus, the manifold is
hyperkihler.

For an Sp(n)-almost contact metric manifold, we will see how the closedness of the
fundamental 2-forms ®;,i = 1, 2, 3, effects on the normality of the almost contact structures.
To this aim, we will use the following lemma; the proof is omitted since it is exactly the same
asin [11, Lemma 4.1], where it is shown in the 5-dimensional case for an SU (2)-structure.

Lemma3.3 Let (M, ¢;, &, n, g) be an Sp(n)-almost contact metric manifold. Then,
8Ny (X, Y),0;Z) = d®;(X,Y,Z) —dP;(pi X, Y, Z)
—d@ (@i X, Y, Z) —dPr(X, @i Y, Z),
forevery X, Y, Z € X(M) and (i, j, k) even permutation of (1, 2, 3).
Theorem 3.4 Let (M, ¢;, &, 1, g) be an Sp(n)-almost contact metric manifold such that
d®; =0, ddy; =0, dnp=23. (3.2)

Then, (¢1, &, n, g) and (92, €, n, g) are anti-quasi-Sasakian structures, while (¢3, &, 1, g) is
a Sasakian structure. In particular, M locally fibers onto a hyperkihler manifold.

Proof Since the fundamental 2-forms are closed, Lemma 3.3 implies g(Ny, (X, Y), ¢; Z) =0
forevery X, Y, Z € X(M), thatis Ny, (X,Y)p = 0fori = 1,2, 3. Now, observe that the
fundamental 2-form ®3 is @3-invariant, while for i = 1, 2, it is ¢;-anti-invariant. Indeed,

O3(pi X, 0iY) = g(0i X, p30:Y) = —g(@i X, pip3Y) = —g(X, 3Y) = —P3(X, Y).
Since dn = 2®3, as argued in Remark 1.5,
NNy, (X, Y)) =0, N(Ng (X, Y)) =2dn(X, Y).

Therefore, the structure (¢3, &, n, g) is normal and hence Sasakian, while (¢;, &, 1, g), i =
1, 2, are anti-normal and hence anti-quasi-Sasakian.

Now, considering the local submersion 7 : M — M /&, by Proposition 1.3 and the fact
that the third structure is Sasakian, all the structure tensor fields are projectable onto an almost
hyperhermitian structure (Jy, Ja, J3, k). Denoting by €2; the fundamental 2-form of (J;, k),
one has that 7*Q; = ®;. Therefore, d2; = 0 for every i = 1,2, 3 and then, (J;, k) is a
hyperkihler structure by the Hitchin’s Lemma. O
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Definition 3.5 An Sp(n)-almost contact metric structure (¢;, &, n, g) satisfying (3.2) will be
called a double aqS-Sasakian structure.

Notice that for a double aqS-Sasakian manifold the two anti-quasi-Sasakian structures
(¢1,&,1n,8) and (¢, &, n, g) project onto Kéhler structures for which the (2, 0)-form w
claimed in Theorem 2.8 coincides with €23. The following proposition characterizes double
aqS-Sasakian manifolds in terms of the Levi-Civita connection.

Proposition 3.6 An Sp(n)-almost contact metric manifold (M, ¢;, &, n, g) is double aqS-
Sasakian if and only if any two of the following conditions hold:

O (Vxe)Y = -2n(X)g2Y —n(Y)p2 X — g(X, ¢2Y)§;
() (Vxe2)Y =2n(X)e1Y +n(Y)e1 X + g(X, ¢1Y)E;
(i) (Vxe3)Y =g(X,Y)é —n(¥)X.

In particular, each one of the above three conditions is consequence of the other two.

Proof 1If (M, ¢;, &, 1, g) is adouble aqS-Sasakian manifold, Theorem 3.4 holds. In particular,
since (¢3, &, 11, g) is a Sasakian structure, it satisfies (iii) and V& = —¢3. Then, (i) and (ii)
follow from Theorem 1.12, where the operators Ay, and A, associated with the two anti-
quasi-Sasakian structures are givenby Ay, = —¢1 0V = —prand Ay, = —@2 0 V& = ¢y.

Conversely, first assume that (i) and (ii) hold. Since ¢; and ¢, are skew-symmetric and
anticommute each other, by Theorem 1.12 both the structures (¢;,&,1n,g), i = 1,2, are
anti-quasi-Sasakian and thus, d®; = d®; = 0. Applying (i) or (ii) for ¥ = &, one has that
Vx& = —¢3X, and then

dn(X,Y) = g(Vx&,Y) — g(X, Vy§) = 2g(X, ¢3Y) = 2P3(X, Y),

which proves (3.2). Now, assume that (i) and (iii) hold. As above, (¢1, &, 1, g) is anti-quasi-
Sasakian and hence, d®; = 0. On the other hand, (iii) means that (¢3, &, n, g) is a Sasakian
structure, and hence, dn = 2®3. Moreover, since ¢» = @3¢1, one has that Vg, = Vg3 o
1 + @3 o Vop and thus, (ii) follows form (i) and (iii). Therefore, d®; = 0 as before. Finally,
assuming (ii) and (iii), one gets the conclusion arguing analogously. O

We conclude the section treating the 5-dimensional case, namely n = 1, for which Sp(1) =
SU2). In [13], SU (2)-structures on 5-dimensional manifolds are described in terms of a
quadruplet (1, w1, w2, w3), where n is a 1-form and w;, fori = 1, 2, 3, are 2-forms satisfying

Wi Nwj = 8,'./'11, (3.3)

for some 4-form v suchthatvAn # 0,and w1 (X, -) = w2 (Y, ) = w3(X,Y) > 0. These 2-
forms are related to the underlying almost contact metric structures (¢;, &, , g) by w; = —&;
(see for instance [11]). Therefore, equations in (3.2) defining a double aqS-Sasakian structure
can be rephrased as

dw; =0, dwp =0, dn=—-2ws. (3.4)

We remark that the class of double aqS-Sasakian manifolds coincides with the class of contact
Calabi- Yau 5-manifolds defined as in [29]. Indeed, assuming (3.4), Theorem 3.4 ensures that
(93, &, n, g) is Sasakian. Furthermore, € = w1 + iw; is a nowhere vanishing basic complex
(2, 0)-form on D, satisfyingde = 0and e A € = %(dn)z. Conversely, if (M>, ¢, £, 1, g, €)
is contact Calabi-Yau, a double aqS-Sasakian structure is defined by w; = NR(€), wr = J(€)
and w3 = —%dn.
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Finally, as observed in [15], these are a special type of K -contact hypo SU (2)-structures,
i.e., £ is a Killing vector field and

dnpAw) =0, dnAawn) =0, dn=—-2ws. (3.5
Indeed, by (3.4) and (3.3), fori =1, 2
dn A wi) =dn A wj = —2w3 A wj = 283;v =0.

The converse is not true, although a K-contact hypo 5-manifold still carries a Sasakian
structure as stated in the following:

Proposition 3.7 Let (M, n, w1, w2, ®3) be a 5-dimensional manifold with a K -contact hypo
SU (2)-structure. Let (¢;, &, n,8), i = 1,2,3, be the underlying almost contact metric
structures. Then, (¢3, &, n, g) is Sasakian and (¢;, &, 1, g), i = 1, 2, are generalized-quasi-
Sasakian structures of class C1o ® C11. Moreover, M is a double aqS-Sasakian manifold (or
equivalently the structure is contact Calabi-Yau) if and only if L@y or Lg@o vanishes.

Proof 1If (3.5) holds, taking i = 1,2 and X, Y, Z € I'(D) one has that

0=dinANw))(E X, Y, Z) = (dnrhw)E, X, Y,Z) — (nAdwi)(E, X, Y, Z)
—dw;(X,Y, Z2),

where in the third equality we used w;(§,X) = 0 and dn(£, X) = 0. Therefore,
do;(X,Y,Z2) = —dwi(X,Y,Z) = 0 for every X,Y,Z € I'(D). Being also d®3 =
—dw3 = 0, Lemma 3.3 implies Ny, (X, Y, Z) = O for every X, Y, Z € I'(D) and for every
i = 1,2,3. Now, arguing as in the proof of Theorem 3.4, since dn = 2®3 is p3-invariant
and ¢;-anti-invariant for i = 1, 2, one has

Noy (X, Y, 6) = Npy(X, Y, ) = 2dn(X, Y), Ny (X,Y,€) =0.

Being & Killing by assumption, this proves that the almost contact metric structures
(¢1,&,1m, ) and (¢2, &, n, g) belong to C10 & Cy1 (see Corollary 2.4). Moreover, from equa-
tion (2.5) and L¢g = 0, we have Lsp3 = 0 and hence, Ny, (§,-) = 0 (see Remark 1.1).
Therefore, (¢3, £, n, g) is normal and thus Sasakian.

Concerning the last statement, (M, ¢;, &, 1,¢), i = 1,2,3, is a double aqS-Sasakian
manifold if and only if d®; (&, -, -) = dD»(§, -, -) = 0. By equation (2.5), this is equivalent
to Legwr = Legwr = 0. Assuming Lg¢; identically zero, (¢1,£, 7, g) is aqS with A, =
—p10VE = @193 = —@o; thus, applying Proposition 3.6, also (¢2, &, n, g) is agS. The same
holds assuming Le gy = 0. O

3.2 Weighted Heisenberg Lie groups and compact nilmanifolds

Let G be a (4n+1)-dimensional Lie group with Lie algebra g, and et &, v, Ty+r, T2n4rs Bntrs
r =1,...,n,beabasis of g. We consider three left invariant almost contact metric structures
(i, &,1n,8),i =1,2,3, where g is the Riemannian metric with respect to which the basis
is orthonormal, 7 is the dual form of &, and ¢; is given by

n

Yi = Z (er ® Tintr — Ointr @ T + 9jn+r ® Tkn+r — Okntr ® Tjn+r),

r=1
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where 0; (I = 1,...,4n) is the dual 1-form of 7;, and (i, j, k) is an even permutation of
(1, 2, 3). Explicitly, ¢; (§) = 0 and

O1Tr = Tn4r PlTn+r = —Tr P1Ton+r = Vn+r P1V3n+r = —Wn+r
P20 = Vntr P2Tn+r = —Wntr P202n+r = — T P2Wn+r = Tntr
P3Tr = Vpntr P3Tutr = Wn+r  P3Vn+r = ~Tntr P3Wp4r = —Tr.

Clearly, ¢1, @2, @3 satisfy (3.1), so that (¢;, &, 1, g) is an Sp(n)-almost contact metric struc-
ture. The fundamental 2-forms are

n

b =— Z(er AOintr + ‘9jn+r A Okntr)-

r=1

Now, assume that the nonvanishing commutators are

[frv f3n+r] = [TnJrr’ f2n+r] = 2)‘-r$a

for some constants Aq, ..., A, € R. The 1-forms 6; are closed for every l = 1, ...,4n and
then d®; = 0 for every i = 1, 2, 3. Furthermore,

n

dn=-2 Z A (Or A O3ty + Ontr A O2pyy).

r=1

Notice that when the weights A1, ..., A, are all equal to 1, then g is the real Heisenberg Lie
algebra of dimension 4n + 1. Furthermore, dn = 2®3, and thus, (G, ¢;, €, 1, g) is a double
aqS-Sasakian manifold. In particular, (¢3, &, 1, g) is the standard Sasakian structure on the
real Heisenberg Lie algebra.

Now, we show that in the general case, (¢1,&, 1, g) and (¢, &, n, g) are anti-quasi-
Sasakian structures, while (¢3, &, n, g) is quasi-Sasakian. From the expression of the Lie
brackets, one immediately has that

8(Ny, (X, Y),0) =0,

forevery X,Y e gand/ =1, ..., 4n. In fact, this is coherent with Lemma 3.3 since all the
fundamental 2-forms are closed. It remains to compute

§(Ny (X, Y),8) = —dn(ei X, i Y) +dn(X, Y).

Fori = 1:

n
An(@1X, @1Y) = =2 Arl0: (91 X)030 47 (@1Y) = 0301 (91 X)0, (917

r=1

FO0n1r (01 X)020 11 (01Y) — 0210 (01 X) Oy (01 Y)]

=23 AelOntr 02047 (Y) = 02 (X)00 1 (¥)

r=1
+0, (X)03n4r(Y) — 0354 (X)0, (V)]
= —dn(X, 7).

Thus, we have proved that Ny, (X, Y) = 2dn(X, Y)&. Then, (¢, £, n, g) is an anti-quasi-
Sasakian structure. Analogously one obtains that Ny, = 2dn ® & and Ny, = 0, which prove
that (g2, €, n, g) is anti-quasi-Sasakian and (g3, &, 1, g) is quasi-Sasakian.
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Now, we determine the operators Ay, and A, associated with the two anti-quasi-Sasakian
structures. From identity (1.14), 2g(Ay, X, Y) = dn(X, ¢;Y) (i = 1,2), and with similar
computation as above, we get:

n
A(pl = - Z Ar (er Q Tonr — 92n+r Q1T + 93n+r ® Tntr — 9n+r 2 f3n+r)»

r=1

n
Z Ar(Or & Tutr — Ontr @ Tr + O2ntr @ Tantr — Ontr ® Tontr)-

r=1

Explicitly, Ay § = Ay& = 0and

A§02

A(p] T = _)\rTZn+r A(plfn+r = )er3n+r Aq)l Dntr = ArTr A(p] Vn+r = _)‘rTn-ﬁ—r
A(pzfr = )\rfn+r A(pzfnJrr = ATy A(p2t2n+r = )\rT3n+r A(p273n+r = _)\rTZn+r~
When the weights are equal to 1, we have that A, = —¢2 and Ay, = ¢ asinProposition 3.6.

However, in general Ay, and A, do not define almost contact structures.

The Lie group G is a 2-step nilpotent Lie group, and the only eventually nonzero structure
constants of its Lie algebra are the weights A,. A result due to Malcev [23] ensures that when
all the weights A, are rational numbers, then G admits a cocompact discrete subgroup I, so
that an anti-quasi-Sasakian structure on the compact nilmanifold G/ I' is induced.

3.3 Further examples

Example 3.8 Given a hyperkihler manifold (B, J;, k) (i = 1,2, 3), the Kéhler forms 2, €23
associated with J», J3, respectively, are closed and Ji-anti-invariant. Thus, if they define
integral cohomology classes, they determine principal circle bundles over B endowed with
anti-quasi-Sasakian structures in view of Theorem 2.11. At least locally, one can always
consider an open contractible set U C B on which the Kihler forms are exact, thus defining
the trivial cohomology class which corresponds to the trivial bundle U x S'.

In [14], V. Cortés shows the existence of non-flat compact hyperkéhler manifolds with
integral 2-forms, obtained as products of m copies of a K3 surface. In particular, applying
Theorem 2.11 to these manifolds, one obtains examples of compact aqS manifolds, which
are not quotients of the weighted Heisenberg Lie group, as it is transversely flat.

Example 3.9 Let (B*", J, k) be a Kihler manifold and fix a coordinate neighborhood U

with respect to which the compl.ex structure J .is given by J a%, = % and J % = _aix,-’
i=1,...,2n.0n U, let us consider the following 2-form
P

o= (dx; Adxpyi — dy; Adynsi),
i=1
where 1 < p < n.Clearly, wis a2-formof type (2, 0) and rank 4 p. Moreover, itis exact, being
B = Zle (xidxp4i — yidy,+i) a primitive 1-form. Thus, w defines the trivial cohomology
class on U and hence, the trivial bundle U x S' is endowed with an anti-quasi-Sasakian

structure (¢, £, n, g), where the connection form n and the Riemannian metric g are given
by

n=dt+7*B, g=n"k+n®n.
We point out that, in order to have a global example, one can apply the above construction to

the complex unit disc D> ¢ C>" endowed with the Kihler structure of constant holomorphic
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sectional curvature ¢ < 0, or to a Hermitian symmetric space of non-compact type which
can be realized as a bounded symmetric domain in c2n (see [22, Vol. II, Chap. XI1.9]).

Example 3.10 Let (M>"T!, ¢, &, 1, g) be an anti-quasi-Sasakian manifold and (M?", J, h)
be a Kihler manifold. Then, the product manifold M2"+! x M zi” is an anti-quasi Sasakian
manifold with respect to the almost contact metric structure (¢, &, 17, ) defined by:

X = (pX1,JX2), &=(£0), H(X)=nX1), &X,Y)=gX1, Y1) +h(XaY2),

where X = (X1, X2), ¥ = (¥1,Y2) € X(M*"! x M*). Indeed, denoting by Q the
Kﬁh}er form of M2™  and by ©, ¢ Ehe fundamental 2-forms of~ the structures (¢, &, n, g) and
(@, &, 1, g), respectively, one has ® = ® + 2, and hence, d® = 0. Moreover, N is given
by

N§(X,Y) = (Ny(X1, Y1), Ny (X2, Y2)) = 2dn(X), Y1)E, 0) = 2dij(X, Y)E.

Finally, we observe that if M2**! has rank 4p + 1, then M>"*! x M?" has the same rank.

Considering the weighted Heisenberg Lie group G described in Sect.3.2, assuming
Apy1 =+ = A, =0forsomel < p < n—1,thenonecaneasily see that G = G/ xR*n=p)
where G’ is a weighted Heisenberg Lie group with structure of maximal rank and the abelian
Lie group R*®*=P) is actually endowed with a hyperkihler structure.

In Sect. 5, we will provide a sufficient condition for an anti-quasi-Sasakian manifold to be
decomposable as Riemannian product of an anti-quasi-Sasakian manifold of maximal rank
and a Kéhler manifold.

4 Riemannian curvature properties

In this section, we will further investigate the geometric structure of an anti-quasi-Sasakian
manifold, showing that it carries a triplet of closed 2-forms (A4, ®, W), the third one being
exact. This allows to provide a characterization of anti-quasi-Sasakian manifolds of constant
&-sectional curvature equal to 1, and to obtain remarkable properties of the Riemannian
Ricci tensor. Then, we show that an agS manifold of constant sectional curvature is flat and
cokihler. Other obstructions to the existence of aqS structures are discussed in the compact
and homogeneous cases.

4.1 The triplet of closed 2-forms (A, ®, V)

Let (M, ¢,&,n, g) be an anti-quasi-Sasakian manifold, and consider the operator A =
(Vp)é = —p o V& defined in Theorem 1.12. We set

V= Ap = —pA = —VE. A.1)

Being £ Killing, ¥ is skew-symmetric with respect to g. Moreover, by the fact that A anti-
commutes with ¢ and A§ = 0, the following identities hold:

oY =A=—Yo, 4.2)
VA =—9pA = —Av. (4.3)

From (1.14), we also get:
2¢(X,yY) =dn(X,Y). (4.4)
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Remark 4.1 Note that
Y? = (Ap)(Ap) = —A%p* = —A* (] + N ® £) = A”.

Moreover, since ¥ is skew-symmetric, /2 is symmetric with respect to g, with nonpositive
eigenfunctions. In particular, if X € I'(D) is an eigenvector field of ¥ with eigenfunction
—A2 <0, then X, X, ¥ X, AX are mutually orthogonal eigenvector fields associated with
the same eigenfunction. This follows from Egs. (4.1), (4.2), (4.3) and from the skew-symmetry
of ¢, A, ¥ and ¥ A with respect to g. Finally, Ker W2 = Ker y is g-invariant and it coincides
with (§) @ £ by (4.4), where € is defined as in Proposition 1.7. In particular, ¥ = 0 if and
only if the manifold is cokihler.

Proposition 4.2 Let (M, ¢, &, n, g) be an anti-quasi-Sasakian manifold. Then:
Ley =0, L:A=0.

Proof The first identity is an immediate consequence of the fact that & is a Killing vector
field, Lg¢dn = 0 by Proposition 1.3, and Eq. (4.4). The second identity follows from (4.2)
and Lep = Ley = 0. O

Proposition 4.3 Let (M, ¢, &, n, g) be an anti-quasi-Sasakian manifold. Then:
Vep =2A, Ve =0, VeA = -2yA. 4.5)

Proof The first equation is a direct consequence of (1.12) applied for X = &. For every
X € X(M), we have:

(Ley)X = [£, ¥ X1 — Y&, X]
= Ve X — Vyx§ —¥Vxé +y¥Vxé
= (VW)X + ¥2X — X = (Vey)X,

and hence, the second equation follows from Proposition 4.2. Finally, we have:
VeA = (Vep)¥ + Ve =2AY% = 29 A.
]

Now, let us consider the 2-forms associated with the skew-symmetric operators A and v,
defined by:

AX,Y) :=g(X, AY), ¥(X,Y):=gX,yY)

for every X, Y € X(M). Equation (4.4) immediately implies d¥ = 0. We are going to show
that A is closed as well, and to this aim, we prove some useful identities for V.

Lemmad4.4 Let (M,¢,E,n,8) be an anti-quasi-Sasakian manifold. Then, for every
X, Y, Z € X(M) the following identities hold:

(Vx W) (Y, Z) — (VxO)(Y, 9Z) = n(Y)g(W*X, 9Z) + n(2)g(Y* X, ¢Y),
(Vx W) (@Y, 9Z) + (Vx¥) (Y, Z) = —n(V)g(W*X, Z) + n(Z2)g(y* X, Y),
(Vox W) (@Y, Z) + (VxW)(Y, Z) = — n(V)g(W*X, Z) + 2n(Z)g (> X, ¥).
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Proof Recall that A = ¢y = —¢ so that, applying Theorem 1.12 and using n oy = 0
and ¥ & = 0, one obtains:
(VxA)Y = (Vxoy)Y
= (Vxo)¥Y +o(Vxy)Y
=2(X)AYY + g(X, AYY)§ + o(Vxy)Y, (4.6)

and

(VxA)Y = —(Vxyo)Y
= —(Vx¥)oY — ¥ (Vxp)Y
= —(Vx¥)eY = 2n(X)y AY —n(Y)Y AX.

Therefore, since ¥ and A anticommute each other, we get:

(Vx¥)eY + o(Vxy)Y = n(Y)Ay X — g(X, AYY)§E
= NP> X — g(Y>X, pY)E.
Using (VxW) (Y, Z) = —g((Vx¥)Y, Z), the first identity is proved. The second equation
follows from the first one just by replacing Z by ¢ Z:
(VxW) (@Y, 9Z) + (Vx W)Y, Z) = n(Z)(VxW)(Y, &) — n(Y)g(V*X, Z)
= n(2)g(Vx¥)§. Y) = n(V)g(¥°X, Z)
= n(2)gW’X. Y) = n(V)g(¥°X, 2).
Finally, using d¥ = 0 and applying the first two identities, one has:
0= d¥(X,Y,Z2)+dV(pX, Y, Z)+d¥(pX,Y,pZ) —dV(X, ¢Y,pZ)
= (VxW)(Y, Z)+ (VyW)(Z, X) + (Vz¥)(X,Y)
+ (Vex W) (@Y, Z) + (Voy W)(Z, 9 X) + (VW) (0 X, pY)
+ (Vox W) (Y, 9Z) + (Vy W) (9Z, pX) + (Voz W) (9 X, Y)
— (VxW) (@Y, 0Z) — (Voy W) (9Z, X) — (Vpz¥)(X, ¢Y)
= (VxU)(Y, Z) + (Vpx W) (@Y, Z) + (Vpx V) (Y, 9Z) — (VxV¥)(¢Y, 9Z)
— (D)WY, X) + n(X)gWY, Z) = n(X)g(W>Z, ¥) + n(V)g (¥ Z, X)
— (28 Y, ¢X) = n1(X)gW pY, 9Z) + n(X)g(W9Z, oY) + n(V)g(V>¢Z, ¢ X)
= (VxU)(Y, Z) + (Vpx W) (@Y, Z) + (Vpx W) (Y, 9Z) — (Vx¥)(pY, 9 Z)
—20(2)g(?Y . X) + 2n(V)g (> Z, X).
Then, by adding and subtracting (V,x W) (@Y, Z) + (Vox W) (Y, Z), and applying again the
first two identities, one has:
2{(VxW)(Y, Z) + (Vpx V) (9Y, Z)}
= (VexW)(@Y, Z) — (Vox W) (Y, 9Z) + (VxW)(¢Y. 9Z) + (VxU)(Y, Z)
+20(2)g(X, YY) = 2n(V)g(X, ¥ Z)
= n(MNgW’9X, 92) + 1(D)gW>pX, 9Y) = n(gW>X, Z) + n(Z)g(*X, Y)
+20(2)g(W> X, Y) = 2(Vg (WX, 2)
= (28X, Y) = 2(V)g(V*X, 2),

and this concludes the proof of the third equation. O
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Proposition 4.5 For every anti-quasi-Sasakian manifold (M, ¢, &,n, g), the 2-form A is
closed.

Proof By using A(&, -) = 0, & Killing and ££ A = 0, for every X, Y € X(M), we have:
dAE. X, Y)

§(A(X, Y)) + X(A(Y, §)) + Y (A, X))

= §(g(X, AY)) — g([§, X1, AY) — g([Y, &1, AX)

= g(X,[§, AY]D — g(Al5, Y], X)

= g(X,(L:A)Y) =0.
Now, forevery X, Y, Z € I'(D), equation (4.6) gives that g((VxA)Y, Z) = (Vx V) (Y, ¢ Z).
Thus, we have:

dAX, Y, Z) = —g((VxA)Y,Z) —g((VYA)Z, X) —g((VZA)X.Y)
= —(VxW)(Y,9Z) — (VyW)(Z, pX) — (VZzU)(X, ¢Y).

Since d¥ (X, Y, ¢Z) = 0, we get
—(VxW) (Y, 9Z) = (VyW)(9Z, X) 4+ (Vpz W) (X, Y).

Substituting in the previous equation and applying the first and the third identities in
Lemma 4.4, we obtain:

dAX,Y,Z) = (Vy®)(@Z, X) + (Vo2 ¥)(X, Y) — (VyW)(Z, 9X) — (VZ¥)(X, ¢Y)
= (Voz W) (@Y, X) + (VZ¥)(pY, X) = 0.

4.2 Sectional curvatures and Ricci curvature

Let us denote by R the Riemannian curvature tensor field of (M, g), definedby R(X,Y)Z =
[Vx, Vy1Z—V|x y)Z. The sectional curvature atx € M of a 2-plane spanned by orthonormal
u,v € TyM is given by K (u, v) = g+ (R (u, v)v, u). In the following, for an almost contact
metric manifold (M, ¢, &, n, g) and for any unit vector field X € I'(D), we will consider the
&-sectional curvature K (£, X) defined at each point x € M by K (&, X).

Proposition 4.6 Let (M, ¢,&,n, g) be an anti-quasi-Sasakian manifold. Then, for every
X,Y € X(M) one has:

@O (Vx¥)Y = R(§, X)Y;
(i) R(X,Y)§ = —(Vx¥)Y + (Vyy)X;
(iii) ¥>X = R(§, X)E.

In particular, M has nonnegative & -sectional curvatures, and for every unit eigenvector field
X eTI'(D) ofl/fz, with eigenfunction —12 K(£,X) = A%

Proof Since £ is Killing and = — V&, the first identity follows from a well-known formula
(see [22, vol. I, Chap. VI, Proposition 2.6]). Then, (ii) follows from the Bianchi identity:

R(X,Y)§=—R(Y,5)X—-R(E X)Y =R(E,Y)X — R(E,X)Y.
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Applying (i) for Y = &, we get (iii):
R(E X)E = (Vx¥)E = =Y Vxé = Y’ X.
Moreover, for a unit X € I'(D), the £-sectional curvature is:
K X) = —g(R(E X)5. X) = —g(X, X) = g(¥ X, yX) >0, 4.7)

which also immediately justifies the last statement. O

Notice that the £-sectional curvatures of an anti-quasi-Sasakian manifold M are all van-
ishing if and only if M is cokéhler. Next, we provide a characterization of anti-quasi-Sasakian
manifolds with K (¢, X) = 1, showing that they are all double aqS-Sasakian manifolds.

Theorem 4.7 Let (M, ¢, &, 1, g) be anti-quasi-Sasakian manifold. Then, the following are
equivalent:

(a) K&, X)=1forevery X € I'(D),;
(b) y?=A=-I+nQ¢&;
(©) (A, @, ¥, &,n,g) is a double aqS-Sasakian structure.

Proof Recallthatthe (1, 1)-tensor fields A and ¥ attached to the anti-quasi-Sasakian structure
satisfy Y2 = A% and & = A& = 0. Thus, they define almost contact structures with respect
to (£,n) if and only if ¥2|p = —I, i.e., the spectrum of ¥ is {0, —1}, with O simple
eigenvalue. By Proposition 4.6, this is equivalent to require that the £-sectional curvatures
are equal to 1.

Assuming ¥ = A2 = —] + n ® &, the compatibility of the almost contact structures
(¥, &, n) and (A, &, ) with the Riemannian metric g is consequence of the skew-symmetry
of ¥ and A. Indeed, for every X, Y € X(M):

sWX, YY) = —g(¥*X.Y) = g(X.Y) — n(X)n(Y),

and similarly for A. Finally, (4.3) becomes YA = ¢ = —Av and, together with (4.1) and
(4.2), itimplies that (A, ¢, ¥, &, n, g) is an Sp(n)-almost contact metric structure. Moreover,
d® = 0 (by definition of aqS structure), d.A = 0 by Proposition4.5, and dn = 2W by equation
(4.4), so that (A, ¢, ¥, €, n, g) is a double aqS-Sasakian structure. O

Remark 4.8 Assuming K (&, X) = A for every X € ['(D), or equivalently y%|p = —A21,
with A € R\ {0}, one can always find an underlying double aqS-Sasakian structure. Indeed,
first notice that the class of agS structures is invariant under homothetic deformations, defined
by

1
o'=¢ &=-& 0=, g =%
and the associated operators A" and v are given by A’ = %A and ¥’ = %w. Therefore, if
¥2|p = —A%1, then
W/ZZA/Q :_I+n/®$/’

and (A, ¢', ¥, &', 1, g) is double agS-Sasakian by the previous theorem. In particular, by
Theorem 3.4, it locally projects onto a hyperkihler structure. Moreover, g and g’ project
on homothetic Riemannian metrics along the vertical distribution, so that both g and g’ are
transversely Ricci-flat (cfr. Theorem 4.12).
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Remark 4.9 The condition K (£, X) = A% > 0 (or in particular K (¢, X) = 1) for every
X € I'(D) is not always satisfied. For instance, considering the two anti-quasi-Sasakian
structures of the weighted Heisenberg Lie group (Sect.3.2), one has:

2 2 2 2
SP(A2) = Sp(A2) = {0, =A%, ..., —A2).

Proposition 4.10 Let (M, ¢, &, n, g) be an anti-quasi-Sasakian manifold. Then, the Ricci
tensor field satisfies the following identities:

(i) Ric(§,§) = V&> = [y
(ii) Ric(§, X) =0;
(iii) Ric(X,Y)=RicT (X", Y") —2g(W X, ¢¥Y),
where RicT is the Ricci tensor field of the base space of the local Riemannian submersion

7 :M — M/§ and X, Y € T (D) are basic vector fields projecting on X', Y', respectively.
Furthermore, the scalar curvatures of M and M /&€ are related by

s=sT = Ve =5" — |y
Proof Choosing a local orthonormal frame {&, eq, ..., ez, } (where dim M = 2n + 1), as in
(4.7) we have that

2n 2n

Ric(§,€) = Y K(E &) =y g(e;, yre;) = |y,

i=1 i=1

In order to prove equation (ii), we fix a local orthonormal ¢-basis, that is e,; = ge; for
i=1,...,n. Forevery X € I'(D), applying property (i) of Proposition 4.6, we have:

Ric(§, X) = Z{g(R(%“, ei)ei, X) + g(R(E, pei)pei, X)}
i=1

Y {8(Ve¥)ei. X) + 8(Vye, ). X))

i=1

n
=Y (Ve W) (ei, X) + (Vg W) (pei, X)) = 0,
i=1
where we applied the third identity of Lemma 4.4, being n(e;) = n(X) = 0.
Now, consider the local Riemannian submersion 7 : M — M /& and let T and A be the
O’Neill tensors related to 7. Since Vg€ = 0, the leaves of the distribution spanned by & are
totally geodesic, and hence, T = 0. Moreover, for every X, Y horizontal vector fields

1 1 1
AxY = Sv(lX.Y]) = Zn(lX, YDE = _Edn(X’ Y)§ = -W(X,Y)§,

where v denotes the vertical component. Then, applying equations in [17, Proposition 1.7],
for every X, Y basic vector fields projecting on X', Y/, respectively, one has:

2n
Ric(X, ¥) = Ric’ (X, ¥') =2 " g(Axei, Ayer)
i=1
2n
= Ric" (X', V) =2 " W(X,e)W(Y, e)

i=1
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2n

=Ric" (X', ¥) =2) e X, e)g(¥Y, e)
i=1
= Ric" (X', Y) — 2g(¥ X, ¥Y).
Finally, applying equations (i) and (iii), we get:

2n 2n 2n

s =Y Ric(ei. e;) +Ric(§, &) = Y Ric’ (¢}, ¢)) =2 g(rei, e + [y > =s" — |y,

i=1 i=1 i=1

[m}

Corollary 4.11 The Reeb vector field of an anti-quasi-Sasakian manifold (M, ¢, &, 1, g) is
an eigenvector field of the Ricci operator Q. Moreover, Qg = ¢ Q.

Proof Recall that the Ricci operator Q is defined by g(QX,Y) = Ric(X, Y) for every
X, Y € X(M). Then, the first two identities in the above proposition easily yield Q& = |y €.
Moreover, given two basic vector fields X, Y € T'(D) projecting onto X', Y' € X(M/§), pX
and @Y project onto J X’ and JY’, respectively. Using the third equation in Proposition 4.10,
since the Ricci curvature of a Kidhler manifold is J-invariant and ¢ = —@, we have:
Ric(¢X, pY) = Ric" (JX', JY') = 28(YpX. YY)

= Ric! (X", Y) = 25(¥ X, yY)

= Ric(X, Y).
The equality holds true replacing Y by &, since Ric(X, §) = O for every X € I'(D). Hence,

we showed that —g(pQeX,Y) = g(QX,Y) forevery X € I'(D) and Y € X(M), i.e.,
¢ Q@ = —Q along D. This, together with ¢ Q& = 0, gives ¢ Q = Q. O

Recall that an almost contact metric manifold is called n-Einstein if
Ric=pug+vn®n, wn,velk 4.8)

We investigate this condition for the class of anti-quasi-Sasakian manifolds.

Theorem4.12 Let (M, ¢,&,1n,8) be a transversely Einstein, non-cokdhler, anti-quasi-
Sasakian manifold. Then, it is n-Einstein if and only if ¥2|p = —A2I, with » € R\{0}.
In this case, M turns out to be transversely Ricci-flat; the Ricci tensor and the scalar curva-
ture of g are given by

Ric = —2A%g+ 4n + 22> n Q@ n, s = —4ni?, 4.9)
where dim M = 4n + 1.

Proof Since (M, ¢, &, n, g) is transversely Einstein, equation (iii) in Proposition 4.10 reduces
to

Ric(X,Y) = pg(X,Y) +2g(X, ¥2Y) (4.10)

for some p € R and for every X, Y € I'(D) basic vector fields. Taking into account also
equations (i) and (ii) of the same proposition, we conclude that M is n-Einstein if and only if
Y¥2|p = —A21, for some constant A € R\ {0}. In this case, by Remark 4.8, M is transversely
Ricci-flat (p = 0). Since the aqS structure is of maximal rank, dim M = 4n + 1 and hence,
Ric(&, &) = 4nA2. Using also equation (4.10) with p = 0 and Ric(¢, X) = 0 for every
X € I'(D), one gets the expressions for the Ricci tensor and the scalar curvature. O
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Remark 4.13 Tt is worth remarking that, arguing as in the proof of the above theorem, the
condition ¥%|p = —A%I, A # 0, together with Remark 4.8, gives the explicit expression of
the Ricci tensor field in (4.9), without assuming the metric to be transversely Einstein.

In particular, for anti-quasi-Sasakian manifolds with K (¢, X) = 1 (see Theorem 4.7),

Ric=-2¢g4+@n+2)n®n, s=—4n
and (M, v, &€, n, g) turns out to be a null Sasakian n-Einstein manifold (see [9]).

In general, the Riemannian metric of an anti-quasi-Sasakian manifold is not necessarily
n-Einstein as in the following two examples.

Example 4.14 The weighted Heisenberg Lie group is transversely flat, and by Proposi-
tion 4.10, in the fixed orthonormal basis of left invariant vector fields, the Riemannian Ricci
tensor is represented by the following diagonal matrix

—8Y A
—2231L4

—2A214

Example 4.15 Consider the principal S!'-bundle M over the complex unit disc (Dz, J, k),
endowed with the aqS structure (¢, &, 17, g) defined as in Example 3.9. Since D? has con-
stant holomorphic sectional curvature ¢ < 0, the manifold M is transversely Einstein (not
transversely Ricci-flat). In fact, the structure here is not -Einstein because 2 has a single

non-constant eigenfunction as shown in the following. In the global frame {%, aiyi’ %},
i = 1, 2, the Riemannian metric g and the 2-form dn = 7*w are represented by the matrices
by b3 0 by 0 01000
by by +x] —bs —x1y1 x| -100 0 0
G=1|0 —-bsy b b3 0], F=]1000-10
by —xiy1 by bi+y? —yi 00100
0 x 0 —y 1 00000

where
bi =a(l —xi =y, b2 =a(l =x3 =), by = a(xixa + y132), by = alx1y2 — x2y1),
witha = ﬁ and z = (x1, X2, Y1, y2).

Using dn = 2g(-, ¥-), the matrix of ¢ is P = %G_IF, and the matrix P2 associated
with 12 admits a unique strictly negative eigenfunction of multiplicity 4 given by
=z’

64 ’

Notice that, since Ric” = %c k, from Proposition 4.10 it follows that Ric = ug +vn ® n

with © = %c —2x%and v = 612 — %c nonconstant functions. It is worth remarking that
this provides a difference with respect to the class of K-contact manifolds. Indeed, for such
manifolds, assuming dim M > 5, if equation (4.8) is satisfied for some functions  and v,
then these are necessarily constant (see [8, Proposition 11.8.1]).

a2 =

We apply the above results on the Riemannian Ricci curvature to the case of agS manifolds
with constant sectional curvature.
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Theorem 4.16 Let (M, ¢, &, 1, g) be an anti-quasi-Sasakian manifold with constant sec-
tional curvature k. Then, k = 0 and the manifold is cokdhler.

Proof Since M has constant sectional curvature «, then M is Einstein and forevery X, Y, Z €
X(M)

RX,Y)Z =«x(g(Y,Z)X — g(X, 2)Y).

In particular for X = Z = &, applying (iii) of Proposition 4.6, we get Y2 = k(=1 +n®&). If
k # 0, by Remark 4.13, M turns out to be n-Einstein, non-Einstein, which is a contradiction.
Therefore, k = 0, which implies ¥ = 0 and thus, the manifold is cokihler. ]

Remark 4.17 1In [26], Z. Olszak proved that for a quasi-Sasakian manifold of constant sec-
tional curvature «, then « > 0. In particular, if k = 0, the manifold is cokihler, while if
k > 0, the quasi-Sasakian structure is obtained by a homothetic deformation of a Sasakian
one.

Other obstructions to the existence of anti-quasi-Sasakian structures come from the fact
that no holomorphic (p, 0)-forms (p > 0) can exist on compact Kihler manifolds with
positive definite Ricci tensor field ( [24, Theorem 20.5]).

Proposition 4.18 There exist no compact regular, non-cokdhler, anti-quasi-Sasakian mani-
folds with Ric > 0, and no compact regular anti-quasi-Sasakian manifolds of maximal rank
with Ric > 0.

Proof Assume that (M, ¢, &, n, g) is a compact regular, non cokéhler, anti-quasi-Sasakian
manifold. Then M /& is a compact Kéhler manifold endowed with a non-vanishing closed
(hence holomorphic) (2, 0)-form, whose Ricci tensor field satisfies

Ric” (X', X') = Ric(X, X) + 2|y X2 4.11)

for every X' € X(M /&) and X € T'(D) basic vector field projecting on X’ (see Proposi-
tion 4.10). In both cases of the statement, it turns out that Ric? > 0, thus contradicting the
above-mentioned result. O

Proposition 4.19 There exist no connected homogeneous anti-quasi-Sasakian manifolds of
maximal rank with Ric > 0.

Proof Assume that (M, ¢, &, n, g) is a connected homogeneous aqS manifold of maximal
rank, with Ric > 0. Since homogeneous contact manifolds are regular [7], the space of leaves
M /£ is a homogeneous Kihler manifold with Ric” > 0 by (4.11). Then, Myers’ theorem
implies the compactness of M /&, and thus, M /& cannot admit any holomorphic form of type
(2,0). O

Corollary 4.20 There exist no connected n-Einstein homogeneous anti-quasi-Sasakian man-
ifolds of maximal rank, with Ric = ug + vy ® n and pn > 0.

Proof In this case, Ric(X, X) = u|X|?> > 0 for every X € ['(D). Being also Ric(§, X) =0

andRic((, &) =u+v =1y |2, Ric > 0 and the result follows from the previous proposition.
O
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5 The canonical connection

In this section, we prove the existence of a compatible metric connection with torsion for
an agS manifold, and we deduce some consequences on the Riemannian geometry of the
manifold.

Recall that for every Riemannian manifold (M, g), the difference V — V between any
linear connection on M and the Levi-Civita connection is a (1, 2)-tensor field H, which is
related to the torsion 7 of V by

T(X,Y)=H(X,Y)— H{, X) (5.1

forevery X, Y e X(M). Let us denote with the same symbols the (0, 3)-tensor fields derived
from H and T by contraction with the metric:

H(X,Y,Z)=g(H(X,Y),Z2), T(X,Y,Z)=g(T(X,Y),Z).
Recall also that V is a metric connection (i.e., Vg = 0) if and only if
HX,Y,Z)+H(X,Z,Y)=0, (5.2)
in which case V is completely determined by its torsion, by means of
2H(X,Y,Z)=T(X,Y,2)—T(Y,Z,X)+T(Z,X,Y).

A metric connection V is said to have totally skew-symmetric torsion if 7 € A3(M), in
which case 2H = T. We refer the reader to [1] for a more complete treatment of the theory
of connections with torsion.

In [18], Friedrich and Ivanov proved that necessary and sufficient conditions for an almost
contact metric manifold (M, ¢, £, 7, g) to admit a metric connection V with totally skew-
symmetric torsion preserving the almost contact structure (i.e., such that Vg = 0 and V& =
0), are & Killing and N, € A3(M). This applies to a large class of almost contact metric
manifolds, including quasi-Sasakian manifolds (since N, = 0), butnot to anti-quasi-Sasakian
manifolds. Indeed, in this case we have that N, = 2dn ® &, namely

Ny(X,Y, Z) =2dn(X, Y)n(Z) = 4g(X, ¥ Y)n(2).

Thus, it can be easily seen that N, is not a 3-form, unless dn = 0. Hence, we conclude that an
aqS manifold cannot admit a metric connection V with totally skew-symmetric torsion and
preserving the structure, unless it is cokéhler, in which case V coincides with the Levi-Civita
connection. However, we have the following:

Theorem 5.1 Let (M 0,6, 1, g) be an gnzi-quasi-Sasakian marzifold. Then, there exists a
metric connection V such that Vo = 0, V& = 0, and the torsion T is totally skew-symmetric
on D and satisfies T (§,-) = 0. The connection V is uniquely determined by V.=V + H,
where

HX,Y) =nX)yY +n(V)y X +g(X, yY)§, (5.3)
and its torsion is given by

T(X,Y)=2g(X,yY)é =dn(X,Y)E. (5.4)
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Proof Let V be a metric connec_tion with torsion_Y_" as in the statement, and let H := V — V.
Equation (5.1) and conditions 7T (&, -) = 0 and V&€ = 0 imply that H(§, X) = H(X, &) =
Y X forevery X € X(M). Thus, since Vg = 0 (i.e., (5.2) holds), one has
H(X,Y,§)=—-H(X,§Y)=-HE X, Y)=—3gWX,Y)= %dn(X, Y).
Moreover,
(Vxp)Y = (Vxp)Y + H(X, 9Y) — pH(X. Y),
and, being @go =0, forevery X, Y, Z € X(M) we have:
H(X,9Y,Z)+ HX,Y,9Z) = —g(Vxp)Y, Z).

In particular, for X, Y, Z € I'(D), by equation (1.12) we get:

HX,¢9Y,Z)+ HX,Y,9pZ) =0. (5.5)

Since T is totally skew-symmetric on D, H is a 3-form on D. Then, taking the cyclic sum of
(5.5)over X, Y, Z € I'(D), one has:

0= X?,Z{H(X, ©Y, Z)+ H(X,Y,pZ)}
= 2H(X,Y,9Z)+ H(Y,Z,¢X)+ H(Z, X, ¢Y)}.
Replacing Y by ¢Y and using again (5.5):
H(X,9Y,9Z)+ H(gY,Z,9X)— H(Z,X,Y) = H(X,Y,Z) =0
forevery X, Y, Z € I'(D). Therefore, together with H(X, Y, &) = ldn(X, Y) we obtain
H(X,Y) = %dn(X, Y)¢ VX,Y e I'(D).

Finally, since H(¢,&) =0, forany X, Y € X(M)

H(X.Y) = H(@*X, ¢Y) —n(X)H(, ¢*Y) —n(V)H(@*X. §)
= S, 9V~ nOVEY — (X
=8X. Yy E+nX)YY + (Y)Y X,
which proves (5.3). From this and equation (5.1), (5.4) follows. ]

We will call the above connection V the canonical connection of the agS structure
(¢, &, n, g). Notice that if the structure has maximal rank, V coincides with the canoni-
cal connection defined in [16] on a contact manifold (M, n) with admissible metric g, for
which the Reeb vector field & is Killing.

In the following, we investigate some geometric properties of aqS manifolds under the
additional assgmption that V has pargllel torsion, i.e., VT = 0. In view of (5.4), this is
equivalent to Vi = 0, in which case V also parallelizes A = ¢. Now, notice that

(Vx¥)Y = (Vx¥)Y + H(X, yY) — y H(X, Y)
= (Vx¥)Y + (X, ¥*Y)§ —n(V)¥>X,

and thus, Vi = 0 if and only if
(Vx¥)Y = —g(X, ¥2Y)E + n(¥)y X. (5.6)

There are two special cases in which Vi = 0.
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1. For a double agS-Sasakian manifold (M, ¢;, &, 7n,¢g) (i = 1,2, 3), the canonical con-
nections associated with the two aqS structures (¢1, &, 1, g) and (¢2, &, n, g) coincide.
This is the metric connection V with torsion 7(X, ¥Y) = dn(X, Y)&, which obviously
parallelizes ¥ = @3 = @1¢s. In fact, V is the Tanaka-Webster connection of the Sasakian
structure (¢3, &, 1, g).

2. In the weighted Heisenberg Lie group G discussed in Sect.3.2, the canonical connec-
tions associated with the aqS structures (g1, &, n, g) and (¢, &, , g) coincide with the
connection V such that VyY = 0 for every X, Y € g. Indeed, one can easily see that v
parallelizes all the structure tensor fields and the torsion is given by

T(X,Y)=~[X,Y] = —n(X. YD§ = dn(X, V)&
for every X, Y € g. In particular, since VT = 0, one has Vi = 0.

Now, given an anti-quasi-Sasakian manifold (M, ¢, &, , g) of rank 4p + 1, let us recall
that dim M = 2g +4p + 1 and the tangent bundle 7 M splits into the orthogonal sum of two
@-invariant distributions

TM = &% @ gr+!,

where £29 = Ker( ¥|p). Next, we show that @1// = Ois asufficient condition for the manifold
to be locally decomposable as a Riemannian product.

Theorem 5.2 Let (M, ¢, &, 17, g) be an anti-quasi-Sasakian manifold with Vyr = 0. Then:

() the distributions £21, £*P11 are integrable with totally geodesic leaves and M is locally
isometric to a Riemannian product N*4 x M*P*! of a Kiihler manifold and an anti-
quasi-Sasakian manifold of maximal rank;

(ii) if M is connected, then W* has constant eigenvalues. Denoting by D,, the eigendistri-
bution of ¥* associated with a nonvanishing eigenvalue u, (£) ® D,, is integrable with
totally geodesic leaves. Moreover, every leaf is endowed with a double aqS-Sasakian
structure, up to a homothetic deformation.

Proof First, we show that forall X € X(M) and ¥ € T'(£29), VxY e I'(£%). Indeed, being
YY =0and n(Y) =0, we have:

n(VxY) = X(n(¥)) —g(Vx§, Y) =g X,Y) = —g(X, ¢¥Y) =0;
furthermore, since Vi = 0, applying (5.6), we get:
YVxY = —(Vx )Y + VxyY = g(X, ¥?V)E — n(¥)y*X = 0.

In particular, £29 turns out to be integrable with totally geodesic leaves. The same holds for
&*r+1 gince for every X, Z € CE*+yand Y € I'(£%9), one has:

8(VxZ,Y) = X(Z,Y)) —g(Z,VxY) =0,

where each term vanishes because of the orthogonality of the distributions £2¢ and £4P+1.
Therefore, M turns out to be locally isometric to the Riemannian product of a Kéhler manifold
N4 tangent to £29, and an aqS manifold of maximal rank M*?*! tangent to £4PF!.
Concerning (ii), V=0 implies that the eigenvalues of w2 are constant and (§) @ D,, is
a @-parallel distribution. Moreover, being V = V — H, with H as in (5.3), one immediately
gets that (§) @ D,, is integrable with totally geodesic leaves. Finally, the fact that the leaves of
(¢) @ D,, are endowed with a double agS-Sasakian structure is consequence of Remark 4.8.
O
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Remark 5.3 In [20, 21], a similar decomposition theorem has been proved in the quasi-
Sasakian case. We already mentioned that for a quasi-Sasakian manifold (M ntly &0, Q)
the covariant derivative of ¢ is expressed, by means of equation (1.11), in terms of a (1, 1)-
tensor field A = —p o V& +kn®E&. For k = 1, if A is parallel with respect to the Levi-Civita
connection and has constant rank 2p + 1 (1 < p <n — 1), then M is locally a product of a
Kihler manifold N2¢ and a Sasakian manifold M2P+1,

For an anti-quasi-Sasakian manifold, requiring the parallelism of ¥ or A with respect to
the Levi-Civita connection implies that v = A = 0, i.e., the manifold is cokihler. Indeed,
assuming Vi = 0, applying the first equation in Lemma 4.4 for ¥ = &, one has that for
every X, Z € X(M), g(W2X, ¢Z) = 0 which means > = 0 and hence i = 0. Assuming
VA = 0, from the third equation in (4.5), ¥ A = 0, and by (4.3), A2<p = 0, which gives
A=0.

We prove that for an anti-quasi-Sasakian manifold the condition V4 = 0 is not compatible
with local Riemannian symmetry.

Theorem 5.4 There exist no connected, locally symmetric, non-cokdhler, anti-quasi-Sasakian
manifolds with Vi = 0.

Proof First, we point out that a double agS-Sasakian manifold cannot be locally symmetric.
Indeed, a general result due to Okumura [25], states that every locally symmetric Sasakian
manifold has constant sectional curvature 1. By Theorem 4.16, this is not compatible with
the existence of the other two aqS structures in a double aqS-Sasakian manifold.

Now, let (M, ¢, &, n, g) be a non-cokédhler agS manifold with @w = 0, and assume
that (M, g) is a locally symmetric Riemannian space, i.e., VR = 0. Let —2.2 be a nonzero
eigenvalue of /2. By Theorem 5.2, let N be a maximal integral submanifold of (£)®D_;>. N
is totally geodesic and hence locally symmetric. Moreover, up to a homothetic deformation of
the structure which preserves the local symmetry, N is endowed with a double aqS-Sasakian
structure, which is impossible in view of the initial remark. O

A similar argument shows that the condition Viy = 0 is also not compatible with non-
negative sectional curvatures.

Proposition 5.5 There exist no connected, non-cokdhler, anti-quasi-Sasakian manifolds with
nonnegative sectional curvature and such that Vi = 0.

Proof Assume that 1> has a nonzero eigenvalue —A2, and consider a maximal integral
submanifold N of the distribution (§) @ D_,>. Being totally geodesic, N has nonnegative
sectional curvature, and hence, nonnegative scalar curvature. On the other hand, N is endowed
with an agS structure satisfying /> |D_AZ = —2?I,and hence, N has negative scalar curvature
according to (4.9). O

Acknowledgements The authors would like to thank the anonymous referee for careful reading of the
manuscript and for useful comments and suggestions. The authors are members of INAAM—-GNSAGA (Gruppo
Nazionale per le Strutture Algebriche, Geometriche e le loro Applicazioni).

Funding Open access funding provided by Universita degli Studi di Bari Aldo Moro within the CRUI-CARE
Agreement.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the

@ Springer



Annals of Global Analysis and Geometry (2023) 64:5 Page 35 of 35 5

article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

20.
. Kanemaki, S.: On quasi-Sasakian manifolds. Differ. Geom. 12, 95-125 (1984)
22.

23.
24.
25.
26.
. Puhle, C.: On generalized quasi-Sasakian manifolds. Differ. Geom. Appl. 31, 217-229 (2013)

28.
29.

. Agricola, I.: The Srni lectures on non-integrable geometries with torsion. Arch. Math. (Brno) 42(suppl.),

5-84 (2006)

Bazzoni, G., Freibert, M., Latorre, A., Meinke, B.: Complex symplectic structures on Lie algebras. J.
Pure Appl. Algebra 225(6), 106585 (2021)

Beauville, A.: Variétés Kéhleriennes dont la premiére classe de Chern est nulle. J. Differ. Geom. 18(4),
755-782 (1983)

Besse, A.L.: Einstein Manifolds. Springer, Berlin (1987)

Blair, D.E.: Riemannian Geometry of Contact and Symplectic Manifolds. Progress in Mathematics, vol.
203, 2nd edn. Birkhduser, Boston (2010)

Blair, D.E.: The theory of quasi-Sasakian structures. J. Differ. Geom. 1, 331-345 (1967)

Boothby, W.M., Wang, H.C.: On contact manifolds. Ann. Math. 68, 721-734 (1958)

Boyer, C.P, Galicki, K.: Sasakian Geometry. Oxford University Press, Oxford (2008)

Boyer, C.P, Galicki, K., Matzeu, P.: On eta-Einstein Sasakian geometry. Commun. Math. Phys. 262(1),
177-208 (2006)

Cappelletti-Montano, B., De Nicola, A., Marrero, J.C., Yudin, I.: Almost formality of quasi-Sasakian and
Vaisman manifolds with applications to nilmanifolds. Israel J. Math. 241(1), 37-87 (2021)

. Cappelletti-Montano, B., Dileo, G.: Nearly Sasakian geometry and SU (2)-structures. Ann. Mat. Pura

Appl. (IV) 195, 897-922 (2016)

Chinea, D., Gonzalez, C.: A classification of almost contact metric manifolds. Ann. Mat. Pura Appl. (IV)
CLVI, 15-36 (1990)

Conti, D., Salamon, S.: Generalized Killing spinors in dimension 5. Trans. Am. Math. Soc. 359(11),
5319-5343 (2007)

Cortés, V.: A note on quaternionic Kdhler manifolds with ends of finite volume, (2022) arXiv: 2205.13806
[math.DG]

. de Andrés, L.C., Fernandez, M., Fino, A., Ugarte, L.: Contact 5-manifolds with SU (2)-structure. Q. J.

Math. 60(4), 429459 (2009)

. Dileo, G., Lotta, A.: Levi-parallel contact Riemannian manifolds. Math. Z. 274, 701-717 (2013)
. Falcitelli, M., Ianus, S., Pastore, A.M.: Riemannian submersions and related topics. World Scientific

Publishing Co. (2004)

. Friedrich, T., Ivanov, S.: Parallel spinors and connections with skew-symmetric torsion in string theory.

Asian J. Math. 6, 303-335 (2002)

. Hitchin, N.: The self-duality equations on a Riemannian surface. Proc. London Math. Soc. 55, 59-126

(1987)
Kanemaki, S.: Quasi-Sasakian manifolds. Tohoku Math. J. 29, 227-233 (1977)

Kobayashi, S., Nomizu, K.: Foundations of Differential Geometry. Vol. I, II. Wiley-Interscience, New
York - London (1996)

Malcev, A.L: On a class of homogeneous spaces, Izv. Akad. Nauk SSSR, Ser. Mat. 13, 9-32 (1949);
English translation in Am. Math. Soc. Transl., No. 39 (1951)

Moroianu, A.: Lectures on Kéhler Geometry, London Mathematical Society Student Texts 69. Cambridge
University Press, Cambridge (2007)

Okumura, M.: Some remarks on spaces with a certain contact structure. Tohoku Math. J. 14, 135-145
(1962)

Olszak, Z.: Curvature properties of quasi-Sasakian manifolds. Tensor (N.S.) 38, 19-28 (1982)

Tanno, S.: Quasi-Sasakian structures of rank 2p + 1. J. Differ. Geom. 5, 317-324 (1971)
Tomassini, A., Vezzoni, L.: Contact Calabi-Yau manifolds and special Legendrian submanifolds. Osaka
J. Math. 45, 127-147 (2008)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2205.13806

	Anti-quasi-Sasakian manifolds
	Abstract
	Introduction
	1 The class of anti-quasi-Sasakian manifolds
	1.1 Review of almost contact structures
	1.2 Anti-normal almost contact structures
	1.3 Anti-quasi-Sasakian manifolds

	2 AqS manifolds as transversely Kähler manifolds
	2.1 Chinea–Gonzalez classification
	2.2 The transverse geometry of aqS manifolds

	3 Special classes of anti-quasi-Sasakian manifolds
	3.1 Sp(n)-almost contact metric structures
	3.2 Weighted Heisenberg Lie groups and compact nilmanifolds
	3.3 Further examples

	4 Riemannian curvature properties
	4.1 The triplet of closed 2-forms (mathcalA,Φ,Ψ)
	4.2 Sectional curvatures and Ricci curvature

	5 The canonical connection
	Acknowledgements
	References


