Annali di Matematica Pura ed Applicata (1923 -) (2023) 202:2007-2033
https://doi.org/10.1007/s10231-023-01310-5

®

Check for
updates

Curvature properties of 3-(a, 8)-Sasaki manifolds

lika Agricola® - Giulia Dileo?® - Leander Stecker?

Received: 13 July 2022 / Accepted: 22 January 2023 / Published online: 3 March 2023
© The Author(s) 2023

Abstract

We investigate curvature properties of 3-(«, §)-Sasaki manifolds, a special class of almost 3-
contact metric manifolds generalizing 3-Sasaki manifolds (corresponding to ¢ = § = 1) that
admit a canonical metric connection with skew torsion and define a Riemannian submersion
over a quaternionic Kihler manifold with vanishing, positive or negative scalar curvature,
accordingtod = 0,8 > Oorad < 0. We shall investigate both the Riemannian curvature and
the curvature of the canonical connection, with particular focus on their curvature operators,
regarded as symmetric endomorphisms of the space of 2-forms. We describe their spectrum,
find distinguished eigenforms, and study the conditions of strongly definite curvature in the
sense of Thorpe.
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1 Preliminaries
1.1 Introduction

The present paper is devoted to the curvature properties of 3-(«, §)-Sasaki manifolds, both
of the Riemannian connection and the canonical connection and, most importantly, their
interaction. We will be particularly concerned with the curvature operators, regarded as
symmetric endomorphisms of the space of 2-forms, in order to investigate their spectrum,
find distinguished eigenforms, and study the conditions of strongly definite curvature in the
sense of Thorpe.

3-(a, 8)-Sasaki manifolds are a special class of almost 3-contact metric manifolds. They
were introduced in [2] as a generalization of 3-Sasaki manifolds (corresponding to @ =
8 = 1), and as a subclass of canonical almost 3-contact metric manifolds, characterized by
admitting a canonical metric connection with totally skew-symmetric torsion (skew torsion
for brief). The vanishing of the coefficient 8 := 2(6 — 2«) defines parallel 3-(«, §)-Sasaki
manifolds, for which the canonical connection parallelizes all the structure tensor fields.
The geometry of 3-(«, §)-Sasaki manifolds has been further investigated in [3], where it
was shown that they admit a locally defined Riemannian submersion over a quaternionic
Kihler manifold with vanishing, positive or negative scalar curvature, according to § = 0,
a8 > 0orad < 0. These coincide, respectively, with the defining conditions of degenerate,
positive and negative 3-(«, §)-Sasaki structures, which are all preserved by a special type of
deformations, namely H-homothetic deformations. The vertical distribution of the canonical
submersion, which turns out to have totally geodesic leaves, coincides with the 3-dimensional
distribution spanned by the three Reeb vector fields &;, i = 1,2, 3, of the structure. The
canonical connection plays a central role in this picture, as it preserves both the vertical and
the horizontal distribution, and in fact, when applied to basic vector fields, it projects onto
the Levi-Civita connection of the quaternionic Kihler base space. Beyond this introduction,
the remaining part of Section 1 will be devoted to a short review of the notions and results
needed in this work.

In Sect. 2, we will see how the canonical curvature operator R is related to the Riemannian
curvature operator R8¥ of the qK base space of the canonical submersion 7: M — N.
Introducing a suitable decomposition of R, we show that if R8N is non-negative, resp. non-
positive, then so is the operator R, provided that «f > 0 for non-negative definiteness
(Theorem 2.3). The decomposition of the operator R also allows to determine a set of six
orthogonal eigenforms of R, distinguished into two triples: ®; — &, and ®; + (n + 1)§ jx,
where (ijk) denotes an even permutation of (123), ®; are the fundamental 2-forms of the
structure, and & jx 1= &; A &;.
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Curvature properties of 3-(c, §)-Sasaki manifolds 2009

The goal of Sect. 3 is to interpret both triples ®; — & and ®; + (n + 1)&jx as eigenforms,
not only of R, but also of the Riemannian curvature operator R of M. We show that them
being eigenforms of R$ provides necessary and sufficient conditions for M to be Einstein,
which precisely happens when § = « or § = (2n + 3)«, with dim M = 4n + 3 (Theorem
3.1). The result is obtained by taking into account the relation between the operators R and
R¢&, involving two further symmetric operators Gr and St defined by means of the torsion
of the canonical connection.

Section 4 is devoted to the investigation of conditions of strong definiteness for the Rie-
mannian curvature of a 3-(«, §)-Sasaki manifold. Recall that a Riemannian manifold (M, g)
is said to have strongly positive curvature if for some 4-form o the modified symmetric
operator R$ + w is positive definite. On the one hand, this weakens the condition of positive
definiteness of the Riemannian curvature operator (Ré > 0), which forces the Riemannian
manifold to be diffeomorphic to a space form [9]. On the other hand, this provides a stronger
condition than positive sectional curvature as, for any 2-plane o, sec(c) = ((R8 +w) (o), o).
The method of modifying the curvature operator by a 4-form was originally introduced by
Thorpe [16, 17], and then developed by various authors [7, 15, 20]. In the same way, one
can introduce a notion of strongly non-negative curvature. Considering a 3-(c, §)-Sasaki
manifold M with canonical submersion 7: M — N, we determine sufficient conditions
for strongly non-negative and strongly positive curvature (Theorem 4.1). We require a suf-
ficiently large quotient 6/« >> 0, together with strongly non-negative or strongly positive
curvature for the quaternionic Kihler base space N. Suitable 4-forms modifying the Rie-
mannian curvature operator R8 of M are constructed using the pullback 7*w of a 4-form
o which modifies the operator R8¥, and the 4-form o7 = %d T, T being the torsion of
the canonical connection; this 4-form is known to be a measure of the non-degeneracy of
the torsion 7', which explains its appearance in this context. We discuss the case of homo-
geneous 3-(«, §)-Sasaki manifolds fibering over symmetric quaternionic Kéhler spaces of
compact type (Wolf spaces) and their non-compact duals. A construction of these spaces
was given in [3], providing a classification in the compact case (¢§ > 0). In this case, we
show that if @8 > 0, then the manifold is strongly non-negative. Strong positivity is much
more restrictive, as the only spaces admitting a homogeneous structure with strict positive
sectional curvature are the 7-dimensional Aloff-Wallach space w1 the spheres §4+3 and
real projective spaces RP*' 3. For these spaces, assuming of > 0, we provide explicit
4-forms modifying the Riemannian curvature operator to obtain strongly positive curvature
(Theorem 4.5). In Sect. 4.3, we show strong positive curvature for a class of inhomogeneous
3-(a, §)-Sasaski manifold obtained by 3-Sasaki reduction, compare [11, 13].

1.2 Curvature endomorphisms and strongly positive curvature

We review notations and established properties of connections with skew torsion and their
curvature. We refer to [1] for further details.

Let (M, g) be a Riemannian manifold, dim M = n. A metric connection V is said to have
skew torsion if the (0, 3)-tensor field T defined by

TX,Y,Z)=¢g(T(X,Y),Z)=g(VxY —VyX —[X,Y], Z)

is a 3-form. Then V and the Levi-Civita connection V¢ are related by Vx¥Y = ViY +
%T(X ,Y), and V has the same geodesics as V8. Assume further that T is parallel, i.e.,
VT = 0. Typical examples of manifolds admitting metric connections with parallel skew
torsion include Sasaki, nearly parallel G2, nearly Kiahler and several others (see also the
recent paper [12]).
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The fact that VT = 0 implies dT = 207, where o7 is the 4-form defined by
or(X,Y,Z,V)=¢(T(X, V), T(Z,V)) +g(T(Y,2), T(X, V) +g(T(Z, X), T(Y, V)).
Furthermore, the curvature tensor R(X, Y, Z, V) = g([Vx, VylZ — Vix,y1Z,V) of a
connection with parallel skew torsion V satisfies the first Bianchi identity
XYz 1
6 RX,Y,Z,V)=0r(X.Y,Z, V):EdT(X,Y,Z, V) (1.1
which implies the pair symmetry
RX,Y,Z,V)=R(Z,V,X,Y). (1.2)

These identities trivially apply to the Levi-Civita connection V¥ of (M, g) and its curvature
R&. The Riemannian curvature R$ is related to R by

1 1
R8(X,Y,Z,V)=R(X,Y,Z,V)— Zg(T(X, Y), T(Z,V)) — ZUT(X, Y,Z, V). (1.3)

Recall that, given a Riemannian manifold (M, g), at each point x € M the space AP Ty M
of p-vectors of Ty M can be endowed with the inner product defined by

(U Ao Aup, VL AL AY,) = det[ge(u;, v))].

In particular, if {e,, r = 1, ..., n}is an orthonormal basis of 7, M, then {e;, A. . Ny, 1<
i1 < ... <ip < n}isanorthonormal basis for AT, M. Furthermore, by means of the inner
product, we identify A”T, M with the space APT*M of p-forms on Ty M.

The curvature tensor R induces by (1.2) a symmetric linear operator

R:ATM > AN’°TeM (R(XAY),ZAV)=—g(R(X,Y)Z, V).

The sign — is due to our curvature convention, so that positive curvature operator R
implies positive sectional curvature

sec(X,Y)=R(X,Y,Y, X).

Indeed, identifying a 2-plane o C Ty M with the 2-vector X A Y € AszM ,where X, Y
is an orthonormal basis of T, M, the sectional curvature is sec(c) = (R(0), o).
Any 4-form w can be regarded as a symmetric operator

w: N’TeM — A’TeM  (w(@), B) = (o, a A B).

In fact, the space of all symmetric linear operators splits as S(A2T, M) = ker b A*T, M,
where b denotes the Bianchi map

bEOX, Y, Z, V) :=Q(X, Y, Z,V)+QY,Z, X, V)+Q(Z,X,Y,V).

Then, ker b is the space of algebraic curvature operators,’ i.e., operators satisfying the
first Bianchi identity (1.1) for vanishing torsion.

Definition 1.1 We will denote by S : A2M — AZM the symmetric operator associated to
the 4-form o7, i.e.,

1
(ST(XAY),ZAV):=0r(X.Y. 2, V)= 2dT(X.Y. Z. V). (1.4)

I Note that the curvature operator of a connection with torsion is not an algebraic curvature operator by this
definition, compare (1.1).
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We will also consider the (0, 4)-tensor field G and the symmetric operator G : AM —
A*M defined by

(Gr(XAY),ZAV)=GCr(X,Y,Z,V):=g(T(X,Y), T(Z,V)).

Owing to (1.3), we have

1 1

RE =R+ -Gr + -Sr. (1.5)
4 4

Definition 1.2 A Riemannian manifold (M, g) is said to have strongly positive curvature

(resp. strongly non-negative curvature) if there exists a 4-form w such that R8 + w is positive

definite (resp. non-negative) at every point x € M [7, 16, 17].

Such a notion is justified by the fact that for every 2-plane o, being (w(c),o) = 0,
one has sec(o) = ((R® + w)(0), o), so that strongly positive curvature implies positive
sectional curvature. In fact this is an intermediate notion between positive definiteness of the
Riemannian curvature (R8 > 0) and positive sectional curvature.

1.3 Review of 3-(a, §)-Sasaki manifolds and their basic properties

We now want to focus on the situation at hand. That is a 3-(«, §)-Sasaki manifold and its
canonical connection V. Let us recall the central definitions and key properties for later
reference.

An almost contact metric structure on a (2n + 1)-dimensional differentiable manifold
M is a quadruple (¢, &, 1, g), where ¢ is a (1, 1)-tensor field, £ a vector field, called the
characteristic or Reeb vector field, n a 1-form, g a Riemannian metric, such that

P’ =—I+n®E nE) =1, ¢E =0, nop=0,
8pX,9Y) =g(X,Y) —n(X)n(¥) VX,Y € X(M).

It follows that n = g(-, &), and ¢ induces a complex structure on the 2n-dimensional
distribution given by Im(p) = kern = (£ yL. The fundamental 2-form associated to the
structure is defined by ®(X,Y) = g(X, ¢Y). The almost contact metric structure is said
to be normal if Ny:=[¢, ¢] + dn ® & vanishes, where [¢, ¢] is the Nijenhuis torsion of ¢
[8]. An a-Sasaki manifold is defined as a normal almost contact metric manifold such that
dn = 2a®, o € R*. For o = 1, this is a Sasaki manifold.

An almost 3-contact metric manifold is a differentiable manifold M of dimension 4n + 3
endowed with three almost contact metric structures (¢;, &, 1i, g), i = 1, 2, 3, sharing the
same Riemannian metric g, and satisfying the following compatibility relations

Ok =0i0; — N Q& =—0jpi+n ®E&j, &= =—0i&, M=niop;=—njo@

for any even permutation (i jk) of (123) [8]. The tangent bundle of M splits into the orthog-
onal sum TM = H @&V, where H and V are, respectively, the horizontal and the vertical
distribution, defined by

3
H = ﬂkerm, V:i=(1, &, &).
i=1

In particular, H has rank 4n and the three Reeb vector fields &, &, &3 are orthonormal.
The manifold is said to be hypernormal if each almost contact metric structure (¢;, &, 1i, g)
is normal. If the three structures are «-Sasaki, M is called a 3-«-Sasaki manifold, 3-Sasaki if
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o = 1. As a comprehensive introduction to Sasaki and 3-Sasaki geometry, we refer to [10].
We denote an almost 3-contact metric manifold by (M, ¢;, &, n;, g), understanding that the
index is running from 1 to 3.

The class of 3-(«, §)-Sasaki manifolds was introduced in [2] as a generalization of 3-«-
Sasaki manifolds, and further investigated in [3].

Definition 1.1 An almost 3-contact metric manifold (M, ¢;, &, n;, g) is called a 3-(«, §)-
Sasaki manifold if it satisfies

dn; =2a®; +2(a — 8)nj A nk (1.6)

for every even permutation (i jk) of (123), where o # 0 and § are real constants. A 3-(«, §)-
Sasaki manifold is called degenerate if § = 0 and non-degenerate otherwise. Non-degenerate
3-(a, §)-Sasaki manifolds are called positive or negative, depending on whether «é > 0 or
ad < 0.

The distinction into degenerate, positive, and negative 3-(c, §)-Sasaki manifolds stems
from their behavior under a special type of deformations of the structure, called H-homothetic
deformations, which turn out to preserve the three classes [2, Section 2.3].

We recall some basic properties of 3-(«, §)-Sasaki manifolds. Any 3-(«, §)-Sasaki mani-
fold is hypernormal. Hence, for « = § one has a 3-«-Sasaki manifold. Each Reeb vector field
& is Killing, and it is an infinitesimal automorphism of the horizontal distribution H, i.e.,
dn;(X,&;) =0forevery X € Hand i, j = 1,2, 3. The vertical distribution V is integrable
with totally geodesic leaves. In particular, the commutators of the Reeb vector fields are
purely vertical and for every even permutation (ijk) of (123) they are given by

[&i,&;] = 28&.

Meanwhile, for any two horizontal vector fields X, Y, the vertical part of commutators is
given by

3
[X. Y]y =20 ) ®(X.Y)§. (1.7)

i=1

Any 3-(a, §)-Sasaki manifold is a canonical almost 3-contact metric manifold, in the sense
of the definition given in [2], which is equivalent to the existence of a canonical connection.
The canonical connection of a 3-(«, §)-Sasaki manifold (M, ¢;, &, n;, g) is the unique metric
connection V with skew torsion such that

Vxgi = B(X)g; —nj(X)gr) VX € X(M) (1.8)

for every even permutation (i jk) of (123), where § = 2(8 — 2«). The covariant derivatives
of the other structure tensor fields are given by

Vxé&i = B (X)E; —nj (X)), Vxni = B (X)n; —n;(X)nk).

If § = 2, then B = 0 and the canonical connection parallelizes all the structure tensor fields.
Any 3-(«, §)-Sasaki manifold with § = 2«, which is a positive 3-(«, §)-Sasaki manifold, is
called parallel.

The canonical connection plays a central role in the description of the transverse geometry
defined by the vertical foliation:
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Theorem 1.1 ([3, Prop. 2.1.1, Theorem 2.2.1, Theorem 2.2.2]) Every 3-(«, §)-Sasaki mani-
fold M gives rise to a locally defined Riemannian submersion w: (M, g) — (N, gn) with
fibers spanned by V and

V'Y = 7. (VxY).

The base space N is equipped with a quaternion Kdhler structure locally defined by ¢; =
meo@ios, i =1,2,3 wheres: N — M is an arbitrary section of . The scalar curvature
of N is 16n(n + 2)aé.

Here and in the following X € T M denotes the horizontal lift of a vector field X € TN
under the Riemannian submersion 7 : M — N. We further denote the Levi-Civita connection
on (N, gn) by V8¥ and analogously for its associated tensors, e.g., the curvature tensor RSV .

From the above theorem, it follows that any 3-(«, §)-Sasaki manifold locally fibers over
a quaternionic Kihler manifold of positive or negative scalar curvature if either «§ > 0 or
ad < 0, respectively, or over a hyper-Kéhler manifold in the degenerate case.

The Riemannian Ricci tensor of a 3-(«, §)-Sasaki manifold has been computed in [2,
Proposition 2.3.3]:

3
Rics(X,Y) = 20{26(n +2) — 3a}g(X. ¥) + 2 — ){(2n + 3)ar — 8} Y i (X)mi (¥)
i=1
(1.9)

implying that the manifold is Riemannian Einstein if and only if § = « or § = «(2n + 3).
Finally, we recall some properties for the torsion of the canonical connection. The torsion
T of the canonical connection of a 3-(c, §)-Sasaki manifold is given by

3 3
T =20 miA®i—2e—8ms =2y niA®+20—4e)mxs,  (110)

i=1 i=1

where <blH =®; +njr € A?(R) is the horizontal part of the fundamental 2-form ®;. Here
we put nx:=n; A ng and n123:=n1 A n2 A 3. In particular, for every X, Y € X(M),

3 .
i,j.k
I'(X,Y)=2«a Z{Ui(Y)(PiX —0i(X)eiY + ®i(X, Y)§} — 2 —8) & nij(X, Y)&.

i=1

(1.11)
ijk

The symbol & means the sum over all even permutations of (123). The torsion of the

canonical connection satisfies VT = 0 and

3 ..
- i,j.k
dT =40 ) "0 A D +8a(5—a) & i Amjk
i=1
2 : H H ik H
=40’ Y O A D] +8a(5 —20) & BT A
i=1

(1.12)
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2 The canonical curvature operator
2.1 The canonical curvature and the canonical submersion

The canonical curvature is particularly well behaved on the defining tensors of a 3-(«, §)-
Sasaki manifold. We will make use of this to compute directly related curvature identities
in the following two propositions. These, in turn, allowed us to prove the existence of the
canonical submersion in [3].

Proposition 2.1 Let (M, ¢;, &, ni, g) be a 3-(«, §)-Sasaki manifold. Let V be the canonical
connection and R the curvature tensor of V. Then, the following equations hold:
RX, V@i Z — i R(X,Y)Z = 2aB{Pr(X, Y)p; Z — @;(X, Y)pr Z}
= 2aB{(mi Anj)(X,Y)p;Z — (i Ani)(X, Y)orZ},
@2.1)
R(X,Y)§i = 2aB{Pr(X, Y)§j — @;(X, YV)&}
= 2ap{(mi Anj)(X, V)& — O Ami) (X, Y)Ek},

where X, Y, Z € X(M) and (i jk) is an even permutation of (123).

(2.2)

Proof Applying the Ricci identity, (1.8) and (1.6), we have
R(X,Y)piZ —¢iR(X,Y)Z
= (Vx(Vy@i)Z — (Vy(Vxvi))Z — (Vix.v19i)Z
=X (Y)e; Z +m(Y)(Vxo)Z — X(nj (YD Z — n;(Y)(Vxer) Z}
= BY (XN @; Z + mi(X)(Vy)Z = Y (nj (XN gr Z — 0 (X)(Vygr) Z}
— Bl (X, YD, Z —n;([X, Y Do Z}
= Bldm(X, Y)o; Z — dn; (X, Y)gr Z}
+ B (V) (i (XD Z — i (X)@i Z) — 1, (V) (X)9i Z — ni(X); Z))
— B X i Nk Z — (V@i Z) — 0 (X) (0 (Vg Z — 0i (Y)g; Z2)}
=20B{Or (X, V)o; Z — ®;(X,Y)pr Z}
+ 2B — 8) + BPHmi An)X. )@, Z — (i Ani) (X, Y)r Z),
which gives (2.1), since 8 = 2(§ — 2«a). We obtain (2.2) by setting Z = &; in (2.1) and
applying ¢; from the left. O

Proposition 2.2 The curvature tensor R of the canonical connection of a 3-(«, §)-Sasaki
manifold satisfies forany X,Y,Z € Hand i, j, k,l = 1,2, 3 the identities

R(X,&,Y,§)=R(X,Y,Z, &) =R, &, 5 X) =0, (2.3)
R(i, &), &, &) = —4aB(Sikdj1 — Sudjk), (2.4)
and for an even permutation (ijk) of (123)

R, 5, X, Y) =2aBP(X, Y),
2.5)

RX,Y,Z,0:Z)+ R(X,Y,0,Z, 9 Z) = 20B;(X, V)| Z||*. (2.6)
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Proof Considering the symmetries of R, we immediately obtain the first three expressions
from equation (2.2). Using (2.1) for ¢; we obtain

RX,Y,0;Z, xZ) = g(p;R(X,Y)Z, 1. Z)
+2aB(0; (X, Vgl Z, pr Z) — Op (X, YV)g(0i Z, 9 Z))
= —R(X,Y,Z,0:Z) + 2aB®; (X, Y)| Z|*. o

Remark 2.1 The identities (2.3), (2.4), (2.5), (2.6) are used to prove the canonical submersion
in [3].

Considering now the canonical submersion 7 : M — N defined in Theorem 1.1, in the
next theorem we will relate the missing purely horizontal part of the canonical curvature
tensor to the curvature of the quaternionic Kéhler base space N. We recall a computational
lemma from [3].

Lemma 2.1 ([3, Lemma 2.2.1]) For any vertical vector field X € V and for any basic vector
field Y € H, we have

3
(Vx¥) = =20 ) ni(X)p;Y.

i=1

Theorem 2.1 The canonical curvature on A*H ® A*H is given by
3
RX.Y.Z.V)=RN(X.Y,Z, V) +4a Y &;(X.V)®;(Z. V),

i=1
where X, Y, Z,V € TN with horizontal lifts X,Y,Z,V eH.

Proof We note that by V'Y = 7, (VgY) the vector field VY € H is 7-related to V3" Y
and thus Vy? = ﬂ*(Vy?). We obtain

en(VRIVEVZ, V) = en (V] 1.(V52), V) = g (Vxmu(V52), V) = g(Vx V7 Z, V),

en (Vi 12, V) = en(t Vg2, V) = ¢Vix 7 Z — Viz, 2 V)
3
=g(VixyZ. V) +4a* Y 0:(X.V)®;(Z. V)

i=1

where we have used (1.7) and Lemma 2.1. Plugging these identities into the curvature, we
find
RE(X,Y,Z, V) =gn(VYVINZ = VNV Z — Vi Z, V)
3
= g(VxVyZ = VyV3Z — Vix7)Z. V) —4a* Y (X, V)Di(Z, V)
i=1
3
=R(X.Y.Z, V) —4a* > &;(X.V)®(Z. V). o
i=1

@ Springer



2016 I. Agricola et al.

2.2 Decomposition of the canonical curvature operator

We now want to look at the canonical curvature as a curvature operator and consider its
eigenvalues and definiteness. Recall that the canonical curvature operator R: A2 M — A* M
defines a symmetric operator. Rewriting (2.3) as operator identities we obtain

(RIXANED Y NEj) =(RIXAY), ZNE) = (RGEi NEj. & AX)=0

showing that the canonical curvature operator vanishes on V A H. Thus, it can be considered
as a symmetric operator R: A2V@®A>H — A?V@ A?H. It does not restrict to the individual
summands, but we can accomplish a more nuanced decomposition.

Remark 2.2 From here on out, we will freely identify 7 M and T*M as well as their exterior
products. In particular, we write &;3:=§; A& = njr = nj A k.

Proposition 2.3 The curvature operator R can be decomposed as
R =afR1 + Rpar
where R is defined by
ijk
Ri= 6 (P —&jx) @ (P; —&ji) 2.7
and Rpar Is trivial outside of the horizontal part, i.e., Rpar A2H)L = 0.

Proof Equations (2.4) and (2.5) in terms of the curvature operator read

3
(R(&i N&j), &k N &) = 4ap Z D, (i, E))PuEr, &), (2.8)
n=1
3
(R(EiNEj), X ANY)=2ap Z D, (i, §)Pu(X, Y). 2.9
n=1

We observe that identities (2.8) and (2.9) are of the form C Z?:l ®; ® O;, where the
coefficient C is 4« or 2. The comparison with

ik
Ri:= jG (P; —&jk) ® (P — &)

(4(Dilp2y ® Pilazy) + 2(Pil a2y @ Pilp2y)

I
AMu

Il
-

1

+ 2(@ilp2y @ Pilp2g0) + (Pilp29y ® Pila29))-
shows that Rpar:=R — afR | is trivial outside ATH — A*H. O

The notation Ry, is justified by the fact that in the parallel case (8 = 0) we have
R = Rpar- Taking into account the canonical submersion 7 : M — N, we may consider the
Riemannian curvature operator R4¥ on the base N as a curvature operator A>°H — A*H
via the horizontal lift. From Theorem 2.1, we have

3
2 H H
Rlpmgary = RV —4a? Y~ 0l @ @7,
n=1
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Note the sign change due to our convention of sign in R compared to R. Comparing with
the definition of Ry, in Proposition 2.3 and expanding 8 = 2(§ — 2«) yields

3
Rpar = REV =208y~ OM @ @I (2.10)
n=1

Remark 2.3 Recall that the curvature operator of gK spaces is given by R8¥ = vRy + Ry,
where v = 4«4 is the reduced scalar curvature, R is a curvature operator of hyper-Kihler
type, and

3
1
Ro =3 g@g+ Y POl +40M @ ol
n=1
is the curvature operator of HP" [4, Tables 1 and 2]. Here (® denotes the Kulkarni—-Nomizu
product viewed as an operator. A curvature operator is said to be of hyper-Kéhler type if it
is Ricci-flat and commutes with the quaternionic structure. Combining this with (2.10), we
find

3
g@g+ Yy NPl | +Ri.
n=1

od
Rpar = 7

Note that in the degenerate case, the picture simplifies, since then we just have Rpar =
R1 = RSN,

We will now show some crucial properties of the spectrum of the introduced operators.
Before proving the next lemmas, we remark a few facts on the fundamental 2-forms &; of a
3-(a, §)-Sasaki structure. Each ®; can be expressed as

4n+3

1
i =—5 D er Agier, @.11)
r=1
where {e,,r =1, ..., 4n + 3} is a local orthonormal frame. A straightforward computation
shows that for every i, j, k =1, 2, 3,
(@i, ;) = 2n + 1) 2.12)
and
(i, §jk) = —€ijk, (2.13)

where €;ji is the totally skew-symmetric symbol. We will also use adapted bases in the
following sense.

Definition 2.1 An adapted basis of a 3-(«, §)-Sasaki manifold M is a local orthonormal frame
{e1, ..., eany3} of M such that

ei =&, eqti=¢iey fori=1,2,31=1,...,n.
Therefore, in an adapted basis, the horizontal part CIDIH = ®; + & is expressed as

1 4n+3

o/ =— Z er Agier +@jer A grer. (2.14)
r=4
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Lemma 2.2 R has the only nonzero eigenvalue 2(n + 2) with eigenspace generated by
b —&jfori=1,2,3.

Proof By definition (2.7), ®; — & are the only eigenvectors with non-vanishing eigenvalue
|D; — 5jk|2- From (2.12) and (2.13), we obtain the eigenvalue 2(n + 2). ]

Lemma 2.3 The kernel of Rpar contains the space generated by Z N 0;Z + ¢;Z N o Z,
Z € H. In particular CDZ?", D, @; — &g, D + (n + 1) € ker Rpyr.

Proof For X, Y, Z € H, compare (2.6) with (2.7) to obtain
(RIXAY).,ZAGZ+¢;Z AgZ) = —2aBD: (X, V)| Z|
=(@BRLXAY), ZANGiZ+@;Z N Z)
for any even permutation (ijk) of (123). Thus, ZA¢; Z+¢; Z Agx Z € ker Rpar. The second

part of the statement follows immediately from (2.14) and Rpar| (5241 = 0. O

As a first consequence, we can obtain a distinguished set of eigenforms of the canonical
curvature operator R, which will have a special role in the characterization of the Einstein
condition for a 3-(«, §)-Sasaki manifold (see Theorem 3.1).

Theorem 2.2 The curvature operator R of the canonical connection of any 3-(«, §)-Sasaki
manifold (M, ¢;, &, ni, g) admits the following six orthogonal eigenforms:

o & — & = CDiH — 28k, 1 = 1,2, 3, eigenform with eigenvalue 20 (n + 2),

o &, +(n+ Déjx = <I>i7" +néj, i = 1,2, 3, eigenform with vanishing eigenvalue.

Proof From Lemma 2.3, all the forms are in the kernel of R,,. Therefore, we only have to
check that ®; —& jx and ®; +(n+1)& i are eigenvectors of R | with the respective eigenvalues.
Lemma 2.2 provides just that under the observation (®; + (n + 1)§x, &; — &) =0. 0O

For later use, we observe that one can immediately obtain:

R(®i) = afpRL(Pi) =2af(n + (P —§ji), (2.15)
REjr) = apR1(Ejk) = —2ap(Pi — Ejk). (2.16)
Proposition 2.4 The eigenvalues of the canonical curvature operator R satisfy
Spec(R) = Spec(Rpar) U {0, 2a8(n + 2)} 2.17)
whereas
Spec(R#¥) U {0} = Spec(Rpar) U {0, 4adn}. (2.18)

Proof Lemmas 2.2 and 2.3 show that Ry, and R share eigenspaces. Additionally, the
eigenspaces to nonzero eigenvalues of R, are inside the kernel of R | and vice versa. Thus
the eigenvalues of R are simply the union

Spec(R) = Spec(Rpar) U {0, 2af(n +2)}

of the eigenvalues of Ry, and the eigenvalues {0, 2aB(n + 2)} of R . For the second
identity, we set RT:: Z?:l leH ® d>iH in analogy to the first identity. Immediately, we find
that ’RT has the only nonzero eigenvalue 2n with eigenspace spanned by <I>lﬂ, i=1,2,3.
As before, it follows that the eigenvalues of R8V are the union of those of R, and 2a87€7f.
Thus we have (2.18). Remark that Spec(R) certainly contains O as dDiH + néji € ker R, by

Theorem 2.2, while Spec(R$¥) may or may not contain 0. O
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Remark 2.4 The discussion on the curvature operator RSV actually showed that the ®; are
eigenvectors of R8N with eigenvalue 4a8. Thus, only now we proved that the canonical sub-
mersion of a 7-dimensional 3-(«, §)-Sasaki manifold has a quaternionic Kéhler base under the
stricter definition usually assumed. Compare the discussion ahead of [10, Definition 12.2.12].

The following theorem links the Riemannian curvature of the qK base to the canonical
curvature of the total space, thus underlining the intricate relationship of these two connec-
tions.

Theorem 2.3 Let M be a 3-(w, 8)-Sasaki manifold with canonical submersion w: M — N.

(a) If N has a non-negative Riemannian curvature operator R8N > 0, then R is non-negative
if and only if a8 > 0.
(b) If N has a non-positive Riemannian curvature operator R8N < 0, then R is non-positive.

Proof By (2.18), if R8N is either non-negative or non-positive, then so is Ry, and the sign
of 8. Using (2.17), we obtain part (a) directly. For part (b), note that if & < 0, then
af = 2a8 — 4a? < 0. O

3 Curvature eigenforms and the Einstein condition

In [2], the authors computed the Ricci tensor (1.9) implying that a 3-(c, §)-Sasaki manifold is
Riemannian Einstein if and only if either § = « or § = «(2n+3). The aim of this section is to
provide an additional characterization of the Einstein condition for 3-(«, §)-Sasaki manifolds
through special eigenforms of the curvature operator R8. More precisely, we shall prove:

Theorem 3.1 Let (M, ¢;, &, ni, &) be a 3-(«, 8)-Sasaki manifold. Then, the following con-
ditions are equivalent:

(a) each 2-form ®; — & is an eigenform of R8;

(b) each 2-form ®; 4 (n 4 1)& i is an eigenform of R¥;

(c) either§ =a or§ = 2n +3)a;

(d) (M, g) is Einstein.

If§ = a, that is inthe 3-a-Sasaki case, the six orthogonal eigenforms ®; —& jr, ®;+(n+1)& i

admit the same eigenvalue A = o2, If 6 = a(@n + 3), then each ®; — & i has eigenvalue
A1 = a?(8n? + 16n +9), while each ®; + (n + D&k has eigenvalue Ay = a?(2n + 12

Remark 3.1 Together with Theorem 2.2, we observe that exclusively in the Einstein case
®; — & and ®; + (n + 1)&j; are joint eigenforms of R, Ré and Gr + Sr. Since ®; +
(n 4+ 1)&jr € ker R we have that the corresponding eigenvalue of Gr + St is 44, or 42,
respectively.

In order to prove Theorem 3.1, we will determine throughout the next propositions how
R# acts on the forms ®; and ;. Recall that by (1.5) the curvature operators R¢ and R are
related by the operators St and Gr defined in Definition 1.1. They act on the forms &; and
&jx as follows.

Proposition 3.1 Let (M, ¢;, &, ni, g) be a 3-(a, §)-Sasaki manifold. The torsion T of the
canonical connection satisfies the following:

St (€jr) = 2aB(Pi +&ji), G3.1)
Sr(®:) = {4a’@n + 1) = 2B} ®; + {42’20 + 1) + 2020 — D} . (3.2)
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Proof First we show that for every vector fields X, Y and for every even permutation (ijk)

of (123)
dT(X,Y,§;, &) = 4ap{Pu(X, Y) + (i Anj)(X, Y)} (3.3)

which is equivalent to (3.1), taking into account (1.4). Indeed, we compute
3

D (@ ADNX, Y, & E))

=1
= 2{P(X, V)i (&, &) + Pr(X, &) Pi(&), V) + (X, £)Pr (Y, &)
= 2{=Dx(X, Y) + 1, X (V) — i (X)m;(Y))
= —2{®(X.Y) + (i Anj)(X. )}

We can also compute
l,m,n

:l,ré,n {P1(X, Y)1imn (&1, &) + Pr(X, E)Nmn (85, Y) + P1(X, Ej)Nmn (Y, &)
+ @1, E)Mmn (X, Y) + @1, VINmn (X, &) + (Y, EDNmn (X, §5)}
= Op(X, ¥) — Dp(X, E)ni (Y) — P (X, Ej)m; (Y)
—0ij (X, Y) — @&, YIn;(X) + P (Y, §)ni (X)
= O(X, Y) = n; O (Y) + 0 (X)n;(Y) — 0 (X, Y) — 0 (V)i (X) + 0 (Y)ni (X)
=Qp(X,Y) +n;(X, ).

Therefore, using (1.12) we get (3.3).
In order to prove (3.2), first we show that for every X, Y € I'(H)

4n+3
Y AT (XY, e, gie,) = {—160”(2n + 1) + 8ap) i (X, Y), (3.4)
r=1
where e,,r = 1,...,4n + 3, is a local orthonormal frame. Indeed, we can compute
4n+3 3
DY (AP, Y, e, giey)
r=1 [=1

=2 S @K V) Pi(er, pier) + Di(X. e)Dr(grer. Y) + Dy(X, gie)Di(Y . er))
r 1

=2) (X, V)Pi(er, gie) +2) g@ X, ipY) =2 glpipX, oY)
r 1 l

==204n+2)®;(X,Y) —2g(¢; X, Y) —4g(X, ¢;Y) +2¢(X, ¢;Y) + 4g(pi X, Y)
=8+ DP;(X,Y).

We also compute

4n+3lmn
D8 (@A AKX, Y e, pier)
r=1

l,m,n
=8 O(X,Y)(m A ) er, gier)
-
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=O;(X, V){(nj Ani)Ej, &) + (nj A ), —&5)}
=29;(X,Y).

Applying (1.12), we can deduce that

4n+3
Z dT (X,Y, e, pie,) = —32a%(n + D@ (X, Y) — 16a(a — 8)D; (X, Y),
r=1
which gives (3.4), being § = 2(6 — 2«). Now, from (1.4), (2.11) and (3.4), we have
4n+3 4n+3
(Sr(®), X NY) === 3 (Sr(er Agier), X AY) = =2 3 dT(X, Y, e gier)
r=1 r=1

= {4a>2n+ 1) — 2aB}{(P;, X A Y).
From (1.12), one can see that forevery X, Y, Z e I'(H)and r,s,t =1,2,3
dT(X,Y,Z,&) =0, dT'(X,&,&.&)=0,

which imply that
4n+3 4n+3

(Sr(®1), X A&) = =5 D _(Srler Agier), X NE) =7 ) dT(er, piey, X, &) =0.
r=1 r=1

Finally, using (3.1) and (2.12),
(ST(D:), §j ANék) = (ST (&5 AN&k), Di) = 20B8(D; + &k, Di)
=2aB@2n+ 1+ ®;(§;, &)) = 4aBn
and analogously, (S7(®;), & A &) = (ST (D;), & A &) = 0, thus completing the proof of
3.2). O

Proposition 3.2 Let (M, ¢;, &, ni, g) be a 3-(a, §)-Sasaki manifold. The torsion T of the
canonical connection satisfies the following:
Grjn) = (B —4a) {20®; + (B — 20)Ei} (3.5)
Gr (@) = {8a’(n + 1) — 2aB} @; + {8’ (n + 1) — B> + 2020 +3)} Ejx.  (3.6)
Proof By direct computation using (1.10) or (1.11), one easily gets that for all vector fields
X, Y and for every even permutation (i, j, k) of (1,2, 3)
T(X,Y,§)=2a®;(X,Y) +2(5 = 3a)(nj Am)(X, Y),
T(&, &) = 2(6 —4a)§;.
Hence,
(Gré&jn), X NY)=g(TE. &), T(X,Y)) =28 —4a)T(X, Y, &)
=2(8 —40){20P; (X, Y) +2(8 — 3)(nj A m)(X, Y)},
which gives (3.5), since 8 = 2(§ — 2w).
In order to prove (3.6), notice that for every X, Y, Z, V € I'(H), applying (1.11), we
have
3

Gr(X.Y.Z,V)=4a> ) /(X V)P/(Z. V).
=1
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Then, choosing a local orthonormal frame of type e,, r =1, ..., 4n, &, &;, &, and using
(2.11), for every X, Y € I'(H) we have

4n
(Gr(®), X AY) = =2 Grler gier. X, ¥) = Gr (&), &. X, V)

r=1
4n 3

=207 N " Dile,, pie) (X, ¥) = 2a(B — 4) D; (X, ¥)
r=1I1=1

= 8a’n®;(X,Y) — 2a(B — 4a)®; (X, Y)
= {8a%(n + 1) — 2aB8}(®;, X A Y).
Now, from (1.11), we also have that forevery X,Y,Z e I'(H) andr,s,t = 1,2, 3,
Gr(X,Y,Z,§)=0, Gr, &, & X)=0,
which give
4n
(G (@), X A&) = —3 3" Grler. gier, X, &) — Gr (&, &, X £) =0.
r=1
Finally, using (3.5) and (2.12),
(Gr (®:), &jk) = (GrEji), Pi) = (B —4a){2a2n + 1) — B + 2a},
which is coherent with (3.6). Analogously,
(G (Pi), &ij) = (Gr (D)), &ki) = 0,
thus completing the proof of (3.6). O

Proposition 3.3 Let (M, ¢;, &, ni, g) be a 3-(a, §)-Sasaki manifold. Then, the Riemannian
curvature of M satisfies

1
REEj) = — (20 + o) ; + (20 + af + Zﬂz)sjk, 3.7
2 1oy2

RE(P;) = {a*@n+3)+af2n+ 1)} ®; — (« + 5’3) Ejk. (3.8)
Proof Since R¢ and R are related by (1.5), the result follows from direct computations using
Egs. (2.16), (3.5), (3.1), and (2.15), (3.6), (3.2). O

Remark 3.2 Being 8 = 2(§ — 2«), Egs. (3.7) and (3.8) can be rephrased as
R (Ejw) = 2a(a = )i + {o? + (@ — 8)*J i, (3.9)
RE(D;) = {@(@@ —a)(@dn+ 1) + ad}®; — (@ — 8)2§jk. (3.10)

We have now gathered all necessary results to give a proof of the main theorem.

Proof of Theorem 3.1 The equivalence of (c¢) and (d) is known, see [2, Proposition 2.3.3].
From (3.9) and (3.10), we have that R8(®; — &1) = a®; + b&j; with

a=ad —a)dn+1) +as —2a(a —38), b=—a?—2wa—23)>?
which give

a+b=206—a){a@n+3) -4}
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Then ®; — & is an eigenform of R ifand only if a4+ b = 0, thatis § = ¢ or§ = (2n+3)a.
In particular, if § = «, the corresponding eigenvalue is A = a = a®. If § = a(2n + 3), the
eigenvalueis A1 = a = o%(8n% + 16n +9).
Analogously, we can compute R8(®; + (n + 1)&jx) = a'®; + b'Ejx with
a =al —oa)dn+1)+ad 4+ 2a(ax — 8)(n + 1),
b =—(a—8*+n+ Do+ (@—8)*n+1),
from which

(n+Dd —b =n —a){a@n +3) — 8},

thus proving the equivalence of (b) and (c). If § = «, then the eigenform ®; + (n + 1)& ¢
has eigenvalue A = a’ = . If § = a(2n + 3), the corresponding eigenvalue is A, = a’ =
a?(2n + 1) ]

4 Definiteness of curvature operators
4.1 Strongly positive curvature

We now investigate strongly non-negative and even strongly positive curvature on (M, g).
Recall that, by (1.5), the curvature operators R and R¢ are related by

RE—R+ gr+ s
= 4 T 4 T-

In particular, (M, g) is strongly non-negative with 4-form —%O‘T if and only if

1
R+ -Gr = 0.
+4QT_

Observe that G7 is non-negative by definition, so we have directly strong non-negativity
if R is non-negative. Theorem 2.3 thus yields (recall that 8 := 2(§ — 2«))

Corollary 4.1 Let M be a 3-(«, 8)-Sasaki manifold with a8 > 0 and R8¥ > 0. Then (M, g)
is strongly non-negative with 4-form — %or.

As we later see, this will be sufficient for homogeneous spaces, but in general the condition
REN > 0 is too strong. However, we can relax the condition on the base to strong non-
negativity, but we need an additional assumption on the 4-form. To do all this, we need some
notation.

Fori =1, 2, 3, denote the 2-dimensional spaces N; := span{dblﬂ, &jk}. Then decompose
the space of 2-forms into orthogonal subbundles

A’M = A} @ A AT,
where the Af are given by

3
At =N, A;=AHN{@]L ] oI}, AT=VAH.
i=1
For a linear map A: A2M — A>M we denote Aj:=A| A2 and correspondingly for the other
spaces.
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Let us motivate this decomposition. The obvious ANVOH) = A VOV AH® A*H
motivates A2 = V A H, in particular since R | A2 = 0. However, R does not restrict to A%V

and A%H, but to A% and A%. In fact, the characterization R = afR | + Rpar is with respect
to A% and A% as noted in the proof of Theorem 2.2. The space A% can be seen as controlled
by the 3-(«, §)-Sasaki structure, while A% resonates the geometry of the base N. This is
emphasized by the fact that the common eigenforms discussed in Sect. 3 all lie in A%.

Definition 4.1 We call a 4-form w € A*N on a quaternionic Kihler space N adapted with
minimal eigenvalue v € R if for every point p € N the quaternionic bundle Q lies in the
v,-eigenspace of ), considered as an operator A>T, N — A>T, N, where the eigenvalues
v, are bounded below by v.

Given a 3-(«, §)-Sasaki manifold with canonical submersion 7 : M — N the adaptedness
of w € A*N implies that 7*w admits a block diagonal structure 7*w = (T*w)| ® (T*w)>.
Note that (m*w)3 vanishes trivially as 7, = 0. We can now state the result with strong
non-negativity on the base. It turns out the proof for strong positivity is almost identical.
Hence we formulate the result in the latter case.

Theorem 4.1 Let M be a positive 3-(«, §)-Sasaki manifold. Assume that the base N of the
canonical submersion is strongly positive with respect to an adapted 4-form w with minimal
eigenvalue v. Suppose further that the conditions

82 + 4nas — 6na’ +v > 0, dno(s — 20{)3 +8%v >0, §>2a “4.1)

are satisfied. Then M is strongly positive with 4-form t*w — (% + e)or for some ¢ > 0
sufficiently small.

Corollary 4.2 Ifthe base N in the situation of Theorem 4.1 is only strongly non-negative and
satisfies the non-strict inequalities (4.1) for r, then M is strongly non-negative with 4-form
7w — Lo

1

The corollary will be proved as a byproduct of Theorem 4.1.

Remark 4.1 Observe that the conditions (4.1) will be fulfilled for 6/« > 0 sufficiently big.
This can be achieved by H-homothetic deformation, compare [2, Section 2.3]. In fact, the
horizontal structure is only changed by global scaling via a parameter a inversely proportional
to a8. However, fixing a we can scale the Reeb orbits by a parameter ¢ implying a quadratic
change in g Therefore, such a H-homothetic deformation does not change the horizontal
structure and thereby fixes v, but it increases the leading term of both polynomial conditions.

To prove these results, we need a more deliberate investigation of how Gr acts on the spaces
Aiz. From Eq. (1.11), it follows that the torsion 7" of the canonical connection satisfies

XAYEVAH = T(X,Y)eH and XAY e AVBA’H = T(X,Y) e V.

Thus, Gr preserves A3 = V A’H and by Proposition 3.2 A% as well. Therefore Gr splits into
a direct sum of operators G| @ G» @ G3 on Af @ A% ® A%.

Consider some adapted basis e,, ¥ = 1, ..., 4n+3 of M. We may define the quaternionic
spaces H; = span{esy, €411, €ai+2, e41+3}, L = 1, ..., n, and accordingly we have

n n
A2 = (@AZ’HI)H(CDIH)J-@@HI{/\HZ’ AZZ@V/\HZ.

=1 k<l =1
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Note that these descriptions depend on the choice of adapted basis unlike the spaces Af
themselves.

Lemma 4.1 The linear operator Gy vanishes. The operator Gz has the unique non-vanishing
eigenvalue 1202 with eigenspace generated by ey N§1+@3e Ny —pae NE3 L =4, ..., 4n+3.

Proof The space (D A*H;) N (@)L C AJ is spanned by e; A pie; — e A giey, 7,1 =
4,...,4n+3,i =1, 2, 3. G, vanishes on these. Indeed, by expression (1.11) of T

T'(er N pier) =2a®i(er, pie)§i = —2a&; =T (e, Agjer) (4.2)

forany / =4, ..., 4n + 3. G» vanishes on Hy A H; as well since ®;(X, Y) = 0 whenever
X and Y are in different quaternionic subspaces.

We observe that Gz is the sum of n identical copies Qg for each space V A H;, since
T(X,Y)eH;if X € Hjand Y € V. Again using (1.11), we find

T(e;1 N&) = 2apie; =T (prer NEj) = =T (pjer N &). 4.3)
In particular,

Gr(er N&) = Gr(prer N§j) = Gr(—wpjer AN &) = 4o’ (er NEI + p3er AE2 — prer A E3)

for the adapted basis eqy, . . . , e41+3 of H;. Hence, the vectors e, A1 +@3e, Aér —@re, NE3 are 4
linearly independent eigenvectors with eigenvalue 122 In fact, these are all the eigenvectors

with nonzero eigenvalues, since (4.3) shows that
A dimV A 12
4§rk(g3):dimT(V/\H1)§HH#HZ:?:4. .

This implies that analogous to R | the sum ¢8R + %QT is orthogonal to Ry, i.€., it is
trivial on the space A% where Ry, is non-trivial. It is now time to include the 4-form w.

Lemma 4.2 The operator af R + igl + (r*w) is positive definite on N;, i = 1, 2,3, if
o and § satisfy the polynomial conditions in (4.1), i.e., 8% + 4nas — 6na® +v > 0 and
dna(s — 2a)° + 8%v > 0.

Proof From Proposition 3.2, we obtain
Gr (@] = Gr(®; +&1) = 8a?n @] + 8an(s — da)k i,
Gr (&) = 4a(8 — 4a) D]t +4(8 — )’y
By adaptedness of w at every point, the two-forms CDZ{ € 7*Q lie inside some eigenspace

with eigenvalue v, > v € R. Thus on N; with respect to the orthonormal basis LCDI?" and

V2n
& jx the sum takes the matrix form

1 - - f—
pRL+ 01 + (T*w); = (2na(28 3a) + v, —/2na(38 401)>.

—2n0(38 — 4a) 82

Now the restriction to the 2-dimensional space N; is positive (non-negative) if and only if
both the determinant and the trace are. We have

1
try; (aﬂRl + ZgT + (n*w)l) = 2na(28 — 3a) + 8% + Vp.
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Table 1 Positivity on summands of ATM

space dim afR | %QT (T*w)1 Rpar + (T*w)2
A% 6 sum > 0 (resp. > 0) 0
A2 6n—3+(5)-16 0 0 0 >0 (resp. > 0)
A3 n-12 0 >0 0 0

Since the v, are bounded below by v, the trace is positive if the quadratic polynomial in &
satisfies 8% + 4nad — 6na® + v > 0. The determinant is given by

1
det < (OlﬂRJ_ + ZgT + (n*w)l) ’N ) = 4nas’ — 6na’s* + v1,52 —2na®(38 — 4a)?

= 4nas® — 24na’s? 4 48na®s — 32nat + 8%,
= 4na(5 —2a)° + 8%v,

and, thus, the operator «fR | + %g 1 + (w*w); is positive if the cubic polynomial 4na (8 —
2a)3 + 82v is positive as well. O

In the unaltered case, or equivalently v = 0, we can quantify the condition more nicely
in terms of «f.

Corollary 4.3 The operator af R + %gl is positive (semi-)definite if and only if aff > 0
(ap = 0).

Proof In this case, the determinant reads 4ne (8 — 20)? = %aﬁ3 which is positive (non-
negative) if and only if ¢ > 0, (¢ > 0). In either case, the trace satisfies

8% + 4nas — 6na’ > 4o’ + 8na® — 6na’ =2a*(n +2) > 0. O

Proof of Theorem 4.1 We have seen that under R |, Rpar, Gr and 7 *o the spaces A7, A3 and
A% are invariant. Thus, we may decompose

1 1 1
R+ ZgT +rntw = (aﬂRL + Zgl + (n*w)1> ® (Rpar + (Tw)2) @ 193.
By assumption
Rpar + (T¥w)2 = (REY + ) |gL

is positive (non-negative), where we have used the identification A% = 7*Q~L. The results
so far are summarized in Table 1. In fact, in the non-negative case we are done.

In order to prove strong positivity, we need to prove that —eor provides strict positivity
on the kernel of G3. For sufficiently small ¢, it will do so without destroying positivity where
already established. Indeed, Lemma 4.3 shows that o7 is negative definite on the kernel of

Gs. O

Lemma 4.3 The operator St corresponding to ot is negative definite on the kernel of G3 if
and only if a8 > 0.
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Proof As in the proof of Lemma 4.1, we may split G3 into n copies of G3 on each quaternionic
subspace. Let eqy, . . ., e41+3 € H; be an adapted basis of one such subspace. Then from the
same proof we find that T'(e, A &;) = 2ag;e; = —T (pje, A &). Thus,

kerég:kerTﬂ(Hl/\V):span{er/\éi+<pje,/\§k|i:1,2,3; r=4i,...,41 + 3}.
By definition of S, we have

8(St(er N&),es NE) = g(T(er, &), Tes,60)) + g(T(es,er), T, 6a))
—8(T(es, &), T(er, 8a))-

With T = 2« Z:’l:l ni A <I>l?{ + 2(§ — 4a)n123, we compute each term individually

402, e = — e
g(T(er, &), T(es, ) = . s = ~Qadier

(T es, e), T(&r, £)) = | X — 40 €0 = gigaeranda £ 1

0
4(¥2, ey = —@; e
g(T(es, &), T(er, &) = 0 s = ~¢i¢alr
We thus obtain the full expression
3
Sr(er NE) = da? Z(—%wier + igaer) A Eg +2a(B — 4a) Z‘/’i%er nE,
o= a#i
= 20(/3 Z(pi(paer A ga
a#i

=2af(prer N§j — @jer AEp).
Finally we compute St on ker G3 to obtain the result

Srler N&i +pjer NE) =2aB(prer NEj —@jer Nék+@jpjer N —@ipjer NE))
= 2af(e, N&E +jer ANE). o

As a word of caution we should state where this theorem might and might not be appli-
cable. By assumption, the quaternionic Kihler orbifold is strongly positive and thereby has
positive sectional curvature. M. Berger investigated such manifolds in [5]. As observed in
[13], Berger’s argument is purely local. It therefore extends to quaternionic Kéhler orbifolds.

Theorem 4.2 ([5, 13]) Lern > 2 and (M*", g, Q) be quaternionic Kdihler orbifold of pos-
itive sectional curvature. Then (M™*", g, Q) is locally isometric to HP" with its standard
quaternionic Kdhler structure.

Thus, the strong positivity result of Theorem 4.1 can only be applicable on 3-(«, §)-Sasaki

manifolds of dimension 7 or on finite quotients of §4"*3. We will see in the next section that
indeed both cases appear for homogeneous manifolds.
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4.2 The homogeneous case

We would like to apply the positivity discussion to homogeneous 3-(«, §)-Sasaki manifolds,
more precisely to those that fiber over Wolf spaces and their non-compact duals. We recall
their construction from our previous publication [3], extending the similar discussion for
homogeneous 3-Sasaki manifolds by [14].

Definition 4.2 A triple (G, G, H) is called generalized 3-Sasaki data if H C Gy C G are
connected, real, simple Lie groups with Lie algebras i) C go C g such that:

(1) go =bh @ sp(1) with sp(1) and h commuting subalgebras,

(ii) (g, go) form a symmetric pair, g = go @ g1,
(iii) the complexification g(lc = CZ ®@c W for some bc—module of dim¢ W = 2n,
(iv) §C, sp(HC c gg act on g(lc by their respective action on W and C2.

Theorem 4.3 ([3, Theorem 3.1.1]) Consider some generalized 3-Sasaki data (G, Go, H) and

0 # a, § € R. Additionally suppose a§ > 0 if G is compact and «é < 0 if G is non-compact.
Let k(X,Y) = tr(ad(X) o ad(Y)) denote the Killing form on g. Then define the inner

product g on the tangent space T,M = T,(G/H) = m by

V1H.

gly gln =

_ —K —K
T 482(n+2)’ 8ad(n +2)’
Let & = 60y € V = sp(1), where the o; are the elements of sp(1) = su(2) given by

i 0 0 -1 0 —i
n=(05) 2= () = (G5)

Define endomorphisms ¢; € Endy(m) fori =1, 2,3 by

1 1
wily = Tgadgi, Viln = gadéb

Together with n; = g(&;, -) the collection (G/H, ¢;, &, ni, g) defines a homogeneous 3-
(o, 8)-Sasaki structure.

Note that the homogeneous 3-(«, §)-Sasaki structure on R P*13 is not directly obtained
by this construction but as the quotient of $*'+3 = Sp(n + 1)/Sp(n) by Z,. Here the local
structure is the same as for $*'*3 given in the theorem. With this exception, we have that
all positive homogeneous 3-(«, §)-Sasaki manifolds are obtained from the theorem. In the
negative case more exist so we will restrict ourselves in the following discussion to those
over symmetric base spaces.

Theorem 4.4 Let M = G/H be a homogeneous 3-(a, §)-Sasaki manifold.

(a) If M is a positive 3-(c, 8)-Sasaki manifold, then the canonical curvature operator R is
non-negative if and only if o > 0. In this case, M is strongly non-negative.

(b) If M is a negative 3-(«, §)-Sasaki manifold over a symmetric base, then the canonical
curvature operator R is non-positive.

Proof In the positive case, M has to fiber over a symmetric base, compare [3]. In this case,
the base is a compact symmetric space; hence, the curvature operator RV is non-negative.
In part (b), the base is a non-compact symmetric space by assumption, hence REV < 0.
Therefore in both cases it fulfills the requirement of Theorem 2.3. In the positive case also,
Corollary 4.1 applies. O
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We will next focus on strong positivity. This is much more restrictive than strong non-
negativity. In particular, strong positivity implies strict positive sectional curvature and
homogeneous manifolds with strictly positive sectional curvature have been classified [6,
18, 19]. Out of these only the 7-dimensional Aloff-Wallach space W'!, the spheres §*+3
and real projective spaces R P*"*3 admit homogeneous 3-(c, 8)-Sasaki structures. We will
thus prove

Theorem 4.5 The 3-(«, §)-Sasaki manifolds

(a) Wh! = SU(@3)/S" with 4-form —(% + &)or for small & > 0,
(b) S™T3 RP"H3 n > 1, with 4-form %‘Sn*QN — (% + &)or for small € > 0

where T*QN:= Z?:l CDZ'[ A d>l.H, i.e., Qy is the fundamental 4-form of the gK base, are
strongly positive if and only if aff > 0.

Remark 4.2 The strong positivity of these spaces W' and §4+3, RP#*+3  can actually be
proven by the Strong Wallach Theorem in [7]. We compare to our case:

(i) Observe that all positive homogeneous 3-(«, §)-Sasaki manifolds are given by a homo-
geneous fibration

SO(3) = Go/H — G/H — G/Gy.

In the case of S*'13, the fiber is Sp(1) instead.

(i) Intheir strong Wallach theorem [7], the authors consider the metrics g; = 1 Q|y+ Q| for
0 <t < 1, where Q is a negative multiple of the Killing form. If we set Q = Wfﬂ) as
in the 3-(«, §)-Sasaki setting then t = 27“ and, thus, the condition 0 < 7 < 1 is equivalent
to g > 0.

(iii) We have dim Go/H = 3 and Go/H = SO3) = RP3, $3 in the case of $*'13, with a
scaled standard metric. In particular, the fiber is of positive sectional curvature.

(iv) They require a strong fatness property for the homogeneous fibration. Adapted to our
notation the bundle is strongly fat if there is a4-form 7 such that F +7: HQV — HQV
is positive definite, where F is given by

82 52
= mg(T(X NED, T NEj)) = @g(gT(X NED Y AE)).

Thus by the previous lemma t = —eor accomplishes strong fatness for sufficiently
small &.

(v) The final condition is for the base to be one of $**, RP*' CP2* HP". The only homo-
geneous 3-(c, 8)-Sasaki manifolds such that this holds are §*+3, RP**+3 which fiber
over HP", and W!-! which fibers over C P2,

Note that (i)—(iv) are valid for all positive homogeneous examples not only for the spheres,
real projective spaces and W1,

Proof of Theorem 4.5 Since our discussion is pointwise we will identify tensors on N with
those on H.
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(a) Let (M, ¢;, &, n;, g) be a 7-dimensional 3-(«, §)-Sasaki manifold and 7: M — N its
canonical submersion. Then N is 4-dimensional and CDIH A @Z" = 2dVoly for each
i=1,2,3.By(1.12)

3
1
orlasy = 54T |nsp = 207 ) A @]t = 1207dVoly.

i=1

Now the 6-dimensional space A2N splits as usual into the spaces of self-dual and anti
self-dual forms Ai and A2 . In other words, these are the +1-eigenspaces of dVoly as
an operator A2N — AZN. Checking in an adapted basis, we find that span{dDiH} =
A% NAH = Aﬁ_ and A% = A%. Now suppose that N is a compact symmetric space.
Then R&Y > 0 and if «d > O its restriction REV| A2 > 0 is strictly positive. Indeed,

(2.10) shows this, since Af C ker Rpar (compare Lemma 2.3). Now for sufficiently small
& > 0 the operator R8¥ — edVoly > 0. Hence we may apply Theorem 4.1. Note that
¢ and therefore the lower bound v of eigenvalues of —edVoly can be chosen arbitrarily
small. Since @ > 0 by the proof of Corollary 4.3, we have 8 + 4na$ — 6na? > 0 and
4na (8 — 2a)® > 0, hence also

8% + 4nad — 6na’* +v >0 and dna (s — 204)3 + 8% > 0.

Then Theorem 4.1 finishes the proof.

(b) Now the 4-form w = 0‘7‘3 2y appears as possible 4-form in the strong positivity of HP".
In [7], they prove that the 4-form b(p) suffices where p is given as the symmetric product
of twice the A-tensor of the submersion (S*'+3, go) — (HP", gg), (RP*+3 go) —
(HP", gg), respectively.> Here the metric go denotes up to global scaling by m
the standard round metric. Adapted to our notation

1
P(XANY,ZAV)=go(AxY, AzV) = Zgo([X, Ym, [Z, V]m)

3
al
== ool (x. )@z, V).

i=1
and thus

3 3
od H H od H )
5(0)272. 1b(¢i ®(Di):Z§ D" A D; :I”*QN~
i=

i=1

Therefore we have R8N + %‘S Qn > 0on A2N.Itremains to check that Q is an eigenspace
of w. We compute for a basis ey, ..., eq, of TN

2 Due to conflicting notation, we renamed this p from « in [7].
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3
w (@) = “T Z oM (@M A oM

4n 3
2n@Nt — Z > (e 197 A (pies JCDH))>

Ilsl

llsl

3
od
_ @ (mH 1YY e Wo,e,)
<2n¢H + = Z(ez A el — @jer N prel + grer A 90161)>

1
=3 (2 <I>H+ ;(ezmp,ez 2<p,ez/\<p,<p,ez)>

od
— n+ Holt.

Since the eigenvalue v > 0 is positive «fR | + %Q] + (T*w)1 = afR1 + }¢g1 and
aff > 0 suffices as argued in Corollary 4.3. O

4.3 Some inhomogeneous example

Let us recall 3-Sasaki reduction introduced in [11]. Let (M, ¢;, &, n;, g) be a 3-Sasaki man-
ifold and G a connected compact Lie group acting on M by 3-Sasaki automorphisms. We
consider the 3-Sasaki moment map

w:M— g QR
x> (X = 1i(Xx)i=123

where X, is the fundamental vector field of X € gatx € M.

Theorem 4.6 ([11]) Assume that 0 is a regular value of i and that G acts freely on the preim-
age u~'({0}). Denote the embedding 1: u~'({0}) — M and the submersionm : u~'({0}) —

w'{0)/G. Then (u='({0})/G, go,,&,, i, §)i=12.3 is a smooth 3-Sasaki manifold, where
the 3-Sasaki structure is uniquely determined by 1*g = 7*g and %‘, = 1 &l -1 jop)-

We will focus on actions of S! on the 3-Sasaki sphere S'! ¢ H? via

z2-(q1, 92, ¢3) = (' q1, 272 q2, 273 q3).

In [10, Theorem 13.7.6], the authors show that for pairwise coprime, positive integers
P1, P2, p3 these actions satisfy the assumptions in Theorem 4.6 and, thus, give rise to 3-Sasaki
manifolds S(p1, p2, p3). If p1 = p2 = p3 = 1, this is exactly the homogeneous 3-Sasaki
Aloff-Wallach space w1, Apart form this, they are shown in [10, Corollary 13.7.13] to be
of cohomogeneity 1 or 2.

In [13], the author shows that under the assumption /2 min pi > max p; a certain defor-
mation of the 3-Sasaki metric, corresponding to a H-homothetic deformation in our notation,
admits positive sectional curvature. We make use of a key step of his showing that their under-
lying quaternionic Kéhler orbifolds have positive sectional curvature, [13, Theorem 2].
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Theorem 4.7 ([13]) Let S(p1, p2, p3) be as before and O(p1, p2, p3) the underlying quater-
nionic Kéhler orbifold. If ~/2min p; > max p; then O(p1, p2, p3) has positive sectional
curvature.

In order to make the jump from positive sectional curvature to strongly positive curvature
we make use of the fact that O(p1, p2, p3) is 4-dimensional. In this dimension, Thorpe proves
the following [16, Corollary 4.2].

Theorem 4.8 ([16, 17]) Let V be a 4-dimensional vector space and R any algebraic curvature
operator on V. If A is the minimal sectional curvature of R, then there is a unique » € A*V
such that A is the minimal eigenvalue of R + w.

We are finally ready to state our main theorem.

Theorem 4.9 Let p1, pa, p3 be coprime integers with /2 min p; > max p;. Then there is a
‘H-homothetic deformation of S(p1, p2, p3) that has strongly positive curvature.

Proof Thorpe’s theorem proves that the orbifold O(p1, p2, p3) has notonly positive sectional
curvature but strongly positive curvature. Since we are in dimension 4 the form w is necessarily
a multiple of the volume form @ = v, dVol. As before the volume form has eigenspaces Ai
where Ai = Qand A2 = Q' .Inparticular, w is an adapted 4-form with minimal eigenvalue
v = min v,. The minimum exists since the orbifolds are quotients of compact spaces and,
thus, compact themselves. All in all we may apply Theorem 4.1. Note that by Remark 4.1 we
obtain a H-homothetic deformation of S(p1, p2, p3) with §/a > 0 sufficiently big while
not changing the metric go on O(p1, p2, p3). O
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