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TAIL ALGEBRAS FOR MONOTONE AND

q-DEFORMED EXCHANGEABLE STOCHASTIC

PROCESSES

VITONOFRIO CRISMALE AND STEFANO ROSSI

Abstract. We compute the tail algebras of exchangeable mono-
tone stochastic processes. This allows us to prove the analogue of
de Finetti’s theorem for this type of processes. In addition, since
the vacuum state on the q-deformed C∗-algebra is the only ex-
changeable state when |q| < 1, we draw our attention to its tail
algebra, which turns out to obey a zero-one law.
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60G10.
Key words: tail algebras, de Finetti’s theorem, monotone pro-
cesses, q-deformed commutation relations

1. Introduction

In Classical Probability de Finetti’s theorem characterizes exchange-
ability for a sequence of random variables in terms of conditional in-
dependence and identical distribution with respect to the tail algebra
of the sequence itself, see e.g. [19]. Furthermore, exchangeability is
equivalent to spreadability by virtue of a well-known result due to Ryll-
Nardzewski, [24]. Now it is relatively easy to guess what the general-
ized statements of this couple of results should be within the various
non-commutative formalisms offered by Quantum Probability. Yet the
methods employed to prove them can often be far from straightforward.
Interestingly, surprises can occur when the classical results cease to hold
in suitably chosen models. For instance, on the CAR algebra there exist
spreadable states that are not exchangeable, [10]. Furthermore, in the
W ∗-formalism adopted by Köstler in [20], examples have been found of
spreadable quantum processes which nevertheless fail to be exchange-
able. Sticking to this formalism, though, the sought generalizations
can still be obtained as long as exchangeability and spreadability are
replaced by their quantum analogues, see [21] and [12] respectively,
where the symmetries are implemented by natural coactions of quan-
tum groups. It is also possible to arrive at quantum generalizations of
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2 VITONOFRIO CRISMALE AND STEFANO ROSSI

de Finetti’s theorem in which the involved symmetries continue to be
implemented by classical groups. However, this will require restricting
the class of quantum processes or variables addressed. For example,
by following this approach a de Finetti-type theorem can be proved for
Boolean [14] and Fermi processes [5, 6]: all processes of both types are
exchangeable if and only if they are independent and identically dis-
tributed with respect to the tail algebra. Similar results can actually
be obtained in the framework of quasi-local algebras [11], although the
analogy with the classical setting is looser, inasmuch as the states of
these C∗-algebras do not necessarily correspond to a stochastic pro-
cess; for the correspondence bewteen states and stochastic processes
see [6, 7]. Even so, for infinite Z2-graded tensor products, which are
of course examples of quasi-local algebras, the analogy is complete, see
[11, 15].
Pursuing this line of research, the present paper mainly but not only

deals with monotone processes in the C∗-algebraic formalism. In Sec-
tion 2 we first establish some notation from C∗-algebra theory and
collect the necessary definitions from the theory of quantum stochas-
tic processes. The bulk of the work is contained in Section 3, at the
begin of which we provide a rather quick yet self-contained account of
the monotone algebra M as the concrete unital C∗-algebra generated
by annihilation and creation operators on the monotone Fock space.
After recalling how states of M correspond to monotone processes, we
move on to complete the study of symmetric states initiated in [8]. As
shown there, although the group of finite permutations on a countable
set does not act on M through automorphisms, exchangeability of a
monotone process can still be seen as an invariance property of the
corresponding state, albeit with respect to maps that are only unital,
linear and ∗-preserving. In the aforementioned paper the set of these
states is seen to coincide with the set of spreading-invariant states, be-
ing both equal to the segment whose endpoints are the vacuum state
and the state at infinity.
The tail algebras of monotone symmetric states are described in Propo-
sition 3.4. These are never trivial, apart from the tail algebra of the
state at infinity. More precisely, the tail algebra of the vacuum state is
isomorphic with C⊕ C, where the two measure atoms account for the
projection onto the vacuum vector and its orthogonal projection. How-
ever, monotone tail algebras of symmetric states are always commuta-
tive and finite-dimensional. Moreover, they are strictly contained in
the stationary algebra, as observed in Remark 3.5. Unlike the Boolean
case analyzed in [14], monotone exchangeable algebras may even not
be defined since it is not known whether the linear maps alluded to
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above, which are only defined on a dense ∗-algebra of M, extend to the
whole C∗-algebra. Nevertheless, in Proposition 3.3 we show that the
self-adjoint subspace of the elements in the dense ∗-algebra fixed by all
these maps reduces to the scalars. A version of de Finetti’s theorem for
monotone processes does hold. Indeed, in Theorem 3.9 we prove that
a monotone process is exchangeable if and only if it is conditionally
independent and identically distributed with respect to its tail algebra.
In Section 4 we focus on processes on the so-called q-deformed algebra,
with |q| < 1. Unlike the monotone case, the corresponding dynamical
systems are now uniquely ergodic, [13]. However, what we believe is
worth pointing out is that enjoying good ergodic properties still gives
no guarantees at the level of the stochastic process itself, insofar as
the Hewitt-Savage [16] and the Olshen [22] theorem fail for q-deformed
processes. More precisely, we show that the tail algebra of the vacuum
state is trivial, Proposition 4.1. Moreover, the tail, exchangeable, and
stationary algebras of the vacuum state are seen to be different from
one another in Remark 4.2.
Finally, for the reader’s convenience we defer to the appendix a pos-
sibly known result which shows how to recover classical (countable)
stochastic processes in the C∗-algebra framework.

2. Quantum stochastic processes and invariant states

We collect here some basic definitions from C∗-algebra theory as well
as establishing some notation which will be used consistently through-
out the paper.
Given a collection of unital C∗-algebras {Aj}j∈J indexed by a set J ,
their unital free product C∗-algebra ∗j∈JAj (cf. [1]) is the unique (up
to isomorphism) unital C∗-algebra determined by the following univer-
sal property: there are unital monomorphisms ij : Aj → ∗j∈JAj such
that for any unital C∗-algebra B and unital morphisms Φj : Aj → B,
there exists a unique unital homomorphism Φ : ∗j∈JAj → B such that
Φ ◦ ij = Φj for every j ∈ J . When Aj = A for every j ∈ J , we denote
the corresponding free product simply as ∗JA. Details are to be found
in [6, 7, 25].

We now recall the definition of a (realization of a) quantum stochastic
process labelled by the index set J . This is a quadruple

(
A,H, {ιj}j∈J , ξ

)
,

where A is a (unital) C∗-algebra, referred to as the sample algebra of
the process, H is a Hilbert space, whose inner product is denoted by
〈·, ·〉, the maps ιj are (unital) ∗-homomorphisms from A to B(H), and
ξ ∈ H is a unit vector, which is cyclic for the von Neumann algebra
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∨
j∈J ιj(A).

A quadruple as above can equivalently be assigned through a state ϕ on
the free product C∗-algebra ∗JA. Indeed, if one starts with a stochastic
process, then a state ϕ on the free product ∗JA can be defined by set-
ting ϕ(ij(a)) := 〈ιj(a)ξ, ξ〉, a ∈ A and j ∈ J . Rather interestingly, all
states on the free product ∗JA arise in this way, see [6, Theorem 3.4].
Phrased differently, starting now with a state ϕ ∈ S

(
∗JA

)
, it is possible

to recover a stochastic process by looking at the GNS representation
(πϕ,Hϕ, ξϕ) of ϕ. Indeed, for every j ∈ J we can set ιj(a) := πϕ(ij(a)),
a ∈ A, so as to get quadruple

(
A,Hϕ, {ιj}j∈J , ξϕ

)
.

The above definition of a quantum stochastic process is general
enough to include all classical cases as realised in the Kolmogorov
consistency theorem. Indeed, suppose one is given a family of finite-
dimensional distributions µj1,j2,...,jk ∈ P (Rk), for any k ∈ N and indices
j1, j2, ..., jk ∈ J . Consider the Tychonoff product RJ , whose points
are denoted by x = (xj)j∈J . For any k ∈ N, j1, j2, . . . , jk ∈ J , and
A1, A2, . . . , Ak Borel subsets of R, we define a corresponding cylinder
of RJ as

C
A1,A2,...,Ak

j1,j2,...,jk
:=
{
x ∈ R

J | xj1 ∈ A1, xj2 ∈ A2, . . . , xjk ∈ Ak
}
.

As is known, if the finite-dimensional distributions satisfy the so-called
consistency conditions of Kolmogorov’s theorem (see e.g. [2]), then a
measure µ can be defined on the σ-algebra C generated by cylinders by

µ
(
C
A1,A2,...,Ak

j1,j2,...,jk

)
= µj1,j2,...,jk(A1 × A2 × . . .× Ak).

Denote by Xj the j-th coordinate function on RJ , namely Xj(x) = xj ,
x ∈ RJ . The functions {Xj}j∈J provide a stochastic process on the
probability space (RJ ,C, µ) having {µj1,j2,...,jk} as finite-dimensional
distributions.
The above construction can also be reinterpreted in terms of represen-
tations of a given sample algebra. To this end, take A = C0(R). With
H := L2(RJ , µ), we consider a family of ∗-homomorphisms of A to
B(H) defined as

ιj(f) := f(Xj), f ∈ C0(R) ,

where f(Xj) is the bounded operator acting on L2(RJ , µ) by multipli-
cation by the function f(Xj).
Denoting by 1 ∈ L2(RJ , µ) the function equal to 1 µ-a.e., we obviously
have that (C0(R), L

2(RJ , µ), {ιj}j∈J , 1) is a stochastic process and cor-
responds to the realization of the process provided by Kolmogorov’s
theorem through the coordinate functions Xj.
Conversely, a process is classical exactly when both the sample algebra
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A and
∨
j∈J ιj(A) are commutative, see e.g. Appendix.

By a C∗-dynamical system we mean a triplet (A,M,Γ), where A

is a unital C∗-algebra, M is a monoid (unital semigroup), and Γ is a
representation M ∋ g 7→ Γg ∈ End(A) by unital ∗-endomorphisms of
A such that Γgh = Γg ◦Γh, for any g, h ∈M . When M = G is a group,
in the corresponding C∗-dynamical system (A, G, α), each αg is a ∗-
automorphisms of A. In this case, one typically speaks of reversible
dynamics, whereas dissipative dynamics corresponds to having non-
invertible maps, see e.g. [4]. By S(A) we denote the convex set of all
states (normalized, positive, linear functionals) on A. Since the latter
is assumed unital, S(A) is weakly ∗-compact. For any given (A,M,Γ),
we can define the convex subset SM(A) ⊂ S(A) of those states of A
which are invariant under the action Γ of M as

SM(A) :=
{
ϕ ∈ S(A) | ϕ ◦ Γg = ϕ , g ∈M

}
.

This is easily seen to be compact in the weak-∗ topology.
When M = G is a group, for any ϕ ∈ SG(A) the corresponding fixed
von Neumann algebra πϕ(A)

′′
G is defined as {T ∈ B(Hϕ) : UgTU

∗
g =

T for all g ∈ G}, where for g ∈ G the operator Ug is the unitary imple-
mentator of αg, that is Ugπϕ(a)U

∗
g = πϕ(αg(a)), a ∈ A.

Comparing the distributional symmetries involved in the present pa-
per requires considering some algebraic structures on Z.
We first consider the group generated by the one-step shift τ(i) := i+1
of the integers Z, which is canonically identified with Z itself.
Let us now denote by Pn the symmetric group of order n ∈ N. For any
n ≥ 2 we identify Pn−1 with the subgroup in Pn fixing the nth element.
Thus, one can take the direct limit of the groups above, which may
be easily identified with the group of all permutations on the integers
leaving fixed all but finitely many elements, denoted by PZ.
In addition, we consider the monoid LZ of all strictly increasing maps
g : Z → Z.
By universality, the action on Z of the above algebraic structures
can be lifted to the free C∗-algebra of the infinite free product ∗ZA
of a given sample algebra A. We denote by (∗ZA, τ,Z), (∗ZA, α,PZ)
and (∗ZA, λ,LZ) the corresponding dynamical systems. Note that
(∗ZA, λ,LZ) is a dissipative dynamical system. However, for every
h ∈ LZ the endomorphism λh is injective since LZ has left inverses.
One clearly has SPZ

(∗ZA) ⊆ SLZ
(∗ZA) ⊆ SZ(∗ZA).



6 VITONOFRIO CRISMALE AND STEFANO ROSSI

A stochastic process
(
A,H, {ιj}j∈Z, ξ

)
is called

- spreadable if the corresponding state is invariant under the ac-
tion on ∗ZA of the monoid LZ, and the state itself is said to be
spreadable;

- exchangeable if the corresponding state is invariant under the
action on ∗ZA of the group PZ, and the state itself is said to be
symmetric;

- stationary (or shift-invariant) if the corresponding state is in-
variant under the action on ∗ZA of the group Z, and the state
itself is said to be stationary.

In some classes of processes, such as Boolean [14] and monotone,
the representations ιj are subject to additional constraints of various
types. These can be embodied by passing from the free product ∗ZA
to its corresponding quotient C∗-algebra. In this way, a process may
directly be described in terms of a state of the quotient algebra.

Going back to the general framework, we would like to point out that
automorphisms of the free product algebra provide quite a natural way
to obtain a new process out of a given stochastic process. Indeed,
let (A, {ιj}j∈J ,H, ξ) be a given stochastic process and let ϕ be the
corresponding state of ∗JA. If Φ is a ∗-automorphism ∗JA, we can
consider a new process (A, {ιΦj }j∈J ,H, ξ) by defining ιΦj on the same
sample algebra as

(2.1) ιΦj := πϕ ◦ Φ ◦ ij, j ∈ J

In particular, one can choose an automorphism Φ that factors as ∗JΨ,
where Ψ is a fixed ∗-automorphism of the sample algebra A. In this
case, for any j ∈ Z one has ij ◦Ψ = Φ◦ ij, and the transformed process
in (2.1) is simply given by

(2.2) ιΦj = ιj ◦Ψ, j ∈ J.

Classically, this corresponds to passing from a process {Xj}j∈J to
{F (Xj)}j∈J , where F is a homeomorphism of the spectrum of the sam-
ple algebra, i.e. Ψ(f) = f ◦ F , f ∈ C(σ(A)).

Remark 2.1. A stochastic process
(
A,H, {ιj}j∈Z, ξ

)
is stationary (ex-

changeable, spreadable) if and only if
(
A,H, {ιΦj }j∈Z, ξ

)
is so, where Φ

is an automorphism of ∗ZA of the form ∗ZΨ, for a fixed automorphims
Ψ of A, as easily seen from (2.2).

If Φ does not factor as ∗ZΨ, one may well start with an exchange-
able process and end up with a process which is no longer exchangeable.
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This is already seen with two classical variables X1, X2. For instance,
if X1, X2 are Bernoulli distributed with parameter 0 < p < 1 different
from 1

2
, then 1 −X1 and X2 no longer have the same distribution, for

1 − X1 is a Bernoulli variable with parameter 1 − p. Note that the
transformation of the two variables X1, X2 is induced by the homeo-
morphism F (x1, x2) = (1− x1, x2).

What is more, when the sample C∗-algebra A is singly generated, the
distributional symmetries dealt with in the present work can be read
directly in terms of the variables {ιj(a0)}j∈Z, where a0 is any generator
of A. For instance, the process {ιj}j∈Z will be stationary (spreadable,

exchangeable) if and only if the corresponding variables {ιj(a♮0)}j∈Z
are so, where ♮ is either 1 or ∗. To take but one example, let us see
how exchangeability can be dealt with. Clearly, we only need to prove
that exchangeability of the variables carries over to the whole process
regardless of the choice of the generator a0. Exchangeability of the
variables amounts to

〈ιj1(a♮0) · · · ιjk(a♮0)ξ, ξ〉 = 〈ισ(j1)(a♮0) · · · ισ(jk)(a♮0)ξ, ξ〉
for all k ∈ N, j1, j2, . . . , jk ∈ Z, and for all finite permutations σ. Since
repetitions of the indices are allowed, the above equality also holds as

〈ιj1(m1) · · · ιjk(mk)ξ, ξ〉 = 〈ισ(j1)(m1) · · · ισ(jk)(mk)ξ, ξ〉
where mh, h = 1, 2, . . . , k, are (possibly noncommutative) monomials
in a0 and a∗0. Then by linearity and density the conclusion is reached.

Remark 2.2. As a direct application of the considerations above, we
see that the variables {ιj(a♮0)}j∈Z are exchangeable (spreadable, sta-

tionary) if and only {ιj(Ψ(a♮0))}j∈Z are exchangeable (spreadable, sta-
tionary), where Ψ is any ∗-automorphism of A.

3. The case of monotone processes

For k ≥ 1, set Ik := {(i1, i2, . . . , ik) | i1 < i2 < · · · < ik, ij ∈ Z}. The
discrete monotone Fock space is the Hilbert space Fm :=

⊕∞
k=0Hk,

where for every k ≥ 1, Hk := ℓ2(Ik), and H0 = Cζ , ζ being the Fock
vacuum. Borrowing the terminology from physicists’ parlance, we call
each Hk the k-particle space and denote by F0

m the total set of finite
particle vectors in Fm, that is

F0
m :=

{ ∞∑

n=0

cnξn : ξn ∈ Hn, cn ∈ C s.t. cn = 0 for all n but a finite set

}
.
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The canonical basis of the discrete monotone Fock space is obtained in
the following way. If (i1, i2, . . . , ik) ∈ Ik is an increasing sequence of in-
tegers, we denote by e(i1,i2,...,ik) ∈ ℓ2(Ik) the square summable sequence
that is always zero but at (i1, i2, . . . , ik), where it is 1. The vector corre-
sponding to the empty set is just the vacuum ζ . More often than not,
however, we will simply write ei instead of e(i) to ease our notation.
For every i ∈ Z, the monotone creation and annihilation operators are
respectively given by a†iζ = ei, aiζ = 0 and

a
†
ie(i1,i2,...,ik) :=

{
e(i,i1,i2,...,ik) if i < i1
0 otherwise,

aie(i1,i2,...,ik) :=

{
e(i2,...,ik) if k ≥ 1 and i = i1
0 otherwise.

Both a
†
i and ai can be shown to have unital norm, to be mutually

adjoint, and to satisfy the following relations

(3.1) a
†
ia

†
j = ajai = 0 if i ≥ j ,

In addition, for every i the following identity holds

(3.2) aia
†
j = δi,j

(
I −

∑

k≤i
a
†
kak

)

where the convergence is in the strong operator topology, and I is
the identity of B(Fm). We denote by M the concrete unital C∗-
subalgebra of B(Fm) with unit I generated by the set of all annihi-
lators {ai | i ∈ Z}, whereas M0 will denote the unital ∗-algebra of M
generated by the same set. Of course, M0 is norm dense in M. For
completeness’ sake, we recall that the algebra generated by so-called
position operators ai + a

†
i coincides with the whole monotone algebra,

see [9, Proposition 5.13].

For the reader’s convenience, we also recall the following definition
from [9].

Definition 3.1. A word X in M0 is said to have a λ-form if there are
m,n ∈ {0, 1, 2, . . .} and i1 < i2 < · · · < im, j1 > j2 > · · · > jn such
that

X = a
†
i1
· · · a†imaj1 · · · ajn ,

with X = I, that is the empty word if m = n = 0. Its length is
l(X) = m+ n.
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A word X is said to have a π-form if there are m,n ∈ {0, 1, 2, . . .},
k ∈ Z, i1 < i2 < · · · < im, j1 > j2 > · · · > jn such that im < k > j1 and

X = a
†
i1
· · · a†imaka

†
kaj1 · · · ajn .

The length is now l(X) = m+ n+ 2.

Let Λ be the index set such that {Xλ}λ∈Λ represents all λ-forms,
that is

Xλ = a
†
i
(λ)
1

· · · a†
i
(λ)
m(λ)

a
j
(λ)
1

· · ·a
j
(λ)
n(λ)

,

for i
(λ)
1 < i

(λ)
2 < · · · < i

(λ)
m(λ), j

(λ)
1 > j

(λ)
2 > · · · > j

(λ)
n(λ), m(λ), n(λ) ≥ 0.

Since all λ-forms of the type a†iai are in one-to-one correspondence
with Z, then Z ⊂ Λ in a natural way. After this identification, we put
Γ := Λ \ Z. In [8, Theorem 3.4] the families {Xλ}λ∈Γ and {aia†i}i∈Z
were proved to form a Hamel basis of M0.
Following [8], we present the set Γ∪Z in a different way, denoting every
vector of the Hamel basis of M0 by X(λ1,λ2), where λ1, λ2 ∈ 2Z are finite
ascending ordered sets of Z, including the empty set for the identity.
The words of length 1 correspond to a†i = X({i},∅), and ai = X(∅,{i}),
and for the words of length 2 of type X({i},{j}) one finds

i 6= j corresponds to X(λ1,λ2) = a
†
iaj ,

i = j corresponds to X(λ1,λ2) = aia
†
i .

The remaining cases give rise to λ-forms of length at least 2 of the type

X(λ1,λ2) = a
†
i1
· · · a†imaj1 · · · ajn .

with (λ1, λ2) = ({i1, · · · im}, {jn, · · · j1}).

We now move on to recall how to associate with any permutation σ ∈
PZ a ∗-linear map Tσ acting on the dense subalgebra M0, as was first
done in [8]. A finite permutation σ ∈ PZ is said to be order preserving
on a finite ordered subset I := {i1, . . . , im} ⊂ Z, with i1 < · · · < im, if
σ(ih) < σ(ih+1) for each h = 1, . . . , m− 1. The set of order-preserving
permutations on I is denoted by OP (I).
For elements X(λ1,λ2) and σ ∈ PZ, we define

Tσ
(
X(λ1,λ2)

)
:=

{
X(σ(λ1),σ(λ2)) if σ ∈ OP (λ1) ∩OP (λ2) ,
0 otherwise .

The maps Tσ are seen to extend by linearity to ∗-maps acting on M0.
However, they are not positive maps, as shown in [8]. To date it is not
actually known whether the Tσ’s are bounded maps and thus extend
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by density to the whole monotone C∗-algebra M.

Remark 3.2. Note that for every σ ∈ PZ the map Tσ sends a π-form
of the Hamel basis to a π-form of the Hamel basis and a λ-form to
either a λ-form of the same length or to 0, where the second case may
occur only if the length of the λ-form is at least 2.

Set A := M2(C)⊕ C and a :=

(
0 1
0 0

)
∈ M2(C). Note that a is a

generator ofM2(C) that satisfies the relation aa
∗+a∗a = IM2(C). Equal-

ities (3.1), (3.2) and Lemma 5.4 in [9] easily imply that the monotone
C∗-algebra coincides, up to isomorphism, with the quotient of ∗ZA
modulo the monotone relations. More explicitly, the isomorphism is
given by aj ↔ [ij(a)], j ∈ Z, where [ij(a)] denotes the equivalence class
of ij(a) in ∗ZA. That said, we can recall what the process correspond-
ing to a given state ϕ ∈ S(M) looks like. This is obtained by defining
ιj as

(3.3) ιj(a⊕ λ) = πϕ

(
aj + λ

∑

k<j

a
†
kak

)
, λ ∈ C

where πϕ : M → B(Hϕ) is the GNS representation of M associated to
ϕ.
In Section 5 of [8] monotone processese have been shown to be ex-
changeable if and only if the corresponding monotone states ϕ ∈ S(M)
satisfy

ϕ⌈M0◦Tσ = ϕ⌈M0 for every σ ∈ PZ .

We will consistently refer to such states as symmetric states. We also
recall that Z acts on M through the shift automorphism ατ given by
ατ (ai) = ai+1, i ∈ Z. Note that ατ comes from the corresponding
action of Z at the level of the free product ∗ZA. A state ϕ on M is
called stationary if ϕ ◦ ατ = ϕ.
Denote now B0 := span{X ∈ M0 : l(X) > 0} and B its norm

closure. Corollary 5.10 of [9] gives that M is the C∗-algebra obtained
by adding the identity to B. Then every Y ∈ M decomposes into the
sum Y := X + cI, where X ∈ B and c ∈ C.
The state at infinity ω∞ (see e.g. [4]) is consequently well defined as

ω∞(Y ) = ω∞(X + cI) := c .

In addition, the vacuum state ω ∈ S(M) is given by

ω(Y ) := 〈Y ζ, ζ〉 .
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We recall that symmetric states are all of the form

ϕ = γω + (1− γ)ω∞ ,

for some γ ∈ [0, 1], see [8, Proposition 5.1].

The next proposition provides a description of the operator system
Mex

0 := {X ∈ M0 : Tσ(X) = X for every σ ∈ PZ}, which turns out to
be trivial.

Proposition 3.3. With the notation set above, we have Mex
0 = CI.

Proof. We will actually prove more: for any X ∈ M0 \ CI, there is a
permutation σ ∈ PZ such that Tσ(X) 6= X . Now any such X can be
written as X =

∑
k∈F αkX(λ

(k)
1 ,λ

(k)
2 )

, where F is a finite set, and αk are

complex numbers. Let G ⊂ Z be the finite set obtained as the union⋃
k∈F (λ

(k)
1 ∪ λ

(k)
2 ). It is enough to pick a permutation σ ∈ PZ such

that σ(G) ∩ G = ∅ and σ ∈ OP (G) to have Tσ(X) 6= X . Indeed, by
construction for any k ∈ F we have Tσ(X(λ

(k)
1 ,λ

(k)
2 )

) 6= X
(λ

(j)
1 ,λ

(j)
2 )

with

j ∈ F , and the conclusion follows by linear independence as Tσ sends λ-
forms (π-forms) to λ-forms (π-forms). All is left to do is exhibit such a
permutation. Denote by mG and MG the minimum and the maximum
of G, respectively. If we define

σ(h) :=





τMg−mg+1(h) h ∈ G

τ−(Mg−mg+1)(h) h ∈ τMg−mg+1(G)
h otherwise

σ is seen at once to enjoy the desired properties. �

We recall that given a stochastic process
(
A,H, {ιj}j∈J , ξ

)
, its tail

algebra is the von Neumann subalgebra of B(H) defined as

ξ⊥ϕ :=
⋂

I⊂J, I finite

( ⋃

K∩I=∅, K finite

( ∨

k∈K
ιk(A)

))′′
,

where ϕ is the corresponding state on ∗ZA.
It is one of our goals in the present work to come to a full description
of the tail algebra of exchangeable processes. To this aim, we need to
recall a simple general result from representation theory of C∗-algebras.
Although the result is likely to be well known, we include a precise
statement and a sketched proof for want of a reference.
Let A be a unital C∗-algebras and let ω1, ω2 be two states on A. If
ω1 and ω2 are disjoint, namely the corresponding GNS representations
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are disjoint1, then the GNS representation of any non-trivial convex
combination ω = γω1+(1−γ)ω2, with 0 < γ < 1, is obtained as a direct
sum. More precisely, the GNS triple (Hω, πω, ξω) can be identified with

Hω = Hω1 ⊕Hω2, πω = πω1 ⊕ πω2 , ξω = γ
1
2 ξω1 ⊕ (1− γ)

1
2 ξω2

up to unitary equivalence. This is seen as follows. To begin with,
the equalities ‖ξω‖2 = 1 and ω(a) = 〈πω(a)ξω, ξω〉, for any a ∈ A,
can be checked by straightforward computation. To conclude, we need
only make sure that the vector ξω is cyclic for πω. This is where the
disjointness of ω1 and ω2 plays a role. Indeed, in this case it is well
known (see e.g. Theorem 10.3.5 in [18]) that the von Neumann algebra
generated by πω decomposes into a direct sum, namely

πω(A)
′′ = πω1(A)

′′ ⊕ πω2(A)
′′ .

But then πω(A)
′′ξω = πω1(A)

′′ξω1⊕πω2(A)
′′ξω2, which means ξω is cyclic

for πω(A)
′′, and so it is cyclic for πω(A) as well, since the latter algebra

is strongly dense in the former.

The general framework we outlined above applies in particular to
all symmetric states because they are just a convex combination of the
vacuum state ω and the state at infinity ω∞, which are both irreducible
and inequivalent. Therefore, if ϕ = γω + (1 − γ)ω∞, with 0 < γ < 1,
then, up to unitary equivalence, we have

Hϕ = Fm⊕C, πϕ(X) = X⊕ω∞(X) for anyX ∈ M, ξϕ = γ
1
2 ζ⊕(1−γ) 1

2

and πϕ(M)′′ = πω(M)′′ ⊕ C = B(Fm)⊕ C.
This allows us to thoroughly describe the tail algebra ξ⊥ϕ when ϕ is a
symmetric state. Denoting by Pζ the orthogonal projection onto Cζ
we have the following

Proposition 3.4. For any symmetric state ϕ = γω+ (1− γ)ω∞, with
0 ≤ γ ≤ 1, we have:

(1) if γ = 0, that is ϕ = ω∞, then πω∞
(M)′′ = C = ξ⊥ω∞

;
(2) if γ = 1, that is ϕ = ω, then πω(M)′′ = B(Fm) and ξ⊥ω =

CPζ ⊕ CP⊥
ζ ;

(3) if 0 < γ < 1, then πϕ(M)′′ = B(Fm) ⊕ C and ξ⊥ϕ = (CPζ ⊕
CP⊥

ζ )⊕ C.

Proof. The case γ = 0, i.e. ϕ = ω∞, is immediately dealt with as one
has πω∞

(M)′′ = πω∞
(M) = C = ξ⊥ω∞

.

1Two representations π1 and π2 of A are disjoint if (π1, π2) = {0}, where
(π1, π2) := {T ∈ B(H1,H2) : Tπ1(a) = π2(a)T, a ∈ A}.
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If γ = 1, i.e. ϕ = ω, the GNS representation πϕ is nothing but the
Fock representation of the monotone annihilators, which is irreducible,
see [9, Proposition 5.9]. Accordingly, we have πω(M)′′ = B(Fm). Tak-
ing into account (3.3), the corresponding process is given by:

(3.4) ιj(a⊕ β) = aj + β
∑

k<j

a
†
kak, β ∈ C.

As {ak}k∈Z have orthogonal ranges, the last term in (3.4) is merely
the projection onto the subspace

span{ei1 ⊗ . . .⊗ eim : m ≥ 1, j > i1 < i2 < . . . < im}
of Fm, and belongs to M by virtue of (3.2). Since in our case the tail
algebra is given by

ξ⊥ω =
⋂

n∈N


∨

|j|>n
ιj
(
M2(C)⊕ C

)



′′

,

from (3.4) it easily follows that
∑

k∈Z a
†
kak belongs to the tail algebra,

which means Pζ sits in it as well because of the equality
∑

k∈Z a
†
kak =

I − Pζ .
Thus, we only need to prove the other inclusion, namely ξ⊥ω ⊂ CPζ ⊕
CP⊥

ζ . To this end, let us set Rn :=
(∨

|j|>n ιj (M2(C)⊕ C)
)′′

for every

n. By its very definition, it is clear that Rn is the strong closure of Mn,
the unital C∗-algebra generated by {aj : |j| > n}.
Now if we set

F(n)
m := span{ei1 ⊗ . . .⊗ eim : m ≥ 1, n ≥ i1 < . . . < im} ,

it is a matter of trivial computations to ascertain that F
(n)
m (along with

its orthogonal complement (F
(n)
m )⊥) is invariant for Mn. But then any

operator sitting in the von Neumann algebra Rn, too, must preserve

both F
(n)
m and (F

(n)
m )⊥. Phrased differently, for every natural num-

ber n we have proved the inclusion Rn ⊂ Gn, where Gn ⊂ B(Fm) is
the von Neumann algebra of all block diagonal operators w.r.t. the
decomposition of the monotone Fock space Fm into the direct sum

F
(n)
m ⊕ (F

(n)
m )⊥. The thesis will then be proved if we make sure that⋂

n Gn reduces to CPζ⊕CP⊥
ζ . This can be seen as follows. Any bounded

linear operator T lies in the intersection
⋂
n Gn if and only if, for ev-

ery n ∈ N, it preserves both F
(n)
m and (F

(n)
m )⊥. As F

(n)
m ⊂ F

(n+1)
m (and

(F
(n)
m )⊥ ⊃ (F

(n+1)
m )⊥), T must preserve

⋃
n F

(n)
m (and

⋂
n(F

(n)
m )⊥), and

the conclusion is thus arrived at because
⋃
n F

(n)
m = (Cζ)⊥.
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Finally, the general case of a proper convex combination ϕ of ω and
ω∞ can be handled easily by taking into account the decomposition of
the GNS representation πϕ we discussed above. �

Remark 3.5. It is a classical result due to Hewitt and Savage, [16],
that exchangeable and tail algebra of a sequence of exchangeable ran-
dom variables are the same. Furthermore, under the same hypothesis
exchangeable and stationary algebra also coincide by virtue of a theo-
rem of Olshen, see [22]. As soon as quantum processes are looked at,
though, these classical results may cease to hold. For instance, Boolean
processes are certainly a case in point, for in [14] symmetric and sta-
tionary algebra of any symmetric Boolean state are shown to differ.
Monotone processes are worse behaved. Indeed, the exchangeable al-
gebra may even be not defined because it is still not known whether
the maps Tσ extend to the C∗-algebra M. To make matters worse,
even if the Tσ’s did extend to M, it would not be clear if they may be
extended to the von Neumann algebra πϕ(M)′′ as well. Nevertheless,
what we do know is that the tail algebra ξ⊥ω = CPζ +CP⊥

ζ
∼= C⊕C is

strictly included in the stationary algebra πω(M)′′
Z
. Indeed, by defini-

tion, πω(M)′′
Z
is given by all operators T ∈ B(Fm) that commute with

the unitary U implementing ατ . This acts on the canonical basis of Fm
as

Uζ := ζ

Uei1 ⊗ ei2 . . .⊗ ein := ei1+1 ⊗ ei2+1 . . .⊗ ein+1, i1 < i2 < · · · < in

Therefore, the unitary U does sit in πω(M)′′
Z
while not belonging to ξ⊥ω .

Furthermore, it may be worth noting that although the stationary C∗-
subalgebra MZ := {X ∈ M : ατ (X) = X} is trivial [9, Proposition
5.11], the stationary von Neumann algebra πω(M)′′

Z
is not even com-

mutative. This can be seen by observing that the operator S defined
by

Sζ := ζ

Sei1 ⊗ ei2 . . .⊗ ein := ei1 ⊗ ei2 . . .⊗ ein+1, i1 < i2 < · · · < in

commutes with U , but S and its adjoint do not commute since S is a
proper isometry (e1 ⊗ e2 is not in the range of S), to wit S∗S = I but
SS∗ < I.

The following is a straightforward adaptation to the monotone case
of the arguments employed to arrive at Formula (4) in [14]. Denote by
ω̃ the unique normal extension of ω to B(Fm), i.e. ω̃(T ) = 〈Tζ, ζ〉, for
any T ∈ B(Fm).
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Proposition 3.6. For any ϕ = γω+(1− γ)ω∞, with 0 ≤ γ ≤ 1, there
exist conditional expectations E from πϕ(M)′′ onto ξ⊥ϕ . In addition:

(1) If γ = 0, i.e. ϕ = ω∞, the only such conditional expectation is
E = idC : C → C.

(2) If γ = 1, i.e. ϕ = ω any such conditional expectation E is of
the form Eψ : B(Fm) → CPζ ⊕ CP⊥

ζ , where

Eψ(X) = ω̃(X)Pζ + ψ(P⊥
ζ XP

⊥
ζ )P

⊥
ζ , X ∈ B(Fm)

and ψ is a state on B(Fm) such that ψ(P⊥
ζ ) = 1.

Moreover, any Eψ is ω̃-invariant.

(3) If 0 < γ < 1, any such conditional expectation E is of the form
Eψ ⊕ idC : B(Fm)⊕ C → (CPζ ⊕ CP⊥

ζ )⊕ C.
Moreover, any E of form above preserves the vector state 〈·ξϕ, ξϕ〉.

In what follows we will have to make use of a technical result that
guarantees the existence of states with suitable properties.

Lemma 3.7. There exist states on B(Fm) that vanish on both B and
K(Fm), the compact operators on the monotone Fock space Fm.

Proof. We claim that ‖A+K +λI‖ ≥ |λ| for any A ∈ B, K ∈ K(Fm),
and λ ∈ C. Note that B+K(Fm) is a (possibly not uniformly closed)
∗-subalgebra of B(Fm). Thanks to the claimed inequality, the linear
functional ω∞ defined on the unital ∗-algebra B + K(Fm) + CI by
ω∞(A + K + λI) := λ is bounded and positive as its norm, which
is equal to 1, is attained on the identity I. By virtue of the Segal
extension theorem (see e.g. [17], Theorem 4.3.13), it can be extended
to a state ω̃∞ defined on the whole B(Fm) which by definition vanishes
on both B and K(Fm).
All is left to do is prove the claimed inequality, which can be done by
a variation of the proof of Proposition 5.8 in [9]. Thanks to a standard
approximation argument, it is enough to ascertain that the inequality
holds true for A in B0. Now any such A is a sum

∑
i∈F βiXi, where

F is a finite set and Xi is either a λ-form or a π-form with l(Xi) > 0,

namely Xi = Yia
♮
ji
, for any i ∈ F , where a♮ji is either aji or a

†
ji
. If now

n ∈ Z is less than min{ji : i ∈ F}, we have Xien = 0 for every i ∈ F .
But then

‖A+K + λI‖ ≥ ‖(A+K + λI)en‖
= ‖Ken + λen‖
≥ |λ| − ‖Ken‖
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Taking the limit of the above inequality as n tends to −∞, we eventu-
ally get the claim because ‖Ken‖ tends to 0 by compactness (a compact
operator sends any orthonormal system to a sequence converging to 0
in norm). �

By a slight abuse of notation we will denote by ω̃∞ any of the states
whose existence has been established above.

Our next goal is to prove that all monotone symmetric states give rise
to conditionally independent and identically distributed (with respect
to the tail algebra) stochastic processes, and conversely that any condi-
tonally independent and identically distributed process is exchangeable.
For the reader’s convenience, we recall the necessary definitions.

Definition 3.8. A stochastic process (A,H, {ιj}j∈J , ξ) with correspond-
ing state ϕ is conditionally independent and identically distributed w.r.t.
the tail algebra if there exists a conditional expectation2

Eϕ :
∨

j∈J
ιj(A) → ξ⊥ϕ

preserving the vector state 〈·ξ, ξ〉, such that

(i) 〈XY ξ, ξ〉 = 〈Eϕ(X)Eϕ(Y )ξ, ξ〉, for each finite subsets I,K ⊂ J ,
I ∩K = ∅, and

X ∈
(∨

i∈I
ιi(A)

)∨
ξ⊥ϕ , Y ∈

( ∨

k∈K
ιk(A)

)∨
ξ⊥ϕ .

(ii) Eϕ(ιi(a)) = Eϕ(ιk(a)), for each i, k ∈ J , and a ∈ A.

Theorem 3.9. For a state ϕ on the monotone C∗-algebra M the fol-
lowing conditions are equivalent:

(i) ϕ is symmetric;
(ii) the stochastic process corresponding to ϕ is conditionally inde-

pendent and identically distributed w.r.t. the tail algebra.

Proof. We start by proving that (i) implies (ii). As any symmetric
state is a convex combination of the vacuum state ω and the state at
infinity ω∞, it is enough to consider the case ϕ = ω, as is done in [14].
This amounts to exhibiting a conditional expectation E : B(Fm) → ξ⊥ω
such that:

2Given an inclusion B ⊂ A of C∗-algebras, a conditional expectation E : A → B

is a positive linear map such that E(b) = b, for any b ∈ B, and E(b1ab2) = b1E(a)b2,
for any b1, b2 ∈ B, a ∈ A.



TAIL ALGEBRAS 17

(1) Given any two finite sets H, J ⊂ Z with H∩J = ∅, for any X ∈(∨
i∈H ιi(M2(C)⊕ C)

)∨
ξ⊥ω and Y ∈

(∨
j∈J ιj(M2(C)⊕ C)

)∨
ξ⊥ω

we have:

〈XY ζ, ζ〉 = 〈E(X)E(Y )ζ, ζ〉
(2) E(ιj(X)) = E(ιk(X)) for any X ∈ M2(C)⊕ C, j, k ∈ Z.

We will show that the two conditions above are both satisfied if we
take E = Eω̃∞

, namely Eω̃∞
(X) = ω̃(X)Pζ + ω̃∞(P⊥

ζ XP
⊥
ζ )P

⊥
ζ , for any

X ∈ B(Fm), where ω̃∞ is a state as in the statement of Lemma 3.7.
We start by checking the second condition. Given a = (αi,j) ∈ M2(C)
and β ∈ C, for any l ∈ Z we have

ιl(a⊕ β) = α1,1ala
†
l + α1,2al + α2,1a

†
l + α2,2a

†
lal + β

∑

k<l

a
†
kak.

But then Eω̃∞
(ιl(a ⊕ β)) = ω̃(ιl(a ⊕ β))Pζ + ω̃∞(P⊥

ζ ιl(a ⊕ β)P⊥
ζ )P

⊥
ζ .

The first summand is easily seen not to depend on l since

ω(ιl(a⊕ β)) = α1,1.

The second summand does not depend on l either because

ω̃∞(P⊥
ζ ιl(a⊕ β)P⊥

ζ ) = β

thanks to the properties of ω̃∞ as stated in Lemma 3.7, the fact that
K(Fm) is a two-sided ideal in B(Fm), and the commutation rules (3.2).

We now move on to check the first condition. We start by claiming
that any X in

(∨
i∈H ιi(M2(C)⊕ C)

)∨
ξ⊥ω can be written as a sum

X = λPζ + T0(X) +B

where λ ∈ C, T0(X) is an operator such that either T0(X)ζ = 0 or
T0(X)ζ is a linear combination of tensors whose indices are all in H (in
particular, ω̃(T0(X)) = (T0(X)ζ, ζ) = 0), and B is a linear combination
of the type

B =
∑

j1∈F1

γj1Bj1 +
∑

j2∈F2

γ′j2B
′
j2

where F1, F2 are finite sets, the Bj1 ’s, j1 ∈ F1, are λ-forms whose indices
are chosen from H and the B′

j2
’s, j2 ∈ F2, are π-forms whose indices

are chosen from H as well. In addition, we do not harm generality if
we also assume that the λ-forms and the π-forms above are all taken
from the Hamel basis of M0.
The above decomposition is a straightforward consequence of the fol-

lowing facts:
a) for any a, a′ ∈ M2(C) and β, β

′ ∈ C, ιj(a ⊕ β)ιk(a
′ ⊕ β ′) is a linear
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combination of λ-forms and π-forms whose indices are i and k, as fol-
lows from Lemma 5.4 in [9] and (3.1)–(3.2);

b) For a = (αi,j) ∈ M2(C), ιj(a⊕ β)Pζ = α1,1Pζ + α2,1a
†
jPζ .

By the same token, any Y in
(∨

j∈J ιj(M2(C)⊕ C)
)∨

ξ⊥ω can be

written as a sum Y = µPζ + T0(Y ) + C, where µ ∈ C, while T0(Y )
enjoys similar properties to T0(X) and C is given by

C =
∑

h1∈G1

βh1Ch1 +
∑

h2∈G2

β ′
h2
C ′
h2

where G1, G2 are finite sets, the Ch1’s, h1 ∈ G1, are λ-forms whose
indices are chosen from J and the C ′

h2
’s, h2 ∈ G2, are π-forms whose

indices are chosen from J as well.
This enables us to write the product XY in a form that is suited to

the computations we need to make. Indeed, we have:

(3.5) XY = λµPζ + λPζC + µBPζ + T0(XY ) +BC

where T0(XY ) is an operator such that ω̃(T0(XY )) = (T0(XY )ζ, ζ) =
0. In more detail, T0(XY ) accounts for the sum of the following terms
arising from the product XY :

λPζT0(Y ), µT0(X)Pζ, T0(X)To(Y ), T0(X)C, BT0(Y )

Thanks to the properties of T0(X) and T0(Y ), the assumptionH∩J = ∅
readily implies that ω̃ vanishes on each of the above terms. Now we
have

Eω̃∞
(X) = (λ+ ω̃(B))Pζ + ω̃∞(P⊥

ζ XP
⊥
ζ )P

⊥
ζ

and

Eω̃∞
(Y ) = (µ+ ω̃(C))Pζ + ω̃∞(P⊥

ζ Y P
⊥
ζ )P

⊥
ζ ,

which means

Eω̃∞
(X)Eω̃∞

(Y ) = (λ+ω̃(B))(µ+ω̃(C))Pζ+ω̃∞(P⊥
ζ XP

⊥
ζ )ω̃∞(P⊥

ζ Y P
⊥
ζ )P

⊥
ζ

and so the equality

〈Eω̃∞
(X)Eω̃∞

(Y )ζ, ζ〉 = λµ+ λω̃(C) + µω̃(B) + ω̃(B)ω̃(C)

is got to. In addition, thanks to Equality (3.5) we have

〈XY ζ, ζ〉 = λµ+ λω̃(C) + µω̃(B) + ω̃(BC).
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The thesis will then follow if we prove that ω̃(BC) = ω̃(B)ω̃(C). Ar-
guing as in the proof of [8, Theorem 3.4], one finds

ω̃(BC) = ω̃

(
∑

j2∈F2,h2∈G2

γ′j2β
′
h2
B′
j2
C ′
h2

)

=
∑

j2∈F2,h2∈G2

γ′j2β
′
h2

= ω̃(B)ω̃(C)

in that ω̃ = 〈·ζ, ζ〉 vanishes on all λ-forms and is 1 on all π-forms in
the Hamel basis.

We now move on to the implication (ii) ⇒ (i). Our strategy is to
show that if a state ϕ satisfies the conditions in Definition 3.8, then its
restriction to M0 is invariant for all maps Tσ, σ ∈ PZ. To this aim, in
light of Remark 3.2 it is enough to show that any such ϕ vanishes on all
λ-forms of the Hamel basis of length greater than 1 and is constant on
all π-forms of the same basis. For the computations we need to make
it is useful to recall that for every j ∈ Z one has ιj(a) = πϕ(aj), where

a ∈ M2(C) is the matrix

(
0 1
0 0

)
.

The first property we verify is that ϕ(aja
†
j) = ϕ(aha

†
h) for any j, h ∈ Z.

This is seen as follows:

ϕ(aja
†
j) = 〈Eϕ(πϕ(aja†j))ξϕ, ξϕ〉 = 〈Eϕ(ιj(aa∗))ξϕ, ξϕ〉

= 〈Eϕ(ιh(aa∗))ξϕ, ξϕ〉 = ϕ(aha
†
h)

where in second-last equality we exploited the assumption that the pro-
cess is identically distributed.
Let now X(λ1,λ2) be a λ-form, where λ1 := {i1, i2, . . . , im}, λ2 :=
{jn, . . . , j2, j1}, and finally l(X(λ1,λ2)) > 1. We want to make sure
that ϕ(X(λ1,λ2)) = 0. Fix r ∈ Z greater than max{im, j1}. There are
two cases to deal with depending on whether λ1 is empty or not.
If λ1 = ∅, using [14, Lemma 1] we find

ϕ(X(∅,λ2)) = ϕ(aj1aj2 · · ·ajn)
= 〈Eϕ(πϕ(aj1aj2 · · · ajn))ξϕ, ξϕ〉
= 〈Eϕ(ιj1(a)ιj2(a) · · · ιjn(a))ξϕ, ξϕ〉
= 〈Eϕ(ιj1(a))Eϕ(ιj2(a)) · · ·Eϕ(ιjn(a))ξϕ, ξϕ〉
= 〈Eϕ(ιj1(a))Eϕ(ιj2(a)) · · ·Eϕ(ιjr(a))ξϕ, ξϕ〉
= 〈Eϕ(πϕ(aj1aj2 · · · ajn−1ajr))ξϕ, ξϕ〉 = 0
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since ajn−1ajr = 0 by (3.1).
If λ1 6= ∅, we pick l ∈ Z strictly less than min{i1, jn}. By Lemma 5.4
in [9] we have

ϕ(X(λ1,λ2)) = ϕ(ala
†
lX(λ1,λ2))

=
〈
Eϕ
(
ιl(aa

∗)ιi1(a
∗) · · · ιim(a∗)ιj1(a) · · · ιjn(a)

)
ξϕ, ξϕ

〉

=
〈
Eϕ
(
ιl(aa

∗)
)
Eϕ
(
ιi1(a

∗) · · · ιim(a∗)ιj1(a) · · · ιjn(a)
)
ξϕ, ξϕ

〉

=
〈
Eϕ
(
ιr(aa

∗)
)
Eϕ
(
ιi1(a

∗) · · · ιim(a∗)ιj1(a) · · · ιjn(a)
)
ξϕ, ξϕ

〉

=
〈
πϕ(ara

†
ra

†
i1
· · · a†imaj1 · · · ajn)ξϕ, ξϕ

〉
= 0

since a†ra
†
i1
= 0 by (3.1).

�

4. The case of q-deformed processes

The present section contains a result on the structure of the tail
algebra of the vacuum state on the C∗-algebra generated by operators
satisfying the so-called q-deformed commutation rules. Furthermore,
it also includes some remarks about the stationary and exchangeable
algebras. We start by recalling how the C∗-algebra alluded to above can
be obtained concretely. This is by definition the C∗-algebra generated
by creation and annihilation operators on the q-deformed Fock space
[3], whose construction we next sketch for convenience.
To this aim, we take −1 < q < 1 and fix a Hilbert space H. The

q–deformed Fock space Γq(H) is the completion of the algebraic linear
span of the vacuum vector ζq, together with vectors

f1 ⊗ · · · ⊗ fn , fj ∈ H , j = 1, . . . , n , n = 1, 2, . . .

with respect to the q–deformed inner product

〈f1⊗· · ·⊗fm , g1⊗· · ·⊗gn〉q := δn,m
∑

π∈Pn

qi(π)〈f1 , gπ(1)〉H · · · 〈fn , gπ(n)〉H ,

where i(π) is the number of inversions of π ∈ Pn. Fix f, f1, . . . , fn ∈ H.
Define the creator l†(f) as

l†(f)ζq = f , l†(f)f1 ⊗ · · · ⊗ fn = f ⊗ f1 ⊗ · · · ⊗ fn ,

and the annihilator l(f) as

l(f)ζq = 0 , l(f)(f1 ⊗ · · · ⊗ fn)

=
n∑

k=1

qk−1〈fk, f〉Hf1 ⊗ · · · fk−1 ⊗ fk+1 ⊗ · · · ⊗ fn .
(4.1)
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l†(f) and l(f) are mutually adjoint with respect to the q–deformed
inner product, and are continuous since for each f ∈ H

‖l(f)‖ = ‖l†(f)‖ ≤
{

1√
1−q‖f‖ if 0 ≤ q < 1

‖f‖ if −1 < q ≤ 0
.

In addition, they are the Fock representation of the q-commutation
relations [3], that is satisfy

(4.2) l(f)l†(g)− ql†(g)l(f) = 〈g, f〉HI , f, g ∈ H .

The limit cases are the Canonical Commutation Relations (Bosons)
when q = 1, and the Canonical Anticommutation Relations (Fermions)
for q = −1. The case q = 0 corresponds to the free group reduced C∗–
algebra [25].
Let us now take H = ℓ2(Z) with the canonical orthonormal basis

{ej}j∈Z, and on Γq(ℓ
2(Z)) denote lj := l(ej), j ∈ Z. The concrete C∗–

algebra Rq and its subalgebra Gq, acting on Γq(ℓ
2(Z)) are the unital

C∗–algebras generated by the annihilators {lj | j ∈ Z}, and the self-

adjoint part of annihilators sj := lj + l
†
j , j ∈ Z, respectively. Notice

that R0 is nothing but the Cuntz algebra O∞ [25, p. 6].
Denote by ωq := 〈·ζq, ζq〉 the Fock vacuum vector state. For any word

X := l
♮
i1
l
♮
i2
· · · l♮in , where ♮ ∈ {1, †}, i1, i2, . . . , in ∈ Z, n ∈ N, we say that

X is Wick-ordered if all the creators are on the left of the annihilators.
Note that thanks (4.2) to any word in the generators of Rq can be
rewritten as the sum of a multiple of the identity with a finite linear
combination of Wick-ordered words.

Our aim is to define a stochastic process on Rq. To do so, we first
need to define our sample algebra A. This will be the universal C∗-
algebra generated by an element a such that aa∗−qa∗a = 1I. Note that
such algebra exists as the C∗-maximal (semi)-norm of a is bounded
from above by 1√

1−|q|
for any −1 < q < 1. For any j ∈ Z, by univer-

sality of A there exists a unique ∗-homomorphism ιj : A → B(Γq(H))
such that ιj(a) = lj . In this way we obtain the quantum stochastic
process (A,Γq(ℓ

2(Z)), {ιj}j∈Z, ζq).

The groups Z and PZ both act on Rq naturally. The ergodic prop-
erties of the corresponding dynamical systems, namely shift invariance
and exchangeability, have been addressed in [13] and [6], respectively.
The unital semigroup LZ, too, acts on Rq by ∗-endomorphisms Λg,
g ∈ LZ, given by Λg(li) := lg(i), i ∈ Z. Thus, any spreadable stochas-
tic process corresponds to a state ϕ such that ϕ ◦ Λg = ϕ, g ∈ LZ.
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For completeness’ sake, we also recall that from [13, Theorem 3.3 and
Corollary 3.4] and [6, Proposition 6.2] the chain of equalities

SPZ
(Rq) = SLZ

(Rq) = SZ(Rq) = {ωq} .
and

SPZ
(Gq) = SLZ

(Gq) = SZ(Gq) = {ωq}.
hold.

Proposition 4.1. The tail algebra ξ⊥ωq
is trivial.

Proof. Let us define the decreasing sequence of von Neumann algebras
Rn := W ∗({lj : |j| ≥ n}) ⊂ B(Γq(ℓ

2(Z))). The thesis amounts to show-
ing that

⋂∞
n=1Rn = CI. To this end, let us also define the decreasing

sequence of ∗-algebras An ⊂ Rn, where An is the involutive subalgebra
of B(Γq(ℓ

2(Z))) generated by the infinite set {lj : |j| ≥ n}. Note that
by definition A′′

n = Rn for every n ∈ N. We consider the set in Γq(ℓ
2(Z))

made up by the vacuum vector ζq and the countable collection of vec-
tors of the form ej1 ⊗ · · · ⊗ ejk , with k ∈ N and j1, j2, . . . , jk ∈ Z.
Henceforth we will denote this set by {ηi : i ∈ N}. Let now T be an
operator sitting in the intersection

⋂∞
n=1Rn. There is no loss of gener-

ality if we also suppose ‖T‖ ≤ 1. Since An is weakly dense in Rn, for
every n there exists An ∈ An with ‖An‖ ≤ 1 and

(4.3) |〈(T −An)ηi, ηj〉q| <
1

n
, for i, j = 1, 2, . . . n

We next rewrite each An as An = λnI+Qn, where λn ∈ C andQn is a fi-
nite linear combination of Wick-ordered words in lh, l

†
k with |h|, |k| ≥ n.

We claim that for any fixed i, j ∈ N, the inner product 〈Qnηi, ηj〉q
eventually vanishes (w.r.t. n). Thanks to the equality 〈Anζq, ζq〉q =
λn + 〈Qnζq, ζq〉q = λn for n large enough, we see that the sequence
{λn}n∈N is bounded with |λn| ≤ 1 for n big enough. But then the se-
quence of operators Qn is uniformly bounded as well, and in particular
it converges to 0 in the weak operator topology. Up to extracting a
subsequence, we can assume that {λn}n∈N converges to some λ ∈ C.
Taking the limit of (4.3) for n→ ∞, we finally obtain

〈Tηi, ηj〉q = λ〈ηi, ηj〉q , for any i, j ∈ N

hence T = λI as the set {ηi : i ∈ N} is total in the Hilbert space
Γq(ℓ

2(Z))).
All is left to do is prove the claim. Fix i, j ∈ N, and let us first
assume that ηi = er1 ⊗ · · · ⊗ erk and ηj = eh1 ⊗ · · · ⊗ ehm. If we set
N0 := max{|r1|, ..., |rk|, |h1|, ..., |hm|}, for n > N0 we have 〈Qnηi, ηj〉q =
0. Indeed, it is enough to observe that for any Wick-ordered word
W = l♮p1 · · · l♮ps with |pl| > N0 for l = 1, 2, . . . , s, where ♮ ∈ {1, †}, the
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equality 〈W (er1 ⊗· · ·⊗erk), eh1 ⊗· · ·⊗ehm〉q = 0 is satisfied. Now, if at
least one annihilator shows up in W , then l♮ps = lps because W is Wick
ordered, which means lps(er1 ⊗ · · · ⊗ erk) = 0 by (4.1). Thus one has

〈W (er1 ⊗ · · · ⊗ erk), eh1 ⊗ · · · ⊗ ehm〉q = 0.

If no annihilator shows up, then W = l†p1 · · · l†ps, and accordingly

〈W (er1 ⊗ · · · ⊗ erk), eh1 ⊗ · · · ⊗ ehm〉q
= 〈l†p1 · · · l†ps(er1 ⊗ · · · ⊗ erk), eh1 ⊗ · · · ⊗ ehm〉q
= 〈l†p2 · · · l†ps(er1 ⊗ · · · ⊗ erk), lp1(eh1 ⊗ · · · ⊗ ehm)〉q = 0.

Finally, if one of ηi and ηj is the vacuum vector ζq the above argument
continues to work due to (4.1) once again. �

Remark 4.2. It is worth pointing out that an analogue of the Hewitt-
Savage theorem does not hold for our q-deformed processes, for the tail
algebra ξ⊥ωq

is strictly contained in πωq
(Rq)

′′
PZ
. To see this, we start by

recalling that πωq
(Rq)

′′ = B(Γq(ℓ
2(Z))), see [13, Proposition 3.6 ]. But

then πωq
(Rq)

′′
PZ

is given by all bounded operators on Γq(ℓ
2(Z)) that

commute with Uσ, σ ∈ PZ, where Uσ is the unitary operator given by
Uσζq = ζq and Uσ(ei1⊗· · ·⊗eik) = eσ(i1)⊗· · ·⊗eσ(ik), for any k ∈ N and
i1, . . . , ik ∈ Z. In other words, πωq

(Rq)
′′
PZ

is equal to {Uσ : σ ∈ PZ}′,
which is easily seen to contain all operators of the form

∑∞
n=0 λnPn,

where Pn is the orthogonal projection onto Hn, the n-particle space,
with the convention H0 := Cζq.
We would like to point out that the stationary algebra πωq

(Rq)
′′
Z
coin-

cides with {Uτ}′, where Uτ is the unitary operator acting on (Γq(ℓ
2(Z))

as Uτζq = ζq and Uτ (ei1 ⊗ · · ·⊗ eik) = ei1+1 ⊗ · · ·⊗ eik+1, for any k ∈ N

and i1, . . . , ik ∈ Z. In particular, Uτ belongs to the stationary algebra.
This shows that the stationary algebra and the exchangeable algebra
are not the same, for Uτ does not commute with all Uσ’s, as is easily
realized by taking σ as the transposition (1, 2). In other words, the
theorem by Olshen in [22] ceases to hold for q-deformed processes.

However, at the C∗-algebra level the exchangeable algebra is trivial.
More precisely, we have the following.

Proposition 4.3. The exchangeable algebra

R
PZ

q := {X ∈ Rq : UσXU
∗
σ = X, for all σ ∈ PZ}

reduces to CI.

Proof. We shall argue by contradiction. Suppose thatRPZ

q is not trivial.
Then there exist at least two different states ω1 and ω2 on it. Since the
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group PZ is amenable (being a direct limit of finite groups), there exist
PZ-invariant states ω̃1 and ω̃2 on Rq which restricts to RPZ

q as ω1 and
ω2, respectively. This is absurd because ω̃1 6= ω̃2, but ωq is the only
PZ-invariant state on Rq. �

Since Z is amenable, the same argument as in the proof of Proposi-
tion 4.3 shows that RZ

q := {X ∈ Rq : UτXU
∗
τ = X} is trivial as well.

Finally, RLZ

q := {X ∈ Rq : Λg(X) = X for all g ∈ LZ} is also trivial

because RLZ

q ⊆ RZ

q .

Appendix A

We provide here a result that allows for a full reconstruction of clas-
sical (real-valued) stochastic processes from the general setting of C∗-
algebras and their representation theory. To this end, in the definition
of a quantum stochastic process, the sample algebra A must be chosen
to be C0(R), the C

∗-algebra of all continuous functions on the real line
vanishing at infinity. Furthermore, the algebra

∨
j∈Z ιj(C0(R)) needs

to be assumed commutative as well. The result is actually more or
less known. Nevertheless, we state it in a possibly novel form, which
is more suited to the language of Quantum Probability. We keep the
notation we established in Section 2.

Proposition A.1. Let (C0(R),H, {ιj}j∈Z, ξ) be a stochastic process
such that the von Neumann algebra

∨
j∈Z ιj(C0(R)) is commutative.

Then there exists a commuting family {Aj : j ∈ Z} of (possibly un-
bounded) self-adjoint operators on H such that for every j ∈ Z one has
ιj(f) = f(Aj), f ∈ C0(R).
In addition there exist a probability measure µ on (RZ,C) and a unitary
U : H → L2(RZ, µ) such that:

(1) Uξ = [1]µ
(2) UAjU

∗ =Mj, for every j ∈ Z, where Mj is the operator acting
on L2(RZ, µ) as the multiplication by Xj.

Proof. Let Bb(R) be the C∗-algebra of all bounded Borel functions on
R. As is known, each ιj can be extended to a ∗-representation of Bb(R),
which we denote by ι̃j . By a standard approximation argument, one
easily sees that the ranges of the extended representations continue to
commute with each other.
For any fixed j, set Ej(∆) := ι̃j(χ∆), where ∆ is a Borel subset of
the real line. For every j ∈ Z, the family of orthogonal projections
{Ej(∆) : ∆ ⊂ R is a Borel subset} is a resolution of the identity, and
as such it defines a self-adjoint operator Aj :=

∫
R
λdEj(λ). Note that
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the operators Aj , j ∈ Z, commute with one another because their spec-
tral projections do.
Fix n ∈ N and j1, j2, . . . , jn ∈ Z. Consider the bounded linear func-
tional ϕ : C0(R

n) → C given by ϕ(f) = 〈f(Aj1, Aj2, . . . , Ajn)ξ, ξ〉 for
any f ∈ C0(R

n). By the Riesz-Markov theorem there exists a Borel
probability measure µj1,j2,...,jn on Rn such that

〈f(Aj1, Aj2, . . . , Ajn)ξ, ξ〉 =
∫

Rn

fdµj1,j2,...,jn, f ∈ C0(R
n).(A.1)

Observe that the family {µj1,j2,...,jn : n ∈ N, j1, j2, . . . , jn ∈ Z} satisfies
the consistency conditions of Kolmogorov’s theorem. Therefore, there
exists a probability measure µ on (RZ,C) having the family above as
its finite-dimensional distributions.
Our next aim is to define a unitary U from H to L2(RZ, µ). To this
end, first note that the linear subspace

D := {f(Aj1, Aj2, . . . , Ajn)ξ : n ∈ N, f ∈ C0(R
n), j1, j2, . . . , jn ∈ Z}

is dense in H because ξ is a cyclic vector for
∨
j∈Z ιj(C0(R)). We define

U0 : D → L2(RZ, µ) by

U0f(Aj1, Aj2 , . . . , Ajn)ξ := [f ]µ ,(A.2)

where [f ]µ is the µ-equivalence class of the function f(Xj1, Xj2, . . . , Xjn),
and Xj : RZ → R is for every j the j-th coordinate function, that
is Xj(x) = xj , x = (xj) ∈ RZ. Thanks to (A.1) one sees at once
that U0 is an isometry. By density of D in H, U0 can be extended
to an isometry U defined on the whole H. By standard approxi-
mation arguments the range of U is seen to be dense in L2(RZ, µ),
hence U is a unitary. In order to prove the equality Uξ = [1]µ,
we consider a bijection g : N → Z and a sequence of cylinders sets
Cn = {x ∈ RZ : xg(1) ∈ B1, . . . , xg(n) ∈ Bn} such that µ(Cn) ≥ 1 − 1

n

with Bi ⊂ R being suitable bounded Borel subsets. Let now be {hn}n∈N
be a sequence of functions such that hn ∈ Cc(R

n) with 0 ≤ hn ≤ 1 and
hn(x1, . . . , xn) = 1 for all (x1, . . . , xn) ∈ B1 × · · · ×Bn, for every n. By
evaluating (A.2) on hn(Ag(1), . . . , Ag(n))ξ, we get

U0hn(Ag(1), . . . , Ag(n))ξ = [hn]µ .

By construction the sequence {kn}n∈N ⊂ L2(RZ, µ) given by kn :=
hn(Xg(1), Xg(2), . . . , Xg(n)) converges to [1]µ in the ‖ · ‖L2-norm. There-
fore, one can take the limit as n → ∞ of the above equality and gets
Uξ = [1]µ.
All is left to do is prove the equality UAjU

∗ = Mj, for every j ∈ Z.
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Fix j ∈ Z and define

Dj := {f(Aj, Aj1, . . . , Ajn)ξ : n ≥ 0, j1, . . . .jn ∈ Z, f ∈ Cc(R
n+1)}.

We aim to show that Dj is a core per Aj. We first note that Dj is con-
tained in the domain of Aj . Indeed, if x = f(Aj, Aj1, . . . , Ajn)ξ, where
f is in Cc(R

n+1) one has
∫
R
λ2jd(E(λj)x, x) < ∞ because the measure

d(E(λj)x, x) is by construction compactly supported. Second, the lin-
ear subspace Dj is easily seen to be dense in H. Finally, Dj is invariant
for the one-parameter group Uj(t) := eitAj since for any f ∈ C0(R

n+1)
the function Rn+1 ∋ (λj, λj1, . . . , λjn) → eitλjf(λj, λj1, . . . , λjn) ∈ C

still has compact support. From Theorem VIII.11 in [23] it follows
that Dj is a core for Aj .
The equality UAj =MjU is trivially satisfied on Dj. Let now ϕ be in
D(Aj). Then there exists a sequence {ϕn}n∈N in Dj such that ϕn → ϕ
and Ajϕn → Ajϕ. From the equality UAjϕn =MjUϕn, n ∈ N, we see
that the sequence MjUϕn converges to UAjϕ. Because Mj is closed,
we must have that Uϕ is in D(Mj) and UAjϕ = MjUϕ. In other
words, we have Aj ⊂ U∗MjU , and so Aj = U∗MjU as Aj and U

∗XjU
are both self-adjoint. �

Remark A.2. Under the general hypotheses we are working with, a
common core for all operators Aj may fail to exist, for the intersection⋂
j∈ZDj is not even necessarily dense in H.
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