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Abstract
We give sufficient conditions for the well posedness in C* of the Cauchy problem for third-
order equations with time-dependent coefficients.
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1 Introduction

In this paper, we study the Cauchy Problem in C*® for some weakly hyperbolic equation
of third order. We are interested in Levi conditions, that is in conditions on lower-order
terms which ensure the well posedness of the Cauchy Problem.

In the case of strictly hyperbolic equations of order m (that is when the characteristic
roots are real and distinct, m is a natural number), Petrowski [30] (see also [24]) proved
well posedness of the Cauchy Problem in C*® for any lower-order term. Then, Oleinik
[28] studied weakly hyperbolic equations of second order (that is the two character-
istic roots are real but may coincide) with C* coefficients and lower-order terms and
gave some sufficient conditions for well posedness of the Cauchy Problem. Nishitani
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[25] found necessary and sufficient conditions for second-order equations when there is
only one space variable and the coefficients are analytic. In the papers [6] and [7], some
second-order hyperbolic equations with coefficients depending only on ¢ (in many space
variables) were studied. They studied the Cauchy problem both in C* and in Gevrey
classes. They studied the case of C* and of analytic coefficients and gave some suf-
ficient conditions on the lower-order terms for the well posedness of the Cauchy prob-
lem (we call them logarithmic conditions). We generalize these conditions to equations
of third order with time-dependent non-smooth coefficients.

Although there are many papers on higher-order equations, only few general result
has been obtained (for a general framework see, e.g., [24]). We recall that a neces-
sary and sufficient condition for the C* well posedness has been obtained only for few
classes of operators, in particular operators with constant coefficients [16, 17, 34] (or,
more generally operators whose principal part has constant coefficients [14, 36]) and
operators with characteristics of constant multiplicities [5, 13, 15].

Concerning third-order operators, which is the main topic of the present paper, many
paper treat this subject (see, e.g., [1-4, 8, 10, 21-23, 26, 27, 37]). However, no com-
pletely satisfactory result has yet been obtained.

In particular, Wakabayashi [37] has studied this problem, obtaining results similar
to ours. He considers operators with double characteristics and operators of third order.
In this case, his sub-principal symbol is the same as ours, while the sub-sub-principal
symbol (of order 1) is different. His conditions on lower-order terms are similar to ours in
one space variable. In general, his conditions imply our logarithmic conditions. There are
two important differences between our works: Wakabayashi supposes that the coefficients
of the equations are analytic, while we suppose that they are C> and his conditions are
pointwise while our conditions are integral. We do not know if they are equivalent in many
space variables, when the coefficients are analytic. Finally, our conditions can be expressed
simply in terms of the coefficients of the operator (at least if the coefficients are analytic).

In [8], it is considered homogeneous higher-order operators with coefficients depend-
ing only on the time variable and finite degeneracy; and a necessary and sufficient con-
dition for the C* well posedness is stated. This result has been extended in [10], to non-
homogeneous equations, and in [32] and [33] to equations with principal part depending
only on one space variable.

Recently, Nishitani [26, Theorem 6.1] considered third-order equations with analytic
coefficients in one space variable and generalizes the results of [8] and [32] to equations
whose principal symbol depends on both ¢ and x. We compare these results with our
Theorem 2 in Example 3 of Sect. 7.

We have the following results:

Theorem 1 ([7, 11, 12]) Let us consider a second-order equation
d

d d
Ou+ Z a,(1)0,0,u + Z b(19,,0,, 4+ co()O,u + Z ¢/(00,u+d(tu =1
j=1 Jh=1 J=1
Suppose that the coefficients are real and C* in t and do not depend on the space variables.

Suppose that the symbol of the principal part

L(t,7,8) = 22 + a(t, E)7 + b(t, &),
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where a(t, &) = Zj’l:l a,(&;, b(t, &) = Z;{h:l b ()&, has real zeros in T for any & € R,
te[0,T]

A1,8) = a*(1,€) — 4b(t,6) > 0

(weak hyperbolicity).

If

BCYN(RS)]

forany & € R" with|&| = C, > 1 (this condition is automatically satisfied if the coefficients
are analytic), and if

/T |-1/2600 T, a0 + B, 08 = 1/2 3, 00,05 5
0 VAR E) + 1

for any Ewith || > C; > 1 (logarithmic condition), then the Cauchy problem is well posed
in C™.

t< Cloglé|l (1.2)

Now, we consider a third-order equation
2
Fu+ Y D a0 u=f, (1.3)
=0 la|<3~j
with initial conditions
u0,) =uy, Ou0,x)=u, 0u0,x)=u,. (1.4)

Let

L(t,7,&) P + Z aj,a(t)r’f",

J+la|=3

Mez.HE Y 4,00,

JHlal=2

Nero= Y a,00e,

Jtlal=1
def
p@) = a0,
so that Eq. (1.3) can be rewritten as
L(t,0,,0)u+ M(t,0,,0)u+ N(t,0,,0)u+pu=f.

We assume that the coefficients of L belong to Cz([O, T]), those of M and N belong to
C' ([0, 71), whereas p(t) belongs to L= ([0, T1).
The principal part L(z, 7, £), as a polynomial in 7, has only real roots:

Tl(t’ 5) < Tz(t7 é) < 7'-3([’ 5)

for any ¢,&, (weak hyperbolicity). This is equivalent to say that the discriminant of L
is nonnegative:
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def 2 2 2
AL(1,8) = (1,(,8) = 1,(1,8)) " (72(1, &) — 73(1,)) (732, 8) — 7,(1,8))
= Al(1, O)A3(1, &) — 4AL(1, &) — 4AT (1, H)A5(1, &)
+ 18A,(1, £)A (1, E)A5(1, &) — 27A§(t, & =0,

where

A, 8) = Z (D& (1.5)

|a|=3—j

We set also

AV E (10,8 1. 0) + (120 &) = 73(1.0) + (1308 = 7,1.0))°
= 2[A7(1,&) - 34,(1,9)].

Note that, if A,(, &) = 0 and A;})_(f, £)#0, then L has a double root (for example
7,(1,€) = 75(1, ) and 7,(1, &) # 75(1, &)), whereas if A(Ll)(f, &) =0, then L has a triple root:
711, 8) = 7,(1, &) = 75(1, &)

Note that, (cf. Lemma A.1)

9
AV 8 = 81,8,
where
2
Dy (1,8) = (01(1,8) = 0,(1,))
is the discriminant of the polynomial

def 2
0.L(t,7,8) = 37° +2A,(1,E) T+ Ay(1,8) =3 (1 — 0,(1,8)) (7 — 0,(1,9)) .

Notations In the following, we note
s={wy.e3.6n}
Sy = { 1,2,3), 2,3,1), (3,1,2) }

Let f(t,&) and g(z, &) be positive functions, we will write f < g (or, equivalently g > f)
to mean that there exists a positive constant C such that

f(t,E) < Cg(t, &), forany (t,&) €[0,T] € R".

Similarly, we will write f & g to mean that f < gand g Sf.
These notations will make the formulas more readable and will allow us to focus only on
the important terms of the estimates.

Consider the auxiliary polynomial

Lt7.8) S Lt 7, 8) — PL(, 7. 6), (1.6)
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we can prove (see Lemma 2.1 below) that its roots 4;(#, &) are real and distinct for & # 0,
and, there exist positive constants C, and C, such that

|41.) = 7(1.€)|
|48, &) = 48, 9)|
for all (1, &) € [0, T] x R" \ {0} and (j, k) € S,

We denote by y, and p, the roots of 9, L(t, , £).
Define the symbols

1°

<C
2 Gy,

M, z, 5) M(t 7,6) — 00 L(t,7,8), 1.7)

N(@, 7, 5) N(t 7,8 — aa M(t, 7, &) + —6262L(t 7,8). (1.8)
‘We can now state our main result.

Theorem 2 Assume that

0 (G.k)ES, |ij(t7§)_j’k(t’§)| ~ ’ .
/T |024,(1, &) — 02 4,(1,€))| dr < log(1 +121) (110)
0 s 10460 - oK@ +1 7 ' '
|aM 1, At,8),€)|
dr S log(1+1¢), (1.11)
|M 1AL ), E)|+1
T2 |9,N(t, u(t, &),
/ |V’ (1.4, 9.€)| dr < log(1+1€]), (1.12)
=N (e (.8, 8) [ + 1

dr Slog(1+1¢1).  (1.13)

/T |M (1, 4,(1,6),¢)]|
0 (k,DES, |/1/(t’ é) - A’k(ta §)| : |/1](t’ é) - )’l(t’ §)|

N
/ | tﬂ,(t§)§)| at < tog(1 +141). (L.14)
|/42(tf) /41(t§)|

Then, the Cauchy problem (1.3, 1.4) is well posed in C*.

In the following, we will say that a function f(¢, £) verifies the logarithmic condition
if
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T
/[f(r,.f)|dtslog(1+|§|).
0

Remark 1.1 Conditions (1.9)—(1.12) are hypothesis on the regularity of the coefficients.
Indeed if the coefficients are analytic, then they are satisfied, see Sect. 4.

Conditions (1.13) and (1.14) are Levi conditions on the lower-order terms. They are
necessary if the coefficients of the principal symbols are constant, see Sect. 6.

Remark 1.2 The hypothesis in Theorem 2 can be expressed in terms of the coefficients
of the operator. This is possible either by expliciting the roots of £ and 0, L, or by trans-
forming Hypothesis (1.9)—(1.14) into symmetric rational functions of the roots of L. This
will be developed in Sect. 3.

The plan of the paper is the following. In Sect. 2, we will prove Theorem 2. In Sect. 3,
we give some different forms of the Levi conditions (1.13) and (1.14). In Sect. 4, we will
show that if the coefficients are analytic, then (1.9)—(1.12) are satisfied. In Sect. 5, we give
some sufficient pointwise conditions that are equivalent to ours in space dimension n = 1.
We show also that the Levi conditions (1.13) and (1.14) are equivalent to the condition
of good decomposition [13], which is necessary and sufficient for the well posedness for
operators with characteristics of constant multiplicities [5, 13, 15]. In Sect. 6, we show that
the Levi conditions (1.13) and (1.14) are necessary for the C* well posedness if the coef-
ficients of the principal symbols are constant. Finally, in Sect. 7, we give some examples.

In the proofs, for the sake of simplicity, we will omit the dependence on ¢ and & in the
notations.

2 Proof of theorem 2

Lemma 2.1 ([19]) Consider the polynomial
L(t,7,8) = L(t,7,8) — €2 |07 L(t, 7, &) .

Its roots 7; (1, ) are real and distinct, moreover,
|t — 7l Selel, =123,
|7e — Tee| 2 €lel. GoES,.

Remark 2.2 By direct calculation (cf. [21, par. 1020]), the discriminant of L, is given by
A=A+ %e2|§|2 A%, +366%E[M A, +864£°0¢°,

where A, | is the discriminant of the polynomial d,L.
Similarly,

Dy =8, +T2€ €. @.1)

We will take e = 1/|€].
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We consider

L (t,7,8) =7 — i1, (1,), j=1,2,3,
Ly (t,7,8) = (1 — i1 (1,0) (7 — it . (1, 9)) , (. k) €S,,
Lins (t,7,8) = (7 — it (1,8)) (1 — iy, (1,)) (7 — 13, (1, £))
=L, (t,7,i&) = L(t, 7, i8) + £*|E[*O2L(¢t, 7, i€) .

We define also the operators
~ 1
Ly (t,0,8) = S 1 (6,0, 0Ly, (1,0, 8) + Ly (1, 0y, £)oL; (1, 9,, )]

for any (j, h) € S,, and

~ 1
Li(t:0,8) = Y Lu(t0,00Ly, (1.0, 80L,(1.0,8).
joh1=1,23
J#ERGFL R#L
If e = 0, we will write L;, Ly, Ly, ..., instead of L;, Ly, g Ly g -

Lemma 2.3 For any (j, h) € S,, we have

zjh,s =Ly, + % 0,0.Ly ¢ .

and
L oL, — zjh,s = é (Tj/,e - T}/z,s)'
Proof As
L; oLy, = (0, —it;)o(0, — it ) = Ly, — ir,;‘E ,
we have
9, — i7)0(d, — it,)) + (0, — i, )o(d, — i)

=2L,, - i(rj{e + r,’l!é)

=2L,, +(9,0,Ly,,),
from which (2.4) follows.

Identity (2.5) follows from (2.6) and (2.7).

Note that,
Lj,gv - Lh,ev = _i(?]',s - Th,e)v >

whereas, from (2.7),

(2.2)

(2.3)

2.4)

@2.5)

(2.6)

Q.7

(2.8)
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i i
Lyev—Lyv="Lyv—L;v- (' + T,’w)v + 5(7;",5 +7 )W

J J 2 e Le
. i ) 2.9
= —i(t),, — ‘L'l!&)Lj’EV - E(Thyf - 7[,6)1/.
Lemma 2.4 We have
~ 1 1 5.
Liys, =L, + 5 0,0, Ly, + 3 0,0;Ly3, (2.10)
~ i i i
Ll,eoLZ,eoLS,e - L123,£ = E(T{ - Té) L3,£ + 5(7'-; - T;)Ll,e - E(Té - T{)Lls
1 . n " 1 ] " " (21 1)
—51(13 _Tl)_gl(f3 -7)
3
Ligse = Lipsg =2€1E) Z L. (2.12)
i=1

Proof We have

Ll,e 0L2,£ °L3,£ = (at - iTl,g)o(at - iTZ,s)o(at - iT3,£)
= Ligy + (—ity)Ly o + 0,Lys  + (—ity) (2.13)
=L, + (—iTé)Ll,g + (—iTé)ng + (—iT;)Lz,s + (—i'L';') .

Summing over all permutations, we get (2.10).
Identity (2.11) follows from (2.13).
As (2.10) with € = 0 gives

1

5 00.L+ Lo, (2.14)

Liyg=L+ 6 %%
we get

1
2

1

Lz, —Lipzg=Lipz, —L+ 6

0,0.[Lyp3, — L1+ 5;253[14123,5 - L]

3
= E|EPOPL = 21EL 0Ly, = 26761 Y L, -
j=1

We define an energy, after a Fourier transform with respect to the variables x (v = F,u):

3
&) < ki, 6)[ S LyoP + 18 [Z LV + o2 H

G.h)ES, =)

where the weight k(, &) is defined by
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def !
k(t, &) = exp [—’1/ K(s, f)ds] ,
-7

with
|7/ -7 |z -/

def j.€ hgl J.€ h.e
K@ é&) = - " 4 e e
ot 3 Dtn, 5 SR

G.hES, 17je = el G.h)ES,

: |0M< 0N (o)
+Z 1 Z \ 1
= )|+ o1 |[N(oj ol +
M(, S | NGy
+ Z | | + g +10g|§|,
(.hDES; |7 = el ‘| e T Tl = o2 =01
| ! _Thgl
He e S 1+ Z L
s, 1Te = el

|N(aj,£)| +1

|°'2,g - 61,g| ’

+ ) +

GhDES, 1Tie = Thel |70 — Tl 4

|M(T- 2
=

1

M and N are defined in (1.7) and (1.8).
Differentiating the energy with respect to time, we get

E'(t,8) = —nK(1,&) E(t,&)
) [ Y Re<a,Z_,.h,£v, Zj,wv>

(G.MES,

3
+2H (1 EH (1, E) [ DAL v+ v
Jj=1

3
+HA &) [ Y 2Re(9,L;v, L;,v) +2Re(d,v, v) ” .
j=1

Now we show that the second, third and forth summand can be estimated by
C K(t, &) E(t, &), for some suitable positive constant C.

2.1 Estimation of the terms 2 Re<atzj,,,8v, Ijh,sv>
As
athh,gv = (Llozjh,f)v + iTl,s Zjh,gv’

we have

2Re<ath v, Loy >=2Re<(L,o Ly, L v>+2Re<ir,’£zjhEv Ly >

e((LoLy, v, Zjh‘£v> )
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Define
~ def + 1
M= M+ 50,00
1 1 - (2.15)
=M- Ea,aTL + Ea,a,M 4at J’L.
so that
Lipo+M+N=L+M+N, (2.16)
hence

2 Re<(L,onh,g)v, Zjh,EV> =2 Re<(Lz°zjh,e)V =Ly, zf’“v>
+ 2Re<l~,123,gv - 2123,0"’ Zjh-fv>
+ 2Re<Lv + Mv + Ny, th,ev>

- 2Re<Mv L/h6 > - 2Re<Nv , Zjh’6v>

2.1.1 Estimation of 2Re<(L,oTj,,'£)v —T123,8v, Tjh,sv>
First of all, we have
[Re{ (L0 = Ty v Ty )| S (oL v = Ligs ] o]

According to (2.11), (L,onh OV — Zm .V is a linear combination, with constant coefficients,
of terms like (7, —rée)L v, with (a,f,7) € S;, and (r” —T )v with (a,p) € S,,
hence:

|LoLy v —Lisev| S D, Il =7 L v+ D 1) =< vl

(.B.7)ES; (a.p)ES,

Concerning the first sum, from (2.9) and (2.8), we have

'
LyaeV=LypeV 1 Tae " Tpe
L,v=i - = v
Toe — Tpe 2T — Ty,
~ ~ ,
. Lya,gv - Lyﬂ,sv i Ta £ Tﬂ,s La,sv - Lﬂ,ev
=1 I s

Tae = Tpe 27— Tpe Tae ~ Tpe

hence
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o -1
, ’ < a,E P.e ~ ~
Tye Tﬂ,e' |L},’£v| S|l [|L},a,6v| + |Lﬂ,’£v|]
a,e p.e
z:c,e - T;,e
+ | — [lLa,Evl + |Lﬁ’6v|]
Toe — Tﬁ,e

3
S K@, &) [ Y Lyl +HE Y |L,»,£v|] :
j=1

(,MES,

Concerning the second sum, from (2.8), we have

" " |T‘;/75 B Tll7/~€|
|(Ta,£ - Tﬂ,s)v| = |Ta5 — Tﬁgl |Lﬂsfv - Lﬂ',fvl
" " / /
lTa,& - Tﬂ,g lTa,é - T/}',el + 1

= L, v—L, v
ot =t 1 T =7l gy = L

3
<KtOHLE Y 1Ll
J=1

Combining the above estimates, we get

3
|Re<(Ll°Ljh,e)V =LV, Ljh,gv>| S K@) [ Z Ly vI* + HA (1. &) Z |L,~,EV|2] .
GhES, =1

2.1.2 Estimation of 2 Re<f123'£v —Tm,ov, Tj,,,gv>

Using (2.12), we have

3
~ -~ .~
2Re<L123’5v—L123’0v, Lih’£v> S DL v+ |Ly 1P
=

2.1.3 Estimation of 2 Re<Lv + Mv + Nv, Tj,,lev>

As
Lv+Mv+ Nv=—py

2Re<Lv +Mv+ Nv, Zjh,ev> = —2Re<pv, Zj,uv> S PP+ |Zjh£v|2.

2.1.4 Estimation of 2 Re<l|~/lv , Eh'8v>

To estimate M = M — %dthL, we can use the Lagrange interpolation formula
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. def M(z;,)
M= Z £{t,E) Ly, , where £,(t,8) = !

oids, @ = 20T — 710)

(2.17)

If M was a linear combination of the Zhl,f, then we could estimate it.
Now we observe that from M = 3 #;L,,, it does not follow M = 3 #;L,, ., but it follows

M=M+ %ata,M

1 1
= Z l/ﬂth[’g + E Z fja,erhLE + 5 Z atfjarl‘hl,s

(j,h.DES; (hDES; (. hDES;
~ 1
= Y CLy + 3 Y 0Ly, + L.

(. DES, (LhDES;

‘We have
M(z;,)
0,6, =0 L
rJ t(?j’g - Th,g) (rj,g - Tl,e)
an(Tj,s) M(Tj,e) Tj/,s - T;L,E Tj/,e - Tl/,s
= —_ . + s
(Tj,e - Th,e) (Tj,e - Tl,s) (Tj,e - Th,e) (Tj,e - Tl,e) Tj,e ~ The Tj,e —Tle

and

atM(Tj,E) _ |atM(Tje)| |M(Tjé)| + 1

(?j,e - Th,e) (z‘-j,e - TI,E)

|M(Tj’5)| +1 |z‘-j,e - Th,&' |T]5 - Tl,sl

oM@ ol
~ |M(T]’€)| +1 |Tj,£ - Th,sl |Tj,g - Tl,gl

since|7;, — 7;,.| = C > 0. Hence,

i
‘ ( ) <Kt OHLE). 2.18)

t
Tj,e - 1-h,.e) (Tj,e - Tl,e)

Thus, we get

3
|Mv| sm:)[ > Lyl +H 2|L,—,Ev|],
Jj=1

(G.WES,

hence

'2 Re<1\7v, Zjh,5v>

3
szc(r,@[ Y L+ HAE) Y |L,-,&v|2].
Jj=1

G.hES,

2.1.5 Estimation of 2 Re<Nv , Tjh’sv>

Using Lagrange’s interpolation formula:
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N(r) = N (t—0y0)+ Ne2d (t—0y,).
Ole 02 026 ~ Ol
Now, since 7, < 0y, < 75, < 0y, < 73, We can find 6, 0, € [0, 1] such that
Oie =0; 71+ (1 =075,
hence

(r— Gj,g) = ‘9]' (r = T1,g) +(1 - 9,) (r— 73,5) ,

thus N(z) is a linear combination, with bounded coefficients, of terms of the form

v

j=12,h=1,3
We get

- IN(o, )| + |N(o,

. ) -
2Re( v, T,v) | (11112001 1,00

~ |O—2,£ - O-l,&l

< |N(0'1,E)| + |N(O'2,e)| [|~ |2

~ ih, v
|65, = 01 | e

|N(oy )| + |N(oy )]

|62,£ - 61,5'

3
smzs)[ YLyl + HALE) ZlLJ-,gvlz].
j=1

(.MES,

[|L1,Ev|2 + |L3,Ev|2]]

2.2 Estimation of the term 2 H(t, &) (¢, &)

Lemma 2.5 There exists Cy; > 0 such that
H(t,8) < Cy Kt O H(t.E).
Proof For any (j, h) € S,, we have
2
oG e _ T = The T =)

! - - 2
Tie ~ The Tie ™ The ("'T/',s - Th,e)

s

hence
! ! " " ! ’ ! 2
|Tj,£ - Th,e |Tje - Th,e |1'T/',£ - Th,el + 1 lTj,e - Th,e
t X :
|Tj,£ - Th,gl |Tj”g - T;/l’gl +1 |Tj,£ - Th,gl ITj,g ~ The |2

S KL OHEE).
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The terms 0, Gic) are estimated as in (2.18).
(Te=Tne) (Te—71)

For any (j, h) € S,, we have

S ST (G o P R P
i |62 — 01 |62 — 0l |N(aj’£)| S lose =01l 05, — 0y,
NN +1[ N NG oy, =0,
oy — oyl [N(o;,)| ' [N(o; )| +1 - Cre — 01|

hence
5 |1(/(0'j’5)| +1 _ 1 IiN(Gj,g)l +1
|02 = 01l |N(6j,5)| +1 |62 = 01l
loge — 01
1 | N@ol+1 [ Ny oNGy,) o, —o,
"2\ lose -0l [N )| NG| +1 02— 01]

All the terms but the last can be estimated by K(z, €) or H(t, &). For the last, we remark that
(cf. Lemma A.1)

2 2 2_ 9 2
(Tl,s - TZ,e) + (TZ,£ - 73,5) + (T3,6 - Tl,s) = 5 (0-2,5 - 61,6) ’

thus

2
/ / . A
62,& - O-l,e _ 1 [(0-2,5 - 61,5)2]/ _ 1 zf’hESZ(T]’S Th’g)

Ore — o-l,E 2 (0-2,5 - 61,5)2 2 Zj,hGS2 (7'-]‘,5 - Th,g)z
/ !/
(77'& - Th-é) ("'Ti,e - Th,e)

— 2
JhES, Zj,hesz(rj,s Th,e)

- ’

which gives

’ ’ ro_
62,5 61 E | Tj,e Th,&
— | X I ——
O — 0, JheS, |Tj,£ - Th,gl

which can be estimated by X(z, &) or H(t, £).
Finally, we get

[N(o; )| +1

|62,e - O-l,el

S KO HEE).
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2.3 Estimation of the terms 2 H*Re(d,L; v, L; .v)

As
dt(qugv) =[L,, + iT,Lg]Lj,ev
= (Lh,e°Lj,e)V + iTh,eLj,ev S

we have

2Re(0,L;,v, L,v) = 2Re((L, oL, v, L;,v) + 2Re(iz; L;, . L;.v)
=2Re((Ly oL v, L;,v) .

as 7, is a real function, hence
2HR(OLy,v, Lyov) <K [y oLy v+ 1L, P

Now, using (2.5), we have

T _ i,y ’
Lj,e oLh,e - Ljh,s - E (Tj e Th,f)
' !
. T. _—
_ 1 j.e h,e
=-3 —— (L v — Ly,
e h.e

hence
|(Lh,e°Lj,e)V|2 < 2|Zjh£v|2 + 2|(Lj!£oLh’€ - zjhvé)v|2
T — T;l
< N. 2 ‘ J.€ €
<2|L, v+ —Tj,e ——

2
2 2
(ILyvP + 15,001
h,

2.4 Estimation of the terms 2Re(d,v, v)
As

oy =Ly v+ir v,
we have

2Re(d,v, v) = 2Re<L1’£v, v) + 2Re<i‘r]v5v, v>
SILy v+ 2.

Taking # large, we arrive to the estimates
E'(t) < CE®,
E(t) < exp(C(t — 1)) Ety)

from this taking into account the inequality

@ Springer



F. Colombini et al.

K& > (2+1€)™°

it follows that the Cauchy problem for the given equation is well posed.
This concludes the proof of Theorem 2.

3 Equivalent forms of the Levi conditions

In this paragraph, we can give some alternative forms of the Levi conditions. In particular,
we express these conditions in terms of the roots of L.
We recall that

|1.-f,£

-1, |~ |t;—7,|+1, forany (h) € S,, (3.1)
and

|t — 7| S 1, foranyj=1,23, (3.2)

Proposition 3.1 Hypothesis (1.13) is equivalent to the conditions

r [ (1. 7,(1.£). £)|
/> dr S log(1+2]).
0 Ghbes, (Ir,(t, &) —1,(1,6)| + 1)<|rj(t, &) — (1, 6)| + 1)

(3.3a)

/r |0 M (£, 7,(1, ), &) | + |0, M (£, 75(1, &), &) | at < tog(1 +141). (33b)
0

|Tl(t’ 6) - 73([’ é)l + 1

Proof For the sake of simplicity, we omit the ¢ and & variables.
We start by proving that (1.13) implies (3.3b).
By the Lagrange interpolation formula, we have

M(z;,)

v def £

M@y= Y £, L, (r), where ¢, = J .
(GhDES, (Tje = T )(Tje — T1)

Differentiating with respect to 7:
M) =Y £, L0+ L, (7))
(.hDES;

= 2 [fj.e + fk,e] Lz,g(T),
(G hDES;

hence 0,M(z) is a linear combination of Ly (1), L, () and L, (7) with coefficients verify-
ing the logarithmic condition.

To prove that d,M(r) is a linear combination of only L, and L;, we note that, since
T)¢ S Ty, < T3, we can find 6 € [0, 1] such that

TZ,E = 07’-1,5 + (1 - 0) 73,5 5

hence
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L,,=0L,+(1-0)L;,,
, and then,
arM(T) = bl,g LI,E(T) + b3,e L3,£(T) ’ (34)

where b, , and b, are some linear combination of the 7, , 7, . and 7, hence they verify
the logarithmic condition.
Substituting 7 with 7, . and 75 . in (3.4), we get

/o T |0TM(T|1:11| flfjjﬂ%)' dr 5 log(1+1¢1) (3.5)
Since
0.M(z)) = 0, M(t, ) + *M(7, ) (z, — 71,)
we get
|0.M(z))| S |0,M(z, )] +1,
hence

|arM(Tl)| < |01M(Tl,e)| +1

o3 =7l +1 7 |23, — 7|

An analogous estimate holds true with 7, and 7, , replaced by 7; and 7; .. Combining such
inequalities with (3.5), we get (3.3b).

To prove that (1.13) implies (3.3a), we remark that, since M is a polynomial of degree 2,
it coincides with its Taylor’s expansion of order 2, hence, we have

. . . 1 5~
M(z)) = M(z, )+ 0. M(t, ) (r; — 7, ) + 3 OZM(z, ) (r) — 71)% .

Taking into account (3.1) and (3.2), we have

|M(Tl)| < |M(Tl,e)| |61M(Tl,£)|

(|T2 - TII + 1) (|T3 — Tll + 1) ~ ITZ,E - T],EI |T3,£ - Tl,gl |TS,£ - Tl,g'

An analogous estimate holds true for M (13).
To prove the estimate for M(r,), we split the phase space [0, 7] X R" in two sub-zones:

le{(z,g)e[o,T]xR"

|ty — 71| < |73 — 1] }

Z, = { (1, &) € [0,T] X R"

|73 — 7| < |7y — 74 }
For (¢,§) € Z,, we write
. N . 1
M(ty) = M(t, ) + 0, M(z, ) (t, — 7, ) + 3 OZM(t, ) (1, — 71)%,

and, since
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=TS In—nl+l1<|n-nl+1,

we get
|M(zy)|
(I, =7l +1) (I3 — 1,1 + 1)
< |M(Tl,e)| |01M(T1,g)| |7, _71,g|
T(lm-nl+ ) (ln—nl+1)  (In-nl+1) (g -5l +1)
|TQ_T1,5|2

1 .
+5 |02M(z, )|

(I, =7l +1) (I3 — 1l +1)
|M(z, )| o.Mz, )|
- (|Tz_T1|+1) (|T3—T2|+1) 73— 75| + 1

Now, using the fact that (¢, &) € Z, if, and only if |z; — 7| < 2|73 — 7,|, we can estimate the
[a,M(TLE)

second term by I Finally, by (3.1), we get

=1+l
|M(T2)| < |M(Tl,£)| |01M(TI,5)| + 1 (3 6)
(|TZ_TI|+1) (|T3_T2|+l) ~ |T2,£_Tl,5||13,5_T1,£| |T3,& _Tl,e| . '

For (1, &) € Z,, we repeat the above calculation, with 7, , and Tse exchanged, and we get

|M(zy)|
(I, =7l +1) (I‘L’3—‘L’2|+1) a7
|M(z3,)] |0 M(z5.,)| '
~ |T3,E - TZ,sl |T3,5 - Tl,gl |T3,s - Tl,g'
Combining (3.6) and (3.7), we get
|M(z))|
(|Tz -7l+ 1) (|773 - |+ 1)
|M(z;,)| |M(z, )] |0.M(7, )| + |9, M(z5,)| o
~ |T3,E - TZ,EI |T3,E - Tl,gl |1’-2,E - Tl,gl |T3,£ - Tl,gl |73,£ - Tl,gl

Thanks to (3.5) we see that (1.13) implies (3.3a).
Finally, we prove that (3.3a) and (3.3b) imply (1.13). Using Taylor expansion as before,
we have

y y y 1, .
M(z;,) = M(7)) + 0, M(z) (7;, — 7)) + 3 0M(z) (r;, —7))*, forj=1,2,3. (3.9)

Using (3.8) with j = 1, we have
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|M(Tl,e)| < |M(Tl)| |01M(71)| 71 — 71
TZ,& - Tl,g' |T3,g - Tl,fl ~ |T2,s - Tl,g' |T3,g - Tl,sl |TZ,5 - Tl,gl |T3,£ - Tl,gl
|Tl,£ -7 |2
+ >

|TZ,E - Tl,el |T3,5 - Tl,s'
and, using (3.1) and (3.2), we get

|M(z, )| - |M(z))] |0, M(z))|

|12,e _Tl,el |73,5 _T],fl ~ (|T2—T1| + 1) (|T3 —Tll + 1) |T3 —Tll +1

+1.

Analogously, exchanging 7, with 73 and 7, , with 7;

Mz, - ¥z |08 (z)|

|7, = T3l 171 e = T3] ™ (I3 =7l + 1) (|1-3 —l+1) -7+l

Using (3.8) with j =2, (3.1) and (3.2), we have

[M(zy.0)] < |M(z,)] |0, M(2))] |75, — 1]
|TZ,5 - 7'—I,sl |T3,s - T2,s| ~ |TZ,5 - Tl,sl |T3,g - TZ,gl |TZ,5 -7 ,el |T3,g - T2,5|
|T2,£ - T2|2

|72,s - Tl,gl |T3,E - T2,E|
[M(zy)] |0,4(z,))|
- (|T3 -5l +1) (|Tz —rl+1)  (Im—nl+1) (Iln-7l+1)

To estimate the second term, we note that, since 7; < 7, < 73, we can find 8 € [0, 1] such
that

=07 +(1-0)7;,
hence
0. M(zy) = 00, M(z)) + (1 = 0) 0, M(zs),
, and then,
|0.M(zy)| < |0, M(z)| + |0, M(z3)|.

We note also that if (f,&) € Z,, then |73 — 7| < 2|73 — 7,|, whereas if (t,§) € Z,, then
|73 — 7] < 2|7y — 7], thus

(|T3 — T, + 1) (|1'2 -7+ 1)2 |73 — 7|+ 1.
Combining the above estimates, we get

|01M(72)| < |01M(Tl)| + iaTM(T3)|
(|173—r2|+1)(|r2—rl|+1)\ |t3 — 7| + 1 ’

Proposition 3.2 Hypothesis (1.14) is equivalent to the condition
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/Tid |¥(1,0,2,0),¢)| dr < log(1 + [¢])
0

=\ |ot.8) =06 + 1
where 6,(t, &) and 6,(t, ) are the roots in T of 0.L(t, T, &).
Proof First of all, we remark that, since
|18 GaD] = [N || S 1y = s

condition (1.14) is equivalent to

TR 0.0.8)|
LR EREI g < log (14 1E])
/0 \Jluza,é)—m(n:n os(1 + 1)

Analogously, since
I¥G@D| = [N S o2 = o1l

condition (3.9) is equivalent to

T N(hey9).)]
dt Slog(1+1¢]) .
/0 \J|(72(h§)—al(t,§)|+1 og(1+¢l)

Now, by (2.1), we see that
[ — il = oy — oy + 1,
whereas, by direct computation, we see that
Iy —oyl S 1,

from which we deduce the equivalence of (3.10) and (3.11).

(3.9)

(3.10)

(3.11)

Remark 3.3 More generally, Hypothesis (1.14) is equivalent to each of the conditions

T
M, E)
[ G arsoe1+ 1),

where .4 can be any of the symbol

(3.12)

|N(t.0,1.8),€)], forj=12, [N (2, u;(2,8). )|, forj=1,2,
|N(t,7(t,8),¢)|, forj=1,2,3, |N(tA8).8)], forj=12,3,

and 2 can be any of the symbol
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loy(t.8) — 0, (1, O + 1 |ua(1,8) — py (1, 8)]

VAL@e) +1 VAL @)

|73t &) — 1O+ 1 |A3(1,8) = 4,1, )]

Indeed, from Lemma A.1, we have

9
(r; — 1'2)2 + (1, — 13)2 + (73 — 11)2 = 5 (o, — 01)2 ,

hence
loy =0yl +1~ /A" +1.

Next, from the elementary inequality

max(a, f,7) < Va2 + p2 + 12 < V3 max(a, B,7),

we see that

|73 — 71| < \/(T3 1)+ (13— )+ (1, —77)? <

and, consequently,
1)
A+l -7 +1.
We prove that
1
[y — | = A(E)"¥|/13_)~1|

in a similar way.
Since

||N(0'1)| - |N(Tl)|| S |51 -7,
and
o -1l <l — 7],
we see that

|N(‘71)| N |N(Tl)|
|T3—1'1|+1N|T3—T1|+1

We can prove the other equivalences in a similar way.

forany a,f,y 2 0,

V31t -1, (3.13)

Remark 3.4 By similar arguments, we can prove that (3.3b) is equivalent to

/T 0.0 (1,0,(1,6),€)| + |0, M (1, 05(2,), )|
0 |61(t’ é) - GZ(I’ §)| + 1

dr 5

log(1+ &), (3.14)
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where o, and o, are the roots of d_L(¢, 7, £).
More generally, Hypothesis (3.3b) is equivalent to each of the conditions

o, &)
/0 \Fes s toe(1+14])

where . can be any of the symbol

|0.M(t,0,1,8),€)|, forj=12, [0 M (t, (. 8).€)|, forj=1,2,
|0 M (1, 7(1,8),&)|, forj=1,2,3, |[0,M(t,At&).&)|, forj=1,273,

and 7 is as in the previous Remark.

4 The case of analytic coefficients

In this section, we show that if the coefficients are analytic, then hypothesis (1.9)-(1.12)
are satisfied.

Lemma 4.1 ([7, 21, 29]) Let fi,...,f; be analytic functions on an open set 0 C C, ]; Z0
forj=1,....d. Foranya = (a,...,a,;) € R set

d
@) 1= ) af(x).
Jj=1

Then, for any compact set X C O, there exists v € N such that either ¢, (x) =0 or @, (x)
has at most v zeros in ', if counted with their multiplicity.

Proof With no loss of generality, we can assume that f;, ..., f, are linearly independent.

If, for any k € N, there exists a® with ||@®|| = 1 such that ¢,(x) has at least k zeros
in %, by passing to a suitable subsequence, we can assume that a® converges to some
a*. Hence, ¢,. must have an infinite number of zeros, and hence, it is identically zero. This
contradicts the fact that the f|, ..., f; are linearly independent. O

As any polynomial @(¢,¢&) in & with analytic coefficients can be regarded as a linear
combination of its coefficients, we deduce from Lemma 4.1.

Corollary 4.2 Let ®(t,&) be a polynomial in & with analytic coefficients on an open set
0ccC.

Then, for any compact set # C O, there exists v €N such that either ®(t,&) =0
or ©(-, &) has at most v zeros in &, if counted with their multiplicity.

Proposition 4.3 Let P(t,7,&) be a third-order monic hyperbolic polynomial in t, whose

coefficients are polynomial in & and analytic int € O, U open set in C. Assume that the
roots in t of P(t, T, &) are distinct for & large:
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(1.9 < (1,9 < n3(1,8),  if [§] = R.

Let Q(t, 7,&) be another polynomial in T whose coefficients are polynomial in & and ana-
yticint € 0.

Then, for any compact set ¥ C O, there exists v € N such that for any &€ € R", with
|€| = R, the functions

t'_)Q(L?j(t!é)aé)? j=1’2737

are either identically zero or have at most v zeros in % .

Remark 4.4 1f a root 7,(z, £) was a linear function of &, then o1, 7(t,€), & ) would be a poly-
nomial in &, and, by Corollary 4.2, we can get easily the result.

Unfortunately, in general, the roots (¢, £) are not linear function of &, hence, we cannot
apply Corollary 4.2 directly.

Proof First of all, we remark that, by the implicit function theorem, the roots 7= ‘;]-(t, &)
are analytic functions for & large, thus so are the functions Q(t, ‘;i(t, &), & ), j=12,3.
Let

D, (1,8) = O(1,7,(1,8),€) + Q(1,7,(1,€), &) + O(1, 73(1, ), &)
Dy (t.8) = Q(t.7,(1,8).€) Q1. 721, ). &)

+0(1.75(1,8),€) Q(1. 731, ). ) + Q(1. 73(1.£). &) Q(1,7,(1,£),€)
®3(t,8) = O(1,7,(1,6), &) O(1, 721, ), &) Q(1, 751, €),¢) .

These functions are symmetric in the 7;’s and so they are polynomials in &, with analytic
coefficients in ¢.

For a given compact £ C O, consider another compact .2 C & such that JZC 2.
By Corollary 4.2, there exists v € N such that, for any j = 1,2,3 and & € R” either CDj(',cf)
is identically zero or D,(-,8) has at most v zeros in .Z.

Assume at first that @5(-, &) Z 0.

Let &, € R"\ {0} be fixed, if @5(-,&)) # 0, then @5(-, &,) has at most v zeros in .2,
hence, also the Q(t, 7,(1, &), fo)s have at most v zeros in .Z. If ®5(-, &,) = 0 but one of the
Q(t, 7,(1, &), 50) is not identically zero, then it has # zeros in .Z. Since @,(-, &) # 0, we can
find a sequence {£®}, , convergent to &, and such that @,(-, £9) # 0. If k is large enough,
by Rouché Theorem, Q(t, 7i(t, £W), é(")) has at most v zeros in %, then Q(t, (1, &) 50) has
n < vzerosin % .

If @,(, &) = 0, then at least one of the (7, 7,(1, &), &) (say Q(1, 73(1, £), )) is identically
zero, thus @, (-, &) reduces to Q(¢, 7,(t,£), &) Q(t,7,(1,£), &).

We can repeat the same argument as before: If ®,(-,&) is not identical zero, then
O(t,7,(1,8), &) and Q(1,7,(t,£), &) have at most v zeros in %, whereas if ®,(-,£) is iden-
tical zero, at least one between Q(1, 7,(t,£), &) and Q(t, 7,(1, &), £) vanishes identically. If
O(t,7,(t, &), &) is identically zero, then @,(z,&) = Q(t,7,(t,€), &), and we get immediately
that Q(t, 7, &), & ) is either identically zero or it has at most v zeros in 7 . a

Proposition 4.5 Let P(t,t,&) be as in Proposition 4.3 and let Q(t,7,0,&) be a symmetric
polynomial in (t, o) whose coefficients are polynomial in & and analytic int € 0.
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Then, for any compact set # C O, there exists v € N such that for any &, the functions
[ Q(L?,‘(t’f), Tk(t,é:)’f)’ G,k 6'52,

are either identically zero or have at most v zeros in % .

The proof is similar to that of Proposition 4.3 and is obtained by considering the
functions

D(1,8) = Q151,85 + 0r5(1,8) + 03,1(1,6)
Dy (1,8) = 01,(1,8) 0y 3(1,8) + 0y 3(1,8) O3, (1,8 + 051 (1,) 01 ,(1, &)
D5(1,8) = 01,(1,8) 0,58, 8) 05,1(1,8) ,

where for the sake of brevity, we have set

Qj,k(t’ 5) = Q(t’ "'Tj(t’ 5)7 Tk([’ :)’ :) .

Proposition 4.6 Let

Ez{gew

E1>R },

for some R > 0and let f : [0,T] X E - R be such that

(1) fis Lipschitz continuous in t, uniformly with respect to &, that is there exists C, > 0
such that

[f(1,8) = f(1,,8)| < Colt; — 1], for any t,,t, € [0,T] and & € B

(2) there exist positive constants A, C,, C, such that

C(1+1e) " <reo < (1+e)

foranyr € [0,T]and ¢ € 5;
(3) there exists veN such that for any & €E, there exists a partition
O0=1 <t < <1,y <t,=Tof [0, T], with u < v such that

o fC.OEC (|t ) forj=1,2..,u—1
° df(t,é)yéOforanyte]tj,tj+1 [,forj: 1,2,...,u—1

Then, f satisfies the logarithmic condition
T |of(.9)
————drSlog(l+1|é&|), foranyéeZ.
/0 .8 ( )

Proof Let us fix &. As 0,f(¢, £) does not change sign in ]tj, fini [ we have
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b1 (1, 8)
tj f(t’ 5)

i |0 f(t,
/ Preol log f(t,,1,8) — log (1, &)| < C* log(1+1¢1),

.8

| -

where C* depends on A, C,, C,. Hence,

T |of(,8) i
/0 Wdr< vC* log(1+1¢]),

where v and C* are independent of &. a

4.1 Study of the condition (1.9)

Let
Ft,6) = | 4.8 = 4,1.9)|.
The function f(¢, £) never vanishes and its critical points verify
9, (4,1, ) = 44,(1.8)) = 0.
Now, by the implicit function Theorem, we have

(9,Le)(4))

afij(t’ g) = _(aTLE)(ﬂ]) s

4.1)

where for the sake of brevity, we write

OL)A) = OL(1.7.9) |y -
OL)(A) = 0L (1.7.8) |y ) -

From (4.1), we get
Q(-x’ j’jv Ah? 5)
[@.LO)A)] [0, L))

2
[0.0.0 = 0. 0)] =

where

2
0(x,7,0,8) = [(OLI@ O,L)@) = OLI@) O, L)®)]|

The polynomial Q verifies the hypothesis of Proposition 4.5, hence the number of zeros
of the function ¢ — 0,f(z, &) is bounded w.r.t. £ € E, and, applying Proposition 4.6 to f, we
see that (1.9) holds true.

4.2 Study of the condition (1.10)

Let
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J(6,8) = 10,4)(1,,&) = 0,4,(t,, &)| + 1.

If 0f(,¢) changes sign at ¢, then either 0,4,(7,&) —9,4,(#,6)=0 or
63/1j(t1,§) - afﬂh(tl,/;) =0.
The first case can be treated as before. For the second, from (4.1), we get

2 W(t9 /1]7 6)
0,4(t.8) = ———— .,
[(0.L)(4)]
where
w(t,7,8) =202L,(1)0,L.(7)0,L.(7)
— . L(7) [0,L(0)] = PL,(7) [0,L. (2],
hence
2 Q(.X, )'" /1 ’ é)
|02 (3,01, = 41, 0)| " = kil _,
[0, L] [(0:L)(A)]
where

2
0. 7.0,8) = [v(t.2.8) [0.L.@] - wit.0.&) [o.L | .

The polynomial Q verifies the hypothesis of Proposition 4.5, hence the number of zeros
of the function ¢ — 9,f(z, &) is bounded w.r.t. £ € E, and, applying Proposition 4.6 to f, we
see that (1.10) holds true.

4.3 Study of the condition (1.11)

If M has real coefficients, we consider
F@.8) = |M(1, 41, 6),€)|+1.

For fixed &, the oscillations of f(t,&) are zeros in t of either M(t,/l-(t,é),f) or
oM (1, A(t,6),€).

Now
OM (1, 2(1.£).§) = OM(1.7.8) | .y ) +OM(17.8) |,y 1) O,A11.8)
and, by (4.1), we see that ,M (1, A,(t,£),£) = 0if, and only if, Q(t, A;(t, &), &) = 0, where

O(t,7,&) = 0,M(t,7,£)0,L, (1,7, &) — 0,M(t,7,E)0,L, (1,7, E).

The polynomial Q verifies the hypothesis of Proposition 4.5, hence the number of zeros
of the function ¢ — 0,f(z, &) is bounded w.r.t. £ € E, and, applying Proposition 4.6 to f, we
see that (1.11) holds true.

If the coefficients of M are complex, we consider the zeros of
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0,1M|* = 2Re(9,M 174) = 20,Re(M) Re(M) + 20,3 (M) I(M)

and by the same argument, we get (1.11) again.
The proof that condition (1.12) is satisfied is similar to that of condition (1.11), so we
omit it.

5 Pointwise Levi conditions

Throughout this section, we assume that the coefficients of the operator are analytic, and
we express the Levi conditions (1.13) and (1.14) as pointwise conditions.
We have to distinguish three cases:

Casel A; #0;
Casell Ay =0and A" #0;
Caselll A=A =0.

Casel: A; #0
‘We consider at first the terms of order 2.

Proposition 5.1 Assume that

|0t.&) = 72, )| ¥ (1,70, £).€) | S VAL D +

oVAL(1.8)]. 5.1)
forall (j,k,1) € S, then condition (1.13) is verified.
For the proof, we need the following Lemma [20, Proposition 4.1].

Lemma 5.2 Let A(t, ) be an homogeneous polynomial in & with coefficient analytic in t and
assume that A(t, &) # 0. Then:

1. thereexists X CS" := {&£€R" | |&] =1 }suchthat A(t,€) # 0in -5, T + 8 for any
& € X, and the set S" \ X is negligible with respect to the Hausdorff (n — 1)-measure;

2. for anyla,b] C ]-6,T + 6[, we can find constants c,,c, > 0 and p,q € N such that
forany & € X and any € € (0, 1/e] there exists Ag, C la, b] such that

Ag ¢ is a union of at most p disjoint intervals,
mA:,) <&,

) 2
mlnte[a,bl\éi‘g A(l, 5) Z Cl& qHA(, é)”L‘”([a,b])

Al(t,
/ A((:/;—é)) dr < ¢, log 5
labid,, O

Ll

Proof (Proof of Proposition 5.1) We will prove that (5.1) implies (3.3a) and (3.3b) hence,
thanks to Proposition 3.1, we get (1.13).
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Let £ = |£]7%, with |¢] large enough, and let A, be the set given by Lemma 5.2 with
A1, &) = Ay (t, &); we have

/ il as [ KPaser=1. 2
re (I =ad+ 1) (Il =zl +1) " Ja

&

On the other side, as
|M(z)| -l |M(z)|
(g-al+)(g-gl+1) VA,GEO

assuming (5.1), thanks to Lemma 5.2, we have

/ |M(z)|
1-6.T+51\A,., (Irj -]+ 1)(|rj -7l +1)

|0,A.(2,8)
< 1+ 22 < og (14 1¢]) .
./]6T+5[\AEE A1, 6) ( )

(5.3)

Combining (5.2) and (5.3), we get (3.3a).
Now we prove that (3.3b) holds true. As the roots of L are distinct for a.e. (¢, £), by the
Lagrange interpolation formula, we have

M(t7 T, 5) = Lpl (t7 é) L23(t5 T, g) + KZ(Z’ 5) L13(t9 T, 5) + f?)(h é) Ll2(t7 T, 5) ) (54)

where the operators Ly are the operators L,
by

e defined in Sect. 2 with € = 0, the ¢ are given

bﬂ(l 5) .« M(t’ ?/'(L f),é‘) (5 5)
T (50,0 - 7.0) (5.0 - 1(0.0) -

hence, by Hypothesis (5.1), they verify

[0,A.(2,8)]
|£;0,6] S 1+ N (5.6)

On the other side, differentiating (5.4) w.r.t 7, we get

a,M(r) =0, Ly + L)+, Ly + L)+ 5 (L + Ly)
=+ )L+ G+ )L+ (6 +65) L,

where the operators L; are the operators L; . defined in Sect. 2 with e =0,
Now, since 7; < 7, < 73, we can find 0 e [0, 1] such that

T, =071,+(1-0)15,
hence

L,=0L +(1-06)Ls,
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consequently, we can write
9, M(t) = 1/73 Li(z)+ 157] Ly(7), 5.7)

where z,;l and tz are some linear combination with bounded coefficients of 7|, £, and ¢,
hence the s verify (5.6) too.
Let € = |£]™!, with || large enough, and let Ag  be as above, we have

/ |0, M(z))| + |0 M(73)]
A

|[7) — 73] + 1

drs/ EldrSelel =1,
A

13 Ee

whereas, thanks to (5.7):

/ [0.M(z))| + |0, M(z3)]|
J-6.T+61\A;,, Iy — 73] +1

dts/ 2,0, 8)] + |5, 6)| dt
1-8.T+8[\A;,

0.A, (1,
[ sl
1-6.T+6[\A;, A1, 0

S log(1+1€]).
Combining the above estimates, we get (3.3b). a
Condition (5.1) means that if, for fixed &, the function
te (5068 — 76, 0) (5,1, 8) — 71, ))
vanishes of order v at t = #;, then the function
te M(t,7(1,8),¢)

must vanish (at least) at order v — 1 at t = #,. Thus, in space dimension n = 1, Proposi-
tion 5.1 can be precised.

Proposition 5.3 In space dimension n = 1, (1.13) is equivalent to the following condition:

there existt, ... ,t, € 1-6,T + o[ such that

v

H |t - thl ‘M(t’ Tj(t’ é)v é)’ s |Tj(t’ 5) - Tk(t’ :)l |Tj(t7 :) - Tl(t’ é)i ) (58)

h=1
with j, k, | such that (j, k,1) € Ss.
Remark 5.4 In the special case v = 1 and t; = 0, condition (5.8) reduces to

¥ (1. 7,0.€).€) | $ |58, = 70, )] |50, = 51,6 (5.9)

for any (j, k,[) € S;.
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Proof By the previous remark, we see that (5.8) is equivalent to (5.1) and implies (3.3a)

and (3.3b).

Now we prove that (3.3a) implies (5.8) by contradiction. First of all, as the zeros of A,
are isolated, we can decompose |—6, T + 6] into a finite number of contiguous subintervals
each containing a zero of A;. Thus, with no loss of generality, we can restrict to the case in

which A, (7) vanishes only at# = 0; in this case, condition (5.8) reduces to (5.9).

Suppose that (5.9) is violated, hence, with no loss of generality, we have

L |

~

|z3(0) — 7,(0)]|73(0) — T, ()] |£]> ™ 2™

for some m > 2.
As A;(0) =0and A, (r) # 0 for ¢ # 0, there exist r;, r, such that

|z3(0) — 7, (]2 " |73(0) — 7,(0)|2 1

def
andr = max(r;, r,) > 1. Note that, min(r, r,) > 0 if and only if # = O is a triple point.

Fort> e/’ e = Ii”_landlé:' > 1, we have
|0 -1 015121 |u®-n0]lE 21,

hence

dr

/T i1 (1. 500 &,¢) |
el (|r3(t) - 7(0] 1€+ 1><|T3(f) - 0| 1]+ 1)

>/Tl |73 =7, O] 1E]  |73(0) = 72(0)| €] m>/T1
ar () = (O] 1E]+ 1 |73(0) — O] 11+ 1 7 e

e P
This shows that (3.3a) cannot hold true if (5.9) is violated.

Now we consider the terms of order 1.

Proposition 5.5 Assume that

; (08,0
|N(t, o,(1, &), 5)' S /By .6 + m, j=12,
oL\

then condition (1.14) is verified.

—dr ~

m=1
el

(5.10)

Proof First of all, we recall that, by Proposition 3.2, (1.14) is equivalent to (3.9), hence we

will prove that (5.10) implies (3.9).

Let € = |&|~!/2, with |£| large enough, and let A ¢ be the set given by Lemma 5.2 with

A(1.&) = A, (1, £); we have
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/ |N(t,0'j(t,§)’§)| dtS/ |f|l/2dts P |§|1/2 =1.
A \ |02t:8) =0y, 6)] + 1 4,

e

On the other side, assuming (5.10) and thanks to Lemma 5.2, we have

/ Mool
o r+0\A,, \ 0268 — 05 6)| + 1

0,4, (&)
5/' 1+LL2;—lwsmg1+my
1=6.T+6[\A

2,0 8)

Combining the above estimates, we get (3.9).

|

Condition (5.10) means that if, for fixed &, the function ¢ — Aa 1 (t,&) vanishes of
order 2v, with v > 2, att = t,, then the function ¢ — N (t 7,(1,£), 5) must vanish (at least) at
order v — 2 att = t,. Thus, in space dimensionn = 1, Proposmon 5.5 can be precised.

Proposition 5.6 In space dimension n = 1, (5.10) is equivalent to (1.14) and can be written

in the following form: there existt,, ..., t, such that

[Te-07 | (t.01.0.8)| S oat. &) = 012, 0)].
j=1

(5.11)

Proof We prove that if n = 1, (3.9) implies (5.11). As before, with no loss of generality, we

can assume that A, ; vanishes only in 0, and there exists r > 1 such that
loa() — 01|21
Hence, fort > €'/7, ¢ = L and |€] > 1, we have
o) = oy 0] 11 2 1,
and, consequently,

|0'2(l) - 51(Z)| <]
loy) — o) €] +1 7

If (5.11) fails to hold, then there exists m > 3 such that

N(to(t.6.8) | . .
—— =~ — forj=1lorj=2,
0,(t,8) —oy(t,5)

T N . T
/ |N(1,0,(1.8),¢)] s / s
e/ |c73(t, &) — o1, §)| +1 v M2

and we have
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thus (3.9) cannot be satisfied.

Case lI: Ap = 0and A" # 0
With no loss of generality, we can assume that 7, = 7, and 73 # 7.

Proposition 5.7 Assume that t, = ©, and t; # 7. If
M(1,7,(4,8),) =

and

|o(t7.0).8)| s /A @) +|on/a) @),

for j=1,3, where Q(t,7,&) = M62D then condition (1.13) is verified.

=1, (t8)’

O

(5.12a)

(5.12b)

Proof The proof is similar to that of Proposition 5.1: We prove that (5.12a) and (5.12b)

imply (3.3a) and (3.3b), hence, by Proposition 3.1, we get (1.13).

Note that, by (5.12a), (3.3a) with j = 1 or j = 2 is trivially satisfied, thus we need only

to prove (3.3a) with j = 3.

Let £ = |£|72 with || large enough, and let A be the set given by Lemma 5.2 with

At &) = A(l (t,€); we have

i
[ [epaserr-t
Ase (|T3—T1|+1) A

Ee

On the other side, as

|M(z,)| |Q(73)|

(|rg—rl|+1)2 A

assuming (5.12b), thanks to Lemma 5.2, we have

M(z 0,001, ¢)
/ __ M) 2dt5/ 4 08 €O = |d
1-6.T+5[\A,, (|r3 -7+ 1) 1-6.T+6[\A;, A, 8)

Now we prove that (3.3b) holds true.
As 14 # 1}, by Lagrange interpolation formula, we get

0w = 22 gy & ‘) Pl Uad
T3 — T) T
for a.e. (¢, &), hence
Wi(r) = 22 L+ &« g
e T1—173

and, consequently,
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Oz 3) o(z 1)

0, M(7) = (L1 +L,) + -

(L1 +Ly). (5.14)
T3 —

Let e = |£]|~!, with |£| large enough, and let A, _ be as above, we have
EE

/ |0.M(z)| + |0, M(z3)]
A

s [ learsel =1,
17 3

13 Af.f

whereas, thanks to (5.14) and Lemma 5.2 we have

/ |0, M(z))| + |0, M(z5)| dr < / |0(z)| + |O(z3)] i
1-8,T+6[\A¢ 1-6,T+5\A;

|7 — 73] + 1 [z, — 73|+ 1

hence, by (5.12b),

/ [0:-M(@)| +[0.Mx)]| / [ leayes]
1-6.T+5[\A; . Iz — 73] + 1 ~ s reena,, AP, &)

< log(1+¢1).

Proposition 5.8 In space dimension n = 1, (1.13) is equivalent to (5.12a) and (5.12b).

Moreover, (5.12b) can be written in the following form: There exist t, ... ,t, such that
[Tie-sl|otato.¢)|s|neo-nwol.  k=13. (15
=1

Remark 5.9 In the special case v = 1 and #; = 0, condition (5.15) reduces to
o a.¢)| S [m ) - no]. k=13 (5.16)

Proof We prove that if 7; = 7,, then (5.12a) is necessary in order to have (1.13).
Indeed if (5.12a) fails to hold then M (t, 7,(t, &), &) = |&|* and we have

M(t)) M@)o P
(Il —nl+ 1) (I, =5l +1) 5 =7l +1 &l +1°

hence (3.3a) cannot be verified.
As before, we can assume that A(l) vanishes only in 0, so that (5.15) reduces to (5.16).
Moreover, we can assume that there exists r > 1 such that for r > €'/, e = — and €] > 1

we have
|0 -7 0] 1€1 2 1.

If (5.16) fails to hold, then there exists m > 2 such that
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O(Lnt08) 1
58 -1, (t.E) 1

’

and, as
M(t,7,8) = Qt,7.8) (T — 7,(1.))
we have
0. M(1,7,,) = Q(1,7,,9),
hence
T o.Mt T T r el
/gl/r |T|3 - T(1|lj‘|1 ar= /gl/r |T3|?(Tll|)|+ 142 /gl/r fl’"dt ~Iele
Thus, (3.3b) cannot be satisfied. O

Note that, we need not to assume n = 1 to prove the necessity of (5.12a).
The term of order 1 is treated as in the previous case.
Caselll: A, = A(Ll) = 0 (operators with triple characteristics of constant multiplicity)

Proposition 5.10 IfA; = A<Ll) = 0, then L has a unique triple root:

Lt,7.8) = (t - 7(1.8)’ (5.17)

and Hypothesis (1.9) and (1.10) are satisfied. Moreover, Hypothesis (1.11), (1.12), (1.13)
and (1.14) are satisfied if, and only if,

M(z)=0, 0,M(z,)=0, N(r;)=0. (5.18)

Proof 1t’s clear that if A; = A(Ll) = 0, then L reduces to (5.17).
If Lis asin (5.17), we have

L(t,7,6) = (r - 7,(,8)’ =6 (r = 7,(1,))
and

WeE =118,  WtO=16O+V6, At =18 -6,

and it is clear that (1.9) and (1.10) are satisfied.
It is also clear that (5.18) holds true if, and only if,

M(t,7,8) = mo(0) (t — 1,1, &))" and  N(t,7,8) = () (v — 7,1, 8)) -

Thus, (1.11), (1.12), (1.13) and (1.14) hold true.
On the converse, if M(Tl) # 0, then (3.3a) is not satisfied since

T
/|M@qm®fﬂmzwﬁ
0

Analogously, if 0TI\V/I(TI) Z 0, then (3.3b) is not satisfied since
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/

Finally, if N(ﬂl) #Z 0, then (3.9) is not satisfied since

T
[ vtenco.0] aser,
0

Conditions (5.18) correspond to the condition of good decomposition [13]: The operator
P can be written as

3, M (1, 7,1, 5),:)( dr ~ |¢].

|

P =L +myt) L} +ny(t) L, + py , (5.19)

where L} = L oL oL, and L2 = L,oL,.
To see this, following [35], we have to check two conditions. The first is

the principal symbol of P — L is divisible by my(z — 7,)*, (5.20)
and the second condition is
the principal symbol of P — (L 4+ my(t) L}) is divisible by (r — 7). (5.21)

As 7| = 7, = 73, the operator Zmﬁ in (2.3) reduces to L? if € = 0. According to (2.16), we
have

1

P=L§+M+2

0,0.M+N+p,

thus (5.20) holds true if, and only if, the first two conditions in (5.18) hold true. In this
case,

. 2
M(t,7.8) = my(t) Ly 1 (1,7.8) = mo(0) (7 = 7,(1.9)) "
As 7, = T,, the operator Z12,e in (2.2) reduces to L% if e = 0. By (2.4) with € = 0, we have

1

2 _
LI_L“+2

atarl‘ll ’

and, multiplying by m,, we get

mo L3 =M + % 0,0.M —m)(H) L,
hence
P=L+myL*+m)() L, +N +p,

thus (5.21) holds true if, and only if, the third condition in (5.18) holds true.
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6 Operators with constant coefficients principal part
In this section, we prove the following Proposition

Proposition 6.1 Assume that the coefficients are analytic and those of the principal symbol
are constant.

Then, Hypothesis (1.9), (1.10), (1.11) and (1.12) are satisfied, whereas (1.13) and (1.14)
are necessary and sufficient for the C* well posedness.

Proof 1If the coefficients are analytic, then Hypothesis (1.9), (1.10), (1.11) and (1.12) are
satisfied (cf. Sect. 4).

Now, we recall that if the coefficients are constant, the necessary and sufficient condi-
tions for the ™ well posedness is well known, see [16, 17, 34]:

there exists C > 0 such that 7> + Z aj’a(t)rjf"‘ # 0if£eRand |S7| > C.
J+lal<3
6.1)
Various equivalent conditions have been given. According to [34], (6.1) is equivalent to the
following conditions (cf. [31]): there exist bounded functions m;, m,, ms, n;, n, such that

M(t,7,8) = my(1,6) (7 = 1(1,9) (7 = 73(1,8)) + my(1,) (7 = 73(1,6)) (7 = 7,(1,§))

+ m3([’ 5) (T - Tl(t’ é)) (T - Tz(t’ é))
6.2)

N, 7,8) = ny(1,8) (7 — 0,(t,8)) + ny(t,6) (T — 6,(1,8)) (6.3)

for a.e. (¢, &).

We recall that the above conditions are also necessary and sufficient for the C* well pos-
edness if the coefficients of the lower-order terms can vary [14, 36] (also if the coefficients
of the lower-order terms are only C*).

As we have proved in Sect. 2 that our conditions are sufficient for the well posedness,
whereas conditions (6.2) and (6.3) are necessary, it remains to prove that if (6.2) and (6.3)
hold true, then (1.13) and (1.14) are satisfied.

We prove at first that (6.2) implies (1.13). We have to distinguish three cases as in the
previous section.

If A; # 0, then (6.2) is (5.4) and the m; is given by (5.5). The boundness of the m; is
equivalent to (5.1), hence, by Proposition 5.1, (1.13) holds true.

If A, =0 and A, L # 0, then with no loss of generality, we can assume that 7, = 7,
and 7; # 7. In this case, the right hand side of (6.2) is divisible by 7 — 7;, hence M must
verify (5.12a). Moreover, (6.2) reduces to (5.13), thus the boundness of the m; is equivalent
to (5.12b). By Proposition 5.7, we get (1.13).

If Ay L=0, then 7, = 7, = 73 and the right hand side of (6.2) is divisible by (z — 7, )%,
hence M must verify the first two conditions in (5.18), and, by Proposition 5.10, we
get (1.13).

Now we prove that (6.3) implies (1.14).

From (6.3), we have

N(o)) =ny(0o, —0,), N(oy) =n, (6, —0}),
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from which we deduce that if Aa, . # 0, then (5.10) is satisfied; by Proposition 5.5, (1.14)
holds true. On the other side, if Aa, 1 =0, then the third condition in (5.18) holds true,
hence, by Proposition 5.10, we get (1.13). O

7 Some examples

In this section, we discuss some examples. In particular, we compare our Theorem 2 with
Theorem 6.1 in [26] (see Example 3 below).

First of all, we remark that any positive or negative result for second-order equations
can give a positive or negative result for third-order equations, just replacing the unknown
function u by its time derivative od,u.

Example 1 In [9], it is constructed a function a(f) € C* verifying a(0) = 0, a(t) > 0 for
¢t > 0 having an infinite number of oscillations for ¢ — 0%, so that condition (1.1) is not
verified and the Cauchy problem for

2 2, _
du—a(mou=0

is not well posed in C*. The same function can be used to show that the Cauchy problem
for the equation

o’u—a(t)0,0°u=0

may be ill-posed. This shows that some control on the oscillations of the coefficients of the
principal symbol is needed, as required by Hypothesis (1.9) and (1.10).

Example 2 Tt is well known that the Cauchy problem for the equation
0lu—0ou=0

is not well posed in C* (see, e.g., [18]). Thus, the Cauchy problem for the equation
0u—0,0u=0

is not well posed in C™ (see, e.g., [18]). This show that some Levi conditions on the lower-
order terms are needed.

Example 3 Consider the homogeneous equation
0} u + a,(t,x)070,u + a,(t,x)0,07u + a3(t,x) S ’u = 0.

Assume, for simplicity a,(#,x) = 0 and a, and a, analytic. The hyperbolicity assumption is
then

AL(t,x) = —4a(t,x) =27 a5(t,x) 2 0.
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Assume also that a, and a; vanish at the origin, so that we have a triple characteristic
root, whereas A;(¢,x) > 0 for (¢,&) # (0,0), so that the characteristic roots are simple for
(#,8) # (0,0).

According to [8], if a,(t,x) = a,(¢) and a(t,x) = a,(f) depend only on the time vari-
able 7, a necessary condition for the C* well posedness is the following

-3 () S A®). (7.1)
Condition (7.1) is sufficient also if a,(z,x) = a,(x) and a(¢, x) = a,(x) depend only on the

space variable x [32], whereas if a, and a, depend on both variables the following condi-
tion should be also considered [26, Theorem 6.1]:

|0,a3] S /ay |9,a,] .

In order to compare the above results with Theorem 2, we have seen that (see Sect. 4 for
details), if the coefficients are analytic, then conditions (1.9)—(1.12) are satisfied.
Next, as the equation is homogeneous and a; = 0, then

v 1
Mt 7,86 = =5 ay(n &
and N(z, 7, &) = 0 so that (1.14) is trivially satisfied.

To prove the equivalence between (7.1) and (1.14), we recall (cf. [8]) that if a; = O then
condition (7.1) is equivalent to the following condition

() +7,(0) S (70~ n(0)’,  forj#k, (7.2)

or, if the coefficients are analytic and the discriminant A(¢) vanishes only at t = 0, to the
following:

2 2 2 .
1 (510)° + (70)] 5 (50 - 50),  forj#k. (7.3)
On the other side, thanks to Viete’s formulas, as a; = 0, we have
1
o) = -3 [77() + 55(0) + 73(0)] -

Combining (7.2) and (7.3), we see that (7.1) is equivalent to (5.9), which is equivalent to
condition (1.13).

Appendix A

LemmaA.1 Let
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p(T)=T3+A1T2+A2‘L' +A; =T -1 —-1)T—-13),
and
p' (1) =3T2+2A1‘L' +A,=3(t-0))(t—-0,),

then
9
(7, = 1'2)2 + (7, — 1'3)2 + (13 — 11)2 = > (o, — 0'1)2. (A1)

Proof Using Vieta’s formulas

(1) = 1)1y — 1> + (73 — 7))°
=2 [112 + 122 + 132 —TTy) — TpT3 — 131'1]
=2 [(Tl + 7y +13)2 = 3(1, 7y + To75 + 1311)]
=2[A? - 34,],

whereas

4 4
(0'2—0'1)2= §A%_§A2’

from which we get the result. a
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