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Abstract
We give sufficient conditions for the well posedness in C∞ of the Cauchy problem for third-
order equations with time-dependent coefficients.
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1  Introduction

In this paper, we study the Cauchy Problem in C∞ for some weakly hyperbolic equation 
of  third order. We are interested in Levi conditions, that is in conditions on lower-order 
terms which ensure the well posedness of the Cauchy Problem.

In the case of strictly hyperbolic equations of order m (that is when the characteristic 
roots are real and distinct, m is a natural number), Petrowski [30] (see also [24]) proved 
well posedness of the Cauchy Problem in C∞ for any lower-order term. Then, Oleinik 
[28] studied weakly hyperbolic equations of  second order (that is the two character-
istic roots are real but may coincide) with C∞ coefficients and lower-order terms and 
gave some sufficient conditions for well posedness of the Cauchy Problem. Nishitani 
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[25] found necessary and sufficient conditions for second-order equations when there is 
only one space variable and the coefficients are analytic. In the papers [6] and [7], some 
second-order hyperbolic equations with coefficients depending only on t (in many space 
variables) were studied. They studied the Cauchy problem both in C∞ and in Gevrey 
classes. They studied the case of C∞ and of analytic coefficients and gave some suf-
ficient conditions on the lower-order terms for the well posedness of the Cauchy prob-
lem (we call them logarithmic conditions). We generalize these conditions to equations 
of third order with time-dependent non-smooth coefficients.

Although there are many papers on higher-order equations, only few general result 
has been obtained  (for a general framework see, e.g.,   [24]). We  recall that a neces-
sary and sufficient condition for the C∞ well posedness has been obtained only for few 
classes of operators, in particular operators with constant coefficients [16, 17, 34] (or, 
more generally operators whose principal part has constant coefficients [14, 36]) and 
operators with characteristics of constant multiplicities [5, 13, 15].

Concerning third-order operators, which is the main topic of the present paper, many 
paper treat this subject (see, e.g., [1–4, 8, 10, 21–23, 26, 27, 37]). However, no com-
pletely satisfactory result has yet been obtained.

In particular, Wakabayashi [37] has studied this problem, obtaining results similar 
to  ours. He  considers operators with double characteristics and operators of  third order. 
In  this case, his sub-principal symbol is the same as ours, while the sub-sub-principal 
symbol (of order 1) is different. His conditions on lower-order terms are similar to ours in 
one space variable. In general, his conditions imply our logarithmic conditions. There are 
two important differences between our works: Wakabayashi supposes that the coefficients 
of  the equations are analytic, while we  suppose that they are C2 and his conditions are 
pointwise while our conditions are integral. We do not know if they are equivalent in many 
space variables, when the coefficients are analytic. Finally, our conditions can be expressed 
simply in terms of the coefficients of the operator (at least if the coefficients are analytic).

In [8], it is considered homogeneous higher-order operators with coefficients depend-
ing only on the time variable and finite degeneracy; and a necessary and sufficient con-
dition for the C∞ well posedness is stated. This result has been extended in [10], to non-
homogeneous equations, and in [32] and [33] to equations with principal part depending 
only on one space variable.

Recently, Nishitani [26,  Theorem 6.1] considered third-order equations with analytic 
coefficients in one space variable and generalizes the results of [8] and [32] to equations 
whose principal symbol depends on both t and x. We compare these results with our 
Theorem 2 in Example 3 of Sect. 7.

We have the following results:

Theorem 1  ([7, 11, 12]) Let us consider a second-order equation

Suppose that the coefficients are real and C∞ in t and do not depend on the space variables.

Suppose that the symbol of the principal part

�
2

t
u +

d
∑

j=1

aj(t)�t�xj u +

d
∑

j,h=1

bjh(t)�xj�xhu + c0(t)�tu +

d
∑

j=1

cj(t)�xj u + d(t)u = f .

L(t, �, �) = �
2 + a(t, �)� + b(t, �) ,
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where a(t, �) =
∑d

j=1
aj(t)�j , b(t, �) =

∑d

j,h=1
bjh(t)�j�h has real zeros in � for any � ∈ ℝd , 

t ∈ [0, T]:

(weak hyperbolicity).

If

for any � ∈ ℝn with |𝜉| ⩾ C1 > 1 (this condition is automatically satisfied if the coefficients 
are analytic), and if

for any � with |𝜉| ⩾ C1 > 1 (logarithmic condition), then the Cauchy problem is well posed 
in C∞.

Now, we consider a third-order equation

with initial conditions

Let

so that Eq. (1.3) can be rewritten as

We assume that the coefficients of  L belong to C2
(

[0, T]
)

 , those of  M and  N belong to 
C
1
(

[0, T]
)

 , whereas p(t) belongs to L∞
(

[0, T]
)

.
The principal part L(t, �, �) , as a polynomial in � , has only real roots:

for any t, � , (weak hyperbolicity). This is equivalent to say that the  discriminant of  L 
is nonnegative:

Δ(t, �) = a2(t, �) − 4b(t, �) ⩾ 0

(1.1)∫
T

0

|

|

�tΔ(t, �)
|

|

Δ(t, �) + 1
dt ⩽ C log |�|

(1.2)∫
T

0

�

�

�

−1∕2c0(t)
∑n

j=1
aj(t)�j +

∑n

j=1
cj(t)�j − 1∕2

∑n

j=1
�taj(t)�j

�

�

�

√

Δ(t, �) + 1
dt ⩽ C log ���

(1.3)�
3
t
u +

2
∑

j=0

∑

|�|≤3−j
aj,�(t)�

j

t�
�

x
u = f ,

(1.4)u(0, x) = u0 , �tu(0, x) = u1 , �
2
t
u(0, x) = u2 .

L(t, �, �)
def
= �

3 +
∑

j+|�|=3

aj,�(t)�
j
�
� ,

M(t, �, �)
def
=

∑

j+|�|=2

aj,�(t)�
j
�
� ,

N(t, �, �)
def
=

∑

j+|�|=1

aj,�(t)�
j
�
� ,

p(t)
def
= a0,0(t),

L(t, �t, �x)u +M(t, �t, �x)u + N(t, �t, �x)u + p(t)u = f .

�1(t, �) ⩽ �2(t, �) ⩽ �3(t, �)
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where

We set also

Note that, if ΔL(t, �) = 0 and Δ(1)

L
(t, �) ≠ 0 , then L has a double root (for example 

�1(t, �) = �2(t, �) and �1(t, �) ≠ �3(t, �) ), whereas if Δ(1)

L
(t, �) = 0 , then L has a triple root: 

�1(t, �) = �2(t, �) = �3(t, �).
Note that, (cf. Lemma A.1)

where

is the discriminant of the polynomial

Notations  In the following, we note

Let f (t, �) and g(t, �) be positive functions, we  will write f ≲ g (or, equivalently g ≳ f  ) 
to mean that there exists a positive constant C such that

Similarly, we will write f ≈ g to mean that f ≲ g and g ≲ f .

These notations will make the formulas more readable and will allow us to focus only on 
the important terms of the estimates.

Consider the auxiliary polynomial

ΔL(t, �)
def
=

(

�1(t, �) − �2(t, �)
)2(

�2(t, �) − �3(t, �)
)2(

�3(t, �) − �1(t, �)
)2

= A2
1
(t, �)A2

2
(t, �) − 4A3

2
(t, �) − 4A3

1
(t, �)A3(t, �)

+ 18A1(t, �)A2(t, �)A3(t, �) − 27A2
3
(t, �) ⩾ 0,

(1.5)Aj(t, �)
def
=

∑

|�|=3−j

aj,�(t) �
� .

Δ
(1)

L
(t, �)

def
=

(

�1(t, �) − �2(t, �)
)2

+
(

�2(t, �) − �3(t, �)
)2

+
(

�3(t, �) − �1(t, �)
)2

= 2 [A2
1
(t, �) − 3A2(t, �)] .

Δ
(1)

L
(t, �) =

9

2
Δ

�L(t, �) ,

Δ
�L(t, �) =

(

�1(t, �) − �2(t, �)
)2

�
�
L(t, �, �)

def
= 3 �2 + 2A1(t, �) � + A2(t, �) = 3

(

� − �1(t, �)
) (

� − �2(t, �)
)

.

S2 =
{

(1, 2) , (2, 3) , (3, 1)
}

S3 =
{

(1, 2, 3) , (2, 3, 1) , (3, 1, 2)
}

.

f (t, �) ⩽ C g(t, �) , for any (t, �) ∈ [0, T] ∈ ℝn .

(1.6)L(t, �, �)
def
= L(t, �, �) − �

2
t
L(t, �, �) ,
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we can prove (see Lemma 2.1 below) that its roots �j(t, �) are real and distinct for � ≠ 0 , 
and, there exist positive constants C1 and C2 such that

for all (t, �) ∈ [0,T] ×ℝn ⧵ {0} and (j, k) ∈ S2.
We denote by �1 and �2 the roots of �

�
L(t, �, �).

Define the symbols

We can now state our main result.

Theorem 2  Assume that

Then, the Cauchy problem (1.3, 1.4) is well posed in C∞.

In the following, we will say that a function f (t, �) verifies the logarithmic condition 
if

|

|

�j(t, �) − �j(t, �)
|

|

⩽ C1,

|

|

�j(t, �) − �k(t, �)| ⩾ C2,

(1.7)M̌(t, 𝜏, 𝜉)
def
= M(t, 𝜏, 𝜉) −

1

2
𝜕t𝜕𝜏L(t, 𝜏, 𝜉),

(1.8)Ň(t, 𝜏, 𝜉)
def
= N(t, 𝜏, 𝜉) −

1

2
𝜕t𝜕𝜏M(t, 𝜏, 𝜉) +

1

12
𝜕
2
t
𝜕
2
𝜏
L(t, 𝜏, 𝜉) .

(1.9)∫
T

0

∑

(j,k)∈S2

|

|

𝜕t𝜆j(t, 𝜉) − 𝜕t𝜆k(t, 𝜉)
|

|

|

|

𝜆j(t, 𝜉) − 𝜆k(t, 𝜉)
|

|

dt ≲ log
(

1 + |𝜉|
)

,

(1.10)∫
T

0

∑

(j,k)∈S2

|

|

𝜕
2
t
𝜆j(t, 𝜉) − 𝜕

2
t
𝜆k(t, 𝜉)

|

|

|

|

𝜕t𝜆j(t, 𝜉) − 𝜕t𝜆k(t, 𝜉)
|

|

+ 1
dt ≲ log

(

1 + |𝜉|
)

,

(1.11)∫
T

0

3
∑

j=1

|

|

𝜕tM̌
(

t, 𝜆j(t, 𝜉), 𝜉
)

|

|

|

|

M̌
(

t, 𝜆j(t, 𝜉), 𝜉
)

|

|

+1
dt ≲ log

(

1 + |𝜉|
)

,

(1.12)∫
T

0

2
∑

j=1

|

|

𝜕tŇ
(

t,𝜇j(t, 𝜉), 𝜉
)

|

|

|

|

Ň
(

t,𝜇j(t, 𝜉), 𝜉
)

|

|

+ 1
dt ≲ log

(

1 + |𝜉|
)

,

(1.13)∫
T

0

∑

(j,k,l)∈S3

|

|

M̌
(

t, 𝜆j(t, 𝜉), 𝜉
)

|

|

|

|

𝜆j(t, 𝜉) − 𝜆k(t, 𝜉)
|

|

⋅ |
|

𝜆j(t, 𝜉) − 𝜆l(t, 𝜉)
|

|

dt ≲ log
(

1 + |𝜉|
)

,

(1.14)∫
T

0

2
∑

j=1

√

√

√

√

|

|

Ň
(

t,𝜇j(t, 𝜉), 𝜉
)

|

|

|

|

𝜇2(t, 𝜉) − 𝜇1(t, 𝜉)
|

|

dt ≲ log
(

1 + |𝜉|
)

,
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Remark 1.1  Conditions  (1.9)–(1.12) are hypothesis on the regularity of  the coefficients. 
Indeed if the coefficients are analytic, then they are satisfied, see Sect. 4.

Conditions  (1.13) and  (1.14) are Levi conditions on the lower-order terms. They are 
necessary if the coefficients of the principal symbols are constant, see Sect. 6.

Remark 1.2  The hypothesis in Theorem  2 can be expressed in terms of  the coefficients 
of the operator. This is possible either by expliciting the roots of L and �

�
L , or by trans-

forming Hypothesis (1.9)–(1.14) into symmetric rational functions of the roots of L . This 
will be developed in Sect. 3.

The plan of the paper is the following. In Sect. 2, we will prove Theorem 2. In Sect. 3, 
we give some different forms of the Levi conditions (1.13) and (1.14). In Sect. 4, we will 
show that if the coefficients are analytic, then (1.9)–(1.12) are satisfied. In Sect. 5, we give 
some sufficient pointwise conditions that are equivalent to ours in space dimension n = 1 . 
We show also that the Levi conditions (1.13) and (1.14) are equivalent to the condition 
of good decomposition [13], which is necessary and sufficient for the well posedness for 
operators with characteristics of constant multiplicities [5, 13, 15]. In Sect. 6, we show that 
the Levi conditions (1.13) and (1.14) are necessary for the C∞ well posedness if the coef-
ficients of the principal symbols are constant. Finally, in Sect. 7, we give some examples.

In the proofs, for the sake of simplicity, we will omit the dependence on t and � in the 
notations.

2 � Proof of theorem 2

Lemma 2.1  ([19]) Consider the polynomial

Its roots �j,�(t, �) are real and distinct, moreover,

Remark 2.2  By direct calculation (cf. [21,  par. 1020]), the discriminant of L
�
 is given by

where Δ
�
�
L is the discriminant of the polynomial �

�
L.

Similarly,

We will take � = 1∕|�|.

∫
T

0

|

|

f (t, 𝜉)|
|

dt ≲ log
(

1 + |𝜉|
)

.

L
�
(t, �, �) = L(t, �, �) − �

2
|�|

2
�
2
�
L(t, �, �) .

|

|

𝜏j,𝜀 − 𝜏j
|

|

≲ 𝜀|𝜉|, j = 1, 2, 3,

|

|

𝜏j,𝜀 − 𝜏k,𝜀
|

|

≳ 𝜀|𝜉|, (j, k) ∈ S2 .

ΔL
�

= ΔL +
1

2
�
2
|�|

2 Δ2
�
�
L
+ 36 �4|�|4 Δ

�
�
L + 864 �6|�|6 ,

(2.1)Δ
�
�
L
�
= Δ

�
�
L + 72 �2|�|2 .
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We consider

We define also the operators

 for any (j, h) ∈ S2 , and

If � = 0 , we will write Lj , Ljh , L̃jh , ..., instead of Lj,0 , Ljh,0 , L̃jh,0 , ....

Lemma 2.3  For any (j, h) ∈ S2 , we have

and

Proof  As

 we have

from which (2.4) follows.
Identity (2.5) follows from (2.6) and (2.7). 	�  ◻

Note that,

whereas, from (2.7),

Lj,�(t, �, �) = � − i�j,�(t, �), j = 1, 2, 3,

Ljk,�(t, �, �) =
(

� − i�j,�(t, �)
)(

� − i�k,�(t, �)
)

, (j, k) ∈ S2 ,

L123,�(t, �, �) =
(

� − i�1,�(t, �)
)(

� − i�2,�(t, �)
)(

� − i�3,�(t, �)
)

= L
�
(t, �, i�) = L(t, �, i�) + �

2
|�|

2
�
2
�
L(t, �, i�) .

(2.2)L̃jh,�(t, �t, �) =
1

2

[

Lj,�(t, �t, �)◦Lh,�(t, �t, �) + Lh,�(t, �t, �)◦Lj,�(t, �t, �)
]

,

(2.3)
L̃123,�(t, �t, �) =

1

6

∑

j, h, l = 1, 2, 3

j ≠ h , j ≠ l , h ≠ l

Lj,�(t, �t, �)◦Lh,�(t, �t, �)◦Ll,�(t, �t, �) .

(2.4)L̃jh,� = Ljh,� +
1

2
�t��Ljh,� ,

(2.5)Lj,�◦Lh,� − L̃jh,� =
i

2
(��

j,�
− �

�
h,�
) .

(2.6)Lj,�◦Lh,� = (�t − i�j,�)◦(�t − i�h,�) = Ljh,� − i��
h,�

,

(2.7)

(�t − i�j,�)◦(�t − i�h,�) + (�t − i�h,�)◦(�t − i�j,�)

= 2Ljh,� − i(��
j,�
+ �

�
h,�
)

= 2Ljh,� + (�t��Ljh,�) ,

(2.8)Lj,�v − Lh,�v = −i(�j,� − �h,�)v ,
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Lemma 2.4  We have

Proof  We have

Summing over all permutations, we get (2.10).
Identity (2.11) follows from (2.13).
As (2.10) with � = 0 gives

we get

	�  ◻

We define an energy, after a Fourier transform with respect to the variables x ( v = Fxu):

where the weight k(t, �) is defined by

(2.9)
L̃jh,�v − L̃jl,�v = Ljh,�v − Ljl,�v −

i

2
(��

j,�
+ �

�
h,�
)v +

i

2
(��

j,�
+ �

�
l,�
)v

= −i(�h,� − �l,�)Lj,�v −
i

2
(��

h,�
− �

�
l,�
)v .

(2.10)L̃123,� = L123,� +
1

2
�t��L123,� +

1

6
�
2
t
�
2
�
L123,�

(2.11)
L1,�◦L2,�◦L3,� − L̃123,� =

i

2
(��

1
− �

�
2
)L3,� +

i

2
(��

2
− �

�
3
) L1,� −

i

2
(��

3
− �

�
1
) L2,�

−
1

3
i (���

3
− �

��
1
) −

1

3
i (���

3
− �

��
2
)

(2.12)L̃123,� − L̃123,0 = 2 �2|�|2
3
∑

j=1

Lj,� .

(2.13)

L1,�◦L2,�◦L3,� = (�t − i�1,�)◦(�t − i�2,�)◦(�t − i�3,�)

= L123,� + (−i��
3
)L1,� + �tL23,� + (−i���

3
)

= L123,� + (−i��
3
)L1,� + (−i��

2
)L3,� + (−i��

3
)L2,� + (−i���

3
) .

(2.14)L̃123,0 = L +
1

2
�t��L +

1

6
�
2
t
�
2
�
L ,

L̃123,� − L̃123,0 = L123,� − L +
1

2
�t�� [L123,� − L] +

1

6
�
2
t
�
2
�
[L123,� − L]

= �
2
|�|

2
�
2
�
L = �

2
|�|

2
�
2
�
L123,� = 2 �2|�|2

3
∑

j=1

Lj,� .

E(t, �)
def
= k(t, �)

[

∑

(j,h)∈S2

|L̃jh,�v|
2 +H

2(t, �)

[ 3
∑

j=1

|Lj,�v|
2 + |v|2

]]

,
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with

M̌ and Ň are defined in (1.7) and (1.8).
Differentiating the energy with respect to time, we get

Now we show that the second, third and forth summand can be estimated by 
CK(t, �)E(t, �) , for some suitable positive constant C.

2.1 � Estimation of the terms 2 Re

⟨

@tL̃jh,"v , L̃jh,"v
⟩

As

we have

k(t, �)
def
= exp

[

−� ∫
t

−T

K(s, �) ds

]

,

K(t, 𝜉)
def
=

∑

(j,h)∈S2

|𝜏
�
j,𝜀
− 𝜏

�
h,𝜀
|

|𝜏j,𝜀 − 𝜏h,𝜀|
+

∑

(j,h)∈S2

|𝜏
��
j,𝜀
− 𝜏

��
h,𝜀
|

|𝜏
�
j,𝜀
− 𝜏

�
h,𝜀
| + 1

+

3
∑

j=1

|

|

𝜕tM̌(𝜏j,𝜀)
|

|

|

|

M̌(𝜏j,𝜀)
|

|

+ 1
+

2
∑

j=1

|

|

𝜕tŇ(𝜎j,𝜀)
|

|

|

|

Ň(𝜎j,𝜀)
|

|

+ 1

+
∑

(j,h,l)∈S3

|

|

M̌(𝜏j,𝜀)
|

|

|𝜏j,𝜀 − 𝜏h,𝜀| ⋅ |𝜏j,𝜀 − 𝜏l,𝜀|
+

2
∑

j=1

√

|

|

Ň(𝜎1,𝜀)
|

|

|𝜎2,𝜀 − 𝜎1,𝜀|
+ log |𝜉| ,

H(t, 𝜉)
def
= 1 +

∑

(j,h)∈S2

|𝜏
�
j,𝜀
− 𝜏

�
h,𝜀
|

|𝜏j,𝜀 − 𝜏h,𝜀|

+
∑

(j,h,l)∈S3

|

|

M̌(𝜏j,𝜀)
|

|

|𝜏j,𝜀 − 𝜏h,𝜀| ⋅ |𝜏j,𝜀 − 𝜏l,𝜀|
+

2
∑

j=1

√

√

√

√

|

|

Ň(𝜎j,𝜀)
|

|

+ 1

|𝜎2,𝜀 − 𝜎1,𝜀|
,

E�(t, �) = −�K(t, �)E(t, �)

+ k(t, �)

�

2
�

(j,h)∈S2

Re
�

�tL̃jh,�v , L̃jh,�v
�

+ 2H(t, �)H�(t, �)

� 3
�

j=1

�Lj,�v�
2 + �v�2

�

+H
2(t, �)

� 3
�

j=1

2Re
�

�tLj,�v , Lj,�v
�

+ 2Re⟨�tv , v⟩

��

.

�tL̃jh,�v = (Ll◦L̃jh,�)v + i �l,� L̃jh,�v,

2Re
⟨

�tL̃jh,�v , L̃jh,�v
⟩

= 2Re
⟨

(Ll◦L̃jh,�)v , L̃jh,�v
⟩

+ 2Re
⟨

i �l,� L̃jh,�v , L̃jh,�v
⟩

= 2Re
⟨

(Ll◦L̃jh,�)v , L̃jh,�v
⟩

.
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Define

so that

hence

2.1.1 � Estimation of  2Re
⟨

(Ll◦L̃jh,")v − L̃123,"v , L̃jh,"v
⟩

First of all, we have

According to (2.11), (Ll◦L̃jh,�)v − L̃123,�v is a linear combination, with constant coefficients, 
of terms like (��

�,�
− �

�
�,�
)L

� ,�v , with (�, �, �) ∈ S3 , and (���
�,�

− �
��
�,�
)v , with  (�, �) ∈ S2 , 

hence:

Concerning the first sum, from (2.9) and (2.8), we have

hence

(2.15)
�M

def
= M̌ +

1

2
𝜕t𝜕𝜏M̌

= M −
1

2
𝜕t𝜕𝜏L +

1

2
𝜕t𝜕𝜏M −

1

4
𝜕
2
t
𝜕
2
𝜏
L .

(2.16)�L123,0 +
�M + Ň = L +M + N ,

2Re
⟨

(Ll◦
�Ljh,𝜀)v ,

�Ljh,𝜀v
⟩

= 2Re
⟨

(Ll◦
�Ljh,𝜀)v −

�L123,𝜀v ,
�Ljh,𝜀v

⟩

+ 2Re
⟨

�L123,𝜀v −
�L123,0v ,

�Ljh,𝜀v
⟩

+ 2Re
⟨

Lv +Mv + Nv , �Ljh,𝜀v
⟩

− 2Re
⟨

�Mv , �Ljh,𝜀v
⟩

− 2Re
⟨

Ňv , �Ljh,𝜀v
⟩

|

|

|

Re
⟨

(Ll◦
�Ljh,𝜀)v −

�L123,𝜀v ,
�Ljh,𝜀v

⟩

|

|

|

≲ |

|

(Ll◦
�Ljh,𝜀)v −

�L123,𝜀v
|

|

|

�Ljh,𝜀v| .

|

|

(Ll◦
�Ljh,𝜀)v −

�L123,𝜀v
|

|

≲

∑

(𝛼,𝛽,𝛾)∈S3

|𝜏
�
𝛼,𝜀

− 𝜏
�
𝛽,𝜀
| |L

𝛾 ,𝜀v| +
∑

(𝛼,𝛽)∈S2

|𝜏
��
𝛼,𝜀

− 𝜏
��
𝛽,𝜀
| |v| .

L
� ,�v = i

L̃
��,�v − L̃

��,�v

�
�,� − �

�,�

−
1

2

�
�
�,�

− �
�
�,�

�
�,� − �

�,�

v

= i
L̃
��,�v − L̃

��,�v

�
�,� − �

�,�

−
i

2

�
�
�,�

− �
�
�,�

�
�,� − �

�,�

L
�,�v − L

�,�v

�
�,� − �

�,�

,
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Concerning the second sum, from (2.8), we have

Combining the above estimates, we get

2.1.2 � Estimation of  2Re
⟨

L̃123,"v − L̃123,0v , L̃jh,"v
⟩

Using (2.12), we have

2.1.3 � Estimation of  2Re
⟨

Lv + Mv + Nv , L̃jh,"v
⟩

As

2.1.4 � Estimation of  2Re
⟨

M̃v , L̃jh,"v
⟩

To estimate M̌ = M −
1

2
𝜕t𝜕𝜏L , we can use the Lagrange interpolation formula

|𝜏
�
𝛼,𝜀

− 𝜏
�
𝛽,𝜀
| |L

𝛾 ,𝜀v| ≲
|

|

|

|

𝜏
�
𝛼,𝜀

− 𝜏
�
𝛽,𝜀

𝜏
𝛼,𝜀 − 𝜏

𝛽,𝜀

|

|

|

|

[

|

�L
𝛾𝛼,𝜀v| + |

�L
𝛾𝛽,𝜀v|

]

+
|

|

|

|

𝜏
�
𝛼,𝜀

− 𝜏
�
𝛽,𝜀

𝜏
𝛼,𝜀 − 𝜏

𝛽,𝜀

|

|

|

|

2
[

|L
𝛼,𝜀v| + |L

𝛽,𝜀v|
]

≲ K(t, 𝜉)

[

∑

(j,h)∈S2

|

�Ljh,𝜀v| +H(t, 𝜉)

3
∑

j=1

|Lj,𝜀v|

]

.

|

|

(���
�,�

− �
��
�,�
)v|
|

=
|�

��
�,�

− �
��
�,�
|

|�
�,� − �

�,�|

|

|

L
�,�v − L

�,�v
|

|

=
|�

��
�,�

− �
��
�,�
|

|��
�,�

− �
�
�,�
| + 1

|�
�
�,�

− �
�
�,�
| + 1

|�
�,� − �

�,�|

|

|

L
�,�v − L

�,�v
|

|

⩽ K(t, �)H(t, �)

3
∑

j=1

|Lj,�v| .

|

|

|

Re
⟨

(Ll◦
�Ljh,𝜀)v −

�L123,𝜀v ,
�Ljh,𝜀v

⟩

|

|

|

≲ K(t, 𝜉)

[

∑

(j,h)∈S2

|

�Ljh,𝜀v|
2 +H

2(t, 𝜉)

3
∑

j=1

|Lj,𝜀v|
2

]

.

2Re
⟨

�L123,𝜀v −
�L123,0v ,

�Ljh,𝜀v
⟩

≲

3
∑

j=1

|Lj,𝜀v|
2 + |

�Ljh,𝜀v|
2 .

Lv +Mv + Nv = −pv

2Re
⟨

Lv +Mv + Nv , �Ljh,𝜀v
⟩

= −2Re
⟨

pv , �Ljh,𝜀v
⟩

≲ |v|2 + |

�Ljh,𝜀v|
2 .
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If M̃ was a linear combination of the L̃hl,� , then we could estimate it.
Now we observe that from M̌ =

∑

�jLhl,𝜀 , it does not follow M̃ =
∑

�jL̃hl,� , but it follows

We have

and

since |𝜏j,𝜀 − 𝜏h,𝜀| ⩾ C > 0 . Hence,

Thus, we get

hence

2.1.5 � Estimation of  2Re
⟨

Ňv , �Ljh,"v
⟩

Using Lagrange’s interpolation formula:

(2.17)M̌ =
∑

(j,h,l)∈S3

�j(t, 𝜉) Lhl,𝜀 , where �j(t, 𝜉)
def
=

M̌(𝜏j,𝜀)

(𝜏j,𝜀 − 𝜏h,𝜀)(𝜏j,𝜀 − 𝜏l,𝜀)
.

�M = M̌ +
1

2
𝜕t𝜕𝜏M̌

=
∑

(j,h,l)∈S3

�jLhl,𝜀 +
1

2

∑

(j,h,l)∈S3

�j𝜕t𝜕𝜏Lhl,𝜀 +
1

2

∑

(j,h,l)∈S3

𝜕t�j𝜕𝜏Lhl,𝜀

=
∑

(j,h,l)∈S3

�j
�Lhl,𝜀 +

1

2

∑

(j,h,l)∈S3

𝜕t�j[Lh,𝜀 + Ll,𝜀] .

𝜕t𝓁j = 𝜕t

M̌(𝜏j,𝜀)

(𝜏j,𝜀 − 𝜏h,𝜀) (𝜏j,𝜀 − 𝜏l,𝜀)

=
𝜕tM̌(𝜏j,𝜀)

(𝜏j,𝜀 − 𝜏h,𝜀) (𝜏j,𝜀 − 𝜏l,𝜀)
−

M̌(𝜏j,𝜀)

(𝜏j,𝜀 − 𝜏h,𝜀) (𝜏j,𝜀 − 𝜏l,𝜀)
⋅

(

𝜏
�
j,𝜀
− 𝜏

�
h,𝜀

𝜏j,𝜀 − 𝜏h,𝜀

+
𝜏
�
j,𝜀
− 𝜏

�
l,𝜀

𝜏j,𝜀 − 𝜏l,𝜀

)

,

|

|

|

|

|

𝜕tM̌(𝜏j,𝜀)

(𝜏j,𝜀 − 𝜏h,𝜀) (𝜏j,𝜀 − 𝜏l,𝜀)

|

|

|

|

|

=
|

|

𝜕tM̌(𝜏j,𝜀)
|

|

|

|

M̌(𝜏j,𝜀)
|

|

+ 1
⋅

|

|

M̌(𝜏j,𝜀)
|

|

+ 1

|𝜏j,𝜀 − 𝜏h,𝜀| |𝜏j,𝜀 − 𝜏l,𝜀|

≲

|

|

𝜕tM̌(𝜏j,𝜀)
|

|

|

|

M̌(𝜏j,𝜀)
|

|

+ 1

(

|

|

M̌(𝜏j,𝜀)
|

|

|𝜏j,𝜀 − 𝜏h,𝜀| |𝜏j,𝜀 − 𝜏l,𝜀|
+ 1

)

(2.18)
|

|

|

|

|

𝜕t

M̌(𝜏j,𝜀)

(𝜏j,𝜀 − 𝜏h,𝜀) (𝜏j,𝜀 − 𝜏l,𝜀)

|

|

|

|

|

⩽ K(t, 𝜉)H(t, 𝜉) .

|

�Mv| ≲ K(t, 𝜉)

[

∑

(j,h)∈S2

|

�Ljh,𝜀v| +H(t, 𝜉)

3
∑

j=1

|Lj,𝜀v|

]

,

|

|

|

|

2Re
⟨

�Mv , �Ljh,𝜀v
⟩

|

|

|

|

≲ K(t, 𝜉)

[

∑

(j,h)∈S2

|

�Ljh,𝜀v|
2 +H

2(t, 𝜉)

3
∑

j=1

|Lj,𝜀v|
2

]

.
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Now, since �1,� ⩽ �1,� ⩽ �2,� ⩽ �2,� ⩽ �3,� , we can find �1, �2 ∈ [0, 1] such that

hence

thus Ň(𝜏) is a linear combination, with bounded coefficients, of terms of the form

j = 1, 2 , h = 1, 3.
We get

2.2 � Estimation of the term 2H(t, �)H�(t, �)

Lemma 2.5  There exists CH > 0 such that

Proof  For any (j, h) ∈ S2 , we have

hence

Ň(𝜏) =
Ň(𝜎1,𝜀)

𝜎1,𝜀 − 𝜎2,𝜀

(𝜏 − 𝜎2,𝜀) +
Ň(𝜎2,𝜀)

𝜎2,𝜀 − 𝜎1,𝜀

(𝜏 − 𝜎1,𝜀) .

�j,� = �j �1,� + (1 − �j) �3,� ,

(� − �j,�) = �j (� − �1,�) + (1 − �j) (� − �3,�) ,

Ň(𝜎j,𝜀)

𝜎1,𝜀 − 𝜎2,𝜀

(𝜏 − 𝜏h,𝜀) ,

2Re
⟨

Ňv , �Ljh,𝜀v
⟩

≲

|

|

Ň(𝜎1,𝜀)
|

|

+ |

|

Ň(𝜎2,𝜀)
|

|

|𝜎2,𝜀 − 𝜎1,𝜀|

[

|L1,𝜀v| + |L3,𝜀v|
]

|

�Ljh,𝜀v|

≲

√

|

|

Ň(𝜎1,𝜀)
|

|

+ |

|

Ň(𝜎2,𝜀)
|

|

|𝜎2,𝜀 − 𝜎1,𝜀|

[

|

�Ljh,𝜀v|
2

+
|

|

Ň(𝜎1,𝜀)
|

|

+ |

|

Ň(𝜎2,𝜀)
|

|

|𝜎2,𝜀 − 𝜎1,𝜀|

[

|L1,𝜀v|
2 + |L3,𝜀v|

2
]

]

≲ K(t, 𝜉)

[

∑

(j,h)∈S2

|

�Ljh,𝜀v|
2 +H

2(t, 𝜉)

3
∑

j=1

|Lj,𝜀v|
2

]

.

H
�(t, �) ⩽ CH K(t, �)H(t, �) .

�t

�
�
j,�
− �

�
h,�

�j,� − �h,�

=
�
��
j,�
− �

��
h,�

�j,� − �h,�

−
(��

j,�
− �

�
h,�
)2

(�j,� − �h,�)
2
,

𝜕t

|𝜏
�
j,𝜀
− 𝜏

�
h,𝜀
|

|𝜏j,𝜀 − 𝜏h,𝜀|
⩽

|𝜏
��
j,𝜀
− 𝜏

��
h,𝜀
|

|𝜏
�
j,𝜀
− 𝜏

�
h,𝜀
| + 1

⋅

|𝜏
�
j,𝜀
− 𝜏

�
h,𝜀
| + 1

|𝜏j,𝜀 − 𝜏h,𝜀|
+

|𝜏
�
j,𝜀
− 𝜏

�
h,𝜀
|

2

|𝜏j,𝜀 − 𝜏h,𝜀|
2

≲ K(t, 𝜉)H(t, 𝜉) .
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The terms 𝜕t
M̌(𝜏j,𝜀)

(𝜏j,𝜀−𝜏h,𝜀) (𝜏j,𝜀−𝜏l,𝜀)
 are estimated as in (2.18).

For any (j, h) ∈ S2 , we have

hence

All the terms but the last can be estimated by K(t, �) or H(t, �) . For the last, we remark that 
(cf. Lemma A.1)

thus

which gives

which can be estimated by K(t, �) or H(t, �).
Finally, we get

	�  ◻

𝜕t

|

|

Ň(𝜎j,𝜀)
|

|

+ 1

|𝜎2,𝜀 − 𝜎1,𝜀|
=

1

|𝜎2,𝜀 − 𝜎1,𝜀|
⋅

Ň(𝜎j,𝜀)

|

|

Ň(𝜎j,𝜀)
|

|

⋅ 𝜕tŇ(𝜎j,𝜀) −
|

|

Ň(𝜎j,𝜀)
|

|

+ 1

|𝜎2,𝜀 − 𝜎1,𝜀|
⋅

𝜎
�
2,𝜀

− 𝜎
�
1,𝜀

𝜎2,𝜀 − 𝜎1,𝜀

=
|

|

Ň(𝜎j,𝜀)
|

|

+ 1

|𝜎2,𝜀 − 𝜎1,𝜀|

[

Ň(𝜎j,𝜀)

|

|

Ň(𝜎j,𝜀)
|

|

⋅

𝜕tŇ(𝜎j,𝜀)

|

|

Ň(𝜎j,𝜀)
|

|

+ 1
−

𝜎
�
2,𝜀

− 𝜎
�
1,𝜀

𝜎2,𝜀 − 𝜎1,𝜀

]

,

𝜕t

√

√

√

√

|

|

Ň(𝜎j,𝜀)
|

|

+ 1

|𝜎2,𝜀 − 𝜎1,𝜀|
=

1

2

√

|

|

Ň(𝜎j,𝜀)
|

|

+ 1

|𝜎2,𝜀 − 𝜎1,𝜀|

𝜕t

|

|

Ň(𝜎j,𝜀)
|

|

+ 1

|𝜎2,𝜀 − 𝜎1,𝜀|

=
1

2

√

√

√

√

|

|

Ň(𝜎j,𝜀)
|

|

+ 1

|𝜎2,𝜀 − 𝜎1,𝜀|

[

Ň(𝜎j,𝜀)

|

|

Ň(𝜎j,𝜀)
|

|

⋅

𝜕tŇ(𝜎j,𝜀)

|

|

Ň(𝜎j,𝜀)
|

|

+ 1
−

𝜎
�
2,𝜀

− 𝜎
�
1,𝜀

𝜎2,𝜀 − 𝜎1,𝜀

]

.

(�1,� − �2,�)
2 + (�2,� − �3,�)

2 + (�3,� − �1,�)
2 =

9

2
(�2,� − �1,�)

2 ,

�
�
2,�

− �
�
1,�

�2,� − �1,�

=
1

2

[(�2,� − �1,�)
2]�

(�2,� − �1,�)
2

=
1

2

�

∑

j,h∈S2
(�j,� − �h,�)

2
��

∑

j,h∈S2
(�j,� − �h,�)

2

=
�

j,h∈S2

(�j,� − �h,�) (�
�
j,�
− �

�
h,�
)

∑

j,h∈S2
(�j,� − �h,�)

2
,

|

|

|

|

�
�
2,�

− �
�
1,�

�2,� − �1,�

|

|

|

|

⩽
∑

j,h∈S2

|�
�
j,�
− �

�
h,�
|

|�j,� − �h,�|
,

𝜕t

√

√

√

√

|

|

Ň(𝜎j,𝜀)
|

|

+ 1

|𝜎2,𝜀 − 𝜎1,𝜀|
≲ K(t, 𝜉)H(t, 𝜉) .
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2.3 � Estimation of the terms 2H2Re
⟨

@tLj,"v , Lj,"v
⟩

As

we have

as �h,� is a real function, hence

Now, using (2.5), we have

hence

2.4 � Estimation of the terms 2Re⟨@tv , v⟩

As

we have

Taking � large, we arrive to the estimates

from this taking into account the inequality

�t(Lj,�v) = [Lh,� + i�h,�]Lj,�v

= (Lh,�◦Lj,�)v + i�h,�Lj,�v ,

2Re
⟨

�tLj,�v , Lj,�v
⟩

= 2Re
⟨

(Lh,�◦Lj,�)v , Lj,�v
⟩

+ 2Re
⟨

i�h,�Lj,� , Lj,�v
⟩

= 2Re
⟨

(Lh,�◦Lj,�)v , Lj,�v
⟩

,

2H2Re
⟨

�tLj,�v , Lj,�v
⟩

⩽ K

[

|

|

(Lh,�◦Lj,�)v
|

|

2
+H

2
|Lj,�|

2
]

.

Lj,�◦Lh,� − L̃jh,� =
i

2
(��

j,�
− �

�
h,�
)

= −
i

2

�
�
j,�
− �

�
h,�

�j,� − �h,�

(Lj,�v − Lh,�v) ,

|

|

(Lh,�◦Lj,�)v
|

|

2
⩽ 2|

|

L̃jh,�v
|

|

2
+ 2|

|

(Lj,�◦Lh,� − L̃jh,�)v
|

|

2

⩽ 2|
|

L̃jh,�v
|

|

2
+
|

|

|

�
�
j,�
− �

�
h,�

�j,� − �h,�

|

|

|

2(

|Lj,�v|
2 + |Lh,�v|

2
)

.

�tv = L1,�v + i�1,�v ,

2Re⟨�tv , v⟩ = 2Re
�

L1,�v , v
�

+ 2Re
�

i�1,�v , v
�

⩽ �L1,�v�
2 + �v�2 .

E�(t) ⩽ CE(t) ,

E(t) ⩽ exp
(

C(t − t0)
)

E(t0) ,
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it follows that the Cauchy problem for the given equation is well posed.
This concludes the proof of Theorem 2.

3 � Equivalent forms of the Levi conditions

In this paragraph, we can give some alternative forms of the Levi conditions. In particular, 
we express these conditions in terms of the roots of L.

We recall that

and

Proposition 3.1  Hypothesis (1.13) is equivalent to the conditions 

Proof  For the sake of simplicity, we omit the t and � variables.
We start by proving that (1.13) implies (3.3b).
By the Lagrange interpolation formula, we have

Differentiating with respect to �:

hence 𝜕
𝜏
M̌(𝜏) is a linear combination of L1,�(�) , L2,�(�) and L3,�(�) with coefficients verify-

ing the logarithmic condition.
To prove that 𝜕

𝜏
M̌(𝜏) is a linear combination of only L1,� and L3,� we note that, since 

�1,� ⩽ �2,� ⩽ �3,� , we can find � ∈ [0, 1] such that

hence

K(t, �) ⩾
(

2 + |�|
)−c0

(3.1)|

|

�j,� − �h,�
|

|

≈ |

|

�j − �h
|

|

+1, for any (j, h) ∈ S2 ,

(3.2)|

|

𝜏j − 𝜏j,𝜀
|

|

≲ 1 , for any j = 1, 2, 3,

(3.3a)

∫
T

0

∑

(j,h,l)∈S3

|

|

M̌
(

t, 𝜏j(t, 𝜉), 𝜉
)

|

|

(

|

|

𝜏j(t, 𝜉) − 𝜏h(t, 𝜉)
|

|

+ 1
)(

|

|

𝜏j(t, 𝜉) − 𝜏l(t, 𝜉)
|

|

+ 1
) dt ≲ log

(

1 + |𝜉|
)

,

(3.3b)∫
T

0

|

|

𝜕
𝜏
M̌
(

t, 𝜏1(t, 𝜉), 𝜉
)

|

|

+ |

|

𝜕
𝜏
M̌
(

t, 𝜏3(t, 𝜉), 𝜉
)

|

|

|

|

𝜏1(t, 𝜉) − 𝜏3(t, 𝜉)
|

|

+ 1
dt ≲ log

(

1 + |𝜉|
)

.

M̌(𝜏) =
∑

(j,h,l)∈S3

�j,𝜀 Lhl,𝜀(𝜏) , where �j,𝜀

def
=

M̌(𝜏j,𝜀)

(𝜏j,𝜀 − 𝜏h,𝜀)(𝜏j,𝜀 − 𝜏l,𝜀)
.

𝜕
𝜏
M̌(𝜏) =

∑

(j,h,l)∈S3

�j,𝜀

[

Lk,𝜀(𝜏) + Ll,𝜀(𝜏)
]

=
∑

(j,h,l)∈S3

[

�j,𝜀 + �k,𝜀

]

Ll,𝜀(𝜏) ,

�2,� = � �1,� + (1 − �) �3,� ,
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, and then,

where b1,� and b3,� are some linear combination of the �1,� , �2,� and �3,� , hence they verify 
the logarithmic condition.

Substituting � with �1,� and �3,� in (3.4), we get

Since

we get

hence

An analogous estimate holds true with �1 and �1,� replaced by �3 and �3,� . Combining such 
inequalities with (3.5), we get (3.3b).

To prove that (1.13) implies (3.3a), we remark that, since M̌ is a polynomial of degree 2, 
it coincides with its Taylor’s expansion of order 2, hence, we have

Taking into account (3.1) and (3.2), we have

An analogous estimate holds true for M̌(𝜏3).
To prove the estimate for M̌(𝜏2) , we split the phase space [0,T] ×ℝn in two sub-zones:

For (t, �) ∈ Z1 , we write

and, since

L2,� = � L1,� + (1 − �) L3,� ,

(3.4)𝜕
𝜏
M̌(𝜏) = b1,𝜀 L1,𝜀(𝜏) + b3,𝜀 L3,𝜀(𝜏) ,

(3.5)∫
T

0

|

|

𝜕
𝜏
M̌(𝜏1,𝜀)

|

|

+ |

|

𝜕
𝜏
M̌(𝜏3,𝜀)

|

|

|

|

𝜏1,𝜀 − 𝜏3,𝜀
|

|

dt ≲ log
(

1 + |𝜉|
)

.

𝜕
𝜏
M̌(𝜏1) = 𝜕

𝜏
M̌(𝜏1,𝜀) + 𝜕

2
𝜏
M̌(𝜏1,𝜀) (𝜏1 − 𝜏1,𝜀)

|

|

𝜕
𝜏
M̌(𝜏1)

|

|

≲ |

|

𝜕
𝜏
M̌(𝜏1,𝜀)

|

|

+ 1 ,

|

|

𝜕
𝜏
M̌(𝜏1)

|

|

|𝜏3 − 𝜏1| + 1
≲

|

|

𝜕
𝜏
M̌(𝜏1,𝜀)

|

|

|𝜏3,𝜀 − 𝜏1,𝜀|
+ 1 .

M̌(𝜏1) = M̌(𝜏1,𝜀) + 𝜕
𝜏
M̌(𝜏1,𝜀) (𝜏1 − 𝜏1,𝜀) +

1

2
𝜕
2
𝜏
M̌(𝜏1,𝜀) (𝜏1 − 𝜏1,𝜀)

2 .

|

|

M̌(𝜏1)
|

|

(

|𝜏2 − 𝜏1| + 1
) (

|𝜏3 − 𝜏1| + 1
) ≲

|

|

M̌(𝜏1,𝜀)
|

|

|𝜏2,𝜀 − 𝜏1,𝜀| |𝜏3,𝜀 − 𝜏1,𝜀|
+

|

|

𝜕
𝜏
M̌(𝜏1,𝜀)

|

|

|𝜏3,𝜀 − 𝜏1,𝜀|
+ 1 .

Z1 =
{

(t, �) ∈ [0, T] ×ℝn |

|

|

|�2 − �1| ⩽ |�3 − �2|

}

Z2 =
{

(t, �) ∈ [0, T] ×ℝn |

|

|

|�3 − �2| ⩽ |�2 − �1|

}

.

M̌(𝜏2) = M̌(𝜏1,𝜀) + 𝜕
𝜏
M̌(𝜏1,𝜀) (𝜏2 − 𝜏1,𝜀) +

1

2
𝜕
2
𝜏
M̌(𝜏1,𝜀) (𝜏2 − 𝜏1,𝜀)

2 ,
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we get

Now, using the fact that (t, �) ∈ Z1 if, and only if |�3 − �1| ⩽ 2|�3 − �2| , we can estimate the 
second term by 

|

|

𝜕
𝜏
M̌(𝜏1,𝜀)

|

|

|𝜏3−𝜏1|+1
 . Finally, by (3.1), we get

For (t, �) ∈ Z2 , we repeat the above calculation, with �1,� and �3,� exchanged, and we get

Combining (3.6) and (3.7), we get

Thanks to (3.5) we see that (1.13) implies (3.3a).
Finally, we prove that (3.3a) and (3.3b) imply (1.13). Using Taylor expansion as before, 

we have

Using (3.8) with j = 1 , we have

|𝜏2 − 𝜏1,𝜀| ≲ |𝜏2 − 𝜏1| + 1 ⩽ |𝜏3 − 𝜏2| + 1 ,

|

|

M̌(𝜏2)
|

|

(

|𝜏2 − 𝜏1| + 1
) (

|𝜏3 − 𝜏2| + 1
)

≲

|

|

M̌(𝜏1,𝜀)
|

|

(

|𝜏2 − 𝜏1| + 1
) (

|𝜏3 − 𝜏2| + 1
) +

|

|

𝜕
𝜏
M̌(𝜏1,𝜀)

|

|

|𝜏2 − 𝜏1,𝜀|

(

|𝜏2 − 𝜏1| + 1
) (

|𝜏3 − 𝜏2| + 1
)

+
1

2
|

|

𝜕
2

𝜏
M̌(𝜏1,𝜀)

|

|

|𝜏2 − 𝜏1,𝜀|
2

(

|𝜏2 − 𝜏1| + 1
) (

|𝜏3 − 𝜏2| + 1
)

≲

|

|

M̌(𝜏1,𝜀)
|

|

(

|𝜏2 − 𝜏1| + 1
) (

|𝜏3 − 𝜏2| + 1
) +

|

|

𝜕
𝜏
M̌(𝜏1,𝜀)

|

|

|𝜏3 − 𝜏2| + 1
+ 1 .

(3.6)
|

|

M̌(𝜏2)
|

|

(

|𝜏2 − 𝜏1| + 1
) (

|𝜏3 − 𝜏2| + 1
) ≲

|

|

M̌(𝜏1,𝜀)
|

|

|𝜏2,𝜀 − 𝜏1,𝜀| |𝜏3,𝜀 − 𝜏1,𝜀|
+

|

|

𝜕
𝜏
M̌(𝜏1,𝜀)

|

|

|𝜏3,𝜀 − 𝜏1,𝜀|
+ 1 .

(3.7)

|

|

M̌(𝜏2)
|

|

(

|𝜏2 − 𝜏1| + 1
) (

|𝜏3 − 𝜏2| + 1
)

≲

|

|

M̌(𝜏3,𝜀)
|

|

|𝜏3,𝜀 − 𝜏2,𝜀| |𝜏3,𝜀 − 𝜏1,𝜀|
+

|

|

𝜕
𝜏
M̌(𝜏3,𝜀)

|

|

|𝜏3,𝜀 − 𝜏1,𝜀|
+ 1 .

|

|

M̌(𝜏2)
|

|

(

|𝜏2 − 𝜏1| + 1
) (

|𝜏3 − 𝜏2| + 1
)

≲

|

|

M̌(𝜏3,𝜀)
|

|

|𝜏3,𝜀 − 𝜏2,𝜀| |𝜏3,𝜀 − 𝜏1,𝜀|
+

|

|

M̌(𝜏1,𝜀)
|

|

|𝜏2,𝜀 − 𝜏1,𝜀| |𝜏3,𝜀 − 𝜏1,𝜀|
+

|

|

𝜕
𝜏
M̌(𝜏1,𝜀)

|

|

+ |

|

𝜕
𝜏
M̌(𝜏3,𝜀)

|

|

|𝜏3,𝜀 − 𝜏1,𝜀|
+ 1 .

(3.8)M̌(𝜏j,𝜀) = M̌(𝜏j) + 𝜕
𝜏
M̌(𝜏j) (𝜏j,𝜀 − 𝜏j) +

1

2
𝜕
2
𝜏
M̌(𝜏j) (𝜏j,𝜀 − 𝜏j)

2 , for j = 1, 2, 3 .
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and, using (3.1) and (3.2), we get

Analogously, exchanging �1 with �3 and �1,� with �3,�:

Using (3.8) with j = 2 , (3.1) and (3.2), we have

To estimate the second term, we note that, since �1 ⩽ �2 ⩽ �3 , we can find � ∈ [0, 1] such 
that

hence

, and then,

We note also that if (t, �) ∈ Z1 , then |�3 − �1| ⩽ 2|�3 − �2| , whereas if (t, �) ∈ Z2 , then 
|�3 − �1| ⩽ 2|�2 − �1| , thus

Combining the above estimates, we get

	�  ◻

Proposition 3.2  Hypothesis (1.14) is equivalent to the condition

|

|

M̌(𝜏1,𝜀)
|

|

|𝜏2,𝜀 − 𝜏1,𝜀| |𝜏3,𝜀 − 𝜏1,𝜀|
≲

|

|

M̌(𝜏1)
|

|

|𝜏2,𝜀 − 𝜏1,𝜀| |𝜏3,𝜀 − 𝜏1,𝜀|
+

|

|

𝜕
𝜏
M̌(𝜏1)

|

|

|𝜏1,𝜀 − 𝜏1|

|𝜏2,𝜀 − 𝜏1,𝜀| |𝜏3,𝜀 − 𝜏1,𝜀|

+
|𝜏1,𝜀 − 𝜏1|

2

|𝜏2,𝜀 − 𝜏1,𝜀| |𝜏3,𝜀 − 𝜏1,𝜀|
,

|

|

M̌(𝜏1,𝜀)
|

|

|𝜏2,𝜀 − 𝜏1,𝜀| |𝜏3,𝜀 − 𝜏1,𝜀|
≲

|

|

M̌(𝜏1)
|

|

(

|𝜏2 − 𝜏1| + 1
) (

|𝜏3 − 𝜏1| + 1
) +

|

|

𝜕
𝜏
M̌(𝜏1)

|

|

|𝜏3 − 𝜏1| + 1
+ 1 .

|

|

M̌(𝜏3,𝜀)
|

|

|𝜏2,𝜀 − 𝜏3,𝜀| |𝜏1,𝜀 − 𝜏3,𝜀|
≲

|

|

M̌(𝜏3)
|

|

(

|𝜏3 − 𝜏2| + 1
) (

|𝜏3 − 𝜏1| + 1
) +

|

|

𝜕
𝜏
M̌(𝜏3)

|

|

|𝜏3 − 𝜏1| + 1
+ 1 .

|

|

M̌(𝜏2,𝜀)
|

|

|𝜏2,𝜀 − 𝜏1,𝜀| |𝜏3,𝜀 − 𝜏2,𝜀|
≲

|

|

M̌(𝜏2)
|

|

|𝜏2,𝜀 − 𝜏1,𝜀| |𝜏3,𝜀 − 𝜏2,𝜀|
+

|

|

𝜕𝜏M̌(𝜏2)
|

|

|𝜏2,𝜀 − 𝜏2|

|𝜏2,𝜀 − 𝜏1,𝜀| |𝜏3,𝜀 − 𝜏2,𝜀|

+
|𝜏2,𝜀 − 𝜏2|

2

|𝜏2,𝜀 − 𝜏1,𝜀| |𝜏3,𝜀 − 𝜏2,𝜀|

≲

|

|

M̌(𝜏2)
|

|

(

|𝜏3 − 𝜏2| + 1
) (

|𝜏2 − 𝜏1| + 1
) +

|

|

𝜕𝜏M̌(𝜏2)
|

|

(

|𝜏3 − 𝜏2| + 1
) (

|𝜏2 − 𝜏1| + 1
) + 1 .

�2 = � �1 + (1 − �) �3 ,

𝜕
𝜏
M̌(𝜏2) = 𝜃 𝜕

𝜏
M̌(𝜏1) + (1 − 𝜃) 𝜕

𝜏
M̌(𝜏3) ,

|

|

𝜕
𝜏
M̌(𝜏2)

|

|

⩽ |

|

𝜕
𝜏
M̌(𝜏1)

|

|

+ |

|

𝜕
𝜏
M̌(𝜏3)

|

|

.

(

|𝜏3 − 𝜏2| + 1
) (

|𝜏2 − 𝜏1| + 1
)

≳ |𝜏3 − 𝜏1| + 1 .

|

|

𝜕
𝜏
M̌(𝜏2)

|

|

(

|𝜏3 − 𝜏2| + 1
) (

|𝜏2 − 𝜏1| + 1
) ⩽

|

|

𝜕
𝜏
M̌(𝜏1)

|

|

+ |

|

𝜕
𝜏
M̌(𝜏3)

|

|

|𝜏3 − 𝜏1| + 1
.
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where �1(t, �) and �2(t, �) are the roots in � of �
�
L(t, �, �).

Proof  First of all, we remark that, since

condition (1.14) is equivalent to

Analogously, since

condition (3.9) is equivalent to

Now, by (2.1), we see that

whereas, by direct computation, we see that

from which we deduce the equivalence of (3.10) and (3.11). 	�  ◻

Remark 3.3  More generally, Hypothesis (1.14) is equivalent to each of the conditions

where N  can be any of the symbol

and D can be any of the symbol

(3.9)∫
T

0

2
∑

j=1

√

√

√

√

|

|

Ň
(

t, 𝜎j(t, 𝜉), 𝜉
)

|

|

|

|

𝜎2(t, 𝜉) − 𝜎1(t, 𝜉)
|

|

+ 1
dt ≲ log

(

1 + |𝜉|
)

,

|

|

|

|

|

Ň(𝜇1)
|

|

− |

|

Ň(𝜇2)
|

|

|

|

|

≲ |𝜇2 − 𝜇1| ,

(3.10)∫
T

0

√

√

√

√

|

|

Ň
(

t,𝜇1(t, 𝜉), 𝜉
)

|

|

|

|

𝜇2(t, 𝜉) − 𝜇1(t, 𝜉)
|

|

dt ≲ log
(

1 + |𝜉|
)

.

|

|

|

|

|

Ň(𝜎1)
|

|

− |

|

Ň(𝜎2)
|

|

|

|

|

≲ |𝜎2 − 𝜎1| ,

(3.11)∫
T

0

√

√

√

√

|

|

Ň
(

t, 𝜎1(t, 𝜉), 𝜉
)

|

|

|

|

𝜎2(t, 𝜉) − 𝜎1(t, 𝜉)
|

|

+ 1
dt ≲ log

(

1 + |𝜉|
)

.

|�2 − �1| ≈ |�2 − �1| + 1 ,

|𝜇1 − 𝜎1| ≲ 1 ,

(3.12)∫
T

0

√

N(t, 𝜉)

D(t, 𝜉)
dt ≲ log

(

1 + |𝜉|
)

,

|

|

Ň
(

t, 𝜎j(t, 𝜉), 𝜉
)

|

|

, for j = 1, 2 , |

|

Ň
(

t,𝜇j(t, 𝜉), 𝜉
)

|

|

, for j = 1, 2 ,

|

|

Ň
(

t, 𝜏j(t, 𝜉), 𝜉
)

|

|

, for j = 1, 2, 3 , |

|

Ň
(

t, 𝜆j(t, 𝜉), 𝜉
)

|

|

, for j = 1, 2, 3 ,
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Indeed, from Lemma A.1, we have

hence

Next, from the elementary inequality

we see that

and, consequently,

We prove that

in a similar way.
Since

and

we see that

We can prove the other equivalences in a similar way.

Remark 3.4  By similar arguments, we can prove that (3.3b) is equivalent to

|

|

�2(t, �) − �1(t, �)
|

|

+ 1 |

|

�2(t, �) − �1(t, �)
|

|

√

Δ
(1)

L
(t, �) + 1

√

Δ
(1)

L
(t, �)

|

|

�3(t, �) − �1(t, �)
|

|

+ 1 |

|

�3(t, �) − �1(t, �)
|

|

.

(�1 − �2)
2 + (�2 − �3)

2 + (�3 − �1)
2 =

9

2
(�2 − �1)

2 ,

|�2 − �1| + 1 ≈

√

Δ
(1)

L
+ 1 .

max(�, �, �) ⩽
√

�2 + �2 + �2 ⩽
√

3 max(�, �, �) , for any �, �, � ⩾ 0 ,

(3.13)��3 − �1� ⩽

�

(�3 − �1)
2 + (�3 − �2)

2 + (�2 − �1)
2 ⩽

√

3 ��3 − �1�,

√

Δ
(1)

L
+ 1 ≈ |�3 − �1| + 1 .

|�2 − �1| ≈

√

Δ
(1)

L
≈ |�3 − �1|

|

|

|

|

|

Ň(𝜎1)
|

|

− |

|

Ň(𝜏1)
|

|

|

|

|

≲ |𝜎1 − 𝜏1| ,

|�1 − �1| ⩽ |�3 − �1| ,

|

|

Ň(𝜎1)
|

|

|𝜏3 − 𝜏1| + 1
≈

|

|

Ň(𝜏1)
|

|

|𝜏3 − 𝜏1| + 1
+ 1 .

(3.14)∫
T

0

|

|

𝜕
𝜏
M̌
(

t, 𝜎1(t, 𝜉), 𝜉
)

|

|

+ |

|

𝜕
𝜏
M̌
(

t, 𝜎2(t, 𝜉), 𝜉
)

|

|

|

|

𝜎1(t, 𝜉) − 𝜎2(t, 𝜉)
|

|

+ 1
dt ≲ log

(

1 + |𝜉|
)

,
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where �1 and �2 are the roots of �
�
L(t, �, �).

More generally, Hypothesis (3.3b) is equivalent to each of the conditions

where M  can be any of the symbol

and D is as in the previous Remark.

4 � The case of analytic coefficients

In this section, we show that if the coefficients are analytic, then hypothesis (1.9)–(1.12) 
are satisfied.

Lemma 4.1  ([7, 21, 29]) Let f1,… , fd be analytic functions on an open set O ⊂ ℂ , fj ≢ 0 
for j = 1,… , d . For any � = (�1,… , �d) ∈ ℝd set

Then, for any compact set K ⊂ O , there exists � ∈ ℕ such that either �
�
(x) ≡ 0 or �

�
(x) 

has at most � zeros in K  , if counted with their multiplicity.

Proof  With no loss of generality, we can assume that f1,… , fd are linearly independent.
If, for any k ∈ ℕ , there exists �(k) with ‖�(k)

‖ = 1 such that �
�
(x) has at least k zeros 

in K  , by passing to a suitable subsequence, we can assume that �(k) converges to some 
�
∗ . Hence, �

�∗
 must have an infinite number of zeros, and hence, it is identically zero. This 

contradicts the fact that the f1,… , fd are linearly independent. 	�  ◻

As any polynomial Φ(t, �) in � with analytic coefficients can be regarded as a linear 
combination of its coefficients, we deduce from Lemma 4.1.

Corollary 4.2  Let Φ(t, �) be a polynomial in  � with analytic coefficients on an open set 
O ⊂ ℂ.

Then, for any compact set K ⊂ O , there exists � ∈ ℕ such that either Φ(t, �) ≡ 0 
or Φ(⋅, �) has at most � zeros in K  , if counted with their multiplicity.

Proposition 4.3  Let P(t, �, �) be a third-order monic hyperbolic polynomial in � , whose 
coefficients are polynomial in � and analytic in t ∈ O , O open set in ℂ . Assume that the 
roots in � of P(t, �, �) are distinct for � large:

∫
T

0

√

M(t, 𝜉)

D(t, 𝜉)
dt ≲ log

(

1 + |𝜉|
)

,

|

|

𝜕
𝜏
M̌
(

t, 𝜎j(t, 𝜉), 𝜉
)

|

|

, for j = 1, 2 , |

|

𝜕
𝜏
M̌
(

t,𝜇j(t, 𝜉), 𝜉
)

|

|

, for j = 1, 2 ,

|

|

𝜕
𝜏
M̌
(

t, 𝜏j(t, 𝜉), 𝜉
)

|

|

, for j = 1, 2, 3 , |

|

𝜕
𝜏
M̌
(

t, 𝜆j(t, 𝜉), 𝜉
)

|

|

, for j = 1, 2, 3 ,

�
�
(x) ∶=

d
∑

j=1

�jfj(x) .
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Let Q(t, �, �) be another polynomial in � whose coefficients are polynomial in � and ana-
lytic in t ∈ O.

Then, for any compact set K ⊂ O , there exists � ∈ ℕ such that for any � ∈ ℝn , with 
|�| ⩾ R , the functions

are either identically zero or have at most � zeros in K .

Remark 4.4  If a root �j(t, �) was a linear function of � , then Q
(

t, �j(t, �), �
)

 would be a poly-
nomial in � , and, by Corollary 4.2, we can get easily the result.

Unfortunately, in general, the roots �j(t, �) are not linear function of � , hence, we cannot 
apply Corollary 4.2 directly.

Proof  First of all, we remark that, by the implicit function theorem, the roots �j = �j(t, �) 
are analytic functions for � large, thus so are the functions Q

(

t, �j(t, �), �
)

 , j = 1, 2, 3.
Let

These functions are symmetric in the �j ’s and so they are polynomials in � , with analytic 
coefficients in t.

For a given compact K ⊂ O , consider another compact L ⊂ O such that K ⊂ L̊  . 
By Corollary 4.2, there exists � ∈ ℕ such that, for any  j = 1, 2, 3 and � ∈ ℝn either Φj(⋅, �) 
is identically zero or Φj(⋅, �) has at most � zeros in L .

Assume at first that Φ3(⋅, �) ≢ 0.
Let �0 ∈ ℝn ⧵ {0} be fixed, if Φ3(⋅, �0) ≢ 0 , then Φ3(⋅, �0) has at most � zeros in L  , 

hence, also the Q
(

t, �j(t, �0), �0
)

 s have at most � zeros in L  . If Φ3(⋅, �0) ≡ 0 but one of the 
Q
(

t, �j(t, �0), �0
)

 is not identically zero, then it has � zeros in L  . Since Φ3(⋅, �) ≢ 0 , we can 
find a sequence {�(k)}k∈ℕ convergent to �0 and such that Φ3(⋅, �

(k)) ≢ 0 . If k is large enough, 
by Rouché Theorem, Q

(

t, �j(t, �
(k)), �(k)

)

 has at most � zeros in L  , then Q
(

t, �j(t, �0), �0
)

 has 
� ≤ � zeros in K .

If Φ3(t, �) ≡ 0 , then at least one of the Q
(

t, �j(t, �), �
)

 (say Q
(

t, �3(t, �), �
)

 ) is identically 
zero, thus Φ2(⋅, �) reduces to Q

(

t, �1(t, �), �
)

Q
(

t, �2(t, �), �
)

.
We can repeat the same argument as before: If Φ2(⋅, �) is not identical zero, then 

Q
(

t, �1(t, �), �
)

 and Q
(

t, �2(t, �), �
)

 have at most � zeros in K  , whereas if Φ2(⋅, �) is iden-
tical zero, at least one between Q

(

t, �1(t, �), �
)

 and Q
(

t, �2(t, �), �
)

 vanishes identically. If 
Q
(

t, �2(t, �), �
)

 is identically zero, then Φ1(t, �) = Q
(

t, �1(t, �), �
)

 , and we get immediately 
that Q

(

t, �1(t, �), �
)

 is either identically zero or it has at most � zeros in K  . 	� ◻

Proposition 4.5  Let P(t, �, �) be as in Proposition 4.3 and let Q(t, �, �, �) be a symmetric 
polynomial in (�, �) whose coefficients are polynomial in � and analytic in t ∈ O.

𝜏1(t, 𝜉) < 𝜏2(t, 𝜉) < 𝜏3(t, 𝜉) , if |𝜉| ⩾ R .

t ↦ Q
(

t, �j(t, �), �
)

, j = 1, 2, 3 ,

Φ1(t, �) = Q
(

t, �1(t, �), �
)

+ Q
(

t, �2(t, �), �
)

+ Q
(

t, �3(t, �), �
)

Φ2(t, �) = Q
(

t, �1(t, �), �
)

Q
(

t, �2(t, �), �
)

+ Q
(

t, �2(t, �), �
)

Q
(

t, �3(t, �), �
)

+ Q
(

t, �3(t, �), �
)

Q
(

t, �1(t, �), �
)

Φ3(t, �) = Q
(

t, �1(t, �), �
)

Q
(

t, �2(t, �), �
)

Q
(

t, �3(t, �), �
)

.
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Then, for any compact set K ⊂ O , there exists � ∈ ℕ such that for any � , the functions

are either identically zero or have at most � zeros in K .

The proof is similar to that of  Proposition  4.3 and is obtained by considering the 
functions

where for the sake of brevity, we have set

Proposition 4.6  Let

for some R > 0 and let f ∶ [0,T] × Ξ → ℝ be such that 

(1)	 f is Lipschitz continuous in t, uniformly with respect to � , that is there exists C0 > 0 
such that 

(2)	 there exist positive constants A,C1,C2 such that 

 for any t ∈ [0, T] and � ∈ Ξ;
(3)	 there exists � ∈ ℕ such that for any � ∈ Ξ , there exists a partition 

0 = t1 < t2 < ⋯ < t
𝜇−1 < t

𝜇
= T  of [0, T], with � ≤ � such that

•	 f (⋅, �) ∈ C
1
(]

tj, tj+1
[)

 , for j = 1, 2,… ,� − 1;
•	 �tf (t, �) ≠ 0 for any t ∈

]

tj, tj+1
[

 , for j = 1, 2,… ,� − 1.

Then, f satisfies the logarithmic condition

Proof  Let us fix � . As �tf (t, �) does not change sign in 
]

tj, tj+1
[

 , we have

t ↦ Q
(

t, �j(t, �), �k(t, �), �
)

, (j, k) ∈ S2 ,

Φ1(t, �) = Q1,2(t, �) + Q2,3(t, �) + Q3,1(t, �)

Φ2(t, �) = Q1,2(t, �)Q2,3(t, �) + Q2,3(t, �)Q3,1(t, �) + Q3,1(t, �)Q1,2(t, �)

Φ3(t, �) = Q1,2(t, �)Q2,3(t, �)Q3,1(t, �) ,

Qj,k(t, �) = Q
(

t, �j(t, �), �k(t, �), �
)

.

Ξ =
{

� ∈ ℝn |

|

|

|�| ⩾ R
}

,

|

|

f (t1, �) − f (t2, �)
|

|

⩽ C0|t1 − t2| , for any t1, t2 ∈ [0, T] and � ∈ Ξ ;

C1

(

1 + |�|
)−A

⩽ f (t, �) ⩽ C2

(

1 + |�|
)A

∫
T

0

|

|

𝜕tf (t, 𝜉)
|

|

f (t, 𝜉)
dt ≲ log

(

1 + |𝜉|
)

, for any 𝜉 ∈ Ξ .
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where C∗ depends on A,C1,C2 . Hence,

where � and C∗ are independent of � . 	� ◻

4.1 � Study of the condition (1.9)

Let

The function f (t, �) never vanishes and its critical points verify

Now, by the implicit function Theorem, we have

where for the sake of brevity, we write

From (4.1), we get

where

The polynomial Q verifies the hypothesis of Proposition 4.5, hence the number of zeros 
of the function t ↦ �tf (t, �) is bounded w.r.t. � ∈ Ξ , and, applying Proposition 4.6 to f, we 
see that (1.9) holds true.

4.2 � Study of the condition (1.10)

Let

∫
tj+1

tj

|

|

�tf (t, �)
|

|

f (t, �)
dt =

|

|

|

|

∫
tj+1

tj

�tf (t, �)

f (t, �)
dt
|

|

|

|

=
|

|

|

|

log f (tj+1, �) − log f (tj, �)
|

|

|

|

⩽ C∗ log
(

1 + |�|
)

,

∫
T

0

|

|

�tf (t, �)
|

|

f (t, �)
dt ⩽ � C∗ log

(

1 + |�|
)

,

f (t, �) = |

|

�j(t, �) − �h(t, �)
|

|

.

�t

(

�j(t, �) − �h(t, �)
)

= 0 .

(4.1)�t�j(t, �) = −
(�tL�)(�j)

(�
�
L
�
)(�j)

,

(�tL�)(�j) = �tL�(t, �, �)
|

|�=�j(t,�)
,

(�
�
L
�
)(�j) = �

�
L
�
(t, �, �) |

|�=�j(t,�)
.

[

�t

(

�j(t1, �) − �h(t1, �)
)

]2

=
Q(x, �j, �h, �)

[

(�
�
L
�
)(�j)

]2 [

(�
�
L
�
)(�h)

]2
,

Q(x, �, �, �) =
[

(�tL�)(�) (��L�)(�) − (�tL�)(�) (��L�)(�)
]2

.
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If �tf (t, �) changes sign at  t1 , then either �t�j(t1, �) − �t�h(t1, �) = 0 or 
�
2
t
�j(t1, �) − �

2
t
�h(t1, �) = 0.

The first case can be treated as before. For the second, from (4.1), we get

where

hence

where

The polynomial Q verifies the hypothesis of Proposition 4.5, hence the number of zeros 
of the function t ↦ �tf (t, �) is bounded w.r.t. � ∈ Ξ , and, applying Proposition 4.6 to f, we 
see that (1.10) holds true.

4.3 � Study of the condition (1.11)

If M has real coefficients, we consider

For fixed  � , the oscillations of  f (t, �) are zeros in  t of  either M̌
(

t, 𝜆j(t, 𝜉), 𝜉
)

 or 
𝜕tM̌

(

t, 𝜆j(t, 𝜉), 𝜉
)

.
Now

and, by (4.1), we see that 𝜕tM̌
(

t, 𝜆j(t, 𝜉), 𝜉
)

= 0 if, and only if, Q
(

t, �j(t, �), �
)

= 0 , where

The polynomial Q verifies the hypothesis of Proposition 4.5, hence the number of zeros 
of the function t ↦ �tf (t, �) is bounded w.r.t. � ∈ Ξ , and, applying Proposition 4.6 to f, we 
see that (1.11) holds true.

If the coefficients of M̌ are complex, we consider the zeros of

f (t, �) = |

|

�t�j(t1, �) − �t�h(t1, �)
|

|

+ 1 .

�
2
tt
�j(t, �) =

�(t, �j, �)
[

(�
�
L
�
)(�j)

]3
,

�(t, �, �) = 2�2
t�
L
�
(�) �tL�(�) ��L�(�)

− �
2
��
L
�
(�)

[

�tL�(�)
]2

− �
2
tt
L
�
(�)

[

�
�
L
�
(�)

]2
,

[

�
2
tt

(

�j(t1, �) − �h(t1, �)
)

]2

=
Q(x, �j, �h, �)

[

(�
�
L
�
)(�j)

]6 [

(�
�
L
�
)(�h)

]6
,

Q(x, �, �, �) =
[

�(t, �, �)
[

�
�
L
�
(�)

]3
− �(t, �, �)

[

�
�
L
�
(�)

]3
]2

.

f (t, 𝜉) = |

|

M̌
(

t, 𝜆j(t, 𝜉), 𝜉
)

|

|

+1 .

𝜕tM̌
(

t, 𝜆j(t, 𝜉), 𝜉
)

= 𝜕tM̌(t, 𝜏, 𝜉) |
|𝜏=𝜆j(t,𝜉)

+𝜕
𝜏
M̌(t, 𝜏, 𝜉) |

|𝜏=𝜆j(t,𝜉)
𝜕t𝜆j(t, 𝜉) ,

Q(t, 𝜏, 𝜉) = 𝜕tM̌(t, 𝜏, 𝜉)𝜕
𝜏
L
𝜀
(t, 𝜏, 𝜉) − 𝜕

𝜏
M̌(t, 𝜏, 𝜉)𝜕tL𝜀(t, 𝜏, 𝜉) .
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and by the same argument, we get (1.11) again.
The proof that condition (1.12) is satisfied is similar to that of condition (1.11), so we 

omit it.

5 � Pointwise Levi conditions

Throughout this section, we assume that the coefficients of the operator are analytic, and 
we express the Levi conditions (1.13) and (1.14) as pointwise conditions.

We have to distinguish three cases: 

Case I	� ΔL ≢ 0;
Case II	� ΔL ≡ 0 and Δ(1)

L
≢ 0;

Case III	� ΔL ≡ Δ
(1)

L
≡ 0.

Case I: ΔL ≢ 0

We consider at first the terms of order 2.

Proposition 5.1  Assume that

for all (j, k, l) ∈ S3 , then condition (1.13) is verified.

For the proof, we need the following Lemma [20,  Proposition 4.1].

Lemma 5.2  Let Δ(t, �) be an homogeneous polynomial in � with coefficient analytic in t and 
assume that Δ(t, �) ≢ 0 . Then: 

1.	 there exists X ⊂ 𝕊n ∶=
{

𝜉 ∈ ℝn
|

|

|𝜉| = 1
}

 such that Δ(t, �) ≢ 0 in ]−�, T + �[ for any 
� ∈ X , and the set �n ⧵ X is negligible with respect to the Hausdorff (n − 1)–measure;

2.	 for any [a, b] ⊂ ]−𝛿, T + 𝛿[ , we can find constants c1, c2 > 0 and p, q ∈ ℕ such that 
for any � ∈ X and any � ∈ (0, 1∕e] there exists A

𝜉,𝜀 ⊂ [a, b] such that

1.	 A
�,� is a union of at most p disjoint intervals,

2.	 m(A
�,�) ⩽ �,

3.	 mint∈[a,b]⧵A
�,�
Δ(t, �) ⩾ c1 �

2q
‖

‖

Δ(⋅, �)‖
‖L∞([a,b])

4.	 ∫
[a,b]⧵A

�,�

|

|

Δ�(t,�)|
|

Δ(t,�)
dt ⩽ c2 log

1

�
.

Proof  (Proof of Proposition 5.1) We will prove that (5.1) implies (3.3a) and (3.3b) hence, 
thanks to Proposition 3.1, we get (1.13).

𝜕t|M̌|

2 = 2Re
(

𝜕tM̌ M̌
)

= 2𝜕tRe(M̌) Re(M̌) + 2𝜕tℑ(M̌)ℑ(M̌)

(5.1)�

�

𝜏k(t, 𝜉) − 𝜏l(t, 𝜉)
�

�

�

�

�

M̌
�

t, 𝜏j(t, 𝜉), 𝜉
�

�

�

�

≲

√

ΔL(t, 𝜉) +
�

�

�

𝜕t

√

ΔL(t, 𝜉)
�

�

�

,
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Let � = |�|
−2 , with |�| large enough, and let A

�,� be the set given by Lemma 5.2 with 
Δ(t, �) = ΔL(t, �) ; we have

On the other side, as

assuming (5.1), thanks to Lemma 5.2, we have

Combining (5.2) and (5.3), we get (3.3a).
Now we prove that (3.3b) holds true. As the roots of L are distinct for a.e. (t, �) , by the 

Lagrange interpolation formula, we have

where the operators Ljk are the operators Ljk,� defined in Sect. 2 with � = 0 , the �j are given 
by

hence, by Hypothesis (5.1), they verify

On the other side, differentiating (5.4) w.r.t � , we get

where the operators Lj are the operators Lj,� defined in Sect. 2 with � = 0,
Now, since �1 ⩽ �2 ⩽ �3 , we can find � ∈ [0, 1] such that

hence

(5.2)∫A
𝜉,𝜀

|

|

M̌(𝜏j)
|

|

(

|𝜏j − 𝜏k| + 1
)(

|𝜏j − 𝜏l| + 1
) dt ≲ ∫A

𝜉,𝜀

|𝜉|
2 dt ≲ 𝜀 |𝜉|

2 = 1 .

�

�

M̌(𝜏j)
�

�

�

�𝜏j − 𝜏k� + 1
��

�𝜏j − 𝜏l� + 1
� ⩽

�𝜏k − 𝜏l�
�

�

M̌(𝜏j)
�

�

√

ΔL(t, 𝜉)
,

(5.3)
∫]−𝛿,T+𝛿[⧵A

𝜉,𝜀

|

|

M̌(𝜏j)
|

|

(

|𝜏j − 𝜏k| + 1
)(

|𝜏j − 𝜏l| + 1
) dt

≲ ∫]−𝛿,T+𝛿[⧵A
𝜉,𝜀

1 +
|

|

𝜕tΔL(t, 𝜉)
|

|

ΔL(t, 𝜉)
dt ≲ log

(

1 + |𝜉|
)

.

(5.4)M̌(t, 𝜏, 𝜉) = �1(t, 𝜉) L23(t, 𝜏, 𝜉) + �2(t, 𝜉) L13(t, 𝜏, 𝜉) + �3(t, 𝜉)L12(t, 𝜏, 𝜉) ,

(5.5)�j(t, 𝜉) ∶=
M̌
(

t, 𝜏j(t, 𝜉), 𝜉
)

(

𝜏j(t, 𝜉) − 𝜏h(t, 𝜉)
)(

𝜏j(t, 𝜉) − 𝜏l(t, 𝜉)
)

(5.6)|

|

�j(t, 𝜉)
|

|

≲ 1 +
|

|

𝜕tΔL(t, 𝜉)
|

|

ΔL(t, 𝜉)
.

𝜕
𝜏
M̌(𝜏) = �1 (L2 + L3) + �2 (L3 + L1) + �3 (L1 + L2)

= (�2 + �3) L1 + (�3 + �1)L2 + (�1 + �2) L3 ,

�2 = � �1 + (1 − �) �3 ,

L2 = � L1 + (1 − �) L3 ,
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consequently, we can write

where �̃1 and �̃3 are some linear combination with bounded coefficients of �1 , �2 and �3 , 
hence the �̃j s verify (5.6) too.

Let � = |�|
−1 , with |�| large enough, and let A

�,� be as above, we have

whereas, thanks to (5.7):

Combining the above estimates, we get (3.3b). 	� ◻

Condition (5.1) means that if, for fixed � , the function

vanishes of order � at t = t0 , then the function

must vanish (at least) at order � − 1 at  t = t0 . Thus, in space dimension n = 1 , Proposi-
tion 5.1 can be precised.

Proposition 5.3  In space dimension n = 1 , (1.13) is equivalent to the following condition:

there exist t1,… , t
�
∈ ]−�, T + �[ such that

with j, k, l such that (j, k, l) ∈ S3.

Remark 5.4  In the special case � = 1 and t1 = 0 , condition (5.8) reduces to

for any (j, k, l) ∈ S3.

(5.7)𝜕
𝜏
M̌(𝜏) = ��3 L1(𝜏) +

��1 L3(𝜏) ,

∫A
𝜉,𝜀

|

|

𝜕
𝜏
M̌(𝜏1)

|

|

+ |

|

𝜕
𝜏
M̌(𝜏3)

|

|

|𝜏1 − 𝜏3| + 1
dt ≲ ∫A

𝜉,𝜀

|𝜉| dt ≲ 𝜀 |𝜉| = 1 ,

∫]−𝛿,T+𝛿[⧵A
𝜉,𝜀

|

|

𝜕
𝜏
M̌(𝜏1)

|

|

+ |

|

𝜕
𝜏
M̌(𝜏3)

|

|

|𝜏1 − 𝜏3| + 1
dt ≲ ∫]−𝛿,T+𝛿[⧵A

𝜉,𝜀

|

|

��1(t, 𝜉)
|

|

+ |

|

��3(t, 𝜉)
|

|

dt

≲ ∫]−𝛿,T+𝛿[⧵A
𝜉,𝜀

1 +
|

|

𝜕tΔL(t, 𝜉)
|

|

ΔL(t, 𝜉)
dt

≲ log
(

1 + |𝜉|
)

.

t ↦
(

�j(t, �) − �k(t, �)
) (

�j(t, �) − �l(t, �)
)

t ↦ M̌
(

t, 𝜏j(t, 𝜉), 𝜉
)

(5.8)
𝜈

∏

h=1

|t − th|
|

|

|

M̌
(

t, 𝜏j(t, 𝜉), 𝜉
)

|

|

|

≲ |

|

𝜏j(t, 𝜉) − 𝜏k(t, 𝜉)
|

|

|

|

𝜏j(t, 𝜉) − 𝜏l(t, 𝜉)
|

|

,

(5.9)|t|
|

|

|

M̌
(

t, 𝜏j(t, 𝜉), 𝜉
)

|

|

|

≲ |

|

𝜏j(t, 𝜉) − 𝜏k(t, 𝜉)
|

|

|

|

𝜏j(t, 𝜉) − 𝜏l(t, 𝜉)
|

|

,



	 F. Colombini et al.

1 3

Proof  By the previous remark, we see that (5.8) is equivalent to (5.1) and implies (3.3a) 
and (3.3b).

Now we prove that (3.3a) implies (5.8) by contradiction. First of all, as the zeros of ΔL 
are isolated, we can decompose ]−�, T + �[ into a finite number of contiguous subintervals 
each containing a zero of ΔL . Thus, with no loss of generality, we can restrict to the case in 
which ΔL(t) vanishes only at t = 0 ; in this case, condition (5.8) reduces to (5.9).

Suppose that (5.9) is violated, hence, with no loss of generality, we have

for some m ⩾ 2.
As ΔL(0) = 0 and ΔL(t) ≠ 0 for t ≠ 0 , there exist r1, r2 such that

and r
def
= max(r1, r2) ⩾ 1 . Note that, min(r1, r2) > 0 if and only if t = 0 is a triple point.

For t ⩾ �
1∕r , � =

1

|�|
 and |�| ⩾ 1 , we have

hence

This shows that (3.3a) cannot hold true if (5.9) is violated. 	�  ◻

Now we consider the terms of order 1.

Proposition 5.5  Assume that

then condition (1.14) is verified.

Proof  First of all, we recall that, by Proposition 3.2, (1.14) is equivalent to (3.9), hence we 
will prove that (5.10) implies (3.9).

Let � = |�|
−1∕2 , with |�| large enough, and let A

�,� be the set given by Lemma 5.2 with 
Δ(t, �) = Δ

�tL
(t, �) ; we have

|

|

|

M̌
(

t, 𝜏3(t) 𝜉, 𝜉
)

|

|

|

|

|

𝜏3(t) − 𝜏1(t)
|

|

|

|

𝜏3(t) − 𝜏2(t)
|

|

|𝜉|2
≳

1

tm

|

|

𝜏3(t) − 𝜏1(t)
|

|

≳ tr1 |

|

𝜏3(t) − 𝜏2(t)
|

|

≳ tr2

|

|

𝜏3(t) − 𝜏1(t)
|

|

|𝜉| ≳ 1 |

|

𝜏3(t) − 𝜏2(t)
|

|

|𝜉| ≳ 1 ,

∫
T

𝜀1∕r

|

|

|

M̌
(

t, 𝜏3(t) 𝜉, 𝜉
)

|

|

|

(

|

|

𝜏3(t) − 𝜏1(t)
|

|

|𝜉| + 1
)(

|

|

𝜏3(t) − 𝜏2(t)
|

|

|𝜉| + 1
) dt

≳ ∫
T

𝜀1∕r

1

tm

|

|

𝜏3(t) − 𝜏1(t)
|

|

|𝜉|

|

|

𝜏3(t) − 𝜏1(t)
|

|

|𝜉| + 1

|

|

𝜏3(t) − 𝜏2(t)
|

|

|𝜉|

|

|

𝜏3(t) − 𝜏2(t)
|

|

|𝜉| + 1
dt ≳ ∫

T

𝜀1∕r

1

tm
dt ≈ |𝜉|

m−1

r .

(5.10)|

|

|

Ň
(

t, 𝜎j(t, 𝜉), 𝜉
)

|

|

|

≲

√

Δ
𝜕tL
(t, 𝜉) +

(

𝜕tΔ𝜕tL
(t, 𝜉)

)2

[

Δ
𝜕tL
(t, 𝜉)

]3∕2
, j = 1, 2 ,
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On the other side, assuming (5.10) and thanks to Lemma 5.2, we have

Combining the above estimates, we get (3.9). 	�  ◻

Condition  (5.10) means that if, for fixed  � , the function t ↦ Δ
�tL
(t, �) vanishes of 

order 2� , with 𝜈 > 2 , at t = t0 , then the function t ↦ Ň
(

t, 𝜏j(t, 𝜉), 𝜉
)

 must vanish (at least) at 
order � − 2 at t = t0 . Thus, in space dimension n = 1 , Proposition 5.5 can be precised.

Proposition 5.6  In space dimension n = 1 , (5.10) is equivalent to (1.14) and can be written 
in the following form: there exist t1,… , t

�
 such that

Proof  We prove that if n = 1 , (3.9) implies (5.11). As before, with no loss of generality, we 
can assume that Δ

�tL
 vanishes only in 0, and there exists r ⩾ 1 such that

Hence, for t ⩾ �
1∕r , � =

1

|�|
 and |�| ⩾ 1 , we have

and, consequently,

If (5.11) fails to hold, then there exists m ⩾ 3 such that

and we have

∫A
𝜉,𝜀

√

√

√

√

|

|

Ň
(

t, 𝜎j(t, 𝜉), 𝜉
)

|

|

|

|

𝜎2(t, 𝜉) − 𝜎1(t, 𝜉)
|

|

+ 1
dt ≲ ∫A

𝜉,𝜀

|𝜉|
1∕2 dt ≲ 𝜀 |𝜉|

1∕2 = 1 .

∫]−𝛿,T+𝛿[⧵A
𝜉,𝜀

√

√

√

√

|

|

Ň
(

t, 𝜎j(t, 𝜉), 𝜉
)

|

|

|

|

𝜎2(t, 𝜉) − 𝜎1(t, 𝜉)
|

|

+ 1
dt

≲ ∫]−𝛿,T+𝛿[⧵A
𝜉,𝜀

1 +
|

|

𝜕tΔ𝜕tL
(t, 𝜉)|

|

Δ
𝜕tL
(t, 𝜉)

dt ≲ log
(

1 + |𝜉|
)

.

(5.11)
𝜈

∏

j=1

(t − tj)
2 |
|

|

Ň
(

t, 𝜎1(t, 𝜉), 𝜉
)

|

|

|

≲ |

|

𝜎2(t, 𝜉) − 𝜎1(t, 𝜉)
|

|

.

|

|

𝜎2(t) − 𝜎1(t)
|

|

≳ tr .

|

|

𝜎2(t) − 𝜎1(t)
|

|

|𝜉| ≳ 1 ,

|

|

𝜎2(t) − 𝜎1(t)
|

|

|𝜉|

|

|

𝜎2(t) − 𝜎1(t)
|

|

|𝜉| + 1
≳ 1 .

Ň
(

t, 𝜎j(t, 𝜉), 𝜉
)

𝜎2(t, 𝜉) − 𝜎1(t, 𝜉)
≈

1

tm
for j = 1 or j = 2 ,

∫
T

𝜀1∕r

√

√

√

√

|

|

Ň
(

t, 𝜎j(t, 𝜉), 𝜉
)

|

|

|

|

𝜎3(t, 𝜉) − 𝜎1(t, 𝜉)
|

|

+ 1
dt ≳ ∫

T

𝜀1∕r

1

tm∕2
dt ≈ |𝜉|

m∕2−1

r ,
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thus (3.9) cannot be satisfied. 	�  ◻

Case II: ΔL ≡ 0 and Δ(1)

L
≢ 0

With no loss of generality, we can assume that �1 ≡ �2 and �3 ≢ �1.

Proposition 5.7  Assume that �1 ≡ �2 and �3 ≢ �1 . If 

and

 for j = 1, 3 , where Q(t, 𝜏, 𝜉) = M̌(t,𝜏,𝜉)

𝜏−𝜏1(t,𝜉)
 , then condition (1.13) is verified.

Proof  The proof is similar to that of Proposition 5.1: We prove that  (5.12a) and  (5.12b) 
imply (3.3a) and (3.3b), hence, by Proposition 3.1, we get (1.13).

Note that, by (5.12a), (3.3a) with j = 1 or j = 2 is trivially satisfied, thus we need only 
to prove (3.3a) with j = 3.

Let � = |�|
−2 with |�| large enough, and let A

�,� be the set given by Lemma 5.2 with 
Δ(t, �) = Δ

(1)

L
(t, �) ; we have

On the other side, as

assuming (5.12b), thanks to Lemma 5.2, we have

Now we prove that (3.3b) holds true.
As �3 ≢ �1 , by Lagrange interpolation formula, we get

for a.e. (t, �) , hence

and, consequently,

(5.12a)M̌
(

t, 𝜏1(t, 𝜉), 𝜉
) ≡ 0

(5.12b)|

|

|

Q
(

t, 𝜏j(t, 𝜉), 𝜉
)

|

|

|

≲

√

Δ
(1)

L
(t, 𝜉) +

|

|

|

𝜕t

√

Δ
(1)

L
(t, 𝜉)

|

|

|

,

∫A
𝜉,𝜀

|

|

M̌(𝜏3)
|

|

(

|𝜏3 − 𝜏1| + 1
)2

dt ≲ ∫A
𝜉,𝜀

|𝜉|
2 dt ≲ 𝜀 |𝜉|

2 = 1 .

|

|

M̌(𝜏3)
|

|

(

|𝜏3 − 𝜏1| + 1
)2

≤ |

|

Q(𝜏3)
|

|

√

Δ
(1)

L

,

∫]−𝛿,T+𝛿[⧵A
𝜉,𝜀

|

|

M̌(𝜏3)
|

|

(

|𝜏3 − 𝜏1| + 1
)2

dt ≲ ∫]−𝛿,T+𝛿[⧵A
𝜉,𝜀

1 +
|

|

𝜕tΔ
(1)

L
(t, 𝜉)|

|

Δ
(1)

L
(t, 𝜉)

dt ≲ log
(

1 + |𝜉|
)

.

Q(�) =
Q(�3)

�3 − �1

(� − �1) +
Q(�1)

�1 − �3

(� − �3)

(5.13)M̌(𝜏) =
Q(𝜏3)

𝜏3 − 𝜏1

L12 +
Q(𝜏1)

𝜏1 − 𝜏3

L13 ,
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Let � = |�|
−1 , with |�| large enough, and let A

�,� be as above, we have

 whereas, thanks to (5.14) and Lemma 5.2 we have

hence, by (5.12b),

	�  ◻

Proposition 5.8  In space dimension n = 1 , (1.13) is equivalent to (5.12a) and (5.12b).

Moreover, (5.12b) can be written in the following form: There exist t1,… , t
�
 such that

Remark 5.9  In the special case � = 1 and t1 = 0 , condition (5.15) reduces to

Proof  We prove that if �1 ≡ �2 , then (5.12a) is necessary in order to have (1.13).
Indeed if (5.12a) fails to hold then M̌

(

t, 𝜏1(t, 𝜉), 𝜉
)

≈ |𝜉|
2 and we have

hence (3.3a) cannot be verified.
As before, we can assume that Δ(1)

L
 vanishes only in 0, so that (5.15) reduces to (5.16). 

Moreover, we can assume that there exists r ⩾ 1 such that for t ⩾ �
1∕r , � =

1

|�|
 and |�| ⩾ 1 

we have

If (5.16) fails to hold, then there exists m ⩾ 2 such that

(5.14)𝜕
𝜏
M̌(𝜏) =

Q(𝜏3)

𝜏3 − 𝜏1

(L1 + L2) +
Q(𝜏1)

𝜏1 − 𝜏3

(L1 + L3) .

∫A
𝜉,𝜀

|

|

𝜕
𝜏
M̌(𝜏1)

|

|

+ |

|

𝜕
𝜏
M̌(𝜏3)

|

|

|𝜏1 − 𝜏3| + 1
dt ≲ ∫A

𝜉,𝜀

|𝜉| dt ≲ 𝜀 |𝜉| = 1 ,

∫]−𝛿,T+𝛿[⧵A
𝜉,𝜀

|

|

𝜕
𝜏
M̌(𝜏1)

|

|

+ |

|

𝜕
𝜏
M̌(𝜏3)

|

|

|𝜏1 − 𝜏3| + 1
dt ≲ ∫]−𝛿,T+𝛿[⧵A

𝜉,𝜀

|

|

Q(𝜏1)
|

|

+ |

|

Q(𝜏3)
|

|

|𝜏1 − 𝜏3| + 1
dt

∫]−𝛿,T+𝛿[⧵A
𝜉,𝜀

|

|

𝜕
𝜏
M̌(𝜏1)

|

|

+ |

|

𝜕
𝜏
M̌(𝜏3)

|

|

|𝜏1 − 𝜏3| + 1
dt ≲ ∫]−𝛿,T+𝛿[⧵A

𝜉,𝜀

1 +
|

|

𝜕
𝜏
Δ

(1)

L
(t, 𝜉)|

|

Δ
(1)

L
(t, 𝜉)

dt

≲ log
(

1 + |𝜉|
)

.

(5.15)
𝜈

∏

j=1

|t − tj|
|

|

|

Q
(

t, 𝜏k(t, 𝜉), 𝜉
)

|

|

|

≲ |

|

𝜏3(t, 𝜉) − 𝜏1(t, 𝜉)
|

|

, k = 1, 3 .

(5.16)|t|
|

|

|

Q
(

t, 𝜏k(t, 𝜉), 𝜉
)

|

|

|

≲ |

|

𝜏3(t, 𝜉) − 𝜏1(t, 𝜉)
|

|

, k = 1, 3 .

M̌(𝜏1)
(

|𝜏1 − 𝜏2| + 1
)(

|𝜏1 − 𝜏3| + 1
) =

M̌(𝜏1)

|𝜏1 − 𝜏3| + 1
≈

|𝜉|
2

|𝜉| + 1
,

|

|

𝜏3(t) − 𝜏1(t)
|

|

|𝜉| ≳ 1 .
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and, as

we have

hence

Thus, (3.3b) cannot be satisfied. 	�  ◻

Note that, we need not to assume n = 1 to prove the necessity of (5.12a).
The term of order 1 is treated as in the previous case.
Case III: ΔL ≡ Δ

(1)

L
≡ 0 (operators with triple characteristics of constant multiplicity)

Proposition 5.10  If ΔL ≡ Δ
(1)

L
≡ 0 , then L has a unique triple root:

and Hypothesis (1.9) and (1.10) are satisfied. Moreover, Hypothesis (1.11), (1.12), (1.13) 
and (1.14) are satisfied if, and only if,

Proof  It’s clear that if ΔL ≡ Δ
(1)

L
≡ 0 , then L reduces to (5.17).

If L is as in (5.17), we have

and

and it is clear that (1.9) and (1.10) are satisfied.
It is also clear that (5.18) holds true if, and only if,

Thus, (1.11), (1.12), (1.13) and (1.14) hold true.
On the converse, if M̌(𝜏1) ≢ 0 , then (3.3a) is not satisfied since

Analogously, if 𝜕
𝜏
M̌(𝜏1) ≢ 0 , then (3.3b) is not satisfied since

Q̌
(

t, 𝜏3(t, 𝜉), 𝜉
)

𝜏3(t, 𝜉) − 𝜏1(t, 𝜉)
≈

1

tm
,

M̌(t, 𝜏, 𝜉) = Q(t, 𝜏, 𝜉)
(

𝜏 − 𝜏1(t, 𝜉)
)

𝜕
𝜏
M̌(t, 𝜏1, 𝜉) = Q(t, 𝜏1, 𝜉) ,

∫
T

𝜀1∕r

|

|

𝜕
𝜏
M̌(𝜏1)

|

|

|𝜏3 − 𝜏1| + 1
dt = ∫

T

𝜀1∕r

|

|

Q(𝜏1)
|

|

|𝜏3 − 𝜏1| + 1
dt ≳ ∫

T

𝜀1∕r

1

tm
dt ≈ |𝜉|

m−1

r .

(5.17)L(t, �, �) =
(

� − �1(t, �)
)3

,

(5.18)M̌(𝜏1) ≡ 0 , 𝜕
𝜏
M̌(𝜏1) ≡ 0 , Ň(𝜏1) ≡ 0.

L(t, �, �) =
(

� − �1(t, �)
)3

− 6
(

� − �1(t, �)
)

�1(t, �) = �1(t, �) , �2(t, �) = �1(t, �) +
√

6 , �3(t, �) = �1(t, �) −
√

6 ,

M̌(t, 𝜏, 𝜉) = m0(t)
(

𝜏 − 𝜏1(t, 𝜉)
)2

and Ň(t, 𝜏, 𝜉) = n0(t)
(

𝜏 − 𝜏1(t, 𝜉)
)

.

∫
T

0

|

|

M̌
(

t, 𝜏1(t, 𝜉), 𝜉
)

|

|

dt ≈ |𝜉|
2 .
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Finally, if Ň(𝜇1) ≢ 0 , then (3.9) is not satisfied since

	�  ◻

Conditions (5.18) correspond to the condition of good decomposition [13]: The operator 
P can be written as

where L3
1
= L1◦L1◦L1 and L2

1
= L1◦L1.

To see this, following [35], we have to check two conditions. The first is

and the second condition is

As �1 ≡ �2 ≡ �3 , the operator L̃123,� in (2.3) reduces to L3
1
 if � = 0 . According to (2.16), we 

have

thus  (5.20) holds true if, and only if, the first two conditions in  (5.18) hold true. In  this 
case,

As �1 ≡ �2 , the operator L̃12,� in (2.2) reduces to L2
1
 if � = 0 . By (2.4) with � = 0 , we have

and, multiplying by m0 , we get

hence

thus (5.21) holds true if, and only if, the third condition in (5.18) holds true.

∫
T

0

|

|

|

𝜕
𝜏
M̌
(

t, 𝜏1(t, 𝜉), 𝜉
)

|

|

|

dt ≈ |𝜉| .

∫
T

0

√

|

|

|

Ň
(

t, 𝜏1(t, 𝜉), 𝜉
)

|

|

|

dt ≈ |𝜉|
1∕2 .

(5.19)P = L3
1
+ m0(t)L

2
1
+ n0(t)L1 + p0 ,

(5.20)the principal symbol of P − L3
1
is divisible by m0(� − �1)

2 ,

(5.21)the principal symbol of P − (L3
1
+ m0(t)L

2
1
) is divisible by (� − �1) .

P = L3
1
+ M̌ +

1

2
𝜕t𝜕𝜏M̌ + Ň + p ,

M̌(t, 𝜏, 𝜉) = m0(t)L1,1(t, 𝜏, 𝜉) = m0(t)
(

𝜏 − 𝜏1(t, 𝜉)
)2

.

L2
1
= L11 +

1

2
�t��L11 ,

m0 L
2
1
= M̌ +

1

2
𝜕t𝜕𝜏M̌ − m�

0
(t)L1 ,

P = L3
1
+ m0 L

2
1
+ m�

0
(t)L1 + Ň + p ,
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6 � Operators with constant coefficients principal part

In this section, we prove the following Proposition

Proposition 6.1  Assume that the coefficients are analytic and those of the principal symbol 
are constant.

Then, Hypothesis (1.9), (1.10), (1.11) and (1.12) are satisfied, whereas (1.13) and (1.14) 
are necessary and sufficient for the C∞ well posedness.

Proof  If the coefficients are analytic, then Hypothesis  (1.9), (1.10), (1.11) and (1.12) are 
satisfied (cf. Sect. 4).

Now, we recall that if the coefficients are constant, the necessary and sufficient condi-
tions for the C∞ well posedness is well known, see [16, 17, 34]:

Various equivalent conditions have been given. According to [34], (6.1) is equivalent to the 
following conditions (cf. [31]): there exist bounded functions �1,�2,�3, �1, �2 such that

for a.e. (t, �).
We recall that the above conditions are also necessary and sufficient for the C∞ well pos-

edness if the coefficients of the lower-order terms can vary [14, 36] (also if the coefficients 
of the lower-order terms are only C∞).

As we have proved in Sect. 2 that our conditions are sufficient for the well posedness, 
whereas conditions (6.2) and (6.3) are necessary, it remains to prove that if (6.2) and (6.3) 
hold true, then (1.13) and (1.14) are satisfied.

We prove at first that (6.2) implies (1.13). We have to distinguish three cases as in the 
previous section.

If ΔL ≢ 0 , then (6.2) is  (5.4) and the �j is given by (5.5). The boundness of  the �j is 
equivalent to (5.1), hence, by Proposition 5.1, (1.13) holds true.

If ΔL ≡ 0 and Δ
�
�

L ≢ 0 , then with no loss of  generality, we can assume that �1 ≡ �2 
and �3 ≢ �1 . In this case, the right hand side of (6.2) is divisible by � − �1 , hence M must 
verify (5.12a). Moreover, (6.2) reduces to (5.13), thus the boundness of the �j is equivalent 
to (5.12b). By Proposition 5.7, we get (1.13).

If Δ
�
�

L ≡ 0 , then �1 ≡ �2 ≡ �3 and the right hand side of (6.2) is divisible by (� − �1)
2 , 

hence  M must verify the first two conditions in  (5.18), and, by  Proposition  5.10, we 
get (1.13).

Now we prove that (6.3) implies (1.14).
From (6.3), we have

(6.1)

there exists C > 0 such that 𝜏3 +
∑

j+|𝛼|≤3
aj,𝛼(t)𝜏

j
𝜉
𝛼 ≠ 0 if 𝜉 ∈ ℝ and |ℑ𝜏| > C .

(6.2)

M(t, �, �) = �1(t, �)
(

� − �2(t, �)
)(

� − �3(t, �)
)

+�2(t, �)
(

� − �3(t, �)
)(

� − �1(t, �)
)

+�3(t, �)
(

� − �1(t, �)
)(

� − �2(t, �)
)

(6.3)N(t, �, �) = �1(t, �)
(

� − �2(t, �)
)

+ �2(t, �)
(

� − �1(t, �)
)

N(�1) = �2 (�1 − �2) , N(�2) = �1 (�2 − �1) ,
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from which we deduce that if Δ
�
�
L ≢ 0 , then (5.10) is satisfied; by Proposition 5.5, (1.14) 

holds true. On  the other side, if Δ
�
�
L ≡ 0 , then the third condition in  (5.18) holds true, 

hence, by Proposition 5.10, we get (1.13). 	�  ◻

7 � Some examples

In this section, we discuss some examples. In particular, we compare our Theorem 2 with 
Theorem 6.1 in [26] (see Example 3 below).

First of all, we remark that any positive or negative result for second-order equations 
can give a positive or negative result for third-order equations, just replacing the unknown 
function u by its time derivative �tu.

Example 1  In [9], it is constructed a function a(t) ∈ C
∞ verifying a(0) = 0 , a(t) > 0 for 

t > 0 having an infinite number of oscillations for t ↦ 0+ , so that condition  (1.1) is not 
verified and the Cauchy problem for

is not well posed in C∞ . The same function can be used to show that the Cauchy problem 
for the equation

may be ill-posed. This shows that some control on the oscillations of the coefficients of the 
principal symbol is needed, as required by Hypothesis (1.9) and (1.10).

Example 2  It is well known that the Cauchy problem for the equation

is not well posed in C∞ (see, e.g., [18]). Thus, the Cauchy problem for the equation

is not well posed in C∞ (see, e.g., [18]). This show that some Levi conditions on the lower-
order terms are needed.

Example 3  Consider the homogeneous equation

Assume, for simplicity a1(t, x) ≡ 0 and a2 and a3 analytic. The hyperbolicity assumption is 
then

�
2
t
u − a(t) �2

x
u = 0

�
3
t
u − a(t) �t�

2
x
u = 0

�
2
t
u − �xu = 0

�
3
t
u − �t�xu = 0

�
3
t
u + a1(t, x)�

2
t
�xu + a2(t, x)�t�

2
x
u + a3(t, x) �

3
x
u = 0 .

ΔL(t, x) = −4 a3
2
(t, x) − 27 a2

3
(t, x) ⩾ 0 .
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Assume also that a2 and a3 vanish at the origin, so that we have a  triple characteristic 
root, whereas ΔL(t, x) > 0 for (t, �) ≠ (0, 0) , so that the characteristic roots are simple for 
(t, �) ≠ (0, 0).

According to [8], if a2(t, x) = a2(t) and a3(t, x) = a3(t) depend only on the time vari-
able t, a necessary condition for the C∞ well posedness is the following

Condition (7.1) is sufficient also if a2(t, x) = a2(x) and a3(t, x) = a3(x) depend only on the 
space variable x [32], whereas if a2 and a3 depend on both variables the following condi-
tion should be also considered [26, Theorem 6.1]:

In order to compare the above results with Theorem 2, we have seen that (see Sect. 4 for 
details), if the coefficients are analytic, then conditions (1.9)–(1.12) are satisfied.

Next, as the equation is homogeneous and a1 ≡ 0 , then

and Ň(t, 𝜏, 𝜉) ≡ 0 so that (1.14) is trivially satisfied.
To prove the equivalence between (7.1) and (1.14), we recall (cf. [8]) that if a1 ≡ 0 then 

condition (7.1) is equivalent to the following condition

or, if the coefficients are analytic and the discriminant Δ(t) vanishes only at t = 0 , to the 
following:

On the other side, thanks to Viete’s formulas, as a1 ≡ 0 , we have

Combining (7.2) and (7.3), we see that (7.1) is equivalent to (5.9), which is equivalent to 
condition (1.13).

Appendix A

Lemma A.1  Let

(7.1)−a3
2
(t) ≲ Δ(t) .

�

�

𝜕ta3
�

�

≲
√

a2
�

�

𝜕ta2
�

�

.

M̌(t, 𝜏, 𝜉) = −
1

2
a�
2
(t) 𝜉2

(7.2)𝜏
2
j
(t) + 𝜏

2
k
(t) ≲

(

𝜏j(t) − 𝜏k(t)
)2

, for j ≠ k ,

(7.3)|t|2
[

(

𝜏
�
j
(t)
)2

+
(

𝜏
�
k
(t)
)2
]

≲
(

𝜏j(t) − 𝜏k(t)
)2

, for j ≠ k .

a2(t) = −
1

2

[

�
2
1
(t) + �

2
2
(t) + �

2
3
(t)
]

.
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and

then

Proof  Using Vieta’s formulas

whereas

from which we get the result. 	�  ◻
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