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This paper has two objectives. On one side, we develop and test numerically divergence-
free Virtual Elements in three dimensions, for variable “polynomial” order. These are
the natural extension of the two-dimensional divergence-free VEM elements, with some
modification that allows for a better computational efficiency. We test the element’s
performance both for the Stokes and (diffusion dominated) Navier—Stokes equation.
The second, and perhaps main, motivation is to show that our scheme, also in three
dimensions, enjoys an underlying discrete Stokes complex structure. We build a pair of
virtual discrete spaces based on general polytopal partitions, the first one being scalar
and the second one being vector valued, such that when coupled with our velocity and
pressure spaces, yield a discrete Stokes complex.
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1. Introduction

The Virtual Element Method (VEM) was introduced in Refs. [I0] and [12] as a
generalization of the Finite Element Method (FEM) allowing for general poly-
topal meshes. Nowadays the VEM technology has reached a good level of suc-
cess; among the many papers we here limit ourselves in citing a few sample
works BOIIZTRZIBAATBT It was soon recognized that the flexibility of VEM allows to
build elements that hold peculiar advantages also on more standard grids. One main
example is that of “divergence-free” Virtual Elements for Stokes-type problems, ini-
tiated in Refs. [5 and [I7l and further developed in Refs. I8 and [57. An advantage of
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the proposed family of Virtual Elements is that, without the need of a high minimal
polynomial degree as it happens in conforming FEM, it is able to yield a discrete
divergence-free (conforming) velocity solution, which can be an interesting asset as
explored for Finite Elements in Refs. [44] [45] [46] [48] and 53l For a wider look in the
literature, other VEM for Stokes-type problems can be found in Refs. 28], 29, 31, [35]
and 50l while different polygonal methods for the same problem in Refs. [24] [33]
and

This paper has two objectives. On one side, we develop and test numeri-
cally for the first time the divergence-free Virtual Elements in three dimensions
(for variable “polynomial” order k). These are the natural extension of the two-
dimensional (2D) VEM elements of Refs. [I7 and 18, with some modification that
allows for a better computational efficiency. We first test the element’s performance
for the Stokes and (diffusion dominated) Navier—Stokes equation for different kind
of meshes (such as Voronoi, but also cubes and tetrahedra) and then show a spe-
cific test that underlines the divergence-free property (in the spirit of Refs. 1§
and [48)).

The second, and perhaps main, motivation is to show that our scheme, also in
three dimensions, enjoys an underlying discrete Stokes complex structure. That is,
a discrete structure of the kind

v div

R i Wh Eh curl Vh

Qn

where the image of each operator exactly corresponds to the kernel of the following
one, thus mimicking the continuous complex

0,

R — HYQ) —Y— 5(Q) -0 (7)) - r2) —2 o,
with () denoting functions of L?(Q2) with curl in H'(Q)#43 Discrete Stokes com-
plexes have been extensively studied in the literature of Finite Elements since the
presence of an underlying complex implies a series of interesting advantages (such as
the divergence-free property), in addition to guaranteeing that the discrete scheme
is able to correctly mimic the structure of the problem under study 2736573940052
This motivation is therefore mainly theoretical in nature, but it serves the impor-
tant purpose of giving a deeper foundation to our method. We therefore build a pair
of virtual discrete spaces based on general polytopal partitions of €2, the first one
W, conforming in H'(2) and the second one X}, conforming in 3({2), such that,
when coupled with our velocity and pressure spaces, yield a discrete Stokes com-
plex. We also build a set of carefully chosen associated degrees of freedom (DoFs).
This construction was already developed in two dimensions in Ref. 19, but here
things are more involved due to the much more complex nature of the curl oper-
ator in 3D when compared to 2D. In this respect we must underline that, to the
best of the authors knowledge, no Stokes exact complex of the type above exists
for conforming Finite Elements in three dimensions. There exist FEM for different
(more regular) Stokes complexes, but at the price of developing cumbersome ele-
ments with a large minimal polynomial degree (we refer to Ref. 46 for an overview)
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or using a subdivision of the element 32 We finally note that our construction holds
for a general “polynomial” order k > 2.

The paper is organized as follows. After introducing some notation and prelimi-
naries in Sec. 2l the Virtual Element spaces and the associated DoF's are deployed in
Sec. Bl In Sec. dl we prove that the introduced spaces constitute an exact complex.
In Sec. Bl we describe the discrete problem, together with the associated projec-
tors and bilinear forms. In Sec. [6] we provide the numerical tests. Finally, in the
appendix we prove a useful lemma.

2. Notations and Preliminaries

In this section, we introduce some basic tools and notations useful in the construc-
tion and theoretical analysis of VEMs.

Throughout the paper, we will follow the usual notation for Sobolev spaces and
norms Y Hence, for an open bounded domain w, the norms in the spaces W (w) and
LP(w) are denoted by ||-[|w:(w) and ||| zr(w), respectively. Norm and seminorm in
H?(w) are denoted respectively by ||||s.. and |-|s,., while (-, ), and || - ||, denote
the L2-inner product and the L?-norm (the subscript w may be omitted when w is
the whole computational domain 2).

2.1. Basic notations and mesh assumptions

From now on, we will denote with P a general polyhedron having ¢y vertexes V/,
L. edges e and (¢ faces f.
For each polyhedron P, each face f of P and each edge e of f we denote with:

— n£ (respectively, np) the unit outward normal vector to f (respectively, to OP),

— n§ (respectively, ny) the unit vector in the plane of f that is normal to the
edge e (respectively, to df) and outward with respect to f,

— % (respectively, t¢) the unit vector tangent to e (respectively, to df) counter-

clockwise with respect to n{;,

— T{ and 7-5 two orthogonal unit vectors lying on f and such that T{ /\Tg = n{;,
ie. T} and Tff constitute the axis of a local coordinate system on f (see also

Sec. 22)),

— t, a unit vector tangent to the edge e.

Notice that the vectors t%, ty, T{ and Tg actually depend on P (we do not write
such dependence explicitly for lightening the notations).

In the following O will denote a general geometrical entity (element, face, edge)
having diameter ho.

Let © be the computational domain that we assume to be a contractible poly-
hedron (i.e. simply connected polyhedron with boundary 99 which consists of one
connected component), with Lipschitz boundary. Let {2}, be a sequence of decom-
positions of 2 into general polyhedral elements P where h := suppcgq, hp.
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We suppose that for all h, each element P in €2, is a contractible polyhedron
that fulfills the following assumptions:

(A1) P is star-shaped with respect to a ball Bp of radius > php,
(A2) every face f of P is star-shaped with respect to a disk By of radius > php,
(A3) every edge e in P satisfies h. > php,

where p is a uniform positive constant. We remark that the hypotheses (A1)-
(A3), though not too restrictive in many practical cases, can be further relaxed,
as investigated in Refs. [16] 25 26] and

The total number of vertexes, edges, faces and elements in the decomposition
Qy, are denoted respectively with Ly, Le, Ly, Lp.

For any mesh object O and for n € N we introduce the spaces:

e P, (O) the polynomials on O of degree < n (with the extended notation P_; (O) =
{0}),

° I@n\m(O) = P, (O)\P,,(O) for m < n, denotes the polynomials in P, (O) with
monomials of degree strictly greater than m.

Moreover, for any mesh object O of dimension d we define

Ton.a = dim(P,, (0)) = dim(P,, (R)), (2.1)

and thus dim(PP,\,,,(O)) = Tn,d — Tm,d-

In the following the symbol < will denote a bound up to a generic positive
constant, independent of the mesh size h, but which may depend on €2, on the
“polynomial” order k£ and on the shape constant ¢ in assumptions (A1)—(A3).

2.2. Vector calculus and de Rham complexes

Here below we fix some additional notation of the multivariable calculus.

Three-dimensional (3D) operators. In three dimensions we denote with x =
(21,22, x3) the independent variable. With a usual notation the symbols V and A
denote the gradient and Laplacian for scalar functions, while A, V, g, div and curl
denote the vector Laplacian, the gradient and the symmetric gradient operator, the
divergence and the curl operator for vector fields. Note that on each polyhedron P
the following useful polynomial decompositions hold:

[Po(P)? = V(Prs1(P) @ (x A [Pa1 (P)]?), (2.2)
[P,,(P)]* = curl(P,1(P)) ® zP,_1(P). (2.3)

Tangential operators. Let f be a face of a polyhedron P, we denote with &y :=
(xf,,2y,) the independent variable (i.e. a local coordinate system on f associated
with the axes T} and ch introduced above). The tangential differential operators
are denoted by a subscript f. Therefore, the symbols V y and Ay denote the gradient
and Laplacian for scalar functions. For instance if f lies on the plane x3 = 0 and T}
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and T?; are associated with the coordinate system (z1,2) then Vyp = (887“0, 88_90)
0, 0, 0, 92 e

andAfga— +827Wh11eV<p—(aai,awi7a—£) and Ap = “l’—i—a + 3.5

In the same Way Ay, Vg, and divy denote the vector Laplaaan the gradlent

operator and the divergence for vector fields on f (with respect to the coordinate

xf). Furthermore for a scalar function ¢ and a vector field v := (vq, v2) we set

dp Dy vy Ouy
duy,’ Oxy, duy,  Oxg,

rotyp = ( ) and rotjv =

The following two-dimensional polynomial decompositions hold
Pn(f)]* = Vi(Prgr(f)) @ x5 Puoi(f),
[P (f))? = rot s (Pnyi(f)) ® s Pooi(f),

where wj; = (Tpy, —py).
Given a 3D vector-valued function v defined in P, the tangential component v

of v with respect to the face f is defined by
vp=v—(v- n{;)n{;.

Noticing that vy is a 3D vector field tangent to f, with a slight abuse of notations
we define the 2D vector field v, on 9P, such that on each face f its restriction to
the face f satisfies

vr(xf) = vy(m).

The 3D function v and its 2D tangential restriction v, are related by the curl-rot
compatibility condition

curlwv - n{, =rotyv, onany f € 0P. (2.4)

Moreover, the Gauss theorem ensures the following rot-tangent component relation
/rotffvfdf:/ v-tyds forany f € OP. (2.5)
f of

Finally, for any scalar function v defined in P, we denote with v, the scalar function
defined in OP such that

vr(xy) :=v(x)|y on each face f € IP.

On a generic mesh object O with geometrical dimension d, on a face f and on
a polyhedron P we define the following functional spaces:

LY(0) := {v € L*(0) s.t. /0de = 0}7

Z(0) :={v e [H"(0)]? s.t. dive = 0 in O},
H(div,0) := {v € [L[*(0)]? with divw € L*(0)},
H (rot, f) := {v € [L*(f)]* with rot; v € L*(f)},
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H(curl, P) := {v € [L*(P)]? with curlv € [L*(P)]*},
3(P) := {v € [L*(P)]? with curlwv € [H'(P)]*},
U(P) := {v e [L*(P)]® s.t. divw € H'(P), curlwv € [H*(P)]*}
with the “homogeneous counterparts”

Zy(0) :={v € Z(0) s.t. v =0 on 900},

H(div, Q) := {v € H(div,0) s.t. v-np =0 on 00},
Hy(rot, f) := {v € H(rot, f) s.t. v-ty =0 on df},
Hy(curl, P) := {v € H(curl, P) s.t. v, = 0 on OP},
¥o(P) := {v € X(P) s.t. v, =0 and curlv = 0 on IP},

¥y (P) = {v € U(P) s.t. / v-npdf=0, v, =0 and curlv =0 on OP}.
op

Remark 2.1. Notice that for each face f € JP, the vector fields vy and v A n{)
are different. In fact both lie in the plane of the face f, but vy is (7/2)-rotation
in f (with respect to the axes 71 and 72) of v A n£. For instance let f lie on the
plane z3 = 0 with n{) = (0,0, 1), then for a vector field v = (v1, v2, v3) it holds that

vy = (v1,v2,0) and v A n{, = (v2, —v1,0). Therefore, both v; and v A n£ lie in

the plane of f and vy is (7/2)-rotation of v A n£ (with respect to the orientation
given by n?) However, vy = 0 if and only if v A nf = 0. For that reason in the
definition of ¥y (P), we consider a slightly different, but substantially equivalent,

set of homogeneous boundary conditions to that considered in literature #2043

Recalling that a sequence is exact if the image of each operator coincides with
the kernel of the following one, and that P is contractible, from (22) and (Z3)) it
is easy to check that the following sequence is exact:

v P, (P) =2 0,

(2.6)

R — Poya(P) —— Bt (P)P 20 [P (P)

where ¢ denotes the mapping that to every real number r associates the constant
function identically equal to r and 0 is the mapping that to every function associates
the number 0.

The 3D de Rham complex with minimal regularity (in a contractible domain
Q) is provided by (see for instance Refs. [8 and [37)

curl

R — HY(Q) —Y— H(curl, Q) -1 H(div, Q) - £2(Q) —2 0.

In this paper, we consider the de Rham sub-complex with enhanced smoothnesg??

R — 5 7HY(Q) —Y— Q) -4 mHYQ)P — 12(0) —2 0,

(2.7)
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that is suitable for the Stokes (Navier-Stokes) problem. Therefore, our goal is to
construct conforming virtual element spaces

Wy, CHYQ), =, CX(Q), V,C[HYD]?, QnC L*Q) (2.8)
that mimic the complex ([Z7), i.e. are such that
R 7 Wh v Eh curl Vh div Qh 0 0 (29)

is an exact sub-complex of (Z7).

3. The Virtual Element Spaces

This section is devoted to the construction of conforming virtual element spaces
23) that compose the virtual sub-complex [29]). As we will see, the space W),
consists of the lowest degree 3D nodal VEM space 235 whereas the spaces V7, and
@y (that are the spaces actually used in the discretization of the problem) are
the 3D counterparts of the inf-sup stable couple of spaces introduced in Refs. [I8]
and 57 Therefore, the main novelty of this section is in the construction of the
3-conforming space Xj,.

In order to facilitate the reading, we present the spaces in the reverse order,
from right to left in the sequence (29). In particular, in accordance with (Z3)), the
space X5, will be carefully designed to fit curl ¥; C V7.

We stress that the readers mainly interested on the virtual element approxima-
tion of the 3D Navier—Stokes equation (and not on the virtual de Rham sequence)
can skip Secs. 3.3 B.4] and @

One essential idea in the VEM construction is to define suitable (computable)
polynomial projections. For any n € N and each polyhedron/face O we introduce
the following polynomial projections:

e the L2-projection 1199 : L?(O) — P, (O), defined for any v € L?(O) by
/ ¢n(v —T2%0)dO =0 for all ¢, € P,(0), (3.1)
o

with obvious extension for vector functions I%©: [L2(0)]? — [P,(O)]?, and
tensor functions TI%C: [L2(O)]?*3 — [P, (O)]>*3,

e the H'-seminorm projection TIV°©: HY(O) — P,(0O), defined for any v €
H(0) by

/ Vg -V(o—IY9%)dO =0 for all ¢, € P,(0),
© (3.2)
/ (v — 1Y Cv)do = 0,
20
with obvious extension for vector functions ILY:9: [H(O)]* — [P, (0)]3.

Let k£ > 2 be the polynomial degree of accuracy of the method. We recall that, in
standard finite element fashion, the VEM spaces are first defined elementwise and
then assembled globally.
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3.1. Scalar L?-conforming space

We start our construction with the rightmost discrete space @y, in [23]). Since we
are not requiring any smoothness on @y, the local space @, (P) is simply defined by

Qn(P) :=Pr_1(P),

having dimension (cf. 1)) dim(Q(P)) = mk—1,3. The corresponding DoFs are
chosen, defining for each ¢ € Q(P) the following linear operators

e Dg: the moments up to order k — 1 of g, i.e.

/ qpk—1dP  for any pp_1 € Prp_1(P).
P

The global space is given by
Qn = {q € L*(Q) s.t. qp € Qu(P) for all P € Qp}. (3.3)
It is straightforward to see that the dimension of @)}, is

dlm(Qh) = 7Tk_173Lp. (34)

3.2. Vector H'-conforming VEM space

The subsequent space in the de Rham complex (Z3) is the vector-valued H'-
conforming virtual element space V'j,. The space V7, is a 3D version of the spacél®
(see also the guidelines in the appendix of Ref. [I7). We make an extensive use of
the enhanced techniqué? in order to achieve the computability of the polynomial
projections stated in Proposition Gl

We first consider on each face f of the element P, the face space

Bi(f) := {v e H'(f) s.t. (i) vja; € CO(Df), vje € Py(e) for all e € O,
(i) Ao € Prya(f),
(iii) (v =T T0, Brya)y = 0 for all 1 € Pryrye2(f)} (3.5)
and the boundary space
B (0P) := {v € C°(dP) such that vy € By (f) for any f € OP}

that is a modification of the standard boundary nodal VEM 13 Indeed the “super-
enhanced” constraints (condition iii) in the definition (3X])) are needed to exactly
compute the polynomial projection Hg’fl (see Proposition [B.1)).

On the polyhedron P we first define the virtual element space V'j,(P)

Vi(P) = {v e [H'(P)]® s.t. (i) vjap € [Br(OP)],
(ii) Av + Vs € A [Pr_1(P)]? for some s € L3(P),
(i) divv € Pp_1(P)}, (3.6)
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and afterwards our velocity space
Viu(P) :={v e Vi(P)st. (v -1 v, 2 APy_)p =0
for all p,_; € [Pr_1\x_3(P)]*}. (3.7)

The definition above is the 3D counterpart of the virtual elements ™ in particular we
remark that the enhancing constraints in definition ([B.7)) are necessary to achieve the
computability of the L?-projection H%P (see Proposition[5.1]). Moreover, notice that
the space V', (P) contains [Pk (P)]* and this will guarantee the good approximation
property of the space (cf. Theorem [B.T]).

Proposition 3.1. The dimension of V,(P) is given by
dim(Vh(P)) =3y + 3(l€ — l)ge + 37Tk_2,2€f + 3mp—2.3.

Moreover, the following linear operators Dy split into five subsets constitute a set
of DoF's for V1, (P):

o D'y : the values of v at the vertexes of P,
o D2y,: the values of v at k — 1 distinct points of every edge e of P,
o D3y: the face moments of v (split into normal and tangential components)

/f(” ) n?)pk72 df, /f”r “Pi_odf,

for all pr—z € P_5(f) and p,_, € [Pr_a(f)]?,
o D*y: the volume moments of v

/ v- (T Apy_3)dP for all p,_5 € [Pp_3(P)]?,
P
o D%y : the volume moments of divwv

/ (divv)py—1 AP for all Py—1 € Py_1\o(P).
P

Proof. We only sketch the proof since it follows the guidelines of Proposition [3]
in Ref. for the analogous 2D space. First of all, recalling (21)) and polynomial
decomposition ([Z2), simple computations yield

#D'y =30y, #D?*y =3(k—1)l., #D>y = 3220, (38)
3.8
#D*y =3mp_03 — o135+ 1, #Dv =m_13—1,

and therefore
#Dy =30y +3(k— 1)l + 37Tk72,2‘€f + 3m—2,3.

Now employing Proposition 2 and Remark 5 in Ref. 2| it can be shown that the
DoFs D1y, D2y, D3y are unisolvent for the space [Bx(9P)]®. Therefore, it holds
that

dim([Bx (9P)]?) = 30y + 3(k — 1)le + 372205, (3.9)
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which in turn implies (recalling (3.8) and B1))
dim(Vh(P)) > #DV'

Now the result follows by proving that Dy (v) = 0 implies that v is identically zero,
which can be easily shown first working on 9P and then inside P. As a consequence
the linear operators Dy are unisolvent for V', and in particular dim(V',(P)) =
#Dy . O

The global space V7, is defined by gluing the local spaces with the obvious
associated sets of global DoFs:
Vi = {v e [H'(Q)® s.t. vjp € V;,(P) for all P € Q}. (3.10)
The dimension of V, is given by
dim(V'y) =3Ly +3(k —1)Le + 3mp—2,2Lf + 3mp_23Lp. (3.11)

We also consider the discrete kernel
Zy = {’UEVh s.t. /divquQzOfor allqEQh}, (3.12)
Q
and the local version

Zy(P) = {v € Vi (P) s.t. / divvgdP =0 for all ¢ € Qh(P)}.
P

A crucial observation is that, extending to the 3D case the result in Ref. [I7, the
proposed discrete pressure space ([@3.3]) and the H!-conforming velocity space (B.10)
are such that div V' C Q. As a consequence the crucial kernel inclusion holds

Z, C Z. (3.13)

The inclusion here above and explicit computations (cf. ([B.8)) yield that
dim(Zh) =3Ly + 3(]{: — l)Le =+ 37Tk_2,2Lf 4+ (37Tk—2,3 — 7Tk_1,3)NP.

Property (BI3) has several important advantages, as explored in Refs. I8, 46 and [48]
Remark 3.1. In definition (7)) the H'-seminorm projection Hkv’P can be actu-
ally replaced by any polynomial projection HkP that is computable on the basis
of the DoFs Dy (in the sense of Proposition [i.]). This change clearly propagates
throughout the rest of the analysis (see definitions (B17) and (8217)). An analogous
observation holds also for the operator Hkv’f in condition (iii) of definition (B3I).

This remark allows to make use of computationally cheaper projections, as done in
the numerical tests of Sec. [6.

3.3. Vector X-conforming VEM space

In this subsection, we consider the construction of the 3-conforming virtual space
¥y, in ([Z3). As mentioned before, this brick constitutes the main novelty in the
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construction of the virtual de Rham sequence (23)), that is carefully designed to
satisfy curl 3 = Zj,.
We start by introducing on each face f € 0P the face space

Si(f) :={o € H(divs, f) N H(roty, f) s.t. (i) (o -te)e € Po(e), Vee€df,
(i) divyo = 0, (iii) rotyo € Bi(f)}, (3.14)
and the boundary space
Sw(0P) := {0 € [L2(OP)]® s.t. oy € Si(f) for any f € 9P,
(5 te)e = (04, - te)e, Ve COfiNIfa, f1,fo € OP}. (3.15)

We recall that the differential problem in definition (BI4]) posed on the simply
connected face f is well posed if and only if the prescribed problem data satisfy the
compatibility condition (23).

On the polyhedron P we first define the enlarged virtual space:

SL(P) = {go € ¥(P) s.t. (i) pjgp € Sk(OP), /Bpgo-npdf =0,

(ii) (curlg)op € [Br(P)],
(i) [ Ap-AwdP= [ iy wdP. vis e w(P),

for some py_; € [Pr_1(P)* N Z(P)}, (3.16)
and afterwards the final space
Xp(P) ={pc€ L(P) s.t. (curl g — HZ’Pcurl Y, T ADp_1)p=0
for all By_; € [Pr_1\r—3(P)*}. (3.17)

We address the well-posedness of the biharmonic problem in definition BI6]) in
Appendix A. Note that, in accordance with the target curl 3;, C V', (respectively,
curl ), C V) the enhanced constraints in (3I7) are the curl version of those in
(@20 and (ii) in definition ([BI6]) corresponds to (i) in ([B6]). Whereas we will see
that curl of the solutions of the biharmonic problem (iii) in ([BI€]) are solutions to
the Stokes problem (ii)—(iii) in (3:6) (see Proposition [L.2]).

Proposition 3.2. The dimension of 35, (P) is given by
dim(zh(P)) =30y + (3k’ — 2)€e + (37Tk_2,2 — 1)€f + 3mp_23 — T—1,3 + L.

Moreover, the following linear operators Dsx constitute a set of DoFs for 3,(P)
namely:

o D'x: the values of curl ¢ at the vertexes of P,
o D2x: the values of curl g at k — 1 distinct points of every edge e of P,
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e D3x: the face moments of curl o (split into normal and tangential components)

[(curto ndipiads for al i € Buaols),
f

Jewmto) piads foraltps € Brs()
e D*s: the volume moments of curl ¢
/ curlyp - (& Apy_3)dP  for all p,_5 € [Pr_3(P)]?,
P

e D%x: the edge mean value of ¢ - t., i.e.

1
m/cp-teds.

Proof. We prove that the linear operators Dy plus the additional moments
B [ curle (@ AP, AP forall By, € Bronyos (P
P

constitute a set of DoF's for the enlarged space f]h(P) in (BI6). Once the proof for
3,(P) is given, the extension to the smaller space 25, (P) easily follows by employ-
ing standard techniques for VEM enhanced spaces (see Ref. 2] and Proposition 5.1
in Ref.[19). We preliminary observe that D*s + D% are equivalent to prescribe the
moments [, curly - (x Apy_;)dP for all p,_; € [Pr_1(P)]>.

We start the proof counting the number of the linear operators ]52 =Dy —l—ﬁ%.
Using similar computations as in (3.8]) we have

#D's =30y, #D?s=3(k-1)le, #D’s= (3mp_22— 1)y,
#D%s + #D% =315 —mp1 s+ 1, #DPxn =1,
and thus
#Ds = 30y + (3k — 2)le + (3mp_2.2 — 1) + 373 — Thy13+ 1. (3.18)

Employing Theorem [A1] given p,,_; € [Pr_1(P)]* N Z(P), g € [Br(OP)]® and
h € S (0P) satisfying the compatibility condition (cf. (Z4)) g - n£ = rots h, on
any f € OP, there exists a unique function ¢ € ¥(P) such that

/Ago~A1/;dP:/ﬁk_1~¢dP for all ¢ € Wo(P),
P P

/ p-npdf =0,
oP
p, =h; on OP,

curlp =g on OP.
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Therefore,
dim(E(P)) = dim([Pe—1(P)* N Z(P)) + dim([B,(9P)]*)
+ dim(S%(0P)) — dim(Bi (£))¢f, (3.19)

where the last term (—dim(@k( f))¢s) ensues from the compatibility condition
among h and g mentioned above. We calculate the addenda in the right-hand side
of (BI9). Regarding the first term in ([BI9]), we preliminary note that the following
characterization ensues from the exact sequence (Z.0) and polynomial decomposi-

tion (Z2)
[Py_1(P))> N Z(P) = curl([Pr(P)]*) = curl(z A [Pr_1(P)]?). (3.20)

Employing again the exact sequence (Z8]), curl restricted to (z A [Pr_1(P)]3) is
actually an isomorphism, therefore from (320) and B3) it follows that

dim([Pr—1(P)]* N Z(P)) = dim(z A [Pr_1(P)]*) = 3mk3 — mhy1,3 + 1. (3.21)
From definitions (3I4) and (315, direct computations yield
dim(Sx(dP)) = L. + (dim(By(f)) — 1)¢;, (3.22)
where the —1 in the formula above is due to the compatibility condition (23).
Collecting B21)), (39) and 322) in BI9) (compare with (BI8)) we get
dim(S,(P)) = #Ds.

Having proved that #Dsy is equal to dim(2,(P)), in order to validate that the
linear operators f)g constitute a set of DoF's for f];L(P) we have to check that they
are unisolvent. Let ¢ € 3, (P) such that Dx(¢) = 0, we need to show that ¢ is
identically zero. It is straightforward that D1s () = D%s(¢) = 0 implies

(curlp)pr =0 for any f € OP. (3.23)

Recalling the well-known results for nodal boundary spaces 13 it is quite obvious to
check that 323) D35 (p) = 0 implies

(curlp)s =0 for any f € OP.

In order to get also the normal component of (curle) s equal to zero, based on
D3s(p) = 0, it is sufficient to observe that the compatibility conditions (Z4]) and

Z5) give

/curl¢-n£df:/r0tfga7df:/ p-trds
f f of

= Z /ga-t;ds = Z le| D°s c(p)t. - 5 for any f € OP

e€df ecof
(3.24)
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that is equal to 0 since D% () = 0. Therefore, we have proved that
curlop =0 on JP. (3.25)

Moreover, being D5 (¢) = 0, from [B25) and (24) and definition (BI4) for any
f € OP we infer

(pf-te)e=0 foranyeedf, divip,=0 and rotyep, =0 on f,
and thus we obtain
@, =0 forany f e dP. (3.26)
Finally, by definition of 3 (P), there exists p,_, € [Px_1(P)]*> N Z(P) such that

/ Ap-AypdP = / Pr_q - dP forall ¢ € ¥y(P).
P P
Therefore, being ¢ € ¥, (P) (cf. B23) and B28)) we infer

|aglir= [ Ap-apaP= [ By pap
P P
= / curl(x Aq,_;) - @dP (characterization ([3.20)))
P

= / x Aq,_, curlpdP (integration by parts + ([B.26]))
P

and thus, since D*s(¢) and ﬁ%(ga) are 0, we obtain ||A ¢||§ p = 0. Now the proof
follows by the fact that ||A - |jo,p is a norm on ¥y(P) (see Lemma 5.2 in Ref.

and (AJ). O

Notice that the DoFs Dy are conveniently chosen in order to have a direct
correspondence between the curl of the Lagrange-type basis functions of 3 and
the Lagrange basis functions of V.

Remark 3.2. A careful inspection of Theorem [A]] (see also Remark 5.1 in Ref. 43|
and Ref. 20)) reveals that the space (BI7) admits the equivalent formulation

2(P) = { € W(P) sit. (i) @op € Sk(OP), (i) (curl@)op € [Bi(dP),
(iit) A% € [Pe_1(P)]> N Z(P), (iv) divep =0,
(v) (curlp — Ty Peurl g, & APy, _1)p =0, ¥ By € Pronu—s(P)*}.
(3.27)
The global space Xy, is defined by collecting the local spaces 3, (P), i.e.
En = {p € X(Q) s.t. pp € Ty (P) for all P € Qp}. (3.28)

The global set of DoF's is the global counterpart of Dy, in particular the choice of
DoFs Dy establishes the conforming property curl ¥, C [H!()]?. The dimension
of 3, is given by

dim(zh) =3Ly + (3]€ - 2)Le + (37Tk_2,2 — l)Lf + (37Tk_2,3 — Tg—1,3 + 1)Lp.



The Stokes complex for Virtual Elements in three dimensions 491

3.4. Scalar H'-conforming VEM space

In this section, we briefly define the H!-conforming space W}, in the virtual complex
@3). The space W}, consists of low-order nodal VEM 23
We first introduce the low-order boundary space

Bi(f) == {v € H'(f) s.t. vjgy € C(Of), vje € P1(e) for all e € Of, Ayv =0},
(3.29)
and then we consider the VEM space on the polyhedron P
Wi(P) := {v € H'(P) s.t. vjgp € C°(OP), vy € B1(f) V f € OP, Av = 0},
(3.30)
with the associated set of DoFs:
e Dy : the values of v at the vertexes of the polyhedron P.

It is straightforward to see that the dimension of W}, (P) is dim(Wy(P)) = Ly
The global space is obtained by collecting the local spaces

Wy, :={v € H(Q) s.t. vjp € W,,(P) for all P € Q,} (3.31)

with the obviously associated DoFs. The dimension of W) is given by
dim(Wh) = Lv.

4. The Virtual Elements de Rham Sequence

The aim of this section is to show that the set of virtual spaces introduced in Sec.
realizes the exact sequence (2.9]).

Theorem 4.1. The sequence (Z9) constitutes an exact complex.

The theorem follows by Propositions L THA3] here below, stating that the image
of each operator in (Z9) coincides with the kernel of the following one.

Proposition 4.1. Let W, and Xj be the spaces defined in B3I) and B2F),
respectively. Then

VW, = {¢ € B, s.t. curlyp = 0 in Q}.

Proof. Essentially we need to prove that

(i1) for every w € W}, Vw € Xj, and curl(Vw) = 0,
(i2) for every ¢ € Xj, with curl ¢ = 0, there exists w € W}, such that Vw = .

For what concerns the inclusion (21), every w € W), clearly satisfies curl(Vw) =
0 € [H'(Q)]?, therefore we need to verify that (Vw)p € X;(P) for any P € .
Notice that the tangential component of Vw satisfies

(Vw); = Vyw, on each face f € OP. (4.1)
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From definition (8229) and BI4), for any f € OP we infer

. 0

i) (Vw-t),. = aZ ePole), Veedf, (w)e € Py(e)),
(ii) din(VfwT) =0 in f (Af Wr = 0)7
(i) roty(Vyw,)=0 in f (vector calculus identity)

that, recalling ([@1]), implies (Vw), € Sk(f). Moreover, w € C°(9P) entails
[(Vw)y, - telje = [(Vw)y, - te]je  for any e C Of1 N fo,
and thus (cf. definition BI3]))

(Vw)|ap S Sk(aP) (4.2)
Furthermore, definition (330) implies
(1) / Vw-npdf = / AwdP =0, (div. theorem + Aw = 0),
oP P
(i) curl(Vw)=0 in P (vector calculus identity),
(ii) A(Vw)=V(Aw)=0 inP (Aw =0).
(4.3)

Collecting ([@2)) and (L3)) in definition (BIT), we easily obtain (41).
We prove now the property (i2). Consider ¢ € X} such that curl ¢ = 0. Since
1) is an exact sequence, there exists unique (up to constant) w € H'(f2) such
that Vw = ¢. Therefore, for any face f in the decomposition €2, the tangential
component of Vw satisfies (cf. definition (B14))
(V@); = Vyr = ¢, € [L*(f)]* on f.
Hence on each face f the function w fulfills
(vw'te)\e: (‘P'te)\eEPO(e) on anyeeaf» (4 4)
w, € H'(f) in f. '

From (@A) it follows that w restricted to the mesh skeleton is continuous and piece-
wise linear. Thus the function w is well defined (single valued) on the vertexes of
the decomposition €2, and Dy (w) makes sense. Let now w € W), be the interpolant
function of w in the sense of DoF's, i.e. the function uniquely determined by

Dy (w) = Dy (). (4.5)

Inclusion (41) guarantees that Vw € X, Hence, by Proposition[3.2] w realizes (¢2)
if and only if Dy (Vw) = Dx(¢). Being curl(Vw) = curl ¢ = 0, this reduce to
verify that

D5 (Vw) = D%s(p).
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For any edge e in the decomposition €2, we denote with 5 and v the two endpoints
of e, with t. pointing from v to vo. Therefore, from ([@5) and [@4]), we infer

D Ee Vw /Vw tedSZDV,ug(w)_DV,ul( ) DVVQ( ) DVul( )

1 1
= —/V{E-tedSZ _/(P'tedS:DSZAE((P)7
le] Je lel Je ’

that concludes the proof. O

Proposition 4.2. Let 3, and Z}, be the spaces defined in (B28)) and BI2), respec-
tively. Then

curl ¥, = Z,,.

Proof. The proof follows by showing the following points:

(i1) for every ¢ € 3y, curly € Z),
(i2) for every v € Zj, there exists ¢ € 3, such that curl p = v.

Let us analyze the inclusion (41). Let ¢ € 2, clearly curlp € Z(2). Therefore,
we need to verify that (curly)p € V,(P) for any P € €. It is evident that the
constraints in definition ([BI7) are the curl version of the constraints in definition
(B20), and (ii) in BI6) corresponds to (i) in (B6). Hence it remains to show that
curl ¢ is the velocity solution of the Stokes problem associated with definition (310
on each element P.

By definition [BI7) the function ¢ satisfies

[ ae-avar= [ B wdr v e w(p)
P P
which, recalling (320) and by an integration by parts, yields
/ Aga-Ad:dP:/(a:/\pk_l)-curh,de, Vi € Wy(P). (4.6)
P P

In particular, the last equation is still valid restricting to all ¢ € ¥o(P) N Z(P).
Therefore, using the identity A = —curl curl + V div and an integration by parts
(coupled with the homogeneous boundary condition curlty = 0 on dP), it is easy
to show that (6] implies

/ —A(curlyp) - curlyp dP = / (x Ap,_q) -curlypdP, Vi € ¥y(P)NZ(P).
P P
(4.7)
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Exploiting Lemma 5.1 in Ref. 3] for every z € Zy(P) there exists ¥ € ¥y(P) N
Z(P) such that z = curl). Therefore, (@7 is equivalent to

/ V(curly): VzdP = / (xApy_y)-zdP forall z € Zy(P),
P P

and thus v = curl ¢ is the velocity solution of a Stokes problem as in definition
B). That concludes the proof for (z1).

We focus now on (¢2). Let v € Z;, C Z, then from Corollary 3.3 in Ref. [43] there
exists @ € [H?(Q)]>NZ(Q), such that curl = v. Notice that, being @ € [H?(Q)]?
and curl @ € V,(P) for any P in Qy, it makes sense to compute D ().

Let us consider the interpolant ¢ € X; of ¢ in the sense of DoFs, i.e. the
function uniquely determined by (cf. Proposition B2)

Dx(¢) = Dxs(®). (4.8)

Property (¢1) ensures curl ¢ € Z),. Therefore, employing Proposition Bl ¢ real-
izes (42) if and only if Dy (curl ) = Dy (v). Is it straightforward to check that

DSy (curl ) = D5y (v) = 0,
D'y (curl ) = Dis(p) = Dis (@) = Diy(v) fori=1,2,3,4,

except for the face moment (that is slightly more subtle)
/curlgo nP df and /’u nP df for any face f.

In order to show that the two quantities above are equal we exploit the same

computations in ([324]) and (I
[eurtg ntas = 3 e D%s (o)t £; = 3 D5, (7)
f

ecof ecof

/curlcp npdf /'U TLP

This ends the proof. |

Proposition 4.3. Let V', and Q}, be the spaces defined in (310) and B3), respec-
tively. Then

divVy, = Qp.
Proof. We follow same strategy adopted in the previous propositions and show

that

(21) for every v € V', divw € Qp,
(22) for every g € @y, there exists v € V', such that dive = gq.
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The inclusion (21) is trivial. Regarding the point (22), since ([Z7) is an exact
sequence, for any ¢ € Qj, there exists ¥ € [H(Q)]® such that divo = ¢. Now let
v € V, the function uniquely determined by (cf. Proposition [B1])

D'y (v) = D*v(v) = D*v(v) = 0,

D3y (v) =0 except the face moments /
f

st(’v) = D5v(%)

v.ngdf:/&n;ldf, (4.9)
f

Notice that being © € [H!(£2)]? the face moments in (Z0) and D%y (v) are actually
well defined. Therefore, for any P € Q, we infer

/ (divw)p;,_, dP = / (divo)py,_, dP = / qpy_1dP forallp,_, € @k—l\O(P)-
P P P

(4.10)
Moreover, employing the divergence theorem, (€3] implies
/divvdP:/ vonpdf= ) /v-n{,df
P or feop’f
= > /5-n£df=/ %-npdf:/div%sz/qu.
feor’f P P P
(4.11)

Notice that (@I0) and (ZI1]) coincide with Dg(divv) = Dg(g) that coupled with
divw € Qp, (from (i1)) concludes the proof. 0

5. Virtual Elements for the 3D Navier—Stokes Equation

We consider the steady Navier-Stokes equation on a polyhedral domain 2 C R?
with homogeneous Dirichlet boundary conditions:

find (u, p) € [HH(Q)]? x LE(Q), such that
va(uw,v) + c(u;u,v) + b(v,p) = (f,v) for all v € [H}(Q)), (5.1)
b(u,q) =0 for all ¢ € Q,

where v > 0 represents the viscosity, f € [L?(Q2)]? is the external force and

a(u,v) = / e(u) : e(v)dQ for all u, v € [H'(Q)]?, (5.2)
Q
c(w;u,v) = /Q[(V w)w]-vdQ  for all w, u, v € [H'(Q)]?, (5.3)

b(u,q) = /Qdivuqu for all w € [H'(Q)]® and ¢ € L*(Q).  (5.4)
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For sake of simplicity we here consider Dirichlet homogeneous boundary conditions,
different boundary conditions can be treated as well.
It is well known™ that in the diffusion dominated regime

£l -1
(H) ~:= R <1
the Navier—Stokes equation (5.1)) has a unique solution (u, p) with

I Fll-1
< =
lul; < >

A sharper estimate on v and |u|; can be obtained employing the Helmholtz—Hodge
projection of the load f (we refer the reader to Ref. 46l and the references therein).
Moreover, problem (&) can be formulated in the equivalent kernel form:

{ﬁnd u € Zo(Q), such that

va(u,v) + c(u;u,v) = (f,v) forall ve Zy(Q).

5.1. Discrete forms and load term approximation

In this subsection, we briefly describe the construction of a discrete version of the
bilinear form af(-,-) given in (&2) and trilinear form c(-;-,-) given in ([&3)). We
can follow in a rather slavish way the procedure initially introduced in Ref. 10| for
the Laplace problem and further developed in Ref. I8 for flow problems. First, we
decompose into local contributions the bilinear form a(-,-) and the trilinear form
¢(+;+, ) by considering

a(u,v) =: Z a(u,v), c(w;u,v) = Z P (w;u, v),

PeQy, PcQy,

for all w, uw, v € [H(Q)]3.
As usual in VEM framework the discrete counterpart of the continuous forms
above is defined starting from the polynomial projections defined in (B1]) and B2).

The following proposition extends to the 3D case the result for the bi-dimensional
spaces 1757

Proposition 5.1. Let @k(f) and Vi, (P) be the spaces defined in [B3) and B1),
respectively. The DoFs Dy, allow us to compute exactly the face projections

s Be(N))P = Pe(HF, 17 Be(H))P = Py (N,
for any f € OP, and the element projections
7 Vi (P) = [P(P)?,
7 V(V(P) = [Pea (P)P2,

107V, (P) — [Pe(P))?,
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in the sense that, given any vy, € Vi (P), we are able to compute the polynomials
0 oy, 0 vn, I v, TP (Vo) Iyfu,
using only, as unique information, the DoF's values Dy of vy,.
Proof. The computability of the face projections is a direct application of
Remark 5 in Ref. 2l Concerning the element projections we here limit to prove the
last item, the first two follow analogous techniques.

By definition of L2-projection ([B)), in order to determine, for any v € V,(P),
the polynomial HZ’P’U we need to compute

/ v-p,dP for all p, € [Px(P)]>.
P
From polynomial decomposition (22)) we can write

P = VD1 T AGp_1 +TNGy_3

for some Prr1 € Pri1\o(P)s @51 € Pr_1\k—3(P)?, @4_3 € [Pr—3(P)]>. Thus

/U'pde:/”'(V@:H—i—a:/\akfl"'ﬂ?/\%f?,)dp
P P

= / Hkv’P'u (xANGy_,)dP + / v (zAgqy_3)dP
P

P
(enhancing def. (371))

— / (divv)pr41 dP + / v -npprr1df (integration by parts)
P apP

= / HZ’P’U (x ANqy_q)dP + / v-(xAgq,_3)dP
P P

/(dlvv Prr1dP+ ) / (T v) - nhpry1 df  (by def. (D).

feopr

The first and the last integrals are computable being HZ’P’U and Hg;{l computable.
The second addend corresponds to the DoFs D4y,. For the third addend we observe
that, since divwv is a polynomial of degree less than or equal to kK — 1 we can
exactly reconstruct its value from the DoFs D%y and the normal face moments
in D3v. O

On the basis of the projections above, following a standard procedure in the
VEM framework, we define the computable (in the sense of Proposition[5.]) discrete
local forms and the approximated right-hand side

af (u, ) = /P (M) () « (M) e(v)dP + 8P (1 — 1) )u, (I 117 )w),
(5.5)
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el (w;u,v) = / [(H2f1Vu)H2’Pw] ~H2’Pv dP, (5.6)
P

(F1r0)p = / 07 f .o dP, (5.7)
P
for all w, u, v € V,(P), where clearly

0,P 0,P
07 e(v) = LY U F M2,V o)
k—1 -

and the symmetric stabilizing form S¥: V;,(P) x V;,(P) — R satisfies
vip S SP(v,v) < lv]fp forallve Ker(Hkv’P).

The condition above essentially requires the stabilizing term S¥ (v,v) to scale as
|v|% p- For instance, a standard choice for the stabilization is the D-recipe stabi-
lization introduced in Ref.

Remark 5.1. The H!-seminorm projection Hkv’P in the stabilization term of
definition (5.35)) can be replaced by any polynomial projection ITf that is computable
on the basis of the DoFs Dy (in the sense of Proposition B1]). A possible choice
will be explored in Sec.

The global virtual forms and the global approximated right-hand side are defined
by simply summing the local contributions:

ap(uw,v) = Z af(u,v),

PeQy,
ch(’w;u,v) = Z cf(w;u,v), (58)
PeQy,
(.fhvv) = Z (fhvv)P7
PeQy,

for all w, u, v € V.

5.2. The discrete problem

Referring to the discrete spaces ([BI0), (33)), the discrete forms and the approxi-
mated load term (&8) and the div form (&), the virtual element approximation
of the Navier—Stokes equation is given by

find (un, pr) € Vo X Qn.o, such that
vap(wn, vp) + cn(wn; wp, vn) + b(vn, pr) = (f,vn) forallv, € Vg, (5.9)
b(upn,qn) =0 for all gn, € Qn.0,

where V0 := V, N [H}(Q)]? and Qpo := Qn N L3(Q).
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Recalling the kernel inclusion (3I3]), problem () can be also formulated in
the equivalent kernel form

{ﬁnd uy, € Zy, o, such that

(5.10)
vap(up, vy) + cp(un; up, vp) = (fp,,vn) for all vy, € Zy 0,

with the obvious notation Zj ¢ := Z;, N [H{ ().

Combining the arguments in Refs.[17,[18] 26 it is possible to show that the virtual
space V', has an optimal interpolation order of accuracy with respect to the degree
k, and that the couple of spaces (V'5,, Qy) is inf-sup stable23 The following existence
and convergence theorem extends the analogous result for the bi-dimensional case 18

Theorem 5.1. Under the assumptions (A1)~(A3) and (H), let (u,p) € [HE ()]
L3(S2) be the solution of problem (1) and (un,pn) € Vo X Qno be the (unique)
solution of problem ([B9). Assuming moreover u, f € [H*1(Q)]® and p € H*(Q),
0<s <k, then

lu —up|i < REF(usv,y) + B2 H(F;v), (5.11)
Ip = prllo S h*lpls + R K(w;v,y) + 02| s (5.12)
for suitable functions F, H, K independent of h.

Note that, as a consequence of the important property ([BI3]), there is no direct
dependence of the velocity error on the pressure solution.

Remark 5.2. Since Proposition yields an explicit characterization of Zj as
curl X, one could follow (5I0) and build an equivalent curl (discrete) formula-
tion (see for instance problem (77) in Ref. [19). Such approach is less appealing in
3D since the curl operator has a nontrivial kernel and thus some stabilization or
additional Lagrange multiplier would be needed in the formulation. Moreover, this
approach does not seem to be competitive in terms of number of DoFs with the
reduced version of the method (see Sec.[5.3]). As a consequence, we do not explore
any scheme resulting from the curl formulation.

5.3. Reduced spaces and reduced scheme

In this section, we briefly show that problem (G.9) is somehow equivalent to a
suitable reduced problem entangling relevant fewer DoFs, especially for large k.
This reduction is analogous to its 2D counterpart in Sec. [ in Ref. [I7 and Sec.
in Ref. [57

The core idea is that D%y (u) = 0, where u;, denotes the solution of (51, and
therefore such DoF's (and also the associated pressures) can be trivially eliminated
from the system. Hence on each polygon P, let us define the reduced local spaces:

Vi (P) = {v € [HY(P)]® s.t. (i) vjap € [Br(OP)]?
(ii) Av + Vs € & A [Pr_1(P)]? for some s € L3(P)
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(iii) divw € Po(P),
(iv) (v =T "o, @ APy_1)p =0, Yyt € [Bro1yis(P)*}
and
Qn(P) = Po(P).

Exploiting the same tools of Proposition BI]it can be proved that the linear oper-
ators Dy split into four subsets, defined by

Di =Dy, fori=1,2,3,4,

constitute a set of DoFs for ‘A/'h(P). Concerning the space @h(P), it is straight-
forward to see that dim(@h(P)) = 1 with unique DoF ﬁQ defined by ﬁQ(q) =
J pqdP. The global spaces V5, and @h are obtained in the standard fashion by
gluing the local spaces:

Vi, = {v e [HYQ)]® s.t. vjp € V,(P) for all P € Qy,}, (5.13)
Qn = {q e L*() s.t. qp € Qn(P) for all P € Qp}. (5.14)

We remark that by construction Z, C ‘7}“ therefore employing Propositions £1]
and .21 we can state the following result.

Proposition 5.2. Referring to 331)), B28), (EI13) and (BI4), the sequence

v div A 0

Qn

curl

0

R ! Wh Zh ‘/}h

is an exact sub-complexr of (21).
Referring to (5.13), (5I4) and (5.8)), we consider the reduced problem:

find (%, pn) € ‘7h,o X @h,o, such that
vay (Wn,vn) + cn(Tn; Gn, vi) + b(vn, pn) = (£, 0n) forall v, € Vg,  (5.15)
b(ﬁthh) =0 for all qn € Q\h,(h
where ‘7}1,0 =V, N [HYQ)]? and @h,o = Qn N L2(Q).
It is trivial to check that the reduced scheme (.I5) has (275—1,3 — 2)Np DoF's

less when compared with the original one ([&.9).
The following proposition is easy to check and states the relation between prob-

lem (B9) and the reduced problem (G.15)).

Proposition 5.3. Let (up,pn) € Vi, X Qp and (U, pp) € ‘A/h X @h be the solution
of problem ([&9) and problem (G153, respectively. Then

~ ~ 0,P .
up =up and pp =1Ly py in every P € Q.
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6. Numerical Validation

In this section, we numerically verify the proposed discretization scheme. Before
dealing with such examples, we briefly describe an alternative (computationally
cheaper) projection adopted in the implementation of the method. Then we outline
the polyhedral meshes and the error norms used in the analysis.

6.1. An alternative DoF-based projection

In the light of Remarks Bl and Bl the aim of this subsection is to exhibit an
alternative projection to be used in the place of the standard H'-seminorm projec-
tion HZ’P in 7) and (EX) that will turn out to be very easy to implement. An
analogous alternative projection could also be used to substitute Hkv’f in &5).

For any element P € Qp, let NDoF := dim(V'y(P)). Then referring to Propo-
sition Bl we set Dy := {Dy ; }'2%, and we denote with D: V;,(P) — R"¥Y°F the
linear operator defined for all v € V', (P) by

(Dv); =Dy (v) fori=1,...,NDoF,
i.e. Do is the vector containing the DoF values Dy associated to v. We consider:
e the DoF-projection I2:F: V' 1,(P) — [P, (P)]? defined for any v € V;,(P) by
(Dq,,,D(v —117""v))gwr =0 for all q,, € [Pn(P)]*. (6.1)

Notice that 12 is a special case of the serendipity projection introduced in Ref. T4l

Although the projection TIP-¥ may seem awkward on paper, it is quite simple
and cheap to implement on the computer (since it is nothing but an Euclidean pro-
jection with respect to the DoF vectors). Indeed, it can be checked that the matrix
formulation TIZ*" of the operator IT2>¥ acting from V,(P) to V;,(P) (containing
[P,,(P)]?) with respect to the basis V (cf. Ref. 12} formula (3.18)) is

HD’P _ D(DTD)leT c RNDOFXNDOF
where D € R¥POFX3Tn3 g the matrix defined by (cf. Ref. 12} formula (3.17))
D, o: =Dy ;(m,) fori=1,... NDoF and a =1,...,3m,3,

where using standard VEM notation, m, denotes the scaled monomial

I z—xp\* [z—a25\"? [z—x5\"® r
o hp ’ hp ’ hp

with g barycenter of the polyhedron P, and a1, ao and «g suitable multi-indexes.

6.2. Meshes and error norms

We consider the standard [0, 1] cube as domain © and we make four different
discretizations of such domain:

(1) Structured refers to meshes composed by structured cubes inside the domain,

Fig.[(a).
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(c) (d)
Fig. 1. Adopted mesh types: (a) structured, (b) tetra, (¢) CVT and (d) random.

(2) Tetra is a constrained Delaunay tetrahedralization of Q, Fig. [[b).

(3) CVT refers to a Centroidal Voronoi Tessellation, i.e. a Voronoi tessellation
where the control points coincide with the centroid of the cells they define,
Fig. M(c).

(4) Random is a Voronoi diagram of a point set randomly displayed inside the
domain 2, Fig. [Ii(d).

We would like to underline that the last type of mesh will severely test the
robustness of the proposed method. Indeed, Random meshes are characterized by
elements whose faces can be very small and distorted, see the details in Fig. [[[(d).

The tetrahedral meshes are generated via tetgen58 while the last two are
obtained by exploiting the c++ library voro++55 To analyze the error convergence
rate, we make, for each family, a sequence of four meshes with decreasing size. For
each mesh we define the mesh-size as

1
h:=— .
Lp Z hp
PeQy,
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Let (u,p) and (wp,pp) be the continuous and discrete VEM solution of the
Stokes (or Navier—Stokes problem) under study. To evaluate how this discrete solu-
tion is close to the exact one, we use the following error measures, that make use
of the local projection described in Proposition Gt

o H'-velocity error:

o= [3 1Vam 17, Vunla,
PeQy,

the theoretical expected convergence rate is h* (cf. (GI));
e L2-pressure error:

e, = \/ S o= pul o).

PeQy,

the expected rate is h* (cf. (E12)).

6.3. Numerical tests

In this subsection, we consider three different tests. In the first two examples, we
numerically verify the theoretical trend of all the errors for a Stokes and Navier—
Stokes problem. Finally, we propose two benchmark examples for the Stokes equa-
tion with the property of having the velocity solution in the discrete space V. It
is well known that classical mixed FEMs lead in this situations to significant veloc-
ity errors, stemming from the velocity/pressure coupling in the error estimates.
This effect is greatly reduced by the presented methods (cf. Theorem [B] estimate

GII).

Example 1. (Stokes Problem) In this paragraph, we solve the Stokes problem on
the unit cube [0, 1], the discrete version being as in (53] but without the trilinear
form ¢p(-;-,-). We consider Neumann homogeneous boundary conditions on the
faces associated with the planes x = 0 and = = 1. The load term and the Dirichlet
boundary conditions on the remaining faces are chosen in such a way that the exact
solution is
sin(mz) cos(my) cos(mz)
u(x,y,z) = cos(mx) sin(my) cos(wz)
—2 cos(mx) cos(my) sin(rz)
and

p(z,y,z) = —mcos(mz)cos(my)cos(mz).

We consider the Structured, CVT and Random meshes. In Fig.[2l we show the
behavior of the errors e}, and eig. The slope of such errors are the expected ones,
O(h*) see Theorem 5.1l Moreover, for each approximation degree k the convergence
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H' error velocity L? error pressure

Random k=2
—3j¢— Random k=3
—3}¢— Random k=4

Random k=2
£ | =—3¢— Random k=3 1
~—3jé— Random k=4 4

S

w
L? error

N

10 . 105 o
1072 107! 10° 1072 107! 10°

h

Fig. 2. Example 1 (Stokes problem): Convergence lines for Structured, CVT and Random meshes
and degrees k = 2,3 and 4.

lines associated with different meshes are close to each other and this represents a
numerical evidence that the proposed method is robust with respect to the adopted
meshes.

Example 2. (Navier-Stokes Problem) In this paragraph, we consider the Navier—
Stokes problem described in Eq. (0) with Dirichlet boundary conditions. We con-
sider the same discretization of the unit cube of the previous example, i.e. the set
of meshes Structured, CVT and Random. We define the right-hand side and the
boundary conditions in such a way that the exact solution is

sin(mz) cos(my) cos(mz)
u(x,y,z) = cos(mzx) sin(my) cos(mwz)
—2 cos(mzx) cos(my) sin(mrz)
and
p(x,y, 2) := sin(27x)sin(27y)sin(27z2).

We solve the nonlinear problem by using standard Newton-Rapson iterations
with a stopping criterion based on the displacement convergence test error with
a tolerance tol=1e-10, i.e. until ||x,, — X,+41|| < tol||x,|| where x, refers to the
solution at the n-step. In Fig. Bl we show the convergence lines of the H' error on
the velocity and the L? error on the pressure, respectively. In all these cases we have
the predicted trend: h* for the velocity and h* for the pressure, see Theorem [G.11
Moreover, also in this case the lines are close to each other varying the mesh dis-
cretization, especially for the velocity solution. Note that, for the pressure solution
and random meshes, higher order case k = 3, there seems to be a loss of accuracy at
the second step. We believe this is due to difficulties related to the Newton conver-
gence iterates (the associated linear system getting quite badly conditioned) since
random meshes have a very bad geometry and we are reaching near the memory
limit of our platform. We were unable to run a further step due to memory limits.
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H! error velocity L? error pressure

10°
—E— cube k=2 —E&— cube k=2
cube k=3 cube k=3
s CVT k=2 o CVT k=2
107 ¢ CVT k=3 k| 10%F CVT k=3
Random k=2 Random k=2
—3j¢— Random k=3 —3¥— Random k=3
= .
O 1072 5 10t
= =
= o
o 3 5] 3
= ~
107 ¢ ] 103k
10° - 104 .
1072 107 10° 1072 107! 10°

Fig. 3. Example 2 (Navier—Stokes problem): Convergence lines for Structured, CVT and Random
meshes and degrees k = 2 and 3.

Improving this aspect, possibly by exploring more advanced solvers or changing the
adopted virtual element basis®¥ is beyond the scope of this paper.

Example 3. (Benchmark Problems) In this paragraph, inspired by Ref. 47, we
consider a particular example to numerically show an advantage of the proposed
method. It is well known that the error on the velocity field of standard inf-sup
stable elements for the Stokes equation is pressure-dependent2¥ Consequently, the
accuracy of the discrete solution wy, is affected by the discrete pressure error. As
already shown for the 2D case in Ref. [17, also in the 3D case we do not have such
dependency on the error, i.e. the error on the discrete velocity field w;, does not
depend on the pressure, but only on the velocity w and on the load term f (see
Theorem B estimate (5I0))). Note that this method, although div-free, is not
pressure-robust in the sense of Ref. 47| since the error on the velocities is indirectly
affected by the pressure through the loading approximation termI? Nevertheless it
is still much better than the inf-sup stable element in this respect, as the accuracy
of the load approximation (being a known quantity) can be easily improved.
To numerically verify such property we consider two Stokes problems where the
exact velocity field is contained in V,
kxzk—1

u(z,y,2) = kyzh—1 :

(2 — k)ak + (2 — k)y* — 22k
where k is the VEM approximation degree, but we vary the solution on the pres-

sure. More specifically we will consider these two pressure solutions: a polynomial
pressure

p1(x,y,2) == oty +yFr + e — m;
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I? error pressure

[—B—cwek=2 |
—H— cube k=3
w0 o2
H' error velocity ol %:::[:t:i
k | Structured Tetra g
2 | 1.0576e-13 | 7.2075e-13 N ¢
3
3 | 2.7333e-13 | 1.1927e-12 S sl ,
4 | 1.5266e-12 | 2.2718e-10

10'7 L
102 107! 10°

h

Fig. 4. Example 3 (Benchmark problem): The values of the errors 51;11 for the coarsest meshes of

Structured and Tetra meshes, left, pressure convergence lines, right, for a Stokes problem where
we consider p; as pressure.

and an analytic pressure
p2(x,y, z) := sin(2mz)sin(27y)sin(272).

Note that in both cases, since p; € Qp for i = 1,2, a standard inf-sup stable
element of analogous polynomial degree would obtain O(h*) error for the velocities
in the H' norm even if u € V. In the first case, the velocity is a polynomial vector
field of degree k, while the pressure is a polynomial of degree k and the load term f
is a polynomial of degree k. In such configuration the presented VEM scheme yields
the exact solution up to machine precision for the velocity field. Indeed, the velocity
virtual element space contains polynomials of degree k and, since the load term is
a polynomial of degree k, the term H(f,v) in Eq. (5I1) is close to the machine
precision, i.e. we approximate exactly the load term f (cf. definition (7)), so the
error on u is close to the machine precision.

In table of Fig. @{left), we collect the errors e, only for the coarsest meshes
composed by 27 and 68 elements for the Structured and Tetra meshes, respectively.

H' error velocity L? error pressure

10°

102
—B— cube k=2 —HE—cube k=2
=B cube k=3 =B cube k=3
cube k=4 cube k=4
-
4 tetra k=2 107 F tetra k=2
10 tetra k=3 3 tetra k=3
tetra k=4 tetra k=4
= -
8 o 1072
= 6 = 4
o 10°® . 5]
- ™
m 4 s 107 3
2
10
10
10710 - 105 .
102 107" 10° 1072 107 10°

Fig. 5. Example 3 (Benchmark): Convergence lines for a Stokes problem with Structured and
Tetra meshes where we consider a sinusoidal pressure function, ps.
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In the second case the velocity is still a polynomial of degree k, but, since the
pressure is a sinusoidal function, now the right-hand side f is not a polynomial.
Even if the velocity virtual element space contains the polynomials of degree k, i.e.,
the velocity error is affected by the polynomial approximation of the load term,
therefore we expect is h*+2 which is still much better than O(h*).

In Fig. [, we show the convergence lines for both e}, and eiz. The error trends
are the expected ones: we get O(h*), O(h®) and O(hS) for degrees k = 2,3 and 4,
respectively, while we get O(h¥) for the pressure. In the last step of the H! norm
error, the error is higher than expected (this behavior is due to machine algebra
effects since we are in a range of very small errors).

Appendix A

The aim of this appendix is addressing the well-posedness of the biharmonic prob-
lem with the non-homogeneous boundary conditions stated in definition BIT).
Indeed, although in the literature one can find many references for the homogeneous
case 203l £ the authors best knowledge the extension to the non-homogeneous
case is labeled as feasible but never explicited. For completeness, we here provide
the details.

We first recall that the space W(P) is provided with the norm3:

191 p) = 19115, + leurl 9|} p + [[divep|? p.
Moreover, if P is a contractible polyhedron the following bounds hold (Lemma 5.2
in Ref. [43])
19115, + 1AYIG5 » S 191%m) SIAPEp forally e To(P). (A1)

We start our analysis by recalling the following result concerning the case of

homogeneous boundary conditions (see Lemma 5.1 in Ref. 43)).

Lemma A.1. Let P be a contractible polyhedron and let F: ®o(P) — R be a given
linear continuous functional. The biharmonic problem coupled with homogeneous
boundary conditions

find ¢ € ¥o(P), such that

/ Ap-AypdP =F() forally € ¥y(P),
P
has a unique solution .

The next theorem extends the well-posedness result of the previous lemma to
the case of inhomogeneous boundary conditions.

Theorem A.1. Let P be a contractible polyhedron and let
e h € [L?(OP))3 such that for any f, f1, fo € OP and for any e C f1 N fa
h, € H(din, f) N H(I‘Otf, f) and (hf1 . te)|e = (hf2 . te)\e;
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e g € [H'/2(0P))? such that

g- n£ =rotrh, for any f € OP, (A.2)
o fE[LA(P)>NZ(P).
The following biharmonic problem has a unique solution @

find ¢ € ¥(P), such that

/Ago~A¢dP:/f~1/;dP for all ¢ € ¥y (P),
P P

(A.3)
/ p-np df - 07
P
p, =h; on OP,
curlp =g on OP.
Proof. Let us consider the following auxiliary problem
find ¢? € W(P), such that
/ ©? -npdf =0,
ap (A4)
02 =h, on 0P,
curlp? = g on OP.
We construct by hand a suitable ? that satisfies (A).
Let us consider the Stokes-type problem defined on P
find (u,p) € [H'(P)]? x L3(P), such that
-Au+Vp=0 in P,
(A.5)
divu =0 in P,
u=g on P

then by Theorem 3.4 in Ref. [43] there exists a vector potential @9 (possibly not
unique) satisfying

p9 € ¥(P), such that
curlp9 =u in P, (A.6)
dived =0 in P.

Moreover, ([(A6]) implies that —A @9 = curlu, thus the following stability estimate
holds?3.:

A @lo,p = lleurlullo,p < [ully,r < |gl1/2.0p- (A7)
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Notice that from (A2]), @4), (A6) and (AF), on each face f € AP, we infer
rots(h — @9), = rot; h, —rot; ¢ = g - nd, — (curl ®9)f- n, = 0.
Therefore, it can be shown that there exists ¢ € H'(9P) such that
Vi¢r =(h—¢%), onany fe€dP. (A.8)
Now we consider the elliptic problem
Aw=0 in P,
{w =(¢ ondP.
We observe that " := V w satisfies, also recalling (A.8),

@" € ¥(P), such that
curlp” =0 in P,

A9
divepP =0 in P, (#.9)
Pt =h—pI9 ondP.
From ([AZ9)) it holds that
At =o0. (A.10)

By construction ¢? := 9 4 " satisfies (A4) and from (A7) and (AIQ) it holds
that

1A &%0.p S |gli/2,0p- (A.11)
We consider now the homogeneous auxiliary problem

find o™ € Wy(P), such that

/A¢h°m-A1,de:/f-1/;dP—/Agaa-A1/:dP for all ¥ € ¥o(P).
P P P

(A.12)
Being f € [L*(P)]?, from (AII), (AJ) and Lemma [AJ] problem (AI2) has a

unique solution @™ € Wy(P). It is straightforward to see that ¢ := @™ 4 7 is
a solution to problem (AZ3)). The uniqueness easily follows from the norm equiva-

lence (AZT). O
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