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Turbulent axion-photon conversions in the Milky Way
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The Milky Way magnetic field can trigger conversions between photons and axionlike particles (ALPs),
leading to peculiar features on the observable photon spectra. Previous studies considered only the regular
component of the magnetic field. However, observations consistently show the existence of an additional
turbulent component, with a similar strength and correlated on a scale of a few 10 pc. We investigate the
impact of the turbulent magnetic field on the ALP-photon conversions, characterizing the effects
numerically and analytically. We show that the turbulent magnetic field can change the conversion
probability by up to a factor of two and may lead to observable irregularities in the observable photon

spectra from different astrophysical sources.
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I. INTRODUCTION

Conversions between photons and axionlike particles
(ALPs) in cosmic magnetic fields are the subject of intense
investigations (see, e.g., [1-10]). If ALPs exist, the analysis
of the gamma-ray spectra from Galactic and extragalactic
sources may reveal valuable information on their coupling
with photons g,, and mass m,. Several specific cases have
been studied so far. Conversions of photons into ALPs in
cosmic magnetic fields of Galactic or extragalactic origin
may imprint peculiar deformations on the spectra of very-
high-energy photons from faraway sources, such as blazars,
active galactic nuclei, pulsars and galaxy clusters (see, e.g.,
[7-9,11-13]), and alter the polarization of x-rays in a
measurable way [14,15]. Dimming effects on the photons
from Supernovae la induced by photons oscillating into
ALPs and viceversa in the intergalactic magnetic field have
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also been characterized [16—18]. Finally, ALPs produced in
the hot core of massive stars such as red supergiants [19,20]
and core-collapse supernovae [21-23], and converted in the
Milky Way magnetic field, would produce a copious
photon flux.

Because of the above considerations, the Milky Way
magnetic field is recognized as a valuable tool to under-
stand the properties of ALPs, triggering ALP-photon
conversions for both Galactic and extra-galactic sources
(see, e.g., [3,5]). The Milky Way magnetic field models
adopted in these studies (see, e.g., [7,9]) make use of state-of-
the-art simulations, based on the combined analyses of
Faraday rotation measurements of extra-galactic sources
and of polarized galactic diffuse radio emission [24,25].
Typically these simulations resolve the large-scale fields
(also called regular or coherent) indicating a magnetic field
with strength B ~ O(1) uG thatis smooth on Galactic scales,
usually assumed to follow the spiral arms [26]. However,
radio observations of synchrotron emission and polarization
reveal also a small-scale component of the magnetic field
connected to the turbulent Inter Stellar Medium (see, e.g.,
[27]). This component is known as the random or turbulent
magnetic field, and has an amplitude comparable to that of
the regular magnetic field, but a much shorter correlation
length, .o, ~ O(10 — 100) pc [28-31].

The impact of the turbulent component has been
neglected in previous investigations, on the basis that the
ALP oscillation length would necessarily be much larger

Published by the American Physical Society
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than the correlation length of the turbulent field (see,
however, [3]) and so the effects of the random field would
be averaged to zero over the oscillation length. However,
though it is true that in the most interesting cases /. is
much larger than the correlation length [, of the random
field, this condition does not justify neglecting the turbulent
component of the magnetic field. On the contrary, we will
show that in certain cases and depending on the ALP
parameters, the turbulent component may contribute as
much as the regular component to the oscillation proba-
bility. In general, as we shall see, the presence of a sizable
turbulent component in the Galactic B-field leads to
peculiar irregularities in the observable photon spectra
from different astrophysical sources.

The plan of our work is as follows. In Sec. II, we present
the equations of motion of the ALP-photon mixing in the
Galactic magnetic field accounting for the regular and the
turbulent component. We discuss our numerical and ana-
lytical approach to characterize the conversions in turbulent
B-fields and we present different representative examples.
In Sec. III, we show the spectral features induced by the
conversion in the turbulent B-field observable in photon
spectra from different sources. Finally, in Sec. IV we
discuss our results and draw our conclusions. There
follow two Appendixes, where we give details on our
analytical recipe to calculate the ALP-photon conversion
probabilities in a regular plus turbulent magnetic field
configuration in a perturbative (Appendix A) and non-
perturbative (Appendix B) regime.

II. ALP-TO-PHOTON CONVERSIONS IN THE
MILKY WAY

A. Equations of motion

The Lagrangian describing the ALP-photon system is
L=L,+L,+ Ly, (1)

The first term in Eq. (1) is the QED Lagrangian for photons

1 7
£y == 3P g | (FuF™R 4 (L @)
where F,, = (E,B) is the electromagnetic field tensor,
F = ; W,(,F/"’ is its dual, « is the fine-structure constant

and m, is the electron mass. The second term on the right-
hand side (rhs) of Eq. (2) is the Euler-Heisenberg-Weisskopf
(HEW) effective Lagrangian [32], which accounts for the
one-loop corrections to classical electrodynamics. The
Lagrangian for the non-interacting ALP field a in Eq. (1) is

1 1
L,= 58"618 a-— §m2a2 (3)

where m,, is the ALP mass. Finally, the ALP-to-photon
interaction in Eq. (1) is represented by the following
Lagrangian term [32]

1 -
__ga}/F;wFlwa = gayE ' Ba, (4)

[’ay = 4

where g,, is the ALP-photon coupling constant.

We shall consider a monochromatic photon/ALP beam
of energy E propagating along the z-direction in the
presence of an external magnetic field B. The linearized
equations of motion for the photon/ALP system are given
by [32]

where A,(z) and A, (z) are the two photon linear polari-
zation amplitudes along the x and y axis, respectively, a(z)
denotes the ALP amplitude and M represents the ALP-to-
photon mixing matrix.

The mixing matrix M takes a simpler form if we
consider the case of a photon beam propagating in a single
magnetic domain with an homogeneous field inside. We
denote by B the transverse magnetic field, i.e., its
component in the plane normal to the beam direction.
We can choose the y-axis along B7 so that B, vanishes.
Under these simplifying assumptions, the mixing matrix
can be written as [2]

A, 0 0
M, = 0 AH Aay s (6)
0 A, A,

whose elements are [32]

AH = Ap] + 35AQED1 (7)
AL = Apl + 2AQED7 (8)
1
Aay = EgayBT
— Ya BT —
~1.52x 1072 L kpe™!, (9
x (10—“ Gev—‘> (10—6 G) pe. (9)
A, = —m—2
2F
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Aoy = 2E (Br)?
QED = 457 \ B,
E By \2
~4.1x1071 L kpe™!, (12
x (10keV> <10-6G per. (12)

2
pl —
4ran,/m, is the associated plasma frequency, B =
m2/e ~4.41 x 103 G is the critical magnetic field and e
denotes the electron charge. Concerning the ALP-to-pho-
ton coupling g,, we took a representative value below the
CAST bound for ultralight ALPs from solar searches, g,, <
6.6 x 107" GeV~! [33], while the strength of the magnetic
field By and the electron density n, are given by typical
conditions in the Milky Way [34]. For the range of energies
we are considering in this work, Aggp is negligible and will
be neglected hereafter.

where n, is the electron density in the medium, w

B. Conversions in the regular magnetic field

The ALP-photon oscillation probability takes a particu-
larly simple form in the case of a uniform magnetic field.
This is a good approximation for the regular magnetic field
component, since our ultimate goal is to show the effects of
adding a turbulent component over it. Our qualitative
results are not modified when this assumption is lifted.

With this assumption, the ALP-photon conversion prob-
ability can be calculated analytically. Considering a photon
initially polarized along the y axis, the probability of
conversion into an ALP after a distance r reads [32]

A
PY) = sin? 20 sin? (Tr) (13)

where the mixing angle 6 is given by

1 24,
0= Earctan (A — Aa) (14)

and the oscillation wave number is

Agse = [(Aa - AH)z + 4Az2ly]1/2' (15)

In order to gain more physical intuition, it is convenient
to rewrite Eq. (13) as

P = (Bgyr)?sin (Ager/2), (16)
where the sinc function is defined as sin cx = x~! sin x. The
probability in Eq. (16) has different limiting regimes,
depending on the relative importance of A,, and |A, —
Ayl in Eq. (13). Specifically, when A,, > [A, — A[, the
probability scales as sin*(A,,7/2). However, since A, r =~
1.5 x 1072g,,(B/uG)(r/kpc) < 1 for representative ALP-
photon couplings, g;; = g,,/(10'"" GeV™') ~ 1, galactic

distances, and typical values of the galactic magnetic field,
for all practical purposes the oscillation probability in this
case reduces to

(0) o Br N[ \?
P,/ =22x1 . 17

On the other hand, if A,, < |A, — A | we can conveniently
rewrite the conversion probability as

B 2 2 Qi Zq)
PY) =22 x 107 ”< T> < : ) . (8)

1uG) \1kpc) @ °

where

m 2 n
®~ |39 —— ] —0.060( ———
{ (10‘10 eV> (10‘2 cm‘3)]
r E N\
8 (l kpc) <10 keV) ' (19)

Equation (18) shows that for ® <« 1, the dependence on the
energy in the oscillation probability disappears, so that we
recover again Eq. (17). Furthermore, in these conditions the
probability grows quadratically with the distance, cancel-
ling the dependence on the distance of the ALP flux. Of
course, these results depend on the assumption that the
magnetic field is correlated on a scale larger than r.

As obvious from Eq. (19), for a massless ALP the
condition @ <« 1 is satisfied for distances r < 20 kpc at
energies of E ~ 10 keV. A finite ALP mass may spoil this
condition. The exact mass threshold for this to happen
depends on the distance r, and on the ALP energy. In
particular, high energy ALPs may be correlated on a larger
distance and for larger masses. On the other hand, for large
ALP masses @ > 1 and the oscillation probability acquires
a dependence on the energy and decreases rapidly with the
axion mass, P,, o mz*, as evident in Fig. 1, where we
show the behavior of the conversion probability P,, for a
source at distance r = 1 kpc for a value of the regular
magnetic field By, = 3 G in function of the ALP mass
m,. In the Figure, we fixed the axion coupling to g,, =
10~ GeV~! and take three representative ALP energies:
E =50 keV (black curve), representative of the typical
energy of ALPs emitted from a red supergiant star during
its late evolutionary stages [20]; £ = 100 MeV (red curve),
representative of the energies of ALPs emitted from
supernova explosions [23]; and E = 10 GeV (blue curve),
representative of gamma-rays from galactic pulsars [9].

C. Conversions in the turbulent magnetic field

A realistic description of the photon-ALP oscillation in
the Galactic magnetic field requires a model for the
magnetic field with both regular and turbulent components.
The most commonly adopted model for the regular
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FIG. 1. Conversion probability P,, for a source at distance

r = 1 kpc for a value of the regular magnetic field By = 3 uG in
function of the ALP mass m,. We take g,, = 107! GeV~! and
we consider three representative ALP energies, namely E =
50 keV (black curve), E = 100 MeV (red curve) and E =
10 GeV (blue curve). The oscillation probability drops approx-
imately as m;* when coherence is lost, discussed in the text.

component is the Jansson-Farrar model [24] (see, e.g.,
Refs. [7,9,35]), though the Pshirkov model [25] is a
common alternative choice.

The small-scale turbulent field is less well known. It is
usually assumed to follow a power law with a certain outer
scale, where energy is injected, which then cascades down
to smaller turbulent scales until energy dissipates at the
dissipation scale [36]. The strength of this random mag-
netic field component can be estimated from rotation
measure fluctuations, combined with an estimate of the
thermal electron density, giving a ratio of random to regular
magnetic field components of <1 [37,38]. This value is
compatible with the predictions of large-scale magnetic
field models that include the turbulent magnetic field as a
free parameter [39].

Concerning the correlation length, Ref. [29] found a
large [ . ~ 100 pc, using structure functions of rotation
measures and averaging over large parts of the sky.
Reference [30] confirmed this large outer scale for interarm
regions in the Galactic plane; however, they found a much
smaller outer scale ~10 pc in the spiral arms. Also, arrival
anisotropies in TeV cosmic-ray nuclei can be best
explained by a turbulent magnetic interstellar medium on
a maximum scale of about ~1 pc [31]. More recently, an
upper limit of ~20 pc for the outer scale of the magnetic
interstellar turbulence toward the Fan region has been
found in Ref. [28] by measuring with LOFAR the fluctua-
tions in the diffuse synchrotron emission.

We now consider different representative situations
showing the impact of the turbulent component of the
Galactic magnetic field on the ALP-photon conversion. For
definiteness, we take a source at a distance r = 1 kpc.
There are several Galactic ALP sources, such as red
supergiants, within a radius of O(1) kpc [40]. ALPs

produced in these sources would propagate in a magnetized
medium where they can convert into photons. In our
examples below, we take the regular component of the
magnetic field to be uniform on such a short length scales.
In any case, scales of 1 kpc are not resolved in large scales
simulations. On the other hand, for the turbulent compo-
nent we assume a correlation length [, = 10 pc. The
choice of a very short correlation length is conservative
since, as we shall see below, increasing /.., enhances the
effect of the turbulent field on the conversion probability
[cf. Eq. (20)]. In the description of the turbulent Galactic
magnetic field we adopt a simplified approach, assuming it
along a given line-of-sight as a network of domains with a
fixed correlation length [, = 10 pc.' Finally, we fix
By =3 uG and assume a turbulent component with a
root-mean-square (rms) amplitude B, = 1 uG [24]. As a
representative situation, we consider ALPs with coupling
Jay = 107" GeV~!, a value slightly below the current
experimental and astrophysical bounds, and energy
E =50 keV. We will vary the ALP mass in order to probe
different cases of ALP oscillation length.

In the conditions described above, an ALP mass
above about 1 neV corresponds to a correlation length
lose =27/ Apge 24 pc < Iy, The associated conversion
probability, in this case, is negligibly small, P,, < 1072,
Therefore, we will ignore this case hereafter and limit
ourselves to situations in which [ > [.,,. Within this
hypothesis, we can show that when the conversion proba-
bility is small, the effects induced by the turbulent magnetic
field can be evaluated analytically. As shown in Appendix A,
the average probability over all possible field configurations
in function of the distance » from the source is remarkably
simple,

(Pay(r)) = P3) () + 62 BrusleonT (20)

where Pg?,)(r) is the probability assuming only a regular
magnetic field. We remark that Eq. (20) is valid also when the
regular magnetic field is not homogeneous, as long as
P, < 1. This is the typical situation for conversions in
the Milky Way, assuming allowed values for the ALP-photon
coupling and a realistic magnetic field. When P, ~ O(1) the
previous approach is no longer valid and in general we have
to resort to a Monte Carlo simulation. However, in the
hypothesis of d—correlated perturbations it is possible to
modify the evolution equations in order to calculate arbitrary
moments of the variable P,,. Although this situation is
outside the scope of this work, for completeness we treat this
case in Appendix B.

A full derivation of Eq. (20) is provided in Appendix A.
However, it is easy to recognize the validity of this result

'A more refined characterization of turbulent B-fields in ALP
conversions can be found in [41].
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also using very simple arguments. Assuming /.., << [y, it
is possible to express the average conversion probability on
a given magnetic domain as P(a(;%turb ~ (Gay Bimsleen/2)* =
(gayBrmslcorr)z, where the size of a single magnetic
domain is given by I = 2L, (see Appendix A).
Since the photons travel N = r/l.,, magnetic configura-

tions, the incoherent total conversion probability on the
(O

turbulent configuration is given by Py = NP, =

G2, Bansleont (see also Ref. [3]).

We notice that since the turbulent field has a random
configuration, P,, is a random variable itself. In the hypoth-
esis that the turbulent magnetic field has a Gaussian
distribution, f(B, ) o« exp(—B?,/2B2,), we can calculate
the probability density function F(P,,) in the limit in which
the diagonal terms in the Hamiltonian in Eq. (6) are small (see
Appendix A). If this condition is not fulfilled, it is very
difficult to obtain a closed form for the probability distribu-
tion function (p.d.f.) but it is still possible to get handy
formulas for the calculation of the momenta of P,,. In
particular one can obtain the second momentum of P,,
[Eq. (A11)] and thus the standard deviation of the distribu-
tion, o(r) = [(P2,(r)) — (P, (r))?]"/. In Appendix A we
compare our analytical results with a numerical simulation to
show the agreement between the two approaches.

In Figs. 2, 4, and 5, we show examples of the ALP-photon
oscillation probability in three different scenarios. In par-
ticular, in Figure 2 we consider the case m, = 10710 eV,
corresponding to /., ~ 400 pc. The red curve is the con-
version probability for a purely regular B-field. The black
curve is the average probability in presence of regular plus

7.0
average
+1o
6.0 regular ------
one realiz.

FIG. 2. ALP-to-photon  conversion  probability  for
Gay = 107" GeV™!, m, =10"""eV and E =50keV. The
dashed red curve corresponds to a pure regular B-field with
Byee = 3 uG. The black curve is the average probability for a
turbulent field with B, =1 G and a correlation length
l.orr = 10 pc, while the grey-band represents the “lo” dispersion
around the average. The blue line is the conversion probability for
one possible random realization of the magnetic field. Note that
Leorr = leen/2, Where I is the cell length.

turbulent fields, calculated using Eq. (20). The gray band
represents the “lo” dispersion around the average repre-
sented by the grey-band. Here, by “16”” we mean the standard
deviation around the mean value. This cannot immediately
translate into a definite confidence level since the p.d.f. is not
in general a Gaussian. We see that the 1o dispersion in the
probability induced by the turbulent component is seizable,
producing variations up to ~50% with respect to the average.
For the purpose of illustration, with the blue line we show the
conversion probability for one representative random reali-
zation of the magnetic field. The realization of the magnetic
field used to draw this representative case is plotted in Fig. 3.
We observe that the behavior of P, (r) for a single realization
is in general irregular, depending on the configuration of the
field. In particular, the chosen realization for r 2 0.5 kpc
gives a conversion probability smaller than the purely regular
field. In general, some realizations of the turbulent field could
result in a conversion probability smaller than the one
obtained with a purely regular field. However, the average
probability is always larger compared to a regular field.

In Fig. 4, we consider an ALP with mass m, = 107! eV,
which implies /., ~ 35 kpc. This case corresponds to an
energy-independent oscillation probability. As expected, the
conversion probability induced by the regular component of
the magnetic field scales as 2. The effect of the turbulent
component is the spread of the P, around the mean.
Although on average the effect is very small, for many
realizations the difference with the regular case can exceed up
to 10% within le. Since in this case Ay, A, < A, we can
use the analytic expression for the p.d.f. [Eq. (A24) in
Appendix A]. For example, we estimate that at distance
r = 1 kpc about the 31.7% of the values of P, lie outside the
+10 band.

Finally, in order to isolate the role of the turbulent field,
in Fig. 5 we consider the same case of Fig. 4, but assuming
only the turbulent component of the magnetic field. We
show the average and the 1o band for a pure turbulent field

By (MG)

-2} 1 F— 1,220 pe, lg,= 10 pe

By (1G)
WN =0 —=NWwW

02 04 06 08 1
r (kpc)

FIG. 3. Realization of the magnetic field used for the repre-
sentative conversion probability with the blue line in Fig. 2.
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25

average
+1o

regular ------
2.0t one realiz.

r (kpc)

FIG. 4. ALP-to-photon conversion probability for m, =
10~'! eV in the same format of Fig. 2.

2.0
average ——
1.8 +lo
one realiz. <

0.2 0.4 0.6 0.8 1
r (kpc)

FIG. 5. ALP-to-photon conversion probability in the same
format of Fig. 4, but with B, = 0.

with B, = 1 pG. In this case, as expected from Eq. (20),
we see that (P, (r)) grows linearly (at least until
(P,,) < 1). Also in the last two cases in blue we draw
a representative conversion probability curves, using the
same realizations drawn in Fig. 3.

III. EFFECT ON OBSERVABLE PHOTON
SPECTRA

In this Section, we assess the impact of the turbulent
component of the Galactic magnetic field in three physi-
cally relevant examples. Specifically, we consider (i) the
case of ALPs produced in the red supergiant Betelgeuse,
which can oscillate into photons originating a hard x-ray
flux; (ii)) ALPs produced in a galactic supernova (SN),
which can originate a gamma-ray flux; and (iii) ALPs
produced by conversions from gamma-rays from Galactic
pulsars. All these cases have already been considered in the
literature. However, the impact of the turbulent magnetic
field has always been ignored.

The signatures of the random component of the magnetic
field can be revealed through energy-dependent irregular-
ities imprinted on the photon energy spectra. As we shall
see, these effects can be more or less pronounced, depend-
ing on the ALP parameters, particularly the ALP mass. In
general, we expect the impact of the turbulent field to be
maximal at the threshold between the energy-dependent
and the energy-independent regime [see Eq. (18)], where
the conversion probability reaches its maximum before
saturating (see Fig. 1).

In all of the examples in this section, we will assume a
turbulent field with a strength B, = 1 4G and correlation
length [, = 10 pc. For simplicity we will consider a
single realization of the turbulent magnetic field, different
for the three physical cases, avoiding to characterize a
distribution obtained generating different configurations of
the field. In all the examples the regular magnetic field is
parametrized according to the Jansson and Farrar model
[24] along different lines-of-sight.

To start, we consider Betelgeuse, a red supergiant star of
about 20 M, at a distance of 200 pc. Betelgeuse’s exact
evolutionary phase is unknown, except for the fact that it
has already exhausted the H in its core. Here, we assume
that the star is in the core He-burning stage, which is the
most likely scenario since the following stages are con-
siderably shorter. For the numerical model, we refer to [20].
ALPs can be thermally produced in Betelgeuse through the
Primakoff process. Their production rate can be expressed
as a quasithermal spectrum

dN, 10%Cgq}, (E
dE keVs

— )ﬂe—(ﬁ+l)E/E0’ (21)
Ey
where C is a normalization factor, E, represents the average
energy, and S is the spectrum index. The values of C, E,
and f# depend on various structural parameters character-
izing the core of the star, such as temperature, density and
chemical composition. Here, we adopt the parameters in
Table I, corresponding to Model 0 in Table S1 of [20].
After being produced, the ALPs leave the star unim-
peded and may convert into photons in the Galactic
magnetic field. From the average ALP energy in Table I
it is clear that the resulting photons are expected to have a
hard x-ray spectrum. Such a spectrum was searched, with
negative results, in a recent dedicated NuSTAR observation
[20], leading to the bound g,, <2x 107" GeV~! for

TABLE I. Fitting parameters for the Betelgeuse and SN ALP
spectrum from the Primakoff process.

C E, [keV] p
Betelgeuse 1.36 50 1.95
SN 1.75 x 10° 1.20 x 10° 2.40

023003-6
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m, <5 x 107! eV. The analysis, however, ignored com-
pletely the random component of the magnetic field.

In the upper panel of Fig. 6, we show the ALP-photon
conversion probability vs the energy, for g, = 10! GeV~!
and m, = 107'% eV. The black curve includes only the
regular magnetic field. In this case, we notice an almost
periodic behavior for £ < 30 keV, while at higher energies
the energy-independent plateau is reached. The effects of the
turbulent component are shown with the red curve in the
same figure. In this case, we notice not only a larger
conversion probability, expected since the total magnetic
field strength is (in average) enhanced. We also see that the
periodic pattern observed in the black curve is destroyed and
replaced with an irregular behavior.

In the lower panel of Fig. 6, we show the observable
photon number flux, obtained by convolving the original
ALP flux with the Pay,

dN, dN

(22)

We also consider a Gaussian energy resolution of 1 keV,
comparable with the performance of NuSTAR [42]. We
observe that the irregular behavior is smeared out by the

10—
1081

107 L

Pay

1078 * — Reg.

100 | — Reg.+Turb.

1
107
1072
1074
107 F
10704
10° ¢
107 ¢

El 1 Ll

L Lo el
1 10 10?
E (keV)

®,(x10% keV's™")

FIG. 6. Upper panel: ALP-photon conversion probability for
the red supergiant star Betelgeuse at r = 200 pc in function of the
energy for g,, = 107" GeV~! and m, = 10710 eV for regular
(black curve) and regular plus turbulent (red curve) magnetic
field. Lower panel: photon energy spectrum after ALP conver-
sions in regular (black curve) and regular plus turbulent (red
curve) magnetic field. A Gaussian energy resolution of 1 keV is
assumed.

resolution effect. We find peculiar features in the energy
range [10:40] keV, appearing as peculiar bumps and dips.
Thus, in principle, the case of just regular field is distin-
guishable from the case of regular plus turbulent fields.

As a second example, we consider the ALP flux
produced by Primakoff process in supernovae. The ALP
production rate is calculated as in Ref. [43], using a SN
model with a 18 Mg progenitor, simulated in spherical
symmetry with the Aginle-BOLTZTRAN code [44,45]. We
consider the rate at 7,;, = 1 s after the bounce. Even in this
case, the ALP production rate has the quasithermal spec-
trum given in Eq. (21). The fitting parameters correspond-
ing to the model we are considering are also given in
Table I.

Because of the conversion in the Galactic magnetic field,
the ALP flux generates a gamma ray flux, with typical
energies of O(100) MeV. The lack of a gamma-ray signal in
the gamma-ray spectrometer (GRS) on the solar maximum
mission (SMM) in coincidence with the observation of the
neutrinos emitted from SN 1987A therefore provided a
bound on ALPs coupling to photons [21,22]. Specifically,
for m, = 4 x 107'% eV the most recent analysis finds g,, =
53 x 1072 GeV~!' [23]. A future ALP burst from a
Galactic SN would allow to probe a considerable larger
parameter space through a Fermi-LAT observation, if the
explosion occurs in its field of view [46].

Here we want to assess the impact of the turbulent
magnetic field of these potential observations. For defini-
tiveness, we assume a Galactic SN at r = 10 kpc. We
consider a specific line of sight in the Milky Way
(b,1) = (75.22°,0.11°). In the upper panel of Fig. 7 we
show the ALP-photon conversion probability in function of
the energy for g,, = 107" GeV~" and m, = 5 x 107'% eV
for regular (black curve) and regular plus turbulent (red
curve) magnetic field. We observe peculiar wiggles in the
energy range E € [1:10°] MeV. Larger irregularities are
observed in the presence of the turbulent field. In the lower
panel we present the corresponding photon spectra assum-
ing an energy resolution of 10%, as expected for Fermi-
LAT at those energies [47]. We realize that in the presence
of only regular field the energy-dependent modulation is
almost washed out by the effect of the resolution, while in
the presence of the turbulent component bumpy features
below E ~ 100 MeV would be clearly visible. We notice
that this energy range would be below Fermi-LAT sensi-
tivity, but is in the reach of future gamma-ray experiments
like eASTROGAM [48] and AMEGO [49].

Finally we consider the case of Galactic pulsars. This
case is particularly significant since it was recently claimed
by two different groups [9,50] that the unexpected spectral
modulation observed by Fermi-LAT in gamma-rays from
Galactic pulsars and supernova remnants could be due to
conversion of photons into ultra-light ALPs in the
Milky Way magnetic field. The best-fit ALP parameters,
Gay =24 x 1071 GeV~! and m, ~4 x 107 eV, are in
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FIG. 7. Upper panel: ALP-photon conversion probability for a
Galactic supernova at r = 10 kpc in function of the energy for
Gy = 10712 GeV~! and m, = 5x107'% eV for regular (black
curve) and regular plus turbulent (red curve) magnetic field.
Lower panel: Photon energy spectrum after ALP conversions in
regular (black curve) and regular plus turbulent (red curve)
magnetic field. A Gaussian energy resolution of 10% is assumed.

tension with the CAST bound on solar ALPs. The tension
can be lifted in ALP models with environmental dependent
mass/coupling [51]. Here, we examine the effects of the
previously neglected turbulent magnetic field on these
results. For definitiveness, we consider the pulsar PSR
J2021 + 3651 at distance r = 6 kpc from us and with
Galactic coordinates (,b) = (75.22,0.11) studied in
Ref. [9]. The original photon spectrum is given by

M) ()

where Ny = 0.15 x 107 MeV~'ecm™2s!', E; = 0.8 GeV,
I'=1.59, E_,; = 3.2 GeV. In the upper panel of Figure 8,
we show the photon-ALP conversion probability for PSR
J2021 + 3651 for g,, =3.5x 107> GeV™' and m, =
4.4 x 107 eV corresponding to the best-fit for this source
[9] for regular (black curve) and regular plus turbulent (red
curve) magnetic field. We recognize that energy modula-
tions are visible in the range E € [10%:10°] MeV, and
strongly enhanced when a turbulent component is also
present. In the lower panel, we show the photon spectrum
after photon-ALP conversions, i.e.,

aNg _
dE

107" 3

N i ]
Qm 10_2 E_ _E
i — Reg.

107° | .
E — Reg.+Turb.

l ! ! ! MR | ! L ! MR |
102 108 104
E (MeV)

FIG. 8. Upper panel: photon-ALP conversion probability for
the Galactic pulsar PSR J2021 + 3651 at distance r = 6 kpc for
Gay =3.5x 10712 GeV~"' and m, = 4.4 x 10~ eV for regular
(black curve) and regular plus turbulent (red curve) magnetic
field. Lower panel: photon energy spectrum after ALP conver-
sions in regular (black curve) and regular plus turbulent (red
curve) magnetic field. A Gaussian energy resolution of 10% is
assumed.

_dN, dN(y)

d)y(E)zd—Efd—Ex(l—Pay). (24)
A Gaussian energy resolution of 10% is assumed. It is very
clear how the modulations, already visible in the case of
regular field, are magnified by the presence of the turbulent
component. This result would suggest that the analysis of
[9] might deserve a revisitation with the inclusion of the

turbulent component of the Galactic B-field.

IV. CONCLUSIONS

The magnetic field in the Milky Way has been recog-
nized as a very powerful tool to probe the low mass ALP
parameter space, since it leads peculiar ALP-induced
signatures in observable photon spectra from different
(extra)galactic sources. The current literature has adopted
state-of-the-art models to characterize the morphology of
the regular component of Galactic magnetic field. However,
the small-scale turbulent component has been neglected so
far, in spite of having a strength comparable to the regular
one. In our work, we have investigated this important
aspect providing numerical and analytical recipes to char-
acterize the impact of the turbulent component of the
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Galactic magnetic field on the ALP-photon conversions.
Here, we summarize and discuss our main results. First, we
have shown that on average the effect of the turbulent
magnetic field on photon-ALP conversions grows linearly
with the distance from the source at least until the
conversion probability remains small. This result is sum-
marized in Eq. (20). Furthermore, we have shown that the
effect of the turbulent component are especially relevant
around the transition energy between the energy-dependent
and the energy-independent regime, where the conversion
probability reaches its maximum before saturating.
Intriguingly, this transition energy selects a specific range
of the ALP mass for which we expect energy-dependent
irregularities to be imprinted on the photon energy spectra.
We have shown that these irregularities could be observable
in the photon spectra associated to different galactic
sources, such as red supergiants, supernovae and pulsar,
on an energy range between 100 keV and 100 GeV. If such
features were to be detected in a future observation, that
would represent a direct signature of the turbulent compo-
nent of the Galactic B-fields. Moreover, it would allow to
constraint the ALP mass range, which is typically a very
difficult task. Our study might be relevant also in other
contexts, where one expects a combination of regular and
turbulent magnetic fields. An example is the case of Galaxy
clusters, as recently discussed in Ref. [52].

In conclusion, our results show that neglecting the
random component of the Galactic magnetic field is not
always justified, even in cases when its correlation length is
much smaller than the ALP oscillation length. Moreover,
we have shown how the random component leads to
recognizable features in the photon spectrum, which could
reveal information about the ALP parameters and the
magnetic field itself. All these results confirm once more
the high physics potential in gamma-ray observations to
constrain the ALP parameter space.
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APPENDIX A: GAUSSIAN TURBULENT
COMPONENT-PERTURBATIVE
APPROXIMATION

We can decompose the transverse By field in two
components, a regular one and a turbulent one:

B; = B, (2) + B(z), with (B(z)) = 0 where (...) denotes

an average on all possible field configurations. We suppose
that the two transverse components of the turbulent field are
totally uncorrelated, (B,(z;)B,(z2)) =0, while we can

define the two-ponits correlation function (B, (z;)B,(z,))=
Cg(z; — 7). Reasonably, the correlation functions for the x
and y components are identical. The correlation function
is in general a function that goes rapidly to zero for
|21 — 22| Z leorr- We can conveniently define the correlation
length [, as

1

leorr = BTm/O dch(&)? (Al)

where B2, = C(0) is the variance of the turbulent mag-
netic field.

The simplest model of turbulent field is the “cell model”
in which the space is divided into cells with dimension
~I.o;. In each cell B has a constant random value with zero
mean and variance B,,,,; and uncorrelated to the value of the
field in adjacent cells. In this case is easy to show that
CB(&) = B%ns : (1 - |€|/lcell) for |§| < lcell and zero other-
wise. In fact, if |£] > [ o the points z and z + & always fall in
different cells and thus their correlation must vanish.
Conversely, when |£] < [, assuming that the point z falls
in a given cell, the correlation is proportional to the
probability that the point z + ¢ falls in the same cell. Is easy
to realize that this probability is just the ratio (I.e — |€])/ Leeit-

Using the definition in Eq. (Al) we see that the
correlation length is half of the cell length, I . = l.o;1/2.
Although this model is very handy for practical purposes, it
is unrealistic since cannot satisfy the condition V- B =0
on the boundary of cells.

A more realistic model is a Kolmogorov-like power-law
spectrum whose three-dimensional Fourier transform of the
correlation function is given by

Eaisla—q) = 2n)M(lq)) - (5,-,- - %) £a-1).

(A2)

with M(|q|) ~|q|™. The one dimensional correlation
function can be obtained as in [53] [Eqgs. (A9-16)].

For the sake of illustration we tale the regular component
constant and parallel to the y-axis without loss of generality,
although the results can be easily extended to the case of non
constant B,. We notice also that the conversion probability
P, is generally very small in the Galaxy due to the relatively
short distances travelled by the photon. Within this approxi-
mation we can solve Eq. (5) perturbatively.

We start from the solution of Eq. (5) for A, ,(z)

Ay (2) = —ie / “deeMA, (0a(0).  (A3)

023003-9



PIERLUCA CARENZA et al.

PHYS. REV. D 104, 023003 (2021)

with A, =19, B, A, =19, (B + B,), and k = A+
Agep — A,. For an 1n1t1a1 ALP state we can neglect the
back-conversion of photons into ALPs, a(z) ~a(0) = 1.
The ALP to photon conversion probability can be approx-
imatively written as

Pay(z) = |Ax(z)|2 + |Ay(Z)|2
= P + [T,(2)P + |T,(2) > + 2/ PYRe[T, (2)].
(A4)
with
B.\2
PS,?)(Z) _ (JarPree sian, (A5)
k 2
and
z 1 - . s
Toy(2) = A dC3 GarBr (). (A6)

Averaging on all possible configurations of the turbulent
field we have

(P, (2)) = P (2) + AP(2), (A7)
with
AP(z) = leggy /Oz dydSy (B, (21)B,(20))e* 174
— g, [ dele= 6 Col&) cosie (A8)
0

where we have used the Cauchy formula for nested
integrals. For z > [, the upper limit in the integral can
be approximated to infinity and thus AP(z) has a simple
linear form, AP(z) ~ A + Bz.

A remarkable simplification can be obtained when the
correlation length is much smaller than the oscillation
wavelength [, < k~!. In this case we can approximate the
correlation function to a & function, C(&) ~ 2B2 o6 (£),
and thus

AP(2) = g3, Bindlcon?. (A9)
valid when AP(z) < 1 (see also [3] for a similar derivation.

The second momentum of the distribution can be
calculated by squaring Eq. (A4) and taking the average.
Further simplifications can be obtained in the hypothesis
that the turbulent component has a Gaussian distribution. In
this case it can be shown that the n-points correlators are
vanishing for n odd and are the sum of all permutations of
product of 2-point correlators for n even, e.g.,

= Cp(z1 — 22)Cp(z3 — 24)
+ Cp(z1 — 23)Ch(22 — 24)

+ Cplz1 —24)Cp(z2 — 23),  (A10)

(k)

where By’ = B,(z;). For Gaussian §-correlations, after
straightforward calculations we have

(P2,(2)) = P + POAP[3 + sin c(kz)]

1
+ EAP2 [3 + sin ¢?(kz)],

(A11)
where AP is given by Eq. (A9). From this relation we can
obtain the standard deviation of the distribution,

o(2) = \/(P3(2)) = (Puy(2))2.

In Fig. 9 we compare the results obtained through a
Monte Carlo simulation with 10 realizations of the magnetic
field with the analytic formulas in Egs. (A7), (A9) and (A11).
For the Monte Carlo simulation we consider a cell-like
structure with [ = 20 pc. The regular field is chosen
B.s = 3 uG while for each cell the transverse magnetic
field has a random direction and a random strength
with Gaussian distribution and a rm.s B, = 1 yG,z like
in Fig. 2. Since the oscillation length for the regular field is
lose =400 pc (> [.y1), we can safely consider the turbulent
component as 6—correlated. In the right plot we calculate the
average probability and 1¢ dispersion using Eqs. (A7), (A9)
and (A11). The grey band represents the 416 spread around
the average. We remark that this band does not represent a
definite confidence level since the distribution is in general
not Gaussian, as we will see soon. We notice the good
agreement between the numerical simulation and the analytic
formulas, despite the limited number of realizations.

In the limit k£ — 0O (i.e., near the resonance point or if A,
Ay < A,,) the calculation of (77Y,) are straightforward,
for example:

(Tm —<g‘”> /d{l /dg“m LBy
-(5)

where (...)!! is the double factorial and we made use
of the property of the 2j-points correlator for a Gaussian
field. This allows us to calculate all the moments of
Py = |A,, . For p, we have

,m=2j

(A12)
,m :2J+1

’A practical way to obtain two random generated components
with Gaussian distribution with 0 mean and B2, variance is to
use the Box-Muller theorem: By, = Bpg/—2log U cos(2zV),
Bry = Bysv/—2log Usin(2zV) with U, V are random numbers
with uniform distribution in the interval ]0; 1] [54].
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FIG. 9. Left plot: average conversion probability and +1¢ band like Fig. 2 obtained through a Monte Carlo (10 realizations). Right

plot: same as left but using Eqgs. (A7), (A9) and (A11).

= ([0 e nel”)
i):( n) 2j—1) ”(A2P>j<P<a?))n—j
2 2n—2] (gy(f)g?)”‘f-

We can build the moment-generating function for the
distribution of p, as

(A13)

n

£(fa}e) = S

n=0

MPy(S)

i (- APS/4)/ (Al4)
j=0
where £ denotes the Laplace transform, and
a 21’1 + 2_] (0)
(=Pay s)". Al5
=3 i PR 19

n=

We can prove the following identity

i n sz) 2n / e~ 2+ 2iut 2]du
pr @n)l(n+))! vz
(A16)

In fact, for j = 0 is easily verified

1 /+oo 2 ns
-2 _ —u?+2iut
= e du. (Al17)
n=0 : \/7_[ -

Equation (A16) can be proven by induction by deriving
both members two times respect to the variable z. Using this
relation we have

1 +oo ) /0

_pO),
B 1 ex { Py/'s ]
T APs P11 APs

For p, the moment-generating function can be obtained
in the same way, but with P(a?,) = 0. Since p, and p, are two
independent variables, the probability distribution of P,, =
Px + py is the convolution of fp and f P,- Consequently,
the generating function for P, is just the product of the two
generating functions for p, and p,. Using the Bromwich

integral to calculate the inverse L-transform we have

(A18)

F(P,) = ‘C_I{MP “Mp }(Payy)
_ z_m lim / Mp (s)Mp (s)ePads,  (AI19)

where € is chosen in order to have the singularity s =
—1/AP on the left of the integration path. With the change
of variable u = 1 + APs we have

Pay+P‘(J(;) R4 p P(O>
- e+i u
F(P,,) = ﬁ lim / —uexp Ao,
27iAP R—oo J._ijp U AP  APu

(A20)

with ¢ > 0. The integral can be calculated closing the path
on a half-circle Cy in the negative real half-plane and
considering that the integral on Cy tends to O for R — o
due to the Jordan Lemma. The integrand has an essential
singularity in # = 0. The function

eAu+B/u

fu) = ;

u

(A21)

can be expanded in Laurent series about u = 0
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FIG. 10. P, distribution for g,, = 107" GeV~l, m, =0,
Bieg = 1 uG, Bipyg = 1 pG, I = 20 p, for a source at distance
r = 1 kpc. In blue: Monte Carlo simulation (10* realizations); In
red: analytic distribution as in Eq. (A24).

flu) = io: AB" un—m=1 (A22)

113!

oo nim!

The residue of the function is the coefficient of u~!, that is
m=n

Ry = (0

n=0

~=1y(2VAB),  (A23)

where [, is the hyperbolic Bessel function of the first kind
of order 0. Making use of the residue theorem we can
conclude that

Pay+P, 0
- 2,/PYP
FPo) =—xp 1o\ —ap

In Figs. 10 and 11 we compare the P, distributions
obtained both with a Monte Carlo simulation and with

‘”) . (A29)

montecarlo [N |

analytic

0.0 1.0 2.0 3.0 4.0 5.0
5
P,y x 10

FIG. 11.
(Breg =0).

Same as in Fig. 10 but for a pure turbulent field

the Eq. (A24) for a regular field B,., = 1 uG and for a pure
turbulent field. The parameters used for the calculation are
shown in the caption. In the last case the distribution
reduces to a pure exponential, F(P,,) o e~Fu/AP.

Finally, we notice that the previous arguments can be
easily extended to the case in which B, is no longer
constant. In this case PE,?,) is just the oscillation probability
obtained integrating Eq. (5) for a pure regular field (we
omit the proof for simplicity).

APPENDIX B: GAUSSIAN TURBULENT
COMPONENT-NONPERTURBATIVE APPROACH

Previous approximations cannot be applied when P, is
order of unity. Equation (5) can be rewritten in form of the
Liouville equation

dp(z) _
dz

~i[Mo + M. p(2)]. (BI)

where M, (M) denotes the Hamiltonian containing the
regular (turbulent) part of the field. However, for J—
correlated Gaussian perturbations is it possible to modify
Eq. (B1) to calculate the average of the density probability.
In fact, let us write M as

M=A4,(2)Q,+4A,(z)Q (B2)
where AX =3 gayBx yand Q,;; = 6;,0;,. With this posi-
tion, it can be shown that the average matrix density (p(z))
satisfies the Redfield equation [55,56]

%(ZZ»:_,'[MO,@( N =B [Qa[Qulp()]], (B3)

a=x,y

with ﬂ 1 gayB%nslcon

To solve this equation is convenient to transform it an a
“Schrodinger-like” form. Writing the matrix (p;;) as a 9-
component vector R; = (p;;), with [ =3i+j—3 and
Mo 1y = Mo ik6;; — Mg ;0% and same for Q,,, we can
rewrite the Redfield equation as

dR(z)
dz

= [-iMy — (@3 + Q)R (2). (B4)

which has a simple formal solution (in the case of a
constant B, field)

R(z) = exp [-iM, — f(Q2 + Q@2)]R(0).  (B5)
Handy subroutines for calculating exponentials of real or
complex matrices can be found in the Expokit package
[57]. The (P,,) conversion probability can be calculated
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from the density matrix (p) as (P,,) = (p1; + pyp) with the
initial condition (p;;(0)) = 6;393.

Higher order moments of P, can be calculated by
generalizing Eq. (B4) to tensorial products of the matrix
p. For example, for the second momentum we consider
p? =p®p. Using the 81-component vector R =
R®R, thatis RY) = R;R;, T =91 +J -9 and My, =
Mo 1s6:kr + Mg k. 6;; and so on, repeating the same argu-
ment used to obtain Eq. (B4), it can be shown that the
Redfield equation for the tensor product have the same form
of Eq. (B4) and thus the same formal solution of Eq. (B5) (we
omit here the proof). The variance of P, can be calculated as

(PZ)={(p11+p2)*)=( <121>,11 +'0222),22+2ﬂ(121).22>- Although
the same argument can be used to calculate any moment
of P,, the complexity of Eq. (B4) grows exponentially.

In Fig. 12 we show the ALP-to-photon conversion
probability for a regular field B, =1 uG (red curve)
and with a turbulent field B, = 10 4G and a correlation
length [ = 100 pc (black curve) together with the 1o
band calculated with the help of Eq. (B4). The value of the
turbulent field and the correlation length as well as the z
range chosen for this plot are unrealistic for the Milky Way
and are intended only for illustrative purposes. Notice that
the distribution of P, is neither Gaussian nor symmetric in
general, so that the gray band should to be intended just as a
qualitative range without a defined confidence level (and in

1

0.8

0.6
g
o

0.4

02 / / average ——

4 +lo
regular ------ . p
0 50 100 150 200 250 300
r (kpc)

FIG. 12. ALP-to-photon  conversion probability  for

Gay = 10711 Gev~!, m, =0, By =1 uG. The red curve cor-
respond to a regular field. The black curve and the grey band is
the average of P,, and the &1 range in presence of a turbulent
field with B, = 10 uG, [, = 100 pc as calculated using
Eq. (B4) and its generalization.

fact sometimes the band comes out of the range [0, 1]). We
notice the typical effect induced by stochastic term in the
Hamiltonian, i.e., the flavor composition tends to be
equally distributed among all the degree of freedom, and
thus (P,,) — 2/3 for z — co. This phenomenon is well
known for example in neutrino oscillations in presence of a
dissipative term (see, e.g., [58]).
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