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ABSTRACT. We establish Moser-Trudinger type inequalities in presence of a logarithmic convolution
potential when the domain is a ball or the entire space R%2. Moreover, we characterize critical
nonlinear growth rates for these inequalities to hold and for the existence of corresponding extremal
functions. In addition, we show that extremal functions satisfy corresponding Euler-Lagrange
equations, and we derive general symmetry and uniqueness results for solutions of these equations.
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1. INTRODUCTION

The classical Trudinger-Moser inequality states that for any bounded domain  C R? we have

(1.1) sup / Ay = c(Q) < 400
weHL(Q),|Vul2<1/Q

where, here and in the following, | - |, denotes the usual LP-norm for 1 < p < oo, so u — |Vul3
is the classical Dirichlet integral over Q (see [22,27]). Carleson and Chang [11] proved that the
supremum in (1.1) is attained if Q = By := B;(0) is the unit disc in R?, and successively Flucher
[17] extended this result to arbitrary bounded domains in R2.

The inequality (1.1) does not extend to unbounded domains; in particular, it does not hold in the
case (1 = R% Related inequalities for unbounded domains have been proposed first by Cao [10]
and Adachi-Tanaka [1] under the assumption of subcritical growth, which corresponds to the case
where 47 is replaced by o < 47 in (1.1). The case of critical nonlinear growth was considered by
Ruf [23], who proved a Moser-Trudinger type inequality holds for unbounded domains under the
assumption that the Dirichlet norm is replaced by the standard Sobolev norm and the nonlinearity

e*™” is replaced by e*™* — 1. More precisely, denoting by ||u| =(Jo(IVu|? + u?)dz) /2 the usual
Sobolev norm on H}(2), Ruf proved that there exists a constant d > 0 such that

(1.2) sup / (64““2 —1)dz <d for any domain  C R?.
u€HG(Q),]|ul[<1/Q
Moreover, the supremum in (1.2) is attained if 2 = Bg(0) is any ball and Q = R2. Ruf also proved

in [23] that the inequality (1.2) is sharp: for any growth e®"” with a > 4, the corresponding
supremum equals +oo. Further variants and generalizations of (1.2) are studied e.g. in [12].

In this paper, we wish to derive Moser-Trudinger type inequalities in the presence of a logarithmic
convolution potential. More precisely, we aim to derive inequalities where the local terms edmu?
and e*™* — 1 in (1.1) and (1.2) are replaced with nonlocal ones, which move the Moser-Trudinger
functional in (1.1) and (1.2) into a nonlocal interaction energy of the form

1
(1.3) U /Q/an |x_y|f*—’(u(gu))F(u(y))da:dy
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with suitable nonlinearities F' : R — R. Here we restrict our attention to the cases 2 = B; and
0 =R2
We recall that free energy functionals involving logarithmic kernel functions are considered in
mathematical models for chemotaxis, see e.g. [15,26]. There are many other two dimensional
applications, such as the statistical mechanics of selfgravitating clouds [4,28] and of point vortices in
turbulent Euler flows [9]. In particular, when €2 is the entire space, the relevance of the logarithmic
convolution kernel in (1.3) is due to the fact that it represents, up to a constant, the fundamental
solution of —A. Therefore, in the case where Q = R?, this kernel arises in a reduction of planar
Schrodinger-Poisson systems to a single integro-differential equation, see e.g. [3,7,8,13,14, 16, 20,
21,24,25] and (1.16) below.
When 2 is a bounded domain, the logarithmic Newtonian kernel is replaced by the Green function
of —A with Dirichlet/Neumann boundary conditions.
To proceed, we make the following general assumption on the function ' : R — R considered in
(1.3).

(A) F:R — [0,00) is even, continuous, and strictly increasing on [0, c0). Moreover, there exist

constants «, ¢ > 0 with

(1.4) Ft) <ce®  forteR.

In the case where ) = Bj is the unit ball, we then wish to analyze the problem of maximizing the
quantity (1.3) among functions in the set

By :={uc H)By) : |Vuly <1}.

However, since the logarithmic kernel function in (1.3) changes sign, it is not a priori clear that the
double integral in (1.3) has a well defined value. To clarify this point, we split the kernel In ‘—1| into

its positive and negative part and define functionals ®4 : M(By) — [0, 00] by

(15) Bo) = [ Wt Puta) Futy) dody

(1.6) o) = [ [ o=yl Pluo) Plu(y) dody.

where In™ = max{In, 0}. Here, for a measurable subset 2 C R?, we let M () denotes the space of
(Lebesgue-)measurable functions 2 — R. As we shall see in Section 2 below, it follows from (1.4)
that @ (u) < oo for every u € H{(By), and therefore the quantity in (1.3) has a well-defined value

(1.7) O(u) := /B /B 1n|:c 1 J F(u(x))F(u(y)) dedy = @4 (u) — P_(u) € (—o0,00)

for every u € H&(Bl). In our first main result, we provide a sharp borderline condition for the
maximization problem related to maximizing ® within the set B;. We need to distinguish different
forms of asymptotic growth of the nonlinearity F. As in (1.1) and (1.2), the value 47 will play a
key role.

Definition 1.1. Let § € R, and let f : R — R be an arbitrary function. We say that f has

(i) at most B-critical growth if | f(s)] < ¢ €™ (1 4 |s|)? for s € R with some constant ¢ > 0.
(i) at least B-critical growth if there exist sy, c > 0 with the property that

F($) = e ™ s for|s| > so.
The following is our first main result of the paper.

Theorem 1.2. Suppose that F' satisfies (A).
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(i) If F' has at most B-critical growth for some < —1, then

mi(F) = Sélé) O (u) < oo.
u€B;

(ii) If F' has at most [3-critical growth for some B < —1, then mi(F) is attained, and every
maximizer for ® in By is, up to sign, a radial and radially decreasing function in By.

(11i) If F' has at least B critical growth for some B > —1, then m(F) = oo.
Remark 1.3. (i) In the case where F satisfies (A) and

(1.8) F(s) < 1™ for s € R with constants o < 4m, ¢ > 0,

then F' obviously has at most [-critical growth for any 5 € R and therefore the assumptions of
Theorem 1.2(i) are satisfied. In this subcritical case, an easy proof of the claim m;(F) < oo can be
given by combining (1.1) with the logarithmic Hardy-Littlewood-Sobolev inequality in [5]. Indeed,

let u € By N L>®(By), and let v := F(u). Then v < ¢1e® and
vinw < e’ (au2 +In cl> < oetm

with a constant ¢y > 0. By the Trudinger-Moser inequality (1.1), it thus follows that
(1.9) [ < cl/ A < c1e(By) =: ¢ and / vinvdr < coc(By) =: c3.
B R2

Combining (1.9) and the logarithmic Hardy-Littlewood-Sobolev inequality [5, Theorem 2|, we infer

that
@(u):/RQ/RZlnmim 2)o(y) dady < |2‘ (Ioh (es + [ fols]) + /RQUInUdm>

< %(62(64 + [Ines]) + ¢3) < oo,

where ¢4 > 0 is an explicit constant given in [5, Theorem 2]. For general u € By, the same inequality
follows by approximation, and hence we have m1(F') < co. We emphasize that this argument does
not apply in the case where F' has critical growth, so it does not give the sharp bound stated in
Theorem 1.2.

(ii) It remains an open problem whether the functional ® attains a maximum in B if F has at
most [-critical growth for § = —1.

Next we wish to state a corresponding logarithmic Trudinger-Moser type inequality in the entire
space R%. In view of (1.2), it is natural to make an additional assumption on F. We shall assume
the following.

(A1) F:R — [0,00) satisfies (A), and F'(t) = O(|t|) as t — 0.
Moreover, we define functionals ¥y : M(R?) — [0, oo] by

(1.10) W= [ ] W o Fut) Futy) dody
(1.11) U (u) = /R /R |z — y| Flu(@)) F(u(y)) dedy,

We shall see in Section 2 below that, as a consequence of assumption (A4;), we have ¥ (u) < oo
for every u € H'(R?). Therefore

(1.12) U(u) := /R2 /R2 ln|xl—y| F(u(z))F(u(y)) dedy = Ui(u) — ¥_(u) € [—o00,00)
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is well-defined for every u € H'(R?). We let |ul| =( [o(|Vu[*+u?)dz) Y2 denote the usual H'-norm
of u € H'(R?), and we define the set

Boo :={u e H'(R?) : |u|| < 1}.

Theorem 1.4. Suppose that F' satisfies (A1).
(i) If F' has at most B-critical growth for some < —1, then
Moo (F) := sup ¥ < oo.
uEBoo

(ii) If F' has at most B-critical growth for some < —1, then the value moo(F') is attained,
and every maximizer for W in By is, up to sign and translation, a radial and radially
decreasing function in Be.

(11i) If F has at least B critical growth for some 5 > —1, then
Moo (F) = 00

in the sense that there exists a sequence (Up)n in Boo with Wi (uy,) < oo for everyn € N
and V(u,) — 00 as n — 00.

As Theorem 1.2(i) and Theorem 1.4(i) yield the existence of maximizers, the question arises whether
these maximizers satisfy a corresponding Euler-Lagrange equation. Due to the weak growth condi-
tions imposed on the nonlinearity F', this is not immediate. We can give an answer to this problem
under natural additional assumptions.

Theorem 1.5. Suppose that F' € C*(R), and suppose that f := F' satisfies

(1.13) f(t) < ce®” for t € R with some constants o, c > 0.

(i) If F satisfies (A) and u is a mazimizer of ® on By, then there exists 6 € R such that u
satisfies the associated Fuler-Lagrange equation in weak sense, i.e.,

1
(1.14) VuVydr =0 lnﬁ * (15, F(u)) f(u)p dz for all ¢ € H} (By).
B1 B ’
Moreover, u € W2P(By) N CY9(By) for all p < oo, o € (0,1).
(it) If F satisfies (A1) and u is a mazimizer of ¥ on Beo, then there exists 0 € R such that u
satisfies the associated Euler-Lagrange equation weak sense, i.e.,

(1.15) /R2 (VuVe + up) de = 0/R2(ln ‘1| « F(u)) f(u)pdx

for all ¢ € HE(R?) with bounded support. Moreover, u € VVZ%)’S(RQ) N CIIO’Z(RQ) for all
p < oo, o€ (0,1).

We note that related integro-differential equations with exponentially growing nonlinearities in R?
have been studied in [2] with Riesz convolution kernels but not with the logarithmic kernel. Given
the fact that the function In ‘—ll in (1.15) is, up to a constant factor 27, the fundamental solution
of the operator —A, it follows that sufficiently regular solutions of (1.15) correspond to classical
solutions (u,w) of the nonlinear system

{Au+u:0wf(u) in R?,

(1.16) )
—Aw = 27F (u) in R*,

subject to the conditions

(1.17) u € L>®(R?) and w(z) = —oo  as |r| = oo
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We have stated in Theorem 1.4 that, if F satisfies (A;) and has at most [-critical growth for some
B < —1, then \I”BOO admits maximizers, and every maximizer is, up to sign and translation, radial
and radially decreasing. In the following Theorem, we show that, under additional assumptions,
the latter property is shared by any positive solution of (1.16), (1.17).

Theorem 1.6. Suppose that F € C*(R) with f = F', suppose that F(0) = f(0) = 0, and suppose
that f is a nmondecreasing Lipschitz function on [0,00). Then every classical solution (u,w) of
(1.16), (1.17) with u > 0 in R? is radially symmetric up to translation and strictly decreasing in
the distance from the symmetry center.

We remark that the uniqueness of positive solutions, up to translation, of (1.16), (1.17) remains an
open problem. The same is true regarding the uniqueness, up to sign and translation, of maximizers
of ¥|s,..

The paper is organized as follows. In Section 2, we establish some preliminaries related to some
nonlocal interaction energies. In Section 3 we study Moser-Trudinger inequalities with logarithmic
convolution potentials when the domain is a ball and we establish Theorem 1.2. Section 4 is
concerned with the maximization problem when the domain is the entire space R? and contains the
proof of Theorem 1.4. In Section 5 we show that such extremal functions satisfy Euler Lagrange
equations in a weak sense, and we prove Theorem 1.5. Finally Section 6 deals with the radial
symmetry of the positive solutions corresponding to the maximization problem in R? and contains
the proof of Theorem 1.6.

Notation. Throughout this paper, if v : RY — R is a radially symmetric function, we let v also
denote the associated function [0, 00) — R of the radial variable r = |z|.

Acknowledgments. The first author is supported by PRIN 2017JPCAPN “Qualitative and quan-
titative aspects of nonlinear PDEs” and partially supported by INAAM-GNAMPA. This work was
begun when the second author was visiting the Department of Mechanics, Mathematics and Man-
agement, Politecnico di Bari. He would like to thank the department for its kind hospitality.

2. PRELIMINARIES

We first introduce some notation. We recall that M (R?) denotes the space of real-valued measurable
functions R?, and we let M, (R?) to denote the subset of nonnegative functions in M(R?). If
Q c RY is a measurable subset and u is a real-valued measurable function on Q, we also regard u as
a function in M(R?) by trivial extension. We then define the quadratic forms by : M (R?) — [0, o]
by

(2.1) (v, w) = by (v,w) = /RQ /Rz In*

(2.2) (v,w) = b_(v,w) = /}R2 /]R2 Int|z — y|v(x)w(y) dedy.

Moreover, we define

1
v
[z —y

(z)w(y) dzdy,

bo(v, w) := by (v,w) — b_(v,w) € [—00,00)
for all functions v,w € M (R?) for which b, (v, w) < co. For the sake of brevity, we also set
by(v) :=by(v,v) and bo(v) := bo(v,v) if by(v) < oo.
Next we define
o], = / (1 + z)o]de € [0,00] for v € M(R?),
and we consider the space ’

L}, (R?) = {ve LY(R?), |v], <oo}.
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Taking into account that
(2.3) Infz —y| <In*(|jz| + |y|) < In(1 + |z))(1 + |y|) = In(1 + |z|) + In(1 + |y|) for z,y € R?,
we infer that

It |- ] *v](x) <In(1 + |2))|v]1 + |v]+ for v € Lj,(R?), z € R?

and therefore

(2.4) InT|-|xv € L (RY)  forv e L}, (R?).
We also infer that
(2.5) b (v, w) < |v|i|w|s + |w|i|v]x < 00 for v,w € L} (R?) N M (R?).

This property admits a partial converse.

Lemma 2.1. Let v,w € M (R?) be given with v # 0, w € L}, (R*) and b_(v,w) < co. Then
w e L} (R?).

Proof. Since v # 0, there exist constants R > 1,¢ > 0 and a measurable subset A C Bpr of positive
measure with v > ¢ on A. Then we have |z — y| > hé—‘ > Rfor x € A, y € R?\ Byp and therefore

/ / y)InT |z — y| dydx > c| A w(y) Int 2 1y dy
R2 R2\Bag 2|

> Cl/ w(y) n* (1 + [y]) dy > 1 (Jwl — (1 + 2R) |wll£1(,p))
R2\Byr

with a constant ¢; > 0. Hence |w|, < oo, and therefore w € L} (R?). O
The following corollary is immediate.

Corollary 2.2. Ifv € Lloc
We also note that by (2.5) we have

(2.6) b_(v,w) < |vi|wls + [whilv]x < (2In2)|v];|w]; < oo

for v,w € L'(R?) with v =w =0 on R \ By.

Next, let v* denote the Schwarz symmetrization of a function v € M(R?). So v* € M (R?) is

radial and nonincreasing in the radial variable. We note the following Riesz rearrangement type
inequalities.

Lemma 2.3. Let v € M (R?). Then we have:
) 6] 2 by (0):
(i) b-(v*) <b_(v);
(113) If by (v*) < oo, then
(2.7) bo(v*) > bo(v).
If, in addition, v € LP(R?) for some p € [1,2] and by(v) < oo and b_(v) < oo, then
equality holds in (2.7) if and only if v = v*(- — zg) for some xo € R2.

(R?) is nonnegative and satisfies b_(v) < oo, then v € L} (R?).

Here we note that, under the assumptions of (iii), both by(v*) and by(v) are well defined by the
inequalities in (i) and (ii).

Proof. (i) follows from the Riesz’s rearrangement inequality (see e.g. Theorem 3.7 in [18]), since
the function In™ ﬁ is nonnegative, radial and nonincreasing in the radial variable.

(ii) follows by arguing as in Lemma 3.2 in [24].

To prove (iii), we first note that (2.7) is a consequence of (i) and (ii). Let p € [1,2], and let v €
LP(R?) be given with b4 (v) < co and with the property that equality holds in (2.7). In particular,
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this also implies that b_(v*) < b_ ( ) < oo and by (v*) = bo(v*) +b_(v*) = bo(v) +b_(v*) < co. We
now define by : M (R?) — [0 oo] by

(v _/W/Rzln 1+|x_y|) o(@)o(y) dzdy,
- /]Rz /W In(1+ |z — y|)v(z)v(y) dedy.

In the same way as in (i) and (ii), we see that

(2.8) by(v*)>bi(v) and  b_(v*) <b_(v).

Moreover, we claim that

(2.9) be(v), br(v*) <oo  and  bo(v) = by (v) —b_(v), bo(v*) =by(v*) —b_(v").
Once this is proved, it follows from the equality in (2.7) that equality must hold in each of the
inequalities in (2.8). Since the function r — In(1+ 1) is positive and strictly decreasing on (0, c0),
it then follows from the strict version of Riesz’s rearrangement inequality (see e.g. Theorem 3.9 in

[18]) that v = v*(- — x¢) for some x¢ € R2.
To see (2.9), we note that

In(1+|-)<2In™|-|+h  inR?

+
with the continuous and compactly supported function h = (ln( 1+|-)—2In" | \) . Consequently,

:/ / In(1 + | — y)o(@)o(y) dzdy
R2 RQ

< 2b_ // (x —y)v(z)v(y) dedy
R? JR?

< 2b_(v) + |v[2[h]s < oo

by Young’s inequality

with s = (2 — %)_1 if pe (1,2 and s = oo if p = 1. In the same way, we see that b_(v*) < oo.
Next we note that

1 1
In(1 + W) <c(lnt T +In(1+]-])) inR?

with a constant ¢ > 0 and therefore

BJ’_ (’U) < C(b+ )
In the same way, we see that by (v*) < oo. Slnce bi( ) < oo and bt (v*) < 00, the equalities in
(2.9) now merely follow from the fact that In1 = In(1+ 2) —In(1+7) for > 0. The proof is thus
finished. g

We also note the following
Lemma 2.4. For any u € H'(R?) we have u* € H'(R?) and
[u*[p = |ulp, |Vu'|a < [Vuls for all2 <p < co.
Consequently, we have u* € By if u € By and u* € By if u € Boo
Proof. See e.g. [18, Lemma 7.17]. O

Next we wish to collect some nonuniform nonlinear estimates for functions u € H}(B;) and u €
H'(R?), respectively.

Lemma 2.5. Let f: R — R be a continuous function satisfying

(2.10) 1f()] < ce®” fort € R with constants c,oc > 0.
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(i) If u € HE(B1), then we have f(u) € L*(By) for 1 < s < oo and

1n+ |1‘ * (1B1f(u))7 1I1+ ’ : | * (lB1f(u)) € LOO(BI)
(ii) If u € H'(R?), then f(u) €
If, in addition, |f(t)| =

L; ( (R?) for 1 < s < oco.
O(|t]) ast — 0, then f(u) € L?>(R?) and

InT — * f(u) € L(R?) for2 <s < oo.
Proof. We first recall that

(2.11) / e dr < o0 for any u € H3(B;) and any a > 0
By

as shown in [27] (see also [19, p.195]). To prove (i), we now let u € H}(Bj) and define v = 1, f(u).
By (2.10) and (2.11), we have v € L*(R?) for s € [1,00). Moreover,

1
(2.12) In* T e L’(R?)  for s e [l,00).
Choosing s = 2, we deduce by Young’s inequality that In™ | [ *VU € L*>(R?). Moreover, we deduce
that
It || *v](x) = / In |z — y|v(y) dy < In2|v|; for x € By
B

and therefore In™ | - | x v € L>®(By).

(ii) Let u € H'(R?). For given R > 0 and s € [1,00), we wish to prove that 1p, f(u) € L¥(R?).
For this, we may, by (2.10), assume without loss of generality that f(t) = e for t € R. Then we
have [1p, f(u)]* < 1p,[f(uw)]* = 1p,f(u*) and therefore

[1epf(w)|, = |[1Baf(W)]*], < |1 f(u")],,

so it suffices to consider the case where u = u* in the following. Let v := f(u). Since u is locally
bounded on R?\ {0}, the same is true for v. It thus suffices to prove that v € L*(By). For this we
consider the function

U= (1 + u2(1))é[u —w(1)]* € HY(By).

Since
u? = [u—u(1))? + 2u(1)[u —u(1)] +v*(1) <U* + 1 +4*(1) in By

2 2 2
/ ’u’s dx _/ erau dr < esa(1+u (1)) / €5er dr < 0o
B B By

by (2.11). It thus follows that v € L; (R?).

Next we assume that |f(t)] = O(|t|) as t — 0. To prove that v = f(u) € L?(R?), it suffices, by
(2.10), to consider the case where f(t) = e —1. It then follows that | f(u)]2 = |[f(w)]*|2 = | f(u*)]2,
so we may assume again that v = u*. Then u is bounded on R™ \ By, and therefore it follows
lv] < Clu| on RN\ By, so vlgnp, € L?(R?) since u € L*(R?). Since we already proved that
”1B1 € L?(R?), we infer that v € L?(R?). By (2.12) and Young’s inequality, it now follows that
Int ‘|*v€Ls(R2)f0r2<s<oo O

we have

Corollary 2.6.
(i) If F satisfies assumption (A) and u € H}(By), then ®4(u) < co.
) satisfies assumption (A1) and u € then u) < o0.
(ii) If F' satisfi ption (A1) and u € H'(R?), then W (u)

Proof. This is a rather direct consequence of Lemma 2.5, applied to f = F. O
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Lemma 2.7. Let v € L} (R?) be a nonnegative radial function. Then the convolution [(In| - |) *
v](z) € R is well defined for x € RN \ {0} and given by

(2.13) [(In ] - ]) +v](2) = In |z| i v(y)der/RN\B In[ylv(y)dy
ol ol

Proof. Let x € RV \ {0}. For nonnegative radial functions v € L>(R") with bounded support,
both the LHS and RHS of (2.13) are well-defined, and the formula holds by Newton’s theorem (see
for instance [18, Theorem 9.7]).

Next we let v € L}, (R?) be a nonnegative radial function. By (2.3), we have

(] - | v](2) < (1 + [z])]vfi + Jv]s < co.
We consider an increasing sequence of nonnegative radial functions v, € L®(RY) with bounded
support and such that v,, — v pointwisely. Then

[(InF|-]) % v](2) < [(InT] - | *v](z) for all n and ILm [(InF|-]) % va](2) = [(AnTF] - | * v](2).
The latter property is a consequence of the monotone convergence theorem. Moreover, also by
monotone convergence,
1 ) 1 .
[(In" =) xv](z) = lim [(In" ) * va](2) = lim ([(ln+| ) vn](@) = [(In ] - ]) vn](ﬂf))

| . | n—o00 ‘ . | n—00
= (0] < ol(o) ~ tin (infa] [ oalo)dy+ [ nlyiea(o)dy)
e Bjq| RN\By|
= ("] *vl(e) ~ (tmla] [
B
We thus conclude that

[(n] - ) * o](2) = (0] |+ 0)(z) — [(nF ) #o)(z) =D o] [ oy)dy+ / In [y[v(y)dy,
-] Blg| RN\By|

v(y)dy+/RN\B lnlylv(y)dy)-
||

||

as claimed. O

Corollary 2.8. Let v,w € L} (RY) be nonnegative radial functions.

(i) If by (v,w) < 0o and v £ 0, w # 0, then v,w € L} (R?) and

(2.14) bo((;;;)) = /OOO ro(r) (ln % /OT pw(p)dp + /TOO p(In ;)w(p)dp) dr

1 1 r 00 1
(2.15) _/0 rw(r)(lnr/o pv(p)dp—i—/r p(ln;)v(p)dp)dr.
(ii) If by(v) < oo, then v € L}, (R?) and

bo(v ) 1
(;)7(T)g - 2/0 ro(r) lnr/o pu(p)dpdr.

Proof. (i) This follows from Lemma 2.1, Lemma 2.7 and Fubini’s theorem.
(ii) The claim is obvious if v = 0. If v # 0, we have, by (i),
bg(v) /oo 1 /r o0 00 1
= ro(r)ln — pvpdpdr+/ rvr/ p(In —)v(p)dpdr
ez = [ e [ peodpar+ [ ) [ pinSele)

_ /0 mrv(r)ln% /0 " pol(p)dpdr + /0 h p(ln;)v(p) /O  ro(r)drdp

oo 1 T
= / ro(r) ln/ pv(p)dpdr.
0 rJo
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Remark 2.9. (i) If F satisfies (A), it follows from Corollary 2.6(i) and Corollary 2.8(ii) that

1 1 r
O(u) = 2(277)2/0 )) In /0 pF (u(p))dpdr > 2(2m)* /0 rF(u(0)) lni/o pF (u(0))dpdr
= ®(0)

for every u € Hj(B1) \ {0}. Hence my(F) € (®(0),00], and therefore my(F) is not attained at
u=0.
(ii) If F satisfies (A1), we have

U(u) = ®(u) > &(0) = V(0) =0 for every function u € Hi(By) C H'(R?) with u # 0.

In particular, we have ms(F) € (0, oo], and therefore moo(F) is not attained at u = 0.

<=

We finally prove a key estimate which will be used in the following sections.

Lemma 2.10. Let 51, 2 < 0 satisfy f1 + P2 < —2, and let By yqq := {u € By : u radial}. Then

1 1 r
2.16 i) UL, Ug) i= r(1+ |ui(r Brgdmui(r) 1 = 1+ |ug B2 Amud (0) g iy
b1,z i 2 )P p P
defines a bounded functional o g : Bi rad X Birada — [0,00).

Proof. We fix 0 < e < 1/47T. Moreover, we let uq,us € By rqq, and we define

Af = {re(0,1] : > \/e(—Inr)}, A7 ={re(0,1] : ui(r) < e(—1Inr)}
for i =1,2. With v; := (1 + \uil)ﬁie‘“”‘i we then have
(2.17) vi(r) < tmui(r) < pime for re A7,
and
(2.18) vi(r) < (1+ \/E(—Tr))ﬁie‘”“?(r) for r € AF.
Moreover,

1 1
B (i) = [ roo) [ pulpdpdrt [ o) [ pea(o)dpdr
AT T JAaFnor T T JA;N[0,r]

1

1 1
+/ roi(r) ln/ pm(p)dpd’r—&—/ roi(r) ln/ pua(p)dpdr,
AT T JA; N0, AT " JAFN[o,r)

1 1

1 1
/ rvi(r)In — / pua(p)dpdr < / 4 I = / p 4 dpdr
v Ay N(0] r " J Az n(os]

1
<
— 2—A4rwe

where

1
1
/ 378 In Zdr = € < 00
0 T
and

ruy(r) lnl/ pva(p)dpdr
A3 N[0,7]

+

1

/+ (1++/e(—Inr )B1 Amui(r) 1 = / p(1+ \/5(—1np))6264”“§(p)dpdr
A

A+ﬁ[0 7]

g/ (—lnr)(l—i—\/5(—lnr))ﬁ1+62re4”1(r)/ pe* ™5 0) dpdy
0 0

< 3:</01 re4”u%(r)dr) (/01 pe4”“%(p)dp> < (Os.

/
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Here we used the assumption 1 + f2 < —2 and the Trudinger-Moser inequality (1.1). Moreover,
C1,Cy, ... are positive constants independent of uq,us € By rqq. We also have

1 ! L
/ rv1(r)In / pva(p)dpdr < / r(1+e(—In r))ﬁle‘““%) In / p A dpdr
A A5 N[0, 0 ™ Jo

+ r
1

1 1
< 1 / p3ame <1n 1)64““%(r) dr < C’g/ retmi() gr < Cy
— 2—A4me Jy T - 0 o

and
1 ! 1—4me L[ 4mu2(p)
ruy(r)In— pva(p)dpdr < r In— [ pe ™2 dpdr
AT T JAF N[0, 0 " Jo

1 1 1

1 1

< / pl—ame dr/ pe47rU§(P)dp < 05/ P4 0 Z dr < Cy
0 T 0 0 r

again by the Trudinger-Moser inequality (1.1). The proof is thus finished. O

3. MAXIMIZATION PROBLEM ON THE BALL

In this section we complete the proof of Theorem 1.2. We recall that By := {u € H}(By) : [Vulz <
1}, and we let

T={u" : uwe B}
denote the corresponding Schwarz symmetrized set. By Lemma 2.4, we then have B} C B;.

Lemma 3.1. Suppose that F satisfies (A) and has at most 0-critical growth. Then the functional
®_ is uniformly bounded on Bj.

Proof. Let u € B;. By definition and (2.6) we have
& (u) = b (1p, P(w), 15, F(w) < (2102) 15, F(u) 2

where
1, F(u)]1 < 01/ A g < ¢y
B
with constants c1,co > 0 independent of u by assumption and the Trudinger-Moser inequality
(1.1). O

Proposition 3.2. Suppose that F' satisfies (A) and has at most [3-critical growth for some < —1.
Then we have

my(F) <m{(F) < oo, where mi(F)=sup® and m{(F)=sup®*
31 Bl

Proof. By Lemma 2.3, we have
(I)Jr(u) = b+(1B1F(u)7 ]'BIF(U)) < b+([1B1F(u)]*7 [1B1F(u)]*) = b+(1B1F(U*)7 1B1F(U*)) = (I)(U*)
for every u € By and therefore
(3.1) m{ (F) = sup " (u).
ueBY

By assumption, we have

e47rs
(3'2) F(S) < Clm
with a constant ¢; > 0. Let u € Bf and v := 15, F(u). By Corollary 2.6, we then have b1 (v) < oo.
Therefore we have, by Corollary 2.8(ii) and (3.2),

P(uw) _ bo(v)

1 1 /[T
2(27)2 ~ 2(27)2 :/O ru(r) IHT/O pu(p)dpdr < ¢z

2

for every s € R
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with
cy:=ct sup Pg, p,(u,u) < o0,
uEB rad
where By ,qq and ®g, g, are defined in Lemma 2.10 for 8; = f2 = —1. Combining this inequality
with Lemma 3.1, we thus deduce that
(3.3) Oy (u) = B(u) +®_(u) <cz foru € B} with c3:=2(27)%cs + Sllglp d_ < oo.
1

Hence mj (F) < ¢3 < 0o, and therefore also my(F) < m{ (F) < oo, as claimed. O

The following Proposition shows the optimality of the growth exponent § = —1 for the finiteness
of mq (F)

Proposition 3.3. Suppose that F satisfies (A) and has at least B-critical growth for some > —1.
Then there exists a sequence of functions u, € By N L*(By) with ®(uy,) — 00 as n — oo.

Proof. The assumption implies the existence of a constant ¢; > 0 with

8,8847r52
(3.4) F(s) > for s > ¢;.
C1
For n € N, n > 2, we now define u,, = m,, € H}(B1) N L>°(By) as in [23, Eq. (2.12)], namely
1 In(Jz|) 1 12 1
= 1-— - < <1
() \/ﬂ(lnn)lﬂ( 4lnn) Y ] <
and ) ) .
= ()21 - — )" o<z <~
() = <= nn) 21— ) 0l <

As noted in [23, p. 346], we then have |Vu,|s < 1 for n large and thus u, € Bj. Moreover,
v, = F(u,) € L*>°(By) and therefore

D4 (up) = by (Vn,v,) < 00 for n € N.

By (3.4) we have, for n large,

1 1\5 gr(inn
Uy > cf%ﬂ——)zeh(ﬁ_%) > cz(lnn)gn2 on B1(0)
2r 87

with a constant co > 0. We derive that

1 1
bo (v, Un) /" 1/r B 9 2/n 1/r
207 tn) 5 9 () In = n(p)dpdr > 2( (1 In - dpd
ez =), ™ (r)In - v (p)dpdr (02(nn)2n) | ring ) pdedr

i 2(1 )B 4(7”41 7'4)71L>1 2(1 )1+5

= —(lnn)"n*( lnr — o)) - > Zep(lnn ,
so that bg(vp,v,) — 00 as n — oo since § > —1. This shows that ®(u,) = by(vn,vy) — 0 as
n — 00, as required. O

Next we wish to prove the existence of a maximizer u € B} for m;(F) under the assumptions of
Proposition 3.2. We first prove the following convergence result.

Proposition 3.4. Suppose that F' satisfies (A) and has at most B-critical growth with B < —1,
and let (uy)n be a sequence in By with u, — 0 in HE(By). Then

(3.5) @ (u,) — ©(0) as n — oo.
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Proof. Since u, — 0 in H}(B1) and H}(B;) is compactly embedded into LP(B;) for 2 < p < oo,
we have
(3.6) Up, — 0 in LP(By) for 2 < p < oo.
Since u,, € By for every n € N, (3.6) implies that
(3.7) Uy, — 0 uniformly in [, 1] for every § € (0,1).

We now write F' = ro + F with kg = F(0), where the function F© = F — kg also satisfies (A),
F(0) = 0 and has at most [-critical growth. Consequently,
(3.8) F(t) < e (1+ |t|)ﬁe4’rt2 < ¢yt for t € R with a constant ¢; > 0.
With )
Up = 1p, F(up) for n € N,
we then have
D (uy) = bo(vy) + 2()0(131/10,1)”) + bo(kolp,) = bo(vn) + 2()0(131&0,1}”) + ©(0).

By Corollary 2.8(i), we have

1 1 T 1 1
bo (15, K0, vn) = (277)%0/ 7R (r)g(r)dr with  g(r) =ln/ pdp+/ p(In =)dp.
0 ™ Jo r p
Moreover, for any 6 € (0,1) we have, by (1.1) and (3.8),
0
c1 A2 c1c(By)
(39) [ reest)in] < Slglimon [ e < 2 A gl

By (3.7) and since F(0) = 0, we also have
(3.10) v, — 0 uniformly in [, 1] for every d € (0,1).
Combining (3.9), (3.10) and the fact that g(r) — 0 as r — 0, we see that
bo(lBlkao,Un) —0 as n — oo.
To prove (3.5), it thus remains to show that
(3.11) bo(vn) = 0 as n — oo.
To see (3.11), we note that for every § € (0,1) we have
1 r
;)[();};3)2 = /0 TUR (1) lni/o pun(p)dpdr = M2 + N?,
where, by (1.1), (3.8) and (3.10)

1 1 T 1 1 1
M? ::/ TUR (1) ln/ pup(p)dpdr < c1/ TUR (1) ln/ pe47ru%(p)dpdr
s rJo ) rJo

< clc(Bl)
- 27

1
1
(3.12) / U (r)In—dr — 0 as n — oo.
E) r

To estimate 5
1 T
NS = / rup(r) In / pun(p)dpdr
0 T Jo
we fix € € (0, ﬁ) and define, for any n € N,

AY ={r €(0,1] : uy(r) > +/e(—Inr)}, AL i={r e (0,1] : uy(r) < ye(—=Inr)}.
By (3.8), we have

C1
7’47T6

(3.13) vp(r) < cretmn(r) < for r € A, and
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(3.14) v (r) < (14 ve(—In 7’))664””’21(T) for r € A},
We now write
1 /" 1 ("
NS = U, (T )ln/ pvn(p)dpdr+/ 70, (1) ln/ pun(p)dpdr,
(0,6) T Jo AFN(0,8) T Jo
where, by (1. ) and ( 3),
L 2 ° 1—dmeq L ! 4mu2 (p)
ron(r)In— [ pop(p)dpdr <cf | r In— [ pe*™\P)dpdr
=N(0,8) ™ Jo 0 ™ Jo
cie(By) /‘5 1—4 cle(By) ¢ ot 524 g
1 < _aazy e \nrdr = -
(3.15) ST ), T hrdr=—rn (1 “dre | 2 4ne )

for all n € N. Moreover, we have

1 '
/ rvn(r)ln/ pun(p)dpdr
AFn(0,6) ™ Jo

1 1
= / o (1) ln/ pun(p)dpdr +/ rop, (1) ln/ pun(p)dpdr,
AFN(0,6) T JAFn(,r) AFN(0,8) T JA;n(0,r)

where
1
TR (T ln/ pun(p)dpdr
/A;fm(o,cﬂ ) T JAfno,r) (°)
< c%/ r(1+ \/5(—lnr))ﬁe4m%(” lnl/ p(1+ \/5(—lnp))’864m%(p)dpdr
AFN(0,6) T J AFN[o,r]
< C%/ (—lnr)(l + \/m)wremui(r)/ pe47r“%(p)d,odr
AFN(0,8] 0
2 2 By))?
(3.16) < 1 (1+ /e )2+25 (/ 47ru%(7")dr> < (010(81)) 8(—1n5))2+2’3

€
again by (1.1). Here we used the assumption 5 < —1. Finally, we have

1 1 ["
TUR (r) In — / pun(p)dpdr < C%/ redmun(r) ln/ P4 dpdr
A n0,0] Ay N[0,7] A n[0,9] ™ Jo

1 1 9
1 B
317) < _a_ / p3=AmE AT 1 2 g < 205 / retmid () g, < C1Cec(B1)
r 0

2 —4re 7r
by (1.1) with Cs = sup r?~*™Inl. Since, as e € (0,1) and B < —1, the RHS of (3.15), (3.16)
and (3.17) tend to zgi([fgs § — 0T, we infer that
e =
Combining this with (3.12), we infer (3.11), as claimed. O

Proposition 3.5. Suppose that F' satisfies (A) and has at most B-critical growth with B < —1.
Then the value m1(F) < oo is attained by a function u € BY.

Proof. Let (uy), be a maximizing sequence in B; for mp. By Lemma 2.3, we may assume that
u, € B for n € N. Since B; is bounded in H(}(Bl)7 we may also assume that

(3.18) u, —u € Hy(By)  with u € Bj.
By [19, Theorem 1.6], we have two possibilities. Either

i) u=0, or
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ii) u#0,and [g e@m 0wl dz is bounded for some ¢ > 0 and thus

(3.19) el s AT i LY(By).
Assume first that 7) holds. In this case Proposition 3.4 implies that

m1(F) = lim ®(u,) = ®(0),

n—oo
which is impossible by Remark 2.9. So this case does not occur.
It remains to consider the case where (u,), satisfies ii). Set v, := 1p, F(u,) for n € N and
v = 1, F(u). By ii), fB “mtt)ui dz is bounded for some ¢ > 0 and thus v, is bounded in
L*0(R?) with so = 1+ 4 > 1. Moreover, since
Up =V in L' (R?),
interpolation yields that
Up —> U in L*(R?) for 1 <s < sg.

Moreover,

@(u;() —Pu) _ /01 run (1) In % /Or pon(r)dpdr — /01 ru(r) In % /OT pv(p)dpdr

/ roa(r) . [ (o) = opldpar+ [ o) = o) n | petoipds

where, for fixed s € (1, 50)

" v, —v|s 1 1 1
rUp(r plun(p) — v(p)]dpdr‘ < —= [ 7|By|5vp(r)In=dr
0 2m 0 r
S

1_1]’8/ 1+§vn(r)lnldr§C]vnfv|s|vn|1 —0 as n — 0o
2% Jo r
L2 2
with C' := =,— sup r+ ln% and also
r€(0,1]

|v]s /1 1 1
B |5 [up(r) — In —d
<l LB ) - o) i

1
1
MSI / T‘H'%[vn(r) —o(r)]In —dr < C|v|s|lvp, —v)1 = 0 as n — oo.
E_ r

We thus conclude that
mi(F) = lim ®(u,) = ®(u),

n—oo

so my(F') is attained at u € By. O
The proof of Theorem 1.2 is now completed by the following lemma.

Lemma 3.6. Let F satisfy (A), and let uw € By be a maximizer for @‘Bl. Then, up to a change of
sign, we have u € B}, and u is strictly positive in Bj.

Proof. We already know that u # 0. We first assume that u € BJ, and we suppose by contradiction
that there exists 7 € (0,1) with u(r) > 0 for r € (0,7) and u(r) = 0 for r € [r,1). Let then
@ € H}(B1) be defined by a(r) = u(rr). Then we have |Vi|a = |Vuly and therefore 4 € Bj.
Moreover, with v := F(u) we have

1 T
() :2(27r)2/0 ro(Tr) 1ni/0 pv(Tp)dpdr,
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where
v(tr) >wv(r) forre (0,7) and v(rr) = F(u(rr)) > F(0) =v(r) forre€[r,1),

since F' is strictly increasing on [0, c0) by assumption (A). It thus follows that

T

1
d(u) > 2(27r)2/0 ro(r) lni/o pv(p)dpdr = ®(u),

contrary to the maximizing property of u. We thus conclude that w is strictly positive in Bj.

Next, we let u € B; be a general maximizer of <I>|Bl. By Lemma 2.3(iii), it then follows that u* € B}
is also a maximizer of ‘D’Bl. Moreover, since F'(u) € L?(R?) by Lemma 2.5 and by (F(u), F(u)) < oo,
it also follows from Lemma 2.3(iii) that F'(u) equals F'(u)* up to translation. Since F' is even and
strictly increasing on [0,00) by assumption (A), this implies that u equals u* up to sign and
translation. Since u € HE(Bi) and, as we have proved above, u* > 0 in Bj, it follows that
u=u* € B} or —u = u* € By. The proof is thus finished. O

4. MAXIMIZATION PROBLEM IN THE ENTIRE SPACE R2

In this section we complete the proof of Theorem 1.4. We recall that By, := {u € H*(R?) : |jul| < 1},
and we let

B :={u" : ue By}
denote the corresponding Schwarz symmetrized set. By Lemma 2.4, B is a subset of B.
Throughout this section, we assume that F': R — R satisfies assumption (A;).

Lemma 4.1. Suppose that F' has at most S-critical growth for some B < —1. Then
ml (F) =sup ¥, < oo.

o0
oo

Proof. By assumption, there exists a constant ¢; > 0 with

47s?

~ e

4.1 F(s) < F(s):=c¢—— for s € R.
(1) () <Fo)=a g

We note that F satisfies assumption (A). Moreover, we note the property that

647r(t+s) A edmt s = \[
—_— < 1e"™* =e""F(vt) fort,s>0.
VI+(s+1) VItt VD)
Since W (u*) > W, (u) for every u € H*(R?) by Lemma 2.3(i), it now suffices to consider functions
u € B . We first note, by the radial lemma (see [6, Lemma A.IV]), we have

(4.2) F(Vt+s) =c

[un

V]

1yl
r 2 < —r
™

ul r

[\

D=

(4.3) u(r) < <

B
<

Let v = F'(u). We write
v = F(u) = F(ulgnpg,) + F(ulp,) =: v1 + v2.

Since F is nonnegative and F'(t) = O(|t]) as t — 0, it follows that

0 <o(r) < ealu(r)] forr > 1
with a constant ¢ > 0 and therefore
(4.4) vil2 < e2fulz < e2fjull < co.
To estimate vy, we now consider the radial function

Jul3

U:= (1+ )%[u—u(l)ﬁ € Hi(By).

™
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Since

2 @ 2 % 2 2 2
(4.5) VU < {1+ - [Vugls < (14 - [Vuly < [ulz +[Vul; <1,
we have U € B}, which implies in particular that

(4.6) lualp < cl/ AU g < cie(By) =: c3
B

by the Trudinger-Moser inequality (1.1). Since u(1) < ulz < %T by (4.3), we also have

™= T
(4.7) u? = [u—u(1)]* +2u(D)[u—u()]"+u*(1) < 1 +u*1)[u—u(1)]* +1+u%(1) < U2—|—1—|—%.

S

Consequently, by (4.2) we have

v < F(Va2) < F( U2 + (1 + %)) < HNEW) i B

We now have
(4.8) W (1) = by (0) = by (01) + b (v2) + 204 (01, 03)

where ) N _ ) N
by (vg) < A8y (F(U), F(U)) < G mf(F) =: ¢4 < o0
by Proposition 3.2. Moreover, by Young’s inequality, (4.4) and (4.6) we have

1 1
b+(U1,U2) < |U1‘2‘1n+ |"‘2|’U2|1 < Cg‘ln+ H‘ch =:!C5
Moreover, again by Young’s inequality,
1 1
by (v1) < |v1\§’ln+ H‘l < C%’hlJr H‘l =: Cg-

Inserting these estimates in (4.8), we deduce that ¥ (u) < ¢4 + ¢g + 2¢5 < oo. Thus the claim is
proved. O

Remark 4.2. From Lemma 4.1 it follows that
Moo(F) =sup ¥ < m (F) < occ.

oo

Moreover, it follows from Lemma 2.3 that

(4.9) Moo(F) := sup ¥(u)

u€eBE,
where B, = {u € Boo : u=u"} is the Schwarz symmetrized set.
Our next aim is to prove the existence of maximizers for mq. (F).

Proposition 4.3. Suppose that F satisfies (A), F(s) = O(|s|), and that F has at most [3-critical
growth for some < —1. Then the value mo(F') < 0o is attained by a function u € BX,.

Proof. Let (uy), be a maximizing sequence in By, for mso(F'). By Lemma 2.3, we may assume that
uy, € B, for n € N. Moreover, we have b_(F(u,)) < oo for every n € N. Hence, by Corollary 2.8,
we have

U(up) = bo(F(u), F(u)) = 87r2(‘112(un) - \Ifl(un)) for n € N,

with the nonnegative functionals ¥y, Uy : Bi, — [0, 00) given by

oo r 1 r
\Ill(u):/l rF(u(r))lnr/O pF (u(p))dpdr, \Ilg(u):/o rF(u(r))lni/O pF (u(p))dpdr.



18 SILVIA CINGOLANI AND TOBIAS WETH

Since By is bounded in H'(R?), we may assume that

(4.10) u, — u € HY(R?) with u € BX,.
We first claim that
(4.11) Uy (u) > limsup Yo (uy,).

n—oo

By [19, Theorem 1.6], we have two possibilities. Either

i) u=0, or

ii) u#0,and [g e HDur gz is bounded for some ¢ > 0 and thus
(4.12) edmun s A iy LY(By).
We first assume that i) holds. As in the proof of Proposition 3.4, we then deduce that
(4.13) up(r) — 0 as n — oo for all r > 0.
Moreover, there exists a constant ¢ > 0 with
(4.14) F(s) < F(s) := c(1 + 32)§e4m2 for s € R.
We may assume that —87m < § < 1 from now on. Then

ﬁ'(s):ce‘”s (1+s2 ) Y(8ms(1 + s° )+ Bs) >0 for s >0

and therefore F' satisfies assumption (A). Let

‘Un‘% 2 + 1
U, = <1+ e ) (un —un(l)) € Hl(By).

As in the proof of Lemma 4.1, we see that, for all n € N,

s _ Jlnll _ 1

NZ V. eV

1
u? <U2+1+ =, and
VU, |2 <1, ie., U,E€Bi.

Setting vy, := F(u,), we thus deduce that

<F,/U2+1+ <F,/U2+1+ < e HDF(U,)  forneN.

For given € > 0, we also have, by (4.13 and since F' is increasing on [0, c0),

up(l) <

v = Fluy,) = F((l + \un|2) 2U, + un(1)> < F(U,+¢) in By for n sufficiently large

by (4.13). We now fix € > 0 and define F; : R — R by F.(t) = min{F(|t|+¢), 064”(”%)}?(75)}. Then
F has at most (-critical growth and satisfies (A). Moreover, we have v,, < F.(U,,) and therefore

r

Ua(uy) < /01 rUR (1) lni/or pup(p)dpdr < /01 rE.(Uy(r)) lni/o pF-(Un(p))dpdr
= bo(1p,F=(Un), 1B, Fe(Up))
for n sufficiently large. We now define
o, B = R, O.(U) =bo(1p, F:(U),1p, F-(U))
Then Proposition 3.4 applies to ®. and yields that
Uy (up) < @ (Up) = ©-(0) as n — 0o,
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since U,, — 0 in H(Bj1). Moreover, since F(0) = 0 by assumption, for ¢ > 0 sufficiently small we
have

(I)E(O) = bO(lB1F€(O)a 1BlF€(O)) = b0(131F(5)7 1B1F(5))
whereas
bo(15,F(g),1p,F(g)) — bo(1,F(0),15,F(0)) = by(0,0) =0  ase— 0.

It thus follows that
lim sup Wa(uy,) <0 = Uy(0) = Wa(u)

n—oo
and therefore (4.11) holds in this case.
We now assume that alternative (ii) holds. With v,, = F(uy,) and v = F(u), we then deduce, as in
the proof of Proposition 3.5, that v,, is bounded in L% (R?) with sp = 1 + ﬁ > 1, and that

Up —> U in L*(R?) for 1 <s < sg.
Moreover, since

Vo (uy) = /01 U, () In ! /OT pun(r)dpdr

,
and therefore

Wo () — W () = /0 1rvn(r)lni /0 " pon(F)dpdr — /O 1m(7«)1ni /0 " (o) dpdr

1 1 T 1 1
_/o rvn(r)lnr/o p[vn(p)—v(p)}dpdr—i—/ﬂ r{on(r) — v(r)] lnr/o pu(r)dpdr

we may argue exactly as in the proof of Proposition 3.5 to see that Wo(u,) — ¥a(u) — 0 as n — oo.

Hence (4.11) also holds in this case.

Finally, by Fatou’s lemma, we also have ¥y (u) < lini)inf\lll(un). Combining this with (4.11), we
n oo

conclude that W(u) > limsup ¥(uy,). Hence u is a maximizer of ¥ in B. O
n—oo

Proposition 4.4. Suppose that F' satisfies (A) and has at least $-critical growth for some 8 > —1.
Then there exists a sequence of functions uy, € Boo N L (R?) with ¥(u,) — 00 as n — 00.

Proof. It suffices to take the sequence (uy, ), considered in the proof of Proposition 3.3, since ¥(u,,) =
@ (uy,) for every n € N and |lu,|| <1 for n sufficiently large. O

The following lemma completes the proof of Theorem 1.4.

Lemma 4.5. Let F satisfy (A1), and let u € By be a maximizer for ‘II‘B . Then u=u* up to a
change of sign and translation.

Proof. Let u € B be a general maximizer of \Il| 5.~ By Lemma 2.3(iii), it then follows that u* € BX,
is also a maximizer of \II‘BOO. Moreover, since F'(u) € L*(R?) by Lemma 2.5 and b4 (F(u), F(u)) <
00, it also follows from Lemma 2.3(iii) that F'(u) equals F'(u)* up to translation. Since F' is even
and strictly increasing on [0, 00) by assumption (A), this implies that u equals v* up to sign and
translation. O

5. THE EULER-LAGRANGE EQUATION

In this section we discuss whether or not a maximizer u of ® resp. ¥ on By, By, respectively satisfies
corresponding Euler-Lagrange equations at least in a weak sense. For this it will be convenient
to extend the definition of the quadratic forms by, by to possibly sign changing functions. Let
v,w € M(R?).

If by (Jv|, |w]) < oo, then by (v, w) is well-defined as the double integral in (2.1) in Lebesgue sense. By
Young’s inequality and since In™ ﬁ € L* for 1 < s < oo, this is true, in particular, if v, w € LP(R?)
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for some p € (1, 2].

Moreover, if b_(|v],|w|) < oo, then b_(v,w) is well-defined as the double integral in (2.2) in
Lebesgue sense. By (2.5), this is true in particular if v,w € L}, (R?).

If both by (v, w) are well-defined, then also by(v, w) = by (v, w) — b_(v,w) is well defined.

Theorem 5.1. Suppose that F € C*(R) satisfies (A), and suppose that f := F' satisfies
(5.1) ft) < cet” for t € R with constants ¢, > 0.

Suppose furthermore that w € By is a maximizer of ® Then there exists 8 > 0 such that u

satisfies the Euler-Lagrange equation in weak sense, i.e.,

Bi”
(5.2) VuVedr = 0bo(1p, F(u),1p, f(u)p)
B1
1
= 9/ (In B * (1, F(u)) f(u)pdx for all p € H}(By).

By :
Here we note that the term on the RHS of (5.2) is well-defined since 15, F(u), 15, f(u)p € L (R?)N
L?(R?) by Lemma 2.5 and since these functions vanish on RV \ Bj.

Proof. We first consider ¢ € C(By) satisfying

(5.3) VuVedz < 0.
B1

We begin to prove that there exists

Gy tim PR o1 P 1 ) =2 [ i1 P )
t— B

By (5.3) there exists tp > 0 with
(5.5) u-+tp € By for 0 < t < tp.

Let v, := 1p, F(u+typ) for 0 <t < ty. Since u+tp € H&(Bl), Lemma 2.5 implies that v; € L*(R?)
for any s € [1,00). We therefore see that, for t € (0, ),

P(u+tp) — ®(u) = bo(vr) — bo(vo) = bo(vr — vo,vt) + bo(vo, ve — vo)
(5.6) = t(b0(La, £+ s1¢)p, 1) + bo(vo, L, f(u+ s19)9))

where s; = s¢(x) belongs to the interval (0,¢). Here we note that, for fixed s € [0, 00), the functions
vy and wy == 1, f(u+ s4p) are uniformly bounded in L*(R?) for 0 <t < ty. To see this, we remark
that ¢ := |u| + to|¢| € H}(B1) and that

max{|u + spp|, |u+ tp|} <P in Bj.

Consequently,
max{ea(“Jrs“ﬂ)Q, ea(“H‘p)z} < eV’ for 0 <t < ty,

and e*¥” € L*(B,) for every s € [0,00) by Lemma 2.5. The claim thus follows from (1.4) and (5.1).
Moreover, since u # 0 by Remark 2.9 and

u+te—u and wu+ s — u € HY(By) ast — 0T,
[19, Theorem 1.6] implies that
(5.7) vy — v and wy — 1p, f(u) in L1(R?)

Together with the uniform boundedness property we just proved, this implies, by interpolation,
that

(5.8) vy — vy and wy — 1p, f(u) in L*(R?) for 1 < s < 0.
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Since also In™ ﬁ € L*(R?) for 1 < s < 00, Young’s inequality implies that

(5.9) by (wip,ve) = by (1, f(u)p,v0) and by (vo, wip) = by (vo, 1, f(u))
as t — 0F. Moreover, using (2.6) and (5.7), we easily see that
(5.10) b_(wrp,vr) = b_(1p, f(u)p,v9) and b_(vo,wrp) — b_(vo, 1, f(u)p)

Combining (5.6), (5.9) and (5.10), we obtain (5.4). Since u is a maximizer of ® on By, it follows
from (5.4) and (5.5) that
(5.11) bo(1p, F(u),1p, f(u)p) <0 for all ¢ € C3(By) satisfying (5.3).
Next we let ¢ € C}(By) satisfy
(5.12) VuVedr = 0.
B
Approximating ¢ and —¢ with functions satisfying (5.3), we then deduce from (5.11) that
1
(5.13) 0 = bo(1p, F(w), 1, f(u)) = /B (10 =+ (L, () ()
1
for all ¢ € C3(By) satisfying (5.12). Since f(u) € L¥(By) for s € [1,00), it follows from Lemma 2.5(i)
that

1
(ln ﬁ
Consequently, the RHS of (5.13) defines a continuous linear form on H}(Bj). By density, it thus
follows that (5.13) holds for all ¢ € H{(Bi) satisfying (5.12). Hence there exists © € R with the
property that

* (1, F(u)) f(u) € L*(By) for s € [1,00).

(5.14) © | VuVedr = / (In ‘1’ « (g, F(uw)) f(u)pdx  for all p € Hy(By).
Bl Bl ’

Next we claim that © > 0. For this we recall that v € B} by Lemma 3.6. In particular, u is a
radial function. Applying (5.14) to ¢ = u and using Corollary 2.8, we deduce that

2 _ Hi * u u)u ar = T 2 ' u)u ar
(5,19 Ovut= [ (n %+ (1o, Flw)fwpude =220 [ gufujud
with the function
1 1
o gur) =In s [ pF(u(p))dp + / pin ) Fu(p))dp,

By Lemma 3.6, we have v > 0 on ) and therefore also g, > 0 on (0,1). Moreover, we have
f > 0a.e. on (0,00) by assumption , which implies in particular that f(u) > 0. Consequently,
(5.15) implies that © > 0. Moreover, if we suppose by contradiction that © = 0, then we have

1
/ guf(uw)udr =0
0

and therefore f(u) = 0. Since u is continuous on (0, 1] with u(1) = 0 and f > 0 a.e. on (0, c0),
it then follows that u = 0, a contradiction. We thus obtain © > 0, as claimed. We conclude that
(5.2) holds with 6 = é > (0. The proof is finished. O

S| =
o\é

—

0,
(

~— =

Remark 5.2. Since, under the assumptions of Theorem 5.1, the function lnﬁ * (131F(u))f(u) is

bounded in By by Lemma 2.5, standard elliptic regularity shows that solutions of (5.2) are contained
in W2P(By) N CY7(By) for p < oo; o € (0,1).

Next we derive the following result on the entire space.
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Theorem 5.3. Suppose that F € CY(R) satisfies (A) and F(0) = 0. Moreover, suppose that
f = F' satisfies (5.1). If u € B is a mazximizer of <I>|B , then there exists 6 > 0 such that u
satisfies the Euler-Lagrange equation in weak sense, i.e.,

(5.16) /R2 (VuVe + up) dz = 0by(F (u), f(u)p) = 9/]R2 (In |1‘ * F(u)) f(u)pda

for all o € H*(R?) with bounded support.

Here we note that u = u* up to translation by Lemma 4.5, so F(u) € L?*(R?) and f(u)p € L*(R?)
by Lemma 2.5. Since ¢ has compact support, we also see that f(u)e € Ll1 (R?). Moreover,

n

F(u) € L} (R?) by Lemma 2.2 since ¥_(u) = b_(F(u), F(u)) < co. Hence the term on the RHS

of (5.16) is well-defined.

Proof. First we recall that v = u* up to sign and translation, so we may assume that v € B in
the following. Let first p € C3(R?), ¢ radial, and assume that

(5.17) / (VuVp + up) dz < 0.

B1

Then there exists ty > 0 with

(5.18) U+t € By for 0 <t < ty.

We shall prove first that there exists

Ga9)  tim TUEEER o), fu)e) =2 [ () P ds

For this, we first note that v, := F(u +tp) € L (R?) N L?*(R?) for 1 < s < oo by Lemma 2.5.

loc

Moreover, v; € L} (R?) since F(u) € L, (R?) and ¢ has bounded support. We therefore see that,
for t € (0,1t),

P(u+tp) — D(u) = bo(vr) — bo(vo) = 2bo(vr — o, v0) + bo(vr — vo)
(5.20) = t(bo (f(u+ sep)g, v0) + tho (f(u+ stcp)g0)>

where s; = s¢(x) belongs to the interval (0,¢). Here we note that, for fixed s € [0, c0), the functions
vy and wy == 1p, f(u + s;) are uniformly bounded in Lj (R?) for 0 < ¢ < t;. To see this, we
remark that ¢ := |u| + to|p| € H'(R?) and that

max{|u + s, Ju + e} <9 in R

Consequently,
max{eo‘(“JrSW’)Q, eo‘(“+t‘p)2} < eV’ for 0 <t < ty,

and eV’ € L} .(By) for every s € [0,00) by Lemma 2.5. The claim thus follows from (1.4) and
(5.1). Moreover, since u # 0 by Remark 2.9 and

u+tp—u and u+ s — uc H(R?) ast— 0",
[19, Theorem 1.6] implies that
(5.21) vi = vy and wy, Wy — f(u)  in L} (R?).

Together with the uniform boundedness property we just proved, this implies, by interpolation,
that

(5.22) wy — f(u)  in L (R?) for 1 < s < oo.

loc

Consequently, since ¢ has compact suppport,

(5.23) wep — f(u)e in L*(R?) for 1 < s < 0o and in Lj,(R?).



TRUDINGER-MOSER TYPE INEQUALITY WITH LOGARITHMIC POTENTIALS 23

Since, as noted earlier, vg € L?(R?) and In™ |—1‘ € L*(R?) for 1 < s < oo, Young’s inequality implies
that

(5.24) by (wep,v0) = by (f(u)p,v0) and by (wep) = by (f(u)ep)
as t — 0. Moreover, since also vy € L, (R?), we deduce from (2.6) and (5.23) that
(5.25) b_(wip,v0) = b_(f(w)p,o0) and b (wig) = b (F(w)e).

Combining (5.20), (5.24) and (5.25), we infer (5.19). Now since u is a maximizer of ® on B, it
follows that the RHS in (5.19) is less than or equal to zero for all ¢ € CL(R?) satisfying (5.17).
Precisely as in the proof of Theorem 5.1, we then deduce that

(5.26) bo(F (u), f(u)p) =0

for all functions ¢ € C}(R?) satisfying

(5.27) / (VuV + up) dz = 0.
R2

Moreover, by (1.4), (5.1) and Lemma 2.5, we have
1
(In T * F(u)) f(u) c L; (R?) for s € [1,00).
Consequently, for arbitrary fixed R > 0, the RHS of (5.19) defines a continuous linear form on

HZ(Bg). By density, it thus follows that (5.27) holds for all ¢ € H}(Bg) satisfying (5.12). Hence
there exists ® € R with the property that

(5.28) C] /R2 (VuVe + up) do = / (In L F(u))f(u)pdr  for all p € Hy(Bg).

Rz ||

Since H(Br) C HY(Bg/) if R < R/, it follows that © does not depend on R and therefore (5.28)
holds for all ¢ € H!(R?) with bounded support.
Next we claim that © # 0, and we suppose by contradiction that ® = 0. Then we have

(In ‘1’
By Lemma 2.7 and since u is a radial function, this implies that
(5.29) gu(r)f(u(r)) =0 for a.e. r € (0,00)

with

« (g, F(u))f(u) =0  ae. inR%.

aut) = [ prtutodo+ [ plin ) Platodp

Since u # 0 by Remark 2.9, we have F(u) # 0 and therefore g,(r) < 0 for » > 1. Hence (5.29)
implies that f(u) = 0 on (1,00). Noting again that f(s) # 0 a.e. on R by assumption (A), we
deduce again that u is constant on (1,00). Since u € H'(R?), this implies that u = 0 on (1, 00)
and therefore F'(u) = F(0) =0 on (1,00). As a consequence, F'(u) # 0 on (0,1) and therefore

T 1
gu(r) = lni/o pF(u(p))dp+/ p(ln;)F(u(p))dp >0 for r € (0,1).

Then (5.29) implies that f(u) =0 on (0,1). As above, we then deduce that u is constant on (0, 1).
Since we already know that u is continuous on (0,00) and satisfies u = 0 on [1,00), we conclude
that u = 0 on (0, 00), contradicting Remark 2.9. Hence © # 0.

Next we show that © > 0. For this, we first note that the radial function

r = hy(r) = (ln |1| * F(u)) (r)=—2m (lnr/or pF (u(p))dp + /TOO pln pF(u(p))dp)
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is decreasing in r. Indeed we have
1 T
Rl (r) = —271'(7 / F(u(p))pdp+ rinrF(u(r)) —rln rF(u(r)))
™ Jo
2 (T
=—— [ F(u(p)pdp <0  forre (0,1).

" Jo
If hy(r) <0 for all r € (0,1), then

O(u) = F(u)hydzr <0< ®(0)
R2
which is wrong for maximizers by Remark 2.9. Hence there exists 7o € (0,1) with h,(r) > 0 for
r € (0,79). Making ro smaller if necessary, we may also assume that u(rg) > 0. Applying (5.28) to
the function ¢ = [u — u(rg)]* € H}(By), we see that

(5.30) @/B (IVul?* + ufu — u(ro)]) dz = : fu)hyu —u(re)] dz

We distinguish two cases.
Case 1: u = u,, on B,,. In this case it follows from (5.28) that

@u(ro)/B pdr = f(u(ro))/B hyp dx for all ¢ € Hg(By,).
70 70

and therefore
(5.31) Ou(ro) = f(u(ro))hy a.e. on By,.

Since © # 0, u(rg) > 0, f(u(ro)) > 0 and hy, > 0 on B,,, we deduce that © > 0 in this case.
Case 2: u # u,, on B,,. In this case it follows from (5.30) that

-1

o— (/ (Il + ulu — u(ro)]) dz) F(u)halu — u(ro)] da > 0.
BTO B”"O

Since we have already proved that © # 0, we conclude again that © > 0.

So in either case we have © > 0, and then (5.16) holds with § = & > 0. The proof is finished. [

Remark 5.4. Since, under the assumptions of Theorem 5.3, the function lnﬁ * (F(u)) f(u) is

contained in L3 (R?) by (2.4) and by Lemma 2.5, standard elliptic reqularity shows that solutions

of (5.2) are contained in W2P(R?) N CL7(R?) for p < oo; o € (0,1).

C loc
6. SYMMETRY OF THE POSITIVE SOLUTIONS

Using the strict form of the Riesz rearrangement inequality, we have shown in Lemma 4.5 that, if F'
satisfies assumption (A;), then all maximizers for ¥ on B, are radial up to sign and translation. In
this section we prove Theorem 1.6, thereby giving a partial answer to the question whether positive
solutions of the corresponding Euler-Lagrange equation

1
|-
are radial. Here § > 0 is a fixed Lagrangian multiplier. We recall that solutions of (6.1) correspond
to of the nonlinear system

(6.1) —Au+u= 9(111 * F(u))F'(u) in R?,

— = in R?
(6.2) { Au+u=~0wf(u) R=,

—Aw =27 F (u) in R?,
subject to the conditions

(6.3) u € L°(R?) and w(z) = —oo  as |z| — co.
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Next we prove Theorem 1.6. For matters of convenience, we recall the statement.

Theorem 6.1. Suppose that F' € C*(R) with f = F', suppose that F(0) = f(0) = 0, and suppose
that f is a mondecreasing Lipschitz function on [0,00). Then every classical solution (u,w) of
(6.2), (6.3) with u > 0 in R? is radially symmetric up to translation and strictly decreasing in the
distance from the symmetry center.

The remainder of this section is devoted to the proof of this theorem. So from now on we suppose
that F' and f := F’ satisfy the assumptions above, and we let (u,w) be a classical solution of
(6.2), (6.3) with u > 0 in R2.

The proof will be given by a variant of the moving plane method. We start with a preliminary
lemma.

Lemma 6.2. We have u(z) = O(e™1*l) as || — oco.
Proof. We first claim that
(6.4) u(z) =0 as |x| — oo.

Arguing by contradiction, we suppose that r := limsup u(x) > 0, and we let (x,,), be a sequence
|x|—o00

in R? with |z,| = co and u(x,) — Koo as n — co. Then there exists ng € N with
1 1
(6.5) Kp = Sup Up < €5Keoo < edu(xy) for n > nyg.
2€0B1 (zn)
Moreover, by making ng larger if necessary, we may assume by (6.3) that —Au+ u = 0w f(u) <0
in Bi(zy) for n > ng. Moreover, it is easy to see that the function z — 7(x) = e 2~ satisfies
—A7 + 7> 0in B;. We now consider the functions
Tn @ Bi(zn) — R, () = K]ne_%’i'(.ﬁ — Ip).

By construction, we then have

—A(tp, —u)+ (1, —u) >0 in Bi(x,) for n > ny.

Consequently, the function 7, — u cannot attain a negative minimum in Bj(z,) for n > ng. Since,
be definition of k,, we also have 7, —u > 0 on 9By (zy,), it follows that 7, — v > 0 in Bj(z,) and

therefore u(x,) < 7, (x,) = ke 1 for m > ng. This contradicts (6.5), and hence (6.4) holds.
Next, we fix R > 0 sufficiently large so that, by (6.3) we have —Au +u = fwf(u) < 0 in R? \ Bg.
Moreover, we note that the function

2 0(@) = [Juf ooz e

satisfies —Ao + o > 0 in R? \ Bg. Consequently, the function @ := o — u satisfies —Aw + @ > 0 in
R?\ Bgr and can therefore not attain a negative minimum in this set. Since, moreover, % > 0 on
OBpr and @(x) — 0 as |x| — oo by (6.4), we conclude that u < o in R? \ Bg. We conclude that
u(z) = O(e 1*l) as |z| — oo, as claimed. O

We note that it follows from Lemma 6.2 that also F(u(z)) = O(e”1*l) as |2| — co. Moreover, since
every semibounded harmonic function R? — R is constant, we have

(6.6) w(z) =c— / In |z —y|F(u(y)) dy for € R? with a constant ¢ € R.
R2

Next, we fix some notation related to the moving plane method. For A € R, we put

Hy:={2zcR*: 21>}, Th=0Hy={zcR?:z;=2\.
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Moreover, we let R?2 — R?, 2 +— 2 denote the reflection of z at Ty. From now on, we consider a
fixed solution of (6.2), (6.3) with u > 0, and we set
uMx) = u(x?), w(x) = w(z) for x € R, A€ R.
On H) we define the difference functions
uy = u —u, wy = w —w

which satisfy the system of equations

—Auy + uy = 0wy f(u?) + hy(2)wu
(6.7) s = Oloaf )+ halmpwn] -y o)
—Aw>\ = 27TK)\(33)U,\

with

flur(x)) — f(u(z)) ,

, if uy(z 0,
ha(z) = ux(z) A(@) #

0, if uyx(z) =0
and

F(ur(z)) — F(u(z)) :

, if uy(x) # 0,
Ky(z) := uy(x) Az) #

0, if uy(x) = 0.
Since f is Lipschitz continuous on [0, [|ul[ e (r2)], there exists a constant C' = C(u) > 0 such that
(6.8) Al Loe(my) < C for every A € R
It follows from (6.6) that

_ |z — |
(6.9) wy(x) = In Ky(y)ux(y) dy for x € Hy.
o Tyl

Since In |Txiy;| > 0 for every x,y € Hy, and F is a nondecreasing function, we have the implication
(6.10) uy > 0in Hy - wy > 0in H)
for every A € R. In the following, we let v~ := min{v,0} denote the negative part of a function

defined on a subset of R%2. Note that v~ is a nonpositive function with this convention. We need
the following estimate:

Lemma 6.3. There exists a constant k > 0 such that
lwy 2y < wealluyllzzemy) for every A € R,

where
1

o= ([ -NU@EIP)  ad My (o e Hy s ul) <0)
My
where £x(x) = u(z) + yr(x)ur(x) for some vx(z) €]0,1].
Proof. We note that
|z — 3 \y—yA|)< ly =y _ 21—
|z —y] =yl "7 e -yl |z—yl

Since also uy(y) < 0 implies that 0 < u*(y) < u(y), we may use the integral representation (6.9)
to conclude that

wy (@) > /MA mfmmu; () dy =2 /MA Hm(y»u; (v) dy

0<In

<In(l+ for z,y € Hy.
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where &\(2) = u(z) + ya(x)ur(x) with vy(z) €]0,1], for any z € Hy. Then it follows by the
Hardy-Littlewood-Sobolev inequality that

lwy 2y < wealluy lpzemy)
with a constant x > 0 independent of A, as claimed. O

Lemma 6.4. There exists A\ > 0 such that uy > 0 in Hy for A > \.

Proof. By (6.3) and (6.8), we may choose A; > 0 such that w < 0 in Hy for A > ;. Multiplying
the first equation in (6.7) by u, and taking into account that f is nondecreasing function, we may
estimate with the help of Lemma 6.3

lux 172 gy <y ey = /H Olwy f(uM)uy + ha(z)w(uy)?] dz

A

< dwy f (u™)uy do <
H)

< Ollwy N2 e 1 @ | ooy 1 2y < 8 exllf(@)l] oo @2y 1uy 122y -
Since ¢y — 0 as A — 0o by Lemma 6.2 and f(0) = 0, there exists A > \; such that
Kex || f(u)]lpoomey < 1 for A > A,
so that u, =0 on H) for A > A, as claimed. O

Lemma 6.5. If A € R is such that uy > 0 in Hy, then also wy > 0 on Hy. Moreover, either
uy =0=wy or

(6.11) uy >0, wy>0 on Hy
and

ou ow
6.12 — <0 — <0 Ty.
( ) 81:1 < ? axl < on A

Proof. We already noted in (6.10) that uy > 0 in H) implies wy > 0 in Hy. Moreover, if uy # 0,

then w) is strictly positive in H) and
8w,\ ow
—=-2—>0 on T
8%1 81‘1 A

by the Hopf lemma. Conversely, if wy # 0, then also uy # 0 by (6.9), and ) satisfies
—Auy + (1 — Ohyw)uy = Hw)\f(u)‘) >0 in Hy.

Hence uy > 0 in H) by the maximum principle, and

Oouy, ou
=2 > T
axl (9%'1 oA

by the Hopf lemma. O

Lemma 6.6. Let A € R. If uy > 0 in Hy, then there exists ¢ > 0 such that u, > 0 in H, for
e N—e ).

Proof. Let Bg := Bg(0) for R > 0. By (6.3), Lemma 6.2 and (6.8), we may fix R > 1 large enough
such that
(6.13) w <0 in H, \ Bp for every p € R

and
(6.14)

(/ (y1 — M)Q[f(u(y) + 5uu(ym2 dy)§ < 1
R\Br

_ for every € €]0,1[, p € [A—1, ],
A o 0.1} e A =1
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where £ is as in Lemma 6.3. Moreover, by (6.11), (6.12) and the continuity of u, %, there exists
0 < e <1 such that

(6.15) uy >0 in H,N Bg for pe (A —g, A

Arguing similarly as in the proof of Lemma 6.3 with p € (A — e, A] in place of A, we may multiply
the first equation in (6.7) — with p in place of A\ — with u, and integrate, obtaining the estimate

o oy <l sy = [ Oy + oo da

u\BRr
< / Ow,, f(u)u, dx
H.\Br

(6.16) < Ollwp | 2 1 (@ oo e g 2y < 6 Cull ()| oo 2y g 12, -

Here we used (6.15) in the second step, (6.13) in the third step and Lemma 6.3 in the last step.
We note that (6.14) and (6.15) also imply that

3 1
s ([, 00— P ) dy) <

for p e (A —¢, A
| oo (R2)

Consequently, (6.16) implies that u; =0 for u € (A — ¢, A]. O
Proof of Theorem 6.1(completed). Put
A1 = inf{)\ ER : uy>0in H)\}

By Lemma 6.4 we have A\; < oo, whereas the positivity of v and Lemma 6.2 imply that A\; > —oc.
Moreover, as a consequence of Lemmas 6.5 and 6.6, we have that uy, =0 and wy, = 0. Repeating
the same argument with 1 replaced by the second coordinate direction zs, we also find Ay € R
such that u and w are symmetric with respect to the hyperplane {x € R? : x5 = A\y}. Now consider
A= (A1, A2) € R? and the translated functions

@, : R? 5 R, a(x) =u(zx — A), w(x) =wlx—N),
These functions also solve (6.2), (6.3) and satisfy
u(x) = u(—x), w(z) = w(—x) for 2 € R%

It is then easy to see that every symmetry hyperplane of @ and @ must contain the origin. Conse-
quently, repeating the moving plane procedure in an arbitrary direction in place of the x1-coordinate
direction, we obtain that @ and w are symmetric with respect to any hyperplane containing zero,
hence radially symmetric. O
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