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QUANTUM COMBINATORIAL DESIGNS AND i-UNIFORM
STATES

YAJUAN ZANG, PAOLO FACCHI, AND ZIHONG TIAN*

ABSTRACT. Goyeneche et al. [Phys. Rev. A 97, 062326 (2018)] introduced sev-
eral classes of quantum combinatorial designs, namely quantum Latin squares,
quantum Latin cubes, and the notion of orthogonality on them. They also
showed that mutually orthogonal quantum Latin arrangements can be entan-
gled in the same way in which quantum states are entangled. Moreover, they
established a relationship between quantum combinatorial designs and a re-
markable class of entangled states called k-uniform states, i.e., multipartite
pure states such that every reduction to k parties is maximally mixed. In
this article, we put forward the notions of incomplete quantum Latin squares
and orthogonality on them and present construction methods for mutually
orthogonal quantum Latin squares and mutually orthogonal quantum Latin
cubes. Furthermore, we introduce the notions of generalized mutually orthog-
onal quantum Latin squares and generalized mutually orthogonal quantum
Latin cubes, which are equivalent to quantum orthogonal arrays of size d? and
d3, respectively, and thus naturally provide 2- and 3-uniform states.

1. INTRODUCTION

Entanglement is considered to be one of the most striking features of quantum
mechanics and has been widely utilized as a crucial resource in quantum information
science [34, 1], from quantum computation [25] to quantum teleportation [3] and
quantum key distribution [2, 30]. The research on multipartite entanglement is no
simple matter. Recently, a striking class of N-party entangled pure states, called
k-uniform states, have attracted much attention. These states have the property
that every reduction to k parties is maximally mixed, where £ < |N/2], with
|.|] denoting the floor function [17]. When k = |N/2], these states, known as
maximally multipartite entangled states [15], or absolutely maximally entangled
(AME) states [21], exhibit maximal entanglement in all possible partitions and
thus play a pivotal role in quantum secret sharing, multipartite teleportation, and
in tensor network states for holographic codes [51, 28].

So far, plenty of work has been done for finding the application and the existence
of k-uniform states [14, 15, 21]. Orthogonal array is a very important configuration
in combinatorial design. Recently, Goyeneche and Zyczkowski established a link
between a special kind of orthogonal arrays and k-uniform states [17]. Moreover,
Zang, Li and Pang et al. presented some 2, 3-uniform states by those orthogonal
arrays [29, 36, 49, 50]. Besides, Latin square (LS) is another significative configu-
ration in combinatorial design and has a long history [12]. Latin squares have wide
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applications in many fields ranging from quantum information, to experimental de-
signs and cryptology. In particular, orthogonal Latin squares have a very closed
connection with mutually unbiased bases [19, 38, 39, 44].

In recent years, Musto and Vicary introduced the notions of quantum Latin
square (QLS) [32], weakly orthogonal QLSs and orthogonal QLSs [31], where clas-
sical symbols appearing in entries of arrangements were extended to quantum states.
These concepts could be used to construct unitary error bases and mutually un-
biased bases [32, 33, 31]. In 2018, Goyeneche et al. put forward the concept of
quantum Latin cube (QLC) and quantum Latin hypercube [18]. They also intro-
duced the notions of orthogonal QLCs and orthogonal quantum Latin hypercubes.
Moreover, they identified a crucial ingredient missing in the previous approach
in [31]: they pointed out that a pair of orthogonal QLSs could be entangled in
such a way that they cannot be expressed as two separated arrangements, the same
with orthogonal QLCs and orthogonal quantum Latin hypercubes. These entangled
designs are intrinsically associated with quantum orthogonal arrays (QOAs) [18],
which can generate k-uniform states.

A self-orthogonal Latin square (SOLS) is a special kind of orthogonal LSs, which
is orthogonal to its transpose, thus it is not equivalent with a pair of orthogonal LSs.
Indeed, SOLS takes up less storage space in experimental designs than orthogonal
LSs, which is one of the reasons why it is an interesting concept in combinato-
rial designs. In this article, we will introduce a quantum version of SOLS, which
will be named self-orthogonal quantum Latin square (SOQLS). Primarily we will
exhibit construction methods of mutually orthogonal quantum Latin squares (MO-
QLSs), mutually orthogonal quantum Latin cubes (MOQLCs), such that families
of k-uniform states can be obtained, with k& = 2,3. Furthermore, we will intro-
duce generalizations of MOQLSs and MOQLCs in which the arrangements may be
entangled, so that they will have a one-to-one relationship with QOAs.

The article is organized as follows. In Section 2 we present two construction
methods: One is the direct product for MOQLSs and the other is filling in holes for
SOQLS. Interestingly enough, the obtained MOQLSs and SOQLS are not equivalent
with each other. Meanwhile, we define the notions of incomplete quantum Latin
squares (IQLSs) and orthogonality on them as tools for the construction of filling
in holes. In Section 3 we give a notion of mutually orthogonal quantum Latin
cubes (MOQLCs), which is different from the one in [18]. Moreover, we show a
construction method of direct product for MOQLCs. In Section 4 we introduce the
notions of generalized mutually orthogonal quantum Latin squares (GMOQLSs)
and generalized mutually orthogonal quantum Latin cubes (GMOQLCs), whose
arrangements may be entangled. Actually, MOQLSs and MOQLCs are special
cases of GMOQLSs and GMOQLCs when the arrangements are fully separated.
Moreover we give direct proofs of the one-to-one relationships between GMOQLSs
and QOAs, as well as GMOQLCs and QOAs with size d? and d3, respectively.
Finally, after setting up the quantum combinatorial designs, we get a family of k-
uniform states and absolutely maximally entangled states. In Section 5 we gather
and discuss the main results obtained in this article and draw our conclusions.

2. QUANTUM LATIN SQUARES

2.1. Classical Latin squares. In this section, we review some basic combinatorial
concepts used in this work. A (classical) Latin square of order d denoted by LS(d)
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is a d X d square in which each of the numbers 0,1,...,d — 1 occurs exactly once
in each row and exactly once in each column. Two Latin squares Ly, Lo of order d
are orthogonal, if when L is superimposed on Ls, every ordered pair 00,01,...,d—
1d—1 occurs. A set of t > 2 mutually orthogonal Latin squares of order d, denoted
by t--MOLS(d), is a set of Latin squares Lq,...,L; (t > 2) such that every i, j,
1<i<j<t, L;and L; are orthogonal. A self-orthogonal Latin square (SOLS) is a
Latin square that is orthogonal to its transpose. The reader can see the references [8,
20, 10, 12] for deep research on them.

Lemma 2.1. ([8]) There exists a SOLS(d) if and only if d > 4 and d # 6.

Let m(d) be the largest number of mutually orthogonal classical Latin squares
of order d.

Lemma 2.2. ([10]) For any integer d > 2, m(d) < d—1.

An orthogonal array of size r, with N factors, d levels, and strength &, denoted
by OA(r, N,d,k), is an r x N array A over a set S of d symbols such that every
r X k subarray contains each k-tuple based on S exactly A times as a row, where
A =r/d* [20].

Actually, mutually orthogonal classical Latin squares have an equivalence rela-
tionship with orthogonal arrays of strength 2 and A = 1.

Lemma 2.3. ([20]) There exists a t-MOLS(d) if and only if there exists an OA(d?,t+
2,d,2).

As a consequence of the relation between MOLSs and OAs given by Lemma 2.3,
there are some results about the largest number of MOLSs m/(d).

Lemma 2.4. (]7, 9, 10, 20])

1) If q is a prime power, then m(q) = q — 1.

2) Suppose that d = p*py? ...phe, where s > 2, r; is a positive integer, p; is a
prime and p; # pj for 1 <i# j <s, then m(d) > min{p;’ —1:1 <i < s}.

3) For any d # 2,6, m(d) > 2.

4) For any d # 2,3,6,10, m(d) > 3.

5) For any d # 2,3,4,6,10,22, m(d) > 4.

2.2. Quantum Latin squares. Recently, quantum Latin square (QLS) [32] and
orthogonal QLSs [31] have been introduced. In this section, we review the concepts
of QLS and orthogonal QLSs, but also generalize the orthogonality of two QLSs
to t QLSs, and self-orthogonal quantum Latin square. In the following, let [d] =
{0,1,...,d — 1} and S4 be the symmetric group on the set [d] .

Definition 2.5. A quantum Latin square ® of dimension d denoted by QLS(d) is
a d x d array of vectors |®; ;) € C%, i, j € [d], such that every row and every column
determine an orthonormal basis of the complex vector space C¢.

Two classical Latin squares are said to be equivalent if one can be transformed
into the other by permutations of the rows, columns or relabeling the symbols.
Similarly, there is a notion of equivalence between two quantum Latin squares [32].

Definition 2.6. Two quantum Latin squares ®, ¥ of dimension d are equivalent if
there exists a unitary operator U on C%, a set of modulus-1 complex numbers Cij,
and two permutations o, 7 € Sy, such that the following holds for all 4, j € [d]:

(1) 1Wi,5) = ciiUl@o i) ~(5))-
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By associating with each number [ € [d] in a classical Latin square of order d and
the computational basis element |I) € C?, we get a quantum Latin square for which
the elements in every row or column form a computational basis, and we call it a
classical quantum Latin square. Moreover, if a quantum Latin square is equivalent
to a classical one, then we also call it a classical quantum Latin square, otherwise,
it is a non-classical quantum Latin square [33] or a genuinely quantum Latin square
[35].

Lemma 2.7. If ® is a classical quantum Latin square of dimension d, then for
any i,j,m,n € [d], it satisfies [(D; ;| P, )| =0 or 1.

Proof : Let | = (; ;) be a classical Latin square of order d, and L = (|/; ;)) be the
corresponding classical quantum Latin square of [. Then for any 4,j,m,n € [d],
it should be true that (I; j|i;n) = 0 or 1. Suppose ® is equivalent to L, then
there exists a unitary operator U on C%, a family of modulus-1 complex numbers
¢ij, and two permutations o, 7 € Sy, such that for any 4, j € [d], the equation |I; ;) =
CijU|q)a'(i),'r(j)> holds. Thus, <li,j|lm,n> = C;kjcm’n<(1)g(i)ﬂ-(j)|UTU|(I)U(m)7T(n)> = C;chm,n
(@o(i),r ()| Po(m),r(n)) = 0 or 1. Since €ijs Cmn are modulus-1 complex numbers,
and o, T € Sy, then for any i, j, m,n € [d], it is true that [{(®; ;|®s, )| =0o0r 1. O

Definition 2.8. Two quantum Latin squares ®,¥ of dimension d are orthogonal
if the set of vectors {|®; ;) ® |¥; ;) : i,j € [d]} forms an orthonormal basis of the
space (Cd ®(Cd7 i.e.7 <(I)i,j & \I/Lj | (bi’,j’ & \Ili/7jl> = <q)i7j|(bi’,j’><\lli,j|‘Ili’,j’> = (Sii/(sj'j/,
for i, 4,4, j' € [d].

The orthogonality of quantum Latin squares is unaffected by conjugation of one
of the squares [33].

Definition 2.9. Given a quantum Latin square ®, its conjugate ®*, is the quantum
Latin square with entries (|®} ;)) = (|®; ;)*) for 4,5 € [d].

Lemma 2.10. ([33]) Two quantum Latin squares ®, U are orthogonal if and only
if ®*, U are orthogonal.

Similar with the concept of self-orthogonal (classical) Latin square, we give a
definition of self-orthogonal quantum Latin square.

Definition 2.11. Given a quantum Latin square ®, its transpose ®7 is the quan-
tum Latin square with entries (|®7,)) = (|®;,)) for ,j € [d].

Definition 2.12. Given a quantum Latin square ®, its conjugate transpose ® is
the quantum Latin square with entries (|<I>ZT]>) = (|®;,)*) for 4,5 € [d].

Definition 2.13. Let ® be a quantum Latin square of dimension d. If ® is orthog-
onal to its conjugate transpose, then we call it a self-orthogonal quantum Latin
square, and denote it by SOQLS(d).

From Lemma 2.10, we know that ® is orthogonal to its conjugate transpose ®f
if and only if ® is orthogonal to its transpose ®T. So we have the following lemma.

Lemma 2.14. ® is a SOQLS(d) if and only if ® is orthogonal to its transpose ®T.

Lemma 2.15. If @ is a SOQLS(d), then d > 4; moreover, {|®;;) : i € [d]} forms
an orthonormal basis of the space C?.
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Proof : Since for any i,j € [d], (®;; ® D;;|Pi @ i) = (®;;]P;)? = §;;. Thus
{|®;:) : i € [d]} forms an orthonormal basis of the space C?. The impossibility of
d = 2 is obvious. If a SOQLS(3) exists, then {|®;;) : i € [3]} forms an orthonormal
basis of the space C3. Furthermore (®o;|®;;) = 0 and (®14]|®;;) = 0 for i = 0,1,
which is in contradiction with (@1 ® $19|Paz ® Po2) = 0. Therefore d > 4. O

Example 2.16. (Non-classical SOQLS) There exists a SOQLS(14).

Let

_[10) +[11) + [12) + [13) _ [10) — [11) + [12) — [13)

1) 5 o le2) 3 :
(hs) = [10) 4 |11) ; [12) — |13>7 l61) = [10) — |11) ; [12) + \13>'
Then,
0) | 16) [ 113) | [7) [ [12) | 13) | [8) | [10) [ [9) | A1) | [5) | [4) | |2) | |1)
110) | (1) | [7) [ [12) | [5) |11 | [2) | [4) [[13) [ [3) | [9) | [6) | [8) | |0)
18) | 11) | [2) | 9) | [7) [ [13) | [10) | [6) [[12) | [1) | |4) | [5) | |0) | |3)
113) | [7) [110) [ 13) | 6) | [4) [ 19) | [1) | [11) | [12) | 8) | 10) | [5) | [2)
19) [ 112) | 10) | [11) | [4) | 16) | [3) | [2) | [10) [ [13) | [7) | 8) | [1) | )
6) | 18) | [1) | [10) | [13) | I5) | [12) | [11) [ [7) | [2) | [0) | [3) | |9) | |4)
112) | [9) | 18) [[13) | [11) | [0) | [6) | [5) | I3) | [10) | [2) | [1) | [4) | [7)
5) | [13) | [12) | [8) | [10) | [2) | A1) | [7) [ [4) | 10) | [1) [ [9) | [3) | |6)
[11) | [5) | 3) [ 10) | [1) | [10) [ [13) | [12) | |8) | [4) | 16) | [2) | [7) | [9)
14) | [10) | [11) | 1) | [2) [[12) | [0) | [13) [ [5) | [9) | [3) | [7) | [6) | I8)
17) 110y [ 16) | 12) | 19) [ 18) | [4) | [3) | [1) | [5) | |¢n) | |¢2) | |¢s) | |¢a)
1 1 12) [ 19 [ [4) [ 13) [ 17) | [5) | [8) | [0) | 6) | |¢a) | |¢s) | |¢2) | |¢1)
13) | [4) [ 15) [ 16) | 10) | 1) | [7) | 19) [ [2) | 18) | |¢2) | |n) | |¢a) | |9s)
12) 1 13) [ 14 [ 15 | 18) [ 19 | [1) [ 10) [ [6) | [7) |I¢s) | |¢a) | |¢n) | |¢2)
is a non-classical SOQLS(14).
A set of t > 2 quantum Latin squares of dimension d, say ®1,®s,..., Dy, is

said to be mutually orthogonal, and is denoted by t-MOQLS(d), if ®; and ®; are
orthogonal for all 1 <i < j <t.

Let M(d) be the largest number of mutually orthogonal non-classical quantum
Latin squares of dimension d. Analogously to classical Latin squares, an upper
bound to M(d) can be proved.

Lemma 2.17. ([33]) For any integer d > 2, M(d) <d — 1.

In the following, we will focus on the bound which can be reached for mutually
orthogonal non-classical quantum Latin squares.

2.3. Direct product construction. In this subsection, we will provide a con-
struction of mutually orthogonal quantum Latin squares by direct product. In
particular, we describe a method to construct mutually orthogonal non-classical
quantum Latin squares from the mutually orthogonal classical Latin squares.

Let V and W be Hilbert spaces of dimension d; and ds respectively. Then
the tensor product V' ® W is a Hilbert space of dimension dids, whose elements
are linear combinations of ‘tensor products’ |v) ® |w) of elements |v) of V' and
|w) of W. In particular, if {|7)} and {|j)} are orthonormal basis of the spaces V
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and W, respectively, then {|i) ® |j)} is an orthonormal basis of V ® W, whence
Chdz ~ Ch @ C% [34].

Construction 2.18. (Direct Product Construction) If there exists a 2-MOQLS(d;)
and a 2-MOQLS(dy), then there exists a 2-MOQLS(d1ds).

Proof : Suppose ®' = (|9} ;)), ®* = (|97 ;)) is a pair of orthogonal quantum Latin
squares of dimension dy, and W' = (|W} ), @2 = (|¥2 )) is a pair of orthogonal
quantum Latin squares of dimension dy. Then ® = (|®(; ;,(jn))) = @' @ ¥! and
U = (|¥3m) ) = P* ® U2 is a pair of orthogonal quantum Latin squares of
dimension d;ds, where |¢'(i,m),(j,n)> = |<I)11,j> &® |‘Il1ln,n> and I\I’(i,m),(j,n)> = ‘q)?’j> ®
| In Eact, the set of vectors {|®; m).(j.n)) @ ¥ (i,m),(in)) & 05J € [di],m,n € [da]}
forms an orthonormal basis of the space C*1% @ C%% Indeed,

(P m). () @ 1Y (5,m), (o) )5 | R (o) 57 n)) @ [ (o), (57m)))

= ((12; ;) @ [¥,, ) @ (197 ;) @ [¥2, )), (1) ;) @ |V ) @ (197 5) @ |92, )
= (19;,) @ [¥y, ), [R5 ) @ [Wy, ) (19F,) @ (W2, ), 17 ) @ [W2, 1))

= (@ ;@) ;) (PF 5197 ) (W, U0 (P2, Y2 )

= 5110151 Gomn B

(]
The construction can be easily generalized to ¢ mutually orthogonal quantum
Latin squares.

Corollary 2.19. Letl > 2. If there exist a t;-MOQLS(d;), for any 1 < j <1, then
there exists a t-MOQLS(d), where t = min{ty,to,...,t;} and d = dydy---d;.

In particular, mutually orthogonal quantum Latin squares of dimension djds
can be established from mutually orthogonal classical quantum Latin squares of
dimension d; and dy after the action of unitary matrices.

Construction 2.20. If there exists a 2-MOLS(dy) and a 2-MOLS(dy), then there
exists a 2-MOQLS(d1dz).

See Appendix A for the proof of Construction 2.20. Analogously to Corol-
lary 2.19, we can generalize the result as follows.

Corollary 2.21. Let ! > 2 and d = didy - - - dj, with m(d;) > 2 for all1 < j <.
Then there exists a t-MOQLS(d) with t = min{m(d;), m(dz),...,m(d;)}.

From the proof of Construction 2.20, for given suitable unitary matrices we get
plenty of non-classical quantum Latin squares by different choices of the 7s in each
block of ® or ¥. Actually, for different choice of 7 in each block of the two squares,
we can get different 2-MOQLS(d;ds)s. Obviously, we cannot choose s all being I
or U in @ or W, if we want to get non-classical quantum Latin squares.

Example 2.22. (Non-classical 2-MOQLSs) There exists a 2-MOQLS(12).
Proof : Let C* = span{[0),[1),|2)} and C* = span{|0), [1), |2),]3)}. Then C!? ~
C*® C3 = span{|i) ® |j) : i € [4],j € [3]} = span{|0),[1),...,[11)}. Define

U= > |i){i] ® U;, where
i€[4]



(2)

11 1 1+y/-T2 0
2m/—1 —2n/—1 1
Us=1|1 S T L, Uh=—| -vVF 1 %4—\/—71
—2nxy=1  2xy=1 \/3 L —
le 3 e 3 7 V-1 1—4/3F
1 1L 2 2 1
vz V2 3 3 3
U=\ v - O | U= 35 -3 3|
1 _2 1 2
0 0 V2 3 3 3
The orthogonal classical quantum Latin squares of dimension 3 and 4 are
0y | 11) [ [2) | 13) [ 10) | [1) | [2) | 3)
3) 120 (10 [10)] (20 [13) [10) [ 1] o5 oot
10110y 1) [ 2] [13) (12 [ 1) [10) |- o or|
12) [ 13) [10) | D J[ 1) 1 10) | [3) | [2)
Lt L? K! K?
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)

Define @ and ¥ as the arrays (4) and (5), then ® and ¥ is a pair of orthogonal
quantum Latin squares of dimension 12. Furthermore, put (7, j) = (0, 3), (m,n) =

(9,10), then [{@o5/®9,10)| = [(3JU[4)] = |2 # 0 or # 1 for &; put (i,j) =
(0,3), (m,n) = (9,1), then [(To5|Wo1)| = [(BUT|4)] = [\/F| # 0 or # 1 for T,
where we set |3) = |1)®10) and |4) = |1)®|1). Thus ® and ¥ are both non-classical
quantum Latin squares by Lemma 2.7.

10) 11D [ 2) [ 13 [ 4 [ 15 [[6) |I7) [ [8) ] [9) |[10) |[11)
1) 112) [ 10) [ [4) [ 5 [ [3) [ [7) [18) | [6) |[10) |[11) | [9)
2) 110) [ 1) [ 5 [ [3) [ [4) [[8) | 6) | [7) | [11)] [9) |[10)
19) [[10) 1) [ 6) | [7) | [8) [ 13) | 14) [ [5) ] 10) | [1) | [2)
[10) [ 1) [ [9) [ 7) [ 18) [ 6) [ [4) [15) | 3) | [1) | [2) | [0)
[11) | 19) [110) | [8) [ 6) [ [7) [ 15) [I3) | [4) | [2) | [0) | [1)
3) | [4) | [5) [UI0)|U1)|U[2)] 19) |[10)|[11)] [6) | [7) | [8)
4) | 15) | [3) [UID|UI2)|U]0)[[10)[[11)| [9) | [7) | [8) | |6)
5) | 13) | [4) |[UI2)|U]0)[U[H){[11)] |9) |[10)| [8) | [6) | [7)
Ule) |UIT)|UI8)| [9) |[10) |[11) [ [0) | [1) | [2) |U|3)|U|4)|U]5)
U7 |UI8)|U16) | [10) | [1L) | [9) | [1) | 2) | [0) |U|4)|U[5)|U|3)
U [U16) (U7 [ [11) | [9) [[10) [ [2) [ 10) | [1) [UI5)|UI3)[U]4)
0) | 1) | [2) [UI3)|U4)|UI5)| [6) | |7) | [8) | [9) |[10) | [11)
12) [10) [ [1) |UI5)|UI3)|U[4)| [8) | 6) | [7) | [11) | [9) | [10)
1) [ [2) [ [0) |U4)|U5)|U[3)| |7) | [8) | [6) | [10) | [11) | [9)
16) | 17) | 18) | [9) [[10) [[11) [ |0) | 1) | [2) | [3) | [4) | [5)
18) [16) [ [7) |[11) | [9) |[10) | [2) | 0) | [1) | [5) | [3) | [4)
17) [ 18) [ [6) | [10) [[11) | [9) | [1) | [2) [ [0) | |4) | [5) | [3)
19) |[10) |[11) |U16) |U|7) |U[8)| [3) | |4) | |5) |U10)|U[1)|U]|2)
[11) | [9) [[10)|U]8)|U[6) | U|7)| [5) | [3) | |4) |U[2)|U]0) |UJ1)
[10) [[11) | [9) [UI7) |U[8) |U16) | [4) | [5) | [3) |U[1)|U[2) |U0)
13) [14) [ 15) [ [0) | [1) | [2) | |9) |[10)|[11)] |6) | [7) | [8)
15) [ 13) [ 14) | [2) [ [0) | [1) [[11)] [9) [[10)] [8) | [6) | [7)
14) [15) [13) | [1) [ [2) | 10) [[TO)[11)[[9) | |7) | [8) | [6)

O

From Lemma 2.4, Lemma 2.17, Corollary 2.19 and Corollary 2.21, we draw the
following conclusion.
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Theorem 2.23. 1) Suppose that d = p]'py? ...phs, where s > 2, r; is a positive
integer, p; is a prime and p; # p; for 1 <i# j <s. Then

M(d) > min{p;* —1:1<i<s};

moreover, if s = 1,71 > 2, withry =7 +7", 0 < v’ <", then M(d) > p} —1.

2) Let By = {2,3,4,6,8,18,p,2p,6p : p > 5 is a prime}. If d € Es, then
M(d) > 2.

3) Let E5 = {9,12,24,27,50,54,3p : p > 5 is a prime}. If d € Ey U E3, then
M(d) > 3.

4) Let B4 = {16,32,36,48,66,110,242,4p : p > 5 is a prime} = E4. Ifd &
FEs U E3U Ey, then M(d) > 4.

2.4. Filling-in-holes construction. In this subsection, we will provide another
method (filling in holes) to construct new types of orthogonal non-classical quantum
Latin squares (self-orthogonal quantum Latin square), which are not equivalent to
the orthogonal quantum Latin squares constructed in Section 2.3. Firstly, we review
some basic combinatorial concepts used in this work.

Let H = {51,52,...,5,} be a set of disjoint subsets of [d]. An incomplete
Latin square ILS(d; s1, S2, ..., 8,) [10] with hole set H is a d x d array L whose
rows and columns are indexed by the elements of [d], and satisfies the following
properties:

1. each cell of L is empty or contains an element of [d];

2. the subarrays (called holes) indexed by S; x S; are empty for 1 < i < n; and

3. suppose the row or column is indexed by s, then the elements in the row or
column are exactly those of [d] \ S; if s € S;, and of [d] otherwise.

It is easy to see that when H = (), an incomplete Latin square is exactly a
Latin square.

Two incomplete Latin squares on the symbol set [d] and with hole set H, say L
and Lo, are said to be orthogonal and denoted by IMOLS(d; s1, S, . . ., $p,) if their
superimposition yields every ordered pairs in ([d] x [d]) \ U/, (S; x S;). Similarly,
t-IMOLS(d; s1, S2, - - - , 85 ) denotes a set of t ILS(d; s1, $2, . - ., S )s that are pairwise
orthogonal [10].

If H={51,52,...,5,} is a partition of [d], then an incomplete Latin square is
called a partitioned incomplete Latin square, denoted by PILS. The type of the
PILS is defined to be the multiset {|.S;] : 1 < ¢ < n}. We shall use an ‘exponential’
notation to describe types, so type hi'hg?---h)'"" denotes n; occurrences of h;,
1 <4 <1, in the multiset. Similarly, -HMOLS(h7*hy? --- b)) denotes a set of t
PILSs of type hY'h3?*---h;" that are pairwise orthogonal [6].

An incomplete Latin square is called sel f-orthogonal and denoted by ISOLS [6],
if it is orthogonal to its transpose. When {51, Sa, ..., S, } is a partition of [d], we use
the notation HSOLS(h{*hy? - - - b)) instead of ISOLS with the type hi*hg? --- h}"
accurately.

Lemma 2.24. [46, 48] For h > 2, there exists an HSOLS(h™) if and only if n > 4.

For more results on HMOLSs, we refer to [4, 5, 11, 27, 45, 47].
An incomplete Latin square is usually used to construct a Latin square by the
method of filling in holes in the field of combinatorial designs. In this section, we

are going to construct some quantum Latin squares by applying that method. Now
we generalize the definitions of ILS, t-IMOLSs, --HMOLSs, ISOLS and HSOLS to



v =

QUANTUM COMBINATORIAL DESIGNS AND k-UNIFORM STATES 9

incomplete quantum Latin square, incomplete mutually orthogonal quantum Latin
squares and incomplete self-orthogonal quantum Latin square.

Definition 2.25. Let V = {V;,V4,...,V,} be a set of mutually orthogonal sub-
spaces of the complex vector space C%, where dimV; = d; for 1 < i < n. An
incomplete quantum Latin square IQLS(d;d1,ds, ... ,d,) with hole set V is a
d x d array U whose rows and columns are indexed by one orthogonal basis of C,
{d1,02, ..., ¢a}, satisfies the following properties:

1. every cell of W is either empty or contains a unit vector of C%;

2. the subarrays (called holes) whose rows and columns are indexed by the basis
of V;s are empty; and

3. suppose the row or column is indexed by ¢, then the elements in the row or
column are exactly the basis of C?\ V; if ¢ € V;, and of C? otherwise.

An incomplete classical Latin square is an incomplete quantum Latin square for
which every element of the array is in the computational basis, and we call it a
classical incomplete quantum Latin square.

Two incomplete quantum Latin squares on C? and hole set V, say ¥ and
®, are said to be orthogonal, and are denoted by IMOQLS(d;dy,ds,...,d,), if
their “superimposition” yields an orthonormal basis of (C? ® C%)\ @, (V; @ V;).
A set of t IQLS(d;dy,ds,...,d,)s that are pairwise orthogonal is denoted by t-
IMOQLS(d, d17 d2, ce 7dn)

Similar with the classical case, if V = {V1,Va,...,V,,}, where @, ., Vi = C?,
then an incomplete quantum Latin square is called a partitioned incomplete quantum
Latin square, and denoted by PIQLS. A set of t PIQLSs of type d}'dy? - - - d}"* that
are pairwise orthogonal is denoted by t--HMOQLS(dy*d5? - - - d;'"). Here the mean-
ing of the notation of type is analogous to the classical case. The type of a PIQLS
is defined to be the multiset {dimV; : 1 <1 < n}. So type di*dy? - --d;" denotes n;
occurrences of d;, 1 <14 <[, in the multiset.

Here we give an example of two quantum Latin squares obtained from two dif-
ferent kinds of incomplete quantum Latin squares by filling the holes.

Example 2.26. There is a non-classical QLS(4) from a classical IQLS(4;2), and a
non-classical QLS(7) from a classical PIQLS(1322).

0) 13) 1) [2) 1013 1) 2)

0) B} 0 |2 220 0]

o= [3) 21| & = [3) [P BB ) ))

1) [0y 13) 0 TR o

2) [12]1D[I3)[0) 2 2y T [13)[[0)
0) 11) 12) 13) 14) [5) [6) TR E B T
0) | B ISLONLLZY 100 [y D) J6) | J0) | 19 | [3)
famoii A AR

’_ [3)+[4) [[3)=14)
1 O 20T 1 e L I L
14) [15)[12)]]6) 0y[]T) 14) [15)|12)]16)| =%~ | =] 10) | 1)
5) [13)[12)] 10 [TT)[2) 5) [13)[[4]i0y] 1) [ J2y |PUIEELTD
16) [19)]10)[[3)[12)[11) 1 Ty 12 | [ SDY DR
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Notice that for a PIQLS we can always get diagonal holes by permuting the
rows and columns, therewith the order of the indexes changed such as ® or ¥ in
Example 2.26. Moreover, by the process of filling in holes in Example 2.26, the
construction below can be obtained directly without proof.

Construction 2.27. (Filling in Holes) If there exists an IQLS(d;dy,da, ..., dy)
and a QLS(d;) for 1 <i <mn, then there exists a QLS(d).

An incomplete quantum Latin square is called sel f-orthogonal if it is orthogonal
to its conjugate transpose. We use the notation ISOQLS(d;dy,ds, . .., d,) for in-
complete self-orthogonal quantum Latin square and HSOQLS for when {V1, V3, ...,
V,.} is a partition of C¢ like classical ones.

From the Construction 2.27, we get the following corollary.

Corollary 2.28. If there exists an HSOQLS(dY}) and a SOQLS(dy), then there
exists a SOQLS(dyn).

In particular, we can also obtain a non-classical SOQLS(dyn) from a classi-
cal HSOQLS(d?) by filling in the holes of size d; with SOQLS(d;)s which are
from classical SOLS(d;)s after a unitary matrix action. Here we denote by Z, =
{0,1,...,d — 1} the additive group of integers modulo d.

Construction 2.29. If there exists an HSOLS(d}) and a SOLS(dy), then there
exists an SOQLS(din).

See Appendix B for the proof of Construction 2.29.
Example 2.30. (Non-classical SOQLS) There exists a SOQLS(16).

See Appendix I for the proof of Example 2.30.

According to the constructions above, a SOQLS can generate a pair of orthogonal
quantum Latin squares. But it is easy to see that the SOQLS is not equivalent to a
2-MOQLSs constructed in Section 2.3, since SOQLS has the special property that
it is orthogonal with its transpose. Moreover, by Lemma 2.1, Lemma 2.24 and
Construction 2.29, we get the main result of this subsection.

Theorem 2.31. If di,dy > 4, then there exists a SOQLS(d1ds), except possibly
for dimension 36.

Incomplete quantum Latin squares play an important role in the construction
of filling in holes. Here we present a helpful construction for getting incomplete
quantum Latin squares, which is a variation of the weighting construction of Lemma
3.6 in [46].

Construction 2.32. (Weighting) If there exists a (classical) HMOQLS(h™) and a
(non-classical) 2-MOQLS(m), then there exists a (non-classical) HMOQLS((hm)™).

See Appendix C for the proof of Construction 2.32. Furthermore, Construc-
tion 2.32 can be generalized to t-HMOQLSs.

Corollary 2.33. If there exists a (classical) t-HMOQLS(h™) and a (non-classical)
t-MOQLS(m), then there exists a (non-classical) t-HMOQLS((hm)™).

Let ¥ = {|¥; ;)} be an HSOQLS(h™) with hole set V = {Vi, Va,...,V,} on C"",
and assume that the holes are in the diagonal line, and dimV; = h for 1 < i < n.



QUANTUM COMBINATORIAL DESIGNS AND k-UNIFORM STATES 11

Suppose ®' = {|®},)} and &> = {|®7,)} is a 2-MOQLS(m) on C™. Let ® =
{1®i,1),(j,k)) }> where

Wiy @ [®y), if i <
(5) G0, 0) = { U, ;) ® |<I>iyl>*, otherwise.

Then & is an HSOQLS((hm)™) with hole set V' = {V; @C™, Vo0 C™, ..., V, @ C™}
on Chmn,

Construction 2.34. If there exists an HSOQLS(h™) and a 2-MOQLS(m), then
there exists an HSOQLS((hm)™).

See Appendix D for the proof of Construction 2.34.

Example 2.35. An HSOQLS(3%) can be constructed from an HSOQLS(1%) and a
2-MOQLS(3).

See Appendix J for the proof of Example 2.35.

3. QUANTUM LATIN CUBES

3.1. Classical Latin cubes. In this section, we list some notions of Latin cubes
and the orthogonality among them which are from Ref. [12].

A (classical ) Latin cube of order d, denoted by LC(d), is a d x d x d cube
(d rows, d columns and d files) in which the numbers 0,1,...,d — 1 are entered
so that each number occurs exactly once in each row, column and file. Three
Latin cubes of order d are orthogonal, if when superimposed, each ordered triple
000,001,...,d —1d—1d — 1 occurs. A set of Latin cubes Ly, Lo, ..., L; (t > 3) is
mutually orthogonal, or a set of MOLC, if for every 1 <2z <y <z <t, L,, L, and
L, are orthogonal. We denote such set by :-MOLC(d).

Mutually orthogonal classical Latin cubes have a close relationship with orthog-
onal arrays of strength 3 and A = 1.

Lemma 3.1. Fort > 3, there exists an OA(d3,t+3,d, 3) if and only if after remov-
ing the first 8 columns, the remanning t columns satisfy the following conditions:
(A) they correspond to t mutually orthogonal Latin cubes;
(B) every corresponding planes of any two cubes is a pair of orthogonal Latin
squares.

See Appendix E for the proof of Lemma 3.1. In the following, we mainly consider
the special case of ¢ mutually orthogonal Latin cubes having Property (B).

Let ¢(d) be the largest number of mutually orthogonal classical Latin cubes of
order d with Property (B). By the relation between MOLCs and OAs in Lemma 3.1,
some results about the number ¢(d) follow.

Lemma 3.2. ([12, 10, 26])

1) For any integer d > 2, ¢(d) < d — 1.

2) If ¢ > 5 is a prime power, then c¢(q) > q— 2. Moreover, if ¢ > 4 is a power of
2, then c¢(q) > q— 1.

3) Let d be an integer satisfying ged(d,4) # 2 and ged(d, 18) # 3, then ¢(d) > 3.
Besides, ¢(15),¢(21) > 3.
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3.2. Quantum Latin cubes. Goyeneche et al. put forward the concepts of quan-
tum Latin cube and orthogonality among three quantum Latin cubes in Ref. [18].
In this section, we review the concept and give a new definition of orthogonality
among the quantum Latin cubes.

Definition 3.3. A quantum Latin cube ® of dimension d, denoted by QLC(d), is
a d x d x d cube of elements |®; ;) € C%,4,j,k € [d], such that every row, every
column and every file determine an orthonormal basis of the complex Hilbert space
ce.

Two classical Latin cubes are said to be equivalent if one can be transformed into
the other by permutations of the rows, columns, files or relabeling of the symbols.
Similarly, we give a notion of equivalence between two quantum Latin cubes.

Definition 3.4. Two quantum Latin cubes ®, ¥ of dimension d are equivalent if
there exist a unitary operator U on C%, a family of modulus-1 complex numbers Cijk
and three permutations o, 7, € Sy, such that the following holds for all i, j, k € [d]:

(6) Wijk) = CighUlPoi).r(i).ck))-

A classical Latin cube can form a quantum Latin cube by associating each num-
ber in the classical Latin cube with a computational basis element, and we call it
classical quantum Latin cube. Moreover, if there is a quantum Latin cube equivalent
to a classical one, then we also call it a classical quantum Latin cube, otherwise, it
is a non-classical quantum Latin cube. Similarly to classical quantum Latin squares,
classical quantum Latin cubes also have the following property, with a similar proof.

Lemma 3.5. If ® is a classical quantum Latin cube of dimension d, then for
any 4, j,k, f, g, h € [d], one has [(®; x|®ygn)| =0 or 1.

Now we give a definition of mutually orthogonal quantum Latin cubes, which
differs from the one given in [18] by adding a condition similar to property (B), and
is analogous to Definition 11 of m triplewise orthogonal quantum frequency cubes
in Ref. [37]. This will establish a direct link of this notion with that of a quantum
orthogonal array in Definition 4.1.

Definition 3.6. Three quantum Latin cubes ®,¥, T of dimension d are orthogonal,
if the following properties hold:

1) {|®i k) @ Vi) @ |Yijk) : t,J,k € [d]} forms an orthonormal basis of the
space C¢ @ C4 @ C.

2) for each fixed i,j or k, the corresponding planes of any two cubes coming from
® ¥ and T can form a pair of orthogonal quantum Latin squares, i.e.

D ) Akl @ 1A k) (A k| = Tz,
Ty

for different x,y € {i,7,k}, and A, A € {®, ¥ T}

A set of t > 3 quantum Latin cubes of dimension d, say ®1,®,, ..., dy, is said to
be mutually orthogonal if ®;, ®; and ®; are orthogonal for all 1 <i < j <k <t
and is denoted by t--MOQLC(d).

Thus a set of mutually orthogonal classical Latin cubes with Property (B) forms
a set of mutually orthogonal classical quantum Latin cubes.

Let C(d) be the largest number of mutually orthogonal non-classical quantum
Latin cubes of dimension d. From Lemma 2.17 and condition (2) in Definition 3.6,
we can establish the following upper bound.
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Lemma 3.7. For anyd>2, C(d) <d-—1.

Definition 3.8. Given a quantum Latin cube ®, its conjugate ®*, is the quantum
Latin cube with entries (|} ;,)) = (|®ijx)*)-

In [33], it is proved the orthogonality of quantum Latin squares is unaffected by
conjugation of one of the squares. For quantum Latin cubes, an analogous result
holds.

Lemma 3.9. Three quantum Latin cubes ®, ¥ and Y are orthogonal, if and only
if %, U and T or ®*, ¥* and Y are orthogonal.

See Appendix F for the proof of Lemma 3.9.

3.3. Direct product construction. In this subsection, we will provide a direct
product construction of mutually orthogonal quantum Latin cubes. In particular,
we will give a method to construct mutually orthogonal non-classical quantum Latin
cubes from mutually orthogonal classical Latin cubes with Property (B).

The following direct product construction is similar to the construction described
in Section 2.3, and we will not give the proof here.

Construction 3.10. (Direct Product Construction) If there exists a 3-MOQLC(dy)
and a 3-MOQLC(dy), then there exists a 3-MOQLC(d1dg).

Corollary 3.11. Let [ > 2. If there exists a t;-MOQLC(d;), for any 1 < j <1,
then there exists a t-MOQLC(d), where t = min{t1,ta,...,t;} and d = dyids---d;.

Construction 3.12. If there exists a 3-MOLC(dy) and a 3-MOLC(d3) both with
Property (B), then there exists a S-MOQLC(d1ds).

See Appendix G for the proof of Construction 3.12. Obviously, from the proof
we cannot choose 7s all being I or U, if we want to get a non-classical quantum
Latin cubes.

Corollary 3.13. Letl > 2 and d = didy - - d;, with c(d;) > 3 for all1 < j <.
Then there exists a t-MOQLC(d) with t = min{c(dy), c(d2),...,c(d;)}.

Example 3.14. (Non-classical MOQLCs) There exists a 3-MOQLC(16).

See Appendix K for the proof of Example 3.14.
By Lemma 3.2, Corollary 3.11 and Corollary 3.13, we finally get the following
theorem.

Theorem 3.15. 1) Suppose that d = p*py? ...phs, where s > 2, r; is a positive
integer, p; is a prime and p; # p; for 1 <i# j <s, then C(d) > min{p;’ —2:1 <
i<sliifs=1,r >2 withry =1 +1",0<r <¢", then C(d) > p| — 2.

2) Let dy, do be integers satisfying ged(d;,4) # 2 and ged(d;, 18) # 3, i € {1,2},
then C(dldg) Z 3.

4. GENERALIZED ORTHOGONALITY FOR QLSs AND QLCs

In 2018, Goyeneche et al. put forward the notion of quantum orthogonal ar-
ray [18], which allows to obtain a k-uniform state from a QOA. Moreover, they
point out the close relation between QOAs and mutually orthogonal quantum Latin
squares (or cubes). In this section, we elaborate on the notions in [18] of orthog-
onality among quantum Latin squares (cubes) whose arrangements may be entan-
gled. Furthermore, we show a one-to-one relationship between them and QOAs
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of strength 2,3 with minimal support, such that a family of k-uniform states for
k = 2,3 can be derived by combining the results of the previous sections. The
definition of QOA here is the same as that of IQOA given in Ref. [13].

Let (CH®N =C? @ C?--- ® C?, be the N-fold tensor product of C%. The unit
vectors belonging to (C?)®¥ represents pure quantum states of N parties having d
internal levels each.

Definition 4.1. A quantum orthogonal array QOA(r, N,d, k) is an arrangement
consisting of 7 rows composed by N-partite pure quantum states |p;) € (C4)®N
such that,

r—1

(7) S Try oy (i) (es) = Zela.
i,5=0

for every subset {l1,...,In_r} of N — k parties.
Now we give a notion of generalized orthogonality for QLSs and QLCs which

allows to establish their equivalence to QOAs of strength 2, 3 with minimal support,
ie. r=dF.

Definition 4.2. Let t > 2. A set of d? t-partite pure quantum states [1; ;) € (C¢)®*
arranged as

[Y0,0) 0 [Yo,a-1)

Wacio) - |baoia )

forms a set of generalized mutually orthogonal quantum Latin squares of dimension
d, denoted by t-GMOQLS(d), if the following properties hold:
1. the d? states |¢/; ;) are orthogonal, i.e.

(8) (Wi gl jr) = biardjr.
2.

d—1

9) S Tr gt Wi ) (Wi g | = 60T,
=0
d—1

(10) Z Triy gedimn [ Vi) (Wir 5| = biirla,
=0

for every subset {l1,l2,...,l1_1} of t — 1 parties.
3.

d—1
(11) > Try gt Vi) (Y] = L,

1,j=0
for every subset {l1,l2,...,l;—2} of t — 2 parties.
Remark 4.3. If a t--GMOQLS(d) is composed of fully separable states, i.e. |’t/);4]1 A"’"'A‘>

= [¢) @ [2) @ - ® [y7) for every i,j € [d], then the t-GMOQLS(d) is
just a t-MOQLS(d). In fact, Property (3) implies Property (1); Property (2) is
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equivalent with arrangement {|1ZJ;4J>} being a QLS for every s,1 < s < ¢, ac-
cording to Definition 2.5; and Property (2) and (3) are equivalent with arrange-
ments {|wfj1>}, {|¢f;>}, ce {|1/);4;)} being a set of --MOQLS(d) according to Defi-
nition 2.8.

Proposition 4.4. A QOA(d?,t+2,d,2) generates a t-GMOQLS(d), and vice versa.

Proof : Suppose that |®) is the sum of the d? states in the QOA(d?,t + 2,d,2).
Since |®) can produce a 2-uniform state, we choose the first two subsystems, namely,
i, 7, then

d—1
(12) ) = > lif) © |®iy).
i,5=0

Actually, {|®; ,)} is a set of arrangements of t--GMOQLS(d), where i, j € [d] are
the indexes of the rows and columns of the t-GMOQLS. To show this, we take an
arbitrary subset S C {1,2,...,t + 2} with |S| = 2. Consider the following three
cases: (1) |SN{1,2}=2; (2) |ISN{1,2}=1; (3) |SN{1,2}| =0.

1. When [SN{1,2}| = 2, we have

ps =Trsa. tv2d i e |19) © |®i) (@51 @ (Rir j|
=2 g grela 1)@ [(Pir 1| @i ).

Thus, ps = >, |ig) (@5 |[(Psr j+|Pi ;) = Lz if and only if Eq. (8) holds.
i,4,4,5' €[d]
2. When |S N {1,2}| = 1. Suppose SN{L,2} = {1}, and {l1,ls,...,L,_1} N
{1,2} = 0, then we have

ps  =Trau sl Zi,j,i’,j’e[d] lig) ® |s,5) (i3] @ (Par 5|
= Zi,i/e[d] |9)(i'| ® Zje[d] Ty b, les |(I)iyj><q)i’7j|'

So, ps = > )@ X Triy sty |Pij)(Pirj| = g2 if and only if
1,1’ €[d] JE[d]
Eq. (10) holds. One the other hand, suppose S N {1,2} = {2}, then pgs =

S NGRS Triyag,. e 1 |Pi ) (Pi /| = Lz if and only if Eq. (9) holds.
J,3'€ld] i€ld]
3. When |S N {1,2}]| =0, we have

ps =TT 0 dims Doijir yrefa) 119) @ [Rig) (@5 @ (P ji|
=2 el Tt ta s ti—a | Pi ) (@il
Thus, ps = [z if and only if Eq. (11) holds. O

Example 4.5. Consider the following quantum orthogonal array consisting of five
columns [18]:

0 [0) [0) |
o eoatier2=| g ) |
L) fe)

where |®F) = (]00) 4 [11))/+/2 and [¥*) = (|01) + [10))/v/2 are the Bell basis.
We can see that the first three columns are separable (classical) and the last two
columns are entangled (quantum). From Proposition 4.4, let the first and second
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columns be the address of a triple of generalized mutually orthogonal quantum
Latin squares. Then we get

0)[®F) | [1)]¥F)
DY) [ [0)]e7) |

(14) 3— GMOQLS(2) =

Definition 4.6. Let ¢ > 3. A set of d® t-partite pure quantum states [¢; ;) €
(CH®t arranged as

[¥a-1.,0.0) e [%d-1,0,a-1)
. / . /
e '. o ‘
[*h0.0.0)— - [100,0,d-1) :
I
| [%Pa-1.a-1.0) s —|Ya1.a-1,d-1)
I ,
P -
[10.d-1.0) _ [190,d-1,d-1)

forms a set of generalized mutually orthogonal quantum Latin cubes of dimension
d, denoted by t-GMOQLC(d), if the following properties hold:
1. the d® states {|¢); j )} are orthogonal, i.e.

(15) (Wi o o) = Oiir 055 Operr -
2.
d—1
(16) D Tl bt i) (i e k| = 65500k Ta,
1=0
d—1
(17) D T e i) (i b = SiarOhar L,
=0
d—1
(18) > vty i) (Wi o k| = Biir 65T,
k=0
for every subset {l1,l2,...,lt—1} of t — 1 parties.
3.
d—1
(19) > Tt Wi k) Wik | = Okr T2,
i,j=0
d—1
(20) > Tl g o i) (Wi k| = Bisr a2,

J,k=0
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-1

(21) Triy s, o Vi g k) (Yigr k| = 0551z,
i,k=0

for every subset {l1,l2,...,l;_o} of t — 2 parties.

4.
d—1
(22) > T gt Wi k) (Wi k| = L.
i1 k=0

for every subset {l1,1s,...,l;_3} of t — 3 parties.

Remark 4.7. If a t-GMOQLC(d) is composed of fully separable states, i.e. |wf;"22'“‘4‘>
= [ ) @ [2,) @ @ [ ) for every i, j, k € [d], then the -GMOQLC(d)
is just a --MOQLC(d). In fact, Property (4) implies Property (1); Property (2)
implies that the arrangement {|1/)ZAjk>} is a QLC, for every s,1 < s < ¢, according
to Definition 3.3; Property (3) implies that for each corresponding planes of any
two cubes from ijl,k% |’(/Jf;7k>7 e |w;4;k> form a pair of orthogonal quantum Latin
square, which is consistent with Property (2) of Definition 3.6; and Property (4)
implies that the “superimposed” elements of any three cubes form an orthonormal

basis of (C?)®3 which is consistent with Property (1) of Definition 3.6.
Proposition 4.8. A QOA(d?,t+3,d, 3) generates a t-GMOQLC(d), and vice versa.

See Appendix H for the proof of Proposition 4.8. Here we give an example to
show the relation between QOA and GMOQLC.

Example 4.9. A 4-GMOQLC(7) can be obtained from a QOA(343,4¢ + 3¢, 7, 3).

Proof : Let

|©0,0,0)

|P0,0,1)
(23) QOA(343,4¢c + 30,7,3) = ,

|®6,6,6)

6 .
where | @ k) = [i, k,i+j+k,i+25+4k) @i k), [dijn) = o= 2 w'l+],1+2j+
1=0
5k,1), 0<4,5,k <6,andw = e%\F. In the same way as in Proposition 4.8, let the
first three columns be the address of a 4-tuple of generalized mutually orthogonal
quantum Latin cubes, then we get a 4-GMOQLC(7) from the last four systems of
the QOA(343,4¢ + 30,7, 3). O

So far, plenty of 2- and 3-uniform states have been obtained such as 2-uniform
states for any d > 2, N > 4, except for d = 2, N =4 [43, 17, 29, 50, 22, 36, 42, 41];
3-uniform states for any d > 2,N > 6 except for d = 2 (mod 4), N = 7 [21, 23,
29, 49, 36, 41]; especially, AME(4,d) for d # 2, AME(5,d) for any d, AME(6,d)
for any d and AME(7,d) for d # 2 (mod 4) [23, 24, 43, 36, 29, 41]. Strikingly,
Pang et al. constructed the 2- and 3-uniform states for almost any N and d,
especially on AME(N,d) for N = 4,5, 6, by a special kind of orthogonal arrays [36].
From Propositions 4.4 and 4.8, we see that the MOQLSs and MOQLCs defined in
Sections 2 and 3 also have equivalent relations with QOAs when they have columns
of fully separable states, with k = 2,3 respectively, exactly like the classical ones



18 YAJUAN ZANG, PAOLO FACCHI, AND ZIHONG TIAN*

in Lemmas 2.3 and 3.1. Therefore, from these relations we immediately obtain a
method for constructing 2- and 3-uniform states with minimal-support which are
not locally equivalent to the ones obtained from classical orthogonal arrays in [36].

5. CONCLUSIONS

A generalization of classical combinatorial arrangements to quantum information
has been established. Musto and Vicary gave the notions of quantum Latin squares
and the orthogonality on them [32, 31]. Then Goyeneche et al. put forward the
concepts of quantum Latin cubes and the orthogonality on them [18].

In this article, we elaborated on the notion of mutually orthogonal quantum
Latin cubes. Since the arrangements of MOQLSs and MOQLCs may be entangled,
we came up with the notions of generalized mutually orthogonal quantum Latin
squares and generalized mutually orthogonal quantum Latin cubes. In particular,
MOQLSs and MOQLCs are extreme cases of them with columns of fully sepa-
rable states. Furthermore, we established one-to-one relationships between those
GMOQLSs and QOAs, as well as GMOQLCs and QOAs. Meanwhile, we provided
explicit construction methods of MOQLSs and MOQLCs by direct product and by
filling in holes, which in turn produce multipartite entangled k-uniform states for
k=23.

A necessary condition for the existence of k-uniform states is k < [ N/2]. From
Theorems 2.23, 2.31 and Theorem 3.15, we get new information on the proper-
ties of multipartite entanglement in k-uniform states and in particular on AME
states. These are given by the following three theorems which represent the main
conclusions of this work.

Theorem 5.1. 1) Suppose that d = pi*py? ...phs, where s > 2, r; is a positive
integer, p; is a prime such that p;* > 3 for all 1 < i < s, and p; # p; for 1 <i #
j < s. Then there exists a 2-uniform state of min{p; +1:1 <4 < s} subsystems
with dimension d;

moreover, if s = 1,71 > 2, with vy = v + 7", 0 < v’ < ", then there is a
2-uniform state of p + 1 subsystems. 2) If d & Es, there is an AME(4,d).

3) If d & Ey U Ej3, there is an AME(5,d).

4) If d & Es U E3 U Ey, then there is a 2-uniform state of 6 subsystems with
dimension d.
Here E5, E3 and Ey are the sets defined in Theorem 2.23.

Theorem 5.2. Ifdy,ds > 4, then there is an AME(4,d1ds), different from the one
in Theorem 5.1, except possibly for dimension 36.

Theorem 5.3. 1) Suppose that d = p]'py?...phs, where s > 2, r; is a positive
integer, p; is a prime such that p;* > 5, for all 1 < i < s, and p; # p; for
1 <i# j <s. Then there is a 3-uniform state of min{p" +1 : 1 < ¢ < s}
subsystems with dimension d;

moreover, if s = 1, 1y > 2, withry =7 +71", 0 < v’ < r”, then there is a
3-uniform state of p’l" + 1 subsystems with dimension d. 2) Let di, da be inte-
gers satisfying ged(d;,4) # 2 and ged(d;, 18) # 3, i € {1,2}. Then there is an
AME(6,d1ds).

In this article, we have given explicit construction methods of 2- and 3-uniform
states from MOQLSs and MOQLCs which can also be used to construct unitary
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error bases and mutually unbiased bases. Recently, Peng constructed k-uniform
states starting from QOAs [40] whose rows consist of entangled states, which are
different from the ones exhibited here. As a matter of fact, as shown in this work,
establishing alternative construction methods of GMOQLSs, GMOQLCs and QOAs
has interesting and immediate applications in entanglement theory and in quantum
information science.
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APPENDIX A. PrROOF OF CONSTRUCTION 2.20

Proof : Suppose C% = span{|0), [1),...,|d;—1)} and C% = span{|0),]|1),...,|d2—
1)}. Then Chd2 ~ CHh®Ce: = span{|i)®|j) : i € [d1],7 € [da]} = span{|0),]|1),...,
|dids — 1)}

Let ! = (lij)dlxdly 1?2 = (liz,j)d1><d1 be a 2—MOLS(d1) and k! = (krln,n)dQXdza
k2 = (k?n’n)dzxd2 be a 2-MOLS(d2). Then put L' = {|lllJ> ci,j € [dh]}, L? =
{2;) 24,5 € [d]}, K = {[ky, ,,) : m,n € [da]}, and K? = {|k7, ,,) : m,n € [da]} to
be the corresponding classical quantum Latin squares as follows.

( ) 1 |l(1),0> |l(1),d1—1> 5 ‘1(2),0> |lg,d1—1>
24 ot = - 2= ..
|lél—1,0> |l5!171,d171> ‘l31—1,0> ‘l¢211—1,d1—1>
) 1 |ké,0> ‘ké,d271> 9 ‘k3,0> |kg,d271>
(25 Kl = K2 =
|kr112—1,0> ‘kég—1,42—1> |k(212—1,0> |k(2i2—1,d2—1>
Assume Uy, Uy, ..., Uy —1 are unitary matrices of order dy different from the

identity matrix. Define a unitary matrix U of order d;ds:

(26) U= Y |i)ileU.

i€[dq]
Let T be the identity matrix of order d;ds:

(27) I= Y |i)ileL,

i€ [dq]

where I, ...,1z, 1 are the identity matrices of order ds.
Define

(28) ® = (|1 (i,my, o)) = (T j) @ k) = (i) @ Tir [k ),
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(29) U = (19 m),Gm)) = (T12) @ kg, n)) = (1) @ 7z |k7, )

where 7 € {I,U}. Then ®, ¥ can be written as the following squares:

o) @K' -] 7lloa—1) ©K"
(30) =
T|ld1 10>®K1 T‘lrlll—l,dl—1>®K1
Ti50) @ K2 -] 7ll5a,-1) @ K
(31) U =
T|13171,0>®K2 T‘l?il—l,dl—l>®K2

Any block 713, @ K* = 5 [l ® nlliy;) © K%) = l5,) @ me, K* = (l5) ©
’ie[dl] "
:m,n € [da]}, where 7; € {I;,U;}. Here, for each block in ® and U, the
choice of 7 from {I, U} is independent.
It is easy to check that ® and ¥ are quantum Latin squares of dimension d;ds.
Furthermore, the set of vectors

m,n>

Tlf’j |]€s

U m).G.m) © [ m) () 5 € di],m,n € [da]}
forms an orthonormal basis of the space C#% ® C%9 since
(2 m),G,m)) B Y (,m), (G 25 1R (0 m),(57m0)) @ 1Y (7 mr, (570)))
= (i1 ;) ® 712 k) @ (Il 2 @ ki), () @7, [k o)) @ (117 )@
e )
= (150 ®70 k) o ) @70, K e D) @72 1K) 10 50 @72, K )
W10 ) bl 7, b D182 ) Ol e, R0
= (k, T, N )T T, 1K n/>5n"5jj'
i D AR ’

< m, TL‘k >< m, 7"L|k >57‘1/5J]/
- 51,z/6j]’5mm’5nn/-

So @,V is a 2-MOQLS(d;d3). O

n‘Tl

APPENDIX B. PROOF OoF CONSTRUCTION 2.29

Proof : Without loss of generality, suppose L is an HSOLS(d}) on Zg, , with holes
SoyS1y .y Sn_1, where S; = {idy,id1+1,...,(i+1)dy —1} for any ¢ € [n]. Suppose
K is a SOLS(dy) on Zg,. Let ¥, ® be the corresponding classical HSOQLS(dT)
with hole set V' = {Vj,Vi1,...,V,_1} and classical SOQLS(d;) respectively, where
the subspace V; = span{|idy), [id1 +1),...,|[(i+1)d; — 1)} for any i € [n]. Assume
Up,Us,...,U,_1 are unitary matrices of order d; different from the identity matrix.
Define a unitary matrix U of order din as follows:

(32) U= Z i) (il ® U.
i€[n]

Filling each holes V; with U(|i) ® <I>) = |i) ® U;® for any ¢ € [n], then the new
square ¥’ is a SOQLS(d1n). O
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APPENDIX C. PROOF OF CONSTRUCTION 2.32

Proof : Suppose ! = {|\Illlj>} and U2 = {\\Ilf]>} is a pair of HMOQLS(h™) with
hole set V = {Vi,V5,...,V,} on C" and dimV, = h for 1 < s < n. Without loss
of generality, assume the holes are in the diagonal line. Put ®! = {|<I>l1k>} and
o2 = {|<I>12k>} to be a 2-MOQLS(m) on C™.

Define two squares ¥ and ® on C"™" with the hole set V' = {V; ® C™, V5, ®
cm ..V, ® (Cm}. And let ¥ = {|q/(i,l),(j,k)>}’ = {l‘llzl,j> & |(bl1,k>} and & =
{160,600} = {197 ) ® [®F,)}. Tt is clear that ¥ and @ are both PIQLS(hm)™s
with the hole set V’. In addition, ¥ and ® are orthogonal. Since for any elements
‘\I’(i,l),(j,k:)> and ‘(I)(i,l),(j,k)> in ¥ and P, {|\I/(i,l),(j,k)>® |q)(i,l),(j,k)> 11,7 € [hn], I,k e
[m]} is the orthonormal basis set of (C"™" @ C'"")\ @, ((V; @ C™) & (V; @ C™)).
In fact, for any i,4,4,5 € [hn], Lk, U,k € [m],

(1P 0),G.00) @ 1Py, k) ) [ @ ), G k1)) @ Py, (g k) ))

= ((193,) @197 1) @ (|97 ) @ |97,)), (1T ;1) @ [P} 1) @ (|9 ;1) @ |DF 1))
= (191;) @ 92,), [V} ;) @ |95 ) (191 4) @97 4), ) ) @ [PF 1))

= 0;ir0jj/ 011 Ok -

Besides, if U1 = {|¥} ;)}, U? = {|¥7 )} is a pair of classical HMOQLS(h"), and
! = {|® )}, ®* = {|®7,)} is a pair of non-classical 2-MOQLS(m). Then there
exist some (11, k1), (I2, k2) satisfying |<<I>l117,Cl |<I>l127k2>| # 0or # 1, where l1,l2, k1, ko €
[m]. Thus for any i, j € [hn], (W1, (k) [ (0,02), k) | = 0875195 (@], 4, 194, 1)
= [(®], 1, |®}, 1,)| # 0 or # 1, s0 ¥ is a non-classical incomplete quantum Latin
square, and the same with &. O

APPENDIX D. PROOF oF CONSTRUCTION 2.34

Proof : Here we just prove that ® defined by Eq. (5) is orthogonal with its conju-
gate transpose. In other words, {|®¢; 1) k) @ [Pr),60))" 14,7 € [hn], [,k € [m]}
is the orthonormal basis set of (C"™" @ C')\ @, ((V; ® C™) @ (V; ® C™)). In
fact, for any elements [®(; ;) (j x)) and [® (s ), (7 k7)) in @, assume i < j, and 7" < 5/,
then

(20,60 ® |1‘1><j,k>,(i,z>>*a |‘I’<i',l'>2,(j',k'>> ® |‘I’<j',k')7<1i',l'>>*) )

= ((1Wig) @91 4) @ (195.0)" @ [®F 1)), (1Wir jr) @ [P 1)) @ ([¥jri)* @ [P 1))
= (Vi) @ [9;0)%, [Wir j1) @ W50 i) *) (1B 1) @ |7 ), (D) ) © |9 1))

= 03505 01 Ok -

In the same way, for any ¢ < j and ¢/ > 5/, 4 > 7 and ¢/ < j', or ¢ > j, and

i' > j', we always get (| D¢ 1),j.k) @ PG, 60" [P 1), Grk)) IRk, 1)) ) =
034765/ 11 Ot - O

APPENDIX E. PROOF OF LEMMA 3.1

Proof : Let {L* : 1 < s < t} be a set of t+-MOLC(d) with property (B) on Zg.
Define a d* x (t + 3) array A = (ayn) with rows (i,5,k, L ; 1, L7 s, Lt ; ;) for
i,j,k € [d]. Then A is an orthogonal array OA(d®,t + 3,d, 3). This process can be

reversed to recover t MOLS of order d with property (B) from an OA(d3,t+3,d, 3),
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by choosing the first three columns of the OA to index the rows, columns and files
of the t cubes. To show this more easily, we start with the OA.

Take any three columns s, s2,s3 of A except for the first three columns and
$1 < 83 < s3. We consider the following three cases: (1) |[{s1, s2,s3}N{1,2,3}| =2;
(2) |{s1,52,83} N{1,2,3} =1; (3) |{s1,52,83} N{1,2,3}| = 0.

Case 1. When [{s1,s2,s3} N {1,2,3}] = 2. Then (3,7, L% ), (4, k, L ;) or
(i, k, Lf"’ﬂg) run through the full triples of Zg’?’ if and only if for any fixed 7 and j,
j and k, or ¢ and k, the corresponding Lff’j’k must run through the elements of Z,
i.e. L*3 is a Latin cube for any 1 < s3 < t.

Case 2. When [{s1, s2,s3}N{1,2,3}| = 1. Then (i, L* ;. L7% 1), (G, L7 5, L% 1)
or (k, szj . sz ) run through the full triples of Z??’ if and only if for any fixed 7,

j, or k, the corresponding tuple (szjk, Lf?k) run through the full tuples of Z?Q ,
i.e. every corresponding planes of L°2, L3 are orthogonal for any 1 < so < s3 < t.

Case 3. When [{s1, s2,s3}M{1,2,3}[ = 0. Then (L} ., L;% ., 7% ) run through
the full triples of Z?S if and only if L1, L®2, L*3 are orthogonal for any 1 < 51 <

Sg < 53 < t. O

AprPPENDIX F. PrROOF OF LEMMA 3.9

Proof : Suppose ®, ¥ and T are orthogonal quantum Latin cubes. Then (®; ; x|
®i’,j’,k’><\Iji,j,k|\11i’,j’,k’><Tz’,j,k Tilﬁj/’k/> = (Sii/éjj/&kkr by Definition 3.6 (1) Thus
(@i g | Pir o i) = 0, (Wi j k[ Wir jr gr) = 0, 00 (Vi j k| Tir jr pr) = 0, for any (i, j, k) #
(i, 7' k'), else (@i j k| ®i k) = (Wi j kWi k) = (Tijk|Lijk) = 1. Since (@7 ; |7, 5 1)
= (i k| P e ) (V7 5 V5 o ) = (Wi g | Wir jr pr) " and 0,1 € R, s0 (D 5 1 [®F 50 )
(Wagon [ War g ) (L k| Yo v ) = Giir g S and (D55 @5 50 o) (W75 1[5 vy
<Ti,j,k: Ti’,j’,k'> = 5ii’6jj’6k:k’ hold.

On the other hand, For each fixed 4,j or k, the corresponding planes of any two
cubes coming from ®* W and T or ®*,U* and T can form a pair of orthogonal quan-
tum Latin squares. Here we fix ¢ and consider ®, ¥, then (®; ; 1 |®; js.x) (Vi ;x| Vi j k)
= 6jj’6kk’ by Definition 3.6 (2) So <®;k,j,k|®;k,j/,k'/> <\Iji,j,k|\yi,j’,k’> = 6jj’6kk:’ and
<‘1)f,j,k|‘1)f,j/,kf> <‘I’fjk‘

\I!;"j,)k,> = 00kt Moreover it’s true for other cases.

Thus, ®*, ¥ and T as well as ®*, U* and T are two triples of orthogonal quantum

Latin cubes. The converse then follows since (®*)* = @, (U*)* = U. O

APPENDIX G. PROOF OF CONSTRUCTION 3.12

Proof : Suppose C% = span{|0),[1),...,|d;—1)} and C% = span{|0),|1),..., |do—
1)}. Then Ch42 ~ Ch@C?% = span{|i)®|j) : i € [d1],] € [d2]} = span{|0), [1),...,
|dids — 1)}

Let I° = (lf,j,k)d1><d1><d1 and k® = (k;,g,h)dgdede 1 S S S 3, are 3—MOLC(d1)
and 3-MOLC(dp) with the Property (B) respectively. Then put L® = {|I} ) :
i,j.k € [dil}, K = {|k} ) ¢ f,9,h € [da]} to be the corresponding classical
quantum Latin cubes of [° and k®*, 1 < s < 3. Define a unitary matrix U and
identity matrix I of order d;ds as Eqgs. (26)—(27).

Let

D = (1D, 1), .g) (ko)) = (T ) @ VK g 1)) = (750 ®Tl}1j,k|k},g,h>)7
U= (190, 5),6.9) k1)) = (71 j.6) @ kG g 0)) = (1) ® Tlfyj‘k|k]2”,g,h>)a
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T = (1T0.5),G.00.000) = (T j4) @ kG g ) = (15560 @7 1KF g0)),

where 7 € {LLU}, ; € {I;,U;}, i,5,k € [di] and f,g,h € [d2]. Here we choose T
from {I, U} for each block independently in ®, ¥ or T.

It is easy to see @, ¥ and Y are quantum Latin cubes. Moreover, they are
orthogonal.

(1) The set of vectors

{6, 1),6.90, (6100 @ 1Y (i 5), 6,90, (610 @ 1L (0,5),G,0),(k0)) 2 6k € [da], f, g, b € [da]}

forms an orthonormal basis of the space C41% @ C%92 @ C%%. By the definition
of orthogonal classical Latin cube, we get
(L), G00.k)) @ 1Y a1y, Grg), k1)) @ 1L 0,1, Gg) (ko) s [Pt 1), (579, (k) )@
(W ir, 1,70, b)) @ (it 1), (57,97, (k)
= (L00,1),6.9), (k) |2, 1,700, 6 )Y (), G ) (W 70,570, ) )
(Cti.r). o). k) T IO W)
=(l; ird, Kl N k’><kfg h| s ‘kf’ ’ h'>< ij, k"ll/ i’ k/><k7fg h|7'l2 T, |kf’ / h’>
(&;
=

l ]k‘lz’ ’k’><k?'gh|7—l3 ik Tl?,d,,k,|k‘f’7g/,h’>

T T
kfg h| Tl,illyj/,k/ ‘kf/,g’,h/><k‘%,g,h|7—l?,jak7-l?, |k?lvg,ahl><k:}191h‘Tl?,j’le?/yj/Yk/|k‘§.,ag/1h/>

5%’ 5y]’5kk’
< ,g,h|k1’,g/,h'>< ,g,hle’ ! h’><k3,g h|k?",g’,h/>5ii'5jj,5kk,
= 57.2/53]’6kk/5ff’6gg/5hh’~

237 k!

(2) For each fixed (i, f),(4,9) or (k,h), the corresponding planes of any two
cubes coming from ®,¥ and T form a pair of orthogonal quantum Latin squares.
Here we fix (k, h), and show that the two corresponding planes of ® and ¥ is a
pair of orthogonal quantum Latin squares. That is to say for fixed (k,h), the set
of vectors {|®; r).(j.9).(k0)) @ ¥ (i 1),0.9), (k h)> 2 4,J € [da], f,9 € [de]} forms an
orthonormal basis of the space C%1% @ C%% Tt is true, because by the property
(B) in Lemma 3.1, we get

(G, £),G.9), (k1)) © 10, 1), G090, kk) ) [ R, 1,579, (o)) @ 1R, 7)., (57,97, (6, )
= (P(i,1),G.9), o) R (57,579, s ) ) Y (5, £), (G0 o) N2 (07, 17), (590, B, h>>
<11,J k|ll sk ><k}g h|TT1 T Y k|k1',g 7h><l'2,j7k|li2/u ,k><k2,g,h|Tl"‘ / 41 k|kf/7g N >
= <kf,g,h|ﬂl11jy Tl., ‘kf’ ’ h><kfg h|Tl2 |kf' ’ h>5u’5n
= <k},g,h|k}’,gzh><kf,g,h|k2',guh>5ii'5ij
= 040 0f f/0gg-

Moreover it is true for the other cases. So ®, ¥ and Y is a triple of orthogonal
quantum Latin cubes. (Il

APPENDIX H. PROOF OF PROPOSITION 4.8

Proof : Suppose that |®) is the sum of the d® states in the QOA(d3,t + 3,d, 3).
Since |®) can produce a 3-uniform state, we choose the first three subsystems,
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namely, 4, j, k, then

d—1

(33) @) = D |ijhk) @ @i k).

,5,k=0

Actually, {|®; )} is the set of arrangements of --GMOQLC(d), where 4, j, k €
[d] are the indexes of the rows, columns and files of the t--GMOQLC(d). To show
this, we take an arbitrary subset S C {1,2,...,t 4+ 3} with |S| = 3. Consider the
following four cases: (1) |SN{1,2,3}| =3;(2) |SN{1,2,3}| =2; (3) |SN{1,2,3}| =
1; (4) 1SN {1,2,3} =0.

Case 1. When |SN{1,2,3}| =3, we have

ps =Tras. t432 5 j ki joaea [1TF) @ P n) (5K @ (Pir jr ]
=D ik grareid TR TR (P o e |9 k)

So, ps = > lijk) (' 3’k [ (@i jr 1 |Pi j k) = Lgs if and only if Eq. (15) holds.
igikyit gk €[d]
Case 2. When |SN{1,2,3}| = 2. Suppose SN{1,2,3} = {1,2}, and {l1,12,...,l:—1}
N{1,2,3} =0, then we have

ps =TT30 00, bems Dy o wrela) [195) @ [ Pi ) (75K | @ (Pir jr |
=2 i gre@ T T® e Trivdsse oy |Pi g o) (Pir 1 k-

SO, Z |Z]><Z/]/‘® Z T7’l1,12,...,lt_1 ‘(I)i,j,k><(1)i’,j’,k| = Hds if and only if Eq. (18)
1,5,4',5' €[d] keld]
holds. If SN {1,2,3} = {1,3}, or SN{1,2,3} = {2, 3}, in that case, they hold true
if and only if Egs. (17) or (16) holds true, respectively.
Case 3. When |[SN{1,2,3}| = 1. Suppose SN{1,2,3} = {1}, and {l1,ls,...,l—2}N
{1,2,3} = 0, then we have

Ps =TT230 0, lima Do jesir g krcld) 119K @ 1Ri k) (05K | @ (@i jo o
=2l [T ® 325 kera Tz ,tims [P g k) (Por k-
So,ps= > |[DE® > Triy iy i1 |Pijk)(Pi j x| = Lgs if and only if Eq. (20)
3,4’ €[d] j,k€eld]
holds. If SN {1,2,3} = {2}, or SN {1,2,3} = {3}, they hold true if and only if
Egs. (21) or (19) holds, respectively.
Case 4. When |SN{1,2,3}| =0, we have
ps =Tr12800 0, lims ik g e |15K) © [P gk) (5K @ (Rir jr |
=2 i jkeld) Lo eti—2 | Pige) (Pi ik

So, ps = I if and only if Eq. (22) holds. O

APPENDIX I. PROOF OF EXAMPLE 2.30

Proof : Define

U=l o U,

i€[4]
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where
11 1 1 i 9 7 -3
Lf1-11 =1 ¥v3 ool 3ol 3
— — 4
(34) UO - 5 1 1 -1 -1 ) U1 - é _3v/—1 V=1 V3 )
4 4 4 4
1 -1-11 3 V=3 v=3 _1
4 4 4 4
1 v=1 v=1 _1 V2 V=2 _ V=6 6
2 2 2 2 4 4 4 4
v=1 1 _1 V-1 V=2 V2 V6 V=6
U, = pl 2 2 2 Uz = 1 1 1 1
2 V=1 _1 1 V=1 ’ 3 V6 V=6 V=2 _ V2
Cov Al V= . BN
2 2 2 2 4 4 4 4

Let ¥ be a classical HSOQLS(4*) with holes V; = span{|4i), |4i+1), |4i+2), |4i+
3)} on C', i € [4], as follows.

)
14)[15)([4) [15)[16) |7) |18) [ [9) [LO)]11)
[15)][12)[13)([6) ||7) | [4) | [5) [1O)[11)] [8) |19)
N1L3)[12)17) |67 ] [5) | 14) [11)[|10)|[9) | [8)
NI15)[14)( [5) | [4) | [7) |16) |19) | 8) [[11)]10)
|0)
12)
13)
1)
)
)
)
)

12) [13)

[0 12) 4
3)[12)[1L) 6
) ) ) 7
) Y[13) 10V [ 1) 5
112)[14) [15) [16) [ 17) [18) [ 19) [0y 113[]0) [T1)
) ) ) [11)[[10)[19) [18) [13) [ 12)
)15 [14) [17)[16) [ 19) [18) L1310} L) [[0)
) ) ) [LO)ILL)[8) [19) [12)[13)

)13

13
|0
|2
11

~ |||

By the process in the proof of Construction 2.29, let ®; = U(]i)®@®) = |i)QU,;® €
C', i € [n]. We get a SOQLS(16) ¥’ by filling the holes V; with ®; in V.
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10) [1) [2) [3) |4) [5) [6) [7) [8) [9) [10) [11) |12) [13) |14) [15)
0y [UIOUHIU2)[U13)[[12)|[13) [[14)[[15)| [4) | [5) | 6) | [7) | [8) | [9) |[10) | [11)
11y UB)UI2)UMUI0)|[14)|[15)|[12)|[13)| 16) | [7) | [4) | |5) | [10) | [11) | [8) | |9)
|2) [UIDIUI0)U[3)[U[2)][15)|[14)|[13)][12)| [7) | [6) | |5) | [4) [ [11) | [10) | [9) | [8)
|3) (UI2)U[3)UI0)UI1][13)|[12)|[15)|[14)] [5) | [4) | [7) | [6) | [9) | 8) |[11) | [10)
|4) | [8) | 19) |[10) [LD)|U|HU5)U[6)|U[7)] [12) | [13) | [14) | [15) | [0) | [1) | [2) | |3)
[5) [ILL)|[10)] [9) | [8) |UI)UI6){U[5)]U[4)] [14) | [15) | [12) | [13) | [2) | [3) | [0) | |1)
16) | 19) | 18) [I11)[[L0)|U[5){U14)U[7)]U[6)] [15) | [14) | [13) | [12) | [3) | [2) | [1) | |0)
|7) 1L} |[[11) | [8) | [9) |U[6)[UIT)U4|U]5)] [13) | [12) | [15) | [14) | [1) | [0) | I3) | [2) |
18) [112)[[13)|[14) |[15)| |0) | [1) | [2) | [3) |U[8) | U[9) |ULO)U[IT)] [4) | |5) | 16) | |7)
19) [115) [114)[[13) [[12)| [3) | [2) | [1) | |0) U[1LU10)]U[9) [U[8)| [6) | [7) | [4) | [5)
10)[[13)[112)|[15) [[14)] [1) | 0) | [3) [ [2) |U[9) |U]8) [U[LL|U[10)] [7) | [6) | [5) | [4)
1) [[14)[[15)[[12) [[13) ] [2) | 3) [ [0) [ [1) [ULOUTID[U]8) [U]9) | [5) | [4) | 17) | 16)
12)[14) [15) [16) [ 17) [18) [19) [IO)[TTD)] 10) [ 11) [ 2) | B) [UN2)UL3)U[14)[U[15)
113) 7y 16) [ 15) | 14) [I11)[TT0)] [9) [ 18) [ 13) | [2) | 1) | 10y [UII5)[U[T4)U13)|U[12)
1O [1B) T14) [ 17y [16) [19) [ 18) [[ID[TT0) [ 1) 10) | [3) | [2) [U[3)|0[12)0[15)[0[14)
115) 6y 17y [14) [ 15 11031113 [ 18) [19) [ 12) [ 13) [ 0y | [1) [0 5)[U[12)[0]13)

Furthermore, ¥’ is a non-classical quantum Latin square, since [(¥{ 3|W) 5)| =
[(4]U]5)] = | =%=3] # 0 or # 1, where we set [4) = |1) @ [0) and [5) = [1) @ [1). O

APPENDIX J. PROOF OF EXAMPLE 2.35

Proof :
0 1) 12) [3)
0) 1) 12 0) 11) 2
o [ e g ) [0 g _ 10) [OL]E)
5 B = 1y I * = ) [0l
T 2 RO =2 D20
0) [V [2) 13) [ I5) 16 [7) 18) 19) [10) [11)
0) O [AO) LI 137 [14) [ 5) [B)]YE)
1) [10)[[T3)] [9) [ 14) | 5) [ 13} [ [Y]6)
2) T3] [9) 103 14) | 3) [ 13} [B)[6)]17)
3 (BB 9) [110)[11)]0)[1) 2
R A e E
b= 15 8 6 11)(19) [[10)]|2){|0) (|1
6) (19} [ITL[T10)[ 07 [ T2 | 1) B[4)[B)
7 [107] ) [T 1) [10) |12 DIBIE
8) [TD[T10] [ [ [2) [11) 10 BB
99 [13) [ 5) [ 14|16 [18) [17) [ 10) [ 12) |11
110) [y [18) [18) [17) [ 16) [ [5) [ 13} [ 10) | 2)
11} [8) [14) [I3) [ [ 175 [16) [12) [ [ 10)

APPENDIX K. PROOF OF EXAMPLE 3.14

Proof : Let C* = span{|0), |1),|2),[3)}. Then C!¢ ~ C*® C* = span{|i) ® |5) :

i,7 € [4]} = span{|0), |1),...,|15)}. Define U = > |i){i| ® U;, where U;, i € [4], is
i€[4]

the same as in Eq. (34).
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Let I’ and K7, 1 < j < 3, be the same triple of orthogonal classical quantum
Latin cubes of dimension 4 as below.

0) 11)[2) 13) [1) 10) [3) 2) [2) 3) [0) [1) [3) [2) [1) |0)
prygt: 1010 13) 120 0y 1) 12) 13) - [3) 2) 1) 10)[2) 13) 10) [1)
120 3)10) (1) 13) [2) [1) 0) [0) [1) [2) [3) [1) [0) [3) |2)
3) 12) [1) 10) [2) [3) [0) [1) [1) 10) [3) 2) [0) [1) [2) I3)
R! R? R3 R*
10) [3) 1) 12) 1) [2) [0) [3) [2) [1) [3) [0) [3) [0) |2) [1)
r2/k2 . 121D 13100 18) 10y 12) 11y [0) 13) [1)12) - 11) [2) 10) [3)
C13)10) 2) (1) [2) [1) [3) [0) (1) [2) [0) [3) [0) [3) |1) [2)
1) 12 10) 13) 0) [3) 1) [2) [3) 10) [2) [1) [2) [1) [3) [0)
St S? 33 sS4
10) [2) 3) 1) [1) [3) [2) [0) [2) [0) [1) [3) [3) [1) |0) [2)
L3/K? [3) 11) 10) 2) [2) 0) [1) [3) [1) [3) [2) 0) [0) [2) [3) [1)
S 3)12) 10y 10) [2) [3) (1) [3) [1) 0) [2) [2) [0) [1) |3)
12) 10) [1) 13) [3) [1) 10) [2) [0) [2) [3) [1) [1) [3) [2) [0)
Tt T? T3 T

where R?, S and T%, 1 < i < 4, are respectively the four planes of classical quantum
Latin cubes L', L? and L3 or K', K? and K3 in one direction, the remaining eight
planes from other two directions also can be drawn from L7 or K7, 1 < j < 3.
Then the following ®, ¥ and T is a set of 3-MOQLC(16).

@R [)®R [2)®R [3@R [)@R [0)®R [BOR [2)@R

)
. DR |0)@R B)eUR |20R [k |[H@R [2@R 3R
T12)@R' 3)®@R J0)®@R YR [3)®@R' 2)@UR' 1)@ R' |0)® R’
BYOR [2)@R |[H®R' [0)®R |2@R 3R |[0)®R' |1)® R
(I)il (I)iQ
2)®@R 3)®@R" |0)QR" |[I)®R" [3)®@UsR" 2)Q R [1)®R' |0)® R’
BY®R [2)@R [1)@U1R' [0)@ R [2)®R' [3)@R' |[0)®R' [1)®R’
@R [H®R [2)@R [3@R [)H@R [)®R 3R [2)2 R
MR [0)@R [3@R [2)@R  [0)®R [)@R [2)@R [3)@FR
(I)i?) q)i4
eSS Bes 1Hes 2)es |[HesS 23S [0)eS [3)eS°
o 2)@5 HeUis' Bes s PBes Hes 205 [1)es
T3 ®ST 0SSt 12)eS° [IHeST 12)®S8 |1)®S" |3)®@UsSt |0)®S*
oS 2)es |0)es 3ys" |0)es 3yes |[Hes [2)es
\I/il \I/iQ
2)@8° [H©s 3 es’ 0)es Bes [0S [2)els [1)es
0)®S 3)®S [1)eS 2208 1S 288 (0095 [3)e s
H®S" 2)®S° 0)®@UsS" [3)®S" 0)®S 3)®s" |Hes' |2)e s
BY®S" 0)®S 2)®@sS" DSt 2)®s [Hes 3yes |0)e s
\I/iB \IJM
)T 2)@U=T 3)T" T BT BT 12T [0)®T!
13
T

) ) ) )
Ber mer el ReT el el [)eT [T
Her Ber Rer eT el ekl HeT [1)eT

DeT [T NeT Bel BeT [HeoT' [T [2eT

'ril 'r12
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)T [T HeT PB)eT BT HT' [T |2)xT
MHeT BT 20T [0)eT [T 2T [BHeT [1)eT'
BT 1)@T" [0)@UeT" [2)@T" 2T [0)0T" [1)Q@T" [3)T"
DT 12y@T 3T )T |[DT [3)QUsT' [2)T" |0y T

'riB ’rz4

Here %, ¥ and Y%, 1 < i,l < 4, are respectively the sixteen planes of ®, ¥ and
Y in one direction. And in some small blocks, such as |j) ® U; R', U; R means that

U;

acts on every elements of R’.

Further, ®, ¥ and T are non-classical quantum Latin cubes. For ®, let us take

3)

® UsR! and |3) ® R! in the plane &L,

3) ® Us|0)|13) ® Us|1) ||3) ® Us|2)|[3) ® Us|3)]||3) ® |0) |3

2|13) )@ D{13) ®[2)][3) @ [3)
3) @ Us|1)|13) @ Us|0) ||3) ® Us|3) | [3) © Us[2)|||3) ® |1)|[3) ©[0)|13) @ [3)||3) ® |2)
13) © Us|2)|13) @ Us|3) ||3) ® Us|0) | [3) © Us[1)|||3) ® |2)|[3) ©[3)|]3) @ [0)||3) ® |1)

3) ® Us[3)[[3) ® Us[2)||3) ® Us[1)|[3) © Us[0)|[I3) ® [3)|[3) ©[2)[[3) @ [1)[I3) ® |0)

For instance, in the 1st row, 3rd column of the left table and the 1st row, 2nd
column of the right table, we have [(3|3)(2|UJ[1)| = \@| #0or #1. Thus ® is a

non-classical quantum Latin cube. The same holds for ¥ and Y. (I
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