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Abstract

In this paper, we derive long time LP — L7 decay estimates, in the full range 1 < p < ¢ < o0, for
time-dependent multipliers in which an interplay between an oscillatory component and a diffusive
component with different scaling appears. We estimate ||m(¢,-)|| mg as t — oo for multipliers of type

m(t, &) = et I€17t-lel’t,

and suitable perturbations, under the assumption that the scaling of the diffusive component is worse, i.e.,
0 > o. These multipliers are, for instance, related to the fundamental solution to the Cauchy problem for
the o-evolution equation with structural damping;:

w4+ (=A)7u+ (=A)fu, =0, t>0, z€R",

in the so-called non-effective case o < 6.

Keywords: LP — L9 estimates, radial multipliers, evolution equations, plate equation, noneffective damping
2010 MSC: 35E15, 35G10, 35L15, 42B37

1. Introduction

We consider the forward Cauchy problem for a o-evolution equation with a so-called structural damping
(—A)2uy:
Uy + (—A)u+ (=A)su, =0, xz€R" teR,,
u(0,z) = uo(z), (1)
ut (0, z) = uy ().
The term (—A)?, o > 0, stands for possibly non-integer powers of the Laplace operator. In the non-integer
case, (—A)7f = F L7 f), for f € S and its action is extended by density. Equations whose “principal
part” is
Wit + (—A)”w = 07 (2)
like the plate equation which is attained for o = 2, are called o-evolution equations in the sense of Petrowsky,
since their symbols 72 + [£]|?° have only pure imaginary, distinct, roots 7 = +i|£|? for all £ # 0. The set of
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1-evolution operators coincides with the set of strictly hyperbolic operators. However, several properties of
the hyperbolic operators are missing when o # 1.

The term (—A)%ut represents a damping, called structural or strong when 6 > 0, a term whose action
may dissipate the energy

B(t) = 5 et )3 + 5 (-2 Pt ) 3)
Indeed, ,
(1) = ~(~8)bu(t, )3 < 0.

The case 0 = 2 in is an important model in the literature, known as beam operator and plate operator in
the case of space dimension n = 1 and n = 2, respectively. Models to study the vibrations of thin plates (n =
2) given by the full von Karmén system have been studied by several authors, in particular, see [6, 17, 25].
We mention that some plate models include also a term —Auwy, called rotational inertia. Energy estimates
for solutions, for which a regularity-loss type decay appears, have been investigated in [2] 3], 4 [3T]. Strichartz
estimates and estimates in modulations spaces for the plate equation are obtained in [7] [§].

Models in have been studied in the abstract setting:

W)+ A2 (t) + Au=0, 6=0,2,

where A is a nonnegative self-adjoint operator in a real Hilbert space H (see [5] and [I6] and reference
therein).
We consider the full symbol of the equation in ([1)):

X2 1EP A+ e (4)

For any given compact subset of R™ \ {0}, the real parts of the roots of are bounded from above by
a negative constant. On the other hand, for sufficiently small values of ||, the symbol admits two
roots whose real parts vanish as £ — 0. The asymptotic profile of the solution to is determined by its
fundamental solution localized at low frequencies, if § € [0,20]. (We mention that the asymptotic profile
and the decay rate structure may be very different if 6 > 20 and new effects appear: we will not investigate
this case in details, but we address the interested reader to [13]).

These roots are real-valued in the “effective” case § < o and are conjugate complex-valued in the “nonef-
fective” case 6 > o (see the classification in [9]). In the effective case, L? — L? estimates for the solution may
be obtained with techniques similar to the ones employed for diffusive equations [I0]. In the non effective
case, which we consider in this paper, LP — L9 estimates are more challenging due to the interplay of a
diffusive component and an oscillatory component.

Let x € C°(]0,00)), with x = 1 for p € [0,1] and x = 0 for p > 2. The fundamental solution to (1)
localized at low frequencies, say |£| < g for sufficiently small eq, is Kq(¢,-), with

Ko(t,€) = x(2[¢] /e0) te 261" sine (wt) (5)

Lsin p is the cardinal sin function,

w= €7 /1 —[¢[**7%/a. (6)

The interplay between the diffusive part and the oscillatory part of K, leads to a delicate equilibrium. In
this manuscript, we discuss an optimal strategy to derive LP — L7 long-time estimates for the convolution
operator Ky(t, )*. The novel idea in this paper consists in treating separately the two components of the
solution to , the oscillatory one and the diffusive one, in a particular ¢-dependent zone of the frequencies
space. This strategy allows us to treat an equation which is not scale-invariant by splitting it into two terms
with different scaling properties. In particular, we use the scaling t|£|” — |€]|7 of the oscillatory part as far
as we may control the influence of the oscillations. When the oscillations are too strong, we rely on the

where sincp = p~
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scaling t|¢ \9 — € |9 of the diffusive part to produce some extra decay rate, tough slower due to the worse
scaling (since 6 > o).

To find the optimal (p,q) range in which we may take advantage of the better scaling of the oscillatory
part of the multiplier, we derive a sharp estimate, with respect to a parameter 7, for the M norm (see
Notation of multipliers compactly supported in a ball with radius 7, with an oscillatory and a diffusive
components (Section . The multipliers considered are perturbations of

m(r,€) = x(2r €]} (1 = x(J¢])) ¢ e Iel
In particular, we may estimate ||m(7,-)||p;2 with a constant independent of 7 when (p,q) is in the same
range in which the multiplier (1 — x(|¢[))[£]" eX¢I” is in M, whereas in the remaining case we find the
speed at which ||m(7,-)|[p;2 grows as 7 — co. In this latter case, a benefit on the control of the M¢ norm
of m(r,-), comes from the presence of the diffusive component, since without it, the growth speed would be
faster (see Section [7).

We investigate the general case of o > 0, provided that ¢ # 1 (wave equation case). Indeed, as it is
well-known, the condition for the multiplier (1 — x(|¢])) |€]* e*¢” to be in M is different if c =1 or o # 1
(see [19, 23, 28]). This peculiarity is also preserved for a perturbation w of |¢|, as in (6]), and our approach
is not suitable to treat the special case o = 1. In future, we plan to investigate the case o = 1 with different
strategies.

In a forthcoming paper, we will apply the optimal LP — L7 estimates obtained in this paper to study
some nonlinear equations. In particular, in low space dimension we will show that the critical exponent for
the problem to which we add a right-hand side in the equation in the form |ul? or, respectively |u|?,
isp=1+420/(n— o) or, respectively, p = 1 + o/n. By critical exponent we mean that global small data
solutions exist for p > p, whereas no global solution exists for 1 < p < p, under suitable sign data assumption.
This will complement the analysis initiated by the authors in [I0], who found the critical exponents in the
easier effective case § < o (see also [24]; see [12] for the case o = 1).

However, the nonlinear problem mentioned above may only be solved using optimal decay LP — L9
estimates, since non optimal decay estimates only produce partial results for non-sharp ranges of existence.
The need to find optimal decay estimates for problem inspired this manuscript in a first moment.

Notation used trough the paper
In this paper, we use the following notation.

Notation 1.1. The notation C¥ = CF(R"), k € N, denotes the space of compactly supported, k-times
differentiable functions with continuous derivatives. The notation C§ = CF(R™), k € N, denotes the space
of k-times differentiable functions with continuous derivatives, which vanish as |z| — co. The notation S
denotes the Schwartz space of functions with infinitely many rapidly decreasing derivatives, and S’ denotes
the space of tempered distributions, i.e. of the continuous linear functionals mapping S, equipped with its
standard convergence, into C.

Notation 1.2. The notation f = .Zf or f(t,-) = Zf(t,) denotes the Fourier transform, with respect
to the space variable x, of a tempered distribution or of a function, in the appropriate distributional or
functional sense. The notation .# ! denotes the inverse Fourier transform, in the appropriate sense.

Notation 1.3 (see, for instance, [14]). The notation L{ = LZ(R") denotes the space of tempered dis-
tributions 7' € 8§’ such that T f € L? for any f € S, and

1T * fllza < CllfllLe

for all f € S with a constant C, which is independent of f. In this case, the operator T is extended by
density from S to LP.
The notation MJ = MJ(R") denotes the set of Fourier transforms T of distributions T € Lg%, equipped
with the norm
Imllagg = sup {17~ (mF (Fllzo : £ € S, Il =1},

and we set M, = MJ. The elements in M are called multipliers of type (p,q).
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We collect some multiplier theorems in Section
In this paper we will also make us of a dyadic partition of unity and of the related notion of Besov space
(see [32]).

Notation 1.4. We fix a nonnegative function ¢» € C*°, having compact support in {£ € R™ : 271 < [¢] < 2},
such that:

+oo
D k() =1, where ¢(€) := $(27%¢). (7)

k=—o0

(This property is easily obtained if ¥ (&) = ¢(£/2) — ¢(§), for some ¢ € C*, with ¢(§) = 1 for |¢] < 1/2
and ¢(§) = 0if [¢] > 1). For any p € [1, 00], we define the Besov space

Bpo={f€8: VkeZ, F ' (nf) € L?, |flpo, < oo},

where .

+oo 2

1lls, = 1277 WDl ewn) = ( ) ||3fl<wkf>|%p>

k=—o00

2. Results for the evolution equation

If u solves , then 4 solves the Cauchy problem for the damped harmonic oscillator

20 ~

i + €770+ |60 =0, teRy,
at(oaf) = ﬁ'l(f)a

for any £ € R™. If we write
u(t,) = K(t,-) xuy + (0K + (fA)eK) (t,-) * ug,

where K is the fundamental solution to , then

k(t,ﬁ) = te 55 ginc (tw), w=€]74/1— |£‘29—20/47

for any £ such that |§\07°— < 2, whereas

) Apt At
K@@zf{;fif,Aﬂoz—émﬁuxvl—qﬂﬂ“@y (9)

for any ¢ such that [¢]°7 > 2.

For a given ¢¢ € (0,1) which we will fix later, we define ¢o(€) = x(2|¢]/e0), where x € C2°([0,x0)), with
x =1 for p €]0,1] and x = 0 for p > 2. In particular, ¢q is supported in {£: [¢] < e&o}.

We consider LP — LY estimates, 1 < p < g < oo, for Ky as in , that is, Ko(t,-) = .Z (o f((t, )). It
is easy to see that, due to the compact support of K, for any given T > 0, there exists C'(T") such that

11" & Ko(t,)laag < C(T), ¢ € [0,T],

forany 1 <p<qg<oo,b>0andje€N, sothat we dedicate ourselves to investigate the behavior of the
norm above as ¢ — oco. The estimates for Ko(t, -) determine the decay rate profile for the solution to ,
since the remainder decays in time with exponential speed for ¢ > 1, at least if § < 20 (see Section E[)

For a given couple (p,q), with 1 < p < g < 0o, we define

(33 mme{ (13- (G-}



The quantity in (T0) is related to multipliers of type (1 —x(|£]))|€|* €?€l7, in the sense that they are bounded
in M (see Notation when o # 1 if, and only if, d(p,q) + a < 0if p > 1 and ¢ < oo, or if, and only
if, d(p,q) +a < 0if p=1or ¢ = oo (see [20, Theorem 4.2]). For our multiplier (), this quantity does not
regulate whether Ky is in M or not, but it regulates the time-dependent size of its norm [|Ko(%, -)| az-

Before stating our main result, it is convenient to define another quantity, dependent on p, ¢, which comes
into play as the power of a logarithmic loss of decay in a limit case:

1 1 1 1 0 +65°
7(p7Q)maX{(2p)+a<q2>+}+27 (11)

where 67 = 1if p = 1T and 6f = 0if p > 1, 62° = 1if ¢ = 0o and §;° = 0 if ¢ < oco. It is clear that
v(p,q) = v(¢',p’) (duality argument). We stress that + is discontinuous at p = 1 and at ¢ = oo, but is
otherwise continuous. This singular behavior is due to the lack of Besov embeddings for L' and L>° (see
later, the proof of Lemma. In particular, v(p,q) =0if 1 <p<2<g<oo. For 1 <p<q<p, v(p,q)
may be written in the form

1/min{2,q} —1/2 ifp > 1,
v(p,q) = { 1/ min{2, ¢} if p=1and ¢ < oo,
1 if p=1 and ¢ = o0,

and by duality we get v(p,q) = v(¢',p’) when ¢’ <p < g < occ.

We are now ready to state our main result for .

Theorem 2.1. Let § > 0 > 0 with o # 1, and b > 0. Fiz 1 < p < q < 00, and let d(p,q) be as in .

Then ( |
1-3(5-3 .
11€]” Ko t, )lagg < {Ct L ifd+b<o,

o 12
2 S Ctnmax{r;,%—%}(1—;)+Tb—z(%—%)(10gt)v<M> ifd+b>o, (2

for any t > 1, with C > 0, independent of t. If d+b > o, in the casesp=1<qg< oo and 1 <p < oo =g,

maxq (1) (-1
the logarithmic loss in estimate may be refined, replacing (log t)Y®9 by (logt) {(2 2o 2)+}.
Moreover, |§|”agf(0(t, -) verifies the same estimates as |§|b+]a K’O(t, ), forj=1,2,...

Remark 2.1. We stress that the power of ¢ in when d + b > o may be equivalently written as

1_n<1_1>_b+(d+b_o-)(l_1),
oc\p ¢ o o 0

and so it is the same power of the case d + b < o when d + b = o, but is worse in the case d + b > o, due to
0 >candd+b—0c>0.

Remark 2.2. We stress that the power 1— (n(1/p—1/q)+b)/c of t, appearing in when d(p, q)+b < o,
only depends on ¢ and is independent of . More precisely, it is the power related to the scaling téﬁ — &
for the M? norm of multipliers of type |€|P7 exitlel”

The case d(p, q) + b < o, indeed, corresponds to the necessary condition for [£]°~7 e+i€1”7 (1 — x(|¢])) to
be a multiplier in M}, where y is smooth, compactly supported, and x = 1 in a neighborhood of the origin
(see [20, Theorem 4.1]). For our problem, assumption d(p, q) + b < o regulates the (p, ¢) range in which the

1 1

norm of the multiplier |¢[°77 eZiI€17 y (¢ €]) (1 = x(|€])) may behave as #7557 "%, When d(p,q)+b > o,
a loss appears in the estimate for the M;] norm. The loss is, however, compensated by the presence of the
diffusive component in the multiplier. We notice that the loss vanishes as § — o. The optimality of this
loss is discussed in Section [l



In Theorem [2.1} we focused our attention on the multiplier localized at low frequencies KO, since the
multiplier localized at high frequencies shows an exponential decay. In particular, if 8 < 20, the smoothing
effect of the multiplier at high frequencies guarantees that

II€N" 8] (K — Ko)(t,-)llng < Ce, (13)

for t > 1, where C' > 0 and ¢ = ¢(¢) > 0 are independent of ¢, for any b > 0, j = 0,1,2,..., and for any
1<p<qg< oo If =20, estimate remains valid under additional assumptions, which we omit here,
for brevity. We postpone the details about high frequencies estimates to Section [9]

As a consequence of these estimates and of Theorem [2.1I] we obtain the following LP — L? estimates for
the solution to ([1)). We assume uy = 0 for brevity.

Corollary 2.2. Let 0 # 1,0 <0 <20 and b > 0. Fiz 1 < p < q < o0, and let d(p,q) be as in . Let
u(t,-) be the solution to with ug =0 and uy; € LP, fort > 1. Then there exists C' > 0, independent of t,
such that

I(=2)% fu(t, Ypo < C 2G0T Jlug |, (14)

ifd+b+(j—1)o <0, and
I(=8)% dfu(t, Yoo < CormedE=3 3= =D 5 G0 0g ) @) fun 1 (15)
ifd+b+ (j—1)o > 0, where y(p,q) is as in [11). Ifd+ b+ (j — 1)o > 0, in the cases p = 1 < q <

oo and 1 < p < o0 q, the logarithmic loss in estimate may be refined, replacing (logt)W(”*q) by

< =
(bgt)max{(% 5,3, )

PRrROOF. The proof is an immediate consequence of Theorem [2.1] and estimate (13).

In the case 6 > 20, LP — L? high frequencies may be treated with a different approach, due to the regularity-
loss decay structure, and then combined with Theorem [2.1] to estimate the solution to ().

3. Examples

Theorem 2.1 has a wide range of scenarios, due to the fact that L? — L9 estimates are considered in the
full range 1 < p < ¢ < 00, so we collect here some examples of special cases: energy estimates (Example,
estimates for the solution with initial data in L' (Example , LP — LP estimates (Example , Lr — 7
estimates (Example [3.4)).

Example 3.1 (Energy estimates). Let us fix ¢ = 2 and b = 0. We want to estimate the energy E(t)
in (), as t — oc.

If p = 2, due to d(2,2) = 0 and 7(2,2) = 0, using , we have the classic energy estimate for the
solution to [I): E(t) < C|lu1||3.. If p € [1,2), then d(p,2) > 0 and the energy decays as t — oo, as a
consequence of the damping. Using , we find:

1

E@t) <t FGm3) |juy |3, .

Example 3.2 (Estimates for the solution with L' data). Let usfixp = 1and b =0, and let ¢ € [1, 0]
(by duality, this example also provides LY — L™ estimates for the solution to , when ¢’ € [1,00]). If

d(1,q) < o, that is,
S (=3) > (G2)
1-2(1==)>n(-=2),
o q q 2

then gives the following estimate for the solution to (I)):

_n(q_1
lu(t, Ylze < C #5073 |uy|| 1.
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Otherwise, by (15)), we find
lu(t, Yza < €G3 O=)+F=50-0) (1og )79 [luy| 1.

Ifd(l,qg) >candp=1<g< ooorl < p< oo =g, we may replace the logarithmic loss above by
11
(logt)(q 8,
In the special case g = 2, we get
Ctl=z |Juy||pr if n < 20,
lu(t,)z2 < § C (logt)% lur||Lr i n = 20,
Ct="%° |ugl|r  if n > 20.
The optimality of the estimate for this latter model with # = 20 is also discussed by direct computations
in [15].
In the special case g = oo, we get
Ct'=% |Juy| if n(2 - o) < 20,
Ct 5 (=8)T6-% (logt) [lus || ;2 if n(2 — o) > 20.

[[u(t, L= < {

We mention that the previous L' — L9 estimates can be obtained interpolating the L' — L? estimate and the
L' — L™ estimate only if nmax{1,2 — o} < 20. Otherwise, a straightforward interpolation gives a worse
estimate.

In the special case ¢ = 1, we get

1 ifn=1
Juct, g < EFNaller N
3 (=545 (logt) |ur|z: if n > 2.

These estimate have been obtained when 6 = 20, in space dimension n > 4, in [I1]. We stress that if 0 = 1,
the L' — L' estimates are the same as above in even space dimension, but are better in odd space dimension,
see [20] for the case 6 = 2 and [21] for the case 6 € (1, 2).

Example 3.3 (L? — L? estimates for the solution). Let us fix p = ¢ and b = 0. Then d(p,p) =
no|l/p—1/2|. If

then gives us
[u(t,)l[r < CtflurlLre;

otherwise, (15]) gives us

lu(t, e < Ce13=310-8)45 og )| =3 a1,
if p # 1, 00, with the logarithmic loss replaced by logt if p =1 or p = oo (as in Example .
Example 3.4 (L? — L”" estimates for the solution). Let us fix p € [1,2] and b = 0. Then

d(p,p') =n(2 - o) <]10 — ;) )

If o >2ord(pp) <o, then gives us

2n (1

_2n(1_1
ut, )| < C+ 5 G5 [fuy || 1o
if o < 2 and d(p,p’) > o, then gives us
ut, )| < Ct G2 |y 1,

exception given for the case p = 1 and n(2 — o) = 20, in which a logarithmic loss logt¢ appears (as in

Example .



4. Preliminary analysis of the multiplier K

To study the multiplier in Theorem [2.1] we will present a result for a more general class of parameter-
dependent radial multipliers in Section [5| Before doing this, we will manipulate Ky by a change of variable
and a second step of localization in “new” frequencies.

Even if K is not homogeneous at low frequencies, due to 8 > o, it is convenient to perform a change of
variable in KO, which takes advantage of the component with the better scaling, i.e., the oscillatory part of
Ko.

By the change of variable tié — &, for any 1 < p < ¢ < o0, it holds

b2 _n¢l_1y_b b - _11-8 e
1€]° Kolt, )lag =t~ 5 5077 1¢]" sine (@(t,-)) e2" @0 (t, )|l as, (16)

where we put

(t,€) = 17 /1= 2P0, Golt, €) = polt=E) = (2t H €] eo):

Formula is a consequence of the scaling of multipliers in M

1Z " (m M) llzs w2 F “Hmf (/) s

[m(A-)llarg = sup

0#£fES Ifllze 0£fES A7 F )|z
T |lZF-1 T . B 11
— sup Ad |7 ﬁ(m/(f(/\ Mz —(3-3%) llml| azs -
0£fES AP [LF ()] e

We now divide our analysis in two cases, considering small and large values of the “new frequencies”, and
we define

A _6
Ko,o(t:€) = x(I€]) sinc (@(t,§)) 3" 71",
A~ ~ . 1 70 0
Ko (t,€) = (1 — x(I€]))po(t, §) sinc (w(t, [€])) e~ A6l
To write Ko, we used that ¢o(t,-) = 1 in the support of x, for sufficiently large ¢. It is easy to see

that || Koo(t, )llazg is uniformly bounded, with respect to ¢, for any 1 < p < ¢ < oco. Indeed, x € CZ°
independent of ¢, so that (see [14, Theorem 1.8]):

11]° Ko,o(t: )larg < Cmind[[1€]° Koot )laazs 116" Koot ars} -

If (p,q) ¢ {(1,1), (00, 0), (1,00)}, by Mikhlin-Hérmander theorem (Theorem we immediately obtain
that the multiplier norm is bounded by a uniform constant, with respect to ¢. We stress that here (and in
the following step) a key role is played by the fact that b > 0 and that sinc is smooth in zero, so that the
derivative of order k of p®sinc p may be estimated by C p?~* for Ps <2

Also, we notice that k derivatives of the exponential term e~ 2* c1el” are still estimated by |¢ \ , due to
_14l=E g0 - _® _14-2 -
ghe 3078 < 0 ot B <0,

Now let (p,q) € {(1,1), (c0,0),(1,00)}. If b > 0 we apply the integration by parts method in Lemma
to obtain

&L Bo.o(t, Mas = N1€1° Koot Marse < 1(=A)% Koo(t, )|z < C,

with C' > 0, independent of ¢. Indeed, if b > 0, we find |8?(\§| Koo(t,") < C |§|b_|a‘ as discussed before,
so that Remarkis applicable. If b = 0 then we apply Lemmato Koo(t, &) — e~ H 7 20el” Indeed, this



difference produces an additional power coming from the cancelation |sinc@(t, &) — 1] &~ (@(t, €))% ~ |¢[*°
as & — 0. Namely, for |£] <1 we have

~ 1-£ 0
92 (Koo(t,€) —e~at 72kl

. ~ o —1 1*3 0 . ~ a—B _1 1—7 0
= (sinc@(t,§) —1)oge 2" 26l 4 Z 3?(Slncw(t,f)) 9 Be—zt =2l
0#B<

so that
|8§ (KO o(t f) —e 3 702|§| )| < C|§|20—\o¢|

and Remark [8.1]is applicable. In turn,

14 0 _1a-¢ 0
1Ko0,0(t s < 1Koo(t,-) —e™ 2" 260 jle2 72600 < C.

Therefore, we may focus our attention on the term IA(OJ. We fix the parameter 7 = g t%, so that

o0(t.€) = v(2r €]
5(t,6) = wolr, |e]) = [¢7 /1 — e ~2(Jel/r)20-27 /4

0 e1°

-2 .10
et alEl’ _ r

b

with n =n(gg) > 0.
We notice that wo(7, p) is a smooth perturbation of p? such that

20— (0/2e8 /TP s
2\/1— o (p/7)20-27 /4 >p7 (0= (0/4)eg 7)),

for any o > 0, where we used p < 7. In particular, d,wo(7, p) > cp?~ ! for a sufficiently small £y. Similarly,

8pW0 (T7 ,0) = pa

|O5wo(r, p)| > cp” 2,

for any o > 0, with o # 1, for a sufficiently small 9. Replacing sincwy = (2iwg) 1 (e™“° — 7). we may
then study radial multipliers of type

6l i x(2r el (1 - x(lely) eFieo ",

This study will be carried on in a more general case, in Section [5]

5. Result for a class of parameter-dependent multipliers

We consider radial multipliers in the form

m(r,€) = x(2r €N — x(1€]) f(r, |€]) etiwomleh—nr"""1e" (17)

where f(7,-) and wo(7,-) are in C*°((0, 00)) for any 7 and verify the following assumptions.

Assumption 5.1. Let a € R and o > 0, with o # 1. We assume that there exist C' > 0, ¢ > 0, independent
of 7, such that

OLf(r ) < Cpt,  LeN, (1)
Bo(r,p)l < O, LEN, (19)
|8ﬁw0( p)| > cp” £=0,1,2, (20)

for any p > 1.



It is clear that m(7,-) is a smooth multiplier compactly supported at “intermediate frequencies”, namely,
in the annulus {¢ : 1 < [§] < 7}, but the size of the support depends on the parameter 7. Due to
m(r,-) € C2TH(R™), it follows that m(r,-) € M for any 1 < p < ¢ < oo (by Young 1nequa11ty) but we are
interested in obtain an estimate of ||m(7, )|z w1th respect to 7. Assumptions ([18) and (19) mean that f
and wy have very slow oscillations, comparable to those of a polynomial, away from the orlgln
Assumption (20)) on the lower bound of wy and its derivatives up to the second order plays a key role in
the use of statlonary phase methods to estimate ||m(7,-)|[5ss away from the diagonal line p = ¢. Indeed, it

guarantees a nonsingular Hessian matrix, uniformly with respect to 7, which is a crucial ingredient to apply
Lemma 84

Proposition 5.1. Assume that holds for some o > 0. Then the determinant of the Hessian matriz
verifies the following estimate from below:

| det Hoo(riep] > (cl€]” )"

PrROOF. By straightforward computation, we find
¢, Og; (wo(T, [€])) = (P‘lapwo 85 +p ' 9p(p ™ Opwo) & ‘Ek)p:mv

so that the Hessian matrix is
H,, = al, + B¢ @ £/|E]%, with a:|§|_13pwo, ﬂ:(?gwofa

where I, is the identity matrix, and £ ® £ is the matrix with entries (£€;);5. By the matrix determinant
lemma,

det Hy,, = (1+ Ba~t) ™ = (92wp) (|| Bpw0)"

This concludes the proof.

We are now in the position to state our main result.

Lemma 5.2. Let 7 > 1, and assume ., (119), .forsomeaER o >0, with o # 1, and9 > 0.
Let 1 <p<q<oo, and deﬁne d(p,q) as in (10) and v(p,q) as in . Then the multiplier in (17)) verifies
the following estimates

C ifd+a <0,
lm (7, ) lazg < 4 C (log )7 ifd+a=0, (21)
O r(178)(@+a) (1og )70 if d+a > 0,

where C > 0 is independent of 7. If d4+a > 0, in the cases p =1 < g < o and 1 < p < oo = gq, the
logarithmic loss may be refined and is replaced by

I, Yagg < 707 (ogry>{ (=3 (=)} (22)
7 <
PRrROOF. Due to || - [|agg = || - [ ,#, it is sufficient to prove Lemmaﬁfor q<yp.
We first consider the case d —{11— a < 0. In this case, we do not need to take advantage of the presence of

the exponential component of the multiplier, and we estimate

70 0€1°

[m(7, Mlarg < lmo (7, )llarg lle™ larg = Cllmo(7, )l arg (23)

where

mo(7,€) = x(27 YN (A — x([€])) f(r, [€]) eX™ oD, (24)

Indeed, the M norm is invariant by dilations, and e~ 1€l” is in M, for any q € [1, 00].
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We consider a dyadic partition of unity {¢y }recz as in Notation Due to supp¢r C {€: 2F"1 < |¢] <
281} if we define
ko = ko(1) = max{k € Z: 2871 <7},

we now see that (for 7 > 8):

0 if £ < -1,
(1= x(I&]) ¥w f(7.[€]) e if k=0,1
mo (7, E)Yi(§) = { v f(7, [€]) e if 2 <k <ko—3,
X7 HED Yk f(7, [€]) eF0if k= ko — 2, ko — 1, ko,
0 if k> ko+ 1.
In particular,
ko(T)
Z Ui (&) mo(7,€),
so that
k}o(T)
llmo (7, )l < Z ko (7, )l arg-

Thanks to (18), we immediately obtain

[kmo(r: Mllasg = lwmo(r, Yl <C | max  p% = =2k (25)

On the other hand, thanks to , by

1
102 (o (r, Dllzz < ©( / g+ If gg)* < ¢y 2 rartIAlte 1),
2

Foigfgl<ort

we derive, choosing some N > n/2 (see Theorem [8.3), the estimate

kmo(r, Mlag < [9emo(r, )L Y 102 @emo(r, NI FF < Cp2Mer59), (26)
|Bl=N

Now let k = 2,...,ky — 3. Recalling that mo (7, &)vr(€) = ¥ f(7, |€]) €0, we replace ¢ by 2¥¢ and define
p(r,p) =27 wo(r,2%),  g(7,p) = 27" f(7,2"p).

Thanks to and (19), ¢ and g are uniformly bounded with respect to 7, together with their derivatives.
Moreover, thanks to Proposition assumption gives us

|d€t H<p| — 9—k(e=2)n | det Hum(r,Q’“p)' > 2—k(o—2)n+(k—1)(a—2)n = (22—0 c)n >0, (27)

uniformly with respect to 7. Applying Littman’s lemma (Lemma we conclude

Imor Yl = || Z2, (eﬂwo“'ﬁ'wk(g)f(r, m))

HLOO(]R")

— 2k(n+a) 3;—1 ( +i2k7 )H
E—ax w( |§| Lo (R7)
< C2k(n+a)(1 + 2ka)7% ~ 92 (nJrafEa')’ (28)

forall k=2,... ky—3.
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As a consequence of Riesz-Thorin interpolation theorem, by and (28), we get the estimate on the

conjugate line
1 1

Imo(r, Jexll, < oot (ern=)(35-1)) (29)

ro

Using , and Riesz-Thorin interpolation theorem, we conclude that
Imo(r, ey < C2H G+ 72)) = cobteea,

where d is as in (L0), so that
k}() (T)

lmo (7, )llag < C Y 2K+, (30)
k=0

The latter sum is uniformly bounded with respect to 7 due to d + a < 0.
Now let d + a = 0. In this case, using , we find

ko (7)
Imo (7, )llag < C Z 1=C(ko(r)+1) = logT.

However, exception given for the cases (p,q) = (1,1),(1,00), (00,00), we may reduce the power of log T,
using the embeddings for Besov spaces (see Notation [1.4]).
Indeed (see, for instance, [27]), for any p,q € (1,00) it holds
LP = Bp max{p,2}> B(?’ min{2,q} 7 Le.

We distinguish three cases, recalling that we assumed p < ¢’. If 1 < p <2 < ¢ < 0o, then
17 (mo(r, 1) ls < Cu I Z mo(r.) Pllpo, < Co lflln, < Cs 1 Flir-

The inequality in the middle is a consequence of the fact the sum in is finite for any given ¢, in particular,
#{k: (&) # 0} < 3 (see also [I]), so that by

k+1
1F " (mo(r, e P)lIFa <C D 1F 7 @ )l
j=k—1
we obtain
ko(T) ko(T) R
1.7~ (mo(, ||Bo Z 1.7~ (mo(r, Yok f)lI7a < BC) D 1F (W f)ll70-

k=0
Now let 1 < p < ¢ < 2. In this case, we estimate

k}()(T)

17 (mo(r, V) la < Co |7 Hmo(r, ) Plmg,, < C2(3 D0 17 (W )lIL )
k=0
< Cy(log )i (D17 wahIE) " < Callogm)i 4 |1 fllLe
keZ

We stress that we used Holder inequality with the sequence {||.Z (¢xf)||Lr brez € £2 and the compactly
supported sequence X[o,x,()]- In particular,

1
r

1 1 1
IX0,k0(ryller = (ko(T) +1)7, == st
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Finally, take p =1 and ¢ € (1,00). Then, we can use only one of the Besov embeddings, obtaining

17~ (mo(7, ) ) lza < C1 |l F~ (mo(r, ) f)l| o

q,min{2,q}
ko(T) i {12 : L
<Clifll (Y1) < Cs (log 7)™ || f| 1 -
k=0

Recalling the definition of v(p, ¢), this concludes the proof when d + a = 0.
Now let d + a > 0. In this case, we take advantage of the presence of the exponential term to mitigate
the growth of [[mo(7, )| sz as 7 — oo (see Remark [5.2). Replacing by

—d— d =0 (g0
lm(r, Mlagg < lmo(r, ) 117" gz €I e 16 | aga, (31)
we may now apply the previous step to mg(7,§) |£|_d_a, obtaining
lmo(r, ) 117" g < C (log 7)),

whereas

llg|te e e’ (1= )(da) | g te g —nlel

Iavg =7 g = Crli=8)e.

This concludes the proof of (2I). Now let p =1 < ¢ < 0o and d(1,¢) +a > 0. To prove (22), we replace (31)
by

—d(144,q9)—a d(14d,9)+a —nr
LS (Y 3 i

o—0 6
O |5| ||M11+67

(7, g < llmo(r -)

for a sufficiently small § > 0, such that d(1+46,¢) +a > 0 and 1+ 6 < ¢’. Therefore,
Imo(r,) 167 D7 g < € (log 7)1 = Cllog r) e,

and

I ‘£|d(1+5,q)+a o= 0 Iel’ ™ (1-5) (1~ 5 ) +d(1+8,9)+a)

1+5:CT
1

The proof of follows noticing that

1
n(l—M)—i—d(l—ké,q)—ka—d(l,q)—ka.

Remark 5.2. If we do not take advantage of the exponential term when d + a > 0, that is, we still rely
on instead of using , then, by , we find the estimate

ko (T)
Imo(r,llagg < € ) 288w h(D(EHe) g,
k=0

The above estimate is, indeed, sharp for multipliers without the diffusive component, as mg is. We postpone
the discussion of this optimality to Section [7}, where we will show that

lmo(7, ) lagg = @D if d(p,q) +a > 0.

Then it is clear that the presence of the diffusive component of the multiplier is crucial to improve the
estimate of the M? norm of m(r,§) from 74T to F(1=8)dra) Agg 00, the gain vanishes.

Remark 5.3. It is clear that the estimate in Lemma is optimal when d(p,q) + a < 0, since it does
not depend on 7, and is also optimal when d(p,q) +a = 0 with 1 < p < 2 < ¢ < o0, so that y(p,q) = 0.
Apart from the logarithmic term, the estimate in Lemma is also optimal when d(p,q) + a > 0, see
Proposition Indeed, it is obtained by the better scaling of the oscillating component as far as it is
possible, and then it is based on the scaling of the diffusive component only when it becomes necessary
(since without the use of that scaling, the estimate would be worse, see Proposition .
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In two special cases, we may prove the optimality of Lemma when d + a > 0, with an easier approach
than the one employed in Section [7]

Example 5.4. Let p = ¢ = 2 and a > 0. Moreover, assume that |f(p,7)| > ¢ p®, uniformly with respect
to 7. Then

_ o0 0 a —mro—0 0
m(r, Mgz = [lm(r, )|z = sup x(2r'p)(1 = x(p)) [f(p, 7)™ 7 >e1 sup ple™ P
1<p<r 2<p<7/2

7, so that n777% p =1, we find

Letting p = 7!
Im(r)lagg = e e 7075,
Noticing that d(2,2) = 0 in (L0), we derive the optimality of the estimates in Lemma/[5.2)in this case.

Example 5.5. Let (p,q) = (1,2) (or, by duality, (p,q) = (2,00)) and a > —n/2. Moreover, assume that
|f(p,7)| > ¢1 p*, uniformly with respect to 7. Then it holds (see [14, Theorem 1.4])

Im(r, Mz = m(r, Mgz = 1F " mlr, )Lz = en Im(7, )| e

T/2 o—0 6 %
> 02(/ pn—1+2a 6—2177' P dp)
2

> coe " (/Tl_'(3 n—1+2a g )% ~ (logr)% if a =-n/2,
= 2 P Py 7(1-5)(5+a) if a>—n/2.

Noticing that d(1,2) = n/2 according to (10), and that (1,2) = 1/2, we derive the optimality of the
estimates in Lemma [5.2]in both the cases d +a = 0 and d + a > 0.

6. Proof of Theorem [2.7]
The application of Lemma [5.2]is crucial to conclude the proof of Theorem [2.1]
PROOF (PROOF OF THEOREM [2.1)). We first consider |¢|° Ko, for any b > 0. As discussed in Section due
to (16)), and to the fact that ||Koo(t, Marg < C, with C independent of ¢, it remains to estimate
XO,I(t7 6) = m(T7 6)7

with m as in , where
T:é?oté, f=w? |§|b, a=b—o.
Applying Lemma [5.2] we then obtain:
C if d(p,q) +b< o,
1Ko.1(t)larg < § C (log) if d(p,q) +b =0,
C (1=F) (HE2E ) (logt)Y®9) if d(p,q) + b > 0.

In particular, we notice that when d + b = o then

i) e Goa))
() e ()
1




and this concludes the proof. o
We may now turn our attention to d{ Ko, for j = 1,2,... We notice that

- 1 . ¢ 1 . ¢ , .
0K = ~5 €l Koo+ e #" costwpo = 5o (el Ko 7" (¢ 7))
Iterating for higher order time derivatives, and proceeding as we did for KO, we find the desired estimate.

7. Optimality of Lemma [5.2]
As discussed in Remark following the proof of Lemma [5.2] we find that
lmo (7, )|y < C Pt

when d(p,q) +a > 0. In this section, we prove the optimality of this estimate. We assume for simplicity
that wg = p? and f = p® in , but more general assumptions are possible.

Proposition 7.1. Let 7 > 1, and assume that wy = p° and f = p® in , where a € R and o > 0, with
o#1. Let 1 <p<q< o0, and define d(p,q) as in . If d(p,q) +a > 0, then there exists ¢ > 0 such that

lmo(7, Marg > e, (32)
where ¢ > 0 is independent of T.

PROOF. The proof is inspired by [I8, Lemma 8]. By duality, we may assume 1 < p < ¢ < p’. We fix g € C°,
radial. For any 7> 1, we define g.(z) = 77 g(rz), so that ||g,||zr = ||lg|lzo. Then g, (&) =7~ g(r—1¢).
Let p = |¢|]. Abusing the notation for radial functions, we may write

Tgollal) = [ m0(5) gr(p) T2 (Jalg) el o dp
1

where J% denotes the Bessel function of first kind. Due to p > 1, for |z| > 1 we may use the asymptotic
expansion of the Bessel function

-1 1|z —ilx — —
Juz2 (|2lp) = (jalp)* (poeP + poe™ 1 + O(la =¥ p~)),
where py = cy + Z;\;l ¢j + (|z|p)~7. Therefore,

n—1

Tgr(|jz]) = |z~

- T A= ilx —i|z n—1
T / mo(p) §(77"p) (poe'™1P + p_e”71P) p"2" dp
1

+ 0(|x|7%7N T / p‘”%*N dp).
1

We now look for an interval I, such that |z| ~ 797! for |z| € I, I has length ~ 77!

, and
Tgo((al)] = er 3775, for any Ja] € 1. (33)
If we find such interval as in (33), then it follows that

”TgTHLq > ||TgT||L’-1([) > cr;—‘%‘ﬂ‘%-i—a (

—Zot+Ztatl(o—1) _ Tn(

~T

so the proof is concluded. Hence, the rest of the proof is devoted to prove (33]).
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It is clear that if || ~ 791, then

i
||~ N 7T / Pt N dp = o(rEOHE T,
1

for a sufficiently large N. We now consider the leading terms c4 of the polynomials p4 in Tg,, being the
treatment of the other terms easier. That is, we consider

/ X271 p) (1 = x(p)) poH T (e ETHAR) o i lelR)) 5771 p) dp
1

1
PREES arn=l ;.o o4 1= )
—cprtit XAl g T D gy
1/T
1
a n+1 a n—1 iTU o'_Tlfa' T “
+e vt // X(2p)(1 — x(1p)) pT 77 €7 FP 7121 g(p)dp
1/

where we performed the change of variable p — 7p.
Recalling that |z| ~ 7971, for any N > 1 we may estimate (see, for instance, Proposition 1 at page 331
in [29])

1
‘// X(2p)(1 = x(7p)) po+ 77 HT7 7T 1210 G pydp| < O 7N,
1/7

due to the lack of stationary points of the phase function p? + 7177 |z|p.
To obtain the desired estimate from below, we shall now consider the stationary point of the other phase
function h(p) = p° — 7177|z|p. We find

W(p)=op” ' =77z, hW'(p)=0(0—1)p7"%,

so that, for any o # 1, there is a unique stationary point p = po(|z|) = 77! (\;z:|/or)ﬁ

We now fix the desired interval I = [ry, 73] such that po(r1) = 1/6 and po(r2) = 1/3. In particular,
|z| &~ 791 for any |z| € I and I has length ~ 71, Also, possibly restricting the interval, we may assume
that inf,cr, |§(po)| > 0.

Now, let 6 > 0, be such that 6 < pg/2, so that x(2p) =1 for p < pg + 9§, and x(7p) = 0 for p > pg — 9,
for 7 > 24. For any |z| € I, away from the stationary point po(|z|), for any N > 1, we may estimate

po—é n—1 . o
‘// (1= x(7p)) o+ 5 2770 g(p)dp| < Con 77,
1/7

1 n—1 .o N
‘/ SX(QP) pit T TP g(p)dp‘ < Csnr N
po+

Indeed, |W/(p)| > cs for any p & (po — 6, po + 9).
We may now study the integral near the stationary point:

po+d _— .

Js = / Pt T g (p)dp.
po—3

By Taylor’s formula,

oloc—-1) ,_

(o) — o) = 701 1572 (0 — o) + 0o — o),

so that, for a sufficiently small § > 0, we may perform the change of variable

r? ifo>1,

h(p) — h(po) = { ,

—r® ifo <1,
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and

. a+ .
Js = eFihlpo) / P(r) etiT Tzdn ay = \/|h(,00 +8) — h(po)|,
a_—

n—1
where (r) = pSJrT 3(po). Therefore, |J5| > cT~% (see, for instance, Proposition 3 at page 334 in [29], or
the proof of Lemma 8 in [18]). Due to

3 1— — P —
_ﬁ_;'_a_i_Lz“ ~ 7"71(0'71)7n+%+a+%

n—1
|72 7 T

for |z| € I, we conclude the proof of (33).

In a similar way, it is possible to prove that the estimate for |[m(r,-)||y¢ in Lemma when d +a > 0, is
also optimal, apart from the logarithmic terms.

Proposition 7.2. Let 7 > 1, and assume that wy = p° and f = p® in , where a € R and 6 > o > 0,
with o # 1. Let 1 < p < ¢ < o0, and define d(p,q) as in . If d(p,q) +a > 0, then there exists ¢ > 0 such
that

Im(r,llagg > e+ (=5), (34)

where ¢ > 0 s independent of T.

a

PRrOOF. We follow the proof of Proposition but with g,(z) = r7(1=%) g(t'=% ), so that

() = 7 (178) g7 (1-8)g),
)

_a

and we look for an interval I such that |z| = 7@ D(1-%) for |z| € I, I has length ~ RGEIC 5), and

Ty ()| > er(Z37+5+2)0=5) for any [a] € I. (35)

If we find such interval as in (35), then it follows that

1
Tgellr = [Tgr ) = erlE45)0=8) ([ 1)
|z|el

~ p(CBoH g e (0-D)(1-F) — L(@dp.a+a)(1-F)

:7'(

so the proof of is concluded. Hence, the rest of the proof is devoted to prove .
We now shall consider:

/ x2r 1)1 = x(p)) pa+"T_1 e ¢ (C+ei(ipa+\fﬂlﬂ) + C_ei(ipa—mp)) Q(T_(l_%)p) dp
1

T%
a+ntl _o _a _c
ey r 0D [ @) x ()
T6

at 251 —np? it T8 (7 2| r TG ) a(

X p p)dp

5

+C*T(Q+TLT+1)(17%) /a IX(QT_%p)(]-_X(Tl_%p))
TO

a+n771 _77P9+i7'°(1_%)(ipv_‘xh_(l—a)(l_

oy R
e ") 4(p)dp,

X p

where we used the change of variable p — 7177 p.
As in the proof of Proposition [7.1] for any N > 1 we may estimate

(1—0o)(1—

T%
o o n— : U( -z o l) o
‘ /g,l X2 F p) (1 — x (7175 p)) prt T e EiT T T (07 Hfalr 70) 4(p)dp| < Cy 7N (1=%)
T6
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due to the lack of stationary points of the phase function p” + |z|7(!=?)1=%) p. We stress that we implicitly

1

used the boundedness of the function p®t ™z e~°" and its derivatives to treat the integral at large values
of p.

1= F)h(

We proceed similarly for e—np’Eir ?) out of the interval (po — d,po + 6), where now pg is the

stationary point of the function
h(p) = p7 — |x|r =08 p,
so that pyp = T_(l_%)(|x\/o)ﬁ ~ 1.
We may now study the integral near the stationary point and we apply Taylor’s formula for a sufficiently
small § > 0, as in the proof of Proposition [7.1] to get:

po+o ol a o(1—<
Js = / e e TP () — ko) / Sy e
po—9 a_

n—1 a fod
where (r) ~ pg+ T e §(py). Therefore, |J5| > cr%0-%)_ Due to

(—prat==o) (1-5)

|1‘|7HT_17' NT(i%(Ufl)fn'F%‘Hl‘i’%)(li%)

for |z| € I, we conclude the proof of (35).

7.1. Remarks about the case o =1

In the case o = 1, the proof of Proposition does not work. However, we may prove the following
result.

Proposition 7.3. Let 7 > 1, and assume that wg = p and f = p® in , wherea € R. Let1 <p < q < oo,

and define
~ 1 1 1 11 1
dip,g) =n{-——-|+(n—-1 max{—,—}.
e =n(s- 1)t pma{g- 11

If J(p, q) + a > 0, then there exists ¢ > 0 such that

mo (7, larg > T, (36)
where ¢ > 0 is independent of T.

PROOF. The proof is inspired by [I8, Lemma 7]. By duality, we may assume 1 < p < ¢ < p’. We fix g and
gr, and we write T'g,, as in the proof of Proposition By the change of variable p — p7, we may deal
with the leading terms c4 of the asymptotic expansion of J noz (Jz|p). In particular,

n—1 n n—

_n=-1l _n i _ a 1, T ~
|z~ 7 T /1 X277 ) (1 = x(p) p*T 2 e E D2 G(p /) dp

1
—1 _ ntl at+2=L 4 z|\)Tp »
FTR et /1/ X(20)(1 = x(7p)) p* % ! CHET () dp
= [a 7 T (1 £ a7,

where . -
h(p) = x(2p)(1 = x(p)) p** 7= 4(p).

Due to h € L', it follows that h(|y|) vanishes as |y| — co. In particular, h((1 + |z|)7) — 0 for any z, as
T — 00, and h((1 — |z])7) — 0 for any fixed |z| # 1 as 7 — oco. We know that h is nonzero in some point
(otherwise i = 0). Assume for brevity that 2(0) # 0. There exists § > 0 such that |h(|y|)| > ¢ for |y| < 4,
so that 1 n nt1 n n41

|~ 7 T h(A t|2)r)| > er T
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for any |z| € I =[1—46/7,1+d/7]. Then

3
Q=

_n ntl
el = [Tgr iy = 73545 [ Ldr)
1-2<ja|<142

n ot tet i 0 (3 3)+(=D(3-3)+e _ d(pa)ta

8. Multiplier theorems

In this section, we collect some results employed in the paper to prove that a function is a multiplier
in M, basing on suitable estimates for the function and its derivatives.
A key result for multipliers in M} with p € (1, 00) is the Mikhlin-Hérmander multiplier theorem.

Theorem 8.1 (see Theorem 2.5 in [14]). Let 1 < p < oo and k = [n/2] + 1. Suppose that m €
CF(R™\ {0}) and
gm©)| < clel=, i<k

Then m € MZI,’.

Mikhlin-Hérmander multiplier theorem may be used together with Hardy-Littlewood-Sobolev theorem for
the Riesz potential I,, whose action may be defined by I,f = .Z~1(|¢|”“f), for f € S and then extended
by density.

Theorem 8.2. Leta € (0,n) and p € (1,n/a). Then |§]”* € MI(R"), that is, I, € LL(R™), with q obtained
by

Sle

qa p

A function m is a multiplier in M{ if .#~'m € L'. In particular, this is true if m € HY, for some N > n/2.
The following inequality also provides an estimate for ||.# ~1m||p:.

Theorem 8.3 (see, for instance, Theorem 1.2 in [28]). Let n > 1 and N > n/2. Assume that m €
HYN, then .Z'm € L' and there exists a constant C > 0 such that

_ 1— n_
|7 mllpr < Clm|l > [IDVm| 75 .

The estimates provided by Theorem will be used together with the estimates for ||.% ~1m|| L, provided
by the following application of Littman’s lemma, based on stationary phase methods.

Lemma 8.4 (see, for instance, [22]). Let us consider for T > 719, 70 is a large positive number, the
oscillatory integral '
ngx(e_”“’(g)v(«f)).

The amplitude function v = v(€) is supposed to belong to C2°(R™) with support in {¢ € R™ : [¢| € [1,2]}. The
function w = w(§) is C*° in a neighborhood of the support of v. Moreover, the Hessian H,, () is nonsingular,
ie., det H, (&) # 0, on the support of v. Then the following L>° — L estimate holds:

[Fe o (7™ @ v(@)lpe@y <CA+T)7F > IDP0(€)l| L= r2).
|B]<n+1

where the constant C' depends on C™"2 norm of the phase function w, on the lower bound for | det H, ()]
and on the diameter of the support of v.
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In [30, Proposition 2.5, Chapter 8], one can find a simple proof of Lemma from which it is easy to check
that the statement remains valid whenever w and v depend on some parameter, with a constant C', uniform
with respect to the parameter, provided that the derivatives of w and v, as well as |det H,(¢,&)| can be
estimated uniformly with respect to the parameter. This property for the Hessian appears in , in this
manuscript.

By Young inequality, [[m|lye < [[F~'mllLr, with 1 —1/r = 1/p — 1/q (see [14, Corollary 1.2]), in
particular the equality holds if p = 1 < g or p < ¢ = 0o, whereas M] = M2 is the set of bounded measures.
The following lemma provides an easy way to determine whether .# ~!m € L", in particular, when r = 1,
for smooth compactly supported multipliers m.

Lemma 8.5. Assume that m € C5(R™) for some k > 0, and that it verifies the estimates
Vial < k: |Ogm(E)| < C [T, for some a < n.

Then g = .F ~'m satisfies the estimate |g(z)| < C' (1 + |z|)~". Moreover, if m € C5*1 and

Via|=r+1:  |9gm(e)] < Cle|" ", for some § € [0,1),
then
C”(1+\:c|) (n—a+tx) ifa>n—1+4,
lg(z)] < ¢ C" (1 + |z|)~(k+1=9) ifa<n—1+4andd € (0,1), (37)

C' (14 |z))~*+D log(e + |z|) ifa<n—1andds=0.
The proof is very straightforward and likely standard, but we include it for the ease of reading.

PROOF. Due to a < n, by the compact support of m, we obtain o¢m € L! for |a| < k, so that (1+]z|)~g €
Co. This proves the first part of the statement.
Thanks to

iz 1T
¢ §=—Z| 5 06", (39)
Jj=

after integrating by parts x times, we may write

g(x) — (27T)—n /n eiwém(f) de = (2m) n‘l'| K Z C’Y/ “587 d§7

[vI=r

where we used that m is compactly supported. We now split the integral in two parts and we apply one
extra step of integration by parts in the latter integral:

[ e<armie)ae = o e =Y i [ o) de

le|<|a|~1 = laf?

mJ

et 87 .
Bl LT
Let M > |x|~! be such that suppm C {|§| < M}. Then we may estimate
/ 0Zm(&)] s < C €17 dg = Cy Ja "7,
[E1<]=|~* [€1< |~

o @l = [ e = Oy 0,

—(1-9) if §
o [ gem@ae = e g0 g = 1T o0
€12 |1 ol =1 <|¢|<M Cs x| log(Mlz|) if § = 0.
This concludes the proof.
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Remark 8.1. Assume that |g(z)] < C’ (1 + |z|)~""* for some £ < n. Then, g € L" for any r € [1,00) if
< 0 and for 7 > n/(n— ) otherwise. By Young inequality, we get m € MJ forany 1 <p < ¢ <ooifx <0
and for n(1/p — 1/q) > k otherwise. However, by Hardy-Littlewood-Sobolev theorem (see [14, Theorem
2.4]), we obtain m € M}, if 1 <p < ¢ < ooand n(l/p—1/q) = .
In particular, if
Va: o [9gm(9)] < Ca (L"),

for some b > —n, then we may apply Lemma with k = n — 1 4 [b], i.e., k is the biggest integer
verifying k < n + b. Setting a = x — b (we notice that a € [n —1,n)) and § = a + 1 — n, we get

()] < C'(1+ |z))—n" if b is not integer,
x
TEN=001 (1 + |2]) =" log(e + o) if b is integer.
As a consequence:
. ifb>0,thenm€Mgforany1§p§q§oo;
e if b =0, then m € M for any 1 < p < g < oo;
o if b € (—n,0), then m € M if n(1/p—1/q) > —b; moreover, if b is not an integer, and 1 < p < g < oo,
then m € M7 if n(1/p —1/q) > —b.
9. High frequencies estimates

In this section, we briefly collect the LP — L7 estimates for the fundamental solution localized at high
frequencies, namely, for (K — Kj)(t,-), where Kj is as in . Due to the fact that K(L &) is smooth in the
support of 1—x(2|¢|/ep), and that for any given N >> ¢¢, the real parts of the roots of (4)) are strictly negative
in the compact annulus {€ : £9/2 < |¢] < 2N}, we find that K, (t,€) = (1 — x(2|€|/e0))x(|€]/N)K (t,£)
trivially verifies the multiplier estimate

I1]* 0] K1 (t, )z < Ce™, £ >0,

q < oo, for some C' > 0 and ¢ > 0. Therefore, we consider in the following Km(t,f) =
ith poo(€) = 1 — x(|¢|/N). For sufficiently large N, namely, such that N9~ > 2, it holds

. et — At 1.0 / —2(6—0)

as in @I) In particular,

for anyAl <p<
@oo(f) K(t,f), w

A~ el AL~ el (40)

If § < 20, a smoothing effect appears which, in particular, allow us to deal with higher derivatives of the
solution and to get a LP — L? estimate for any 1 < p < g < 0o, but the estimate is possibly singular at ¢ = 0.
The singularity at ¢ = 0 is related to the fact that the smoothing effect requires some positive time to
produces its effect. This phenomenon is analogous to what happens in the heat equation and other diffusive
equations. In the limit case 8 = 20, the smoothing effect only influences the time derivatives.

Theorem 9.1. Let 1 <p<qg<oo,0<0<20,j €N, and b € R. Define

1 1
azn(—)—i—b. (41)
p q
Then we have the following estimate
I1€1°0 Koo (&, lagg < CE0e™, e >0, (42)

where:
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e if 0 <20 and a > 0, then
soiy 270
IR Pk

if p,q € (1,00), whereas § may be any positive number verifying

a—20

5>
>j+20—9’

ifp=1 orq=o0;
o if 0 <20 and a < 0, then
a
5:<*1 7) 9
J +9 N

if p,q € (1,00), whereas 6 may be any nonnegative number verifying

a
0>7—14+—,

if p=1 or g = oo, provided that we assume a < 6 and 1/p—1/q > 1/2 if 6 = 20.
If we are interested in non-singular estimates, it is sufficient to take § = 0 in Theorem [9.1

PRrOOF. It is not restrictive to assume that 1 < p < 2 and p < g < p/, since Mg,/ = M. Assume first that
p > 1 (so that ¢ < oo as well). Then

11€1°07 Koo (£, )l agg < CNI€1° 0 Koo (£, )l azg

by Hardy-Littlewood-Sobolev theorem (Theorem . Noticing that

. X N

5JKoo(t7 ) = Yoo + e}\+t _ — e)\,t ,

¢ Ap — Ao Ap — Ao

we employ to obtain
a aj a—0— 20—0)] —ct|g|?2o—0 65 —ctle|?
07 (161" 0] Koo (1,)) ] < €l (1g] B0 emetl€”™" P emerlel”) (43)

for any |¢| > N, for some C,c > 0. Let x = 20 — 6,0. We multiply and divide by #° with § as in the
statement, and we use

c

e
where the latter one is a consequence of || > N. In turn, we obtain
“ 9 K a—6— 20-0)(j—0 06—\ ;-6 —c
102 (€1 98 Roo(t.))| < € Je1*=" 7 (162700 1 g0G=0)) 48 g »
<C ‘grl“/l t=8e—ert,

and the proof follows by Mikhlin-Hérmander multiplier theorem (Theorem(8.1). If p = 1, then [|-|[ 72 = [|-|| ¢
for ¢ > 1 (see [14, Theorem 1.4]) and || - |52 < || - |1 by the properties of the convolution product. The
proof follows estimating

1(=A)30) Koo (£, )]s < Ct0 1t

For ¢ > 2, the estimate above is an immediate consequence of Haussdorfl-Young inequality:

Y o
1(=2)20 Koo (t, ) |10 < C1E°0] Koo (t, )| or
< C 79 et </ “€|b—9 (|§|(20—9)(j—5) + ‘§|9(j—5)> ’q> <0 =8 p—ert.
[EI>N
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For g € [1,2) the desired estimate may be easily obtained integrating by parts, if § < 20. Indeed, we notice
that [¢|"Koo(t,) € S C L, for any t > 0, if # < 20, thanks to the exponentially decaying terms in (43).
Therefore, the Fourier inversion formula is valid and we may use an integration by parts argument analogous
to Lemma [

We give the proof for g = 1, being the proof for ¢ € (1,2) analogous.

Let g = t0 et (=A)20) Koo (t,-) and m = . Setting |y| = n+1 in and integrating by parts, we find
that

9(t,2)] S oD Y / 02 m(t, )| dE < C Ja]~ "+,

lyl=n+17 €12V

with C' > 0 independent of ¢. On the other hand, integrating first n — 1 times, splitting in two integrals
and integrating by parts one more time in one of the two integrals (similarly to what we do in the proof of

Lemma [8.5)), we obtain

lg(t, )] S Jaf ="
|

|Z /N<§<z|1 |0 m(t, §)] d€
+ |z|™" Z Z / |8gj8gm(t’§)|d§

=1 |y|=n—1" 27} <l¢]

PRy / 7 mit, )] de
[v]=n—1
§|x‘*(n71)/ g0 <|§|<2o—e>u—6>+|§|e<j—6)> de
N<[¢|< 2|1
+x|—n,/|l<|£| g[o=0n (‘§|(20—9)(]’—6)+|§|9(j—5)) de

el [ e (g0 g ) ag
€=z~

S fe

Y

for some € > 0 where we used that b — 0 + (20 — 0)(j — ) < 0 and b — 0+ 20(j — §) < 0. Therefore, due to
lg(t, )| < C min{|z|*~", |z|~*+D}, we find ||g(t,-)||z1 < C, with C' > 0, independent of ¢.
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