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Abstract

We propose a definition of granular count realized in the presence of uncer-
tain data modeled through possibility distributions. We show that the resulting
counts are fuzzy intervals in the domain of natural numbers. Based on this
result, we devise two algorithms for granular counting: an exact counting algo-
rithm with quadratic-time complexity and an approximate counting algorithm
with linear-time complexity. We compare the two algorithms on synthetic data
and show their application to a Bioinformatics scenario concerning the assess-
ment of gene expressions in cells.
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1. Introduction

Data collection is a common practice that is preliminary to any analysis.
In essence, data are collected by a systematic application of measurement of
a target variable, in order to discover unknown relations, testing hypotheses,
etc. Modern technology allows to collect huge amounts of data, which call for

complex methodologies for understanding and analyzing data. Data Science
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is an interdisciplinary field devoted to the study of these technologies, and its

interest in the scientific community is incessantly rising.

Depending on the application, data can be either raw or derived [1]. In
particular, derived data are produced through additional processing or analysis
of raw data. Both raw and derived data may be contaminated by uncertainty,
i.e. a lack of confidence about the exact value of the observed variable. There
are several reasons for uncertainty present in data [2]; reasonably, the more
complex is the phenomenon under investigation, the more likely collected data

are uncertain.

There are at least four strategies to deal with uncertain data: understand,
minimize, exploit and ignore uncertainty [3]. The simplest one is just to ignore
uncertainty, but this strategy is dangerous as it may introduce bias in the sub-
sequent processing stages, which is hard to recognize. Minimizing uncertainty is
important but, in most cases, a residual uncertainty is still present in data and
further analysis must cope with it. Uncertainty can be exploited by propagat-
ing it in the subsequent data processing stages. In this way, the results of data
analysis show their uncertainty which can be assessed in order to judge their
final utility. But, in order to be exploited, uncertainty must be understood and

modeled by a proper theoretical framework.

Commonly, a probabilistic framework is used to model uncertainty [2]. There
is an extensive literature of data analysis and mining methods dealing with
uncertain data modeled in a probabilistic framework, such as machine learning
with noisy labels [4, 5, 6, 7], data indexing [8], uncertain data mining [9], query
ranking [10], etc. However, at the same time there are further studies that cope
with uncertainty in data with different frameworks, such as classical sets [11],

rough sets [12], evidence theory [13] and possibility theory [14].

Possibility theory is the simplest mathematical theory dealing with uncer-



tainty due to incomplete information [15]. It has been used to represent and
process data uncertainty in several scenarios, including information fusion [16],
statistical reasoning [15], supervised machine learning, where uncertainty can
be either in the observed data [17] or in the target variables [18], or both [19].
Possibility theory offers an interpretation of fuzzy sets [20], thus it serves as a

theoretical underpinning for fuzzy data analysis [21].

A basic operation with data is counting, i.e. finding the number of data
samples having a specific value. Counting is often a preliminary step for several
types of analysis, such as descriptive statistics, comparisons, etc. This is quite
a simple operation if objects are represented as precise data', but it becomes
non-trivial when data are uncertain. In fact, uncertainty in data must propagate

in counting, therefore results are granular rather than precise.

A first approach to counting with uncertain data is to remove uncertainty
prior to counting. A typical way to remove uncertainty in data is to select
just one value that is judged most appropriate according to some criteria (e.g.,
the most probable). This is a very common approach indeed, but it introduces
bias due to the arbitrary removal of alternative values data could assume. As a
result, precise counts can be computed (with their subsequent uses) but the value
of the results can be hampered by an arbitrary choice. However, propagating
uncertainty in counting could be very complex, especially if uncertainty in data

is represented in terms of probability distributions of values.

Counting data resembles the computation of the cardinality of a set. In fact,
the cardinality of a set is informally defined as the number of elements belonging
to the set. If a set includes all data samples with a specific value, counting all

data with that value coincides with the cardinality of the corresponding set.

1The complexity of counting also depends on the procedure that is required to recognize
that an object belongs to a set. However, here we do not take into account such complexity.



Therefore, since uncertain data modeled with Possibility Theory give rise to
fuzzy sets of data samples, a first choice would be to use one of the available
methods to compute the cardinality of a fuzzy set [22, 23, 24, 25].However,
there is a profound difference between counting (possibilistic) uncertain data
and the cardinality of a fuzzy set. This difference manifests in the different
semantics that are assumed. On the one hand, the cardinality of a fuzzy set
makes sense when it is assumed that all elements actually belong to the set (to
some degree). On the other hand, uncertain data have just one value (thus they
belong to one set only) although it is not generally known; what is known is a
possibility distribution of values. Therefore, there is no certainty that a data
sample belongs to a set (corresponding to a value), hence cardinality methods do
not provide any information about the number of data samples with a specific
value, i.e. they do not count data.

Counting uncertain data calls for a completely different approach that is de-
scribed in this paper. After some preliminary definitions (Sec. 2), we introduce
the concept of granular counting (Sec. 3) and show that a granular count of
possibilistic data is a fuzzy interval. Based on this, in Sec. 4 we develop two
algorithms for granular counting: one for exact counting and another for ap-
proximate but fast counting. In the experimental section (Sec. 5) we first report
a number of experiments on synthetic data that quantify the differences between
exact and approximate counting; then we illustrate a case study in Bioinformat-
ics where the usefulness of granular counting is shown in a real-world scenario.

The paper ends with some conclusive notes and directions for future research.

2. Preliminaries

Since we want to deal with primary and derived data seamlessly, we intro-

duce a specific terminology. We assume the existence of a collection of objects



or REFERENTS, which are detected through OBSERVATIONS. It is important to
notice that the effect of an observation is a data sample that can be used as
is, or further processed, in order to refer to one of the referents. (In short, we
say that an observation refers to a referent.) It is also important to underline
the relation between observation and referent — which is called reference —
because we introduce uncertainty in this relation. There might be several rea-
sons for such uncertainty; on a very general level, we assume that uncertainty
is due to incomplete information coming from an observation, which impedes a
unequivocal reference to one of the referents. We model such uncertainty with
Possibility Theory [14].

Given a set R of referents, a possibility distribution is a mapping from R to
a totally ordered scale. We use the interval [0, 1] for such a scale, therefore a

possibility distribution is a function

m: R+ [0,1]

such that Ire R: 7 (r) = 1.

A possibility distribution represents a state of knowledge about the reference
relation of an observation to a referent. For an observation with possibility
distribution 7 the value 7 (r) = 0 means that it is impossible that the referent
r is referred by the observation, while 7 (r) = 1 means that the referent r is
absolutely possible (though not certain). Intermediate values of 7 (r) stand for
gradual values of possibility, which quantifies the completeness of information

resulting from an observation.

It is important to underline that a possibility distribution quantifies com-
pleteness of negative information, i.e. the lower the possibility value, the more
information we have to exclude a referent. Even in the case of maximal possi-

bility, we may still have not the certainty that observation refers to a particular



referent. For example, if 7 (r1) = 7 (r2) = 1 with ry # rq, it is fully possible
that the observation refers to either r1 or 5 (in other words, the observation is
ambiguous), but if 7 (r;) = 1 and 7 (r) = 0 for r # r; we conclude that it is
possible that the observation refers to r; but it is impossible that the observa-
tion refers to any other referent; in other words we infer that the observation

certainly refers to rq.

In the case of multiple observations, we can combine the possibility values
through appropriate operators. In particular, we assume that the observations
are unrelated (or non-interactive), meaning that the real referent of an observa-
tion does not influence the real referent of another observation. In this case, we
are allowed to combine the possibility distributions of n observations which are

aggregated through the minimum function [20]:

T ([T(1)7 r@ ,r(")D = miin To, (r(i)) (1)

being m,, the possibility distribution assigned to observation o;. In the binary
case, the left-hand part of (1) is maximal if, for each observation o, it is possible
that o; refers to r(® and is null if for at least one observation o;, it is impossible

that it refers to r(®.

On the other hand, the possibility degree that an observation refers to a
referent in a subset S C R is determined by the maximum possibility degree of
all the referents in the subset:

7 (S) = maxm (r) (2)

res

In the binary case, 7 (S) is maximal if there exists at least one reference r € S
that is possibly referred by the observation, and is minimal if all referents in .S

are impossible.



3. Granular counts

Based on the preliminary definition, we can define a granular count of ob-
servations for a given referent. After that, we provide two algorithms for an

effective computation of granular counts.

8.1. Definition of granular count

Let R be a finite, non-empty set of objects or referents:

R={r,re,..., 0} 3)

and let O be a finite, non-empty set of observations?:

02{01702,...707”} (4)

Let m,; (r;) € [0,1] be the possibility degree that observation o; refers to ref-
erent r;. Therefore, an observation actually refers to one referent only, but
this association is uncertain. The following question is put forward: how many
observations refer to each referent3?

For the sake of simplicity, the binary case is first assumed, i.e. 7, (r;) €
{0, 1} for each observation and referent. Let N; be the number of observations

associated to referent r;. Some special cases can be easily recognized:

o Vj:m, (r;) =0, ie., it is impossible that observation o; refers to r;, for

every o;. In such a case, certainly N; = 0;

e Even if, for some j, 7, (r;) = 1, it is still possible that N; = 0 if, for each

observation oj, it is possible that o; refers to another referent r; # ry;

2We will assume the observations as non-interacting, i.e. the value assumed by an obser-
vation does not influence the value assumed by another observation.

3We assume that the set R consists of the only referents that each observation can refer
to.
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e If there exists j such that m,, (r;) = 1 and, for all other indexes i’ # i,
it is m,, (ri) = 0 then the observation o; must refer to r;. It is therefore

impossible that N; = 0.

These considerations highlight the necessity of defining a possibility distribution
on N;, which will be denoted by mp,. (Therefore, the count of observation is
granular rather than precise.) The value 7y, (x) is the possibility degree that

exactly x observations refer to ;.

Informally speaking, it is possible that exactly x observations refer to r; if
there exists a subset of & observations such that it is possible that all and only
these observations refer to r;. In order to formalize this statement we consider
the class of functions

a:0— R

that assign observations o € O to referents r € R. An assignment a is admissible
with respect to the possibility distributions 7, iff, for all 0 € O, a (0) = r implies

7o (1) > 0.

Let O, C O be a subset of x observations, i.e. |Oy| = z. (The number of
such subsets is (’:) for < m, and 0 otherwise; for x = 0 the unique possible
subset is Og = ).) The possibility that all and only the elements of O, refer to

r; is given by the admissibility of any function taking values as follows:

T ifo e O,
a(o) =
r#r;, ifo¢ O,

As a consequence, the possibility that all and only the elements of O, refer to
r; equates the possibility that all elements of O, refer to r; and all the remaining

elements in O\ O, refer to other referents. In the binary case, we can formalize
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this property as follows:

Mo €Oy :imo(ri) =1)ANMo & Oy : Ir#r;:m,(r)=1) (5)

which ensures that all observations in the subset O, possibly refer to r; and that
any observation outside O, possibly refers to at least another referent r # r;.
It is important to observe that this does not prevent an observation o’ ¢ O to
possibly refer to r; if 7 (r;) = 1 (as well as to another reference r # r;, i.e.
7o (1) = 1). Even in this case, however, it is plainly possible that O, is the set
of all and only observations referring to r; since it is possible that o' actually
refers to r # r; and not to r;. The truth of proposition (5) does not ensure that
O, is the actual subset of all observations referring to r;, but only that O, is a

possible subset of all such observations.

It could be interesting to compare eq. (5) with a perhaps more intuitive
definition, which, however, does not capture the intended meaning of granular

count:

(Mo € Oy : 7o (1) =1) AN(Vo & Oy : 7, (r;) = 0) (5)

Eq. (5’) states that the possibility that all and only the observations in O,, refer
to r; is satisfied when it is possible that all observations on O, refer to r; and
for all observations outside O, it is impossible that they refer to r;. However,
this is not a correct definition because it excludes the case that an observation
o' outside O, possibly refers to r; as well as to another referent r # r;. In
fact, in such a case, proposition (5) is false even if it is plainly possible that O,
is the set of all and only observations of r; provided that o' actually refers to
r.Since we are interested in defining a counting method that takes into account

graded possibility, we express property (5) by using the possibility operators



3.1 Definition of granular count 10

and the assumption of non-interactivity, which yield the following definition of
possibility:

(6)

7o, (r;) = min {Oréuori o (17) ’orgiori Irr;gx To (r)}

with the convention that min) = 1. Eq. (6) defines the possibility degree that
O, is the subset of all and only the observations of r; by computing the least
possibility degree of two simultaneous events: (i) all observations of O, refer to
ri, and (ii) all the other observations refer to a different referent. To compute
the possibility of event (i), since observations are assumed to be unrelated, the
minimum possibility degree among all observations in O, is computed; on the
other hand, to compute the possibility degree of event (ii), for all observations
outside O, the possibility degree that each of them refers to any referent r # r;
is computed (this is easily accomplished by computing the maximum possibility
degree of each observation over all referents different from r;), then the minimum

degree is retained.

Example 1. A simple example may clarify definition (6). Given the following

table:
rL T2
op 1 0
oo 1 1
o3 1 1
o0 0 1

we could ask whether it is possible that no observation refers to 1. We imme-
diately observe that this is impossible: the observation o; can refer to r; only.
In fact, if we consider the (unique) set Og = (), by applying (6) we obtain

TOg (Tl) = min {OHEHOI?) To (ri) ) (fgg}) To (TQ)} = min {1’{)%18 To (7"2)} =0
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Now we consider Oy = {0;}. Apparently, it is possible that oy in the unique
observation of 7 since 09 e o3 could refer to ro while 04 cannot refer to r1. In

fact

TO, (7’1) = min {7701 (7’1) , min {77—02 (TQ) » Tog (TQ) » Moy (TQ)}} =1

On the other hand, if O; = {02}, then

0, (r1) = min{m,, (r1), min {m, (r2), 7o (r2) , 7o, (r2)}} =0

because m,, (r2) = 0. This means that, as it is evident from the table, o, cannot
be the unique observation of 1. We will achieve the same result for O; = {03},
while, trivially, 7o, (r1) = 0 when Oy = {o4}.

We can now proceed to consider sets of two observations (there are (g) =6
different sets). We first consider Oy = {01,02}. It is evidently possible that

only these two observations can be associated to 1. Indeed:
TO, (7’1) = min {min {7701 (7‘1) » oy (Tl)} , min {7‘—03 (TQ) » oy (TQ)}} =1

We notice that o3 ¢ Oz yet it is possible that og refers to ry since m,, (11) =
1. However, we also notice that m,, (12) = 1, therefore, the situation where
01 and oo are the only actual observations referring to r; while both o3 and
o4 refer to ro cannot be excluded. In other words, it is possible (though not
necessarily true) that Os is the subset of all and only observations referring
to r1. Finally, it should be noticed that proposition (5’) is false because it
is possible—although not necessary—that observation oz refers to referent rq,
but this does not prevent the possibility that {01, 02} are the only observations
that refer to r1. Actually, expression (5’) requires that observations in O, can
refer to referent r; and observations outside O, cannot refer to r;. This is,

however, a stronger requirement than (5) which does not reflect the concept
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of admissible assignment: in fact, turning back to the example, according to
(57) it is impossible that 71 can be referred by two observations only, but this
contradicts the semantics of the possibility matrix 7; according to the matrix ,
there are two sets of two observations that can possibly be the sole observations
of r1, namely O2 = {o01,02} and O}y = {o1,03}. (Notice that OF = {o2,03}
cannot be such a set because 01 must refer to r1.) If we apply (5) to these sets

we obtain, respectively, true for Oy and O} and false for OF.

The same considerations apply to Oz = {01,03} but not for Oy = {01,04}
because 7, (r1) = 0. It is noteworthy to observe that for Oy = {02,03} we

obtain

TO, (7‘1) = min {min {7702 (7‘1) » Tog (Tl)} , min {7‘—01 (TQ) » oy (TQ)}} =0

because 7,, (r2) = 0. In fact, although it is possible that o2 e o3 can refer to rq,
these cannot be the sole observations associated to r1, since certainly o; must
be included too. For similar reasons, we have mp, (r1) = 0 for Oy = {02,04}

and Oz = {03, 04}.
We can go further on with sets of three observations. For O3 = {01, 02,03}

we obtain, as expected:

TOs (7’1) = min {min {7701 (7‘1) » o (Tl) » Moz (Tl)} , min {71—04 (T2)}} =1

while in all the other cases, i.e. Os = {01,03,04}, O3 = {02,03,04}, O3 =
{01, 02,04} we have mp, (r1) = 0 because of the presence of o4 in Os. In any
case, there exists the possibility that three observations refer to ri, while it is

impossible that we have four. In fact, for Oy = O we have

TO4 (Tl) = min {7701 (Tl) ) Moy (Tl) » Tog (Tl) » oy (’/‘1)} =0
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This example shows that it is possible to compute the possibility that a spe-
cific set of & observations collects the sole observations associated to a referent.
However, we are not interested in a specific set, but in any set of = elements.
We can therefore define the possibility value that the number of observations

for a referent r; is z as:
v, () = ma o, () 7)

for x < m and 7y, (x) =0 for > m. Eq. (7) provides a granular definition of

count. Counting is imprecise because observations are uncertain.

By reconsidering the previous example, we have:

0, =0
™, () =1, 1<2<3
0, z=14

i.e., the uncertainty of associating a referent to each observation translates into
a set of possible counting values. For binary possibility, the result of counting

is a crisp set. Accordingly, gradual uncertainty yields a fuzzy set of counts.

Example 2. In order to show how graded possibility leads to a fuzzy set of

counts, we may consider the following table:

et T2 T3
op 1 0 O
oo 1 8 6
o3 1 1 O
og 6 .8 1

O5 5) 1 0
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and focus on 7. We immediately observe that my, (0) = 0 since 07 must refer
to r1: at least one observation must be associated to the referent. If we consider

01 = {01}, by applying (6) we obtain

mo, (1) = min{m, (r1),min{max{m,, (r2), 7o, (r3)},... max {me, (r2),mo, (r3)}}}

= min{max{.8,.6},...max{1,0}}

min {.8,1,1,1}

= 8

it is therefore possible that o is the sole observation of r; but this possibility is
attenuated by the fact that, for at least another observation (0s), the possibility
of being associated to another referent is not maximal (therefore it is more
possible that it is associated to r1). As a consequence, it is more possible that
both 0, and o5 refer to r than the case that oy only refers to r1: this is quantified
by a reduced possibility degree that oy is the only observation of ry. For any
other instance of O # {01} we always have mp, (r1) = 0 because 01 can only

be associated to r;. From (7) it follows that 7y, (1) = 0.8.

We can now consider sets of two observations. Obviously, for all sets that do
not include oy we have 7o, (r;) = 0. We therefore take the case Oy = {01, 02}.

Then

7o, (r1) = min{min {7, (r1), 7, (r1)}, min {max {my, (r2),7os (r3)},... max{m,, (r2), 7o (r3)}}}
= min {1, min {max{1,0},max {.8,1} ,max {1,0}}}
= min{1,1,1}

=1

since, for all observations not in Os, there exists maximum possibility that they
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refer to other referents different from ;. It is worthless to carry on calculations,
because it is immediately deducible that mn, (2) = 1.

Likewise toOa, for any O3 we can easily deduce mo, (r1) = 0 when 0y ¢ Os.
Furthermore, for O3 = {01, 02,03} we obtain 7o, (r1) = 1, hence 7wy, (3) = 1.
For O4 we must observe that there are not four observations with maximum
possibility to ;. In fact, the maximum possibility degree is achieved with

Oy = {01,02,03,04} equal to

7o, (r1) = min{min{m,, (r1),..., 7, (r1)}, max{m,; (r2), 7o, (r3)}}

min {.6,1}

= 6

Therefore, my, (4) = 0.6, i.e. the possibility that four observations refer to the
same referent ry is not high. Even smaller, though not null, is the possibility
N, (5) = 0.5. In fact, observations o4 and o5 are more likely to refer to referents

different from r;.

8.1.1. Relations with Formal Concept Analysis

It is interesting to observe a parallel with formal concept analysis (FCA),
which develops around the notion of formal context, i.e. a tuple (G, M, I) where
G is a collection of objects, M is a collection of properties (or attributes) and
I C G x M represents a relation that can be read as gIm = ’object g has
property m’ [26]. Based on a formal context, a possibility distribution 7, (g)
could be defined on the set G of objects so as to express the possibility that
an unknown object is ¢ € G when a property m € M is observed [27]. Based
on this possibility distribution, a number of set functions can be defined, which
enable a formal characterization of all possible relations between objects and

properties. In this setting, a parallel can be established by treating referents
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as objects (G = R) and observations as properties (M = O); in this way it is
possible to compare the possibility distributions ,, (¢) in formal contexts and

the possibility distributions 7, (r(i)) as defined in this paper.

In FCA, a possibility distribution ,, (¢g) is determined by the relation I, i.e.
mm (g) = 1 iff object g has property m, therefore, in order to count how many
properties an object holds, the calculation is trivial: it is sufficient to sum all
possibility degrees by varying m. This is possible because a property m is shared
among different objects: if an object g has a property m, this does not prevent
another object ¢’ # g to have the same property m. (We could formally express
this situation by writing m,, (g) = mm (9]9’), i.e., the possibility that an unknown
object is g given an observed property m does not depend by the knowledge that
another object ¢’ has the same property.) On the other hand, in the context of
this paper the count of observations referring to a referent () leads to the more
complex formulation reported in eq. (7), because an observation refers to one
referent only and is not, unlike properties, shared among other referents. (We
could formally express this situation by writing 7, (T(i) \r(k)) =0fori#k,ie.,
it is impossible that observation o; refers to referent r(9given that it refers to

r*) for k # i.)

The possibility distributions developed within FCA are defined from dif-
ferent grounds than those used in this paper;this is why we used a different
nomenclature from FCA. On the other hand, (r(i)) can be interpreted as the
possibility that an object o; takes value 7(¥) in an information system character-
ized by a single attribute a with domain U, = R [28]. However, the restriction
to a single attribute makes the formalism of information systems impractical for
the developments of this paper; nevertheless, the proposed method shows a way
of counting the number of objects possessing an attribute value in the context

of information systems characterized by possibilistic uncertainty.
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8.2. Properties of granular count

In this section, we prove that a granular count is a fuzzy interval in the
domain of natural numbers. A fuzzy interval is a convex and normal fuzzy
set on a numerical domain (in our case, it is N). Convexity of a fuzzy set
can be established by proving that all a-cuts are intervals, while normality is
guaranteed if at least one element of the domain has full membership in the
fuzzy set.

From (6) we observe that, when we focus on a specific referent r;, all the
other referents are aggregated through the max operator. Thus, we can simplify
the notation by dropping the index ¢ and introducing a virtual referent 7 such
that

o (7) = max, (1) (®)

In this way, (6) can be simplified as:

70, (r) = min { min 7, (r) , min 7, (f)} (9)

0€0, 0¢0,

Also, (7) can be simplified as:

7wy (x) = Orr:g)({) 7o, (1) (10)

8.2.1. Normality of granular count

It is easy to observe that 7y is a fuzzy set defined on the domain of natural
numbers:

7N i N [0,1]

we can, therefore, consider a-cuts of my, i.e.

[mn]a = {z € Njzw (2) 2 a}
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In particular, we can consider the core of 7y, namely

core (my) = [7n]; = {z € Njan (2) =1}

A question concerning the core is if it could be empty. From the definition,
we have:

x €core(my) ey (z)=1< max 7o, (r)=1

T =

The last condition is verified if and only if
30, C O :mp, (r)=1
which is equivalent to

30, C O : min{min 7o (1), min 7, (f)} =1
0€0, 0¢0,

that is:
min 7, (r) = 1 A min 7, () = 1

0€0, 0¢0,

If we consider that each 7, is a (normal) possibility distribution, then, for
each o € O:

) =1 11
max (r) (11)

that is:

max {770 (r), max 7, (r')} = max {7, (r) , 7o (F)} = 1

r’eR\{r}

i.e., for each 0 € O, 7, (r) =1 or 7w, () = 1 (or both).

Let O = {0 € Oln, (r) = 1} (OM) could possibly be empty) and O =
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O\OW . Therefore
Vo¢ O .7, (r) < 1

but, because of normality (11),
Vo¢ O .7, (7F) =1

therefore

min{ min 7, (r), min 7, (r)} =1
ocOM) 0g¢O0)

thus, if 2 = ‘O(l)

, then mpn (a:(l)) = 1, therefore the core of mn cannot be

empty. This allows us to state that 7 is normal.

8.2.2. Convexity of granular count

Because of normality, we can claim that any a-cut of my is not empty.
(Indeed, for any fuzzy set A, [A], 2 [A], if a < B; therefore [7n], 2 [7n]; =
core (my) # (.) We are ready to extend our argument to any a-cut. Let
0 < o < 1; then z € [7n], if and only if

>
Jnax 7o, (r) >«

i.e.

30, CO 7o, (r) >«

Since [my],, is non-empty, for each = € [ry], the existence of (at least one)

O, is verified. By definition:

7o, (r) = min {greuori 7o (1), géuori To (r)} >«
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that is

min r) > a A min ) >«
onzTrO( )7 onzTrO( )7

i.e.

Yo €Oy :mo(r)>aAVo g Oy 7w, (F) > «

which is true for each « € [7n],,.

We define:

Omin ={0€O|m, (1) > a A, (T) < a} (12)

and

Tmin = |Omin‘ (13)

We consider 0 ¢ Opin; in this case, either 7, (1) < a or 7, (7) > a. If 7, (1) < a,
however, it must be 7, (F) = 1 > « since 7, is normal. Therefore, for each

o ¢ Omina To (F) Z «, thus

TOpmia (1) = min {oénoifm o (1), o%ﬂn o (T_)} =

ie. Tmin € [7N],. Also, for zmin > 0, if we remove a non-empty subset O’ C
Onmnin from Oy, then:

min 7, (1) > «

0€Omin\O’
but
min 7, (¥) = min { min 7, (7), min 7, (F)} <o
0&Omin \O’ 0&Omin o€0’
therefore:

Tommor (1) < a

thus [Omin\O'| = Zmin —k ¢ [7n], for some k > 0. Therefore z,j = min [7y], .
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We now define:

Omax = {0 € O|m, (r) > a} (14)

and

Tmax — |Omax| (15)

Of course Opax 2 Omin therefore Tpmax > Tmin. Also, if 0 ¢ Opax then o ¢ Opin

therefore 7, () > «. As a consequence

TOmay () = min{ min 7, (r), min w, (F)} >«

0€Omax 0ZOmax

therefore xmax € [7n],. For &max < m, if we add a non-empty subset O’ to

Omax (such that O' N Opax = 0), then, by definition

oedmin o (r) = min {oer%lnr,lax 7o (1) , 1in 7o (r)} e

since, by definition, if 0 ¢ Opax then 7, (r) < «. Therefore xymax + k =

|Omax UO'| ¢ [mn],, for k>0, i.e. Typax = max [mn],.

Let x € N such that zpi, < 2 < Tpax. Since Opin € Omax we can identify
a subset O C Opax such that k& = |Ox| =  — Tmin and Ok N O = 0. Let

Oy = Opin U Og. Then, by definition:
Vo€ Oy :mo(r) >«

because O, C Omax and, since Op N Opin = 0,
Yo & Oy : 0 ¢ Onin

therefore:

Yo & Oy :7, (T) > «
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As a consequence:

70, (r) = min { min 7, (r) , min 7, (F)} > a

0€0, 020,

therefore, * = Zmin + k = [Omin UOg| € [nn],, le. Vo € N 2, < 2 <
Tmax — & € [TN],-

In summary any a-cut of 7y is an interval in the domain of natural numbers,
ie.,

[WNLX = [xminaxmax]

Since an interval is a convex set, then, by definition, 7y is a convex fuzzy set.

Since it also normal, then it is a fuzzy interval in the domain of natural numbers.

4. Algorithms for granular counting

To determine the granular count of a collection of observations, in principle
we could directly apply its definition as in (7). However, this procedure would
require the computation of all subsets O, for any z from 0 to m. (m is the
number of observations.) Since there are (’;’) possible sets O, the total number
of sets to be computed is

> (1)

z=0 \ 7T
thus, the procedure has exponential time complexity, being intractable for real-
world applications. Fortunately, there exists a polynomial algorithm to perform
the computation, as described in Sec. 4.1. This algorithm computes the granular
count with quadratic time complexity. Furthermore, a more efficient algorithm
(with linear time complexity) is available if an approximate solution suffices.

The approximate counting algorithm is described in Sec. 4.2.
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4.1. Exact granular counting algorithm

Let

A:{w|7r:7r(,j (ri)j:1,2,...m,i:l,Z,...,n,w;ﬁO} (16)

be the set of all distinct non-zero possibility degrees. It can be easily observed
that |A| ~ O (nm).
For each r € R, we first compute 7, (7) for all o € O. This procedure requires

™1 be an array of m + 1

O (nm) comparisons and O (m) space. Let n, € [0, 1]
possibility degrees. Initially n, < 0. Then, for each o € A, it is possible to
compute the values zp;, and Zmax as in (13) and (15). In order to compute
Zmin, it 18 necessary to compute Oy as in (12), which requires to scan all the
values of 7, (r) and the values of m, (¥) (by varying o € O). Both time and
space complexity of this scan is O (m). The same procedure (thus, with the
same complexity) is required to compute Zpax.

Since, for each & € [Zmin, Tmax], Dy construction my (r) > «, then we can

update the array n, as

n, [z] + max{n, [z],a} (17)

requiring O (m) updates. At the end of the procedure, the array n, will represent
the granular count for referent . The overall time complexity is O (nm2), while
the space complexity is O (nm). If the granular count must be performed for
all the referents, the time complexity raises to O (n2m2).

Algorithm 1 is a pseudo-code of the exact counting algorithm. The referents
can be represented as a matrix R, where each element r;; corresponds to m,; (1),
i.e. the possibility degree that the j-th observation refers to the I-th referent.

The algorithm EXACTGRANULARCOUNT requires the matrix R and the index
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Algorithm 1: EXACTGRANULARCOUNT
Data: R,i
R=[rjy)=[m, ()], 1=1,2,....n,j=1,2,...,m
1 is the index of the referent for which observations must be counted
Result: n = [n,] € [0,1] for x =0,1,...,m
1 A {rjy:rjy#0,1=1,2,...,n, j=1,2,...,m} (16);
2 n < GRANULARCOUNT(R, i, A);

i of the referent to be counted; it generates the set A as in (16) and calls
GRANULARCOUNT (Algorithm 2).

The GRANULARCOUNT algorithm operates by computing 7 as in (8) (line
2) and initializing an array n of possibility degrees (line 3) which is eventually
returned by the algorithm. Then, for each a € A, it computes the extremes
of the interval [Zmin, Tmax] (lines 7-11). Finally, all the values of n within the

interval are updated according to (17) (lines 12-13).

Algorithm 2: GRANULARCOUNT

Data: R,i, A

R=[rjy)=[mo, ()], 1=1,2,....n,j =1,2,...,m

1 is the index of the referent for which observations must be counted
A is a set of « values

Result: n = [n,] € [0,1] for z =0,1,...,m

r; < [1jil =1 9. is the i-th column of R;

=

2 T; [fji]j:m,...,m where 7j; = max;z; rj; (8);
3 n<+ [0,0,...,0] (m+1 times);

4 for « € A do

5 Tmin < 0;

6 Tmax < 0;

7 for k=1,2,...,m do

8 if rp; > o then

9 Tmax ¢ Tmax + 1;

10 if 7r; < o then

11 Tmin €~ Tmin + ]-a
12 for r € Tnin, ..., Tmax dO
13 | 1o + max{n,, a} (17);
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Algorithm 3: APPROXIMATEGRANULARCOUNTING
Data: R,i
R=[rjy)=[m, ()], 1=1,2,....n,j=1,2,...,m
1 is the index of the referent for which observations must be counted
Result: n = [n,] € [0,1] for x =0,1,...,m
1 e+ 10712
2 A {et+k =55 k=0,1,...,n, — 1} (18);

3 n < GRANULARCOUNT(R, i, A);

4.2. Approximate granular counting algorithm

The computation of exact count requires a number of steps that is propor-
tional to the cardinality of the set A, which is O (nm). (This can be easily
observed from Algorithm 1.) As a result, the computational time complexity of
the exact counting algorithm is quadratic with the number of observations. In
real-world scenarios, it is expected that the number of observations can be very
large (on the other hand, the number of referents is expected to be smaller),
therefore an algorithm with quadratic complexity may be inefficient.

It is possible to cut down the time complexity by resorting to an approximate
counting algorithm. This variants simply does not compute the set A as in (16),

rather a number n, > 1is required and the set A is defined by equidistant values

as follows:
~ 1—e¢
A:{s—i-k;- k:O,l,...,na—l} (18)
N — 1
ie. A= {6,6 + n1;—€1’5+2' nla*_el,.,.,l}. We use € > 0 as the smallest

value of « in order to avoid the degenerate case @ = 0. A very small value of
¢ must be used. In Algorithm 3 the pseudo-code of the approximate counting
method is presented, where ¢ = 1072,

The time complexity of the approximate counting algorithm is O (m), i.e.
it is linear with the number of observations. (In the case that the approxi-

mate counting algorithm is applied to all the referents, the time complexity is
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increased to O (mn).) This makes the approximate granular counting method
very efficient when a large number of observations is available. However, it

requires an empirical determination of the parameter n,,.

5. Experimental results

The experimentation has two objectives. The first objective is to compare
the approximate and exact counting algorithms in terms of similarity of the
resulting fuzzy sets. To this aim, we adopt a synthetic data table and a collection
of similarity measures. The second objective is to demonstrate that the counting
method is useful in a real-world scenario. To this end, we apply the counting

algorithms to public Bioinformatics datasets concerning sequenced RNA.

5.1. Comparison of exact and approximate granular counting algorithms

The objective of this experiment is to evaluate how much dissimilar the fuzzy
sets are resulting from the application of the exact and approximate granular
counting algorithms on a synthetic data table. (The use of synthetic data is
motivated by the possibility of manually checking the correctness of the results.)

The data table we used is reported in table 1. It is defined by ten observations
and three referents, with a total of 11 distinct possibility values (excluding 0).
The choice of the values is motivated by the need of having a non-trivial, yet
not too large set of possibility values that are not equally spaced in the interval
[0,1]. In this way, it is impossible that a run of the approximate algorithm
generates a-cuts with boundaries coinciding with the possibility shown values
in the table. This makes the experiment closer to a real-world scenario.

In the literature, there is not a general agreement on the definition of sim-
ilarity between fuzzy sets; therefore, in order to avoid to bias the results to a
specific similarity measure, we measured the similarity of the results according

to several similarity measures. In table 2 the collection of similarity measures,
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Table 1: Synthetic data table used for comparing approximate vs. exact counting algorithms
r o re2 T3

oo 1 3 .54
02 .8 1 .6
o3 1 0 0
04 86 .91 1
05 1 0 0
o6 5 1 .64
o 1 8 1
og .2 .5 1
O9 1 0 0
010 .6 1 78

Table 2: Similarity measures used in the first experiment.

’ Similarity measure \ Short description
J = 7§Z: :::;1{{212’% set-based similarity
L =1-—max;(Ja; — b;]) | maximum difference of membership degrees
S=1- % sum of differences of membership degrees
W=1- W distance-based similarity
P= DOHELIRD matching-based similarity

max{zzlzl a2, > b?

i022i=1"Y

note: A =37 ai/z;, B=3"_ bi/s; in Zadeh’s notation of fuzzy sets.

used in the experiment, is reported. For further details, the interested reader is

referred to the specialized literature [29, 30].

We applied the exact and approximate granular counting algorithms to all
the referents in table 1. The approximate counting algorithm requires the num-
ber n, of a-cuts to be computed. Given the dataset at hand, we run the
approximate counting algorithm with three values of n,, namely 2, 5, 10. With
ne = 2 it is possible to approximate the resulting fuzzy set with a trapezoidal
shape that can be conveniently used in many software tools for fuzzy inference.
On the other hand, the approximate results may be too dissimilar from the

exact solution, which can be only approximated with a larger number of a-cuts.

In figs. 1, 2 and 3, the results of counting are depicted. According to the

exact counting algorithm, it is impossible that r; is referred by less than 3
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Figure 1: Granular counting (exact and approximate) of referent 71

observations (indeed, o3, 05 and o9 can only refer to 71 according to table 1),
as depicted in fig. 1; however, since 07 is more likely to refer to r; than to 7o
or r3, then the possibility degree mx, () on the actual number of observations
counting for r; is maximal for = 4, while it is in the middle for x = 3 (more
precisely, 7, (3) = 0.54). This behavior is well represented by the approximate
counts for n, = 5, 10 but it is not captured for n, = 2. In the latter case, the
approximate counting returns full possibility that the number of observations
for 1 is four, but null possibility for three (or less) observations. Overall,
approximate counts with n, = 5, 10 well follow the shape of the exact counting,
while approximate counting with n, = 2 promotes efficiency over accuracy. This
behavior is confirmed in figs. 2 and 3.

In order to quantify the accuracy of the approximate counting, we run the
algorithm for an increasing number of a-cuts, ranging from 2 to 100. For each
run, we evaluated the similarity of the approximate count with the exact count
according to the similarity measures reported in table 2. The results are depicted

in figs. 4, 5 and 6.
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Figure 4: Similarity values of approximate counting for r;

We observe that all the similarity measures show almost the same behavior,
with the exception of L similarity (perhaps due to the lack of a summation
operation). The trends are not monotonic but oscillating, with irregular am-
plitudes that tend to damp for large numbers of a-cuts. This behavior has a
simple explanation: since the a-levels generated by the approximate counting
algorithm are equidistant in [0, 1], it is unlikely that they coincide with the
possibility degrees in the dataset. This imperfect matching generates oscilla-
tions. As the number of a-cuts increases, the corresponding a-levels become
closer to the values present in the dataset, thus determining the attenuation of
oscillations. For a theoretically infinite number of a-cuts, it is expected that
all the possibility degrees in the dataset correspond to some a-level, thus the

approximate counting asymptotically becomes an exact counting.

5.2. Real world example: counting multi-reads in NGS

One of the main promoters of the thriving development of Bioinformatics

is the management and analysis of large amounts of data. Genomes, genes,
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transcripts, proteins, pathways, ad many other experimental data fill up the
biological databases and demand efficient and fast algorithms to be analyzed.
The advent of Next Generation Sequencing (NGS) has hastened the production
of molecular data by decoding the DNA and RNA sequences contained in cell
samples. RNA-Seq is a NGS protocol that allows to examine the RNA content
of a cell and to transcribe it in a text file. The output of the process is a list of
RNA sequences decoded in strings (called “reads”). The comparison of different
samples aimed at extracting the differences in the number of copies of each gene

(the gene expression) is known as Differential Expression Analysis (DEA) [31].

When RNA-Seq output is mapped against a reference database, a high per-
centage of reads (even more than 30%) map to more than one gene. This reads
are called “multireads”. They occur mainly because genes share repeated por-
tions and because reads are usually shorter than original RNA transcripts. If
a read maps equally to two or more genes that have an identical portion in
common, there is no way to prove that the read originates effectively from one
of the two genes. Multireads can be a source of uncertainty in the quantification
of gene expression, and this uncertainty should be represented and managed,
instead of trying to remove it, because errors in read count estimations can lead
to false positives in the results [32]. NGS machines provide a “quality” index
that, according to biologists, is a biologically plausible estimate of the possibility
that a read can be associated to a gene. However, a high quality index does not
mean certainty in association: two or more genes can be candidate for mapping

a read because they can be mapped with similar high quality.

The use of probability theory for modeling this form of uncertainty is not
advisable for a couple of reasons: (i) probability could be estimated by nor-
malizing the quality of a mapping over the sum of all quality indexes of a read

mapping to all genes. However, in this way, even if the mapping quality of a
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read to a gene is very high, the probability could be low if several genes have
high quality indexes: this could still be a correct choice if we can verify with a
statistical approach if the quality index determines the relative frequencies of
the associations, which in turn estimate probability, but unfortunately these re-
peated experiments are not available in DEA. (ii) By using possibility, which is
a less stringenttheory than probability for handling uncertainty, it is possible to
devise an approximate counting algorithm that runs in linear time on the num-
ber of reads, which can be hundreds of thousands. To the authors’ knowledge,

there is not a corresponding algorithm using probabilities.

It is possible to apply the counting method presented in this paper to achieve
a granular representation of the read counts. This granular representation can
be eventually used to perform differential analysis by taking into account the
uncertainty in counting, instead of artificially removing it. (We already applied
a preliminary version of granular counting in this scenario [33], but the method

was defined on empirical bases and produced trapezoidal fuzzy sets only.)

We used the public dataset SRP014005 downloaded from NCBI-SRA archive?,
which contains a case-control study of the Asthma disease, performed through
454 Roche sequencing of human endobronchial biopsies. The 55,579 reads were
mapped on 14,802 genes contained in the Vega transcript database [34] by us-
ing BLAST (with 97% of identity required). A total of 7,725 reads (i.e. 16%
of the entire dataset) resulted as multireads. The working assumption we used
in our experiment is that the higher is the mapping accuracy, the higher is the
possibility that a read actually belongs to a gene. Based on this assumption,
the possibility degree that the a read actually maps on a gene is given by the

product of “identity” and “coverage” (two quality indexes returned by BLAST),

4ftp://ftp-trace.ncbi.nlm.nih.gov/sra/sra-instant/reads/ByStudy/sra/SRP/
SRP014/SRP014005
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eventually normalized so that for each read at least one gene has full possibility
of mapping. According to this setting, each read plays the role of observation
for our counting method, while each gene acts as a referent.

For each gene, it is possible to compute the granular counting of the reads. As
an illustrative example, we consider gene OTTHUMGO00000165694|RIC3, which
is mapped by 59 reads also mapping to other 391 genes. In fig. 7 the results of
granular counting are reported, by considering exact granular counting as well as
approximate granular counting with 2, 3, 5 and 10 a-cuts. What is immediate to
observe is the high uncertainty showed by the granular representation of counts:
any analysis method that does not take into account such uncertainty fails to
provide veridical results.

We also observe when too few a-cuts are used (2-3), the approximate count-
ing carries out results that are very distant from the exact counting. However,
few more a-cuts (10) are enough to provide an accurate result that can be ef-
fectively used in subsequent operations. This result is confirmed by computing
the Jaccard similarity measure (J as in table 2) between exact and approximate
counts for a sample of genes. As can be observed from table 3, with 10 a-cuts
the similarity values are always higher than 0.9. Of course, a greater number of
a-cuts give better results in terms of similarity, but the price to pay is in terms

of computing time?.

6. Conclusion

In this paper we have presented a method for counting uncertain data, when
uncertainty is modeled through possibility distributions. We also devised two

algorithms for granular counting: an exact algorithm with quadratic time com-

5All the experiments run for this dataset required less than five seconds on a standard
office computer. The time is referred to running the granular counting algorithm. The time
required for data preparation has not been taken into account.
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Exact

Table 3: Jaccard (J) similarity measures between approximate and exact granular counting

for a selection of genes

Gene 2-cuts  3-cuts 5-cuts 10-cuts
OTTHUMG00000168110|C2CD3 0.76 0.89 0.96 0.98
OTTHUMGO00000131426|SLC28A2 0.36 0.59 0.83 0.93
OTTHUMGO00000133170|BRD7 0.62 0.77 0.89 0.96
OTTHUMGO00000153289|RGPD8 0.50 0.76 0.88 0.95
OTTHUMGO00000129407|SULT1B1 0.27 0.64 0.83 0.94
OTTHUMGO00000021744|OPHN1 0.31 0.66 0.84 0.94
OTTHUMGO00000161751|RP11-703G6.1 0.65 0.79 0.91 0.97
OTTHUMGO00000020565|RP11-442A13.1 | 0.02 0.59 0.80 0.92
OTTHUMGO00000165694|RIC3 0.48 0.76 0.89 0.94
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plexity and an approximate algorithm with linear time complexity, which have
been empirically compared. The illustrative case in Bioinformatics shows that
granular counting may provide useful information by propagating uncertainty
in the primary source of data (reads in NGS) towards the subsequent stages of
analysis, which rely on read counting to estimate the expression of genes in cells.
We observed that the resulting granular counts show a low specificity as a re-
sult of the high uncertainty in the reads. It is interesting to note that common
practice in Bioinformatics concerns counting just by disregarding uncertainty
and returning a single value [33]. The use of granular counting may shed light
on more comprehensive analyses and more significant results.

The counting algorithms that have been devised are computationally effi-
cient. This result has been possible thanks to the use of Possibility Theory
for modeling uncertainty. To the authors’ knowledge, there are not linear-time
algorithms for estimating counts in the case that uncertainty is modeled with
probability distributions. Future research will stress on the efficiency of count-
ing algorithms by applying them in real-world scenarios involving big data, such
as multireads counting in realistic scenarios with a number of reads of order 108
in magnitude (and constantly increasing thanks to technological advancements),
and a number of genes of order 10° in magnitude. Finally, future research will
be devoted to the study of the theoretical connections of the proposed method
with other formal frameworks based on Possibility Theory, including twofold

fuzzy sets [35].
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