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U(k)X �X(k)U + k(g(V,X)U � g(V, U)X)�R(U,X)V = 0.

R(U,X)V = rU (rXV )�rX(rUV )�r[U,X]V

= � 1

2n
div V (g(V,X)U � g(V, U)X)� 1

2n
(U(div V )X �X(div V )U).

U

⇣
k +

1

2n
div V

⌘
X �X

⇣
k +

1

2n
div V

⌘
U =

⇣
k +

1

2n
div V

⌘
(g(V, U)X � g(V,X)U).

⇤

U(⇠(↵)) = ⇠(↵)g(V, U), U 2 �(D).

(M,', ⇠, ⌘, g) C5 � C12 dimM = 2n + 1 � 5
M N(k) X,Y, Z,W 2 �(TM)

R(X,Y )'Z ='(R(X,Y )Z) + (k + ↵
2)⌘(X)(⌘(Z)'Y � g('Y, Z)⇠)

� (k + ↵
2)⌘(Y )(⌘(Z)'X � g('X,Z)⇠)

+ ↵
2(g('Y, Z)X � g('X,Z)Y + g(Y, Z)'X � g(X,Z)'Y ).

⇤(X,Y, Z,W ) =� ↵
2(⇡1(X,Y, Z,W )� ⇡1(X,Y,'Z,'W ))

+ (k + ↵
2)(g �̂ (⌘ ⌦ ⌘))(X,Y, Z,W ).

X, Y, Z,W M

R(X,Y )'Z ='(R(X,Y )Z) + ⇠(↵)⌘(Z)(⌘(Y )'X � ⌘(X)'Y )

+ ↵
2(g('Y, Z)X � g('X,Z)Y + g(Y, Z)'X � g(X,Z)'Y )

+ ⌘(Z)(g(V,X)⌘(Y )� g(V, Y )⌘(X))'V

+ ⌘(Z)(⌘(X)rY 'V � ⌘(Y )rX'V )

+ (⇠(↵)(⌘(X)g('Y, Z)� ⌘(Y )g('X,Z))

+ g('V, Z)(⌘(X)g(V, Y )� ⌘(Y )g(V,X))

� ⌘(X)g(rY 'V, Z) + ⌘(Y )g(rX'V, Z))⇠.

rX'V = (rX')V + '(rXV ) = g(V,X)'V �
⇣ 1

2n
div V

⌘
'X + ⌘(X)'(r⇠V ).



⇤(X,Y, Z,W ) = g(R(X,Y )'Z � '(R(X,Y )Z),'W ) + k⌘(W )(⌘(Y )g(X,Z)� ⌘(X)g(Y, Z)).

⇤

(M,', ⇠, ⌘, g) C5 � C12 dimM � 5 M

k M ↵ k = �↵
2

M C12

x M X,Y 2 TxM gx(X,Y ) =
gx(X,'Y ) = ⌘x(X) = ⌘x(Y ) = 0 M R = k⇡1

Rx(X,Y )'xY � 'x(Rx(X,Y )Y ) = �k'xX.

Rx(X,Y )'xY � 'x(Rx(X,Y )Y ) = ↵(x)2'xX.

k + ↵(x)2 = 0 ↵ ↵V = 0

↵ 6= 0 V = 0 k = �↵
2

↵ = 0 k = 0

M C5 ↵ ↵ = k = �↵
2
< 0

M C12 ⇤

↵ 2 R ↵ 6= 0 ↵

k = �↵
2 ] � ✏, ✏[⇥�F F �(t) =

a exp(�|↵|t) a = > 0 C12

�] � ✏, ✏[⇥F F � : ] � ✏, ✏[⇥F ! R

�

(M,', ⇠, ⌘, g) C5 � C12 dimM � 5 M

N(k)

R(X,Y, Z,W ) =R(X,Y,'Z,'W ) +R('X,Y, Z,'W ) +R(X,'Y, Z,'W )

+ k⌘(W )(⌘(Y )g(X,Z)� ⌘(X)g(Y, Z)),

R(X,Y, Z,W ) = R('X,'Y,'Z,'W ) + k(g �̂ (⌘ ⌦ ⌘))(X,Y, Z,W ),

X, Y, Z,W 2 �(TM)

X,Y, Z,W

M

R(X,Y, Z,W ) =R(X,Y,'Z,'W ) +R('X,Y, Z,'W ) +R(X,'Y, Z,'W )

+ ⇤(X,Y, Z,W )� ⇤(Z,'W,X,'Y ) + ⌘(Y )R(Z,'W, ⇠,'X)

R(X,Y, Z,W ) = R('X,'Y,'Z,'W ) + ⇤(X,Y, Z.W ) + ⇤('Z,'W,X, Y ).

⇤

k = = 1 G2 G3

↵

k = �(⇠(↵) + ↵
2)



C5 � C12

N(k)

C5 � C12 (M,', ⇠, ⌘, g)
N(k) M V

D1 = {⇠, V } D
?
1 =

⌘\ r⇠⌘ D
?
1 M

C12 D
? = {⇠} r⇠V = �||V ||2⇠

M �] � ✏, ✏[⇥F F � : F ! R
⇤
+

N (M,', ⇠, ⌘, g)
⇠
?

⇠ 2 �(T?
N)

D D
?

N TN = D �D
?

'(D) = D 'D
? ✓ T

?
N

V 6= 0 V M

(M,', ⇠, ⌘, g) C12 dimM = 2n + 1 � 5 V 6= 0
r⇠V = �||V ||2⇠ M N(k) D1

D
?
1 D1 M

k D
?
1 ⇠

?
M

C6

k = � 1
2n div V

rXV = kX + g(V,X)V � ⌘(X)(||V ||2 + k)⇠, X 2 �(TM).

d(||V ||2) = 2(||V ||2 + k)r⇠⌘.

0 = d(||V ||2+k)^r⇠⌘�(||V ||2+k)r⇠(r⇠⌘)^⌘ r⇠V = �||V ||2⇠
r⇠(r⇠⌘) ^ ⌘ = 0

dk =
1

||V ||2V (k)r⇠⌘.

D1

N D1 '(TN) ✓ T
?
N N

N k(x) = Rx(⇠,V,⇠,V )
||V ||2 x 2 N

N
0

D
?
1 X,Y 2 �(TN 0) g(rXY, ⇠) = 0

g(rXY, V ) = �kg(X,Y ) N
0

H = � k
||V ||2V r?

N
0

r?
XH = �

 
X

 
k

||V ||2

!
V +

k

||V ||2r
?
XV

!
, X 2 �(TN 0).

X( k
||V ||2 ) = 0 r?

XV = 0

N
0

{'V } N
0

D

N
0

'
2
V = �V 2 �(T?

N
0) '( {'V }) ✓ T

?
N

0
X 2 �(D)

g('X,'V ) = 0 '(D) = D N
0

⇠
?

M

g
0 = g|TN0⇥TN0 ⇠

0 = 1
||V ||'V ⌘

0 = ⇠
0b

'
0

N
0

'
0(⇠0) = 0 '

0(X) = 'X X ? ⇠
0

X 2 �(TN 0)

'
0(X) = 'X +

1

||V ||2 g('V,X)V.



('0
, ⇠

0
, ⌘

0
, g

0) N
0 r0

(N 0
, g

0)

rXY = r0
XY � k

||V ||2 g(X,Y )V, X, Y 2 �(TN 0).

(r0
X'

0)Y = � k

||V || (g
0(X,Y )⇠0 � ⌘

0(Y )X), X, Y 2 �(TN 0).

(N 0
,'

0
, ⇠

0
, ⌘

0
, g

0) ↵ ↵ = � k
||V ||

C6 ⇤

(M,', ⇠, ⌘, g) C12 dimM = 2n + 1 � 5 V 6= 0
r⇠V = �||V ||2⇠ M N(k) (M, g)
N ⇥� N

0 dimN = 2 N k N
0

↵

↵ = � k
||V ||

(M,', ⇠, ⌘, g) C12 dimM = 2n + 1 � 5 V 6= 0
r⇠V = �||V ||2⇠ M (M, g) N ⇥N

0

dimN = 2 N N
0

N
0

M M N(0)
D1 D

?
1 X 2 �(D?

1 ) rXV = 0 = rX⇠

(M, g) N ⇥ N
0

N

N
0

↵ ↵ = 0 ⇤

D
0 = {⇠, V,'V } M

V 6= 0 D
?

(M,', ⇠, ⌘, g) C12 dimM = 2n+1 � 5 V 6= 0
r⇠V = �||V ||2⇠ M N(k) D

0

D
0

N(k) C12

k = � 1
2n div V

C12

rV ⇠ = 0 = r'V ⇠ = r⇠'V,

rV V = (||V ||2 + k)V, rV 'V = (||V ||2 + k)'V, r'V V = k'V, r'V 'V = �kV.

r⇠V = �||V ||2⇠
D

0

N
0

D
0 ('0 = '|TN0 , ⇠

0 = ⇠|TN0 , ⌘
0 = ⌘|TN0 , g

0 = g|TN0⇥TN0 )
N

0
N

0 (N 0
,'

0
, ⇠

0
, ⌘

0
, g

0) N(k)
C12 ⇤
(M,', ⇠, ⌘, g) C12 dimM = 2n + 1 � 5 V 6= 0

r⇠V = �||V ||2⇠ M (M, g) N
0 ⇥N

00

N
0

C12 N
00

N
0
N

00

M M N(0) D
0?

D
0

X,Y 2 �(D0?) g(rXY, ⇠) = 0 = g(rXY, V ) = g(rXY,'V )
D

0?
N

00
D

0?

(J 00 = '|TN00 , g
00 = g|TN00⇥TN00 ) N

00

⇤



C5 � C12

C5 � C12 (M,', ⇠, ⌘, g)
M f1 f2 f3

R = f1⇡1 + f2S + f3T,

⇡1 S T

⇡1(X,Y, Z) = g(Y, Z)X � g(X,Z)Y,

S(X,Y, Z) = g(X,'Z)'Y � g(Y,'Z)'X + 2g(X,'Y )'Z,

T (X,Y, Z) = ⌘(X)⌘(Z)Y � ⌘(Y )⌘(Z)X + g(X,Z)⌘(Y )⇠ � g(Y, Z)⌘(X)⇠.

M

M N(k) '

c X, Y 2 �(D) ⇤(X,Y,X, Y ) = l(||X||2||Y ||2 �
g(X,Y )2 � g(X,'Y )2) l M

(M,', ⇠, ⌘, g) C5 � C12 dimM = 2n + 1 � 5

M

M N(k) ' c

k = �(⇠(↵)+↵
2)� 1

2n div V f1 = c�3↵2

4

f2 = c+↵2

4 f3 = f1 � k = c+↵2

4 + ⇠(↵) + 1
2n div V

M
2n+1(c, k)

' c k

(M,', ⇠, ⌘, g) C5 � C12 M
2n+1(c, k) n � 2

x0 2 M (N, J, g
0) D x0

(c+ ↵
2)(x0)

dc = ⇠(c)⌘
X 2 �(D) X(⇠(c)) = ⇠(c)g(V,X)

cV = 0
dk = ⇠(k)⌘ + kr⇠⌘

x0 2 M (N, J = '|TN
, g

0 = g|TN⇥TN
) D

x0 M C5 � C12 (J, g0) N N

H = �↵⇠|N R
0

N x 2 N X 2 TxN

R
0
x(X, JxX,X, JxX) = Rx(X,'xX,X,'xX) + ↵(x)2 = (c+ ↵

2)(x).

dimN � 4 N (c + ↵
2)|N

M N(k)
↵ N c N

c D

d(⇠(c)⌘) = 0 (d⇠(c) � ⇠(c)r⇠⌘) ^ ⌘ = 0

f2V = 0 dk = ⇠(k)⌘ � f3r⇠⌘

⇤



M ]� ✏, ✏[⇥(�1,�2)F

✏ > 0 (F, bJ, bg) (c+↵
2)|F

�1,�2 : ]� ✏, ✏[⇥F ! R

(M,', ⇠, ⌘, g) C5 � C12 M
2n+1(c, k) n � 2

d(c+ ↵
2) = �2(c+ ↵

2)↵⌘.

U,X, Y M Z 2 �(D)

(rUR)(X,Y, Z) =U(f1)⇡1(X,Y, Z) + U(f2)S(X,Y, Z) + U(f3)T (X,Y, Z)

+ f2(rUS)(X,Y, Z) + f3(rUT )(X,Y, Z),

f1 f2 f3 c k

(rUS)(X,Y, Z) =g('Y, Z)(rU')X � g((rU')Z, Y )'X

� g('X,Z)(rU')Y + g((rU')Z,X)'Y

+ 2g('Y,X)(rU')Z + 2g((rU')Y,X)'Z,

(rUT )(X,Y, Z) =(⌘(X)Y � ⌘(Y )X)(rU⌘)Z

+ (g(X,Z)(rU⌘)Y � g(Y, Z)(rU⌘)X)⇠

+ (g(X,Z)⌘(Y )� g(Y, Z)⌘(X))rU⇠.

U(f1) =
1

4
⇠(c� 3↵2)⌘(U), U(f2) =

1

4
⇠(c+ ↵

2)⌘(U),

f2 �
(U,X,Y )

(rUS)(X,Y, Z) = 2↵f2
⇣

�
(U,X,Y )

(g('X,Z)⌘(Y )� g('Y, Z)⌘(X))'U

+ 2 �
(U,X,Y )

g('Y,X)⌘(U)'Z
⌘
,

f3 �
(U,X,Y )

(rUT )(X,Y, Z) = f3

⇣
2↵ �

(U,X,Y )
(g(X,Z)⌘(Y )� g(Y, Z)⌘(X))U

+ �
(U,X,Y )

⌘(U)(⌘(X)Y � ⌘(Y )X)g(V, Z)

+ �
(U,X,Y )

(g(X,Z)g(V, Y )� g(Y, Z)g(V,X))⌘(U)⇠
⌘
,

� U,X, Y

U = ⇠ Y = Z X ? U, Y,'Y

⇣1
4
⇠(c� 3↵2) + 2↵f3

⌘
||Z||2X + (X(f3)� f3g(V,X))||Z||2⇠ = 0.

⇠(c � 3↵2) + 8↵f3 = 0
0 = ⇠(c � 3↵2) + 2↵(c + ↵

2) + 8↵⇠(↵) = ⇠(c + ↵
2) + 2↵(c + ↵

2)
d(c+ ↵

2) = ⇠(c+ ↵
2)⌘ ⇤

C5 � C12

(M,', ⇠, ⌘, g) C5 �C12 M
2n+1(c, k) n � 2

M c

M C12 r C c = 0



C5 � C12

↵ 6= 0 c + ↵
2 = 0 {Ui}i2I M

i 2 I �i : Ui ! R (Ui,'i = '|Ui
, ⇠i = exp(��i)⇠|Ui

, ⌘i =
exp(�i)⌘|Ui

, gi = exp(2�i)g|Ui
) '

C12

M ↵ c + ↵
2

M '

sign(c+ ↵
2)

↵ = 0 c c 6= 0
V M

c = 0 M R =
⇣

1
2n div V

⌘
T

div V 6= 0 M C12 div V = 0 M

M M C12 rC ↵ = 0

↵ 6= 0 ! = �↵⌘

M C12 {Ui}i2I M

i 2 I �i : Ui ! R Ui C12

(Ui,'i = '|Ui
, ⇠i = exp(��i)⇠|Ui

, ⌘i = exp(�i)⌘|Ui
, gi = exp(2�i)g|Ui

) d�i = !|Ui

gi r

rXY = rXY � ↵⌘(X)Y � ↵⌘(Y )X + ↵g(X,Y )⇠, X, Y 2 �(TM).

i 2 I R (0, 4) r
Ui

exp(�2�i)R = R� P �̂ g,

P = r! � ! ⌦ ! + 1
2 ||!||

2
g

P = �⇠(↵)⌘ ⌦ ⌘ � 1

2
↵
2
g,

(P �̂ g)(X,Y, Z,W ) =↵
2
g(⇡1(X,Y, Z),W )� ⇠(↵)g(T (X,Y, Z),W ).

R =
c+ ↵

2

4
(⇡1 + S) +

⇣
c+ ↵

2

4
+

1

2n
div V

⌘
T.

! M

c+ ↵
2 = 0

c+ ↵
2 6= 0

R =
⇣

1
2n div V

⌘
T

gi i 2 I Vi = r⇠i⇠i Ti Ui

T

Vi = exp(�2�i)V|Ui
, div Vi = exp(�2�i)div V |Ui

, T|Ui
= exp(�2�i)Ti.

R|Ui
=
⇣ 1

2n
div Vi

⌘
Ti, i 2 I.

C12 (Ui,'i, ⇠i, ⌘i, gi)
'

M c+↵
2

(c + ↵
2)V = 0 V = 0 M ↵

! = d log
p

|c+ ↵2| !



M (M,',
1p

|c+↵2|
⇠,

p
|c+ ↵2|⌘, |c + ↵

2|g)

g = |c+ ↵
2|g

R =
1

4

c+ ↵
2

|c+ ↵2| (⇡1 + S + T ) =
1

4
sign(c+ ↵

2)(⇡1 + S + T ).

(M,',
1p

|c+↵2|
⇠,

p
|c+ ↵2|⌘, |c + ↵

2|g) '

sign(c+ ↵
2) ⇤

M
2n+1(f1, f2, f3) n �

2 i = 1, 2, 3 fi fi 6= 0

C5�C12 M
2n+1(c, k)

fi = 0 fi 6= 0

C5 �C12 (M,', ⇠, ⌘, g) dimM = 2n+ 1 � 5
↵ C12

M

H
2n+1(�↵

2)
↵

M
2n+1(c, k)

M
2n+1(0, k) C12 r C

(J0, g0) R
2n

n � 2 I ⇢ R

� : I ⇥ R
2n ! R M = �I ⇥ R

2n

C12 r C

M M
2n+1(0, k)

R =
⇣ 1

2n
div V

⌘
T = �kT.

R(X, ⇠)Z = (g(rX( log �), Z) +X(log �)Z(log �))⇠, X, Z 2 �(D),

r (M, g = g(�,1))
g

g(rX( log �), Z) +X(log �)Z(log �) = �kg(X,Z), X, Z 2 �(D).

{ @
@x1 , . . . ,

@
@x2n , ⇠} M

@
2
�

@xi@xj
+ k��ij = 0, i, j = 1, . . . , 2n.

i 6= j
@2�

@xi@xj = 0 �(t, x1
, . . . , x

2n) =
P2n

k=1 ak(t, x
k)

ak t x
k

i = j

@2ai
@(xi)2 = �k� k� t �k� = 2C(t)



C5 � C12

ai(t, xi) = C(t)(xi)2 + Bi(t)xi + Ei(t) i = 1, . . . , 2n

�(t, x1
, . . . , x

2n) =
2nX

i=1

(C(t)(xi)2 +Bi(t)x
i) + E(t),

E(t) =
P2n

i=1 Ei(t) C(t) = � 1
2k�

� 0 2 I

C(0) � 0 E(0) > 0 Bi(0) > 0 i = 1, . . . , 2n
J 0 2 J ⇢ I C(t) � 0 E(t) > 0 Bi(t) > 0 i = 1, . . . , 2n t 2 J

U = R
⇤
+ ⇥ · · ·⇥ R

⇤
+ � : J ⇥ U ! R

M = �J ⇥ U M
2n+1(0, k)

C12 r C

k = 0 M = �J ⇥ U

�(t, x1
, . . . , x

2n) =
P2n

i=1 Bi(t)xi + E(t)
f3 = �k

C12

B1, Bn+1, E (B1, Bn+1) 6= (0, 0)
W = {(x1

, . . . , x
2n) 2 R

2n|x1
> 0, xn+1

> 0}
� : R⇥W ! R

�(t, x1
, . . . , x

2n) = B1x
1 +Bn+1x

n+1 + E.

M = �R ⇥ W = (R ⇥ W,', ⇠ = 1
�

@
@t , ⌘ =

�dt, g = �
2
dt ⌦ dt + g0) C12 r C i = 1, . . . , n

'( @
@xi ) = J0(

@
@xi ) =

@
@xn+i V =

r⇠⇠ = � 1
� (B1

@
@x1 + Bn+1

@
@xn+1 ) r⇠V = �||V ||2⇠

D
0 = {⇠, V,'V } M U1 = @

@x1 + @
@xn+1 U2 = 'U1

D
0 = {�⇠, U1, U2}

N
0 = {(t, y, z) 2 R

3|y > 0,�y < z < y} (t0, x0) = (t0, x1
0, . . . , x

2n
0 ) 2 M

f : N 0 ! R⇥W

f(t, y, z) =
⇣
t,

1p
2
(y � z), x2

0, . . . , x
n
0 ,

1p
2
(y + z), . . . , x2n

0

⌘
.

�
0 = ��f g

0 = �
02
dt⌦dt+dy⌦dy+dz⌦dz f

g
0

g (N 0
, g

0) D
0

(t0, x0) (N 0
,'

0 = � @
@y ⌦ dz + @

@z ⌦ dy, ⇠ = 1
�0

@
@t , ⌘

0 = �
0
dt, g

0)

C12 D
0? (t0, x0) R

2n�2

M

N
0 ⇥ R

2n�2



⇠?

C6


