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Abstract
We determine the exact behavior at the singularity of solutions to semilinear subel-
2
liptic problems of the type —Agu — u%u = f(&uw) in Q, u = 0 on 09, where Ag
is a sub-Laplacian on a Carnot group G of homogeneous dimension @, €) is an open

subset of G, 0 € 2, d is the gauge norm on G, ¢ := |Vgd|, where Vg is the horizon-
tal gradient associated to Ag, f has at most critical growth and 0 < p < @, where

2
o= (%) is the best Hardy constant on G.
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1 Introduction

Let G be a Carnot group of homogeneous dimension ) > 3 and let {2 be an arbitrary open
subset of G, 0 € ). We consider semilinear subelliptic problems of the type

2
_AGU_M%U = f(§u) inQ, (1.1)
u = 0 on Jf2

where Ag is a sub-Laplacian operator on G, d is the natural gauge associated with the
fundamental solution of —Ag on G, 9 := |Vgd|, where Vg is the horizontal gradient

2
associated to Ag and 0 < pu < @, where 11 = (%) is the best constant in the Hardy
inequality on Carnot groups
- |ul
Voulds = [ o
/Q o d(§)?
and it is never attained (see Garofalo and Lanconelli [18], D’Ambrosio [8]). Here the

function f: Q) x R — R is a Carathéodory function such that

IF(& 0] < Ctl+ [t ), VEeR, (1.2)

2

d¢,  Yu € CP(Q),



where 2* = 5—?2 is the critical Sobolev exponent in the stratified Lie context.
We are interested in qualitative properties of weak solutions to pb. (1.1), i.e. solutions

in the Folland-Stein space S} (£2), defined as the completion of C§°(2) with respect to the

norm ||ul|g1(q) = (Jo IVgul?dE) Y2 We recall that u € S3(9) is called a weak solution of
(1.1) if it satisfies

. _ 2UP Lo 1
| Vou-Vepds—u [ 022 as = [ fleupds,  Voe sh@)

In the Euclidean elliptic setting, i.e. when G is the ordinary Euclidean space (R",+),
the semilinear model problem (1.1) with f(z,u) = |u|* ~2u + A on bounded domains of
R™ has been widely studied by many authors (see e.g. Terracini [31], Jannelli [22], Ferrero-
Gazzola [15], Chen [6], Felli-Terracini [14], but the list cannot be exhaustive). In particular,
Jannelli in [22] proved that for 0 < p < 7z — 1, such problem admits a positive solution
for all A € (0,A1(p)), A1(n) being the first eigenvalue of the positive operator —A — #
(0 < p < 1) with Dirichlet boundary conditions; if, instead, 7 — 1 < p < @, there exists
A* € (0, A1(u)) such that pb (1.1) admits solutions if and only if A € (A*, A1 (p)).

The qualitative properties of solutions to semilinear problems with inverse square po-
tential on R™ have been studied in a series of papers (see e.g. [30], [13], [5], [21], [14]). In
particular, Han [21] obtained the exact asymptotic behavior of solutions at the singularity
for problem (1.1) under the growth assumption (1.2) on f. Such behavior reflects the one
of positive entire solutions to the critical problem —Awu — ,u# = 42" ~1 in the whole R",
whose solutions are explicitly known and take the form

U.(x) = . c: —, £>0 (1.3)
(el VF + | v )VE

where v = /i — /i — p and v = VI + It — 1 (see [22], [31]).
For what concerns the abstract framework of Carnot groups, few results are known
about nonlinear problems of the type (1.1). We recall that the study of the perturbed
2

operator L = —Ag — 7l in the case of the Heisenberg group G = H" was introduced

by Garofalo and Lanconelli in the seminal paper [18], where the Hardy type inequality on
H™ was established and unique continuation results were obtained. Concerning problems
of type (1.1) with a power-type nonlinearity, a first existence result on H" in the case of
a subcritical nonlinearity is due to Mokrani [29]. Recently, Liouville theorems for general
quasilinear operators with Hardy perturbation have been proved in [9] in the setting of
Carnot groups.

In this paper, as a first step in the study of problem (1.1) under the general growth
assumption (1.2), we establish the exact behavior of solutions at the singularity. The
proof is based on the LP-regularity of solutions and the application of Moser’s iteration
technique in the subelliptic framework, and it extends to the Carnot setting Euclidean
results in [21], [5], [13]. Denoted by B(&, R) the ball with center at £ and radius R with
respect to the gauge d, our main result is the following:



Theorem 1.1. Let u € S§(Q) be a solution to problem (1.1) under the assumption (1.2).
Then, there exists a constant C' > 0 such that

u(€)| < Cd(g)"VFTVIETE e € B(0,7) \ {0}, (1.4)

for r > 0 sufficiently small.
If, moreover, u is positive and f(§,t) > 0 for t > 0, there exists a constant C' > 0
such that
u(€) = C'd(§)VITVITR, g € B(0,r) \ {0}, (1.5)

for r > 0 sufficiently small.

So, from the above theorem, we get that any positive solution of the semilinear problem
(1.1) has stronger and stronger singularity as p — 11, where the singularity is completely

determined by the operator —Ag — ,u% and does not depend on the explicit form of f.

We recall that in the case p = 0, instead, weak solutions of (1.1) are proved to be bounded
(see e.g. [24], [25], [2]).

Let us make some comments on some particular cases of problem (1.1). First of all, let
us consider the linear case, i.e. the case when f(x,u) = \u, with A € R. In this case, the

asymptotic estimates given in Theorem 1.1 apply, in particular, to the eigenfunctions of
2

the operator £ = —Ag — ,u%, 0 < u < T, with Dirichlet boundary conditions on bounded
domains 2 C G. We recall that the spectrum of £ is discrete and positive and denoted
by Ai, i = 1,2..., the eigenvalues of L, it holds that A\; — oo, as i — oo (see e.g. [29]
for a proof in the Heisenberg case H"). Let e;, i = 1,2,..., denote the L?-normalized
eigenfunctions of the operator £ on S}(Q) corresponding to the eigenvalues \;. Then, e;

satisfies )

— Age; — u%ei = Ne; in €,
eg = 0 on 0f).
Hence, by Theorem 1.1, we get that

lei(€)] < Cd(&) VIV Ve € Q\ {0},

generalizing the Euclidean result in [4].
Another interesting limit case of problem (1.1) is the case when f is a purely critical

nonlinearity, i.e.
2

Y o
Pt = u* 2u inQcCG. (1.6)

— Agu —
Let us consider the above equation when €2 is an unbounded domain.

In the Euclidean case, due to the conformal invariance of the critical equation (1.6),
the knowledge of the exact behavior of solutions at 0 immediately gives the exact decay
of solutions at co. This result is achieved by means of the classical Kelvin transform on
R™, as one can see e.g. in [12], [14].

In the Carnot context, an analogous technique is not available for an arbitrary Carnot
group, since a suitable inversion with good conformal properties is defined only in a special



subclass of Stratified groups, the so-called Iwasawa-type groups (see Garofalo-Vassilev [20,
Section 8]; see also the monograph [1], Chapter 18). At least for these groups, which
include the well-known model case of the Heisenberg group G = H", we are able to infer
from Theorem 1.1 the exact behavior of solutions at infinity for critical growth equations.
The result is the following.

Theorem 1.2. Let H be a Iwasawa-type group and let  C H be a neighborhood of oco. If
u € S§(Q) is a solution to

2
—Agu — u%u = |ul* 2u in Q, (1.7)
there exists C' > 0 such that
u(€)] < Cd(&)"VEVITI for d(¢) large. (1.8)

If, moreover, u is positive, there exists C' > 0 such that
w(€) > C'd(€)"VFVETE for d(€) large. (1.9)

Note that the above asymptotic decay reflects the one of the extremal functions (1.3)
in R™. The last part of the paper will be devoted to the proof of the above theorem. In an
arbitrary Carnot group, instead, the study of analogous decay properties shall require the
implementation of different techniques which will constitute one of the future developments
of this research. We conclude by pointing out that the knowledge of the behavior at infinity
of entire solutions to critical equations has a fundamental role in the study of the associated
Brezis-Nirenberg type problems, as shown in [26], [23], [28].

The plan of the paper is the following: in Section 2 we briefly introduce the main
definitions and notations about Carnot groups; in Section 3 we study the LP-regularity
of solutions to problem (1.1) under the general growth assumption (1.2) on f and prove
the main Theorem 1.1 on the behavior of solutions at the singularity; in Section 4 we
indicate some generalizations to subelliptic problems with multi-singular Hardy potentials.
Finally, in Section 5, we focus on the critical case, i.e. when f(£,u) = |u[?>" ~'u and Q is an
unbounded domain, and we derive the exact decay of solutions at co from the asymptotic
behavior at 0 in the case when G is an H-type group of Iwasawa type.

2 The functional setting

A Carnot group (or Stratified group) (G,o) is a connected, simply connected nilpotent
Lie group, whose Lie algebra g admits a stratification, i.e. g = @;Zl &;, such that
(61,8, =641 for 1 < j <r,and [, 6,] = {0}. The number r is called the step of the
group G. The integer @ = Y _;_, i dim(®;) is called the homogeneous dimension of G. We
shall assume throughout that Q@ > 3.

By means of the natural identification of G with its Lie algebra via the exponential
map (which we shall assume throughout), it is not restrictive to suppose that G be a



homogeneous Lie group on RY = RM x RM x ... x RV with N; = dim(®;), equipped
with a family of group-automorphisms (called dilations) 0y of the form

53 (&) = AW AZe@ o ey,

where §(j) e RNi for j=1,...,r. Let m := N; and let Xy,...,X,, be the set of left
invariant vector fields of &1 that coincide at the origin with the first m partial derivatives.
The second order differential operator

Ag=> X}
i=1
is called the canonical sub-Laplacian on G. We shall denote by
Ve =(X1,...,Xm)

the related subelliptic gradient. Moreover, for any C! vector field h = (hy, ha, ..., hm),
we shall indicate by

m
divgh = > X;hi,

i=1
the divergence with respect to the vector fields X;’s. Note that Ag is left-translation
invariant w.r.t. the group action and Jy-homogeneous of degree two. In other words,
Ag(uoTte) = Aguo e, Ag(uody) = A2Agu o §y. Moreover, due to the stratification
condition, the Lie algebra generated by Xi,..., X,, is the whole g, and therefore it is
everywhere of rank N; therefore, the sub-Laplacian operator Ag satisfies the well-known
Hormander’s hypoellipticity condition.

In the last part of the paper, a special subclass of Carnot groups will be considered,
namely the H-type groups of Iwasawa-type, which include the well-known Heisenberg
group H". For the definition and properties about these groups, we refer to [1, Chapter
18] and the references therein.

When @ > 3, Carnot groups possess the following property: there exists a suitable
homogeneous norm d on G such that

C
M) = Ja (2.1)
is a fundamental solution of —Ag with pole at 0, for a suitable constant C' > 0 (see
[16]). By definition, a homogeneous norm on G is a continuous function d : G — [0, 4+00),
smooth away from the origin, such that d(dx(§)) = Ad(&), for every A > 0 and & € G,
d(&~Y) = d(€) and d(¢) = 0 iff £ = 0. Moreover, if we define d(¢,7) := d(n~! o £), then d
is a pseudo-distance on G. In particular, d satisfies the pseudo-triangular inequality

d(&,m) < B(d(&,¢) +d(¢ ), &n,C€G,

for a suitable constant G > 0. Throughout the paper, we shall denote by d the homo-
geneous norm associated to the fundamental solution of the sub-Laplacian by (2.1). We
shall indicate by B(¢,r) the d-ball with center at £ and radius 7.



If G is a Carnot group of dimension @ > 3, the following Sobolev-type inequality due
to Folland and Stein [16] holds on G: there exists a positive constant S = S(G) such that

2/2*
/ |Vgul?d¢ > S (/ u|* d£> Vu e CP(G), (2.2)
G G

where 2* = 2Q/(Q — 2) is the critical exponent in this context. Moreover, the following
Hardy-type inequality holds

_ 2 2
/G]VGuFdf > (6322) /GW'ZQ dé Vu € CP(G), (2.3)

where d is the gauge associated with the fundamental solution of Ag on G and ¥ = |Vgd|.
The preceding inequality was firstly proved by Garofalo and Lanconelli in [18] for the
Heisenberg group. Then, it has been extended to all Carnot groups in [8]. We recall that
the constant in the r.h.s. of the formula (2.3) is sharp and it is never attained (see [8]).

We explicitly note that the weight function v appearing in the r.h.s. of (2.3) is con-
stant if and only if G is the Euclidean group (see [1, Prop. 9.8.9]). Moreover, ¢ is
dx-homogeneous of degree 0, hence 1 is bounded.

For a complete treatment of Carnot groups, we refer to the book [1] and to the classical
papers [16], [17].

In what follows, we shall use the following spaces. For an open set Q2 C G, we
shall denote by S} () the completion of C§°(£2) with respect to the norm HUHS(}(Q) =

(fo |V<Gu|2d§)1/ ?. Moreover, we shall indicate by T'2?(f2) the Folland-Stein space of all
continuous functions u € C(€) such that X;u, X;X;u € C(Q), fori,j =1,...,m.

3 Proof of the main results

We begin by introducing the following general Lemma, which provides the LP-regularity
of solutions at the origin, by means of a Brezis-Kato type argument [3]. We recall that
analogous regularity theorems in the case p = 0 were obtained in [19], [25], [2]. In the
present singular case, we shall adapt the Euclidean proof due to Smets [30].

Lemma 3.1. Let Q be a bounded neighborhood of 0 in G, 0 < u < . Assume that
V € L92(Q) and g € LI(), ¢ > 2. If u € S}(Q) is a weak solution of

2

—Agu — u—Vu+ru=g in{Q, (3.1)

e
where v s such that the linear operator on the l.h.s. is positive, then
Vi }

u € ﬂ LP(Q), where pipy = 2 min {g, m

P<Plim



Proof. First note that, under the assumptions p < 7 and V € L9/2, for sufficiently large
v the operator —Ag — (u?/d? + V)I + v is positive. Let us assume that g is positive,
otherwise we can decompose g = g* — g~

Let Wy := min{k, u1p?/d?> + V} and let u; be the unique weak solution to

{ —Agup — Wiug +vup, = ¢ in €, (3.2)

u, = 0 on 9.

Note that uy, is positive. Assume that ug € LP(§2) for some p < ¢. Let u} := min{n, u;}.
By testing problem (3.2) with (uf)P~! we get

1) /Q (W) 2 | Veul ? dé < /Q Wi (up)P d

(3.3)
—%Jck>nkn?_1ukd§ﬁ—/gg(ugw_ldf.

By Hardy’s inequality (2.3) and using that, for any ¢ > 0, there exists C. > 0 such that
[ Vi€ dé < ell ol + C ol (3.4)

from (3.3) we get

4 p— 1 n n||p— K n
2022196 () 18 <Clalaliglly™ + (% + ) 1ve (catr’) 1
1]
(3.5)
+CEHUZ\£+I<:/ (up)? de.

uE>n

Now, a direct calculation shows that if p < 2py,, /2%, then

Ap—-1)

<
p2

==

Hence, choosing ¢ sufficiently small in (3.5) and using Sobolev inequality (2.2), we get
that

laglE.,. 0 < G (ngnquuznz—l g+ k <uk>pdg) .

U >N

Since by assumption u; € LP, taking the limit as n — oo we obtain
-1
lurll5., 2 < Cp (llgllallully™ + lluxll}) -
Therefore, u;, € L¥P/2, and being the above estimate uniform with respect to k, we get
that u € L¥'P/2. Now, starting from p = 2 and arguing recursively, we can improve the

integrability order of u, as long as p < 2pyim /2. O

By Lemma 3.1, the following regularity result follows for the solutions of (1.1).



Proposition 3.2. Let Q be an arbitrary open subset of G, 0 € Q. Let u € S§(Q) be a
solution of problem (1.1) under the assumption (1.2). Then

VB
VIE—=VE—
Proof. By the subelliptic regularity theory (see Folland [16]), we can infer that u € T'? (0
{0}), henceforth it is locally bounded out of the origin. To study the summability at the
origin, let R > 0 be such that Br(0) CC Q and let n € C§°(Br(0)) be a cut-off function
such that 7 =1 on Bg/y(0), 0 <7 < 1. Then, the function w := nu satisfies the equation

we Ll (Q), Vp<pum=2"

loc

(3.6)

2
—Agw — ,uzc%w —Vw+rw=y, w € S§(Br(0)),

where V := f(€,u)/u € L9/?(Bg) and g := —2Vgu - Vgn — ulgn + vw. Since Vgn = 0
on Bp/y(0) and u € I'? (Bgr\{0}), it follows that the LP regularity of g is given by that
of w. Therefore, starting from g € L? and arguing recursively, by using Lemma 3.1 we

can improve the regularity of w, until we reach the threshold imposed by p. O

Proof of Theorem 1.1 Estimate from above. We shall adapt the proof in [21]. Let u be

a solution of (1.1) and define
v = VIV (3.7)

First observe that v € S§(£2, d—2WVE—VE=1) g¢ ). Indeed, by Hardy’s inequality (2.3)
/d—Q(ﬁ—m) Veol? de
Q

2
- /Q a2 Y g+ (i~ /1) dﬁ—\/ﬂwfvd de

o (1ot (v ) )

_ = —_ 2
2(/”‘(\/!7’“ Vi N)>/Q|V(Gu|2d§

< C.

Now, by using that the sub-Laplacian acts on smooth radial functions h = h(d) as follows
(see [1, Prop. 5.4.3])
—1
Agh = ¢? <h” + th') : (3.8)
we can see by direct calculation that, for any £ € Q\ {0}, v satisfies

—divg (d*2(\/ﬁ*VH*u)va> - d*(«/ﬁf«/ﬁfu)f@’d*(x/ﬁ*Vﬁfu)U)' (3.9)



Indeed, if we let a := \/;t — /It — p to simplify notation, then v = d*u satisfies

2
—(Agd *)v —d “Agv —2Vgd * - Vgv — u%vd_a = f(&,d %) (3.10)

that is, taking into account (3.8)
—d"“Agv — 2Vgd™® - Vv —9? (o® —a(Q — 2) + p) d™* 7% = f(€,d ")

which reduces to
—d *Agv —2Vgd * - Vgv = f(&,d" %) (3.11)

since o2 —a(Q —2)+pu=0iffa = /i + Vi —

Then, multiplying equation (3.11) by d=%, we ﬁnally get the following equation for v
—divg(d**Vgv) = d"“f(£,d™%), €€ Q\ {0},
that is (3.9).

By the subelliptic regularity theory (see Folland [16]), it follows that v € T (Q\ {0}).
Let p > 0 be small enough such that B,(0) CC Q. Set

©= 172vvt2(5_1) €S} (Q,d_g(ﬁ_Vﬁ_“) df) ,

where s,t > 1, v, =min{|v|,t}, neC§° (Bp(O)),

where 0 <7 <1,n7=1in B,(0), where 0 < r < p and |Vgn| < 5= By using ¢ as a test
function in (3.9) we get

/ d*%ﬁ*\/ﬂ)v@w Vgpdé = / d—\/ﬁ+\/ﬁ—7f (57 d—\/ﬁ+mv) pd¢,
Q Q
that can be rewritten as
/ g2V
Q
X <2nvvt( Uvgn - Vgv + n*v; 2= ’VG’U’Z +2(s —1)n? vt (s=1) Vg )

_ /d VERIERf (VIR ) o dg. (3.12)
Observe that for any € > 0 small
’2/ﬂd_2(\/ﬁ_m)nvvf(s_l)VGn‘V(Gv d§’
< e /Q“Wm)n%f“‘” Vool dé (3.13)

+c<s>/Qd 2V [of2 o207 | Vg2 de,



Moreover, by assumption (1.2), the r.h.s. of (3.12) can be estimated as follows

d—ﬁwﬂ f (57 d—\/ﬁwﬁfuv) . dg‘
< c/ 2(VEVI) 2 o 2D g
+C/d_ (‘/ﬁ_‘/ﬂ)rf ¥ vf(sfl) dé€.
Q
Taking € = 3 and inserting (3.13) and (3.14) into (3.12), we obtain
/Qd 2(Vi- \/7)(22(8 1]VGv]2+2(s—1)nvts1>\V@Ut\)
< C/d (Va-vi=s) (77 +|Ven| )\vl2 D ae
+0/d— (VEVE=I) 2 |2 267D ge.

Now we apply the following weighted Sobolev inequality on G

2
(/ A7 |w* d§>2 < C/ A2 |Vew|* d¢, Yw € S (Q,d"2*d¢),
Q

(3.14)

(3.15)

(3.16)

where —0co0 < a < Q 2 and C'is a positive constant depending on a. Note that the general
quasilinear version of (3.16) has been proved in [11] for the subclass of H-type groups, but
the same proof works for general Carnot groups in the semilinear case under consideration
(see Theorem 6.1 in the Appendix). In the sequel, we shall take a = /i— /Il — u < %

Choosing w = novi ! in (3.16) and using (3.15), we get

2

(/d 2*(\f \/7)|an5 1’2 d§>2
<C/ 2(Vi— Vi) ’VG (nvvffl)lz d¢

< C/ d—2(VA—Vi—n)

x (IVenl? ol o770 4+ 020770 [Wgof + (s = 12120 |Vguil?) d
< Cs/ﬂd‘Q(‘/ﬁ‘m> (772+\V@77|2) o207V ag

+C’s/Qd 2 (VA 2 2 0267 e,

Q(Q-2)
Let us ﬁx <4< 3025 Then
2Q 2q

Q-2-2(V/op—p) qg—1

10

(2" —2)g <

(3.17)



By Proposition 3.2, u € L(2"~2)9 locally in Q. Therefore, the last integral in (3.17) can be
estimated as follows, for any € > 0

/Qd_ VAV 2 2 e g

:/d 2AVE—VE )|u]2* 2‘77111} 1‘ d¢ (3.18)
Q

242 1/7
< ||u”L2* )4 (suppn) Hd v v 1”2%(9)

2% 2 Qe — _ 2
< N2 gy (14T e+ Cye™ 550 VT 1)

2
< Ce? < / a2 (VIR [you =1 d&) 2
Q
-2 —2(VA—VI—H) [0, 5—1 |2
+Ce 2@ [ d |nuv; ™ |* dE.
Q

Inserting (3.18) into (3.17), we obtain

([ w4
Q

< Cse? < / d=% (VE=VIZR) o=t 2 d£>
Q

2
oF

2
oF

(3.19)
+ Cs/d 2Avi-vE )(n + |Vl )W 26 g¢
Q
+ Css_% / d~2(VA—vi=n) ‘nvvf*1|2 d¢.
Q
Taking ¢ = \/21ﬁ in (3.19), we finally get
2
( / 0 (V) [ d§> i
Q (3.20)

<05 [ I (i 4 Venl?) fof o} de,
Q
where o = 2(]2qu > 0. Note that
/ 472 (VA=) 2 |2 2572 g < / =% (VAVI=R) o=t P de, (3.21)
Q Q
Hence from (3.20) and (3.21) we have
</d— (WF)2‘U|2 282d§>
Q
< C’sa/d 2(Vi-vi )(77 + [Ven| >|v\2v,:2(5_1)d€
Q

< 0w [ a7 4 Venl?) fof o de,
Q

2
oF

11



By the properties of the cut-off function 7, we then obtain

2

</ d- 2*(\f \/7) ‘1}’2 2% 5— 2df>
B (0) (3.22)
< ¢s" 5 / 4~ (VE-Vi-h) ]v|2v,528_2 d¢.
(p - T) B,(0)
Choosing s* such that
Q .. @

Q-2 Q-2-2yu—u’

2*
- (5 ) j=0.1,2,.

Let po be sufficiently small that Bo,,(0) CC € and let r; = po(1 + pé), j=0,1,2,...
Taking p = rj, r = rj;1 and s = s; in (3.22), by Moser’s iteration we get

we define the sequence

1
=i
(/ d72*(\/ﬁ7\/ﬂ)|v‘zvfsj+172 d§> A
Tj+1(0)
O 1/2s; %
(28 ) ([
(po — p3) P B, (0)
<... (3.23)
P, ‘
< ( C ) k=0 ﬁ p* Pi:o 2§k
~ X = po)po 0
j a 2;*
- Brq (0)
Now, observe that the integral in the r.h.s. of (3.23) if finite, since
[ a2 g
By (0)
< / 25" =2 (VA |y 257 e
ro (0) (3.24)
< IRV / > de
By (0)
<C
by the choice of s*. Moreover, it is easily seen that
ii<oo 3 i<c>o ﬁ82?k<00. (3.25)
=0 23k ’ =0 28k ’ k



Hence, by letting j — oo in (3.23) and taking into account (3.24) and (3.25), we obtain
that
[0l oo (B, (0)) < C

where C' does not depend on t. Therefore, by taking ¢t — +oo, we get that v is bounded
on B,,(0), which is equivalent to (1.4).

Estimate from below. Let u be a positive solution of (1.1) and suppose that f(£,t) > 0
for t > 0. Reasoning as in [4, Theorem 1.1], let 0 < t; < t2 (such that B(0,t2) CC Q) and
let ¢(t) := minge)— v(§), t1 <t < t2, where v is the auxiliary function defined by (3.7).
Consider the function

9(€) = Ad(€)VFF + B,

where A and B are chosen so that g(§) = ¢(t;) for d(§) = t;, i = 1,2. It follows that

o )=o) o )T — gt
t*2vﬁ*ll _ t*QVH*lff, t*2\/ﬁ*ll _ t*Q A= ’
2 1 2 1

It is easy to verify that
dive (d 2AVA- ﬁ>ng) 0, Ve£0.
Moreover, by (3.9) and the sign hypothesis on f, it holds that
divg (d*ﬂﬁ*mwm) >0 inQ\{0}.

Henceforth
—divg (d*ﬂﬁ*v%“)v@,(u - g)) >0 inQ\ {0}

By the definition of g, we know that v > g on 9(B(0,t2) \ B(0,%1)). Therefore, by the
weak maximum principle, we obtain that

v>g in B(0,t2) \ B(0,t1). (3.26)
So, taking into account the explicit form of g, from (3.26) we get

B(t1)ty 2V — (to) eV

6(t2) — d(t1) Y=
v(§) 2 = wg_tl_;ﬁ d(&) ">V 4 e

A ) R 5(ta)
5 2V _ 2 ! R —2ﬁ
UPTT G5
Z e Jﬁf( 2\/\725—2\/7)

for every &£ € B(0,t2) \ B(0,11).
By letting t; — 0, we conclude that v(§) > ¢(t2) = ming)—s, v(n) > 0, for all
¢ € B(0,t2) \ {0}, that is equivalent to (1.5). O
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4 Generalization to multi-singular inverse square potentials

It is not difficult to prove that the methods used in Section 3 also apply to nonlinear
problems with multi-singular inverse square potentials, i.e. for problems of the type

d(faai)Qu
u = 0 on 0f)

k 2
=1

where 2 is an open subset of G, a; € 2, for 1 <1i < k, where k € N\ {0}, the numbers p;
are positive real numbers such that

Zk: = (92 2

: Hi < H 9

=1
and f satisfies assumption (1.2). In this general multi-singular case, the behavior of weak

solutions at the singularities a; can be described as follows, extending analogous results
in [4] (see also [14]).

Theorem 4.1. Under the assumption (1.2), any solution u € S§(Q) of problem (4.1)

satisfies
u(€)] < Cd(€, a) VIV Ve € Blag,r)\ {ar}, 1<i<F,

for r > 0 sufficiently small.
Moreover, if u is positive and f(§,t) > 0 fort >0, then

u(€) > C'd(€, a;) VIV Ve € Blag,r) \ {ai}, 1<i <k,

forr > 0 sufficiently small. In the above estimates, r is small enough so that B(a;,r) CC €
for1<i<k anda; ¢ B(a;,r) for any i # j.

Proof. We omit the details, referring to the Euclidean outline in [4]. O

5 Asymptotic decay results for critical equations

In this final section, we focus on the case when f is a critical nonlinearity in problem (1.1),
ie. f(&u) = |ul?* ~%u, and  is an unbounded domain.

In the Euclidean elliptic setting, we know that, due to the conformal invariance of such
equation, by means of the Kelvin transform we can immediately derive the behavior at
infinity of solutions by means of their behavior at 0 (see e.g. [12], [14]).

In the framework of Carnot groups, a well-behaved analogue of the classical Kelvin
transform is defined only in a special class of groups, namely the H-type groups of Iwasawa-
type. Indeed, in any H-type group, a suitable inversion map can be explicitly written;
however, the related Kelvin transform possesses suitable conformal properties (namely,
it preserves Ag-harmonicity) only for H-type groups of Iwasawa type, as proved in [7,
Theorem 4.2].
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For a treatment about this topics and its applications, we refer to [7], [20] and [1,
Chapter 18]. See also [27], where a Kelvin-type transform is used to obtain asymptotic
estimates for critical problems involving Grushin-type operators.

In what follows, after briefly introducing the notations and properties about Kelvin
transform on Iwasawa type groups, we shall derive for this class of groups the asymp-
totic decay of solutions for critical equations with Hardy potential, as announced in the
statement of Theorem 1.2. Our result will cover the model case of the Heisenberg group
H™.

Following the notations in [1], let H = (R™%" o) be an H-type group and let us
denote by ¢ = (x,t) the coordinates of points in H, where x = (z1,...,2y,) € R™ and
t=(ti,...,tn) € R™". We recall that the composition law on H takes the form

1 1
(z,t) 0 (&,7) = <x+§,t1+n+2 < U(l)x,§>,...,tn+7n+§ <UMg ¢ >)

where UM ... U™ are fixed mxm skew-symmetric and orthogonal matrices and UM U (%) =
—UGU® for every r,s € {1,...n}, r # s. Denoted by Ag the canonical sub-Laplacian
on H, we recall that the fundamental solution of Ay is given by I' = Cd>~?, Q = m + 2n,
where C' is a suitable positive constant and d is the following gauge on H

d(z,t) = (Jz|* + 16]¢) V4.

Definition 5.1 (H-inversion and H-Kelvin transform). Let H be an H-type group. The
H -inversion map o : H\ {0} — H\ {0} is defined as

2, 4N (k)

2[4 + 16]t[2 x|t + 162

If o is as above, the H-Kelvin transform u* of a function v : H — R is the function
u* :H\ {0} — R defined as

w(x,t) = d(z, ) Qulo(z,t)).

Hereafter, we recall some properties of o (see e.g. [1, Prop. 18.5.2]). Clearly o is
involutive, i.e. o(o(z,t)) = (x,t). Moreover,

Ao@0) = gy (5.1)
If we denote o(z,t) = (o' (x,t),0%(x,t)), then it holds
o (2, t)] = d2|(f€|7 5 @)= d4(|i 5 (5.2)

The following theorem summarizes the main fundamental properties of the H-inversion
and the H-Kelvin transform on groups of Iwasawa type.
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Theorem 5.2 ([7]). Let H be a group of Iwasawa type. Then, the Jacobian of the inversion
o 1s given by
| J(0) (@, t)| = d(x,8)7?,  V(z,t) € H\ {0}.

Moreover, the H-Kelvin transform u* of a function v € C?(H \ {0}) satisfies
An (@,1) = & @D (@ 0 (Agu) (0(z, 1), W(a,t) € H\ {0},

In what follows, we shall denote by 2* the image of a generic domain ) under the
inversion o. We observe that, if € is a neighborhood of co, by which we mean that there
exists a ball B(0, R) such that B(0, R)C C ), then Q* is a punctured neighborhood of 0,
ie. Q* = D\ {0}, where D is an open set, 0 € D.

Now, let us consider the following norm on Sg(Q):

9 1/2
ol i= ([ 19 ag = [ 0?8 ag) (53)

This is a norm, which is equivalent to ||u|| s1= (Jo [VEul? d€) Y 2 due to Hardy inequality.
The following property holds.

Theorem 5.3. The H-Kelvin transform is an isometry between S§(Q) and S§(Q*) with
respect to the norm (5.3).

Proof. Let u,v € S§(Q) and let u*,v* their H-Kelvin transform. Reasoning as in [20,
Theorem 8.6], we get

| Ve Vi) de = [ Vi (€) - Va6 de'

Indeed, for u,v € C§°(€2) (and then using a density argument), by the properties recalled
in Theorem 5.2, we have

[ Van(€) - Var'(€) d¢
—— [ ) am (€ ¢
== [ (&) uo¢) " (0(€) o
— - [ u©amv(©)d

B Q
_ /Q Vau(€) - Vigo(€) dé.
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Moreover

[ wz(g,)uwj;)(zj)(s') @

[ e te o) i

Al

where we have used that, since ¥ (z,t) =

d§ :

\Jfl
d(x,t)
we get that ¥ (o(x,t)) = ¢¥(z,t), for all (z,t) € H\ {0}. The proof is therefore complete.
(]

Lemma 5.4. Let u € S}(Q) be a solution of

in any H-type group, by (5.2) and (5.1)

)’ “g o

—AHu—uﬁu = [u*2u inQ (5.4)
u = 0 on 0N

Then, its Kelvin transform u* satisfies (5.4) in Q*.

Proof. Let u be a solution to (5.4). We know by Theorem 5.3 that u* € S}(Q*). Let
p € C§°(§Y"); we can write ¢ = ¢*, for some ¢ € C5°(€2). Applying Theorem 5.2 and 5.3

we have
[ V) Tupte / G 2”,5& as
/ Vi (€) - Vo (€ / y? 5’) d2 o1 ag
SR

= [ 1P 2 uero(e)ae

- /Q [u(a(€)* 2u(o (€)oo (¢")d(E) 7@ d¢’
= [ ) €€ ag

- /Q [ (&) ~2u(€)p(€) A’

By the arbitrariness of ¢ € C§°(£2*), the thesis follows. O

Proof of Theorem 1.2 Let u be a solution of (1.7). Then, by Lemma 5.4, u* satisfies
(1.7) in a punctured neighborhood of the origin. Therefore, by Theorem 1.1, |u*(§)| <
Cd(&)~VAtVA—E for d(€) small. So, taking into account that u(€) = d(&)*~9u*(a(€)), the
asymptotic decay estimate (1.8) follows.
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The estimate from below (1.9) for positive solutions of (1.7) can be proved analogously.
Indeed, if u is positive, then also u* is positive and so, by Theorem 1.1, u* satisfies the
estimate from below |u*(£)| > Cd(&)~VFHVE—£_ for d(¢) small. The thesis, then, follows

as before. 0

6 Appendix. Some weighted Sobolev inequalities

In this appendix, we prove the weighted Sobolev inequality (3.16), which is used as a tool
in the proof of Theorem 1.1. This kind of inequalities have been proved in [11, Theorem
1.2] for the general LP-weighted norm of the horizontal gradient, with 1 < p < @, in the
subclass of H-type groups. The result can be easily extended to arbitrary Carnot groups
in the semilinear case p = 2 under consideration, as we show below.

Theorem 6.1. Let G be a Carnot group of dimension Q > 2 and let 0 < s <2, a > 2-Q

P
2%(s) = % Then there exists C = C(s, o, Q) such that for every u € C§°(G)

Q—s

a,, 2% (s) -
[T e < C( / \d“v«;uﬁd&)Q | (6.1)
G d® G

»

where 1) = |Vgd|.

Proof. Observe that the condition o > % ensures that the integrals in (6.1) are finite,
since it implies that a2*(s) — s+ @ > 0 and 2a + Q > 0. For any u € C§°(G), let us set
w = d*u. Then

/(}|daVGu|2d§ :/GWGw— %wVGd\ng

Wi w (6.2)
= /G <|V<gw|2 + QQwQF - QaEVGd : VGw> d¢.
Moreover
2a/ ved-vadg_a/ d'Ved - Vew? de
¢ d G
= —a /G w?divg (d~'Vgd) d¢ (6.3)
2
2’11)
——a(@-2) [ v ae
By (6.2) and (6.3), it follows that
w2
[ 1aVeuPas = [ 1VeuP s +a@-2+a) [ 0 de (6.4)
G G ¢ d

Since a > %, it turns out that @ — 2 + a > 0. Now, if @ < 0, by the Hardy inequality
(2.3), we get from (6.4) that

/|daVGu|2d§201/ Vew]? de, (6.5)
G G

18



where

2 \? 20 2
01:1+a(Q—2+a)(Q_2> :<1+CH> > 0.

If @« > 0, (6.5) obviously holds with C; = 1. Finally, by (6.5) and using Hardy-Sobolev
inequality on G (see e.g. [10]) we obtain

2*(s)
[leveurag = o [ Mg
G ¢ @
A%y 2*(s)
G
So, the proof is complete. O
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