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The identification of "fuzzy profiles” through the c-means clustering

1 Introduction

Fuzzy clustering methods allow the objects to belong to several clusters simultaneously,
with a different degrees of membership. Objects on the boundaries between several classes
are not forced to fully belong to one of the classes, but rather are assigned membership
degrees between 0 and 1 indicating their partial membership. The discrete nature of the
hard partitioning also causes difficulties with algorithms based on analytic functional, since
these are not differentiable.

Broadly speaking, clustering is the process of grouping a data in such a way that the
similarity between data within a cluster is maximised, while the similarity between data of
different cluster is minimised' [1, 2, 3, 4].

Fuzzy clustering is used for complex data sets and multi-dimensional, where the
members have fuzzy relationships. Among the various techniques developed, algorithm-
Fuzzy C-means (FCM) is the most popular, in which a piece of data has partial membership
with each of the cluster centers predefined. In FCM, the cluster centres and membership
values of the data points with them are updated through some iterations [5].

Fu and Medico [6] developed a clustering algorithm to capture dataset-specific
structures at the beginning of DNA microarray analysis process, which is known as Fuzzy
clustering by Local Approximation of Membership (FLAME). It worked by defining the
neighbourhood of each object and identifying cluster supporting objects. Fuzzy
membership vector for each object was assigned by approximating the memberships of its
neighbouring objects through an iterative converging process. Ma and Chan [7] proposed
an Incremental Fuzzy Mining (IFM) technique to tackle complexities due to higher
dimensional noisy data, as encountered in genetic engineering

The objective of this report is the individuation of different profiles, not defined a
priori, of each family behaviors with socio-economic specific. The approach used in this
work to synthesize and measure the conditions of the hardship of a population is based on
a clustering procedure (Fuzzy c-means) aimed at outlining various not defined a priori
profiles, which should be assigned to each family with different socio-economic behaviors.
In comparison with conventional methods, this clustering method allows a set of data to
belong not only to a main cluster but also to two or more clusters with “fuzzy” profiles [8,
9,10, 11,12, 13].

2 Fuzzy clustering by Local Approximation of Membership (FLAME)

The algorithm FLAME (Fuzzy clustering by Local Approximation of Membership) [6],
worked by defining the neighbourhood of each object and identifying cluster supporting
objects. Fuzzy membership vector for each object was assigned by approximating the
memberships of its neighbouring objects through an iterative converging process.

! In other words, cluster analysis is a statistical technique used to generate a category
structure which fits a set of observations, a key point being that there is no need for the
classes to be identified prior to processing. The main input to clustering algorithms is the
dissimilarity or distance matrix between the n pairs of observations. Distance measures are
typically used with quantitative data, whereas association measure are often suitable to
define dissimilarity measures mostly useful with categorical/attribute data.
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The method involves three main steps: definition of the information structure on which
to base the classification; application of a criterion of approximation to define the fuzzy
membership of an object to one or more groups and final classification.

The information structure must necessarily be based on a criterion of accumulation
points. In particular it is necessary to define the particular points that are "poles of
attraction" of a certain neighborhood. This neighborhood, for a generic object i, is defined
by k objects nearest or most similar to it. This k-nearest neighbors are denoted KNN (7) and
points of attraction as Cluster Supporting Object (CSO).

Assigned the dataset X with n points and m variables, the density is calculated with the
following expression:

d; = (M

Si

where:
1 , .
- Si =7 Yjexnne dist(X;,X;) Vi=12,..,n
- Smax = max Si
L

- dist(X;, X)) is the function of distance used between X; and X;profiles .

The density values can be divided into three classes:

1. Defined a threshold level (percentile), all values below this threshold are considered
outlier. In the original formulation of the algorithm (1), this set of points is considered
as a cluster; in this work, however, outliers were excluded for not interfering in the
process of local approximation and therefore the size of the data set is reduced to n’ =
n — number of outliers.

2. Identification of the CSOs consists of identifying those points with the maximum
density. Number of CSOs, i.e. the number of clusters, is not defined a priori and
depends on the fact that if a CSO belongs to neighborhood of another CSO, between
the two will choose the one with the higher density. Furthermore another parameter
that influences the number of CSOs is k: as k increases, the number of clusters
decreases.

3. The points that are not outliers or are not CSOs are the points that need to be classified.

The algorithm then provides the assignment of fuzzy membership by a method of local
approximation. The number of clusters is defined by the number of CSOs, representative
points of the dataset.

At the beginning, each object has the same degree of fuzzy membership at all clusters,
with the exception of CSOs. In fact, to each CSO is assigned a full membership to himself
as if it were a single cluster.

Therefore defined with € = #CSO (the number of CSO), for each profile (point) is
associated a vector which indicates the membership degree to the cluster /:

p(l) = (pil' Di2, - Pit» '"lpiC) Vi= 1,2, - n

with0 <py; <1 and 35 ,py =1

this vector is updated with an iterative process that minimizes an error function of local
approximation.
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n' C 2
Elp]l = X1 X ||pa — Zjexnny wij pjil| 2)
where wy; are the coefficients to calculate the relative distances to the nearest neighbors

obtained by:

1/diSt(Xi,Xj)

Wij = YkekNN(i) 1/dist (X Xk) @)
with ¥ jegnny wij =1
The function E[p] can be minimized by solving the following linear equations:
Pi _ZjEKNN(i) Wij pjl = 0, i= 1,2,...,n' and l= 1,2,...,C (4)
that have a unique solution found by the iterative procedure defined as
P = jexnna) Wij P Q)

The last step is the construction of the clusters that can be done in two ways. By
assigning each object to the cluster which has a greater degree of membership in order to
have a partition crisp. Or, considering a threshold value for the degree of membership,
assigning each object to one or more clusters according to its degree of membership if
greater than the threshold value set. In this work, we opted for the second mode in order to
have the intermediate profiles.

3. Cluster Validity Indices

3.1 Introduction

In literature there are several validity indices suitable for hard partition clustering.
Numerical measures that are applied to judge various aspects of cluster validity, are
classified into the following three types: External Index used to measure the extent to which
cluster labels match externally supplied class labels (Entropy); Internal Index used to
measure the goodness of a clustering structure without respect to external information
(Sum of Squared Error) and Relative Index used to compare two different clusters. Often
an external or internal index is used for this function, e.g., SSE or entropy.

Sometimes these are referred to us as criteria instead of indices. However, sometimes
criterion is the general strategy and index is the numerical measure that implements the
criterion. There are two criteria proposed for clustering evaluation and selection of an
optimal clustering scheme [14]:

o  Compactness, measuring the internal cohesion between the cluster objects (as they are
close to each other).

e  Separation, measuring the separation between the clusters. There are three approaches
measuring the distance between two clusters: Single linkage, complete linkage and
comparison of centroids [15].
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Using this approach of cluster validity our goal is to evaluate the clustering result of an
algorithm using only quantities and features inherent to the dataset.

3.2 Validity indices for fuzzy cluster

The "cluster validity" identifies indices to measure the quality of the partition obtained by

the clustering algorithm, and in particular are able to provide useful information for the

choice of the optimum values of ¢ and m. The indices of cluster validity can be classified

into:

e Indices of fuzziness, which measure the degree of “fuzzy” of the partition

e Indices of compactness and separation: measuring the degree of compactness and
heterogeneity between groups

e Indices of fuzziness and compactness / separation which measure both the degree of
overlap of the groups and their degree of compactness and heterogeneity between
groups.

The most common indices are the Partition Coefficient and the Partition Entropy
proposed by Bezdek, define as performance measures based on minimizing the overall
content of pairwise fuzzy intersection [16; 17].

The Partition Coefficient (PC) is defined as:

1 2
PC =~ {;lZﬁzluik (6)

The PC index assumes the value of 1/c (where c is the number of clusters) in the case of
fuzziness maximum partition (that is, when the degrees of membership are equally
distributed among the cluster), it takes value of 1 if the partition obtained is a type crisp or
each unit belongs to only one group, then the degrees of membership are all equal to one
or zero.

The Partition Entropy (PE) is defined as:

1

PE = n o1 D=1 Uik logauiy @]

The index ranges from 0 to log,c and increases with increasing fuzziness. In the case of
maximum fuzziness PE is equal to log,c, in the case of partition crisp PE is 0, that is to
say that the degrees of membership are all either 1 or 0. The indices PE and PC are the two
most common criteria for measuring the degree of overlap between the groups, however,
suffer from a high sensitivity to the parameter m. When m is very close to 1 or very high
the two indices lose their ability to discriminate between the various values of c¢. Bedzek
has shown that when m is close to 1 we have that PC = I and PE = 0, while when m is
very high PC=1/c and PE= log,c.

To overcome this tendency of the two indices, Dave [18] proposed an index ranging from
0 to 1 which is 0 in case of partition maximally fuzzy and 1 in case of partition maximally
crisp:

MPC(c) = 1~ -=(1~PC(c)) )
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The indices of fuzziness proposed some limitations and are subject to some criticism. In
scientific literature, it is criticized the exclusive dependence of these indices from the
matrix of the degrees of membership without considering in any way the information
contained in the starting data as well as relatively to the centroids of the clusters.

The result of a grouping is given by the centers of the clusters, obtained from the
application of a particular clustering technique. The criterion of judgment obtained if a
partition is acceptable may be based on a criterion of proximity of an observed point to the
centroid, as occurs in crisp methods, or the ability of a centroid of reproducing the data by
the use of probability of membership.

In a technique of fuzzy clustering, these probabilities, or degrees of membership, are the
main result. An index of validity of the partition, it may be based, therefore, on the ability
of reproduction of data, every point should be well represented using the degree of
membership and the centroid (or prototypes) of the obtained clusters.

Practically, the index of validity should help you understand if the centers of the clusters
obtained by a process of grouping are able to offer a global view of the data set, and this
means a small error of quantification.

In the field of fuzzy classification this error is usually measured with the index Xie-Beni.
The Xie-Beni index [19] also called the compactness and separation validity function, is
representative of indices involving the membership values and the dataset. The Xie-Beni
index (XB) defines the inter-cluster separation as the minimum square distance between
cluster centers, and the intra-cluster compactness as the mean square distance between each
data object and its cluster center. The optimal cluster number is reached when the minimum
of XB is found.

The XB index, with m = 2, modified by Pal and Bezdek [20] is defined as:

2
ic=125'l=1u12j”xj‘vi”

XB = ®

; 2
leni‘j”vi—vj”

Where the numerator indicates the compactness of the fuzzy partition and the
denominator indicates the strength of the separation between cluster. A smaller value of
XB indicates a compact and well-separated clustering partition.

This index, although this can provide a more reliable on a wide range of choice, both for
the number of clusters both for the weighting parameter blurred, it has two drawbacks:

1) the index decreases monotonically when the number of clusters becomes very large
and up to the points that coincide with the centroids;

2) there is no interaction between the expected number of clusters and the weighting
parameter fuzzy (numerical instability) due to his behavior when tends to infinity.

To attenuate these problems various authors proposed corrections to the list of Xie and
Beni. For example, S.H. Kwon [21], Tang and Sun [22] have introduced a tool "punitive"
to mitigate the downward trend of the index as that C — oo.

In this paper we examine the index proposed by Saha and Bandyopadhyay [23] based on
the compactness and the ability of reproduction of the original data. The index Fuzzy
Vector Quantization, FVQ, is defined as follows:

S x|

d(‘l]i,‘l]j)

FVQ = (10)

. .Jnin
i#j,i,j=1,2,.C
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where the numerator YN, |lx; — x/||?> is the error due to the partition, or the error
committed in considering the reconstruction of x;, original data. Dividing the total error
for the total number of points, A, is obtained the average error of quantization.

With x; we mean the data reconstructed through the expression:

Cc
xl _ Ek:l u?lzvkj an
ij — c
Y Tk=1Uik

d(vi, v}-) is the Euclidean distance between the centroid, or prototypes, v; and v;. The
denominator of the index represents the minimum distance between the centers of each
possible pair of clusters. Therefore, an optimal value of C, the number of clusters, we obtain
it considering the FVQ for every C= 2,3, ....

As you can see, FVQ is a composition of two factors: the average error (the numerator
compared to N number of points) and the Euclidean distance:

Dc = e, d(vi, v)). (12)

The first factor indicates the average error being committed in the reconstruction of points
x; using the cluster centers, probabilities of belonging to a cluster u;; with j =1, 2,...,C. The
minimum value of this factor indicates that the centroids were built properly, that is, the
entire data set is well represented by these centers and you can see that this value decreases
as C.

The second factor, D¢, which measures the minimum distance between a pair of
centroids, decreases with increasing value of C. But is our wish that in a logical grouping,
the cluster centers must be well separated.

Because the objective is to determine a partitioning conceptually correct, this means having
also groups well separated, and it is therefore necessary to find a fair compromise between
the minimum and average error cluster number C.

4. The case study

4.1 Introduction

In this report the data source used in order to construct indicators of socio-economic
hardship is that of the Family Lifestyles survey conducted by the University of Bari “A.
Moro” (December 2012 - January 2013).

The Family Lifestyles survey collected significant information on income, spending
behavior, and on the use of financial loans by families with children, resident in the
metropolitan city of Bari. The objective of the survey, carried out by the University of Bari
was that of analyzing issues associated with the measurement of socio-economic hardship
created by the difficulty of attributing a single and generally agreed definition. A
methodology based on objective variables (those resources actually available to families)
was accompanied by subjective measurements based on the perception of the family in
terms of its social and economic condition.

In order to obtain a measurement of the level of socio-economic hardship of the families
interviewed, sets of indicators were constructed for the detection of the possession or
absence of functional goods, the ability to bear certain costs, the perception of the evolution
of the economic condition of the family etc.. Such sets of indicators were used in order to
obtain a fuzzy value corresponding to the level of hardship of each family.
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4.2 The Construction of Sets of Indicators with a Fuzzy Method

The development of fuzzy theory initially stems from the work of Zadeh [24] and
subsequently draws upon Dubois and Prade [25] and their definition of a methodological
basis. Fuzzy theory develops from the assumption that every unit is associated
contemporarily to all categories identified and not univocally to only one, on the basis of
ties of differing intensity expressed by the concept of degrees of association. Fuzzy
methodology in the field of “poverty studies” in Italy has been recently employed in the
work of Cheli and Lemmi [26] who define their method “total fuzzy and relative” (TFR)
on the basis of the previous contribution from Cerioli and Zani [27].

Such a method consists in the construction of a function of membership to the fuzzy
totality of the poor which is continuous in nature, and able to provide a measurement of
the degree of poverty present within each unit.

Given a set of X elements x € X, any fuzzy subset A of X is defined as follows:

A={X,fA(x) }

where f,(x):x —[0,1] is defined as the membership function of the fuzzy subset A and
indicates the degree of membership of x to A. Therefore f,(x) =0 indicates that x does
not belong to A, while £, (x)=1 indicates that x belongs only to A. However, in the case
of 0< f,(x) <1, x belongs partially to A, with a greater degree of membership the closer

f,(x) isto L.
Supposing an observation of k poverty indicators for every family, the function of

membership of iy family to the fuzzy subset of the poor may be defined thus:

Zg(xij)-wj
f(x,'):j:lki i=LlL..,n

Z w;
Jj=1

The Total Fuzzy and Relative (TFR) model is used in order to summarize the values
emerging from analysis in a single “blurred” fuzzy value which, as described above,
measures the degree of membership of an individual in the range between 0 (condition of
well-being) and 1 (hardship).

The indices were chosen in order to identify levels of socio-economic hardship and were
calculated so as to match the high values of the index with a high level of hardship and low
values of the index with higher levels of well-being. The indices were grouped into several
sets characterized by different situations:

1. Set 1: difficulty in paying debts/instalments or buying food staples (mortgages,
other debts and taxes, utility bills, food staples);

2. Set 2: difficulty in paying for education, health or unforeseen expenses (costs of
school meals and other subsidies for children; voucher for medical treatment in public
hospitals, private medical care or other unexpected expenses);

3. Set 3: difficulty in purchasing other goods and services (consumption of meat or
fish at least once every two days, heating or air-conditioning in the home, purchase of
clothing items when needed, going to the cinema/theatre at least once a month, going
on holiday for one week a year);

4. Set 4: difficulty in participating in events (social, religious, sporting, political,
voluntary, or cultural).

13)
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4.3 Cluster Validity Indices

Proceeding in the cluster analysis, we have to define the optimal number of clusters.
Considering various processing by varying the number of clusters, C, the Min_Pts, and the
percentage of outliers we built the Table 1. This table shows how vary the values of the

indices of Xie-Beni and of Fuzzy Vector Quantization.

Tab 1: Cluster validity indices (Xie-Beni, Fuzzy Vector Quantization)

Min_Pts % outlier FVQ XB Min_Pts % outlier FVQ XB
30 1 0.81467 2.22617 33 1 1.75986 2.32031
30 2 0.5466  5.05592 33 2 0.88389 3.12193
30 3 0.75654  2.085 33 3 1.64406 2.17184
30 4 0.51739  4.7575 33 4 0.84723  2.94882
30 5 0.72312  1.97923 33 5 1.57727 2.07589
31 1 1.01709 3.15558 34 1 1.77382  2.24466
31 2 0.57355 5.17736 34 2 0.93287 4.33586
31 3 0.94755 2.95387 34 3 1.65706 2.10026
31 4 0.54353 4.87139 34 4 0.89393  4.09507
31 5 0.90827 2.81553 34 5 1.59026 2.05143
32 1 1.07744 1.89019 35 1 1.84242  1.39991
32 2 0.73057 10.75652 35 2 0.96349 18.25247
32 3 1.00693 1.76713 35 3 1.72112  1.48391
32 4 0.69746 10.13942 35 4 0.92293 17.24359
32 5 0.96650 1.68622 35 5 1.65161 1.25143

As has been said, we need to consider a compromise between sufficient number of
clusters, and the index value of validity. Here we consider the combination of Xie-Beni
index equal to 0.72312 and of Fuzzy Vector Quantization equal to 1.97923 which show us

the best partition with 30 Min_Pts and 5% of outliers.

4.4 Identification of Cluster Supporting Object (CSO)

Primarily the FLAME identify CSO or those points with particular characteristics about
which build the clusters. These points are the "prototype family" to which members of the
group have similar profiles.

Tab 2: CSO for different value of hardship

Value of hardship Value of hardship Value of hardship Value of hardship

Cluster Set 1 Set 2 Set 3 Set 4
cso1 0.82 0.90 0.96 1.00
€s02 0.70 0.84 0.95 0.60
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€SO3 0.13 0.63 0.61 0.39
cso4 0.36 0.71 0.54 0.49
CSO'5 021 0.58 0.53 0.64

From the five CSO identified emerges as each of them has a well-defined profile. In
particular, the CSO 1 presents high levels of hardship with respect to all 4 Set of indicators;
then it will be a "prototype" of the family whit hard economic and social conditions (high
hardship). The CSO 2 also reflects a prototype of a family in conditions of high hardship
as regards the first 3 Set of indicators; however they haven’t difficult in Set 4 (difficulty in
participating in events: social, religious, sporting, political, voluntary, or cultural). The
CSO 3 concerns families who have low levels of hardship in all Set of indicators, thus
showing a prototype of a prosperous family. The CSO 4, however, shows the average levels
of hardship in all sets of indicators, except in Set 3 (difficulty in purchasing other goods
and services) which doesn’t show any difficulty. Finally, the CSO 5 also presents a low
profile of hardship from the economic point of view (first 3 Sets of indicators) and slightly
high regard on Set 4 (difficulty in participating in events: social, religious, sporting,
political, voluntary, or cultural). It is therefore families in good economic conditions but
with some difficulty in social aspects.

4.5 Identification of Fuzzy Clusters

After identifying the CSO, were generated clusters of two types: Main clusters, which have
the characteristics similar to only one CSO and Fuzzy Clusters, with similar characteristics
to one or more CSO, with a different level of membership (probability).

The different families are classified in five “Main Clusters” and in nine “Fuzzy
Clusters", characterized by profiles derived from a mixture of two or more characteristics
of the main five CSO (tab. 3).

For example, the profiles of the Fuzzy Cluster 4.5 presents an intermediate profile
between the two main clusters, with further similarities to the cluster 4, compared to cluster
5. However the Fuzzy Cluster 5.4 assumes a profile more similar to the cluster 5, compared
to cluster 4.

The Table 4 shows the average probabilities membership to different clusters. In
particular, the Fuzzy cluster 3,4, 5, has a higher probability membership to the CSO 3 (0.34),
then to the CSO 4 (0.31) and finally to the CSO 5 (0.27).

Tab 3: Description of the clusters based on the number of households and the average value of hardship

Number of Value of Value of Value of Value of
Cluster families Y hardship hardship hardship hardship
i Set 1 Set 2 Set 3 Set 4

Cluster 1 46 2.6% 0.84 0.87 0.94 0.98
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Cluster 2 94 5.4% 0.84 0.88 0.95 0.63
Cluster 3 1 0.1% 0.13 0.63 0.61 0.39
Cluster 4 87 5.0% 0.69 0.78 0.82 0.73
Clusters 5 1 0.1% 0.21 0.58 0.53 0.64
Clusters 2,4 48 2.8% 0.79 0.78 0.89 0.48
Clusters 3,4 17 1.0% 0.12 0.67 0.63 0.33
Clusters 4,2 26 1.5% 0.81 0.74 0.75 0.48
Clusters 4,5 861 49.3% 0.39 0.67 0.65 0.62
Clusters 5,4 386 22.1% 0.21 0.51 0.46 0.80
Clusters 3,4,5 23 1.3% 0.11 0.63 0.59 0.36
Clusters 4,3,5 32 1.8% 0.16 0.65 0.60 0.28
Clusters 4,5,3 82 4.7% 0.22 0.50 0.53 0.28
Clusters 5,4,3 7 0.4% 0.12 0.52 0.60 0.50
Outliers 34 1.9%

Total 1,745 100.0%

Tab 4: Probability membership to the single clusters (values between 0 and 1)
Cluster Number of families Prob1 Prob2 Prob3 Prob4 Prob$5

1 46 0.32 0.18 0.11 0.21 0.18
2 94 0.12 0.34 0.12 0.23 0.18
2,4 48 0.09 0.31 0.14 0.26 0.20
3 1 0.00 0.00 1.00 0.00 0.00
34 17 0.02 0.05 0.37 0.31 0.25
345 23 0.02 0.05 0.34 0.31 0.27
4 87 0.12 0.20 0.15 0.30 0.23
4,2 26 0.08 0.26 0.15 0.29 0.22
4,5 861 0.04 0.09 0.20 0.36 0.30
4,35 32 0.02 0.06 0.31 0.34 0.27
4,53 82 0.03 0.06 0.26 0.35 0.30
5 1 0.00 0.00 0.00 0.00 1.00
54 386 0.03 0.07 0.20 0.33 0.37
543 7 0.02 0.06 0.27 0.32 0.33

5. Conclusion

Numerous social marginalization phenomena are often studied without specific
statistical data. Analyses of poverty are based on surveys of a general nature and often at a
“macro” level. It would be of particular interest to perform in Italy, as has already been the
case for several years in the United States, surveys of “micro” areas.
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In this work the focus is to quantify the influence of income and of family typology
(number of members) in order to understand how family lifestyles may evolve. The
estimates’ risk of poverty based on “objective” indicators, such as income or levels of debt
are completely independent from the state of awareness of those directly involved. It is,
however, also useful to observe the “subjective” perception of Italian people in relation to
their standard of living and to the recurring causes of economic and social hardship.

The analysis presented seeks to overcome old classifications between the poor and non-
poor by creating “blurred” profiles between those living in different circumstances.

Through the application carried out in this work it is possible to:

- Analyze situations of family hardship through the synthesis of multi-dimensional sets
of indicators (Total Fuzzy and Relative method);

- Define the optimal number of clusters through a Cluster Validity Indices;

- Identify Cluster Supporting Object (CSO), points with particular characteristics
around which build Main clusters and Fuzzy Clusters.

- Create “fuzzy profiles” highlighting the specific peculiarities of small groups not
strictly belonging to a defined profile but to a mix of different profiles, having different
levels membership to the Main clusters [28, 29, 30, 31, 32, 33, 34].

It is hoped that the variations regarding the new family profiles emerging in general
from analyses carried out with different criteria may provide a solid basis for not only a
more accurate description and understanding of the phenomenon of economic hardship but
also for developing new social policies that may contrast poverty.
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