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Abstract

We study isometric immersions into an almost contact metric manifold
which falls in the Chinea-Gonzalez class Cs @ Ci2, under the hypothesis
that the Reeb vector field of the ambient space is normal to the considered
submanifolds. Particular attention to the case of a slant immersion is paid.
We relate immersions into a K&hler manifold to suitable submanifolds of
a Cs @ Ci2-manifold. More generally, in the framework of Gray-Hervella,
we specify the type of the almost Hermitian structure induced on a non
anti-invariant slant submanifold. The cases of totally umbilical or austere
submanifolds are discussed.
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1 Introduction

The theory of slant submanifolds, started by B. Y. Chen in 1990 in the context
of almost Hermitian Geometry, has been extended to immersions into a Rie-
mannian manifold endowed with an additional structure ([11, 3, 14, 15, 12]). In
particular, in 1996 A. Lotta introduced the concept of a slant submanifold of
an almost contact metric (a.c.m.) manifold, showing that there are two types
of non anti-invariant slant submanifolds, depending on the position of the Reeb
vector field & of the ambient space. More precisely, given a non anti-invariant
slant submanifold N of an a.c.m. manifold M, with dim N = n, one has: n is
even (resp. n is odd) if and only if £ is normal (resp. £ is tangent) to N. If n
is even, then N inherits from M an almost Hermitian (a.H.) structure.

Slant immersions have been intensively studied when the dimension of the
submanifolds is odd and the structure of the ambient space is of a particular
type, namely it is cosymplectic, or Sasakian, or a-Kenmotsu ([10], [2], [7] and
References therein).

As for as we know, up to now a detailed study of even-dimensional slant
submanifolds has not been developed. Note that the condition on the dimension
of the submanifold implies a restriction on the a.c.m. structure of the ambient
space. In fact, any submanifold NV of a contact metric manifold such that & is
normal to N is anti-invariant ([11]). This makes meaningful the investigation
of even-dimensional slant submanifolds only when the a.c.m. structure of the
ambient space in not contact.



In this work, we relate immersions in a.H. manifolds to submanifolds of
suitable a.c.m. manifolds. Firstly, starting by a slant submanifold (N, f) of an
a.H. manifold M , for any smooth positive function A: M — R and any open
interval I C R, we consider a particular slant immersion fy: N — I x M, with
the same slant angle as f. The manifold I x M is endowed with an a.c.m.
structure naturally associated with the a.H. structure on M the Reeb vector
field is orthogonal to N and, if M is a Kéhler manifold, then I x M falls in the
Chinea-Gonzalez class C12. We also explain a method to construct a family of
slant immersions into a Cs-manifold starting by a pair ( f A), f being a slant
immersion into a K&hler manifold and A\ a smooth positive function.

More generally, we study slant immersions into a C5@®C12-manifold such that
the Reeb vector field is normal to the considered submanifolds. In particular, we
prove that the a.H. structure induced on a slant submanifold is almost K&hler
and state a condition on the behavior of the Weingarten operators. This allows
us to prove that the a.H. structure on the considered submanifold is of K&hler
type, under additional hypotheses. The cases of totally umbilical or austere
submanifolds are examined in detail, also.

In this work all manifolds are assumed to be connected.

2 Preliminaries

Given an a.H. manifold (J/\/[\, J, g), let f: (N,;’) — (M\, g) be an isometric im-
mersion. For any z € N, X € T,N, we adopt the identifications z = f(sc)
and X = (f*) (f*) being the tangential map. For any X € TN, one
puts JX = PX + FX where PX and FX denote the tangential and nor-
mal components of J. X, respectively. Analogously, for any V € TJ-N we put
JV =1V + nv, v, nV being the tangential and normal components of JV.
So one defines smooth maps P: TN — TN, F: TN — T+N,t: T*N — TN
n: TN — TLN that induce linear maps on each fibre. For any X,Y € TN
one has ¢'(PX, Y) ¢ (X, PY), so that at any point z € N the operator
Q = P? is a self ad301nt endomorphism of T, N whose non-zero eigenvalues
belong to [—1, 0] and have even multiplicity. We denote by the same symbol the
tensor fields on NAdeterminedAby ]3, @ R
For any x € N, X € TN, X # 0, the angle 0(X) € [0, 7] between JX
and T, N is called the Wirtinger angle of X. The immersion fis called a slant
immersion if the angle 0(X) is a constant 6, namely it is independent of the
choice of (z, X) € TN In this case, one says that 6 is the slant angle of N in
M and writes sla(N) = 0. If sla(N) =6 # %, then the dimension of N is even

and (COSQP ¢') is an a.H. structure on N.

Let (M, p,€&,1,9) be an a.cm. manifold and f: (N,¢') — (M,g) an iso-
metric immersion. For any X € T'N, one puts ¢pX = PX + FX, PX and FX
denoting the tangential and normal components of ¢X. Also, for any V € T+ N,
we put ¢V =tV +nV, tV and nV being the tangential and normal components
of V. This allows us to define smooth maps P: TN — TN, F: TN — T+N,
t: T*N — TN, n: T*N — T+ N inducing linear maps on each fibre. In partic-
ular, for any X, Y € TN one has ¢'(PX,Y) = —¢/(X, PY), hence at any point
x € N Q = P? is a self-adjoint endomorphism of T, N, its non-zero eigenvalues
belong to [—1,0[ and have even multiplicity. Furthermore, if the Reeb vector




field £ is normal to N, the maps P, t, F', n are related by

P?+tF=—Iyy, FP+nF =0,

2.1
Pt+tn=0, Ft+n?>=—Ipn+n®E (21)

As in [11], the immersion f is said to be a slant immersion if for any « € N,
X € T, N, such that X, £ are linearly independent, the angle 6(X) € [0, 7]
between X and T, N is a constant 6. In this case, we put sla(N) = 6, 0 is
named the slant angle of N in M and (N, f) is called a slant submanifold of M.
In particular, if § = 0 (resp. 0 = 7), (N, f) is an invariant (resp. anti-invariant)
submanifold. If sla(N) =6 # 0, 5, (N, f) is called a proper slant submanifold.

Given an isometric immersion f: (N,g¢') — (M,¢,&,7n,9) such that ¢ is
normal to N, one has: (N, f) is slant if and only if there exists a constant
A € [0,1] such that Q@ = —\I7y. Moreover, if sla(N) = 6, then A\ = cos?§ and
for any X,Y € TN one gets

¢ (PX,PY) = (cos’0)g (X,Y), g(FX,FY) = (sin?6)g'(X,Y). (2.2)

It follows that, if 6 # %, then (J = L. P, ¢’) is an a.H. structure on N, called
the a.H. structure mduced on N by f ([2], [11]).

In [11], the author links slant submanifolds of an a.H. manifold with slant
submanifolds of a suitable a.c.m. manifold. More precisely, given an a.H. mani-
fold (M, J,§), we endow the product manifold M x R with the a.c.m. structure

(¢,€,m,g) defined by

o(X, a0y = (7x,0), n(X.al)=a,
! .

for any X € I(TM), a € (M x R). If f: (N,g) — (M,3) is an isometric
immersion, one considers the immersion fo: N — M x R such that fo( ) =
(f( ),0), for any x € N. Obviously, the vector field ¢ is normal to (N, fo).
Moreover, (N, f) is slant in M with sla(N) = 6 if and only if (N, fo) is slant in
M x R with sla(N) = 6.

Now, we focus on a wider class of a.c.m. manifolds strictly related to a.H.
manifolds. Given an a.H. manifold (M J,§), an open inteval I C R and two

smooth positive functions Ay, Ag: I X M — R, on the product manifold I x M
one considers the a.c.m. structure (¢,&,7,g(x,.x,)) given by

ol X) = (0,7%), nla’,X)=an,
ot ot 9.4
[ (2.4)

5 = )\71(&,0)7 g()\h)\z) = )\%Wf(dt ® dt) )‘272( )

for any a € F(I x M\),X € F(TM\), miIxM—1I,m:IxM— M\denoting
the canonical projections. Note that gy, »,) is the double-twisted product of

the Euclidean metric go and g ([13]). The a.c.m. manifold I x(y, »,) M =
(I x ]\//7, ©,£,1, 9(r1,2,)) 18 named the double-twisted product manifold of (1, go)
and (M, J,9) by (A, A9). If Ay = 1, then I X1,y M, which is denoted by



I xy, M, is called the twisted product n manifold of (I, go) and (M J, g) by A2

([8]). If A2 = 1, the manifold I xy, 1) M is denoted by A, I X M. Furthermore,
when A is 1ndependent of the coordinate ¢ and Az only depends on ¢, g(x, ,) is

just the double-warped product metric of go and g by (A1, A2) and I x(y, x,) M

is called a double-warped product manifold, as well as I x, M is said to be a
Warped product manifold. Obviously, the warped product manlfold of (R, go)
and (M J g) by Ay = 1 is identified with the product manifold M x R endowed
with the structure defined in (2.3).

Applying the theory developed in [6, 8], we are also able to specify the
Chinea-Gonzalez class of the just mentioned manifolds. Firstly, in Table 1 we
list the defining conditions of any a.c.m. manifold (M, ¢, &, n,g) which falls in
the Chinea-Gonzalez class C1_5 ®C12 = @ C;® Ci2 or in suitable subclasses.

1<i<5
We also use the symbols C1_5 = @ C; and C1_4 ® Ci12 = P C; ® Cha.
1<i<5 1<i<4
Putting dim M = 2m + 1, these conditions are formulated in terms of the

covariant derivatives Vy, V7, V denoting the Levi-Civita connection of M.

Table 1

Classes Defining conditions

(Vep)Y = —n(Y)p(Ve&) — (Ven)pYE,
Os®C2 (g y = —dng (eX.¥) + 1) Ver)¥

Ci_s Vep =0, (Vxn)Y =—5Lg(eX,¢Y)

(Vep)Y = —n(Y)@(Vfﬁ) - (Vgn)wY&
Qo @Gz (@Y = p(X)(Ven)Y

Cs & Co (Vx@)Y = =20 {g(0X,Y)E - n(Y)pX}
—n( H(Vem)eYE+n(Y)o(Vel)}

Cs (Vxe)V = =22 {g(¢X,Y)E — n(Y)pX}

Ci2 (Vxp)Y = —77( H(Vem)eYE+n(Y)o(Vel)}

Considering an a.H. manifold (]/\4\ , j, g), any double-twisted product manifold
I X (5 ,00) M belongs to C1_5 @ C12 and any twisted product manifold I x, M
falls in Cj_5. If A\; is independent of the coordinate ¢, the manifold », I x M
falls in the class Ci_4 @ Cio. Furthermore, under suitable restriction on the
Gray-Hervella class of (JT/[\, f 9)y I X(x,00) M falls in a particular subclass of
Ci_5 @ C12. In particular, we assume that (f, g) is a Kéhler structure. Then,
if Ay is constant on J/W\, I X2 00) Mis a C5 @ Cio-manifold and when A is
independent of the Euclidean coordinate, the manifold », I x M belongs to C1s.

Finally, we recall that any warped product manifold I x, Mis a Cs-manifold
and it is called an a-Kenmotsu manifold, where o = 7—577 = {(log A2).

3 Some methods to construct slant immersions

In this section, firstly we extend the procedure given in Section 2 that allows us
to obtain even-dimensional slant submanifolds of an a.c.m. manifold, starting



by a slant immersion into an a.H. manifold. . .

Let (M,J,3) be an aH. manifold and f: (N,g') — (M,§) an isometric
immersion. Given an open interval I C R, 0 € I, and a smooth positive function
A: M — R, the map

fri (N,g) = (IxM, g1y = A2dt@di+3), fa(z) = (0, f(z)), zeN (3.1)

is an isometric immersion. Hence Ny = (]\A] f>\) is a Riemannian submanifold
of the a.c.m. manifold ,I x M. For any # € N, X € T, N one has ((fr)e)zX =
(0, (f2)eX) = (f+)2X, so the tangent spaces TNy, TN are identified. As for

as regard the normal spaces TLNA, Tj‘]/\}', one has T;F Ny = I x T;-]v It follows
that the vector field § _ = f(at,O) is a section of TNy, that is & is normal

to N,. To relate the second fundamental forms h, hy of N , N we recall that
the Levi-Civita connection V of I x M acts as

VxY = VxY, V& =—gradlog),
Vx{=0, VX = X(log\),
for any X,Y € F(T]\//I) where V is the Levi-Civita connection of ( ,9) and

grad is evaluated with respect to the metric gy 1) ([8, 13]). Applying (3.2) an
the Gauss equation, we get

ha(X,Y) = (0,h(X,Y)) = h(X,Y), X,Y eT(TN). (3.3)

~

It follows that the Weingarten operators corresponding to the immersions fy, f
are related by

(AvX = Ay_ )X, =N, XeT,N, VeT Ny (34)
By (3.3), (3.4) one easly proves the equivalences:
i) (]\Af , f) is totally geodesic if and only if N, is totally geodesic.

ii) (N,f) is totally umbilical (resp. austere) if and only if N, is totally
umbilical (resp. austere).

For any X € TN, let P\X (resp F,\X) be the tangential (resp. normal)
component of ¢.X. Since pX = JX = PX + FX we get

P\ X = PX, FX=FX. (3.5)

Prop051t10n 3.1. Let (M J g) be an a.H. mamfold (N f) a submanifold of

M I C R an open interval, 0 € I, and A: M — R a smooth positive function.
Then, (N f) is a slant submanifold with sla(N ) =0 if and only if Ny is a slant
submanifold with sla(Ny) = 6.

Proof. Given x € N, X € T,N, X # 0, we denote by 0x(X) the angle between
©X and T, Nx. By (2.4), (3.5), we have

gon (X, PX)  [|PX|]
leXTNPXT — IX]]

cosO\(X) = = cos 0(X),

where || -|[x denotes the norm induced by g(» 1) and 6(X) is the Wirtinger angle
of X. O



Since the a.c.m. manifold I x M falls in the Chinea-Gonzalez class Ci_48®
C12, by Proposition 3.1 we get a method to construct a family of slant sub-
manifolds of C;_4 @ Cqo-manifolds, starting by a slant submanifold of an a.H.
manifold. In particular, if I C R is an open interval and 0 € I, a slant immersion
Jf: N — M into a Kéhler manifold gives rise to the family of slant immersions
{fa; A€ C®°(M),\ > 0} into the manifolds \I x M, A € C>°(M), A > 0, which
belong to the class Cis. R

We remark that, considering a slant submanifold (N, f) of a K&hler manifold
M with sla(ﬁ) =0 # I, (= ﬁ,gA’) is an almost Kéhler structure and it

cos 0
coincides with the a.H. structure (ﬁP)\, ¢') induced on N by fy. In particular,

if dim N =2, (N, ﬁﬁ,gﬁ) is a Kahler manifold.

Many explicit examples can be obtained starting by the main examples of
slant immersions given in [4], [5]. In next Examples 3.1, 3.3 we provide families of
austere, but non-totally geodesic, slant immersions as well as, for any a € [0, 7],
in Example 3.2 we obtain a family of totally geodesic slant immersions with slant

angle «.

Example 3.1. The map f: R? — R* such that

~

flat,2?) = (2, 2%, e cosa?

,e® sinz?)
defines a holomorphic immersion into the Kihler manifold (R, J, 9o), go being
the Euclidean metric and J acting as

Iyt vyt vt = (v —yt g
Moreover (R2, f) is austere, but non-totally geodesic. So, given an open interval
I C R with 0 € I, for any A € C®(R*), A > 0, the map fy: R? — I x R*

acting as fy(z!,2?) = (O,f(xl,:rz)) is an austere invariant immersion into a
(C12-manifold.

Example 3.2 ([4]). For any a € [0, 7] the map fo: R? — RY acting as
Fo(z', 2?) = (¢'sine, 22,0, 2" cos a)

is an isometric totally geodesic immersion with respect to the Euclidean metrics
g and go on R?, R, respectively. Let Jy be the canonical almost complex struc-
ture on R* and X; = (]?O‘)*(%), i € {1,2}. By direct calculus the tangential
components of Jy(X7), Jo(X2) are given by

]3X1 = —cosaXo, ﬁXg = cos aXj.

This implies that P = — cosa.Jy and (R2,fo‘) is a slant submanifold of the
Kihler manifold (R?,.Jy, go) with slant angle . It follows that, for any pair
(I,)\), I being an open interval, with 0 € I, and A € C>(R*), A > 0, the map
2 R? = I x R* such that f{(z!,2?) = (O,fo‘(xl,x2)) is a totally geodesic
slant immersion with slant angle a.

Example 3.3. Let f = (f, fO): R* — R® be the Riemannian product immer-
sion of the immersions f given in Example 3.1 and f", a = 0, occurring in
Example 3.2. So, f acts as

flat 22 23 2%) = (x17m2,ell cos 22, e sina?,0, 24,0, 23).



On R® we consider the a.H. structure (J, go), go being the Euclidean metric and
J = (J, Jy) acting as

T y? vyt vt vty ) = (vt gt -y -0t w0 0).
One proves that (R®,.J,gg) is a Kéhler manifold and f is a holomorphic non-
totally geodesic austere immersion. Let / C R be an open interval, with 0 € I.
For any smooth positive function A: R® — R the manifold I x R® is in the class

Cio and the map fy: R* — \I x R®, fi(z) = (0, f(2)), is an invariant austere
immersion.

Now, we explain a method to obtain examples of slant immersions into a
Cs-manifold.

We recall that, if (M,¢,£,n,¢9) is a manifold in the class C5, dimM =
2m + 1, putting o = —2‘5—7’;, one has Vx& = af{X — n(X)¢}. Tt follows that
the distribution D associated with the subbundle Kern of T'M is integrable and
defines an umbilical foliation. If (M,i) is a leaf of D, i: M — M being the
inclusion map, its second fundamental form acts as h(X,Y) = —a;_g(X,Y)¢
and, if m > 2, o is constant. Moreover, for any m, (J = T i*g) is a K&hler
structure.

Theorem 3.1. Let (M, p,&,1,9) be an a-Kenmotsu manifold and (@ 1) a leaf
of the dzstrzbutwn D. Assume that N = (N, f) is a submanifold of M and put

f =iof, N=(N f) Then, the following properties hold

i) The second fundamental forms ;, h of ]:f, N are related by
hX,Y) =h(X,Y) — (a0 fg(X, V).

i) N is a slant submanifold with sla(N) = 0 if and only if N is a slant

submanifold and sla(]?f) = 0. Moreover, if sla(ﬁ) =0 # T, then N
inherits from M an almost Kdhler structure.

Proof. Firstly, we observe that TM; = D® < & > and TLN = T'Ne < £ >.
Since h(X,Y) = —a;_g(X,Y)¢, i) directly follows by the Gauss equation.

For any X € TN, since JX = ¢ X, one gets PX = PX, PX (resp. PX) denot-

ing the tangential component of JX (resp. pX) with respect to N (resp. N).
This entails the equivalence in ). Finally, since (M, J,i*g) is a K&hler mani—
fold, if sla(WV) = 0 # Z, the a.H. structure (L5 P, = F (i*g)) = (=1 P, f*g)
is almost Kéhler. O

Let (M\ J,§) be a Kihler manifold, I C R an open interval and A: I — R a
smooth positive function. As remarked in Section 2, the Warped product mani-
fold I x M is an a-Kenmotsu manifold, a = £(log )\) )‘ . Using the canonical
1dent1ﬁcat10n X = (0,X), for rany X € TM, we get that the distribution D on
I x, M is identified with T'M. Thus, glven a point (to, xg) € I x M the leaf
of D through (tp,z¢) is the submanifold (M fto)s fro: M—IxM acting as
fto(x) = (to, z), and the a-Kenmotsu structure on I X M induces on (M fto)



the Kéhler structure (j . A(t0)?9). By Theorem 3.1, considering a slant subman-
ifold (N, f) of M, with sla(N) = 6, we get that f = fy, 0 f: N — I x, M is
slant with angle 6.

The next example clarifies this procedure.

Example 3.4. Given k € R, k > 0, let f: R? = R* be the map acting as

— 1 1, 1 .
f(zt,2%) = (e cosz! cosz?, e sina! cosx?, ef” cosx! sinz?,
1 . .
e sin ! sin 2?).
It is easy to see that f is a slant immersion into the Kéhler manifold (R*, Jy, go),
. . oy 2 . k
(Jo, go) being the canonical Hermitian structure and sla(R?) = arccos(ﬁ).

On R? we consider the metric g;’ represented, with respect to the natural frame,
by the matrix
((k2 +1)ekt )
0 erzl :

Given an open inteval I , let A\: I — R be a smooth function, A > 0, and (¢o, o)
a point of I x R*. The leaf of the distribution D =< ¢ >1 on the warped
product manifold I x, R* through (fo,zo) is identified with (R, Jo, A(t0)?go)-

~

By Theorem 3.1 the isometric immersion f: (R2, Jo, A(to)°g’) — I xx R* act-
ing as f(x',2%) = (to, f(z',2?)) defines a slant submanifold with angle 6§ =

arccos( \/k%ﬁ)

4 Submanifolds of a (5 & C5>-manifold

The content of Section 3 motivates the study of slant immersions into C5 &
C12-manifolds. We recall some properties of these manifolds, that are locally
described in [8].

Let (M,p,&,n,9) be an a.c.m. manifold in the class C5 @ C12 and V its
Levi-Civita connection. We put dmM =2m + 1, a = —2‘5—;’1. The function «
determines the Cs-component of Vo, as well as V¢ defines its C12-component.
In fact, for any X, Y € T'(T'M) one has

(Vxp)Y =a{g(pX,Y){ —n(Y)pX}
= n(X){N(Y)p(Ve) + 9(Vel, 9Y)EF

It follows dn = nAV¢n, so the distribution D associated with the subbundle Kern
of T'M is integrable. Generally, if V€ # 0 and dim M > 5, « is not constant
on the leaves of D. In fact, being d® = 2an A ®, where @ is the fundamental
2-form of M, one gets (da — aVen) An = 0 and for any X orthogonal to & we
have X (o) = ag(Ve€, X).

Now, we consider an isometric immersion f: (N,¢') — (M, p,&,n,g) such
that ¢ is normal to N. Let V’ (resp. V=) be the Levi-Civita (resp. normal)
connection of (N, g’') and P, F, t, n the smooth maps associated with (N, f),
that are defined is Section 2. We recall that the mixed covariant derivatives
VF, Vt are defined by

(VxF)Y = VxFY — F(VxY),
(Vxt)V = VitV —t(VxV),

(4.1)



for any X,Y € I(TN), V € T(T+N).

We are going to relate the covariant derivatives V/P, VF, Vt, V'n to the
second fundamental form h and the Weingarten operators Ay . Hereinafter, if
there is no danger of confusion, we will denote the metric ¢’ by g, again.

Proposition 4.1. Let (M, p,&,1,9) be a Cs5 ® C1a-manifold and (N, f) a sub-
manifold of M such that & is normal to N. Then, for any X,Y € T'(TN),
V € T(T+N), one has

i) AeX = —(ao f)X, Vx&=0,
i) (VxP)Y = Apy X +th(X,Y),
iii) (V
) (Vxt)V =A,vX — P(Ay X) — (a0 f)n(V)PX,
v) (Vxn)V = —h(X,tV) = F(Av X) + (a0 f){g(FX, V)¢ —n(V)FX}.

Proof. By (4.1), for any X € I'(T'N) we have Vx& = (ao f)X. Then i) follows
applying the Weingarten equation. Given X,Y € I'(T'N), using (4.1), the Gauss
and Weingarten equations, we have

xF)Y =nh(X,Y) - h(X,PY) + (a0 f)g(PX,Y)E,

(o Ng(PX,Y)E = (Vx@)Y =(VP)Y — Apy X — th(X,Y) + (Vx F)Y
+ h(X,PY) —nh(X,Y).

Comparing the tangential and normal components, we get i), iii). Analogously,
considering V € T(T+N), X € I'(TN), one has

(ao fHg(FX,V)E=n(V)PX} — (o fn(V)FX = (Vxp)V
= (Vxt)V — Ayv X + P(Ay X) + (Vxn)V + h(X,tV) + F(Ay X).

Then, iv), v) follow. O

The next result provides a characterization of slant submanifolds of any
a.c.m. manifold which involves the behavior of the tensor fields Q = P? and

vV'Q.
Proposition 4.2. Let (M, ¢,£,n,9) be an a.c.m. manifold and (N, f) a sub-

manifold of M such that £ is normal to N. The following conditions are equiv-
alent

i) (N, f) is slant.

it) V'Q = 0 and at any point of N the endomorphism Q admits only one
eitgenvalue.

Moreover, if (N, f) is slant with sla(N) = 0, the unique eigenfunction A of Q is
constant and X = — cos? 0.

Proof. If (N, f) is slant, then Q = (— cos? §)Iry is parallel and the only eigen-
function of ) is the constant function — cos? 6.

Conversely, assume that V'Q = 0 and Q = Mpy. For any X, Y € T'(TN)
one has 0 = (V5Q)Y = X(\)Y. It follows that A: N — [—1,0] is a constant
function. Hence, there exists 6 € [0, 3] such that A = —cos?6 and (N, f) is
slant. O



Corollary 4.1. Let (N, f) be a slant submanifold of a Cs @ Ci2-manifold
(M, p,&,m,g9) such that £ is normal to N. For any X,Y € TN, we have

AFPXY + AFPyX — AFXpY — AFYpX =0.
Proof. By Propositions 4.1, 4.2, for any Y, Z € T'(TN) we have

0=(V2Q)Y = (V3 P)PY + P((V;P)Y)
= Appy Z +th(Z,PY) + P(Apy Z) + Pth(Z,Y).

Thus, for any X,Y,Z € TN we obtain

0=g(Arpy Z,X) — g(h(Z, PY),FX) — g(Apy Z, PX) + g(M(Z,Y ), FPX)
= g(AprX — AFXpY — AFYpX + AFpr7 Z)

O

Theorem 4.1. Let (M, p,&,n,9) be a Cs & Cia-manifold and (N, f) a slant
submanifold of M such that sla(N) = 0 # T and & is normal to N. Then, the
a.H. structure induced on N by f is almost Kdihler.

Proof. We consider the a.H. structure (J = ﬁP, g) on N and prove that
the fundamental 2-form Q, Q(X,Y) = ¢g(X,JY), is closed. In fact, applying
Proposition 4.1, for any X,Y,Z € T'(T'N) one has

1

IR

1
 3cosf (Xg/,z)
1

= — Apy”Z — ArzY, X) = 0. 4.2
3cos€(xg/,z)g< Y rzY, X) =0 (4.2)

g(AFYX+th(X7Y)7Z)

O

Corollary 4.2. In the same hypotheses of Theorem 4.1, for any X,Y € TN
one has
PApy X — ApxY)+ Appy X — ApxPY = 0.

Proof. By Theorem 4.1, (N, J,g) is an almost K&hler manifold, therefore for
any Y, Z € TN we have (V,J)Y + (V/;,J)JY =0 ([9]). Hence, also applying
Proposition 4.1, for any X,Y,Z € TN we have

0=g((VzP)Y + (V2 P)JY, X)

=g(Ary Z +th(Y, Z), X) + COS—QHg(AprPZ +th(PY,PZ),X)
1
=g(Apy X — ApxY,Z) — mg(P(AFPYX — ApxPY), Z).

It follows that
(COS2 9)(ApyX - AF)(Y) - P(AprX - AFXpY) =0

and, applying P, we obtain the statement. O
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Remark 4.1. We recall that any a.H. structure on a 2-dimensional manifold is
a Kahler structure. Hence, considering a submanifold (XN, f) as in Theorem 4.1
with dim N = 2, we get that (N, —P,g) is a Kihler manifold and Propo-

’ cos 6

sition 4.1 entails that, for any X, Y € TN ApxY = ApyX. It follows that
Corollary 4.2 is trivial.

We observe that any submanifold (N, f) of a Cs @ Cy2-manifold M such that
¢ € T(T*N) satisfies the condition A¢o P = Po A,. Now, we are going to study
slant submanifolds for which all the Weingarten operators Apx commute with
P.

Theorem 4.2. Let (M,p,&,1n,9) be a Cs & Cra-manifold and (N, f) a slant
submanifold of M such that sla(N) = 0 # & and ¢ is normal to N. Assume
that for any X € TN Apx oP = Po Apx. Then, all the Weingarten operators
Apx, X € TN, vanish and (N,J = =P, g) is a Kéihler manifold.

cos 0
Proof. We know that (N, J, g) is an almost K&hler manifold. Hence, applying
Proposition 4.1, for any X,Y € TN we have

Apy X +th(X,Y) + Apyjy JX + th(JX,JY) = 0.
By this equation, taking the skew-symmetric component, we get
Apy X — ApxY + ApyyJX — ApjxJY = 0.
Now, we apply J and the hypothesis, so obtaining

AFyJX — AF)(JY*AFJyX‘FAFJXy = J(AFyX 7AF)(Y
+AFJYJX—AFJXJY):O.

Then, by Corollary 4.1, one gets ApxJY = Ap;xY and, for any Z tangent to
N, we obtain

g(Jth(X,Y), Z) = g(h(X,Y),FJZ) = g(Apz JX,Y)
= —g(ApzX,JY) = g(th(X,JY), Z).

It follows
th(X,JY) = Jth(X,Y) =th(Y,JX), X,Y €TN. (4.3)
On the other hand, using the hypothesis, for any X,Y,Z € TN we obtain
g(th(JX,Y),Z) = —g(ApzJX,Y) = g(Apz X, JY) = —g(th(X, JY), Z).

This implies th(JX,Y) = —th(X,JY) and, combining with (4.3), for any
X,Y € TN we have th(X,Y) =0, Apx = 0. This proves the statement. O

5 Slant immersions and second fundamental
form

Let (N, f) be a submanifold of an a.c.m. manifold (M, p,&,n, g) such that ¢ is
normal to N and denote by x the vector subbundle of T+ N whose fibre, at any
x € N, is the orthogonal complement to < ¢, > ®F(T,N) in T;-N. So we can
consider the orthogonal splitting

TM|, =TN® <&§>@F(TN) @ p. (5.1)

11



Lemma 5.1. Let (N, f) be a submanifold of an a.c.m. manifold (M, p,&,n, g)
such that & is normal to N. For any V € T(T+N), we have

i) Vel(u) =V el (u).
i) Vel(<&>dp <oV =nV &tV =0.

Proof. f V € T'(), by (2.1), (5.1), for any X € T'(T'N) one has g(pV, X) =

—g(V,FX) =0, g(pV,FX) =—g(V,nFX) = g(V,FPX) = 0. Then i) follows.
If Ve T(< & > ®u), then for any X € T'(TN) we have g(tV,X) =

—g(V, FX) = 0. It follows tV = 0, equivalently pV = nV.

Conversely, if oV = nV, for any X tangent to N one has g(V —n(V)§, FX) =

gV,FX) = —g(nV,X) = 0. It follows that V — n(V)¢ € T'(u), that is,

Vel(<&> o). O

We observe that, if (N, f) is a proper slant submanifold of M such that
dim N = 2n, then rankF(TN) = 2n. Applying (5.1) it follows that dim M >
4n + 1 and dim M = 4n + 1 if and only if 4 is trivial.

The next result puts in evidence the interplay between p and the second
fundamental form.

Theorem 5.1. Let (N, f) be a proper slant submanifold of a C5® C1a-manifold
(M, p,&,m,g9) such that sla(N) = 0 and dim N = 2n. Assume that for any
V €T+N Ay o P = Po Ay. Then, the following properties hold

i) If dim M = 4n + 1, (N, f) is totally umbilical in M and H = —(af)|, is
its mean curvature vector field.

i) If dim M > 4n + 1 and Vx(h(Y,Z)) € (< & > @p) for any X,Y,Z €
D(TN), then (N, f) is totally umbilical in M with mean curvature vector
field H = —(a€), ..

Moreover, in both cases i) and ii), if (N, f) is not totally geodesic, then H is
parallel if and only if Ve€ e T(F(TN) @ p).

Proof. By Theorem 4.2, for any X € TN we have Apx = 0, equivalently
th(X,Y) = 0, for any X,Y € I'(TN). Therefore, Lemma 5.1 entails that
MX,Y)eT(< &> au).

If dim M = 4n + 1, since p is trivial, by Proposition 4.1 we have h(X,Y) =
g(h(X,Y),6)¢ = —(ao f)g(X,Y)E and i) holds.

Now, we suppose that dimM > 4n + 1 and, for any X,Y,Z € I'(TN),
V% (WY, Z)) € T(< &€ > @u). By Proposition 4.1, for any X,Y,Z,W € T(TN)
one has

9(VxF)Y,nh(Z,W)) =g(h(X,Y), (Z,W)) — (a0 f)*g(X,Y)g(Z, W)

— g(h(X, PY),nh(Z,W)). (5.2)

On the other hand, being h(Z, W) € T'(< £ > @u), we also have nh(Z,W) =
(h(Z,W)) € T(u) as well as n(Vk (h(Z, W) = (V4 (h(Z,W))) € T(u). B
Proposition 4.1 and (2.2) we have

<

9(VxF)Y.nh(Z,W)) = g(Vx FY,nh(Z,W)) = —g(FY, (Vxn)h(Z,W))
= (sin” 9){g(h(X,Y), h(Z,W))
- (aof) g( ) )g(Z’ W)}

12



Comparing with (5.2) we obtain

g(MX, PY),nh(Z,W)) = (cos> )){g(h(X,Y), h(Z,W))
~ o pox gz wy. Y
Since the right hand side in (5.3) is symmetric with respect to X, Y, we get

g(W(X,PY),nh(Z,W)) = g(h(PX,Y),nh(Z, W)).
On the other hand, we have
9(h(X, PY),nh(Z,W)) = g(Anpzw) PY, X)
= —9(Annzw)Y, PX) = —g(M(PX,Y),nh(Z,W)).
It follows g(h(X, PY),nh(Z,W)) =0 and (5.3) implies that
g(h(X,Y),M(Z,W)) = (a0 [)*g(X,Y)g(Z,W).

In particular, for any X,Y € I'(TN) one has [|h(X,Y)||2 = (a0 f)2g(X,Y)* =
g(h(X,Y),€)?, so that h(X,Y) = g(h(X,Y),)¢ = —(a o f)g(X,Y)¢. Hence

(N, f) is totally umbilical and the mean curvature vector field is H = —(a€)
Finally, since dim M > 5, for any X € T'(TN) we have

VxH = —X(ao f)¢ = —(ao fg(Ve€, X)E.

Taking into account (5.1), it follows that if (N, f) is not totally geodesic, namely
if ao f #0, then H is parallel if and only if V¢§ € T'(F(TN) @ ). O

[N~

Remark 5.1. Let (M, p,&,1,9) be a Cs @ Cyo-manifold. If (N, f) is an invariant
submanifold of M with dim N = 2n, we have T+ N =< ¢ > @®u and dim M >
2n+ 1. It follows that either (N, f) is an hypersurface of M or dim M > 2n+ 1.
In the first case, it is obvious that (N, f) is totally umbilical in M and H =
—(af)|,- Otherwise, we also assume that all the Weingarten operators commute
with P = ¢, . Using the same technique as in Theorem 5.1, one proves that
(N, f) is totally umbilical, H = —(af)|, and, if (N, f) is not totally geodesic,
then H is parallel if and only if V£ € T'(p).

Now, we explain some consequences of Theorems 4.2, 5.1.

Corollary 5.1. Let (N, f) be a proper slant submanifold of a Cs® C12-manifold
(M, p,&,m,9) such that dim N = 2n, dim M = 4n + 1. The following properties
are equivalent

i) For any X €e TN, Apx oP =Po Apx.
it) (N, f) is totally umbilical in M.

Moreover, if one of the previous conditions holds, the mean curvature vector
field of (N, f) is H = —(af)|,-

Proof. The statement i) = 4i) follows by Theorem 5.1.
Conversely, we assume that h(X,Y) = g(X,Y)H. For any X,Y,Z € TN we
have

9(Apx PY,Z) = g(H, FX)g(PY, Z) = —g(H, FX)g(Y, PZ) = g(P(ApxY), Z).

Thus, the Weingarten operators commute with P.
The last part of the statement follows by Theorem 5.1. O
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Corollary 5.2. Let (N, f) be a proper slant submanifold of a Cs® C12-manifold
(M, ,&,1m,9) such that dim N = 2n and dim M > 4n + 1. If (N, f) is totally
umbilical in M with mean curvature vector field H, one has

i) For anyV € T*N, Ay o P=Po Ay and H € T'(< £ > ®p).
ii) For any X € I(T'N), VxH € I(< &> @p) if and only if H = —(af)) -

Proof. As in Corollary 5.1, for any V € TN one has Ay o P = P o Ay.
By Theorem 4.2 it follows that for any X € TN Apx = 0, and then tH =
0. Therefore H € T'(< ¢ > @®u). By Proposition 4.1 we have g(H,&)X =
AeX = —(ao f)X, for any X € TN. This implies n(H) = —(a o f). Applying
Proposition 4.1 again, for any X € I'(T'N) one has

t(VxH) = —(Vxt)H = P(AgX) + (a0 f)n(H)PX = ([[H|* - (a0 f)*) PX.

It follows that for any X € T'(TN) Vx H € I'(< £ > @) if and only if ||H||? =
(o f)? =g(H,&)? if and only if H = —(af)),. O

The next result is a consequence of Theorem 5.1 and Corollaries 5.1, 5.2.

Proposition 5.1. Let (N, f) be a proper slant submanifold of a Cy2-manifold
(M, p,&,m,g) such that dim N = 2n. The following properties hold

i) If dim M = 4n + 1, then (N, f) is totally geodesic in M if and only if for
any X e TN ApxoP =PoArx.

it) If dim M > 4n + 1, then (N, f) is totally geodesic in M if and only if
for any V.€ T+*N Ay o P = Po Ay and for any X,Y,Z € T(TN)
VE((Y, 2)) € D(< € > Bp),

Now, we consider a submanifold (N, f) of a C5 @ Cj2-manifold such that the

Reeb vector field £ is normal to N. By Proposition 4.1, one easily obtains that,
if (N, f) is totally umbilical with mean curvature vector field H = —(af),,,

then V'P = VF = Vt = V+n = 0. In order to see if the converse statement
holds, we characterize the condition VF = 0.

Proposition 5.2. Let (M, p,&,1n,9) be a Cs & Cia2-manifold and (N, f) a sub-
manifold of M such that £ is normal to N. The following conditions are equiv-
alent

i) VF = 0.

i) For anyV € T*N, A,y = —Ay o P — (a0 f)n(V)P.
i) For any V € Tt*N, A,y = Po Ay + (o f)n(V)P.
iw) Vt=0.

Moreover, if F is parallel and (N, f) is slant with sla(N) = 0 # %, for any
X, Y € TN we have

hMX,Y)+ ! gh(PX, PY)=—-2(ao f)g(X,Y)¢ (5.4)

cos?

and H = —(af)|, is the mean curvature vector field of (N, f).
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Proof. By Proposition 4.1, for any X,Y € I'(T'N), V € I'(T+N) we have
9(VxF)Y,V) = g((ao f)n(V)PX + P(AvX) = Apv X,Y) = —g((Vxt)V,Y).
On the other hand, it is easy to prove the relation

g(AnVX + AV(PX) + (a © f)n(V)PXa Y)
— g(AwY — P(AyY) - (a0 fn(V)PY, X).
Hence, the required equivalences hold. Finally, we assume that sla(N) = 0 # 7
and VF = 0. Therefore, P> = (—cos?6)Iry, dim N = 2n and, by Proposi-
tion 4.1, (2.2), for any X,Y € I'(T'N) we have
0= (VyF)PX — (VpxF)Y =(cos? )h(X,Y) + h(PX, PY)
+2cos?O(ao fg(X,Y)E.

This entails (5.4) and, considering a local orthonormal frame {e;, e,4; = C’; v
on NN, one has

Z{h(ei, €i) + h(en+i; enti)} = —2n(ao f)E.

i=1
It follows that —(af)|, is the mean curvature vector field of (NN, f). O

Proposition 5.3. Let (N, f) be a proper slant submanifold of a Cs @ Cia-
manifold (M, p,&,n, g) such that & is normal to N and V+n = 0. The following
properties hold

i) For any X, Y e T(TN), h(X,Y) e (< £ > &F(TN)).

it) The a.H. structure induced on N by f is a Kdhler structure.
iii) For any V € I'(u), Ay = 0.
i) Vt =0 if and only if for any X € TN Apx o P = —Po Apx.

Proof. Let sla(N) = 6. By Proposition 4.1, (2.1), (2.2) for any X,Y € I'(T'N)
we have

0= (Vxn)FY = (sin? ){h(X,Y) + (o f)g(X,Y)¢} — F(Apy X).
It follows

WX, Y) + (a0 Pg(X,Y)E = ﬁF(AFyX). (5.5)

So, we obtain ¢) and, applying again Proposition 4.1, (2.1) we get

(Vi P)Y = th(X,Y) + Apy X =

— tF(ApyX)+ Apy X =0.
sin“ 0

Thus J = ﬁP is parallel and i) holds. By Proposition 4.1, for any V' € T'(u),
X € I(TN) we have 0 = (Vxn)V = —F(Ay X), hence Ay X = 0. Therefore
ii1) is proved. Note that, by Lemma 5.1, for any V' € I'(i) we also have A,y =0
and then (Vxt)V = 0. Moreover (Vxt){ = —P(A¢X) — (a0 f)PX = 0. This
implies that V¢ = 0 if and only if (Vxt)FY = 0, for any X,Y € I'(TN). We
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also remark that, being V'P = 0, for any X,Y € TN one has ApxY = Apy X
and Corollary 4.2 entails Appy X = ArpxPY. Using Proposition 4.1 and (2.1)
we obtain

(ﬁxt)FY = —Appy X — P(AFyX) = —-ApxPY — P(AFXy).
Thus, iv) is proved. O

Proposition 5.4. Let (N, f) be a proper slant submanifold of a C5 @ Ci2-
manifold (M, ¢,£,n,g) such that  is normal to N and VF = 0. The following
properties hold

i) For any V € I'(u), Ay =0.
i) F(TN) is a parallel subbundle of T+ N.

iii) VLn = 0 if and only if the a.H. structure induced on N by f is a Kdihler
structure.

Proof. Since VF = 0, by Proposition 4.1 one has
g(h(X,Y),nV)+g(h(X,PY),V)=0, V eT(n),X,Y e(TN). (5.6)

So, also applying (2.1) and Lemma 5.1, for any V € T'(u), X, Y € T'(TN), we

have
g(AvX,Y) = —g(h(X,Y),n*V) = g(h(X, PY),nV)

= —g(h(X,P?*Y),V) = (cos® 0)g(Ay X,Y),

where sla(N) = 6 # 0. This implies 7). Now, considering X,Y € I'(T'N), we
have g(VFY,¢) =0 and for any V € I'(u) g(VxFY,V) = g(VxF)Y,V) = 0.
Therefore VL FY € T'(F(TN)) and i) is proved. By direct calculus, applying
Proposition 4.1 and i), for any X € I'(T'N),V € I'(u) we have (Vxn)V = 0.
Since V%£¢ = 0, we also obtain (Vxn)¢ = 0. It follows that n is parallel if and
only if for any X,Y € I'(TN) (Vxn)FY = 0. Now, we prove the following
formula

(sin? 0){h(X,Y) + (a0 f)g(X,Y)é} = —Fth(X,Y), X,Y € TN. (5.7)
In fact, by (2.1), Proposition 4.1 and the hypothesis, given X,Y € T'N one has

Fth(X,Y) 4+ h(X,Y) + (a0 fg(X,Y)¢é = —n?h(X,Y)
= —nh(X,PY) = —h(X, P?Y) + (ao f)g(PX, PY)¢
= (cos” O){A(X,Y) + (a0 f)g(X,Y)E}.

It follows F'th(X,Y)+(1—cos® 0){h(X,Y)+(aof)g(X,Y )¢} = 0 and then (5.7).
Finally, by Proposition 4.1, (2.1) and (5.7) for any X,Y € I'(T'N) we obtain

(Vxn)FY = (sin® O){A(X,Y) + (o [)g(X,Y)E} — F(Apy X)
= —F((VyxP)Y).

It follows that V1tn = 0 if and only if V/P = 0. O

The next result is a direct consequence of Propositions 5.2, 5.3, 5.4.
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Corollary 5.3. Let (N, f) be a proper slant submanifold of a Cs® C12-manifold
(M, ¢,&,m,9) such that & is mnormal to N, VF = 0 and V+n = 0. Then,
H = —(af)|y is the mean curvature vector field of N, (J = —5P,g) is a
Kihler structure on N and Vt = 0.

Finally, we relate the condition VF = 0 to the property of austere subman-
ifold.
Given a submanifold (N, f) of a C5 & Cie-manifold (M, ¢, &, n,g) such that
¢ € I(T+N), we know that at any point x € N the only eigenvalue of A¢ is
—a(f(z)). It follows that, if a o f # 0, the set of eigenvalues of A, is not in-
variant under multiplication by -1, so N cannot be austere. As in Section 2, for
any x € N, X € T, N, X # 0, we denote by §(X) € [0, §] the angle between
X and T, N.

Proposition 5.5. Let (M, p,&,n,g) be a Cs @ Cra-manifold, (N, f) a subman-
ifold of M such that £ is normal to N, ao f =0 and for any X € T'N the angle
6(X) € [0,%). If VF =0, then (N, f) is austere.

Proof. Since ao f = 0 and F is parallel, applying Proposition 5.2 we have
AyoP+PoAy =0, forany V € Tt N. Given x € N, we consider V € T;- N
such that Ay # 0 and an eigenvalue 8 # 0 of Ay. Thus, there exists X € T, N,
X # 0, such that Ay X = BX. Since §(X) # 7, we have PX # 0 and
Ay (PX)=—-pPX. It follows that — is an eigenvalue of Ay . O
Corollary 5.4. Let (N, f) be a slant submanifold of a Cio-manifold such that
sla(N) =0 # % and dim N = 2n. If VF =0, then (N, f) is austere.

Remark 5.2. Given an open interval I C R, 0 € I, for any A € C°(R*), A > 0,
the submanifold (R?, f) of the Cys-manifold I x R* considered in Example 3.1
fulfills the hypothesis of Corollary 5.4. In fact, since (R?, f,) is invariant, one
has F) = 0.
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